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ON THE CONSISTENCY OF SOBOL INDICES WITH RESPECT TO
STOCHASTIC ORDERING OF MODEL PARAMETERS

A. CousiN', A. JANON**, V. MAUME-DESCHAMPS® AND I. N1ang?

Abstract. In the past decade, Sobol’s variance decomposition has been used as a tool to assess
how the output of a model is affected by the uncertainty on its input parameters. We show some
links between global sensitivity analysis and stochastic ordering theory. More specifically, we study
the influence of inputs’ distributions on Sobol indices in relation with stochastic orders. This gives an
argument in favor of using Sobol’s indices in uncertainty quantification, as one indicator among others.
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1. INTRODUCTION

Many models encountered in applied sciences involve input parameters which are often not precisely known.
Sobol indices are used so as to assess the sensitivity of a model output as a function of its input parameters.
In other words, they quantify the impact of inputs’ uncertainty on an output. Sobol indices are widely used for
example in hydrology (see [19, 27]) and more generally for environmental and industrial applications (see, e.g.,
[11, 28]).

Recently [4, 18, 21], this global sensitivity analysis has been used as a risk management tool, amongst other
indicators [3]. These indices are set in a framework which requires, as a postulate, the definition of a probability
distribution for the input parameters of the model, so as to quantify, as a prior, the uncertainty on the inputs.
As noted by [20], Sobol indices (and, more generally, any sensitivity measure) crucially depend on the chosen
probability distribution on the inputs. At the same time, practitioners often experience difficulties to choose
this inputs’ probability distribution.

Hence, it appears that analyzing the influence of the inputs’ distribution on the Sobol indices of an output is
an important question. To our knowledge, while such empirical studies (on a particular output, with particular
inputs) have been conducted (see [20] e.g.), and perturbation of inputs’ distribution have been considered (see
[1, 15]), no theoretical analysis comparable to ours has been performed yet.

This paper aims at beginning this analysis by proving that Sobol indices behave consistently with respect
to some stochastic orders. This question arises naturally: under some reasonable conditions on the output,
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uncertainty quantifiers should increase if the uncertainty on the input increases in some way. Thus, our prob-
lematic is to find for which kind of stochastic orders and under which sufficient conditions on the output function
the Sobol indices behave consistently.

Roughly speaking, given two random variables X and Y, the X-Sobol index on Y is given by

Var(E(Y | X))
Sx = ——5—-
Var(Y)
It is a statistical indicator of the relative impact of X on the variability of Y. If we study the impact of several
independent variables X7, ..., X} on Y, then the Sobol indices may be used to provide a hierarchization of the
X;’s with respect to their impact on Y. It is an interesting alternative to regression coefficient, which may be
difficult to interpret if the relationship between Y and the X;’s is far from linear.

In our context, the uncertainty on the input parameters is described by a random vector X = (X1,..., Xi)
of R¥, with the X;’s being independent. This classical hypothesis ensures that the Sobol indices are well-defined.
Even if recent works deal with dependent input variables (see e.g. [16]), we restrict ourselves to the classical
theory of Sobol indices. We are interested in the Sobol indices of an output function f. One of our main result is
that, under some convexity or monotonicity assumptions on f, Sobol indices have a behavior which is compatible
with respect to the excess wealth order or the dispersive order (see Thms. 4.1 and 4.3). This fact confirms that
Sobol indices can be used to quantify some uncertainty, even if, depending on the purpose, moment-independent
approaches might be preferred to variance decomposition (see [2]).

The paper is organized as follows. In Section 2, we recall the definition of Sobol indices. In Section 3, we
provide one example showing that a change of the laws of the inputs has an important impact on Sobol indices.
It motivates the theoretical study on the relationship between stochastic orders and Sobol indices. Definitions
and elementary properties of stochastic orders are recalled in Appendix A. In Section 4, we state our main results
about the consistency of Sobol indices with respect to the dispersive order. In Section 5 we give illustration of
our results. Section 6 is devoted to multivariate extensions of the results presented in Section 4. In Section 7,
we give some concluding remarks. The main mathematical proofs are postponed to Appendix B.

2. DEFINITION OF SOBOL INDICES

Understanding the effects of uncertainties in parameter values on a model behaviour is a crucial issue in
applied sciences. Sobol indices can be used as a tool to identify the key input parameters that drives the
uncertainty on the model output. Let us recall the definitions of Sobol indices. We refer to [6, 25] or [12] for
more details on this subject. We consider one output ¥ = f(X1,..., X)) of a model given as a deterministic
function f. The input parameters are uncertain and we assume that they are given as independent random
variables Xy, ..., Xj.

To simplify notation, we denote by X ~* the random vector (X1, ..., X; 1, Xit1,...,Xy), foranyi € {1,...k}.
In addition, for any o C {1,...k} and X, refers to the random vector (X;, ¢ € ), X~ refers to the random
vector (X;, ¢ € ). Moreover, for any o C {1,...,k}, we denote by ux_ the law of the random vector X, and
by |a| the number of elements in the set a.

The function f can be expressed as its Hoeffding decomposition [26]:

f(le'”7Xk): Z foz(Xa)7 (21)

ac{l,....k}
with

(1) fo =E(f(X)),
(2) /faduxi =0ifi € q,
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(3) /fa'fﬁd,uX:Oifa;éﬂ.

The functions f, are defined inductively:

fi(Xi) = E(f(X) ‘ Xi)—fo= /fd,ux—i — fo, (2.2)

for i € {1,...,k}. Finally, let o C {1,...,k}; then,
FulXa) = [ fdie = X £al0Xs).
BCa

With these notations, we have that:

Var(Y) = Var(f(X) = > Var(fa(Xa)) = Y E(fa(Xa)?).

ac{l,....k} ac{l,....k}
The impact of X; on Y = f(X) may be measured by the Sobol index defined as

C Var(B(f(X) | X3))  E(fi(X0)?)
S; = Var(Y)  Var(Y) 23

for i € {1,...k}. There are also interactions between the variables Xi,..., X}, which are encoded into the
functions f,, with |a| > 2. The total Sobol indices take into account the impact of the interactions and are
defined as

> Var(fa(Xa)) > E(fa(Xa)?)
i€aC{l,....k} icaC{l,....,k}
51, = Var(Y) - Var(Y) ’ (24)

for i € {1,...k}.

3. A MOTIVATING EXAMPLE

In this section, we provide a motivating example on a classical financial risk model. Financial models are
associated with a set of parameters. In a context where these parameters are not known with certainty (due
to estimation error for instance), the global sensitivity analysis is useful to assess which (uncertain) input
parameters mostly contribute to the uncertainty of model output, that is, which parameters have to be estimated
with care. In most of our examples, we will consider truncated distributions. The use of truncated distributions
is motivated by the fact that distributions of financial parameters generally have bounded supports.

Definition 3.1. Let (a,b) € R? and let X be a random variable with density function h and cumulative
distribution F. The truncated distribution of X on the interval [a, b] is the conditional distribution of X given
that a < X <b. Its density function is then given by

hizla < X <b) = (3.1)
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TABLE 1. Total Sobol indices of VaR (3.2) when a = 0.9. All digits are significant with a 95%

probability.
w* o* S}M St w o St, St
ulo,1] u[o,1] 0.41 0.64 UJ0,1] U[o, 2] 0.20 0.87
ulo,2] ufo,1] 0.73 0.36 U[0,2] Nr(0.5,2) 0.48 0.69
up,1] &Er(d) 0.53 0.52 U[0,1] Er(1) 0.4 0.66
ujo,1] u[o,1] 0.40 0.65 N7(0.5,2) U[0,1] 0.73 0.35

In what follows, we denote by N7 and £ a truncated normal and a truncated exponential laws respectively.
In risk management, the Value-at-risk (VaR) is a widely used risk measure of the risk of losses associated with
portfolio of financial assets (such as stocks, bonds, etc.). From a mathematical point of view, if L denotes the
loss associated with a portfolio of assets, then VaR, (L) is defined as the a-quantile level of this loss, i.e.,

VaRy (L) :=inf {x € R: Fr(z) > a},

where F, denotes the cumulative distribution function of L.

Let us consider a portfolio loss of the form L = St — K where K is positive and where St stands for the
value at time T of a portfolio of financial assets. This corresponds to the loss at time T of a short position
on this portfolio when the latter has been sold at time 0 for the price So = K exp(—rT) where r is a constant
risk-free interest-rate. We assume that (S;)¢>o follows a geometric brownian motion so that its value at time T'
can be expressed as

St = Spexp (T + cWr),

where Wr is the value at time T of a standard Brownian motion, p (resp. o) is a positive drift (resp. volatility)
parameter. Therefore, the a-Value-at-Risk associated with the loss L at time T is given by

VaRa (L) = Sy exp (,uT + a\/:Fap—l(a)) - K, (3.2)

where Sy € R% and where ¢! is the normal inverse cumulative distribution function of a standard Gaussian
random variable. Note that, as soon as o > 0.5, the VaR expression (3.2) can be seen as a product of log-convex
non-decreasing functions with respect to p and o.

Our interest is to quantify the sensitivity of the uncertain parameters p and o on the Value-at-Risk (VaR (L))
by evaluating the total Sobol indices St, and St, as defined by (2.4). We then analyze the impact of a change
in the input parameters law on the total Sobol indices STM and St . In the numerical illustrations, we consider
a VaR associated with a risk level &« = 0.9 computed on a portfolio loss with the following characteristics:

T=1,S, =100, K = 100.

Table 1 compares the total Sobol indices associated with the input parameters p and ¢ under different
assumptions on their probability distribution. Each line of the table corresponds to a situation where the
distribution of only one parameter has been modified. We notice that the distributions of ; and o have greater
variance, respectively, than the distributions of ©* and o*. As can be seen, changing the laws of model parameters
p and o has a significant impact on the values of total Sobol indices St, and Sr,. In addition, these empirical
illustrations seem to indicate that the more “risky” or uncertain the parameter, the higher the corresponding
total Sobol index. This behavior will be investigated theoretically using the theory of stochastic ordering.
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4. RELATIONSHIPS BETWEEN STOCHASTIC ORDERS AND SOBOL INDICES

In this section, we explore how an increase of riskness (in the sense of stochastic ordering) in the input
parameters may have an impact on the model output. In this respect, we consider two particular stochastic
orders, that is, the excess wealth order (denoted by ew) and the dispersive order (denoted by disp), whose
definitions and main properties are recalled in Appendix A.

4.1. Relationship with stochastic orders when there is no interaction

In this section, we assume that there is no interaction between the X;’s, that is, f(X) can be expressed in
the following additive form:

k
F(X1, 0, X)) =Y gi(X;) + K, (4.1)
j=1
where ¢1,...,gr are real-valued functions and K € R. It is straightforward to prove that, in that case,
decomposition (2.1) reduces to
k
FX) =" fi(Xi) + fo, (4.2)
i=1

so that, for any ¢ =1, ..., k, the “individual” Sobol index defined by (2.3) coincides with the total Sobol index
defined by (2.4).

Let X denote another variable that will be compared to X;. We will assume X} <ew X; and study the
impact of replacing X; by X; on Sobol indices. We assume that X is independent of X ~* and we denote by
X*=(Xy,..., X1, X}, Xit1, ..., X)) the vector X where the ith component has been replaced by X and by

g _ Var(E(f(X™) | X[)))
' Var(f(X*))

the ith Sobol index associated with f(X*). Hence, f(X*) is the output where distribution of the ith input
distribution has been modified, and the others left unchanged.

As we consider the excess wealth order, we assume that X; and X have finite means. This hypothesis may
be relaxed by considering the dispersive order (see Rem. 4.2).

Theorem 4.1. We assume that there is no interaction, i.e. (4.1) is satisfied. Let X} be a random variable
independent of X~ and assume that X} <ey X; and —oo < £, < L, where ¢, and { are the left-end points of
the support of X and X;. If g; is a non-decreasing convex function, then S <.S; and S; > S; for j # 1.

The proof of Theorem 4.1 is postponed in Appendix B.

Remark 4.2. Note that, from Proposition A.3, the previous result also holds for any non-decreasing convex
or non-increasing concave function g; as soon as X' <disp X; and X} <q X;. In addition, it is shown in [23]

that if X <disp X¢ With common and finite left end points of their support (i.e., £* = £) then X} <q X;.

4.2. Relation with stochastic orders in presence of interactions

In the case where there are interactions, we have to consider the total Sobol indices as defined by (2.4). We
will first show that the ith total Sobol indices are ordered if X <disp Xi and X7 <gt Xi, provided that the

function f is a product of functions of one variable whose log is non-decreasing and convex; indeed, we shall
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prove that for any o C {1,...,k} withi € o, if X Sdisp X; and X < X; then, a-Sobol indices are ordered.

Then we consider some extensions of that case. Recall that, for o C {1,...,k}, the a-Sobol index is defined as:
Var(fo(Xa))

So = ————7—. 4.3

Var(Y) (43)

Theorem 4.3. We assume that [ writes:
f(Xl,...,Xk):gl(Xl)X"'ng;(Xk,)-i-K, (44)

where K € R and gj, j = 1,...,k are real-valued functions. Let X} be a random variable independent of X
and assume that X} gdisp X; and X} <4 X;. Iflog g; is a non-decreasing conver or a non-increasing concave
function, then

(1) for any o C {1,...,k} with i € o, we have S% < S, and for any B C {1,...,k} with i € B, we have
S*ZSB;
B
(2) S}, < St,.

The proof of Theorem 4.3 is postponed in Appendix B. The conditions on stochastic ordering between X;
and X, and on the log-convexity are necessary, as can be seen with the two counter-examples below.

Example 4.4. To see the necessity of the stochastic ordering, one can consider:
F(X1, X9, X3) = exp(exp(X7)) exp(X2) exp(X3),

with X7, X5 and X3 uniform on [0,1]. If X7 is uniform on [1,1.9], then X7 <disp X1 but X; <g X7 and it
can be easily checked that S}, > St, (S}, = 0.90 and S, ~ 0.65).

Example 4.5. The log-convexity of g; is also necessary. Indeed, take:
f(X1, X2, X3) = 91(X1) X2 X,
where

0 if z < 0.45,
gi1(z) =< /10 if 0.45 < x < 0.5,
T else,

and Xz, X3 uniform on [2, 3], X; uniform on [0, 1], X{ uniform on [0, 0.5] so that X7} <disp X1 X7 <gt X1 but
g1 is not log-convex. In that case, we have S}, > St, (97, ~ 0.99 and St, = 0.97).

Now, we turn to the case where f writes as a sum of product of convex non-decreasing functions of one
variable, that is, there are a finite set A and convex non-decreasing functions g (i € {1,...,k}, a € A,) such
that

F(X) = gt(X1) x -+ x g (Xp). (4.5)
a€EA
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Proposition 4.6. Assume that f satisfies (4.5). Then, for any i € {1,...,k},

Fi(X3) =D (g8 (Xa) = B8 (X)) [ [ E(g5 (X)) ] (4.6)
acA | i

fr(X) =" | (g(X0) = Egf (X)) [T 95X | » (4.7)

a€A YE)
Var(fr,) Z Cov(g(X,), 97(X:) [ B9 (X5)g(X;)). (4.8)
a,beA i
Proof. The proof uses in a straightforward way the computations done in the proof of Theorem 4.3. O

We deduce the two following extensions of Theorem 4.3.
Proposition 4.7. Let {I,}q.ca be a partition of {1,...,k} and assume that

X)= Z H 9;(X;)

a€cAjel,

where the g;’s are real-valued functions. Let X} be a random variable independent of X and assume that
X7 Sdisp Xi and X} <4 X;. Iflog g; is a non-decreasing convex function or a non-increasing concave function,
then S} < Sr,.

Proof. Given that the I, are disjoint, this result directly follows from the proof of Theorem 4.3. O

Remark 4.8. As in Theorem 4.3, Proposition 4.7 may be generalized to the a-Sobol indices defined in (4.3).

Proposition 4.9. Let f(X ng ) 4+ @2(X;) with log p1 and log ps non-decreasing and convex.
J#i
If
o X7 is independent of X, X} <dzst and X} <g X;.
Var(pa(X7)) _ Var(ee(X) - Cov(p (X)), @2( i) o Cov(ei(Xi), 2 (Xi))
E(p1(X7))? ~ E(p1(Xi))? E(p1(X7))? E(p(Xi))?

Then Si <Sr,.

The proof is postponed to Appendix B. The second condition in Proposition 4.9 is very technical and
unsatisfactory. Nevertheless, very simple counter-examples exist as it can be seen below.

Example 4.10. Let X; ~ U([1.5,3.5]), X; ~ U([0,1.8]), p1(x) = exp(z?) and pa(x) = exp(x), g;(z) = 1, j # i.
Then one can show that X <disp X; and X <q X,;. However,

Var(p2 (X))
E(p1(X7))?
Var(p2(X;))
E(p1(X:))?
Cov(p1(X]), p2(X}))
E(p1(X]))?
Cov(p1(Xa), p2(Xi))
E(e1(X53))?

~ 0.08

~ 1077

~ 0.3

~ 1073,
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and, using computations made in the proof of Proposition 4.9, S. > St,.

The following result derived in [9] is mentioned here as a related result on excess wealth orders, even if it is
not sufficient to obtain a more general version of Proposition 4.9.

Proposition 4.11 ([9], Cor. 3.2). Let X andY be two random variables with finite means and supports bounded
from below by £x and £y respectively. If X <ew Y and £x < fy then for all non-decreasing and convex functions
hi, hy for which h;(X) and h;(Y) i = 1,2 have second order moments,

Cov(hi(X), ha(X)) < Cov(hy1(Y), ha(Y)). (4.9)

5. EXAMPLES

In this section, we illustrate the previous results on some classical financial risk models. All considered
models are associated with a set of parameters. Let us first recall the conditions under which some particular
distribution functions are ordered with respect to the dispersive order. We refer to [17] for other classes of
distribution functions.

Proposition 5.1. Let X and Y be two random variables.
(1) If X ~Ula,b] andY ~ Ulec,d], then X is smaller than'Y for the dispersive order (X <disp Y ) if and only
if
b—a<d-c.
(2) If X ~E(u) and Y ~ E(N), then X is smaller than Y for the dispersive order (X <disp Y ) if and only if

A< .

(3) If X ~ N(my,0?%) and Y ~ N(ma,v?), then X is smaller than'Y for the dispersive order (X <disp Y ) if
and only if

o<
As mentioned in Section 3, most of the numerical illustrations will be based on model parameter with
truncated distribution functions. We present some properties of such distributions.

Proposition 5.2. Let X and Y be two random variables

(1) if X ~ Np(m,o?) where X is truncated on [a,b] then the quantile function of X is given by

Fx'(w) = 67 (d(e) + 2(6(B) — ¢(a)))o +m

where a = ;m 8= bTm and where ¢ is the standard normal cumulative distribution function.

(2) if Y ~ Ep(N) is truncated on [a,b] then the quantile function of Y is given by

1
(@) = — 3 log(e ™ + (e — 7))

where \ denotes the parameter of the exponential distribution.

The following lemma gives some conditions that ensure the ordering of two truncated random variables with
respect to the dispersive order.
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Lemma 5.3. Let X and Y be two random variables.

(1) If X ~U[a,b] and Y ~ Nr(m,o?) where Y is truncated on [c,d], then X is smaller than Y for the
dispersive order X gdisp Y if and only if

b—a < oV2r(¢(8) - ¢a))

where ¢ represents the cumulative distribution of a standard Gaussian law and where o and B are given
as in Proposition 5.2.
(2) If X ~ Ep(p) and Y ~ Ep(X) are truncated on the same interval then X <disp ¥ if and only if

A< .

Proof. The previous conditions can be easily derived by differentiating the difference of the quantile functions
Fy - Fx 1 and by using the fact that this derivative should be positive. O

Also, we recall (see Rem. 4.2) that if two random variables ordered for the dispersive order have the same
finite left point of their support, then they are ordered for the stochastic order. In the example that we will
consider, N (resp. &) denotes the truncated Gaussian (resp. exponential) distribution on [0, 2].

5.1. Value at Risk sensitivity analysis

In Section 3, we presented the Value at Risk in a simple and classical financial model. Table 1 illustrates the
consistency of total Sobol indices when the distributions of input parameters are ordered with respect to the
dispersive order.

Indeed, each line of Table 1 corresponds to a scenario where one of the parameter has been increased with
respect to both the dispersive and the stochastic order. As can be seen, changing the laws of model parameters
p and o have a significant impact on the values of total Sobol indices S, and St,. Note that the ordering
among Sobol indices is fully consistent with the one predicted by Theorem 4.3.

5.2. Vasicek model

In risk management, present values of financial or insurance products are computed by discounting future
cash-flows. In market practice, discounting is done by using the current yield curve, which gives the offered
interest rate as a function of the maturity (time to expiration) for a given type of debt contract. In the Vasicek
model, the yield curve is given as an output of an instantaneous spot rate model with the following risk-neutral
dynamics

d’f‘t == a(b - Tt)dt + O'th, (51)

where a, b and o are positive constants and where W is a standard brownian motion. Parameter o is the
volatility of the short rate process, b corresponds to the long-term mean-reversion level whereas a is the speed of
convergence of the short rate process r towards level b. The price at time ¢ of a zero coupon bond with maturity
T in such a model is given by (see, e.g., [5]):

P(t,T) = A(t,T)e "B®T), (5.2)

where

2

At T) = exp ((b -2

S (B.T) ~ (T 1) - L))
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TABLE 2. Total Sobol indices as a result of a risk perturbation of b. All digits are significant
with a 95% probability.

Parameter Law Total index Parameter Law Total index
a u[o,1] 0.41 a u[o,1] 0.48
b* u[o,1] 0.52 b u[o,2] 0.57
o ulo,1 0.18 U[o,1] 0.06

TABLE 3. Total Sobol indices as a result of a risk perturbation of o. All digits are significant
with a 95% probability.

Parameter Law Total index Parameter Law Total index
a uo,1] 0.41 a U[o, 1] 0.25
b ulo,1] 0.52 b u[o,1] 0.13
o* ulo,1] 0.18 o NT(0.5, 2) 0.70

and

1— —a(T—t)
B(t,T) = -
a

The yield-curve can be obtained as a deterministic transformation of zero-coupon bond prices at different
maturities.

In what follows, we quantify the relative importance of the input parameters {a, b, o} affecting the uncertainty
in the zero-coupon bond price at time ¢t = 0. In the following numerical experiments, the maturity 7" and the
initial spot rate rg are chosen such that T =1 and ro = 10%. Tables 2 and 3 report the total Sobol indices of
the parameter a, b, 0 under two different risk perturbations in the probability laws of these parameters. Table 2
illustrates the effect of an increase of the mean-reverting level with respect to the dispersive order and the
stochastic dominance order, i.e., b* <dis b and b* <t b. We observe from Table 2 that the relative importance
of the mean-reverting level b increases from 0.52 to 0.57. Although the total Sobol index of ¢ decreases, the
total index of a increases. Note that the assumptions of Theorem 4.3 are not satisfied here: one can show that
the output function (5.2) is log non-decreasing and log convex in b but the multiplicative form (4.4) does not
hold.

Table 3 displays the total Sobol indices when o* gdisp o and 0" <t 0. The law of ¢ is taken as a truncated
Gaussian random variable on [0, 2] and has a variance of 0.3. We observe an increase in the total Sobol index
of o and a decrease in total index of a and b.

5.3. Heston model

In finance, the Heston model is a mathematical model which assumes that the stock price S; has a stochastic
volatility o; that follows a CIR process. The model is represented by the following bivariate system of stochastic
differential equations (SDEs) (see, e.g., [10])

dSt = (’f‘ — q)Stdt + @StdBt (53)
dO't == KZ(& - O't)dt + Uﬁth, (54)

where d(B, W); = pdt.
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The model parameters are

r: the risk-free rate,

q: the dividend rate,

k > 0: the mean reversion speed of the volatility,

0 > 0: the mean reversion level of the volatility,

o > 0: the volatility of the volatility,

oo > 0: the initial level of volatility,

p € [—1,1]: the correlation between the two Brownian motions B and W.

The numerical computation of European option prices under this model can be done by using the fast Fourier
transform approach developed in [7] which is applicable when the characteristic function of the logarithm of S;
is known in a closed form. In this framework, the price at time ¢ of a Furopean call option with strike K and
time to maturity 7T is given by

C(t, K, T) = Ste_qul — KB_TTPQ (55)
where for j = 1,2

1 (e R R fi(¢say, 0)
Pj=5+ | R ( i ) deo

1
P
fi(@3ae,00) = exp (C(¢;7) + Dj(; 7)ot + i)

ol T
(r — q)i¢7 + %f [(bj — poi + d;)T — 2log (1_916> }

D__bj_p0i¢+dj 1—edT
I 1—gedi™

Cj

2

ag
bz poidtd;
9= 5, = poip— d;
d; = \/(paif;b* bj)? — 0%(2u;id — ¢?)
1 1
Uy = 57“’2 = _§7b1 = K—pU,bQ = R, T¢ :lOgSt,T =T—1.

Given that the input parameter are not known with certainty, which one mostly affect the uncertainty of the
output pricing function (5.5). Table 4 displays the total Sobol indices of each parameter under two assumptions
on the distribution of input parameter. In the first case (3 first columns), all parameters are assumed to be
uniformly distributed. In the second case (3 last columns), we only change the distribution of the interest rate
parameter r is such as way that r* < disp " and r* <q r. The option characteristics are taken as follows: T' = 0.5,
Sp = 100, K = 100.

As can be observed in Table 4, the influence of the input factors k, 6,0 and p is negligible under the two
considered assumptions. Note that most of the uncertainty in the option price is due to the dividend yield ¢ and
the interest rate r. Similar conclusions are outlined in [21] but the difference here is that we analyze how the
total Sobol indices are affected by a change in the law of some input parameters. Interestingly, when the law of
the interest rate parameter r* is changed to r, this parameter becomes more important than the dividend yield
in terms of output uncertainty.

6. MULTIVARIATE EXTENSION

Here we present some multivariate extensions of the previous results. Our goal is to explore how an increase
of riskness (in the sense of multivariate stochastic orders) of a group of input parameters may have an impact
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TABLE 4. Total Sobol indices for the price of a call option in the Heston model. All digits are
significant with a 95% probability.

Parameter Law Total index Parameter Law Total index
r* ulo,1] 0.32 r ulo,2] 0.73

q ulo,1] 0.39 q Uulo,1] 0.20

K ulo,1] 0.0036 K u[o,1] 0.0009

0 ulo,1] 0.0082 0 u[o,1]  0.0020

o Uulo,1] 0.0012 o Uu|0,1] 0.0004

0o ulo,1] 0.30 09 ulo,1] 0.08

p ulo,1] 0.0011 p u[o,1] 0.0004

on the output. We shall be mainly interested in the multivariate dispersive order and the univariate stochastic
increasing convex order. We refer to [22] for a detailed review on the subject.

6.1. Multivariate stochastic order and impact on Sobol indices

Let X = (X3,...,X,) be a random vector with joint distribution function F. Denote by F; the marginal
distribution function of X;. Consider u = (ug,...,uy) € (0,1)" and define

z1(uy) = Ffl(ul) (6.1)

then define recursively

IEi(Ul, . ,ui) = Fi‘_l{__'7i_1(ui|x1, [P ,$¢_1), 1= 2, oy, (62)
where Fjj; ;1 is the conditional distribution function of X; given that (X; = x1,...,X; 1 = x;1), 1 =
2,3...,n.

In the same way, for another random vector Y = (Y7,...,Y,,) with joint distribution function G, define
yi(u1) = Gy (w) (6.3)
then define recursively

yi(ui, ..., u;) = G¢_|117.,_,i_1(ui|ylv e ¥ic1), 1=2,...,m (6.4)

Gi1,....i—1 is the conditional distribution function of Y; given that (Y1 =y1,...,Yi1 =vi-1),1=2,3...,n.

Definition 6.1. We say that X is smaller than Y for the multivariate dispersive order, denoted by X SDisp Y,
if y;(u) — z;(u) is componentwise increasing in u = (u1,...,u;) € (0,1) for i = 1,...,n, where x;(u) and y;(u)
are defined respectively in (6.2) and (6.4).

Definition 6.2. Let X and Y be two one dimensional random variables. We say that X is smaller than Y in
the st:icx order, denoted by X < Y, if

st:icx
E(6(X)) < E(o(Y))

for all increasing function ¢, and if

Var(¢(X)) < Var(¢(Y))
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for all increasing convex function ¢.

Definition 6.3. In what follows, < stands for the coordinatewise ordering on R™ and we use the notation
[z,y] < z for any z,y,z € R™ such that < z and y < z (similarly, z < [z,y] if 2z < 2 and z < y). A real
function ¢ on R™ is said to be directionally convex if for any x; € R", i = 1,2,3,4 such that z; < [z2, 23] < x4
and r1 + x4 = 9 + x3, one has

P(x2) + B(x3) < d(21) + PH(4)

A real function ¢ on R" is said to be directionally concave if, under the same condition, one has

P(x2) + d(x3) > d(21) + P(4)

The following result proved in [22] gives conditions under which functions of two random vectors are ordered
according to the st:icx order.

Proposition 6.4. [22] Let X andY be two n-dimensional nonnegative independent random vectors. If X SDisp
Y, then

AX) Sstzica #(Y)

for all increasing directionally convez functions ¢ : R™ — R

As before, we consider a model output of the form Y = f(Xy,..., X)) where Xi,..., X} are independent
random variables. For u C {1,...,k}, we denote by X,, the random vector (X;,i € u), X_,, = (X;,i ¢ u) and |u]
denotes the length of u, i.e. its number of elements. Thus, the impact of a group of variables X,,,u C {1,...,k}
on Y = f(X) may be measured by the total Sobol index (see, e.g., [12])

Var(E(f(X) | X_u))

Sr,=1-— 6.5
T Var(Y) (65)
Using the variance decomposition formula, (6.5) can be equivalently written as
E(V: X)| X_u
5. _ BVar(f(X) | X)) 66)

“ Var(Y)

6.2. Relationship with multivariate stochastic order: the additive case

In this subsection we suppose that f(X) can be expressed in the following additive form, i.e for all non empty
set u C {1,...,k}

f(X, o Xy) = 9(Xu) + h(X_y) + K (6.7)
where ¢ : Rl - R and h : RI=% — R are real valued functions and K € R.
As in the univariate case, for v C {1,...,k}, X denotes another random vector that will be compared to

X,. We suppose that for non empty u C {1,...,k}, the vector of input parameters X can be represented as
X = (Xu, X_4). We shall assume X gDisp X, and study the impact of replacing the group of variable X, by

X on total Sobol indices. We assume that X is independent of X_,, and we denote by X* = (X}, X_,,) the
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vector X where X, has been replaced by X, and by

. E(Va(f(X) | X))
Tu Var(Y*) '

the total Sobol indices of X associated to the output Y* = f(X*).

Theorem 6.5. We assume that (6.7) is satisfied. Let X be a random vector independent of X_,, and such
that X SDisp X, If g is a non-decreasing directionally convex function, then St < Sr. .

The proof of Theorem 6.5 makes use of Proposition 6.4.

Proof. The proof makes uses in a straightforward way of the computations done in the proof of Theorem 4.1. [

6.3. Relationship with multivariate stochastic order: the product case

Here, we consider the extensions of the previous result in the case where the function f is a product of
functions with several variables which fulfill some multivariate monotonicity conditions.

Theorem 6.6. We assume that for a non empty set u C {1,...,k}, the output function f writes
f(Xq, .o, Xg) =g(X) x (X)) + K (6.9)

where g : RIY - R and h : RI=* — R are real valued functions and K € R. Let X} be a random vector
independent of X_,, and assume that X gDiSp X, If g is a non-increasing directionally concave function,

then S1. < S .

Proof. Remember that

_ E(Var(f(X) | X_.)
T Var(Y)

(6.10)

By definition

since every measurable function of X, and X_, are independent (because X, and X_, are supposed to be
independent random vector ). Thus using the variance decomposition formula, (6.10) can be equivalently written
as

[y v Eee)]
o = M Nar(g(X,) ERA (X ] (041
With the same reasoning, one can show that
-1
. _ Var(h(X_.)) [E(g(X;))])”
o= M g (X0 ERA(X ) ] (042
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Hence the result holds if

Var(g(X5) _ Var(g(X,)
B [E((X,)P

As g is a non-increasing directionally concave function, that is —g is a non-decreasing directionally convex func-
tion and thus Proposition 6.4 implies —g(X) <gt.ijcx —9(Xu) which implies that Var(—g(X;)) < Var(—g(X,))
and E(—g(X})) < E(—g(X,)) i.e E(g(X})) > E(g(X,,)) which concludes the proof. O

The following result proved in [22] shows an interesting closure property of the st:icx order.

Proposition 6.7. Let X1, Xs,..., X, a set of independent random variables, and let Y1,Ys, ..., Y, another set
of independent random variables. If X; <g4.i00 Yi, t = 1,2,...,n, then

(X1, Xn) Zgpeieg @Y1, ..., Y0)

for all increasing directionally convez functions ¢ : R™ — R.
The following result extend the Theorem 6.6.

Theorem 6.8. Let
J(X) = o1 (Xu)h(X ) + w2(Xu),

where @1 : RI* = R, h: RI7% = R and ¢y : Rl — R are real valued functions. Let X be a random vector
independent of X_,, and assume that X gDiSp X, If p1 and @2 are decreasing and directionally concave

functions, then S} < S .

Proof. The proof makes use of Proposition 6.7 and involves similar computations as in the proof of
Proposition 4.9. O

7. CONCLUDING REMARKS

We have enlightened the fact that Sobol indices are compatible with the stochastic ordering theory, and more
specifically with the excess wealth order or with the dispersive order, provided that the output function satisfies
some monotonicity and convexity properties. Our results have multidimensional extensions. The Vasicek and
Heston model examples suggest that the hypothesis on the form of the output function f might be relaxed
(hypothesis of Thm. 4.3 are not fulfilled, especially in the Heston case). In other words, the compatibility
between Sobol indices and stochastic orders should hold for more general functions than those considered in the
present paper. On an other hand, as shown in the examples, the choice of the input laws is crucial: the most
influential parameters (those associated with the greatest Sobol index) may change as some input distributions
are perturbed. A way to overcome this difficulty could be to use our consistency results to generate universal
bounds on Sobol indices, for a given class of input laws.

APPENDIX A. STOCHASTIC ORDERS

Let us recall some particular notions of ordering for random variables and for random vectors. We refer to
[17, 23] or [8] for a detailed review on stochastic orders, on their relationships and properties.
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A.1 Definitions of stochastic orders

We shall be mainly interested in the convex order, the dispersive order, the excess wealth order, the * order
and the Lorenz order. For a random variable X, let us denote by Fix its distribution function, and by Fy ! the
generalized inverse of F'x (or the quantile function). The survival function of X is F'x =1 — Fx.

Definition A.1. Let X and Y be two random variables, we say that

(1) X is smaller than Y for the standard stochastic order (X <g Y) if and only if, for any bounded and
non-decreasing function f,

E(f(X)) <E(f(Y)).

(2) X is smaller than Y for the convex order (X <cx Y) if and only if, for any bounded convex function f,
E(f(X)) < E(f(Y)).
(3) If X and Y have finite means, then X is smaller than Y for the dilatation order (X <g4; Y) if and only if
(X —E(X)) <cx (Y = E(Y)).

(4) X is smaller than Y for the dispersive order (X <disp Y) if and only if Fy,' — Fy! is non-decreasing.

(5) If X and Y have finite means, then X is smaller than Y for the excess wealth order (X <ew Y) if and
only if for all p €]0, 1],

/ Fx(r)dz < / Fy(x)dx.
(Fx " (p).ool [Fy " ()00l
(6) If X and Y are non negative, X is smaller than Y for the star order (X <x Y) if and only if
—1

}:1 is non-decreasing.
X

(7) It f( .afnd Y are non negative with finite mean, X is smaller than Y for the Lorenz (X <y en, Y) if and
only i

< .
E(X) ~F E(®Y)
Remark A.2. The st and cz orders may be defined in the same way for random vectors.

A.2 Some relationships between variance and stochastic orders

It is well-known that the stochastic order and the convex order are not location-free and may not be com-
patible with the variance. The dispersive and excess wealth orders are location-free and in accordance with
the variance. In what follows, we will consider the excess wealth order, for which we can prove the ordering
of Sobol’s indices. Let us remark that the dispersive order implies the excess wealth order. Natural examples
of random variables ordered with respect to the dispersive order will be recalled in Section 5. The following
results proved in [23], show that the excess wealth order (and thus the dispersive order) is in accordance with
the variance.
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Proposition A.3. [25] Let X and Y be two random variables with finite means.

(1) If X Sdisp Y then X <ewY then X <;j;Y and thus if X and Y admit an order 2 moment, Var(X) <
Var(Y).
2) If X andY are non negative and X <Y then X < Y and then
Lorenz

Var(X) < Var(Y)
E(X)? — E(Y)?

(3) If X and'Y are non negative then X <xY if and only if log X gdisp logY.

(4) If X Sdisp Y and X <4 Y then for all non-decreasing convex or non-increasing concave function f,
FX) < giag FOV).

(5) If X and Y are continuous random variables with supports bounded from below by (resp.) €. and ¢,

X <ewY and —oo < £, < ¢, then for all non-decreasing and convex function f, for which f(X) and f(Y)
have finite means, we have f(X) <ew f(Y) ([24], Thm. 4.2).

Remark A.4. Result (5) above has been incorrectly stated in [13, 23], where the hypothesis on the left-end
points of the supports was missing. This hypothesis is indeed required, as shown by the following example.
Consider X which follows a uniform law on [1,1.9] and Y which follows a uniform law on [0, 1]. Then X <ew Y.
Let f = exp which is a convex and increasing function. We have that Var(f(X)) ~ 1.32 and Var(f(Y)) ~ 0.24
so that f(X) cannot be less than f(Y) for the ew order (see (1) of Prop. A.3). The correct statement and proof
of (5) above may be found in [24], as well as an example showing that the left-end points of the support have
also to be finite.

APPENDIX B. PROOFS OF THE MAIN RESULTS

Proof of Theorem 4.1. As g; is a non-decreasing convex function, Proposition A.3 implies ¢;(X}) <ew ¢:(X;)
and Var(g;(X})) < Var(g;(X;)). Now, the Hoeffding’s decomposition of f(X) can be expressed as (4.2) where
fo =E[f(X)] and f;(X;) = ¢,;(X;) — Elg;(X;)] and the Hoeffding’s decomposition of f(X*) writes

=Y LX)+ XD+ 15
J#i

where fg = E[f(X*)] and f7(X]) = g:(X]) — E[gi(X])].
Then, from (2.3), the ith Sobol indices of f(X) and f(X*) are such that

ZVar(gj(X
o J#i
5= M NamE) (B-1)

-1

and

o Var<gz< )

CY Var(gi(X;) + Var(gi(X)))
J#i
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Z Var(g;(X;))
i

Vargi (X)) (B:3)

We have already noticed that Var(g;(X})) < Var(g;(X;)) and thus we conclude that S <.S;. The result for
j # i follows from the fact that Var(g;(X})) < Var(g;(X;)) and

Var(gj( i) and S* — Var(gj( i)

j .
ZVar 9j(X;)) + Var(g;(X;)) ! ZVar 95 (X)) + Var(g; (X))
J#i Ve

O

Proof of Theorem 4.3. Without loss of generality, we may assume that K = 0. With the hypothesis of Theorem
4.3, the decomposition (2.1) satisfies: for all j = 1,...,k,

£1(X5) = (9:(X;) — E(g;(X;)) [ [ Ege(Xe))
U]

and following, e.g. [14], for o« C {1,...,k}, we have

falXa) = Y0 (~)PIE(f(X)]X). (B4)

BCa

The form of f then gives:

fa(Xa) = > (=D g5(X5) ] B(g; (X))

BCa JjEB Jjé€B
=[] E(g; (X)) [] (95(X)) — Elg; (X)) - (B.5)
Jjéa JEQ
From (2.4) and (4.3), we have that
Sy, = Z Se. (B.6)
ac{1,..., k}

So that, the results for the total Sobol indices will follow from the results for a-Sobol indices.
Equation (B.5) gives for any 5C{1,...,k}:

Var(fg) = HIE g;(X H Var(g; (X (B.7)
JjéB JEB

Moreover,

Var(Y) = > Var(f(Xp)).
Bc{1,....,k}
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As in the proof of Theorem 4.1, S, may be rewritten as

> Var(f5(Xp)
BFa

S = 1 (X))

(B.8)

Let « C {1,...,k} with i € «, using (B.7),
Var(foz(Xa)) Var gz H E g] HV&I‘ g]
JEo jEa
J#i
and
1)
E( 21| var(g; (X
S var(fa(s)) 2 LB (60 T Var(sy ()
"‘]QB i€
B#a VE)
Var(fa(Xa)) H]E g;(X HVar g;(X
e %
HE g_] HV&I‘ gJ

JgB

1‘ 71
Z Var :

JEB

BFa H E(g

BZi jEa

X;))? T var(g;(x5))

jEa

J#i

(2)

The term (1) above will not change if X; is replaced by X, neither will any product in (2). Hence, S¥ < S,

7

holds if

Var(g:(X"))
E(g:(X]))?

Var(g;(X;))
T E(gi(Xi)?

We have (see Prop. A.3)

log gi(X}) <gisp 108 9:(Xs) <= gi(X]) <. gi(Xi)
1%

so that g;(X7) <[ oreng 9i(Xi) =

Var(gi (X))

_ Var(gi(X)

E(g:(X7))?

E(g:(X:))?
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Thus, we have proved that, if i € a, we have S}, < S,,, so that S}, < St, given (B.6).
When ¢ € «, using (B.8), we have:

1)

S Var(f5(X5)) H B(g;(X;))? [ ] Var(gs(X
B _  Var( gl )7 i
Var(fa(Xa)) g H]E X)) [ Var(g;(X;))
- 3—521- <o
HIE g;(X H Var(g; (X
g <
! B#Za H E(g; (Xj))2 H Var(g;(X;))
JFi

The term (2) above will not change if X; is replaced by X/, neither will any product in (1). Then, given (B.9),
we conclude that, if i € a, S¥ > S,. O

Proof of Proposition 4.9. Note that

5t = | a0
Proposition 4.6 gives
Var(fr, (X)) = Var(p1 (X I;I]E 95 (X;))? + Var(pa(X;))
+Cov(e (Xz-;, ©2(Xi)) 1;[ E(g;(X;))
ji
and if i ¢ o,
fa(Xa) ];[E 9;(X;)) x E[ 9;(X 9;(X;))),
ida jca

JEa jEa

Var(fo(Xa)) = )? [T Eg;(X;))? x Var (H(gj(Xj) - E(gj(Xj)))> :
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Then, 57, < St, holds if and only if
Var(1 (X)) [ [ B(g;(X,))? + Var(p2(X7)) + Cov(er (X XN 1EGg(x
J# J#i
0?1 E(gi(X))? x Var <H(9j (X;5) — E(g; (Xj)))>
aZijéa jEa
Var(p1(X:)) [ [ E(g;(X5))? + Var(p2(X2)) + Cov(e1(Xi), 02(X0)) [ [ Eg; (X
< Ekald J#
N T Elgi(X5))? x Var (H(g]-(Xj) - E(g]-(X]-)))>
aFi jéa JE«
With our hypothesis, we have that
Var(p1 (X7)) _ Var(ei(Xi))
E(p1(X7))? — E(p1(X3i)?’
Var(p2(X7)) _ Var(pa(Xi))
E(p1(X]))? ~ E(p1(X3))?
and
Cov(p1(X7), pa(XT)) _ Cov(p(Xi), p2(Xi))
E(p1(X7))? E(p1 (X))
This leads to the announced result. O
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