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STOCHASTIC DAMPING HAMILTONIAN SYSTEMS. TOTALLY

OBSERVED DATAI
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Abstract. In this work we prove the consistency of an estimator for a stochastic damping Hamiltonian
system considering that both position and velocity are observed. Next we perform some simulations,
including the case when only position is available, to see how the estimators work numerically and then
compare the obtained results with those obtained by other authors.
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1. Introduction

It is of interest in many researching areas to have a consistent estimator in order to identify a stochastic
model which fits discretely observed data. In many cases the data is totally observed (i.e. position and velocity
are observed) nevertheless, in some applications it is not possible to measure both components and only position
is available. In several applications as random mechanics in engineering, neurophysiology, finance, simulations
in chemistry, etc. (see for example the works of Robert and Spanos [17], Lindner and Schimansky-Geier [11],
Nicolau [13], Lelièvre et al. [9]), the stochastic model consists on non-linear stochastic oscillators (or non-linear
random vibrations systems) of the form

ẍt + g1(xt; a) ẋt + g2(xt; b)xt = σdWt, (1.1)

where g1 and g2 are non-linear functions of the position xt, depending on the parameters a, b. The term g1(xt; a)
represents the damping coefficient force of the system and the term g2(xt; b)xt represents the drift force which
is supposed to be driven by a potential V (x) such that V ′(x) = g2(x; b)x. The term Wt is a standard Brownian
motion and σ > 0 is the amplitude of the noise. For a further study of this kind of models we refer to the
book of Gitterman [8]. Model (1.1) can be represented as a two dimensional hypoelliptic diffusion (or stochastic
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1 Escuela de Matemáticas, Facultad de Ciencias, Universidad Central de Venezuela and IMERL, Facultad de Ingenieŕıa,
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damping Hamiltonian system) of the form{
dxt = ytdt

dyt = σdWt − [g1(xt; a)yt + g2(xt; b)xt] dt.
(1.2)

Under some assumptions for the potential V (x), if the damping coefficient force g1(x; a) = c > 0 and the random
coefficient σ > 0, it is known from Abbaoui and Bendjeddou [1] that there exists a time stationary solution
for system (1.2). In the paper of Wu [21] were established some probabilistic properties of model (1.2) like
exponential ergodicity of the invariant distribution, among others, under more general assumptions on the
potential V (x) and the damping coefficient force g1(x; a) than in the work of Abbaoui and Bendjeddou [1].
Statistical inference for classic diffusions is widely studied and in many cases parametric estimation is carried
out by finding a contrast function obtained by performing an Euler approximation directly on the model (see e.g.
Genon-Catalot et al. [6] for further information). Nevertheless, for hypoelliptic diffusions Euler’s approximation
cannot be done directly on the model due to the fact that the variance matrix is degenerate. To avoid this
problem, a maximum likelihood based estimator for model (1.1) was introduced by Ozaki [14] performing a
local linearization method in order to obtain a discrete model for which the variance matrix is not degenerate.
Talay [19] used an implicit Euler scheme in order to demonstrate exponential convergence to the invariant
measure. In the paper of Pokern et al. [16] they focused on higher order hypoelliptic diffusions and proposed an
empirical approximation of the likelihood based on Itô expansions and a hybrid Gibbs sampler to construct a
Bayesian estimator. In the work of Samson and Thieullen [18] they used the Euler approximation only in the
second equation of the system (1.2) allowing them to construct a consistent estimator.

In the context of non-parametric estimation works are few. In two recent works of Cattiaux et al. [3, 4]
non-parametric estimation of the invariant density and the drift term was presented using kernel estimators
which led them to establish a central limit theorem for such estimators under partial observations.

In this work we prove the consistency of the contrast obtained by the local linearization method in the case
of totally observed data. Our work is strongly inspired by the article of Ozaki [14]. In his paper Ozaki pointed
out that there is a bias that comes from estimating the parameters using the discrete linearized model from
the observations of the continuous model. This paper is organized as follows: In Section 2 we present the model
and set some assumptions. Section 3 contains a brief sketch of the local linearization method and are shown
two important results relative to the model. In Section 4 we prove the consistency of the estimator, assuming
the data to be completely observed. Section 5 is devoted to perform a simulation study in order to see how
the estimators work numerically and then we compare the results obtained with those obtained by Ozaki [14],
Samson et al. [18] and Pokern et al. [16]. For comparison purposes we include a case of simulation when only
position is available and the velocity is approximated using an Euler discrete scheme. Finally, conclusions are
presented.

2. Preliminaires

In this section we will set some notation and assumptions that will be considered throughout this paper. In
this paper we consider the system of stochastic differential equations:{

dx(t) = y(t)dt
dy(t) = σdWt − [g1(x(t); a)y(t) + g2(x(t); b)x(t)] dt,

(2.1)

where z(t) := (x(t), y(t)), t ≥ 0 denotes the position and the velocity of a particle at the time t. The parameters
are denoted by a and b and each of them represents a set of parameters a = (a1, . . . , aq) and b = (b1, . . . , bp)
contained in the expression for g1 and g2 respectively. We will assume that

a ∈ Θ1 ⊂ Rq and b ∈ Θ2 ⊂ Rp,
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where Θ1 and Θ2 are compact sets. Besides, we denote by θ = (a, b) ∈ Θ ⊂ Rp+q the parameters, Θ = Θ1×Θ2 as

a compact set containing the parameters. The true parameters will be denoted by θ0 = (a0, b0) ∈
◦
Θ (the interior

of Θ). We suppose that the strength of the noise, denoted by σ, is a positive constant. For z = (x, y) ∈ R2 we
define P : R2 ×Θ → R as

P (z; θ) := −g1(x; a)y − g2(x; b)x. (2.2)

The partial derivatives of P will be denoted by the vectors∇zP (z; θ) = (Px(z; θ), Py(z; θ)) ∈ R2 and∇θP (z; θ) =
(Pa(z; θ), Pb(z; θ)) ∈ Rp+q. In the sequel we will use generic positive constants C or Cr (in this case the constant
depends on the subscript), that can be different from line to line unless otherwise specified.

For the system (2.1), throughout this paper, we make the following assumptions

H1 (1) For all N > 0 : sup|x|≤N |g1(x; a)| <∞.
(2) There exist positive constants c, L such that g1(x; a) ≥ c, for all |x| > L.

(3) g1(x; a) ∈ C2(R×
◦
Θ1).

(4) There exists a polynomial q1(|x|) = Cθ|x|γ1 , Cθ > 0 such that

g1(x; a) ≤ Cθ|x|γ1 and g
′

1(x; a) ≤ Cθ|x|γ1 ,

for all x ∈ R.

H2 (1) We have a potential V (x; b) such that V (x; b) is bounded from below and V (x; b) ∈ C2(R×
◦
Θ2).

(2) Its derivative has the form V
′
(x; b) = g2(x; b)x.

(3) We will assume that the damping condition

+∞ ≥ lim inf
|x|→+∞

x2 · g2(x; b)

|x|
≥ v > 0,

holds for some constant v.
(4) The potential has polynomial growth at infinity. There exists a polynomial q2(|x|) = Cθ|x|γ2 , Cθ > 0
such that

V (x; b) ≤ Cθ|x|γ2 and V
′
(x; b) ≤ Cθ|x|γ2 ,

for all x ∈ R.

H3 (1) P : R2 ×Θ → R2 is continuous.

(2) P (z; θ) ∈ C2(R2 ×
◦
Θ); for each θ, there exist positive constants Cθ and γ such that P (z; θ) ≤ Cθ(1 +

||z||)γ , for all z ∈ R2.
(3) For all θ 6= θ

′
, P (z; θ) 6= P (z; θ

′
).

(4) There exists a positive constant γ such that

sup
θ′∈Θ

‖∇θP (z; θ′)‖ ≤ sup
θ′∈Θ
{Cθ′}‖z‖

γ = C‖z‖γ .

For each θ ∈ Θ, it can be inferred from hypotheses H1 and H2 that the followings bounds hold

|Px(z; θ)| ≤ Cθ ‖z‖γ3 and |Py(z; θ)| ≤ Cθ ‖z‖γ1 , ∀z ∈ R2. (2.3)
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According to the work of Wu [21] assumptions H1–H2 imply that

• there exists a Foster-Lyapunov function Ψ ≥ 1 which satisfies LΨ ≤ −αΨ + D 1K , for some constants
α,D > 0 and some compact subset K. Here L denotes the infinitesimal generator

L =
σ2

2

d2

dy2
+ y

d

dx
− (g1(x; a)y + g2(x; b)x)

d

dy
.

• Also Ψ satisfies

log (Ψ(x, y)) ≥ D
(
|y|2 + |x|

)
,

when ‖z‖ goes to infinity, for some well chosen constant D > 0.

It is inferred from the observations above that the process z(t) = (x(t), y(t)) is positive recurrent and has a unique
invariant measure πc(z) = πc(x, y). Notice that the invariant measure πc(z(0))dz(0) depends on the parameters
θ which defines the model. For example in the case of the Duffing oscillator, considering g1(x; a) = g1(a) a
constant, the expression for the invariant measure (up to a numerical constant factor), is given by

πc(x, y)dxdy = exp

(
−2g1(a)

σ2
H(x, y)

)
dxdy,

where H(x, y) = 1
2 |y|

2
+ V (x) is the Hamiltonian. In general a closed expression for the invariant measure is

unknown. For example when g1(x; a) = a1x
2 − a2 with a1, a2 > 0, V (x) = 1

2b
2x2 (Van der Pol oscillator) its

invariant measure is unknown.
These quoted facts entail also some properties related to asymptotic independence. In fact the process z(t)

becomes α-mixing and all the polynomial moments of the measure πc are finite. See Cattiaux et al. [3]. In this
work we assume that the distribution of the process z(0) = (x(0), y(0)) is the invariant measure πc.

3. Locally linearized model

In this section we start by presenting the local linearization method introduced by Ozaki [14, 15] and we
present explicitly its joint density.

In Ozaki’s article [14] a statistical identification method for nonlinear random vibration system models, based
on the maximum likelihood method for discrete time models, was obtained. He considered the continuous time
stochastic nonlinear differential equation model for the nonlinear random vibration system (1.1). The model
(1.1) is expressed as a bivariate stochastic dynamical system model

ż(t) = f(z(t); θ) + dW(t), (3.1)

where

• z(t) = (x(t), y(t))′,
• f(z(t); θ) = (y(t),−g1(x(t); a)y(t)− g2(x(t); b)x(t))′ = (y(t), P (z(t); θ))′ and
• dW(t) = (0, σdWt)

′.
• The process {z(t)} is observed at the equally spaced discrete times t = ih , i = 0, . . . , N .

Notation A′ is used for the transpose of a vector or a matrix A. The variance-covariance matrix for the
bivariate white noise dW(t) is given by

E [dW(t) dW(s)′] =

[
0 0
0 σ2 δ(t− s)

]
,
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where δ(t) is the Dirac delta function. We follow the work of Ozaki [15] in order to find a discrete scheme which
approximates the continuous model (3.1) in the interval [ih, (i+ 1)h) for h > 0 small enough. First we consider
the homogeneous equation

ż(t) = f(z(t); θ). (3.2)

By taking the derivatives in (3.2) we get

z̈(t) = J(z(t); θ)ż(t), (3.3)

where

J(z(t); θ) =

[
∂f(z; θ)

∂z

]
z=z(t)

=

[
0 1

g′1(x; a)y + g′2(x; b)x+ g2(x; b) g1(x; a)

]
.

At this point, we will add the following hypothesis

H4 The matrix
[
∂f(z;θ)
∂z

]
is not singular for all z ∈ R2 and θ ∈

◦
Θ, that is

g′1(x; a)y + g′2(x; b)x+ g2(x; b) 6= 0,

for (x, y) ∈ R2 and θ ∈
◦
Θ.

Now, assuming that f is linear in the interval [ih, (i+ 1)h) the Jacobian matrix becomes constant in this interval,
therefore J(z(s); θ) = J(z(t); θ) for s ∈ [ih, (i+ 1)h) and integrating z̈(s) = J(z(t); θ)ż(s) two times we obtain

z(t+ h) = z(t) + J(z(t); θ)−1(eJ(z(t);θ)h − I)f(z(t); θ)

= [I + J(z(t); θ)−1(eJ(z(t);θ)h − I)F (z(t); θ)]z(t),

where

F (z(t); θ) :=

[
0 1

−g2(x(t); a) −g1(x(t); b)

]

is a matrix such that F (z(t); θ)z(t) = f(z(t); θ). We define A(z(t), h; θ) = I + J−1(z(t); θ)(eJ(z(t);θ)h −
I)F (z(t); θ) and the matrix L(z(t); θ)h by eL(z(t);θ)h = A(z(t), h; θ). Now we consider the bivariate stochastic
equation

ż(s) = L(z(t); θ)z(s) + dW(s). (3.4)

Using the parameters variation formula, the solution of the equation (3.4) is given by

z(t+ h) = eL(z(t);θ)hz(t) +

∫ t+h

t

eL(z(t);θ)(t+h−s)dW(s). (3.5)

Remark 3.1. We must point out that the above step is where the noise is propagated to the two coordinates.
Thus, although it is a first order discretization, this procedure allows to take advantage over other first order
methods.
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When the process {z(t)} is observed at the equally spaced discrete times t = ih , i = 1, . . . , N we consider the
discrete process {z(ih)} = {zih} defined by means of the equation

z(i+1)h = Aihzih +

∫ (i+1)h

ih

eL(zih;θ)[(i+1)h−s]dW(s), (3.6)

We consider the observation equation to be

z((i+ 1)h) = z(ih) +

∫ (i+1)h

ih

f(z(s); θ)ds+

∫ (i+1)h

ih

dW(s)ds. (3.7)

The variance-covariance matrix Σih(h; θ) for the discrete time white noise
∫ (i+1)h

ih
eL(zih;θ)[(i+1)h−s]dW(s) is

given by

Σih(h; θ) =
σ2

(µ1 − µ2)2

[
1

2µ1
E1 − 2

µ1+µ2
E1,2 + 1

2µ2
E2

1
2E1 − E1,2 + 1

2E2
1
2E1 − E1,2 + 1

2E2
µ1

2 E1 − 2µ1µ2

µ1+µ2
E1,2 + µ2

2 E2

]

:=
σ2

(µ1 − µ2)2

[
a′11(zih, h; θ) a′12(zih, h; θ)
a′12(zih, h; θ) a′22(zih, h; θ)

]
= σ2

[
a11(zih, h; θ) a12(zih, h; θ)
a12(zih, h; θ) a22(zih, h; θ)

]
, (3.8)

where

• µ1 = µ1(zih, h; θ) and µ2 = µ2(zih, h; θ) are the eigenvalues of the matrix J(zih; θ),
• E1 = e2µ1h − 1,
• E2 = e2µ2h − 1 and
• E1,2 = e(µ1+µ2)h − 1.

Remark 3.2. Notice that the variance-covariance matrix for the continuous noise dW(t) is singular,
while the variance-covariance of the discrete noise is symmetric and, for a fixed h > 0, it has full rank
equal to 2. Moreover, the matrix Σih(h; θ) is the true covariance matrix for the discrete time white noise∫ (i+1)h

ih
eL(zih;θ)[(i+1)h−s]dW(s).

In the next lemma an important result regarding the asymptotic behavior for the elements of the matrices
Σih(h; θ) and Σ−1

ih (h; θ) is stated.

Lemma 3.3. Consider the matrices Σih(h; θ) and Σ−1
ih (h; θ). Under the hypotheses H1–H3 and H5′′ we have

1

h3
a11(zih, h; θ)→ 1

3
,

1

h
a22(zih, h; θ)→ 1 and

1

h2
a12(zih, h; θ)→ 1

2
, (3.9)

and

h3b11(zih, h; θ)→ 12, hb22(zih, h; θ)→ 4 and h2b12(zih, h; θ)→ −6, (3.10)

in probability. Moreover

h3

2
||Σ−1

ih (h; θ)|| = OP(1), (3.11)

uniformly in θ.

Its proof is left to Appendix A..
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Model (3.6) is then rewritten as

z(i+1)h = Aih(h; θ)zih +Bih(h; θ)Ξ(i+1)h, (3.12)

where

• Aih(h; θ) = A(zih, h; θ),
• the initial condition is zih = z(ih), i.e. the model starts with the invariant measure of the continuous

model.

• Bih(h; θ) = Uih(h; θ)

[ √
λ1 0
0

√
λ2

]
. Here λ1 = λ1(zih, h; θ) and λ2 = λ2(zih, h; θ) stands for the eigen-

values of the matrix 1
σ2Σih(h; θ), and the columns of the matrix Uih(h; θ) are the normalized eigenvectors

associated to each eigenvalues.
• Ξ(i+1)h is a bivariate Gaussian noise with variance-covariance matrix σ2 I and mean zero.

In the following lemma we compute the joint density of the discrete model (3.12)

Lemma 3.4. The joint density p(zh, . . . , zhN ; θ, σ2) of the discrete model (3.12) is given by

p(zh)

(2π)
N−1

2 σ2(N−1)

N−1∏
i=1

1

|detB(i−1)h(h; θ)|

× exp

[
− 1

2σ2

[
zih −A(i−1)h(h; θ)z(i−1)h

]′ [
B−1

(i−1)h(h; θ)
]′ [

B−1
(i−1)h(h; θ)

] [
zih −A(i−1)h(h; θ)z(i−1)h

]]
.

The proof of this lemma is postponed to Appendix A..
As a consequence of the lemma (3.4), the log likelihood of the model (3.12) is given by

l(θ) = log p
(
zh, . . . , zNh; θ, σ2

)
. (3.13)

Finally, keeping only the terms that depend on θ we define the approximate the likelihood contrast for the
discrete model (3.12) as

MN,h(zNhh ; θ) =
1

2N

N−1∑
i=0

∥∥B−1
ih (h; θ)

[
z(i+1)h −Aih(h; θ) zih

]∥∥2
. (3.14)

4. Asymptotic consistency of the estimator

In this section we establish the main result of this paper. We use the notation zNhh = (zh, . . . , zNh). As
h = hN , for h→ 0, we need to assume that hN →∞, then N →∞.

Remark 4.1. We will consider below as a contrast the logarithm of the quotients of likelihoods. This statistics
can be written as [

MN,h(zNhh ; θ)−MN,h(zNhh ; θ0)
]
.

The estimator obtained via the minimization of this latter function is the same to the one gotten by minimization
of the function MN,h(zNhh ; θ).

First we set some notations

(1) θ̂N,h = arg minθ∈ΘMN,h(zNhh ; θ).
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(2) As usual, θ0 = (a0, b0) stands for the true parameters of the continuous model (1.1). An important feature
in the work of Ozaki [14] is the fact that the parameters of the discrete model (3.12) are exactly the same
as the parameters of the continuous model (1.1). It allows us to regard θ0 in two equivalent ways
• θ0 = arg minθ∈Θ EQd,h

[
MN,h(zNhh ; θ)

]
. Here Qd,h is the stationary measure of the pair (zih, z(i+1)h)

given by p(z(i+1)h | zih)πd(zih), where p (· | ·) is the density of the transition kernel of the discrete
model (3.12) and πd its invariant measure.

• θ0 = arg minθ∈Θ Eπc
[
MN,h(zNhh ; θ)

]
. Here πc is the stationary measure of the continuous process (1.1).

(3) For the continuous process (1.1) let Qc,h denote the stationary measure of the pair (z(t), z(t+ h)) given
by p(z(t+ h) | z(t))πc(z(t)), where p (· | ·) is the density of the transition kernel of the continuous model
(1.1).

In order to proof the consistency of the likelihood estimator we need to set the following technical hypotheses:
for h0 small enough

H5 E
[
e(2h0‖J(z0;θ)‖) ‖J(z0; θ)‖4 ‖f(z0; θ)‖2

]
<∞,

H5′ E
[
supθ∈Θ

{
e(2h0‖J(z0;θ)‖) ‖J(z0; θ)‖4 ‖f(z0; θ)‖2

}]
<∞, and

H5′′ E
[
supθ∈Θ

{
||J(z0; θ)||eh0||J(z0;θ)||}] <∞

Remark 4.2. In the general case for g1 and g2 we do not dare to assert that these conditions hold. Nevertheless,
in the case of the Linear, Kramer’s, Van der Pol and FitzHug-Nagumo oscillators these hypotheses are fulfilled
and the proof can be found in Appendix A.

The idea is to prove that the estimator θ̂N, h is consistent in the following sense: if h→ 0 and hN →∞, then

lim
N→∞

θ̂N, h → θ0 in probability. (4.1)

In order to prove the above statement we will use a similar technique as the used in Wald [20] for proving
the consistency of an estimator. First we need to prove that limh→0,hN→∞

1
h [MN,h(zNhh ; θ) −MN,h(zNhh ; θ0)]

exists and it is a deterministic function. We need that h→ 0 and hN →∞ simultaneously, so h depends on N .
Next we prove (4.1). An antecedent of our proof in the case of ordinary diffusions can be found in the work of
Genon-Catalot [5].

Before we begin with the proof of the main result we establish the following result whose proof is left to
Appendix A. Besides we will review the expression of the contrast (3.14) to rewrite it conveniently.

Lemma 4.3. Let z(s) = (x(s), y(s))′ satisfies the equation (3.1). Then

E
[
|x(s)− x(s′)|2k

]
= O(|s− s′|3k) and E

[
|y(s)− y(s′)|2k

]
= O(|s− s′|k), (4.2)

for all positive integer k.

The contrast (3.14) can be rewritten as

MN,h(zNhh ; θ) =
1

2N

N−1∑
i=0

∥∥B−1
ih (h; θ)

[
z(i+1)h −Aih(h; θ) zih

]∥∥2

=
1

2N

N−1∑
i=0

〈
Σ−1
ih (h; θ)

(
z(i+1)h −Aih(h; θ))zih

)
, z(i+1)h −Aih(h; θ)zih

〉
. (4.3)
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Regarding the term z(i+1)h −Aih(h; θ)zih in (4.3), as z(i+1)h satisfies the observation equation (3.7) with the
true parameters θ0, we have

z(i+1)h −Aih(h; θ)zih =

∫ (i+1)h

ih

f(z(s); θ0)ds+

[
0

σ(W(i+1)h −Wih)

]
+ (I −Aih(h; θ))zih. (4.4)

By using the Taylor expansion of (I −Aih(h; θ))zih it follows from (4.4)

z(i+1)h −Aih(h; θ)zih =

∫ (i+1)h

ih

f(z(s); θ0)ds+

[
0

σ(W(i+1)h −Wih)

]
− hf(zih; θ)

−h
2

2
J(zih, θ)f(zih; θ)−

∞∑
k=3

Jk−1(zih, θ)

k!
hk−3f(zih; θ)

=

∫ (i+1)h

ih

[f(z(s); θ0)− f(zih; θ)]ds+

[
0

σ(W(i+1)h −Wih)

]
−h

2

2
J(zih, θ)f(zih; θ)−

∞∑
k=3

Jk−1(zih, θ)

k!
hk−3f(zih; θ). (4.5)

Moreover, as

J(zih; θ) =

[
0 1

−g′1(xih; a)yih − g′2(xih; b)xih − g2(xih; b) −g1(xih; a)

]
:=

[
0 1

Px(zih; θ) Py(zih; θ)

]
we obtain

−h
2

2
J(zih, θ)f(zih; θ) =

h2

2

[
−P (zih; θ)
`1(zih; θ)

]
, (4.6)

where `1(zih; θ) = g1(xih; θ)P (zih; θ)− yihPx(zih; θ). It can be easily checked from hypotheses H1 and H2 that

|`1(zih; θ)| ≤ Cθ

(
‖zih‖2γ1+1

+ ‖zih‖γ1+γ2+1
+ ‖zih‖γ1+2

+ ‖zih‖γ2+2
)

:= Cθ ‖zih‖γ4 , (4.7)

for z ∈ K. Moreover, as the polynomial moments of the process zih are bounded we have

E [|`1(zih; θ)|] ≤ CθE [‖zih‖γ4 ] <∞. (4.8)

Now, recalling that h2

2 =
∫ (i+1)h

ih
[(i+ 1)h− s]ds and considering the observation equation (3.7) we obtain

z(i+1)h −Aih(h; θ)zih =

[
σ
∫ (i+1)h

ih
[(i+ 1)h− u]dWu −

∫ (i+1)h

ih
[(i+ 1)h− u] (P (z(u); θ0)− P (zih; θ)) du∫ (+1)h

ih
(P (z(s); θ0)− P (zih; θ)) ds+ σ

∫ (i+1)h

ih
dWs + h2

2 `1(zih; θ)

]

−
∞∑
k=3

Jk−1(zih, θ)

k!
hkf(zih; θ)

:= Wi(θ) +Ki(θ)−
∞∑
k=3

Jk−1(zih, θ)

k!
hkf(zih; θ), (4.9)
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where

Wi(θ) =

[
σ
∫ (i+1)h

ih
[(i+ 1)h− u]dWu −

∫ (i+1)h

ih
[(i+ 1)h− u] (P (z(u); θ0)− P (zih; θ)) du∫ (+1)h

ih
(P (z(s); θ0)− P (zih; θ)) ds+ σ

∫ (i+1)h

ih
dWs

]

:=

[
Wi1(θ)
Wi2(θ)

]
.

and

Ki(θ) =

[
0

h2

2 `1(zih; θ)

]
.

The calculations above lead to the following expression for the contrast (4.3)

MN,h(z
Nh
h ; θ)

=
1

2N

N−1∑
i=0

〈
Σ−1

ih (h; θ)

[
Wi(θ) +Ki(θ)−

∞∑
k=3

Jk−1(zih, θ)

k!
hkf(zih; θ)

]
,Wi(θ) +Ki(θ)−

∞∑
k=3

Jk−1(zih, θ)

k!
hkf(zih; θ)

〉

=
1

2N

N−1∑
i=0

〈
Σ−1

ih (h; θ)(Wi(θ) +Ki(θ)),Wi(θ) +Ki(θ)
〉

+
1

2N

N−1∑
i=0

〈
Σ−1

ih (h; θ)

∞∑
k=3

Jk−1(zih, θ)

k!
hkf(zih; θ),

∞∑
k=3

Jk−1(zih, θ)

k!
hkf(zih; θ)

〉

− 1

N

N−1∑
i=0

〈
Σ−1

ih (h; θ)(Wi(θ) +Ki(θ)),

∞∑
k=3

Jk−1(zih, θ)

k!
hkf(zih; θ)

〉
:= D1(θ) +D2(θ)−D3(θ). (4.10)

From the calculations above we set the following

Lemma 4.4. Under the hypotheses H1, H2, H3 and H5 we have

1

h
(D2(θ)−D3(θ)) = oP(1)

Proof. Working with the expression D2(θ) it yields

|D2(θ)| ≤ h6||Σ−1
ih (h; θ)|| 1

2N

N−1∑
i=0

( ∞∑
k=3

||J(zih; θ)||k−1hk−3

k!
||f(zih; θ)||

)2

≤ h6||Σ−1
ih (h; θ)|| 1

2N

N−1∑
i=0

( ∞∑
k=3

||J(zih; θ)||k−3hk−3

k!
||J(zih; θ)||2||f(zih; θ)||

)2

≤ h6||Σ−1
ih (h; θ)|| 1

2N

N−1∑
i=0

e(2h||J(zih;θ)||)||J(zih)||4||f(zih; θ)||2. (4.11)
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By hypothesis H5 we get

E

[
1

N

N−1∑
i=0

e(2h||J(zih;θ)||)||J(zih; θ)||4||f(zih; θ)||2
]

= E[e(2h||J(z0;θ)||)||J(z0; θ)||4||f(z0; θ)||2]

≤ E[e(2h0||J(z0;θ)||)||J(z0; θ)||4||f(z0; θ)||2] <∞,

and from the Lemma 3.3 we have h3

2 ||Σ
−1
ih (h; θ)|| = O(1). This two facts yield first, using the Chebyshev

inequality, that

1

N

N−1∑
i=0

e(2h||J(zih;θ)||)||J(zih; θ)||4||f(zih; θ)||2 = OP(1),

this is, the term is bounded in probability. Moreover we obtain

|D2(θ)| = O(h3), (4.12)

and therefore

|D2(θ)|
h

= O(h2).

On the other hand, let us consider the term D3(θ). In Remark 4.6 below we prove that

1

N

N−1∑
i=0

〈
Σ−1
ih (h; θ)(Wi(θ) +Ki(θ)),Wi(θ) +Ki(θ)

〉
= OP(1).

Now by using Cauchy-Schwarz inequality twice (remember that
〈
Σ−1w,w

〉
=
〈
Σ−

1
2w,Σ−

1
2w
〉

= ||Σ− 1
2w||2)

we get

|D3(θ)| ≤

(
1

N

N−1∑
i=0

〈
Σ−1
ih (h; θ)(Wi(θ) +Ki(θ)),Wi(θ) +Ki(θ)

〉) 1
2

×

(
1

N

N−1∑
i=0

〈
Σ−1
ih (h; θ)

∞∑
k=3

Jk−1

k!
hkf(zih; θ),

∞∑
k=3

Jk−1(zih; θ)

k!
hkf(zih; θ)

〉) 1
2

.

But using (A.13) we obtain
|D3(θ)|
h

= OP(1)O(h
1
2 ), that tends to zero. In this way the following approximation

is obtained

MN,h(zNhh ; θ) =
1

2N

N−1∑
i=0

〈
Σ−1
ih (h; θ)(Wi(θ) +Ki(θ)),Wi(θ) +Ki(θ)

〉
+OP(h

3
2 ).

In view of the observations above and Lemmas 4.4 and 4.3 the following result holds
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Theorem 4.5. Let θ ∈ Θ. Then, under the hypotheses H1–H5, for h→ 0, N →∞, hN →∞

1

h

(
MN,h(zNhh ; θ)−MN,h(zNhh ; θ0)

)
→ 13

2
E[(P (z0, θ)− P (z0; θ0))2] := M(θ),

in probability.

Proof. In virtue of the results in Lemma 4.4, for proving the theorem it is enough to study

1

2hN

(
N−1∑
i=0

〈
Σ−1
ih (h; θ)(Wi(θ) +Ki(θ)),Wi(θ) +Ki(θ)

〉
−
N−1∑
i=0

〈
Σ−1
ih (h; θ0)(Wi(θ) +Ki(θ)),Wi(θ) +Ki(θ)

〉)
.

For each θ ∈ Θ we develop each addend of the first sum obtaining

1

2hN

N−1∑
i=0

〈
Σ−1
ih (h; θ)Wi(θ),Wi(θ)

〉
+

1

2hN

N−1∑
i=0

〈
Σ−1
ih (h; θ)Ki(θ),Ki(θ)

〉
+

1

hN

N−1∑
i=0

〈
Σ−1
ih (h; θ)Wi(θ),Ki(θ)

〉
.

(4.13)
We begin with the second term in (4.13)

1

2hN

N−1∑
i=0

〈
Σ−1
ih (h; θ)Ki(θ),Ki(θ)

〉
=

1

2hN

N−1∑
i=0

〈[
h2

2 b12(h)`1(zih; θ)
h2

2 b22(h)`1(zih; θ)

]
,

[
0

h2

2 `1(zih; θ)

]〉

= h3b22
1

8N

N−1∑
i=0

`21(zih; θ). (4.14)

By taking the expectation it follows

1

2hN

N−1∑
i=0

E
[〈
Σ−1
ih (h; θ)Ki(θ),Ki(θ)

〉]
= h3b22

1

8N

N−1∑
i=0

E
[
`21(zih; θ)

]
. (4.15)

By the stationarity of the process {zih} it follows from (4.15)

h3b22
1

8N

N−1∑
i=0

E
[
`21(zih; θ)

]
= h2hb22

1

8
E(`21(z0; θ))→ 0,

for h→ 0, in L1 and therefore in probability.

The third term in (4.13) can be written as

1

hN

N−1∑
i=0

〈
Σ−1
ih (h; θ)Wi(θ),Ki(θ)

〉
=

h

N

N−1∑
i=0

(b12Wi1(θ)`1(zih; θ) + b22Wi2(θ)`1(zih; θ)) . (4.16)
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For the first addend in (4.16) we have

h

N

N−1∑
i=0

b12Wi1(θ)`1(zih; θ) =
h

N

N−1∑
i=0

b12

∫ (i+1)h

ih

[(i+ 1)h− u]dWu`1(zih; θ)

− h

N

N−1∑
i=0

b12

∫ (i+1)h

ih

[(i+ 1)h− u][P (z(u); θ0)− P (zih; θ)]du`1(zih; θ).

By taking expectation and using Cauchy-Schwarz inequality, stationarity, finiteness of the polynomial moments
of the process z0, the estimates in (2.3) (4.8) and from Lemma 3.3 we obtain

E

[∣∣∣∣∣ hN
N−1∑
i=0

b12Wi1(θ)`1(zih; θ)

∣∣∣∣∣
]
≤ C

{
|b12|h2

[
E`21(z0; θ)

] 1
2 h

1
2 + |b12|h2[EP 2(z0; θ0)]

1
2

}
h

= o(1). (4.17)

Proceeding in the same way as above we get

E

[∣∣∣∣∣ hN
N−1∑
i=0

b22Wi2(θ)`1(zih; θ)

∣∣∣∣∣
]
≤ C

{
|b22|h[E`21(z0; θ)]

1
2h

1
4 + |b22|h[EP 2(z0; θ0)]

1
2

}
h

= o(1). (4.18)

From (4.17) and (4.18) we conclude

E

[∣∣∣∣∣ 1

hN

N−1∑
i=0

〈
Σ−1
ih (h; θ)Wi(θ),Ki(θ)

〉∣∣∣∣∣
]

= o(1). (4.19)

In this way we can write

1

h

(
MN,h(zNhh ; θ)−MN,h(zNhh ; θ0)

)
=

1

2hN

N−1∑
i=0

〈
Σ−1
ih (h; θ)Wi(θ),Wi(θ)

〉
− 1

2hN

N−1∑
i=0

〈
Σ−1
ih (h; θ0)Wi(θ0),Wi(θ0)

〉
+ oP(1).

Let us develop the term

1

2hN

N−1∑
i=0

〈
Σ−1
ih (h; θ)Wi(θ),Wi(θ)

〉
.

We have

1

2hN

N−1∑
i=0

〈
Σ−1
ih (h; θ)Wi(θ),Wi(θ)

〉
=
b11(h)

2hN

N−1∑
i=0

W2
i1(θ) +

b12(h)

hN

N−1∑
i=0

Wi1(θ)Wi2(θ) +
b22(h)

2hN

N−1∑
i=0

W2
12(θ).
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Let us denote by GjN (θ), j = 1, . . . , 10 each term in the developing of the expression above. Then

G1N (θ) =
b11(h)

2hN

N−1∑
i=0

(∫ (i+1)h

ih

[(i+ 1)h− u][P (z(u); θ0)− P (zih; θ)]du

)2

.

G2N (θ) = −σb11(h)

hN

N−1∑
i=0

∫ (i+1)h

ih

∫ (i+1)h

ih

[(i+ 1)h− u1][(i+ 1)h− u2][P (z(u2); θ0)− P (zih; θ)]dWu1
du2.

G3N (θ) =
σb12(h)

hN

N−1∑
i=0

∫ (i+1)h

ih

[(i+ 1)h− u]dWu

∫ (i+1)h

ih

[P (z(s); θ0)− P (zih; θ)]ds.

G4N (θ) = −b12(h)

hN

N−1∑
i=0

∫ (i+1)h

ih

[P (z(s); θ0)− P (zih; θ)]ds

∫ (i+1)h

ih

[(i+ 1)h− u][P (z(u); θ0)− P (zih; θ)]du.

G5N (θ) = −b12(h)

hN

N−1∑
i=0

∫ (i+1)h

ih

dWs

∫ (i+1)h

ih

[(i+ 1)h− u][P (z(u); θ0)− P (zih; θ)]du.

G6N (θ) =
b22(h)

2hN

N−1∑
i=0

(∫ (i+1)h

ih

[P (z(s); θ0)− P (zih; θ)]ds

)2

.

G7N (θ) =
b22(h)

hN

N−1∑
i=0

∫ (i+1)h

ih

dWs

∫ (i+1)h

ih

[P (z(s); θ0)− P (zih; θ)]ds.

G8N (θ) =
σ2b11(h)

2hN

N−1∑
i=0

(∫ (i+1)h

ih

[(i+ 1)h− u]dWu

)2

.

G9N (θ) =
σb12(h)

hN

N−1∑
i=0

∫ (i+1)h

ih

[(i+ 1)h− u]dWu

∫ (i+1)h

ih

dWs.

G10N (θ) =
b22(h)

hN

N−1∑
i=0

(∫ (i+1)h

ih

dWs

)2

.

It is plain to see that 1
h

(
MN,h(zNhh ; θ)−MN,h(zNhh ; θ0)

)
=
∑7
j=1 GjN (θ) −

∑7
j=1 GjN (θ0) + oP(1), since the

terms that only depend on the noise become canceled. Henceforth we only consider the remaining terms. Let
us begin with the term G1N . It can be written as

G1N (θ) =
h3b11(h)

8N

N−1∑
i=0

[P (zih; θ0)− P (zih; θ)]2

+
b11(h)

2hN

N−1∑
i=0

( ∫ (i+1)h

ih

[(i+ 1)h− u]{Px(z̃(u); θ0)[x(u)− xih] + Py(z̃(u); θ0)[y(u)− yih]}du
)2

+
h2b11(h)

2hN

N−1∑
i=0

[P (zih; θ0)− P (zih; θ)]

×
∫ (i+1)h

ih

[(i+ 1)h− u]{Px(z̃(u); θ0)[x(u)− xih] + Py(z̃(u); θ0)[y(u)− yih]}du

= G1N,1(θ) + G1N,2(θ) + G1N,3(θ),
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where z̃(u) = zih + λ(z(u) − zih) for some 0 ≤ λ ≤ 1. For the first term, using the Ergodic Theorem, the
asymptotic behavior for b11(h) in Lemma 3.3 and the stationarity of the process {zih} we have

G1N,1(θ) =
b11(h)

2hN

N−1∑
i=0

[P (zih; θ0)− P (zih; θ)]2

(∫ (i+1)h

ih

[(i+ 1)h− u]du

)2

=
h3b11(h)

8N

N−1∑
i=0

[P (zih; θ0)− P (zih; θ)]2 → 3

2
E
{

[P (z0; θ0)− P (z0; θ)]2
}
, (4.20)

for h→ 0 and N →∞. For the second term, using (a+ b)2 ≤ 2(a2 + b2) and the Cauchy-Schwarz inequality we
have

G1N,2(θ) =
b11(h)

2hN

N−1∑
i=0

(∫ (i+1)h

ih

[(i+ 1)h− u] {Px(z̃(u); θ0)[x(u)− xih] + Py(z̃(u); θ0)[y(u)− yih]} du

)2

≤ Cθh
3b11(h)

hN

N−1∑
i=0

∫ (i+1)h

ih

(
P 2
x (z̃(u); θ0)[x(u)− xih]2 + P 2

y (z̃(u); θ0)[y(u)− yih]2
)

du.

Recalling the bounds for Px and Py in (2.3) it follows

G1N,2(θ) ≤ Cθh
3b11(h)

hN

N−1∑
i=0

∫ (i+1)h

ih

{
‖z̃(u)‖2γ3 [x(u)− xih]2

+ ‖z̃(u)‖2γ1 [y(u)− yih]2
}

du.

Since z̃(u) = λz(u) + (1− λ)zih, then ‖z̃(u)‖ = ‖λz(u) + (1− λ)zih‖. We define the polynomial

Q(||z(u)||, ||zih||) = ‖z̃(u)‖2γ3 + ‖z̃(u)‖2γ1 .

Besides, as |x(u)− xih|2 ≤ ‖z(u)− zih‖2 and |x(u)− xih|2 ≤ ‖z(u)− zih‖2, it results

|G1N,2(θ)| ≤ Cθh
3 |b11(h)|
hN

N−1∑
i=0

∫ (i+1)h

ih

|Q(||z(u)||, ||zih||)| ‖z(u)− zih‖2 du.

Taking expectation and using Cauchy-Schwarz inequality we obtain

E [|G1N,2(θ)|] ≤ Cθh
3 |b11(h)|
hN

N−1∑
i=0

{∫ (i+1)h

ih

E (|Q(||z(u)||, ||zih||)|)2
du

} 1
2

×

{∫ (i+1)h

ih

E ‖z(u)− zih‖2 du

} 1
2

.

Finally, as the polynomial moments of the processes z(u) and zih are finite, using the bound E ‖z(u)− zih‖2 =
O(h), the stationarity and the relations in Lemma 3.3, we conclude

E [|G1N,2(θ)|] ≤ Cθh
3 |b11(h)|

[
E
(∣∣∣Q′(||z0||)

∣∣∣)2
] 1

2

h
1
2 → 0, (4.21)
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for h→ 0. In the case of the third term G1N,3(θ), due to its form the convergence to zero can be inferred from
the facts that G1N,1(θ) is bounded and G1N,2(θ) converges to zero in probability, that is

G1N,3(θ)→ 0, (4.22)

in probability. In view of the results in (4.20)–(4.22) we have, for h→ 0 and N →∞

G1N →
3

2
E
{

[P (z0; θ0)− P (z0; θ)]2
}
, (4.23)

in probability.
Next we study the term G2N . We define the approximation of G2N by

G̃2N,1 = −σb11h

2N

N−1∑
i=0

[P (zih; θ0)− P (zih; θ)]

∫ (i+1)h

ih

((i+ 1)h− u1)dWu1
.

Conditioning with respect to the σ–algebra Fu1 := σ(zt : t ≤ u1) it is easy to show that E[G̃2N ] = 0. Moreover

E[G̃2
2N,1] = b211h

6 σ2

8hN
E[(P (z0; θ0)− P (z0; θ))2]→ 0.

This last assertion is because always we have hN → ∞. In order to study the original random variable G2N ,
consider the first order Taylor approximation

P (z(u2); θ0) = P (zih; θ0) + Px(z̃(u2); θ0)[x(u2)− xih] + Py(z̃(u2); θ0)[y(u2)− yih],

where z̃(u2) = zih + λ1(z(u2)− zih) for some 0 ≤ λ1 ≤ 1. In this way, we have

G2N = G̃2N,1 + G̃2N,2 + G̃2N,3,

where

G̃2N,2 = −b11
σ

hN

N−1∑
i=0

∫ (i+1)h

ih

∫ (i+1)h

ih

((i+ 1)h− u1)((i+ 1)h− u2)Px(z̃(u2); θ0)(x(u2)− xih)dWu1
du2,

and

G̃2N,3 = b11
σ

hN

N−1∑
i=0

∫ (i+1)h

ih

∫ (i+1)h

ih

((i+ 1)h− u1)((i+ 1)h− u2)g1(x̃(u2); θ0)(y(u2)− yih)dWu1
du2.

Using the Lemma 4.3, the polynomial bounds of g1, g2 and their derivatives, we can show that E|G̃2N,2| = O(h).

For the term G̃2N,3, if we define

G̃2N,4 = b11
σ

hN

N−1∑
i=0

∫ (i+1)h

ih

∫ (i+1)h

ih

((i+ 1)h− u1)((i+ 1)h− u2)g1(xih; θ0)(y(u2)− yih)dWu1
du2,
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the same procedure that for G̃2N,2 gives E
∣∣∣G̃2N,3 − G̃2N,4

∣∣∣ = oP(1). By using the definition we get

G̃2N,4 = b11
σ

hN

N−1∑
i=0

g1(xih; θ0)

∫ (i+1)h

ih

∫ (i+1)h

ih

((i+ 1)h− u1)((i+ 1)h− u2)(y(u2)− yih)dWu1
du2 + oP(1),

and taking expectation we obtain

E[G̃2N,4]→ 3σE[g1(x0; θ0)].

Besides it is easy to show that the variance tends to zero, thus

G̃2N,4 → 3σE[g1(x0; θ0)],

in probability. In view of the results above we can conclude

G2N − 3σE[g1(x0; θ0)] = G̃2N,1 + G̃2N,2 + (G̃2N,3 − G̃2N,4) + G̃2N,4 − 3σE[g1(x0; θ0)],

each term tending to zero in probability. Hence for h→ 0 and hN →∞

G2N → 3σE[g1(x0; θ0)], (4.24)

in probability.
In the studying of the remaining terms we will only sketch the proofs because of their similarity to the

previous ones. Let us focus now on the term G3N . Asymptotically this sequence is equivalent to

G̃3N = −σ
2b12(h)

hN

N−1∑
i=0

g1(xih; θ0)

∫ (i+1)h

ih

[(i+ 1)h− u]dWu

∫ (i+1)h

ih

[(i+ 1)h− s]dWs.

From Lemma 3.3 we have

E[G̃3N ] = −σ
2h2b12(h)

3
E[g1(x0; θ0)]→ 2σ2E[g1(x0; θ0)].

and its variance tend to 0. Thus for h→ 0 and hN →∞

G3N → 2σE[g1(x0; θ0)], (4.25)

in probability.
For the term G4N , in a similar procedure that with the term G1N we obtain, for h→ 0 and hN →∞

G4N → 3E[(P (z0; θ0)− P (z0; θ))2], (4.26)

in probability.
For the term

G5N = −b12(h)

hN

N−1∑
i=0

∫ (i+1)h

ih

dWs

∫ (i+1)h

ih

[(i+ 1)h− u][P (z(u); θ0)− P (zih; θ)]du,
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by using the approximation

G̃5N = −b12(h)

hN

N−1∑
i=0

g1(xih; θ0)

∫ (i+1)h

ih

[(i+ 1)h− u]dWu

∫ (i+1)h

ih

[(i+ 1)h− s]dWs,

it can be inferred as before that for h→ 0 and hN →∞

G5N → −2σ2E[g1(x0; θ0)], (4.27)

in probability.
For the term G6N , in the same fashion as in the term G1N we have for h→ 0 and hN →∞

G6N → 2E[(P (z0; θ0)− P (z0; θ))2], (4.28)

in probability.
The term G7N gives the same limit as

G̃7N = −σ
2b22(h)

hN

N−1∑
i=0

g1(xih; θ0)

∫ (i+1)h

ih

dWs1

∫ (i+1)h

ih

[(i+ 1)h− s2]dWs2 .

Thus, proceeding in a similar way as with the term G3N we obtain for h→ 0 and hN →∞

G7N → −2σ2E[g1(x0; θ0)], (4.29)

in probability.
Finally, adding the results of equations (4.23)–(4.29) we obtain

1

h
(MN,h(zNhh ; θ)−MN,h(zNhh ; θ0))→ 13

2
E[(P (z0, θ)− P (z0; θ0))2].

Remark 4.6. The above procedure give as a bonus that for all θ it holds

1

N

N−1∑
i=0

< Σ−1
ih (h; θ)(Wi(θ) +Ki(θ)),Wi(θ) +Ki(θ) >= OP(1).

In fact the only terms that their limit do not vanish are the corresponding to the noise for instance

b11
σ2

2N

N−1∑
i=0

(

∫ (i+1)h

ih

((i+ 1)h− u)dWu)2 → 2σ2,

by using the LLN. The other terms of this type can be treated similarly.

Remark 4.7. Notice that M(θ) = 13
2 E[(P (z0; θ)−P (z0; θ0))2] ≥ 0 for all θ ∈ Θ and M(θ0) = 0, so it is inferred

that M(θ) attains a global minimum at the point θ = θ0 whose value is 0. We will assume that there exists

an open neigbourhood Uθ0 of θ0 such that Uθ0 ⊂ Θ and ∇θP (z0; θ̆) 6= (0, . . . , 0) for all θ̆ ∈ Uθ0 , θ̆ 6= θ0. This
condition guarantees that θ0 is the unique point of Uθ0 where M attains the minimum. In the four models we
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mentioned in Remark 4.2 this condition is fulfilled as we will show in Appendix A.. This identifiability condition
will be used in the theorem bellow.

In the following result it is proved the consistency of the estimator θ̂N,h.

Theorem 4.8. Let θ ∈ Θ, where Θ is a compact set. Let {hN}N≥1 a sequence such that hN → 0 and hNN →∞
for N →∞. Under the hypotheses of Theorem 4.5 we have

lim
N→∞

θ̂N,hN = θ0,

in probability.

Before we start the proof of the theorem, a needed result is established. A brief sketch of the proof can be found
in Appendix A.

Lemma 4.9. Let Θ ⊂ Rp+qa compact set and suppose that the hypotheses H1–H5 are fulfilled. In addition,
suppose that

E[sup
θ∈Θ

`21(zih; θ)] <∞.

Then for a fixed h, the sequence { 1
hN

[
MN,hN (zNhNhN

; θ)
]
} converges uniformly with respect to θ, in probability.

Remark 4.10. The additional hypothesis E[supθ∈Θ `
2
1(zih; θ)] < ∞ can be achieved if the constant Cθ in

equations (4.7) and (4.8) can be bounded uniformly for θ ∈ Θ by a constant C. In the four models mentioned
above this hypothesis is fulfilled.

Proof of theorem 4.8. Let us define M̃N (θ) = 1
hN

[
MN,hN (zNhNhN

; θ)−MN,hN (zNhNhN
; θ0)

]
. Notice that M̃N (θ)

and MN,hN (θ) attains the minimum at the same value θ̂N,hN . We have

0 ≤M(θ̂N,hN ) = M(θ̂N,hN )− M̃N (θ̂N,hN ) + M̃N (θ̂N,hN ).

As θ̂N,hN = arg minθ∈Θ M̃N (θ) it holds

M̃N (θ̂N,hN ) ≤ M̃N (θ0).

This implies

0 ≤M(θ̂N,hN ) ≤M(θ̂N,hN )− M̃N (θ̂N,hN ) + M̃N (θ0).

From the compactness hypothesis, Theorem 4.5 and Lemma (4.9), by taking absolute value we get

0 ≤ |M(θ̂N,hN )| ≤ |M(θ̂N,hN )−MN (θ̂N,hN )|+ |MN (θ0)|
≤ 2 sup

θ∈Θ
|M(θ)−MN (θ)| → 0,

in probability. It follows that

lim
N→∞

M(θ̂N,hN ) = 0 (= M(θ0)) in probability. (4.30)
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Let θ∗ be a limit point of the sequence {θ̂N,hN }. As Θ is a compact set then there exists a subsequence

{θ̂Nj ,hNj } ⊆ {θ̂N,hN } such that

lim
j→∞

θ̂Nj ,hNj = θ∗.

Taking in account that M(θ) is continuous and by (4.30) we deduce that

lim
j→∞

M(θ̂Nj ,hNj ) = M(θ∗).

In virtue of the assumption of unicity for θ0 we made in Remark 4.7 we obtain θ∗ = θ0 which allow us to
conclude that

lim
N→∞

θ̂N,hN = θ0,

in probability.

Remark 4.11. We have just shown consistency of the estimator in the case when the data is totally available.
We think that a similar result holds, when only position is available, by approximating the velocity with an
Euler scheme. Defining the contrast

MN,h(x1, . . . , xN , θ) =
1

2(N − 1)

N∑
i=2

∥∥∥∥∥B
([

x(i)−x(i−1)
h
x(i)

]
; θ

)−1 [[x(i+1)−x(i)
h

x(i+ 1)

]

−A
([

x(i)−x(i−1)
h
x(i)

]
; θ

) [
x(i)−x(i−1)

h
x(i)

]]∥∥∥∥2

,

and the estimator

θ̂N,h := arg min
θ∈Θ

MN,h(x1, . . . , xN , θ),

we dare to affirm that it is possible to prove that θ̂N,h → θ0 when h→ 0 and Nh→∞ in some sense. While it
is not the aim of this work to develop the theoretical proofs, we consider important to perform computational
essays with this approach in order to compare with the estimator θ̂ and the estimations obtained by other
authors. In the next section we show the results.

5. Simulation study

In this section we perform several simulations to check how the Ozaki’s local linearization method works
numerically and then we check how our estimation for the derivative estimation works. Comparison between
the results obtained for the two cases are made. Also, comparison with the results of Ozaki [14], Pokern et al.
[16] and Samson et al. [18] are carried out. We simulate three data sets from locally linearized models obtained
from each of two models: the Van der Pol stochastic oscillator

ẍ+ (ax2 + bx+ c)ẋ+ dx = σdWt, (5.1)

and the Duffin stochastic oscillator

ẍ+ dẋ+ (ax2 + bx+ c)x = σdWt. (5.2)
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Here a, b, c and d are the parameters to be estimated. As the variance σ2 need to be estimated also, then the
sets of parameters has the form θ = (a, b, c, d, σ2). We use for the simulations the following sets of parameters

Van der Pol model Duffin model
θvdP1 = (1, 0,−1, 14.8, 1) θD1 = (4, 0, 14.8, 0.25, 0.25)
θvdP2 = (2, 0, 2, 10, 1) θD2 = (1, 0,−1, 1, 0.25)
θvdP3 = (0, 0, 0.5, 4, 1) θD3 = (4, 3,−4, 1, 0.25)

1. The sets of parameters were chosen in order to obtain functions g1(x(t); a) and g2(x(t); a) which fulfill the
assumptions H1 and H2.

2. In order to compare our results with those obtained by Ozaki we chose the sets of parameters θvdP1 and
θD1 to be the same as in the work of Ozaki [14], except the variance in the Duffin model: in this work we
consider σ2 = 0.5 and Ozaki considers σ2 = 4. The set of parameters θD1 yields the single-well potential
V (x) = x4 + 7.4x, that is, a potential which has one minimum.

3. The set of parameters θD2 yields the so called Kramers oscillator. In this case the potential V (x) = x4

4 −
x2

2
is known to be a symmetric double-well potential, that is, a potential which has a minimum attained at
two different points. This kind of potentials are considered in the literature as the overlap of two single-well
potentials having the same minimum.

4. The set of parameters θD3 yields a non-symmetric double-well potential, that is, a potential which has
two relatives minima: an absolute minimum and a relative minimum. In this case the potential is given

by V (x) = x4 + 3x3

2 − 2x2.
5. The set of parameters θvdP3 yields the same model as in the works of Pokern et al. [16] and Samson et al.

[18].

Once we have established the parameters to be used, first we consider that both position and velocity are

observed. In this case six data sets having the form z(ti) =

[
y(i)
x(i)

]
are simulated from a locally linearized model

corresponding with each set of parameters. Here y(i) stands for the velocity and x(i) for the position of the
system in the time ti. Each data set is obtained from the discrete model (3.12) following the work of Ozaki [14]
and this is done in the following way: for each set of parameters θ we calculate

1. The matrix A(z(t); θ) = I + J−1(z(t); θ)[eJ(z(t);θ) − I]F (z(t); θ). In the implementation of our algorithm

the matrix eJ(z(t);θ)h is approximated by the matrix I + J(z(t); θ)h+ (J(z(t);θ)h)2

2 .
2. The matrix B(z(t); θ). In our algorithm it was replaced by the Cholesky decomposition of the matrix

1
σ2Σih(h; θ).

3. The data is obtained from the equality

z(ti) = A(z(ti); θ) · z(ti) +B(z(ti); θ) · randn(2, 1).

In the simulations for all the sets of parameters, except for θvdP3, the step size is h = 0.1. In order to observe the
behavior of the algorithms when the sample size increases, four different sizes for each data set are considered
N = 100, N = 1000, N = 5000 and N = 10000. For comparison reasons in the simulations corresponding the set
of parameters θvdP3 we consider h = 0.1, n = 100, h = 0.1, n = 1000 and h = 0.01, n = 1000. For the parameter

sets θvdP1 we set the initial conditions z0 =

[
0
0

]
. For the parameter set θvdP3 we assume the initial conditions

z0 =

[
0
1

]
as in the works of Pokern et al. [16] and Samson et al. [18]. For the parameter set θvdP2 we assume

the initial conditions to be z0 =

[
1
2

]
. In the case when only position is available another six data set will be

obtained having the form z(ti) =

[
ŷ(i)
x(i)

]
. Here ŷ(i) = x(i+1)−x(i)

h is the approximation of the velocity using a
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Table 1. Estimated parameters for Van der Pol model 1. The stepsize considered is h = 0.1.
Mean and standard error of the parameters estimator are computed on 100 simulated data
sets. Four values of the sample size N were taken in account N = 100, 1000, 5000, 10000. Three
estimators are compared: completely observed data, completely observed data obtained by
Ozaki and partially observed data.

E θvdP1 N = 100 std N = 1000 std N = 5000 std N = 10 000 std

âC 1.021 0.0906 0.8831 0.0450 1.0139 0.0389 1.0151 0.0754

âCOz 1 0.9878

âP 1.0050 0.0536 1.0445 0.0921 1.0304 0.0430 1.0118 0.1572

b̂C −0.0122 0.1076 0.0130 0.0845 −0.0101 0.0920 −0.0260 0.1018

b̂COz 0 −0.0112

b̂P −0.0060 0.1005 0.0133 0.0827 0.0048 0.0992 0.0190 0.1010

ĉC −0.9816 0.0939 −0.8447 0.0453 −1.0252 0.1192 −1.0466 0.1894

ĉCOz −1 −0.9742

ĉP −0.9830 0.0917 −0.9983 0.1566 −1.0031 0.0681 −0.9621 0.1468

d̂C 14.6709 0.2747 14.8869 0.1764 14.6319 0.3578 14.9214 0.3247

d̂COz 14.8 14.8520

d̂P 14.6936 0.2851 14.7911 0.4355 14.7890 0.3356 14.8515 0.3634

σ̂2
C

0.9966 0.1929 1.1337 0.0302 1.0125 0.1372 1.0819 0.1738

σ̂2
C

Oz 1 1.0141

σ̂2
P

1.0984 0.1750 1.0389 0.1306 1.0812 0.1597 0.9687 0.2749

standard Euler scheme. As in the case of totally observed data we use the same step size and the same four
different sizes for each data set.

Once we have the twelve data sets we are ready for the estimation stage. In order to avoid minimization
algorithms which use the gradient of the function to be minimized, we use a slight modification of the simplex
based Nelder-Mead algorithm. For each data set, except for the corresponding to the parameters θvdP3, we
run the algorithms a hundred times and compute the mean and the standard deviation of the estimations. For
the data sets corresponding to the parameters θvdP3 we run the algorithms a thousand times and compute
the mean and the standard deviation of the estimations. The estimated parameters in the case of completely

and partially observed data are denoted by θ̂C and θ̂P respectively. The estimated parameters in the papers of
Ozaki, Pokern et al. and Samson et al. are identified with the lower cases Oz, Po and Sa respectively. The E in
the first column of each table stands for the estimator. In each table the second column contains the real values
of the parameters. For each parameter set the results obtained are presented in the tables below.

In Table 1 it can be observed a good performance when comparing the cases of totally and partially observed
data. The results reported by Ozaki in [14] correspond with the case N = 1000. In this case Ozaki’s estimator
works better than ours, nevertheless when the sample size is increased, the estimation is improved and the
results are similar with those obtained by Ozaki. Another feature arising in Table 1 is the fact that the Euler
scheme works considerably good even in the case when the sample size is N = 100. In Table 2 the results are
good for the two estimators.

Section 3 in the work of Pokern et al. [16] is devoted to carry out a simulation study by considering three
models of stochastic oscillators. Two of them are linear stochastic oscillators: stochastic growth and harmonic
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Table 2. Estimated parameters for Van der Pol model 2. Mean and standard error of the
parameters estimator are computed on 100 simulated data sets. Four values of the sample size
N were taken in account N = 100, 1000, 5000, 10 000. Two estimators are compared: completely
observed data and partially observed data.

E θvdP2 N = 100 std N = 1000 std N = 5000 std N = 10 000 std

âC 1.6312 0.1953 1.7804 0.3194 2.0858 0.3507 2.2434 0.3919

âP 2 1.8357 0.1993 2.2059 0.3098 1.7038 0.4114 2.1447 0.3257

b̂C 0.0037 0.0202 0.0024 0.0434 −0.0018 0.0275 −0.0027 0.0341

b̂P 0 −0.0020 0.0381 0.0010 0.0374 0.0009 0.0267 0.0007 0.0211

ĉC 2.4118 0.1054 2.1037 0.6030 1.8546 0.2834 2.2821 0.1562

ĉP 2 1.8926 0.0419 2.2159 0.0804 2.0421 0.3175 1.9150 0.2966

d̂C 9.8338 0.3999 9.8214 0.6702 9.5326 0.3745 10.4202 0.6696

d̂P 10 9.2858 0.4746 10.5078 0.6587 9.9742 0.4193 9.4332 0.5790

σ̂2
C

1.0251 0.0051 0.7892 0.0160 0.9284 0.0074 0.8958 0.0249

σ̂2
P

1 0.8941 0.0033 0.9283 0.0073 1.1351 0.0128 1.1284 0.0119

Table 3. Estimated parameters for Van der Pol model 3. Mean and standard error of the
parameters estimator are computed on 1000 simulated data sets. Three cases were taken in
account h = 0.1, N = 100, h = 0.1, N = 1000 and h = 0.01, N = 1000. Four estimators are
compared: completely observed data and partially observed data obtained by us, completely
observed data and partially observed data obtained by Samson et al. and the variance estimation
obtained by Pokern et al. for partially observed data.

E θvdP3 N = 100 N = 1000 N = 1000
h = 0.1 std h = 0.1 std h = 0.01 std

ĉC 0.3849 0.0785 0.4866 0.0693 0.5057 0.0876

ĉCSa 1.022 0.098 1.086 0.271 0.678 0.326

ĉP 0.5 0.3795 0.0619 0.5142 0.0673 0.4284 0.0729

ĉP Sa 1.285 0.275 1.215 0.096 0.699 0.330

d̂C 3.8508 0.1000 3.9965 0.0864 3.8189 0.1255

d̂CSa 3.567 0.489 3.488 0.187 4.034 0.642

d̂P 4 3.7767 0.1352 4.0210 0.0741 3.9715 0.1184

d̂P Sa 3.588 0.494 3.501 0.188 4.032 0.644

σ̂2
C

0.8033 0.0114 0.9954 0.0033 1.0151 0.0008

σ̂2
C

Sa 0.980 0.069 0.974 0.021 0.996 0.021

σ̂2
P

1 0.9377 0.0076 1.0176 0.0029 0.9685 0.0005

σ̂2
P

Sa 0.946 0.074 0.956 0.021 0.994 0.023

σ̂2
P

Po 1.154 0.074 1.114 0.025 1.016 0.013
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Table 4. Estimated parameters for Duffin model 1. Mean and standard error of the parameters
estimator are computed on 100 simulated data sets. Four values of the sample size N were taken
in account N = 100, 1000, 5000, 10000. Three estimators are compared: completely observed
data, partially observed data and completely observed data obtained by Ozaki.

E θD1 N = 100 std N = 1000 std N = 5000 std N = 10 000 std

âC 8.1745 5.5976 3.7635 1.8398 4.1978 0.7339 4.2733 0.6285

âCOz 4 3.7954

âP 7.2542 4.6135 4.4201 1.0071 4.3048 1.0117 4.4406 1.6694

b̂C 0.0018 0.0476 −0.0001 0.0216 −0.0015 0.0261 0.0020 0.0280

b̂COz 0 0.3551

b̂P 0.0062 0.0562 0.0023 0.0205 −0.0004 0.0155 −0.0018 0.0226

ĉC 14.5822 0.4943 14.8029 0.2010 14.7909 0.1550 14.8392 0.1446

ĉCOz 14.8 14.9385

ĉP 13.5058 0.3861 14.8850 0.1470 14.7139 0.1352 14.8116 0.1895

d̂C 0.2037 0.0282 0.3042 0.0322 0.2328 0.0196 0.2152 0.0164

d̂COz 0.25 0.1589

d̂P 0.3175 0.0312 0.2337 0.0266 0.1990 0.0276 0.3578 0.0238

σ̂2
C

0.25 0.2253 0.0011 0.2625 0.0004 0.2494 0.0005 0.2343 0.0002

σ̂2
C

Oz 4 4.0270

σ̂2
P

0.25 0.2016 0.0009 0.2664 0.0003 0.2457 0.0001 0.2564 0.0003

oscillator. The third is a trigonometric stochastic oscillator. The same three models were considered for simulat-
ing in the work of Samson et al. [18]. Our framework is a little more general in the sense that it allows nonlinear
damping coefficients. Nevertheless, in order to compare our estimators with those of them we consider in the
Van der Pol model (5.1) the parameters values to be a = b = 0. It yields the second model considered in the
previously mentioned works of Pokern et al. and Samson et al. In Table 3 we show the results.

In Table 3 we can observe that all estimators works relatively good. Our estimators happen to improve
considerably the other results when considering h = 0.1, N = 1000. However, when the sample sizes increases
and the stepsize decreases our estimators does not improve themselves.

For the Duffin oscillator the following results are showed in Table 4. We observe a good behavior of our
estimators in the both cases of totally and partially observed data. Also we observe that our results are similar
of those of Ozaki. In the case of the Kramers oscillator corresponding to the Duffin model 2, the results presented
in Table 5 show us that the estimator does not works properly for the short sample size N = 100. However
when the sample size increases it works correctly.

In the case of the Duffin model 3, as showed in Table 6 both of the two estimators works relatively good
when the sample data is N = 100, 1000 and N = 5000. Nevertheless, when N = 10000 the estimator improves
the results. We recall that, in this case, the potential V is a non-symmetric double well potential and we suspect
that is due to this fact that a greater sample size is needed.

6. Conclusions

Consistency in the sense of probability convergence of the maximum likelihood based estimator for completely
observed data proposed by Ozaki in [14] is proved. Several simulations were carried out for the cases of completely
observed data. Also some simulations were made of partially observed data approximating the velocity by an
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Table 5. Estimated parameters for Duffin model 2. Mean and standard error of the parameters
estimator are computed on 100 simulated data sets. Four values of the sample size N were taken
in account N = 100, 1000, 5000, 10000. Two estimators are compared: completely observed data
and partially observed data.

E θD2 N = 100 std N = 1000 std N = 5000 std N = 10000 std

âC 0.9080 0.1621 0.9612 0.1105 1.0133 0.2119 1.0906 0.2086

âP 1 0.7809 0.1360 1.0864 0.1215 1.0213 0.0409 1.0123 0.1838

b̂C 0.0024 0.0264 −0.0062 0.0375 0.0094 0.0493 −0.0023 0.0358

b̂P 0 0.0054 0.0384 −0.0030 0.0404 −0.0045 0.0350 −0.0017 0.0385

ĉC −0.6701 0.1591 −0.9799 0.1461 −0.9673 0.2161 −1.1705 0.2769

ĉP −1 −0.8271 0.2117 −1.1448 0.1629 −1.0228 0.0527 −1.0428 0.2730

d̂C 0.9873 0.1405 0.9477 0.0468 0.9600 0.1052 0.9238 0.2817

d̂P 1 0.7615 0.1284 1.0387 0.1466 0.9545 0.0443 0.9389 0.1893

σ̂2
C

0.1964 0.0014 0.2437 0.0033 0.2515 0.0068 0.2483 0.0178

σ̂2
P

0.25 0.2499 0.0035 0.2556 0.0038 0.2588 0.0004 0.2434 0.0053

Table 6. Estimated parameters for Duffin model 3. Mean and standard error of the parameters
estimator are computed on 100 simulated data sets. Four values of the sample size N were taken
in account N = 100, 1000, 5000, 10000. Two estimators are compared: completely observed data
and partially observed data.

E θD3 N = 100 std N = 1000 std N = 5000 std N = 10 000 std

âC 3.4716 1.9433 3.6678 3.0803 3.4254 3.3269 3.9382 3.2953

âP 4 3.4407 2.3827 3.7521 3.1696 3.4967 2.4346 4.0809 3.9604

b̂C 1.8289 5.1476 2.2959 8.7992 1.7797 9.2544 2.7084 9.7698

b̂P 3 2.0885 6.5927 2.4166 8.7129 1.4950 6.9542 3.1291 11.2185

ĉC −4.5941 3.3701 −4.3126 6.2528 −4.5677 6.5279 −4.3060 7.2521

ĉP −4 −4.0059 4.5588 −4.3184 6.0181 −5.0932 5.0833 −3.9774 7.9922

d̂C 0.8143 0.3162 0.8946 0.2225 0.8671 0.6516 0.9832 0.3476

d̂P 1 0.9104 0.3277 0.8920 0.3492 0.8999 0.4105 0.9610 0.6087

σ̂2
C

0.2674 0.0417 0.2606 0.0161 0.2856 0.0747 0.2597 0.0357

σ̂2
P

0.25 0.3093 0.1138 0.2737 0.0820 0.2594 0.0476 0.2513 0.0439

Euler scheme. It allowed us to notice some features of the estimator and to compare our results with previous
results obtained by Ozaki [14], Pokern et al. [16] and Samson et al. [18]. The comparison yields that the Euler
scheme based estimator for the derivative works considerably as good as those proposed by the other authors.
However, some considerations could be taken in account in order to extend the scope of this work. We think
that the local linearization framework can be extended for higher order systems. Also, higher order schemes for
the derivative can be proved to work both theoretically and numerically.
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Appendix A

Proof of Lemma 3.4. Consider the matrix Bih := Bih(h; θ) as defined below the equation (3.12) and consider
the transformation

Ξh = B−1
h (z2h −Ah zh)

Ξ2h = B−1
2h (z3h −A2h z2h)

...
...

...

Ξ(N−1)h = B−1
Nh

(
zNh −A(N−1)h z(N−1)h

)
,

where B−1
ih = B−1

ih (h; θ) and Aih = Aih(h; θ), for all i = 1, . . . , N . The random variables Ξ2h, . . . , Ξ(N−1)h are
independent and distributed according to the Normal law, with parameters 0 and σ2 I. The Jacobian of this
transformation is

J(z,Ξ) =


B−1

1 0 0 0 · · · 0 0
∂Ξ3

∂z2
B−1

2 0 0 · · · 0 0

0 ∂Ξ4

∂z3
B−1

3 · · · 0 0 0
...

...
...

...
...

...
...

0 · · · · · · · · · 0 ∂Ξm
∂zm−1

B−1
m−1


which is a triangular matrix and so its determinant is given by

∏m−1
i=1

1
detBi

. Then, by the bivariate Normal
distribution formula we have

p(Ξi) =
1

2π det(Σ)
1
2

exp

[
−1

2
Ξ ′i Σ

−1Ξi

]
, i = 2, . . . ,m.

In our case, Σ = σ2I, so detΣ = σ4 , Σ−1 = 1
σ2 I, and it follows that

p (Ξi) =
1

2π σ2
exp

[
− 1

2σ2
Ξ ′i Ξi

]
=

1

2π σ2
exp

[
− 1

2σ2
[zi −Ai−1zi−1]

′ [
B−1
i−1

]′ [
B−1
i−1

]
[zi −Ai−1zi−1]

]
,

so we can conclude that

p (z1, z2, . . . , zm) = p (Ξ2 | z1) . . . p (Ξm | z1) p(z1) =
p(z1)

(2π)m−1σ2(m−1)

m∏
i=2

1

|detBi−1|

× exp

[
− 1

2σ2
[zi −Ai−1zi−1]

′ [
B−1
i−1

]′ [
B−1
i−1

]
[zi −Ai−1zi−1]

]
.

Proof of Lemma 4.3. From the observation equation (3.7) the equations for x(s) and y(s) are given by

x(s)− x(s′) = y(s)(s− s′) +

∫ s

s′
y(t)dt =

∫ s

s′
(y(t)− y(s))dt (A.1)
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and

y(t)− y(s′) = σ (Wt −Ws′)−
∫ t

s′
P (z(u); θ)du, (A.2)

so

x(s)− x(s′) = σ

∫ s

s′
(Wt −Ws′) dt−

∫ s

s′

∫ t

s′
P (z(u); θ)dudt, (A.3)

and therefore using Jensen’s inequality we obtain

E
[
|x(s)− x(s′)|2k

]
= E

[∣∣∣∣σ ∫ s

s′
(Wt −Ws′) dt−

∫ s

s′

∫ t

s′
P (z(u); θ)dudt

∣∣∣∣2k
]

≤ Cθ

{
σ2kE

[∣∣∣∣∫ s

s′
(Wt −Ws′) dt

∣∣∣∣2k
]

+ E

[∣∣∣∣∫ s

s′

∫ t

s′
P (z(u); θ)dudt

∣∣∣∣2k
]}

. (A.4)

Using Jensen’s inequality and an appropriate change of variables, for the first summand in (A.4) we have

E

[∣∣∣∣∫ s

s′
(Wt −Ws′) dt

∣∣∣∣2k
]

= E

(s− s′)2k

∣∣∣∣∣
∫ s

s−s′

s′
s−s′

(
Wr(s−s′) −Ws′

)
dr

∣∣∣∣∣
2k


≤ (s− s′)2k

∫ s
s−s′

s′
s−s′

E
[∣∣Wr(s−s′) −Ws′

∣∣2k] dr

=
(2k)!

2k(k + 1)!
(s− s′)3k = O

(
[s− s′]3k

)
, (A.5)

and for the second summand in (A.4) it results

E

[∣∣∣∣∫ s

s′

∫ t

s′
P (z(u); θ)dudt

∣∣∣∣2k
]

= E

[
(s− s′)2k

∣∣∣∣∫ s

s′

∫ t

s′
P (z(u); θ)du

dt

s− s′

∣∣∣∣2k
]

≤ (s− s′)4k

2k + 1
E
[
|P (z(r(s− s′))); θ)|2k

]
dr. (A.6)

From inequality (2.3) we have

|P (z(r(s− s′))); θ)|2k ≤ Cθ ‖z(r(s− s′))‖
2kγ3 ,

therefore

E
[
|P (z(r(s− s′))); θ)|2k

]
≤ CθE

[
Cθ ‖z(r(s− s′))‖

2kγ3
]
<∞,

where the last inequality is due to the fact that the polynomial moments of the process z(t) are finite. By the
stationarity of the process z(t), it follows from (A.6)

E

[∣∣∣∣∫ s

s′

∫ t

s′
P (z(u); θ)dudt

∣∣∣∣2k
]
≤ CθE

[
Cθ ‖z0‖2kγ3

]
(s− s′)4k = O

(
[s− s′]4k

)
. (A.7)
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By (A.5) and (A.7) it follows from (A.4)

E
[
|x(s)− x(s′)|2k

]
≤ Cθ

{
σ2kO

(
[s− s′]3k

)
+O

(
[s− s′]4k

)}
= O

(
[s− s′]3k

)
.

By performing similar computations, from equation (A.2) we have

E
[
|y(s)− y(s′)|2k

]
= O

(
[s− s′]k

)
.

Proof of Lemma 3.3. In order to simplify the notation, in this proof we will consider

1. J(zih; θ) = Jih(θ) =

[
0 1

d12(zih; θ) d22(zih; θ)

]
.

2. The eigenvalues of Jih(θ) are denoted by

µ1(zih, h; θ) = µ1 =
−d22(zih; θ) +

√
d2

22(zih; θ) + 4d12(zih; θ)

2

µ2(zih, h; θ) = µ2 =
−d22(zih; θ)−

√
d2

22(zih; θ) + 4d12(zih; θ)

2
.

3. Σih(h; θ) = Σih(θ) =

[
a11(θ) a12(θ)
a12(θ) a22(θ)

]
.

4. Σ−1
ih (h; θ) = Σ−1

ih (θ) =

[
b11(θ) b12(θ)
b12(θ) b22(θ)

]
.

5. Aih(h; θ) = Aih(θ).
6. For other expressions which depends on h we will omit the h in their arguments.

First we will prove that Σih(θ) converges uniformly with respect to θ in probability. From hypotheses H1–H3
it is easy to check that there exists a positive constant Cθ such that for j = 1, 2 we have |µj | ≤ Cθ||zih||γ ,
for certain exponent γ. Hence the eigenvalues of J are bounded in probability. We will demonstrate first the
uniform convergence in probability w.r.t θ of the matrix Σih(h; θ). It will be done for the element a11(θ) since
the other elements can be treated in the same fashion. We have

a11(θ)

h3
=

1

3
+

1

(µ1 − µ2)2

∞∑
k=4

(2µ1)k−1 − 2(µ1 + µ2)k−1 + (2µ2)k−1

k!
hk−3

=
1

3
+

1

(µ1 − µ2)2

∞∑
k=4

(µ1)k−1[2k−1 − 2(1 + µ2

µ1
)k−1 + 2k−1(µ2

µ1
)k−1]

k!
hk−3. (A.8)

Denoting x = µ2

µ1
and defining the polynomial

Qk−1(x) = 2k−1 − 2(1 + x)k−1 + 2k−1xk−1,

it can be readily seen that 1 is a double root of Q and therefore

Qk−1(x) = (x− 1)2Q̃k−3(x).
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It follows from (A.8)

a11(θ)

h3
=

1

3
+

∞∑
k=4

(µ1)k−3Q̃k−3(µ2

µ1
)

k!
hk−3 =

1

3
+ h

∞∑
k=1

(µ1)kQ̃k(µ2

µ1
)

(k + 3)!
hk−1.

Let us find a bound for the above expression. On one hand, for all ε > 0, there exists a δ > 0 such that∣∣∣|Q̃k(x)| − |Q̃k(1)|
∣∣∣ < ε for all x ∈ (1 − δ, 1 + δ). By choosing ε = |Q̃k(1)| we get |Q̃k(x)| ≤ 2|Q̃k(1)|, for

all x ∈ (1 − δ, 1 + δ). On the other hand, for x outside (1 − δ, 1 + δ) we have |Q̃k(x)| ≤ 1
δ2 |Qk(x)|. Hence

|Q̃k(x)| ≤ 2|Q̃k(1)| + 1
δ2 |Qk(x)| for all x. In addition |Qk(x)| ≤ 32k(1 + |x|k), that is |Qk(µ2

µ1
)| ≤ 32k

µk2+µk1
µk1

.

These computations together with the inequality |µj | ≤ ‖Jih(θ)‖ yields∣∣∣∣∣
∞∑
k=1

(µ1)kQ̃k(µ2

µ1
)

(k + 3)!
hk−1

∣∣∣∣∣ ≤ C

[
2

∞∑
k=0

|µ1|k+1

(k + 4)!
hk + 3

∞∑
k=0

|µ1|k+1 + |µ2|k+1

(k + 4)!
hk

]

≤ C

4
||Jih(θ)||eh||Jih(θ)||.

Under the hypothesis H5′′ it holds ∣∣∣∣ 1

h3
a11(θ)− 1

3

∣∣∣∣ = oP(1),

uniformly over θ.
Now we prove the uniform convergence of the matrix Σ−1

ih (θ). As quoted before, we will prove the uniform
convergence only for the element b22(θ) since in a similar way it can be obtained de result for the other
entries. To obtain the result for the entry b22(θ) we need to consider only the convergence of the determinant
∆(θ) = a11(θ)a22(θ)− a2

12(θ). Indeed

|hb22(θ)− 4| =

∣∣∣∣∣
a11(θ)
h3

∆(θ)
h4

− 4

∣∣∣∣∣ ≤ 1
∆(θ)
h4

∣∣∣∣a11(θ)

h3
− 1

3

∣∣∣∣+
4

∆(θ)
h4

+

∣∣∣∣∆(θ)

h4
− 1

12

∣∣∣∣ . (A.9)

The two terms inside of the absolute values converge uniform in probability due to the result we obtained for

Σih(h; θ) . Hence only remain to study the fraction (
∆(θ)

h4
)−1. By using the uniform convergence in probability

for Σih(θ), we know that for all ε > 0 there exists a δ > 0 such that

P
{

sup
θ∈Θ

∣∣∣∣∆(θ)

h4
− 1

12

∣∣∣∣ < δ

}
≥ 1− ε.

Since for all ω ∈ {supθ∈Θ |
∆(θ)(ω)
h4 − 1

12 | < δ} we have 1
12 − δ <

∆(θ)(ω)
h4 < 1

12 + δ then we get

1

12
− δ < inf

θ∈Θ

∆(θ)(ω)

h4
<

1

12
+ δ.

Thus

P
{

sup
θ∈Θ

(
∆(θ)

h4
)−1 <

1
1
12 − δ

}
= P

{
1

infθ∈Θ
∆(θ)(ω)
h4

<
1

1
12 − δ

}
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≥ P
{

1

12
− δ < inf

θ∈Θ

∆(θ)(ω)

h4
<

1

12
+ δ

}
≥ P

{
∀θ, 1

12
− δ < ∆(θ)(ω)

h4
<

1

12
+ δ

}
= P

{
sup
θ∈Θ

∣∣∣∣∆(θ)

h4
− 1

12

∣∣∣∣ < δ

}
≥ 1− ε.

Hence the sequence (∆(θ)
h4 )−1 is uniformly bounded in probability and this implies that (A.9) converges uniformly

in probability, this is

sup
θ∈Θ
|hb22(θ)− 4| → 0,

in probability. From the results we conclude that

h3

2
||Σ−1

ih (θ)|| = OP(1), (A.10)

uniformly in θ.

Sketch of the proof of Lemma 4.9. Let us recall from (4.10) the expression for the contrast

1

h
MN,h(zNhh ; θ) =

1

2hN

N−1∑
i=0

〈
Σ−1
ih (θ)

[
z(i+1)h −Aih(θ) zih

]
, z(i+1)h −Aih(θ) zih

〉
=

1

h
[D1(θ) +D2(θ)−D3(θ)] . (A.11)

Also we recall that we are interested in the difference

1

h

[
MN,h(zNhh ; θ)−MN,h(zNhh ; θ0)

]
=

1

h
[D1(θ)−D1(θ0) +D2(θ)−D2(θ0)−D3(θ) +D3(θ0)] . (A.12)

Consider the term D2(θ) in (A.11). We have

sup
θ∈Θ
|D2(θ)| ≤ sup

θ∈Θ

{
h6||Σ−1

ih (θ)||
} 1

N

N−1∑
i=0

sup
θ∈Θ

{ ∞∑
k=3

||Jih(θ)||k−1hk−3

k!
||f(zih; θ)||

}2

≤ sup
θ∈Θ

{
h6||Σ−1

ih (θ)||
} 1

N

N−1∑
i=0

e(2h||Jih(θ)||)||Jih(θ)||4||f(zih; θ)||2.

From hypothesis H5′, taking expectation and using the result in Lemma 3.3 we get

|D2(θ)| = OP(h3),

uniformly in θ. Then

|D2(θ)|
h

= OP(h2), (A.13)

uniformly in θ.
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For studying the term D3(θ) we will suppose that the analysis of the term D1(θ) is already done, that is: we
will suppose that

1

2N

N−1∑
i=0

〈
Σ−1
ih (θ)(Wi(θ) +Ki(θ)),Wi(θ) +Ki(θ)

〉
= OP(1), (A.14)

uniformly in θ. Now, using the Cauchy-Schwarz inequality twice, for the term D3(θ) we have

|D3(θ)| ≤

(
1

N

N−1∑
i=0

〈
Σ−1
ih (θ)(Wi(θ) +Ki(θ)),Wi(θ) +Ki(θ)

〉) 1
2

×

(
1

N

N−1∑
i=0

〈
Σ−1
ih (θ)

∞∑
k=3

Jk−1
ih (θ)

k!
hk−3f(zih; θ),

∞∑
k=3

Jk−1
ih (θ)

k!
hk−3f(zih; θ)

〉) 1
2

.

From (A.13) and (A.14) it follows

|D3(θ)|
h

= OP(1)O(h
1
2 ), (A.15)

which converges to zero uniformly in θ. Only remains to prove the uniform convergence for the term D1(θ).
According (4.13) D1(θ) is given by

D1(θ)

h
=

1

2hN

N−1∑
i=0

〈
Σ−1
ih (θ)Wi(θ),Wi(θ)

〉
+

1

2hN

N−1∑
i=0

〈
Σ−1
ih (θ)Ki(θ),Ki(θ)

〉
+

1

hN

N−1∑
i=0

〈
Σ−1
ih (θ)Wi(θ),Ki(θ)

〉
.

For the second addend we have

1

2hN

N−1∑
i=0

〈
Σ−1
ih (θ)Ki(θ),Ki(θ)

〉
=
h3b22(θ)

8N

N−1∑
i=0

`2(zih; θ).

By the hypothesis in Lemma 4.9 and the result in Lemma 3.3, taking expectation we obtain

1

8N

N−1∑
i=0

E[sup
θ∈Θ

`2(zih; θ)] =
1

8
E[sup
θ∈Θ

`2(z0; θ)] <∞.

Hence

1

2hN

N−1∑
i=0

sup
θ∈Θ
{
〈
Σ−1
ih (θ)Ki(θ),Ki(θ)

〉
} = oP(h2).

Furthermore the third term in (4.13) can be treated in the same fashion in order to obtain

1

2hN

N−1∑
i=0

sup
θ∈Θ
{
〈
Σ−1
ih (θ)Wi(θ),Ki(θ)

〉
} → 0,
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in probability. To finish the proof we will consider the difference (A.12) and we will demonstrate that the
sequence

1

2hN

[
N−1∑
i=0

〈
Σ−1
ih (θ)Wi(θ),Wi(θ)

〉
−
N−1∑
i=0

〈
Σ−1
ih (θ0)Wi(θ0),Wi(θ0)

〉]

converges in probability uniformly on θ to a continuous function of θ. Assuming that we have proven the above
result let us prove that (A.14) holds. In view of the precedents results the only term that remains to study is

1

2N

N−1∑
i=0

< Σ−1
d Wi(θ),Wi(θ) >= h

10∑
i=1

GiN .

Let us begin with the three last terms in the above sum. They are the product of a sequence bounded in
probability uniformly in θ times a sum 1

N

∑N−1
i=0 Zi for certain i.i.d. random variables Zi that do not depend

on θ. Then the LLN gives that these sums converge a.s. to they expectation. Yielding h
∑10
i=8 GiN is bounded

in probability uniformly in θ. Moreover, we will show that
∑7
i=1 GiN tends in probability uniformly in θ to a

continuous function of θ. Thus after multiplication by h it tends toward zero uniformly in θ. Summarizing we
get that (A.14) holds. Let us consider now the sum

∑7
i=1 GiN . For the first term we have

G1N =
h3b11(θ)

8N

N−1∑
i=0

[P (zih; θ0)− P (zih; θ)]2

+
b11(θ)

2hN

N−1∑
i=0

( ∫ (i+1)h

ih

[(i+ 1)h− u]{Px(z̃(u); θ0)[x(u)− xih] + Py(z̃(u); θ0)[y(u)− yih]}du
)2

+
h2b11(θ)

2hN

N−1∑
i=0

[P (zih; θ0)− P (zih; θ)]

×
∫ (i+1)h

ih

[(i+ 1)h− u]{Px(z̃(u); θ0)[x(u)− xih] + Py(z̃(u); θ0)[y(u)− yih]}du.

In the second addend, the only term which depends on θ is b11(θ) and its uniform convergence in θ was already
proved. The third one converges to zero in probability uniformly in θ as a consequence of the convergence of the
second term and the convergence in probability uniform in θ of the first term (to be proved) and the Schwarz
inequality. In consequence only remain to study the convergence of the first term. But

G1N =

(
h3b11(θ)

8
− 3

2

)
1

N

N−1∑
i=0

[P (zih; θ0)− P (zih; θ)]2 +
3

2

1

N

N−1∑
i=0

[P (zih; θ0)− P (zih; θ)]2.

Let us consider the first summand. By using the hypothesis H3-(4) we get

sup
θ∈Θ

(
1

N

N−1∑
i=0

[P (zih; θ0)− P (zih; θ)]2

)
≤ sup
θ∈Θ

(
1

N

N−1∑
i=0

||∇θP (zih;λ1θ0 + λ2θ)||2||θ0 − θ||2
)
.
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Furthermore

E

[
sup
θ∈Θ

1

N

N−1∑
i=0

[P (zih; θ0)− P (zih; θ)]2

]
≤ CE[||z0||γ ].

Therefore this term is bounded in probability uniformly in θ. This results in the convergence to zero in probability
uniformly in θ of the first summand. Let now consider the second summand.

If we define G(z; θ) := [P (z; θ0)− P (z; θ)]2, it holds

sup
θ∈Θ
|G(z; θ)| ≤ sup

θ∈Θ
(||∇θP (z;λ1θ0 + λ2θ)||2||θ0 − θ||2) ≤ C||z||γ ,

this domination and the fact that zih is mixing give the LLN uniform with respect to θ. In consequence the
second term converges to 3

2E[(P (z0; θ0) − P (z0; θ))2] uniformly in θ. The remaining terms GiN can be treated
similarly. Indeed the decomposition made for G2N into three terms gives that the first term tends to zero in
probability uniformly in θ, the other two terms in the decomposition do not depend on θ. Hence we get that
the original term G2N converges in probability towards 3σE[g1(x0; θ0)] uniformly with respect to θ. The terms
GiN i = 3, 4, 5, 7 can be treated similarly and finally the term G6N can be handled as was G1N .

Proof of the assertion in Remark 4.2.

• Linear oscillator. In this case g1(x; a) = a and g2(x; b) = b2 the matrix J is equal to

J =

(
0 1
−b2 −a

)
.

Thus the exponential of this matrix is a constant.
• Kramer’s oscillator. In this case again g1(x; a) = a and by taking for instance the quadratic potential
V (x) = b4

4 x
4 + b2

2 x
2 we have that g2(x; b) = b4x

2 + b2 where we have set b = (b4, b2). In this form

J =

(
0 1

−ay − 3b4x
2 − b2 −a

)
.

Hence ||J(z)|| = 1 + |ay + 2b4x
3 + (b4x

2 + b2)|+ |a|. Obtaining

E[e||J(z0)||] ≤ C

∫
R2

e2aye2b4|x|3+b4x
2

e−
2a
σ2

( 1
2y

2+(
b4
4 x

4+
b2
2 x

2))dxdy <∞.

Here we have used the explicit expression for the invariant measure for this model given in Wu [21]. Other
polynomial potentials provides the same result.

• Van der Pol oscillator. Now g1(x; a) = a1x
2 − a2 where both constants are greater than zero. And

again g2(x; b) = b2. Then

J =

(
0 1

−2a1xy − b2 −a1x
2 − a2

)
.

However in the formula (5.16) of Wu it is shown that there exists two positive arbitrary constants a > 0,

and 0 < ε < g1(x; a) b2

2σ2 such that∫
e(aH(x,y)+(g1(x;a) b2

2σ2
−ε)x4)dµ(z) <∞, (A.16)
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where H(x, y) = 1
2y

2 + b2

2 x
2 and µ is the invariant measure of the system. This last result implies by a

simple computation that in this example also E[e2h||J(z0)||] <∞. In fact the relation (A.16) implies that

E[eαx
4
0+ a

2 y
2
0 ] <∞, for a certain constant β. Thus

E[e2h||J(z0)||] ≤ C

∫
R2

e2h(2a1|xy|)e2ha1x
2

dµ(z) ≤ C

∫
R2

e2ha1(x2+y2)e2ha1x
2

dµ(z) <∞,as long as h < h0, for

a certain h0 small enough.

• Hypoelliptic FitzHugh-Nagumo model. In León-Samson [10] the following modified FitzHugh-
Nagumo system is considered

dXt = Ytdt

dYt =
1

ε
(Yt(1− ε− 3X2

t )−Xt(γ − 1)−X3
t − (s+ β))dt+ σdWt

Thus g1(x) = 1
ε (ε+ 3x2 − 1) and g2(x)x = 1

ε

[
x(γ − 1) + x3

t + (s+ β)
]

and so

f(z) =

[
y

− 1
ε (ε+ 3x2 − 1)y − x(γ−1)

ε − x3

ε −
(s+β)
ε

]
.

In this manner we get

J(z) =

(
0 1

− 1
ε

[
6xy + (γ − 1) + 3x2

]
− 1
ε (ε+ 3x2 − 1)

)
.

Computing the norm of this last matrix we have

||J(z)|| ≤ 1 +
1

ε

[
6|xy|+ (γ − 1) + 3x2 + (1 + ε) + 3x2

]
.

Hence

e2h||J(z)|| ≤ Ce12h(|xy|+x2) ≤ Ce2h(3y2+9x2).

In León-Samson [10] a Liapunov function Ψ(z) for this system was found that have the following asymptotic
behavior

Ψ(z) ∼ eaH(z)ebyed|x|
3

, when |x| → ∞.

for certain constants a, b, d and H(z) = y2

2 + 1
ε (x

4

4 + γ−1
2 x2 + (s+ β)x) is the Hamiltonian of the system.

We know from Wu [21] that denoting by µ the invariant measure of the system it holds
∫
Ψ(z)dµ(z) <∞.

In consequence we have

E[e2h||J(z0)||] ≤ C

∫
e2h(9x2+3y2)dµ(z) <∞,

as long as h < h0, for a certain h0 small enough.

Remark A.1. With an analogous procedure it can be proved that

E[e(2h||J(z0||)||J(z0)||4||f(z0)||2] <∞
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holds for the all the precedent models.

Proof of the assertion in Remark 4.7.

• Linear oscillator. In this case P (z0; θ) = −ay0 − b2x0 and θ = (a, b). So

∇θP (z0; θ) = (−y0,−2bx0).

• Kramer’s oscillator. In this case g1(x; a) = a and by taking for instance the quartic potential V (x) =
b4
4 x

4 + b2
2 x

2 we have P (z0; θ) = −ay0 − b2
2 x0 − b4

4 x
3 and θ = (a, b2, b4). Hence

∇θP (z0; θ) =

(
−y0,

−x0

2
,
−3b4x

2
0

2

)
• Van der Pol oscillator. Now g1(x; a) = a1x

2 − a2, with a1, a2 > 0 and g2(x; b) = b2. In this case
P (z0; θ) = −(a1x

2
0 − a2)y0 − b2x0 and θ = (a1, a2, b). Then

∇θP (z0; θ) =
(
−x2

0y0, y0,−2bx0)

• Hypoelliptic FitzHugh-Nagumo model. In this case

g1(x)y =
1

ε
(ε+ 3x2 − 1)y and g2(x)x =

1

ε

[
x(γ − 1) + x3

t + (s+ β)
]
.

Therefore

P (z0; θ) = −1

ε
(ε+ 3x2

0 − 1)y0 −
1

ε

[
x0(γ − 1) + x3

0 + (s+ β)
]
,

and

θ = (ε, γ, s, β).

We have

∇θP (z0; θ) =
1

ε

(
(3x2

0y0 − 1)y0 + x0(γ − 1) + x3
0 + s+ β

ε
,−x0,−1,−1

)
.
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