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TEMPERED FRACTIONAL MULTISTABLE MOTION AND
TEMPERED MULTIFRACTIONAL STABLE MOTION

XIEQUAN FANL* AND JACQUES LEVY VEHEL?

Abstract. This work defines two classes of processes, that we term tempered fractional multistable
motion and tempered multifractional stable motion. They are extensions of fractional multistable motion
and multifractional stable motion, respectively, obtained by adding an exponential tempering to the
integrands. We investigate certain basic features of these processes, including scaling property, tail
probabilities, absolute moment, sample path properties, pointwise Holder exponent, Holder continuity
of quasi norm, (strong) localisability and semi-long-range dependence structure. These processes may
provide useful models for data that exhibit both dependence and varying local regularity/intensity of
jumps.
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1. INTRODUCTION

Linear fractional stable motion (LFSM) can be represented by the stochastic integral of a symmetric a-stable
random measure dZ, (z), that is

x@= [ Ju-of - o

— 00

‘ﬂdza(x), teR, (1.1)

where 0 < o < 2,0 < H < 1, (z)4y = max{z,0} and 0° = 0. See for example Samorodnitsky and Taqqu [11].
This stochastic process has two important features. It is self-similar with Hurst parameter H, i.e. for any ¢ > 0,
ti,...,tqg € R,

(X(ctr),..., X(cta)) L (T X(t1),...,c" X (ta)),

and it has stationary increments, i.e., for any 7 € R, (X (¢) — X(0), —oo0 < ¢ < 00) 4 (X(T+1t)— X(1), —00 <

t< oo), where < indicates equality in distribution. Because its increments can exhibit the heavy-tailed analog of
long-range dependence (see Watkins et al. [14]), the model is useful in practice to model, for example, financial
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data, internet traffic, noise on telephone line, signal processing and atomospheric noise, see Nolan [10] for many
references.

There exist at least three extensions of LFSM, i.e., linear multifractional stable motion (LmFSM), linear
fractional multistable motion (LFmSM) and linear tempered fractional stable motion (LTFSM). Stoev and
Taqqu [12, 13] first introduced LmFSM by replacing the self-similarity parameter H in the integral representation
of the LFSM by a time-varying function H;. Stoev and Taqqu have examined the effect of the regularity of
the function H; on the local structure of the process. They also showed that under certain Holder regularity
conditions on the function Hy, the LmFSM is locally equivalent to a LFSM, in the sense of finite-dimensional
distributions. Thus LmFSM is a locally self-similar stochastic process. Whereas the LFSM is always continuous
in probability, this is not in general the case for LmFSM. Stoev and Tagqu have obtained necessary and sufficient
conditions for the continuity in probability of the LmFSM. Falconer and Lévy Véhel [5] defined the second model
extension of LFSM, called LFmSM. LFmSM behaves locally like linear fractional «(t)-stable motion close to
time ¢, in the sense that the local scaling limits are linear fractional a(t)-stable motions, but where the stability
index «(t) varies with ¢. This extension allows one to account for the fact that the nature of irregularity, including
the stability level, may vary in time. See also Falconer and Liu [6] where the a-stable random measure in (1.1)
has been replaced by a time-varying «(t)-multistable random measure. Recently, Meerschaert and Sabzikar [9]
defined the third extension, termed LTFSM, by adding an exponential tempering to the power-law kernel in
a LFSM. They showed that the LTFSM exhibits semi-long-range dependence, and therefore provides a useful
alternative model for data that exhibit strong dependence.

In view of trying to combine the properties of both LFmSM and LTFSM, we define in this work a new
stochastic process by adding an exponentiel tempering to the power-law kernel of LEmSM. Our linear tempered
fractional multistable motion (LTFmSM) is thus an extension of LFmSM and LTFSM. In particular, linear
tempered fractional multistable motion behaves locally like the linear fractional «(t)-stable motion with stability
index «(t) that varies in time ¢, and it exhibits semi-long-range dependence structure as LTFSM does. Similarly,
to combine the properties of both LmFSM and LTFSM, we define another new stochastic process, called linear
tempered multifractional stable motion (LTmFSM), by adding an exponentiel tempering to the power-law kernel
of LmFSM. This new process is also of semi-long-range dependence structure. We investigate basic properties of
the two new processes, including scaling properties, tail probabilities, absolute moment, sample path properties,
pointwise Holder exponent, Holder continuity of quasi norm and (strong) localisability. Such properties are
important and have been widely studied. For instance, Falconer and Liu [6] have investigated sample path
properties, localisability and strong localisability of LFmSM; Le Guével and Lévy Véhel [8] have investigated
the pointwise Holder exponent of LFmSM; Ayache and Hamonier [2] have examined the fine path properties
of LmFSM; Meerschaert and Sabzikar [9] have studied scaling properties, sample path properties and Holder
continuity of quasi norm of LTFSM.

The reader will note that, in this work, our emphasis is on the properties that set apart LTFmSM and
LTmFSM, rather than on their common ones. Further work is needed to introduce and study linear tempered
multifractional multistable motion (LTmFmSM). We believe that studying the specific properties of LTFmSM
and LTmFSM will be helpful for future investigation of LTmFmSM.

The remainder of this paper is organized as follows. In Section 2, we define the linear tempered fractional mul-
tistable motion and the linear tempered multifractional stable motion. In Section 3, we elucidate the dependence
structure of the two stochastic processes. In Sections 4-8, we analyze their properties.

2. DEFINITIONS OF LTFMSM AND LTMEFSM

Throughout this paper, for given 0 < a < b < 2, the function a : R — [a, b] will be a Lebesgue measurable
function that will play the role of a varying stability index. We recall the definition of variable exponent Lebesgue
space:

Fo :={f: [ is measurable with ||f]|o < oo},
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where

o a(z)
1flla == {)\>0: / ‘@ dle}. (2.1)
Then || - ||o is & quasinorm.

Falconer and Liu [6] defined the multistable stochastic integral I(f) := [ f(x)dMq(x), f € Fa, by specifying
the finite-dimensional distribution of I. Here and after, dM,, (z) stands for the multistable measure, which is an
independently scattered symmetric random measure. Assume «(z) € [a,b] C (0,2]. Given f1, fo,..., fa € Fa,
Falconer and Liu defined a probability distribution on the vector (I (f1),I(f2),...,I( fd)) € R4 by the following
characteristic function

oo

E[ezzizl le(fk-)} — exp{ f/ ‘Zakfk(fc) dx}.
—0 k=1

The essential point is that a(z) may vary with . With the definition of multistable stochastic integral, Falconer
and Liu [6] (¢f. Prop. 4.3 therein) defined linear fractional multistable motion (LFmSM)

x= [ [e-0l ™ - ol |ara ) (22)

—00

They also investigated some basic properties of LFmSM, such as localisability and strong localisability.
By adding an exponential tempering to the power-law kernel in LFSM (1.1), that is

Xt an(t) = / [e*MHH(t—x)f*i —e*M*m(—x)f*ﬂdza(x), (2.3)

— 00

A>0,0 < a<2and H > 0, Meerschaert and Sabzikar [9] recently defined the so-called linear tempered
fractional stable motion (LTFSM). They showed that LTFSM is short memory, but its increments behave like
long memory when A\ is very small. Thus LTFSM exhibits semi-long-range dependence structure, and it provides
a useful alternative model for data that exhibit strong dependence.

Similarly, by adding an exponential tempering to the power-law kernel in a LFmSM (2.2), we define the
following linear tempered fractional multistable motion. Such process is an extension of both LFmSM and
LTFSM mentioned above.

Definition 2.1. Let a(z) € [a,b] C (0,2] be a continuous function on R. Given an independently scattered
symmetric multistable random measure dM, (z) on R, the multistable stochastic integral

oo H——1_ H——L_
XH,a(z),A(t) ;:/ [e—A(t—x)+(t_ x)+ a(@) _ e—>\(—ac)+(_x)+ a(z) dMa(x) (2.4)

—0o0

with 0 < H < 1,A > 0, (z); = max{z,0}, and 07 = 0,7 € R, will be called a linear tempered fractional
multistable motion (LTFmSM).

Remark 2.2. With the exponential tempering, we can also define multistable Yaglom noise
1

[ee]
. H—
YH a@)\(t) = / {e_’\(t_“”(t —xz), " |dMy(z), X>0.

—0Q0
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In particular, when a(x) = 1/H € (0, 2], multistable Yaglom noise is known as Ornstein-Uhlenbeck process,
see Example 3.6.3 of Samorodnitsky and Taqqu [11]. When «a(z) = « for some constant «, multistable Yaglom
noise is called stable Yaglom noise, see Meerschaert and Sabzikar [9]. It is obvious that fractional multistable
Yaglom noise is a multistable stochastic integral. It is also easy to see that

Xt,a@A®) = Yaa@a(t) = Y a@a(0), A>0.
Denote by

1 1
Grta(@alt,z) = e Xm0+ (¢ = 2y 70 _ oMy 750 x5, (2.5)

It is easy to check that the function G g (2,1 (%, %) belong to Fq, so that LTFmSM is well defined. Moreover,
by the definition of multistable integral (cf. Falconer and Liu [6]), the characteristic function of Xy o(z) A (t) is
given as follows:

o d
E ¢! Do 0¥ nowa )] = exp{ - / | > 0G et o)

X k=1

amdm}. (2.6)

Similarly, when the Hurst parameter H of (2.3) varies with time ¢, we have another extension of LTFSM.

Definition 2.3. Let H; € [a,b] be a continuous function on R. Given an independent scattered SaS stable
random measure dZ,(z) on R with control measure dz, the stable stochastic integral

o0

Xu, an(t) = /

— 00

|:ef/\(t7m)+(t R eﬁ(%ﬂ(,@fﬁ*ﬂdza(@ (2.7)

with 0 < o <2, A > 0,(2);+ = max{z,0}, and 0" = 0,y € R, will be called a linear tempered multifractional
stable motion (LTmFSM).

Denote
TNt G P (s e e P B r N 1)

By the definition of stable integral (c¢f. Samorodnitsky and Taqqu [11]), the characteristic function of X g,  x(t)
is given as follows:

o) n «
E[eiZﬁzl GkXHtva)\(tk):| = exp{ —/ ‘ZakGH“a7,\(tk,$)’ dx}
T k=1

The characteristic function of Xg, o, () is given as follows:

E[eizzzle’“xfﬂ’“v*(t"’)} = exp{ f/ ‘ZGkGH,,,a,/\(tkw)’adx}.

T k=1

oo

3. DEPENDENCE STRUCTURE OF LTFMSM AND LTMEFSM

In this section, we study the behaviour of increments of LTFmSM and LTmFSM, usually termed the “noise”
of these processes.
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Denote by
Y()=X(t+1)— X(t) forintegers —oo <t < o0

the noise of the processes X. Astrauskas et al. [1] studied the dependence structure of linear fractional stable
motion using the following nonparametric measure of dependence (see also Meerschaert and Sabzikar [9]). Define

R (t) = R(0y, 00, 11,11 +1) = E{ei(elY(tl)—i-GgY(tl—i-t))] _ E[eielY(tl)}E[eiGQY(tl-i-t)}
for t1,t,01,62 € R. If we also define
1(01,05,t1,t1 +t) = log (E [ewly(“)]) + log (E [eie?y(““)b — log (E [e“ely(tl)w?y(““))} ),
then we have
Ry, (t) = K(61,0a,t1,t1 +1) (e—’("lﬂ?vthfl“) — 1), (3.1)
where
K (01,03, 11,11 + 1) = B[ () B e (40,

In particular, for stationary processes, Ry, (t) does not depend on t1, see Meerschaert and Sabzikar [9]. In this
case, we denote Ry, (t) by R(t) for simplicity. Note however that the increments of the two processes that we
define in this work are not stationary in general.

We first recall the dependence structure of LTFSM. Given two real-valued functions f(t),g(t) on R, we will
write

f(t) 2 g(t)

if [f(t)/g(t)] < Cy for all ¢ > 0 sufficiently large and some 0 < C; < co. In particular, if f(¢) < ¢g(t) and
g(t) = f(t), we will write

F(t) = g(t).
Thus f(t) =< g(¢) is equivalent to C; < |f(t)/g(t)| < Cs for all ¢ > 0 sufficiently large and some 0 < C; < Cs < 0.
With these notations, Meerschaert and Sabzikar [9] recently proved that if A > 0 and 0 < o < 1, then TFSN
has the following property

R(t) ~ ef)\attHafl

for 616, # 0. Meerschaert and Sabzikar [9] also proved that if A > 0,1 < & < 2 and L < H, then TFSN has the
following property

R(t) < e Mt~ x

for 9102 7é 0.
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3.1. Dependence structure of LTFmSM

The following two theorems show that LTFmSM and LTFSM share the similar dependence structure.
Definition 3.1. Given an LTFmSM defined by (2.4), we define the tempered fractional multistable noise
(TFmSN)

Yi,a@)a(t) = X a@)alt +1) = Xaa@)a(t) (3.2)

for integers —oo < t < oo.

In particular, if a(x) = « for a constant « € (0, 2], then the TFmSN reduces to the tempered fractional stable
noise, see Meerschaert and Sabzikar [9].

Proposition 3.2. Let a(x) € [a,b] C (0,1) be a continuous function on R. Let Yy o) x(t) be the tempered
fractional multistable noise (5.2). Recall Ry, (t) defined by (3.1) with Y (t) = Y o)A (t). Assume X > 0. Then

e—)\bttHa—l j Rtl(t) j e—/\attHb—l (33)
for any t;1 € R and 0,05 # 0.

Proof. By the definition (2.4), TFmSN has the following representation

o0 H— L H——L1_
YH,a(m),)\(t) :/ [e—)\(t+1—$)+ (t +1-— $)+ a(@) _ e—A(t—aﬁ)+ (t _ x)Jr a<z>:|dMa($C).

—0o0

H— L _
Define g (z) = e M=)+ (t — z * for t € R and write
+

a(x)

I(01,02,t1,t1 +1t) = / ’91 (96, +1(%) — g1, ()] + 02[9t, 1441 () — g2, +4(2)] dx

af

x) o0 a(z)
dz — / ‘92 (98, +t+1(T) = g1, +4(2)] dz

_/O; ‘91 [9t,4+1(x) — g1, (z)]

— 1) + Ta(1), (3.4)
where
1= [ ([lon@) - 0 0+ alg a2 g
[ortoa@) = g @I = ol s @) = grsetl| " )
and

a(x) a(zx)

t1+1
Ix(t) :/ (‘91gt1+1(x)+92 (98, +t+1(2) = g1, +4(2)] - ‘919t1+1($) - ‘92 (961 +t4+1(2) =g, +4(T
t1

)] a(x)) dz.

Using the following inequalities

0< |$1‘a+‘$2|a—|$1 —|—£E2|a §2‘$2|a (35)
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for all 1,20 € R and 0 < a < 1, we obtain

First, we give an estimation for I;(t). By (3.5), it is easy to see that for ¢ > 1,

UERY N

—00

< 2<|92|a + |92|b)e—/\attHb—1/

— 00

a(z)
dx

0219, +t+1(x) — gty 44(2)]

b a(@)

H dx.

1
(9014141 (%) = goy e (2)] Nt

Notice that Ha(z) < 1. For z < t¢; and t > 1, we deduce that

el 14t —a\H ot t— 2\ Hoater | [
[t1141(2) = go, g ()| Ntm 1 = | (6_A (1 + %) U= (1 + = ¢ x) )>
_ — _ 14+t —x\ Ha(z)—1 t;—x\ Ho(z)-1
< Aa(t1—zx) A\b
<e (1+e) ((1+ =) +(1+7)
< 26—)\a(t1—z)(1+e—>\)b
= F\(x). (3.7)
Thus
ty
RO < 2l +16al") [ Fr(a)do
< Ci(162]% + 162]"),
where C; > 0 depends only on a,b and A. Hence
|11 (1) < C1(|02]% + |02|7)eAateHb—1L, (3.8)
Next for I5(t), we have the following estimation. Using inequality (3.5) again, we obtain
bt a(2)
O <2 [ [elgsen@) - gn@)]de (3.9)
t1

Applying the mean value theorem to see that for ¢ > 2 and any = € (¢1,¢; + 1), we have

1

)H—ﬁ + (H _ )e—k(u—w)(u _ x)H-ﬁ—l’

Gty +t+1(T) — 9t1+t(ff)’ < ’ —Ae M (y — g

a(z)
< e MED) (/\(tfl)H*ﬁ (—— —H) (- 1)H*ﬁ*1)
. a(z)
1 ,
< e AMt=1)(_—  _ _1H-am
< NN - )

where u € (1 +t,t1 +t + 1). Returning to (3.9), we get

t1+1 a(z)

’e*)‘(tfl)(i 7H+)\)|t71|H7ﬁ dz

Ia(t)] < 2062 + Ioal) | o{7)

t1
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< Co(|6a]" + [6a]")e Aot 01 (3.10)

for large ¢, where Cy > 0 depends only on a,b, H and A. Combining the inequalities (3.4), (3.6),(3.8) and (3.10)
together, we obtain

0< —I(01,00,t1,t; +1) < Cge AtgHb=1, as t — 00, (3.11)

where C3 does not depend on t. Using the following equality

|z1]* + |22]® — |21 + 22|* = |22|* — |2 ]

.«
|x1 + Oza |1~
for all z1, 29 # 0 with |22| small enough, 0 < o < 1 and some |6] < 1, we obtain for any 27 #0 and 0 < a < 1,

|21 ]% + |22 — |21 + 22| ~ [22|* (3.12)

as xo — 0. It is easy to see that for t; <z <ty +1and t > 2,

1

1 1+t —a\Ha= t1 —z\H a5
tlim (941 +t+1 () *gtl_;_t(z)]e)‘tta(l.r) H _ im e AMt1—2) <6)‘ (1 + ith-e x) @ _ (1 + 2 ) ( ))
oo

t—00 t t +
= e Mhm®) (e7A 1) (3.13)
and
@) “A(ti—2) 0@ axt1-Ha
(9t ++1(%) = gty +4()] < ‘6 (2+4e )‘ e " :

Thus [g¢,+t+1(z) — g, +¢(2)], t1 < o < t; + 1, converges uniformly to 0 as ¢ — oo. Applying the dominated
convergence theorem yields for 6165 # 0, we have

t1+1 a(z)
L= [ el @) = gun@)]] dz (3.14)
t1
and
Abt 1—H e Ay ks — 1 |2
11minf|[2(t)|e A > lim ‘eg[gt1+t+1($) —gtﬁ_t(m)]e t o) dzx
t—o0 t—o0 t
t1+1 a(x)
= / ‘92 [eMmm(1— ™M) da. (3.15)
t1
Then (3.4), (3.6) and (3.15) implies that for all large ¢,
1
—1(01792,t1,t1 + t) 2 —Ig(t) = |I2(t)‘ Z §C2 C_AbttHa_l, (316)
where Cy = ttlﬁ_l |02 [e 21 =D (1 — )] ‘a(w)dx does not depend on ¢. Combining (3.11) and (3.16) together,
we have

e MUHATY 2 1) By, by + 1) < e Ml (3.17)
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for 6165 # 0. It is easy to see that

! H——1 H—
K(ela 027t1’t1 —+ t) = exp{ — / ‘01 [e*)\(lf’u‘)-f—(l _ U)+ a(tytu) e*)\(*u)+(_u)+

(1+)
a(ty u]

a(ti+u)
du}

' L GE===n] He—— 1 jo(ti+ttu)
Xexp { / ‘92 [67)‘(1710*(1 — u)+ altytttu) 7e*>‘(*u)+(,u)+ a(t1+t+u>] ! du}

> exp{ 216y + [6,]%) /1 Mm)du},
where
My (u) = e rel-w+ ((1 —w)Het (1 - u)fbil) 1o hal—u)y ((_u)fafl n (—u)fb*1>
is integrable on (—oo, 1] with respect to u, and that
K(61,00,t1,t1 +1) < 1.

Since I(01,02,t1,t1 +t) — 0 as t — oo, it follows from (3.1) that Ry, (t) ~ —K (01,02, t1,t1 +t)1(61,02,t1,t1 +1).
Hence (3.3) follows by (3.17). O

Proposition 3.3. Let a(x) € [a,b] C (1,2] be a continuous function on R. Let Y o) \(t) be the tempered
fractional multistable noise (3.2). Recall Ry (t) defined by (3.1) with Y (t) = Yi a(z)A(t). Assume X > 0 and
1/a < H < 1. Then

e M <Ry (1) = e M (3.18)

for any t;1 € R and 6,05 # 0.

Proof. Recall I;(t) and I5(t) defined by (3.4). Notice that
|y + 22|® — |21]® — |22|* ~ @z |20t (3.19)

for all x5 # 0,21 — 0 and 1 < a < 2. First, we give an estimation for I (¢). It is easy to see that for x < t; 41,
1/a < H and large t,

1 1
e~ Mt1—2) (e‘*(l—i- 1+t —x)H @ (1_|_ 21 —CU)H a<x>>’
t t
1

14+t —ao\H-5f t1 — "5t
Se—x(tl—x)(l_i_e—x)((l_i_ + 11 x) <)+(1+ 1t x) <>>

1 __ g
(96, +141(2) = gr, 42 ()]t @ ‘ -

t
< 267/\(t17m)(1 + efk)(Q +t — z)H*ﬁ (3.20)
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and

1 (4 — _ 1 1 _ _ vt —a\HE
(96, 1e11(2) = go, 41 ()] N H — g=Ati-2) ((e M “(””))(l-i-;)-l-e A/(H a<w>)17>

t
t1 —a\H—5ts
_(1 )
(1+75
__1 __1
< e—,\(tl—x)((l+e—A/(H—a§x>)t1 t—CC)H s (1+ t t—CC)H a(z))
<0. (3.21)

Then (3.20) and (3.21) together implies that for  <t¢; + 1, 1/a < H and large t,

02> gty 4+t41(2) — gi,44()
> 21+ e Ne Mt =D (2 4 gy )3

1 g 1
> —2(1+ 67’\)62’”%*’{(7}] _ 5>H DM
iy b .

Thus [g¢, +++1() — g¢, +¢(x)] is negative and converges to 0 uniformly for x € (—oo,t1] as t — co. By (3.19), we
obtain for large ¢,

t1 a(z)—1
B2 [ a@belgri i @) - go ool [Brlon (@) - gu (@) da
a—1 o1 [ o(2)-1
< el maac {Joaf* 100} [ Jsea(@) = g0 @) for (@) - 90 @)

Therefore, for large ¢t and x < ty,

[11(t)] < 4162 max{|61]*", 61]° "}

t1 H- 2 a(z)—1
/ M (1t e ) (240 —a) TN g (@) —gu @) de
< 4]0 max{|6; ]2, |0y[P " pe A
31 H— a(z)—1
X / (1+ e_)‘)(Q +t — ac) ) g=At—2) 9t +1() — g¢, () dz. (3.22)
—0o0

1

H—
Recall g(z) = e 2=+ (t —z), °®  and that

a(z)—1 a(z)—1 a(z)—1

+

<

gt +1(x) — g, () gt +1(x) 9, (T
(¢f. (3.5) for the last inequality). Since a(z) —1<b—1<1land H >+ > ﬁ, from (3.22), we obtain

1, (£)] < C16s] max{|91|a*1, |91|b*1}eth*%, (3.23)
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where C; does not depend on ¢. Next, we give an estimation for I5(¢). Using (3.19) again, we obtain for large ¢,

ti+1 a(z) a(z) a(z)
0= [ @ ol sa@ =g @] =gt @] [l @) -g@)]de
ty
t1+1 a(z)—1
<2 [ a@)alonsin(@) - guse@][fron @] s
t1
1 o) [ o(2)-1
< bafmax {Joaf* L 10a [ Jausen @) = gtni@)fgra(e)| T de
ty
By (3.20), it follows that for large ¢,
|I3(8)] < 416 max { 61|, Joy [~ et~
ti+1 a(z)—1
X / e N (1 4 e (248, — :E)Hfﬁ gt +1(x) x
t1
< Cy)6s| max{wl\a*l, |01|b*1} e AMyH—} (3.24)
where Cy does not depend on t. Therefore, from (3.23) and (3.24), for large ¢,
[1(61,05,t1, 11 +t)] < Cae M5 (3.25)
where C3 does not depend on ¢.
By (3.19), we have
t1+1 a(z)—1
B0 = [ ol s - gl g de
ty
Applying (3.13) and the dominated convergence theorem yields
liminf |1 (¢)|eMt= =" > lim |65 min{|61]*" ", (61"~ '}
t—o00 t—o0
t1+1 Nl 1 a(z)—1
X/ ‘[gt1+t+1($) = gy +(x)]e7 2 Hgt1+1($) da
t1
ti+1 a(z)—1
= |02 min{|61]*~", |91\b*1}/ e MU (1 — ™) gy 1 () dz.
ty
Thus for 6,05 # 0,
Lo (t)] = e M~ (3.26)
Notice that (3.19) and (3.21) implies that
L) I2(t) >0 (3.27)

for large t. Combining (3.25) and (3.26) together, we have for 6,62 # 0,

e M0 < |L()] =X 101,00, ¢ +1)] = e Mt 5. (3.28)
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Since I(01,02,t1,t1+t) — 0 ast — oo, it follows from (3.1) that Ry, (t) ~ —K (01,602, t1,t1 +t)I1(01, 02, t1,t1 +
t); hence (3.18) holds. O

3.2. Dependence structure of LTmFSM

In this section, we consider the increment of LTmFSM. The following two theorems extend the dependence
structure of LTFSM to the case of LTmFSM.

Definition 3.4. Given an LTmFSM defined by (2.7), we define the tempered multifractional stable noise
(TmFSN)

YH,,,oc,)\(t) = XH,L_H,Q’)\(t -+ ].) — XHt_’Oéy)\(t) (329)

for integers —oo < t < o0.

In particular, if H; = H for a constant H € (0, 1), then the TmFSN reduces to the tempered fractional stable
noise. The next theorem shows that LTmFSM has a dependence structure more general than that of LTFSM.

Proposition 3.5. Let H; € [a,b] be a continuous function on R. Let Yy, o 1(t) be a tempered multifractional
stable noise (3.29) for some 0 < o < 1. Recall Ry, (t) defined by (3.1) with Y (t) = Yg, a.1(t). Assume A > 0.
Then

Ry, (t) =< e~ ratpedi=1 (3.30)

fOT’ 9192 §é 0.
Proof. By the definition (2.7), TmFSN has the following representation
= ~ —A(t+1-z)4 _ H”rl_% BN (= N Ht_é
Yi,aa(t) = / [e (t+1-m) e (t—=); }dZa(:r).

)

1
Define hy(z) = (t — )"~ “e =2+ for t € R and write

161,001, +) = [ [oulboisa(e) = b, (@] + Balhn, 1 (o) — b)) o

S A IE B ) [ A R e
— Iy(t) + L (), (3.31)
where
I3(t) = /_t; (’Gl[ht1+1(f€) — he, ()] + O2[ht, e41(2) — ey 40(2)] i
—‘91 [hty+1(2) — by, (2)] " ’92[ht1+t+1($) - ht1+t($)]‘a)dx
and

(e}
- lelhtﬁ—l(x)

t1+1 a
Iu(t) = /t <’91ht1+1($) + O2[ht, +e41(2) = hey4e(2)] - ’92[ht1+t+1($) = Py 44 ()]

a) dzx.
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Using (3.5) again, we obtain

I3(t) <0 and I4(t) <O0. (3.32)
First, we give an estimation for I5(t). For large ¢,

[e3

dx

[13(t)| < 2/_1 O2[hty +14+1(2) = hey14()]

t1 (e}
< 2|92|(X6_Aatt(Mt_1/ ‘[ht1+t+1($) - ht1+t($)]ektté_m

— 00

dx.

Recall H; € [a,b]. It is easy to see that for z < ¢; and ¢t > 1,

_1 _1
o Mtr—z) <6>\(1+1+tt1—$)Ht o (1+ 11 t—x)Ht a)

_ Hia—1 _ Hia—1
e (1 B (1 052"

a [e%

[ty 41 (2) — ht1+t(x)}e“t%*Ht

IN

IN

e—Aa(h—I)(l + e—)\)a max {27 (2 Tt — x)bozfl n (1 - m)bal}
= F)\(CL')

Thus
t1
|I5(t)| ettt —o e < 2|92|a/ Fy(z)dx
S Ol |02|aa
where C7 > 0 depends only on «,b and A. Hence
[I3(t)| < Oy || e At =1, (3.33)

Next for I4(t), we have the following estimation. Using inequality (3.5) again, we obtain

[e3%

‘14(0‘ <2 / w ‘oz[htﬁm(x) — By e(@)]| de. (3.34)

t1
Applying the mean value theorem to see that for ¢ > 2 and any = € (¢1,¢; + 1), we have

—Au—=x -1 L _ uU—x -1
huyst1(2) = heysa (@) < | = A0 (= 2) 1 E 4 (Hy = =)e M0 (u— )|

1 )

< o= A1) _1\H:—2 L _\Hi—1-1

<e </\(t DS (= H) (- 1) )
1

< e MED(Z _H 4 N (- 1w, (3.35)
«

where u € (t1 +t,t; +t + 1). Returning to (3.34), we get

t1+1 1 e
@] <26 [T e - el 1w

ty
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< Co|fy|@e Aot =1 (3.36)

for large t, where Co > 0 depends only on «,b and A. Combining the inequalities (3.31)—(3.33) and (3.36)
together, we obtain

0 < —I(01,0,t1,t; +1) < Cs]fy|*e g1 (3.37)

for large t, where C3 does not depend on ¢. By (3.12), it holds for ¢ — oo,

t1+1 «@
[14(t)| = / ’92[ht1+t+1(9€) — hiy e (2)]| da.
t1
Similar to (3.13), it is easy to see that for t; <z <#¢; 4+ 1 and ¢ > 2,
Jm (R e () = hoy ()Mt~ = e Mt (1 g7t |, (3.38)
Applying the dominated convergence theorem yields
t1+1 1 a
lim inf [L(¢)] A0 He@ > Jim leg[htﬁm(x) By (@) A 4
t—o0 t—o0 4
t1+1
= / 0267272 (1 — ™) " da. (3.39)
t1
Then (3.31), (3.32) and (3.39) implies that for large ¢,
1
—I(01,92,t1,t1 + t) 2 —I4(t) = |I4(t)‘ 2 503 C_AattaHt_l, (340)
where (5 = ttlﬁ_l ’926_/\(“_’3)(1 — e_’\){adx does not depend on t. Combining (3.37) and (3.40) together, we
have

1(91,92,t1,t1 +t) = e Aatpati—1 (341)

adu}

1 1

> exp{ - 2(|91\a + \92|a> /

—0o0

for 0105 # 0. It is easy to see that

1

1 ) -
K(01,02,t1,t1 +1) = exp { - / ’91[64(1_””(1 - U)TIH_E - e_)\(_u)+(—“)ftl “]

adu}

1

T(u)du},
where
T(u) — e—/\a(l—u)+ ((1 _ u)i‘kl + (1 _ u)gxrbfl) + e—/\a(—u)Jr ((_u)iafl + (_u)ib71>

is integrable on (—oo, 1] with respect to u, and that |K(0y,6s,t1,¢1 +t)] < 1. Since I(01,09,t1,t1 +t) — 0 as
t — o0, it follows that Ry, (t) ~ —K(61,02,t1,t1 +t)1(01,02,11,t1 + t); hence (3.30) follows by (3.41). O
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Proposition 3.6. Let H; € [a,
stable noise (3.29). Recall Ry, (¢
H;. Then

b] be a continuous function on R. Let Yy, o 1(t) be a tempered multifractional
) defined by (3.1) with Y (t) = Y, ax(t). Assume A > 0,1 <a <2 andl/a<

1

Ry, (t) < e MtH— < (3.42)

fOT’ 9192 7£ 0.
Proof. Recall I3(t) and I4(t) defined by (3.31). By an argument similar to (3.27), we have for large ¢,

I3(t)La(t) > 0. (3.43)

First, we give an estimation for I3(¢). Using the inequality (3.19), we obtain

t1 a—1
3 > QU2 +14+1\L) — Mgy (T 1 +1\T) — Ny (T €z
[I3(t)] < 2 0a[h (@) = hey41(2)]| |01 [P, 41 (2) — g, (2)] | d
t1 a—1
< 46a)102° " [ [brrsina(@) = by @) s (@) = b @)
By an argument similar to (3.20), it is easy to see that for large ¢ and = < ¢,
[t e41 (@) = oy (@)X em 5| 22014 ™)@ 4 1y = 2) 7, (3.44)
Therefore, for large t and x < ty,
t1 _ 1 a—1
|I5(1)] < 8162|601 x / e_Mth_é(l + e_A)(Q +i1— x)Ht cem M= () — by, () dx
1 1 b—1 a—1
< 8|0o]|61 [ Le M / (1+e_’\)(2+t1 —x) e M= (@) — by (2)| de. (3.45)
From (3.45), we obtain
I3(t)] < Ch|0a]|01 | Le Mt a (3.46)
where C7 does not depend on t. Similarly, we have for large ¢,
[L4(t)] < Colfa]|1]* te =7, (3.47)
where Cy does not depend on t. Therefore, from (3.46) and (3.47), for large ¢,
(01,0, 11,11 +1)] < Cslba]|01] Le Mt w (3.48)

where C3 does not depend on ¢. By (3.19) we have for large ¢,

a—1

dzx.

t1+1
012 5 [ affalteen @) b oo [oah, a0
ty
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Applying (3.38) with @ = 1 and the dominated convergence theorem yields

1 t1+1 a—1
liminf|l4(t)|e)‘ttéth Z lim *Ol|02||01|a71/ ‘[ht1+t+1(l‘) — htl_;,_t(l‘)]G)\ttéth ht1+1(l’) dz
t—o0 t—o0 2 t
1 t1+1 a—1
= 5a\92||91|"_1/ e_)‘(tl_c”)(l — e Mhy,11(2) dz.
t1
Thus
|Ly(t)] = e MeHea (3.49)
for 6105 # 0. Combining (3.43), (3.48) and (3.49) together, we have
e MR < |I(8)] = [ T(61, 02,11, 8 +1)| =< e Mt (3.50)

for 6105 # 0. Since I(01,02,t1,t1 +1t) — 0 as t — oo, it follows from (3.1) that Ry, (t) ~ —K(61,02,t1,t1 +
t)I(61,02,t1,t1 +t); hence (3.42) holds. O

Remark 3.7. One says that a symmetric a-stable process X(t) exhibits long-range dependence if for any
t1 € R,

i ’Rtl(n)‘ = o0, (3.51)
n=0

where Ry, (t) is defined by (3.1). It is obvious that LTFmSM and LTmFSM are not long-range dependent, but
they exhibit semi-long-range dependence, that is, for A > 0 sufficiently small, the sum (3.51) is large, and it
tends to infinity as A — 0. Therefore, LTFmSM and LTmFSM provide two useful alternative models for data
that exhibit strong dependence.

4. SCALING PROPERTY AND TAIL PROBABILITIES

The following result shows that LTmFSM (2.7) has a nice scaling property, involving both the time scale and

. dd N . . . o
the tempering. Denote by I equality in the sense of finite dimensional distributions.

Proposition 4.1. For any scale factor ¢ > 0, it holds

fdd [ m
X ct} :{c”X ,t} : 4.1
{ Hoan(ct)y o Hoaer(t)p o (4.1)
Proof. 1t is easy to see that
_1
GHcmOé,)\(Ctvcx) = CHCt aGHct704€A(t7x)'
Notice that dZ,(cz) has control measure cadz. Given t] <ty <---<t,, a change of variable z = cz’ then

yields

(Xbtoo an(cti) i=1,...,n) = (/ G, o (ctiy2)dZ0 () i = 1n)

—0o0

o
= (/ G, ax(cti,ca')dZy(ca’) i = 1,...7n)
—00 v
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o0
4 (/ cHC*i*éGHdi,a,cA(ti,:c') codZa(a)) i =1,.. .,n)

— 00

o)
= (cHC*z‘ / GH,, aex(ti 2 )dZa(2") i =1,... ,n)
— 00

= (CHcti XHC” ,a,c/\(ti) e=1,... ,’I’L)7

where £ indicates equality in distribution. So that (4.1) holds. O

We say that a stochastic process X(t), t € I, is stochastic Holder continuous of exponent 5 € (0,00) if it
holds

limsup P(|X(t) — X(v)| > Clt—v[?) =0

towel, |t—v|—0

for a positive constant C. It is obvious that if X (u) is stochastic Holder continuous of exponent (1, then X (u)
is stochastic Holder continuous of exponent 8y € (0, f1].
The following proposition shows that LTFmSM is stochastic Holder continuous. Denote a A b = min{a, b}.

Proposition 4.2. There is a number C, depending only on a,b,\ and H, such that for all t,v € R and any
y >0,

C
P(’XH,Q(I),A(t) - XH,a(z),A(v)‘ > Z/) < e <|L‘ e v|Hb) (4.2)

yrn
In particular, (4.2) implies that for any B € (0, Ha/b) and all t,v satisfying |t —v| <1,
P(’XH,a(x)’,\(t) — XH,a(m),)\(v)‘ > |t — U|B) < ClJt — v|Ha=Pb,

which implies that X g o (2)(t) is stochastic Hélder continuous of exponent € (0, Ha/b).

Proof. By Proposition 2.3 of Falconer and Liu [6], it follows that for any y > 0,

* 1 Ga@)a(t®) = Gha@)a(v, ) (2@
P(‘XH’Q(I)’)‘(t) _XH’Q(I)’A(”)‘ > y) < Cl/ ’ (@) , (z) da
Cl o a(z)
= YAy /_OO ‘GH,a(x),A(fvw) -~ Ghama(v,z)| dz, (4.3)

where G o (2,2 (t, ) is defined by (2.5). Without loss of generality, we assume that ¢ > v. Then

o(

o0 x)
/ ’GH,a(:c),)\(ta (E) - GH,Oc(ac),A(va ‘:U) dx = Il + IQ» (44)

where

a(x)

dz,

Il = / ’GH,a(w),)\(ta ‘T) - GH,oz(w))\(rUa :l?)

t
12 _ / 67)\a(z)(t7:v) (t . I)Ha(z)fldx'
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Using the inequality |z + y|* < 2%(Jz|* + |y|*) for all z,y € R and any a > 0, we have
I <4(Iy + La),

where

a(z)
dz,

o= [ |- )1t - M - g

a(z)

dx.

1 1

ly= [ e gyt Moyt
—oo

Let h =t — v. We deduce the following estimation of I; :

Y afz)
n< [ -2 - @-a e

— 00

v a(z)
g/ (hv—2)" 55 — (- o)t [y

— 00

v v—x\H sty v—a\H-atm
05 (5
/ <+ h h

— 00

o H—— 1 H 1
— ‘(1 + u) alo—hu) _ o= am—he
0

a

aj)hHoz(ac)—ldx

O‘<U7hu)hHoz(v—hu)du

o0

1

= / ‘(1 + u)H st o= s
0

O (hH“ n th)

< Cn <|t —yfHe 4 - U|Hb).

Next, we estimate I12. Notice that |e”* — e~ Y| < |x — y| for z,y > 0. Substitute u = v — x to see that for A > 0,

_ ! 1 Ha(z)=1 _xa(z)(v—z)|, —A(t—v) =)
ha= [ e Oate)(o - ) e o[y
v Ha(z)-1
< Chz / ()\a(a:)(v - x)) e @) (=) mpip {(t - U)O‘(”)7 1}dx
< Cig min{|t —l*, 1} / Aa(v — w)u) o=l Aalv=wug,
0
< Ci2min {It — |, 1} ; Jmax {()\au)Ho‘*le*’\o‘“}du
< Clgmin{|t—v|“,l}. (4.5)

It is obvious that if A = 0, then I15 = 0, and thus (4.5) holds obviously for all A > 0. By simple calculations, we
get

t
Igg/(t—:c)H“(f”)*ldx

fvt(t—x)H“’ldx ift—v<1
<
fvt_l(t—x)Hb_ldJ:—i—f:_l(t—x)H“_ldx ift—v>1
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< C’4(|t —yfHe 4 — U|Hb).

Returning to (4.4), we obtain

a(z

)
dz < 05(\t —v|H% 4 |t — v|H® 4 min {|t —v|%, 1})

/ ‘GH,a(w),)\(t7 Z‘) - GH,a(w),)\(Ua 3))
< Cﬁ(\t—v|H“+|t—v|Hb). (4.6)
Hence, for y > 0,

Cy
Yyt Ay

P(‘XH,a(z),A(t) - XH,a(z),)\(U)’ > y) < b <|t - U|Ha + ‘t - U‘Hb)'

This completes the proof of Proposition 4.2. O
The following proposition shows that LTmFSM is also stochastic Hélder continuous.

Proposition 4.3. Let A > 0. There is a number C depending only on a,b, o and A, such that for all z > 0,
P(‘XHt,ay,\(t) - XHS,Q,A(S)] > z) < Z%(u — s[*He 4 |H, — Hs|‘”‘) (4.7)
for all t,s € R satisfying t > s. In particular, if Hy is y— Hdélder continuous, that is
|Ht—HS‘ <Clt—s|" fort,s satisfying |t — s| < 1,
then (4.7) implies that for any B € (0,min{a,~v}) and all t,s € R satisfying |t — s| < 1,
P (| X, 0 (0) = Xt an(s)] 2 [t = 5/7) < € (6 = 8@ |t — s[o0-9),

which implies that X g, o, (t) is stochastic Holder continuous of exponent 8 € (0, min{a,~v}).

Proof. By Proposition 1.2.15 of Samorodnitsky and Taqqu [11], it follows that for z > 0,
1 [ o
P(|Xuan(®) = Xnan(s) 2 2) < Co [ . Grtyan(t:2) = G, an(s,0)| da. (4.8)
Using the inequality for any o > 0,
|z 4y + 2|* < 3%(Jz|* + Jy|* + |2]%), x,y,2 € R,
we have

/ ’GHt,a,,\(t,l") — G, an(s,2)| de <31 + Iz + I3), (4.9)

where

oo 1 1
L = / ‘e_’\(t_“”(t — $)ft o e AT (5 x)f‘ “| dux,

—00
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o0 1 1«
/ 7)‘(5 x)+(s — :c)f Ta e M)y (s— x)fé “| dzx,
> H,—L H.—L1|«
- / A gy b A gy E gy
[ee]
It is easy to see that
I <2%(In + La), (4.10)

where

> _1 1|«
I, = / ‘e‘A(t_I)Jf(t - x)ft o T AR (g a:)ft “| dux,

1

Iip = / ‘e*/\(tf:vﬂ(s — x)ftfa _ 67)\(571”(5 B x)fhé adm.

1
Let h =t — s > 0. Notice that |(1 +u)Ht o — yHe

é| < 2Bufl*=5~1 y — co. Then we deduce the following
estimation of I7 :

t (o7
Iy = / e het=0)|(p — pyHimn (5 — x)ftié dz

t —p\H L —pe\NHi—1a
— —Aa(t—z) (1 S Jf) e (3 .73) o
[ooe + h h +
1 _1
(1) o

S)
_ / ef)\ah(1+u)
-1
9
< / e—)\ah(l—i-u)
—1

S Clth”a = 011|t — S|H”a.

«
hHeedy

(1+ u)Ht_é —WE % gy pHee

+

(4.11)
Next, consider the item I15. Substitute u = s — x and then w = X to see that for A > 0,
Iy = /S (5 — g)eHi—Tg=dals=a) [ =At—) _ 1|%qy
< /S (s — z)*He=te= =24z min {(t —5)9, 1}
= /00 pHe=lg=deuqy min {(t —9), 1}
0
< Clgmin{|t—s|a,1}7 (4.12)

where the second line of the last inequalities follows by the inequality |[e=* —e Y| < |z —y| for all x,y > 0. It is
obvious that if A = 0, then I;2 = 0. Thus (4.12) also holds for A = 0. Combining (4.10)—(4.12) together, we get

I §Cl(|t—s|o‘Ht +min{|tfs|a,1}). (4.13)
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In the sequel, we give the estimations of Iy and I5. Without loss of generality, we assume that H; > Hg. By
some simple calculations, we get

s o
I = / e (s — p)ma — (s —x)Pemw | do
o )
= / e_’\‘wu_lluH‘ - uH‘ du
0
= / e U, — HS‘ u*Ho log u|*du
0
< Ca|H, — H,|", (4.14)
where Hy € [H,, H;]. Similarly, we have
I; < C3|H, — H,|". (4.15)
Combining the inequalities (4.9), (4.13), (4.14) and (4.15) together, we obtain
/ ‘GHt,a7>\(t,x) — GHs’a,)\(s,:c)‘ dz < 04(\t - s|aHt + min {|t — s]%, 1} + |Ht — Hs|a>
< 05(\t—s|aHt +|Ht—HS|“). (4.16)
Returning to (4.8), we get for z > 0,
Cs aH a
P(| X an(t) = Xuan(s)] 2 2) < 22 (|t = | + | H, — H[").
This completes the proof of Proposition 4.3. O

5. ABSOLUTE MOMENTS
We estimate the absolute (incremental) moments of the LTFmSM.

Proposition 5.1. If 0 < p < a, then there exists a number Cy, depending only on a,b, A\ and H, such that for
allt,v e R and [t —v| > 1,

E[\XH,au),A(t) - XH,a(x),A(U)’p} el (1 + a’%p) It — e,

Proof. When [t — v| > 1, using Proposition 4.2, we deduce that

E[’XH,Q(I),A(t) - XH,a(:r),)\(U)|p] = p/o yp71P<‘XH,a(w),>\(t) - XH,a(w),)\(U)’ > y>dy

1 o0
Sp(/ y”‘ldy+C1/ y”‘l_“dy)\t—vlm
0 1

< 02(1+ L)u—v\mﬂ
a—p

This completes the proof of Proposition 5.1. O

The next proposition gives an estimate for the absolute (incremental) moment of the LTmFSM.
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Proposition 5.2. If 0 < p < «, then there is a number C depending only on p,a,b and X\, such that for all
t,s € R satisfying t > s,

2C,
pP—«

E[‘XHt,a,A(t) - XHS,u,)\(S)|p] < (1 + ) <|t — s|PHe + |H, — HS\P).

Proof. Using Proposition 4.3, we have for any ¢ > 0,

E“XHt,a,A(t) —XHs,a,A(8)|p} :P/ yp_lP(‘XHt,a,A(t) —XHs,a,A(S)’ > y>dy
0
£ o0
Sp/ y”*ldy+01/ yp*l*“dy(lt*SIQHt + | H, stla)
0 5

C a
:5p+71€p7a(|t_8‘aHt n ’Ht_Hs| )
a—p

Taking £ = max{|t — s|",|H; — H,|}, we get

E[[ Xm0 (®) = Xt an(3)]"] < (14 jflp) (1t = sl + |7 = HL|),

which gives the desired inequality. O

For LFmSM, Le Guével and Lévy Véhel [8] have investigated the asymptotic behaviour of E[|X (t 4 r) —

X (t)|’7] ,7 — 0, for some positive constant n > 0. The following proposition gives a result similar to the one of
Le Guével and Lévy Véhel for LTFmSM.

Proposition 5.3. For each t € R satisfying Ha(t) # 1 and all v € (0,a), it holds

E[| X5 a0t — X oD
lim [| Ha@) A +7) Ha(z) ()] ] — F(y,t),
r—0+ rH

where

00 Ho 1 H——1_qa(!) v/a(t) 2071 1—%
F(%t):(/ [(1—x)+ ()_(_$)+ ()] dx) ( )

oo Y Jo uwr L sin® (u)du

and I'(t) = fooo zt~le~?dx is the gamma function.

Proof. Notice that for all v € (0,a) and all v € [0, 1),

X F47) = X atmya () 17 0 X F4 1) — X oot
EH H,a(z),A( 2{ Hoa(@( )' } _ ,y/ -1 P(‘ Ha(@)A( QH #.o(@)A( )‘ > z)dz.
0

Notice that X a(z),x(t) is H—localisable to X defined by (8.2) (cf. Prop. 8.1 whose proof does not involve
Prop. 5.3). Thus

X alx t+ -X al(x t
P(‘ Ho) :L H’UAU‘ZZ)—)P(]X(D\ZZ) r— 0.
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By Proposition 4.2, for z large enough,

X alx t+ _X a(x t
P(’ Ha(z)( TL Ha(z)( )‘ 22:)
'

Hence, by the Lebesgue dominated convergence theorem, we have

X aa(t — XH a@at RS
lim B = (¥ )~ Xetataal )H :7/ L P<|X(1)! 2z>dz
r—0+ r 0

= B[|x(1)|"]
B (/OO {(1 - x)fiﬁ — (_x)fab)r(t)dx>7/a(t)

where X is a(t)-stable. We refer to Property 1.2.17 of Samorodnitsky and Taqqu [11] for the last line of the
last equality. O

6. SAMPLE PATH PROPERTIES

When Ha > 1 with a > 1, the following proposition implies that every LTFmSM process has an a.s. Holder
continuous version.

Proposition 6.1. If Ha > 1 with a > 1, then for any 0 < f < H —1/a, Xg,o(z),A(t) has a continuous version
such that its paths are almost surely B— Hélder continuous on each bounded interval.

Proof. Recall that

XH,oc(w),A(t) :/ GH,a(w),)\(t7x)dMa(x)'
By (4.6), we have for |t —v| <1,
> @) Ha
/ ‘GH,a(r),)\(tvx) - GH,oz(rc),A(vvx)‘ de < Cl|t - 'U| . (61)

By Proposition 3.1 of Falconer and Liu [6], X, o(x),1(t) has a continuous version such that its paths are almost
surely S—Holder continuous on each bounded interval, where 0 < 8 < (Ha — 1) /a. O

Recall that a stochastic process X (t),t € T, on a probability space ({2, F,P) is called separable if there is a
countable set T* C T and an even {2y € F with P({2y) = 0, such that for any closed set F' C R we have

{w: X@t)eF, YvteT*}\{w:X(t)eF, YteT} C .
See Chapter 9 of Samorodnitsky and Taqqu [11] for more details.

When Hia < 1 and A > 0, the following proposition shows that every separable version of LTmFSM process
has unbounded paths.
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Proposition 6.2. If Hia <1 and A > 0, then for any separable version of the LTmFSM process, we have for
any interval (¢, d),

P({w: sup ’XHt’a,)\(t)| = oo}) =1.
te(e, d)

Proof. We may assume that (¢, d) is bound. Consider the countable set T* := QN [¢, d], where Q denotes the
set of rational numbers. Since T™ is dense in [¢, d], there exists a sequence of numbers {t, },en € T, such that
for any x € [c, d], t,, =& = as n — oco. Therefore, it holds

(T x) := sup GHtﬂ,)\(t,ac)‘ > sup
teT* tn €T

Gr,ax(tn, )| = fr(T"2) =00, n— oo.

Thus fcd f*(T*;z)dxr = oo, and this contradicts condition (10.2.14) of Theorem 10.2.3 in Samorodnitsky and
Taqqu [11]. Therefore, the stochastic process {Xm, o.x} does not have a version with bounded paths on the
interval (¢, d), and this completes the proof. O

For LTmFSM process with Hya > 1, we have the following proposition.

Proposition 6.3. Assume that H; is y—Hélder continuous, v > 1/« that is
|H, — H| < Ct — s (6.2)

fort,s € R satisfying |t — s| < 1. If amin{a,v} > 1, then for any 0 < § < min{a,v} — 1/, Xm, ax(t) has a
continuous version, such that its paths are almost surely B— Hdélder continuous on each compact set.

Proof. By Proposition 5.2 and (6.2), we have for any 0 < p < « and all ¢, s satisfying |t — s| < 1,

B[ X an(t) = Xn,an ()] < Co(jt = s + [, — H,]")
< CQ<|t —s[Pr+ |t — slm).
The Kolmogorov continuity theorem implies that X g, o2 (f) has a continuous version, such that its paths are

almost surely S—Ho6lder continuous on each compact set, 0 < 8 < (pmin{a,v} — 1)/p. Let p — «. We completes
the proof of Proposition 6.3. O

Remark 6.4. For LmFSM, Ayache and Hamonier [2] have obtained the uniform pointwise Holder exponent of
X, ax(t). By Theorem 8.1 of Ayache and Hamonier [2], it is easy to see that when a > +, the 8 in Proposition 13
cannot exceed v — 1/a.

Denote by

>l X a(x t ) -X a(x tv
Hi(w) = sup {’Yi Hm‘ Ha@At+Tw) Ho@ A (EW)] :0}

r—0 |r |

the pontwise Hélder exponent of the LTFmSM Xy o (4, 2(-) at t.

Proposition 6.5. If Ha > 1 with a > 1, then Hy(w) > H — 1/a almost surely.

Proof. Tt follows by Proposition 6.1. O
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Let

Hy(w) = sup {7 i KHearEH10) = Xupanlbo)l o}

r—0 |T|7

be the pontwise Holder exponent of the LTmEFSM Xg, o 2(-) at t.

Proposition 6.6. Assume that Hy is y—Holder continuous, v > 1/a. If amin{Hy,,v} > 1 for some ty € R,
then Hiy(w) > min{Hy, v} — 1/« almost surely.

Proof. Since H; is continuous, we have for any ¢ > 0, there exists a 6 > 0 such that for all s € [ty — J, to + ], it
holds H, € [Hy, —e, Hy, +¢]. If amin{H,,,~v} > 1, by an argument similar to the proof of Proposition 6.3, then
for any 0 < f < min{Hy, —¢,7} —1/a, Xu, o1(s) has a continuous version, such that its paths are almost surely
B—Holder continuous on s € [t — J, to + ¢]. Thus if amin{Hy,,v} > 1, then ﬁto (w) > min{Hy, —&,7} — 1/«
almost surely. The claim follows by the fact that ¢ can be arbitrary small. O

7. HOLDER CONTINUITY OF QUASI NORM

a(x)
de =1

for t € R. Then || - Ha is a quasi norm. In particular, if a(z) =p > 1 for a constant p, then || X g p x(t)||p is the
LP(R) norm of G p a(t, z). Moreover, when a(x) = «a for a constant a € (0, 2], then it holds

1/«
X 1/« S «@
= (*IOgE[esz’a'A(w]) " (/ ‘GH,Q,A(t,x) d:z:) ;

see Meerschaert and Sabzikar [9)].
The next proposition implies that the quasi norm of LTFmSM process is Holder continuous in time .

Denote by

Gy )\(t,x)
HXHa(m),A(t)Ha = {y >0: / ‘%

ot

Proposition 7.1. There are two positive numbers ¢ and C, depending only on a,b,\ and H, such that
clt — vl < HXH,a(w),A(t) - XH,a(ac),)x(U)H <Ot — o/

for all t,v € R satisfying |t —v| < 1.

Proof. Denote by p = ||XH’Q(Z)’>\(t) - XH’Q(@’A(U)HQ. Assume that ¢t > v, and write

ol t
( )dx . / ¢ =A@ (t=w) (4 _ g Hol@) 14,

v

00
/ ‘GH,oz(r),)\(t7x) - GH,oc(m),)\(’U7x)
—00

t
> ef)\b(tfv)/ (t_z)Hbfldx

v
|
>
>
|~
—
~
<
~
T
o
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uniformly for all t,v € R satisfying |t — v| < 1. Therefore, we have

<G a(z t7 -G a(x ) o(x)
) :/ ‘ Ha@At:2) ~ GHa@a(2) 2@
o p
[e’s} a(z) 1 1
> ‘G ANt T) — G a@alv,x dz minq —, —
/_OO Hoa@ A7) = GH o) A (v, 2) {p“ pb}
1 1 1
—\b Hb .
>e ﬁ(t—v) mln{ﬁ,ﬁ}.

The last inequality implies the lower bound of p. By (4.6), we have

o a(x)
/ ‘GH,a(m),)\(ta (ﬁ) - GH,a(m),)\('Ua x)‘ dz < Cl‘t - U‘Ha

uniformly for all ¢,v € R satisfying |t — v| < 1. Then

1= /oo ’GH,a(x),)\(ta CE) - GH,oe(x),A(vax) O((m)dx
oo p
o a(z) 1 1
< ’GH,a(w),)\(ta r) — G o)A (0, ) dz max {E7 ﬁ}
Ha 1 1
< Clt = o max {1, (7.1)
p* p
whenever |t — v| < 1. Inequality (7.1) implies the upper bound of p. O

When a = b and 1/a < H < 1, Proposition 7.1 reduces to Lemma 4.2 of Meerschaert and Sabzikar [9]. Hence
Proposition 7.1 can be regarded as a generalization of this lemma.
The next proposition implies that the quasi norm of LTmFSM process is Holder continuous in time .

Proposition 7.2. There exist two positive numbers ¢ and C, depending only on a,b, A and «, such that

clt— st < HXHf,,a,A(t) = Xn,,a.(5)

’a <C(|t—s|" + |H, — H,|) (7.2)

for all t,s satisfying 0 < s <t <s+1.

Proof. From the poof of Proposition 4.3, we have
/ ‘GHua,)\(tvx) - GHt,a,)\(Uax)‘ dz < C4 ('t - 5|aHt + ‘Ht - Hs‘a>
< 2C7 max {|t - s|O‘Hf, |Ht — Hs|a}.
Hence,

[t an®) = Xnan)|| < @C0)M2 (1t = sl + | - H,
«

)

which gives the desired upper bound in (7.2).
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Next, consider the lower bound of || Xp, ax(t) = Xu, .ax(s)|| - Write

e M) (4 a:)Ht*é “de

%) o +
/ ‘GH,,,a,)\(t,x)—GHS,%)\(S,J,‘)‘ dz 2/

S

t
> ef)\oz(tfs)/ (t—ZE)Hta71d$

t
> e—/\a(t—s)/ (t_x)Hta—ldx

S

1
> —Aa t— Hia
=€ HtOé( S)

1
> Ao~ t— Hia
=° ba( 2

uniformly for all ¢, s satisfying s <t < s+ 1. Therefore, we have

HXHt,a,A(t) — X, ,a.x(5)

which gives the desired lower bound in (7.2). O

For a € (0, 1], the next proposition shows that the upper bound of (7.2) is also exact.

Proposition 7.3. Assume « € (0,1] and tg > 0. Then there is a positive number ¢, depending only on a, b, A, to
and o, such that

[Xrtan® = X, an(s)]| = (It = s + |[H, - 1) (7.3)
«

for all t,s satisfying to < s <t <s+1.

Proof. If |t — st > cl‘Ht — Hs| for some ¢; > 0, depending only on a, b, \, ¢ty and «, then (7.2) implies (7.3).
Otherwise, we have

Ht—H5’/|t—s|H" — 00 (7.4)

as [t — s| = 0. Applying the inequality

12/ = [yl

<l|lz—y|¥ x,yeRandac(0,1],

we have
[e%s) N s 1 .
/ ’GHt,a,)\(t,l') - GHS,a,A(S,.’E) dx > / ’ef)\(tfa:)(t _ x)Ht*g _ ef)\(sfw)(s B x)Hb'*E da
oo o
_ /s e_)\(t—ﬁc)(t _ x)Hf,—é _ e—x\(s—x)(g _ .T)Ht_%
0
a
+67)\(571)(S _ m)Ht*é _ ef)\(sfw) (S . x)Hsfé da
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[e%

> / ’e*)‘(sfﬂ(s - ;U)Hf*é — e*)‘(sfz)(s — glc)HS*é dz
0

¥
By the mean value theorem and (4.13), the last inequality implies that for « € (0,1] and all ¢, s satisfying
0<s<t<s+1,

e}

67)‘('571)(15 — :c)H’ffé - efA(S*I)(s - x)HF% dzx.

oo
| |Gmmatta) = G antsia) - Cult— s
—00

dz 2/ e b= 2) (s _ gyeHeL o0 (s — ) |*dx ’Ht — Hy
0

(a3
ZCOO‘Ht — Hy| — Cyqlt — s|*,

where ¢gg, C11 > 0 depending only on a, b, \, ty and «. By (7.4), it follows that for a € (0, 1],

[e3

)

/ ‘GH“%,\(t,x)—GHS7Q7>\(5,36)’ dxzc‘Ht—Hs
where ¢ > 0 depending only on a,b, A, typ and a. Therefore (7.3) holds. O

8. LOCALISABILITY AND STRONG LOCALISABILITY

Recall that a stochastic process X (¢),t € R, is said to be h—localisable at u (cf. Falconer [3, 4]), with A > 0,
if there exists a non-trivial process X, called the tangent process of X at w, such that

lim X4 ”’2 = X QW) dd . (8.1)
N0 r

dd . . . . L
where "2 stands for convergence in finite-dimensional distributions.
The following proposition shows that LTFmSM is H —localisable.

Proposition 8.1. Assume that o(x) is continuous on R. When 1/a < H < 1, the LTFmSM process X g o (), (t)
is H—localisable at u with local form

X(t) = /Oo (=)} — ()T ] 4Z (), (3.2)

where dZq () is a symmetric o(u)—stable random measure.

Proof. Given u; < us < --- < uq, denote

Xuax(u+ru) — Xgaa(u)
T.H

ST (uk) =

forr>0and k=1,...,d. Then

. oo d a(x)
E [eZ Dy GkS'r(“k)] = exp { - / ’ Z Opr—H (GHQ(:C),,\(u +rug, ) — G o) (U, x)) dz ;.
—00 =1
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Let x = u + rz. It follows that

dx

/ ‘ Z Opr™ (GH,a(x),)\(u +ruk, ) — Gy a4, l’))

a(u+rz)
dz.

Ho— Ll Ho— L1
/ Zek 7)\r(uk z)+(uk *Z)_,'_ a(utrz) €7>‘T(7z)+(7z)+ a(u+7‘z))

o0 k=1
Recall that «(x) € [a,b] is a continuous function on R. Thus

a(u+rz)

r—0

. A H— L5 A H-—1
lim‘ E 0 (e_ T(uk—2)+(uk —2) atutrs) _ = T(—Z)+(_Z)+ a<u+rz>)
=1

It is obvious that for z < min{u;,0} —1,0<r <1land 1/a < H <1,

d
I T ) [
k=1
4 H 1 H 1 a(utrz)
< Z |0k|a(u+rz) e AT Uk (Uk _ z) T atutrn) — (_z) ~ataF
k=1
1 a(u+rz)

102wt Arlul | () — NH =t — (—z)awrs

IN

(|9k|a + ‘9k|b)e)\|uk\ Sl[lp] ’(Uk _ Z)H—l/a _ (_Z)H—l/a
a€la,b

M=~ [0 I

1)@ . Ha—1-a b
H — | (min{u:,0} - 2) (g + [ur]),

IN

<|9k|a + \9k|b)€A|uk‘

Eod
Il
—

and that for z > min{u;,0} —1land 0 <7 < 1,

H—— 1 He—1 _\ ja(u+trz)
—Ar(ug—z a(utrz) —Ar(—z a(utrz)
( (ur )+(Uk —z), _ el )+(—z)+ )

*M&

d
< Z |9k|a(u+rz) (6*)\7‘(uk72)+0((u+’l"z) (up — Z)foz(u-i-rz)—l + 67AT(72)+Q(U+TZ)(*Z)fa(u-’—rz)_l)
k=1
d
< D710 (g = ) LTI (gt
k=1
d

(1001 + 106" ) ((ar = 227 + (u = 207 + (=) 2+ (=)0 7).

B
I
—

65
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The dominated convergence theorem implies that

lim E {eizizl 9ksr<uk>}

r—0

0~  d 1 1\ jelu
= exp{ - / ‘ Zﬂk ((uk - z)ffm _ (_z)ffaw)) ( )dz}

=K |:€i 22:1 ekX(uk):| ,

where X (+) is defined by (8.2). By Lévy’s continuous theorem, we have
lim S, (ur) "2 X (ug).
r—0

Thus X a(),2(),t € R, is H-localisable at u to X(-) defined by (8.2). O

Recall that X (t),¢ € R, is said to be h-strongly localisable at u to X|,(v) with h > 0 (¢f. Falconer and Liu [6]),
if the convergence in (8.1) occurs in distribution with respect to the metric of uniform convergence on bounded
intervals, and X and X, have versions in C(R) (the space of continuous function on R).

The next proposition shows that when 1/a < H < 1, the LTFmSM is H-strongly localisable.

Proposition 8.2. Assume that a(x) is continuous on R. When 1/a < H < 1, the process X o) (1) is
H—strongly localisable at u to the LFSM defined by (8.2).

Proof. By Theorem 3.2 of Falconer and Liu [6], it is sufficient to prove that for each bounded interval J, there
is a positive r¢ such that for any r € (0,7¢),

/oo ’ GH,a(I),/\(u + Tt7 :17) - GH,a(z),k(u +rv, 1‘) ’a(w)

v de < Ct —v|*H, t,v € J,

—0o0

where C' is a constant. Indeed, by (4.6), for any 0 < r < min{1/|t — v, 1}, we have

o GH,(X(;K),)\(U + T’t, :L') - GH,a(ac),)\(u +rv, .’ﬂ) a(z)
e ‘ rH o
1 o0 o)
< e | ‘GH,(X(J;),A(U +7t,7) — GH o)A (u+ 10, T) dx
1 Ha aH
7m0\rt—rv| =C|t—ov|*".
This completes the proof of Proposition 8.2. O

When A =0 and 1/a < H <1+ 1/b— 1/a, Falconer and Liu proved that Xp (5),0(t),t € R, is H—strongly
localisable, see Proposition 4.3 of [6]. Now Proposition 8.2 extends the result of Falconer and Liu.
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