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A MULTI-DIMENSIONAL CENTRAL LIMIT BOUND AND ITS
APPLICATION TO THE EULER APPROXIMATION FOR
LEVY-SDES

XILING ZHANG®

Abstract. In the one-dimensional case Rio (Ann. Inst. Henri Poincaré Probab. Stat. 45 (2009)
802-817) gave a concise bound for the central limit theorem in the Vaserstein distances, which is
a ratio between some higher moments and some powers of the variance. As a corollary, it gives an
estimate for the normal approximation of the small jumps of Lévy processes, and Fournier (ESAIM:
PS 15 (2011) 233-248) applied that to the Euler approximation of stochastic differential equations
driven by the Lévy noise. It will be shown in this article that following Davie’s idea in (Polynomial
Perturbations of Normal Distributions. Available at: www.maths.ed.ac.uk/~sandy/polg.pdf (2016)),
one can generalise Rio’s result to the multidimensional case, and have higher-order approximation via
the perturbed normal distributions, if Cramér’s condition and a slightly stronger moment condition
are assumed. Fournier’s result can then be partially recovered.
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1. INTRODUCTION

Given! d,q,q1 € ZT, let a € RY, B € R¥*% and (§2,.%,P) be a complete probability space equipped with
a filtration {.%; };>0 generated by a ¢1-dimensional Wiener process {W;} and an independent Poisson random
measure N(dz,ds) on R?\ {0} x [0,00) with intensity v(dz)ds. Consider the g-dimensional Lévy process on a
bounded interval [0,T:

¢
Zy :at+BWt+/ / zN(dz,ds), (1.1)
0 JRo\{0}

where N(dz,ds) is the compensated Poisson measure. Assume the second moment of the Lévy measure
qu\{O} |z]?v(dz) < oo, where |- | denotes the modulus. For 5 € R? and a bounded Lipschitz function
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o :R? = R¥*4 consider the d-dimensional SDE driven by the Lévy process above:

t
Ty :x0—|—/ o(xs—)dZs. (1.2)
0

For h € (0,1) and t;, = kh, k =1,...,[T/h], where [] denotes the integer part, it is known that the standard
Euler’s approximation,

X1 = Xg + O’(Xk) (Zthrl - Ztk) , Xo = xp,

converges as h — 0, with rate 1/2, to the solution of (1.2) in mean-square: there exists a constant C' s.t.
Vvh € (0,1),

1/2
(Em}gx@tk - Xk|2> < ChY/2,

See e.g. [12-14]. Although the increments Z;, — Z;, _, are hard to generate, one may simply ignore the small
jumps

t
Z; ::/ / zN(dz,ds), (1.3)
0 Jo<]z|<e

for some € € (0,1), and show that the mean-square convergence rate is preserved. However, that is not a very
economical way of simulation, as pointed out by Fournier [9]. Indeed, when the small jumps are completely
ignored, the expected computational cost

E,(h)=0 (lfl +v ({|z] > 6)}) ,

can be considerably large. This happens, e.g., when the Lévy measure v behaves like a-stable near 0, i.e. there
exist 7 > 0 and « € (0,2) s.t. the following condition holds:

Assumption H(7, a). v(dz) ~ |z| 777 %dz, V0 < |z| < 7.

The symbol ~ is used where both sides are bounded by each other up to a constant factor depending only
on ¢. Given condition H(7, a), the set of big jumps has measure v({|z] > €}) ~ e~ %, and one has to choose
€ = h*/(2=9) to ensure the order 1/2 of mean-square convergence. As a result E,(h) = O (1t + ha/(o‘_Q))
explodes when « is close to 2.

As a remedy, one may consider approximating the small jumps (1.3) with a normal random variable using the
central limit theorem, on which some classical theorems can be found in several books such as [2, 16]. Asmussen
and Rosinski [1] adopted this idea and derived some Berry-Esseen bounds for the normal approximation of the
small jumps Z%; they also gave conditions for the weak convergence in the Skorohod space. But their method
only works for ¢ = 1, and the Berry-Esseen-type bounds are not very useful for the strong LP-approximation of
Lévy-SDEs as they only concern the uniform distance between the c.d.f’s. Aiming at the Euler approximation
of (1.2), Fournier [9] proved that by adding this normal random variable to the Euler scheme the expected
computational cost can be controlled (no explosion of E,(h) near a = 2), while the 1/2 convergence rate is still
preserved. However, as pointed out himself, the method is also restricted to the case ¢ = 1.

Such a restriction of dimension only emerged at a key step in [9] (Cor. 4.2), borrowed from a result by Rio
[17] (Cor. 4.2) on the central limit theorem. The latter ensures that, for a sequence of i.i.d., mean-0 random
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variables? X; € R and Y, := m~1/2 > iy X for any m € Z7F, there is an absolute constant C' s.t.

(1.4)

]E|X|4 % 7%
m
varX ’

Wy (P, N(0,varX)) < C (

where IP,,, denotes the distribution of Y, and W,(-,-) is the p-Vaserstein (or “Wasserstein”) distance. For
probability measures P, Q on R?, such a distance is defined by

W= it ([ e yreanay)
Ra xRe

well(P,Q)

where IT(IP, Q) is the set of all joint probability measures on R? x R? with marginal laws P and Q. Rio [17]
(Thm. 4.1) in fact only assumed the independence of {X,}, but regarding central limit approximations and the
simulation of Lévy processes one only considers the i.i.d. case. The constant C in (1.4) would vary in p for a
bound in W, and is later optimised in [18]. Apart from the restriction ¢ = 1, Rio’s effective bounds only hold for
p < 4. But this has been improved by Bobkov [3] (Thm. 1.1), allowing the W ,-convergence of order O(m~'/2)
for any p > 1, assuming E|X[PT2 < cc.

The dimensional restriction in Rio and Bobkov’s results comes from the fact that when ¢ = 1, for p > 1 the
W, distance between two probability measures P, Q on R is explicitly given (see Thm. 2.18 and Rem. 2.19 in
120]):

W, (P,Q) = (/01 |[F~1(t) — G_l(t)|pdt>;, (1.5)

where p > 1, F,G are the c.d.f’s of P,Q, and F~!,G~! are their generalised inverses, respectively. For p = 1
there is a further equality W, (P, Q) = [, [F(z) — G(z)|dz; in general there is no explicit formula for ¢ > 2.
However, if two probability distributions IP and Q on R? have densities f and g, respectively, instead of the
precise formula (1.5) there is the inequality

W2, <G ([ lab17e) - afalac) " (16)

for all p > 1, as a variant of Proposition 7.10 in [20].

This article presents an attempt to handle the normal approximation for the small jumps (1.3) for ¢ > 2
using the bound (1.6), and give a positive answer to Fournier’s question.

Davie [7] sketched an asymptotic approach via Edgeworth expansion of the density of Y;,, and proved (as
a corollary to Prop. 2 therein) the rate O(m~'/2) under the assumption that all moments of X are bounded.
Moreover, he in fact showed a coupling between Y,,, and the normal distribution perturbed by polynomials.
Section 1 of this article basically follows Davie’s approach, but expounds detailed calculations and specify the
range of p and precisely how many moments of X are needed — see Theorem 2.7 below.

The rate of convergence for the multi-dimensional central limit theorem has been studied using different
methods. A strong result by Zaitsev (summarised as Thm. 2 in [22] and proved as Thm. 1.3 in [21]) gives a
sharp Chernoff-type bound, and by Chebyshev’s inequality the central limit theorem follows in a stronger sense:
for independent {X,} each having identity covariance and independent standard Gaussian {¢;} with partial
sums 1), := m~ /2 Z;n:l &;, if the law of each X satisfies certain analyticity conditions (see the definition of

the class A,(7) in [22]), then the distance maxy<,, |Yi — Tx| is of order O(m~'/2?logm) in probability. The

ZWhen only the distribution of the X’s is considered, the subscript j is omitted for simplicity.
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logarithmic factor emerges because the method is based on the dyadic approximation by Komlds, Major and
Tusnddy (KMT) [15]. The KMT method is much stronger than the usual central limit theorem since it considers
the simultaneous approximation between Y7,Ys, ..., Y, and 11,75, ...,7,,. Einmahl [8] generalised the original
KMT method to the multi-dimensional case, and Zaitsev’s theorem [21] is an improved version of that, albeit
it requires the local existence of the moment generating function.

Since the central limit theorem only concerns the coupling between Y, and 7,, one should expect the
logm factor to be removed as in the one-dimensional result of Rio. This has indeed been achieved by
Bobkov [4] (Thm. 6.1) under the assumption that E|X|> < oo; given only E|X|* < oo, his result is weak-
ened to O(m~'/2(logm)?/4~1). Tt is worth mentioning here that, shortly after this article had been submitted,
using Stein’s method Bonis [5] (Thm. 8) managed to achieve the optimal rate O(m~'/?) given only E|X|* < oo,
which is a significant improvement. However, both approaches only work for p = 2 since their arguments rely
on some entropic transport inequalities for the W distance. In this special case (normal approximation for Y,
in W) the result derived in this article is not optimal, as it requires E|X[*T7 < oo for some 7 € (0,1) and
Cramér’s condition limjs|_ e |Eexp(isX)| < 1.

Nevertheless, given that E|X|5*™ < oo and Cramér’s condition, the result here would give a coupling for Y,
of order O(m™') in W, for a positive even integer p. The proof is based on the Edgeworth expansion, which
Bobkov used in [3] (Cor. 9.2) to find a closer coupling Y, in the one-dimensional case: he achieved W, bounds
of order O(m~") with n > 1/2, but in return Cramér’s condition and some higher moments (depending on p, )
are needed. Theorem 2.7 here can be regarded as a generalisation of that.

In Section 2, the central limit bound in W, is applied to the normal approximation for the small jumps
(1.3). This is done by viewing Z; as a compound Poisson process, assuming Cramér’s condition and that the
Lévy measure v is sufficiently singular at 0 (Thm. 3.1). A desired coupling W, (Zf, vVtN (0, X)) = O(e) is then
achieved for t = € and X = [, <lel<e 22" v(dz), which covers the case H(7, ). However, those assumptions can
all be removed if one compromises for a suboptimal rate, as is proved in the appendices of Godinho’s paper [10]
(Prop. A.2), where only bounded jumps are considered. Again, there is a logarithmic factor because the proof
directly uses the aforementioned result of Zaitsev.

Finally, the significance of using the Vaserstein distances instead of other ones is that, when generating
numerical approximations for an SDE, the convergence in W, is equivalent to the usual strong LP-convergence.
The reader is referred to the last section of [6] for a discussion on the contexts where such a substitution holds
or fails. Unlike some of the results therein, the method to be introduced here is applicable to the simulation of
stochastic flows defined by a Lévy SDE, since it only aims at a coupling for the increments Z;, — Z;, .

Throughout this article the generic positive constants C. and c. may change their values, with subscripts
indicating their dependence of parameters. The notations < and 2 indicate inequalities that hold with a factor
C,. The notation ¢y always stands for an R%-random variable following A/ (0, X'). The symbol | - |, depending on
the object it acts on, stands for the modulus of vectors on R?, the absolute value for scalars, and the 1-norm of
multi-indices on N?. For any p € N?, it would be convenient to introduce the notation |p| := p1 +2p2 +- - - +¢pq-
In the context of matrices, I stands for the identity matrix and | - || denotes the 2-norm, which is equivalent to
any matrix norm.

2. A COUPLING FOR THE CENTRAL LIMIT THEOREM

This section follows Davie’s asymptotic approach via Edgeworth expansion briefly sketched in [7], and elabo-
rates each step rigorously. The goal is to achieve a good W, bound for the central limit theorem using inequality
(1.6), and for that one may first approximate the Fourier transform of the central limit sum.

2.1. Asymptotic estimates of the characteristic function

Let ¢ € Z™ and {X;};>1 be a sequence of i.i.d. Ré-random variables with mean 0, covariance X and char-
acteristic function y, and define the weighted sum Y;, = m~1/2 Yot X;, m € ZT. Denote by t,,, and P,
the characteristic function and distribution of Y;,, respectively. Then one has asymptotic expansion (using the
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- Qg
multi-index o € N9, s% = s7' -+ - 547):

where p1o = p1a(X) = i71%19% 1og x(0) is the a-th cumulant of X. This gives a formal expansion for log 1y, (z) =
mlog X(m_l/Qz) ~ —%z - Xz 4+ Z|a|>3 %ml_mwuaza, implying that

k=1

rn(2) ~ €355 (1 + Zm-’SPk<z>> , (2.1)

where Py (z) is a polynomial whose monomials have highest degree 3k and lowest degree k + 2, with coefficients
bounded by Cj(E|X|**2)* — see Lemma 7.1 in [2]. The inverse Fourier transform of (2.1) gives the Edge-
worth expansion for the density f,, of Y,, if it exists. Detailed derivation for ¢ = 1 can also be found in [16]
(Chap. VI).

In this section, the shorthand notations ¢ := m=1/2, P, . := 1+, _ &Py, Vr € Z*, and P, := P. o are
used, and € and m may be frequently interchanged. Denote by A1 < --- < Ay the eigenvalues of Y, and assume

A1 < 1< A\, without loss of generality. Furthermore, VM > 0 denote s := 1V E|X|M, then K‘,MM increases in
M by Holder’s inequality, and so does xps. By Lemma 6.3 in [2], |pa| < Cakjql, Voo € N9

Lemma 2.1. Suppose that X is non-singular, E|X|"T™ < oo for a fized integer n > 3 and 7 € (0,1). Let
B €(0,1/3) and § := min{)\l/ng,ngl/nﬂ}. Then for m € ZF and |z| < m'/25, [ (2)] < exp (—1z- Xz); for
m > max{(k3/A\1)3, n;njﬁ{4’6/(n(173ﬁ))}} and |z| < mP/2,

wm(z) N 67%'2'227)57”_2(2’)’ < Cn;r’fZ;?— (|Z|n+-r + |Z|3(n71)) ef%z-2z8n72+f' (2.2)

Proof. First of all Taylor’s theorem gives the identity
1 t1 i0(s-X) 2 3

x(s):1—§s-Es+IE 2¢ (1—0)(is- X)°db. (2.3)

0
Then for |s| < 61 1= A1/kg < \/2/\q, the inequality logu < uw — 1, Vu > 0, implies that
1 1 3 13 1 1 31 12
log [x(s)| <log [ 1 — 28 Ys+ 6E|X| ls]” ) < —3s Ys+ 661E|X\ |s]

1 1 1
< - 25" Ys+ Z)\1|s|2 < 25 Xs,

and the first claim [¢),,,(2)| < exp (=32 - ¥'z) holds for |z| < m'/26;.
On the other hand, for |s| < n;1/3/2 < )\(1_1/2/2, from (2.3) one sees that

1 1 1
Rex(s) 21— §>\q|3|2 - 61E|X|3|5|3 > 5
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and hence the principle branch of log x(s) is well-defined, and |x(s)| > 1/2. For fixed n > 3, define, Vs € RY,
ol ol "o _
? ? o o .
S,(s) := Z s, Tn(s) = Z T BX —Zﬁm(zs-x)f.
|a]=2 |a|=2 j=2

Then Vu € R, the bound [e®™ — 1] < 2 A |u| < 2177 |u|™, V7 € (0,1), and the identity

¥

u - (Zu)k v /1 _ p\yn—1, n (,i0u
e —Zik! +7(n—1)! ; 1-6)""u (e 1)d9,

k=0

lead to, by the substitution u = s - X and taking expectation,
IX(8) =1 = Tu(s)| < Crtinarls|™ 7. (2.4)
Meanwhile one can write the following expansion (with Taylor remainder R,,(s)):

N ;
log (1+Tx(s)) = Z TTH(S) + R, (8) = Sn(s) + Sn(s) + Rn(s),

=1

where S,,(s) is a polynomial of which each monomial has degree at least n+ 1. The fact that the first few terms
agree with S, (s) is due to the relation between the cumulants p, and the moments EX® (see [2], Sect. 6, p. 46).
By the multinomial theorem, for I = 1,...,n each monomial o, ;(s) in T} (s) takes the form

1
op1(8) = ”lPH SXJ+ ,

for some p € N*~1 |p| = [. Then the monomials 7, ,(s) of S, correspond to those with p satisfying Z}:ll (j+

1)p; = |pl« +1 > n+ 1. If one further chooses 6 := ﬁnl/n/Q < 1, then for |s] < da,

n—1
~ w n+1,.—(|pls+Hl—(n+1))/n (lplx+1)/(G+1)
130(3)| < Ciuls'?- H%H\nW\Hﬂm (t)/m T e}
j=1
1 W/ T : Un 1/G+10)\ Pl H 141 1
= Cpals/" e T ( 2 ) < Ch ™"
j=1

where Holder’s inequality is used in the last step. Therefore |§n(s)| < Cnfs,lfl/"\s\"*l. Also notice that,
for |s| < 0y and j = 2,...,n, one has |s|7'k; < /i,l/"(fﬁﬁl/nﬁ;/])j < k™. This implies that T (s)] <

Sio sV g8l /5 < (e — 2)k/"|s|/2 < 1/2, and that |1 + 0T, (s)| > 1/2 for any 6 € [0, 1]. Therefore

T n+1
29) " 49 < T (5) 7 < Gk FUm s, (25)

1/t .
|Rn(3)\§*/0(1—9) T 0T,(s)

n!

which leads to the bound |log(1 + Ty(s)) — Sn(s)| < Cpren/™|s|7 L.



118 X. ZHANG

Notice that for |s| < d2 < 1 both Rex(s) and Re(1 + T5,(s)) are no less than 1/2, implying that |0x(s) + (1 —
0)(1+T,(x))| > 1/2 for any 6 € [0,1]. Thus, by the triangle inequality and (2.4), one deduces
llog x(s) = Sn(s)| < [log x(s) —log(1 + T5(s))| + |log(1 + Tn(s)) — Sn(s)]
< 2[x(s) =1 =T(s)| + [log(1 + T5(s)) — Sn(s)|
< Cprki /M| sn

n,7Knyr
Returning to ,,, as log ¥, (z) = e "2 log x(£z), from the estimate above one has

log Y (2) — £728(2)| < Crrhipi "™ 247 2|77 (2.6)

Moreover, writing U, (z) := %z - Xz +¢728,(e2), one can apply Taylor’s theorem again to the exponential
exp(U,(z)) (recall the notation P .):

il 1 1

(3 _ _

exp |E| EEloz\ QMQZG — 1+Un(2)+iU2(z)+...+ng 2(Z)+V(Z)
al=3

=1+ Pepa(2) + P(2) + V(2),
where P(z) = 0 for n = 3 (i.e. Py(z) = Us(z) contains all the cubic terms) and otherwise a polynomial of degree

n(n — 2) with complex coeflicients that contain products of the cumulants . up to |a] = n and powers of € at
least n — 1; the Taylor remainder V' (z) is given by

1 1
174 - - 1-6 n72Un71 0Un(z)d0.
()= Gy [, (1= 00 e
For |z| < m'/6 = ¢=1/3, one claims the following bound:
‘]3(2)‘ < CnlﬁJ2725n71(|Z‘n+3 + |Z|3(n71))'
This can be seen by checking the powers of € and z in each Ul (z), | = 1,...,n — 2. For each I, the multinomial

theorem gives (with multi-indices p € N*=2, o € N9)

AR = 1,
Ui =0 S ()@ T 3 g

lol=1 =1 \Jal=j+2

P

Then each monomial of U}, (2) is bounded by Cj,, , and the monomials p, ;(z) of P(z) correspond
to those with |p|, > n—1and ! > 2. When |p|. + 2 < 3(n — 1) the claim follows immediately from interpolating
the powers of |z|; when |p|, + 2] > 3(n — 1), note that |p|. > |p| = [, and so for |z| < e/,

Poi(2)] < anﬁlg%(lpl*—lﬂn—l|Z|3(n—1) < Cnl‘{z—an—l|Z|3(n—l).

Regarding the Taylor remainder V'(z), notice that for |z] < e ?, VB € (0,1/3), and ¢ < x !,

n—2 n—2
U (2)| <ZE]|Z|J+2K 42 < ZEJ B2k 40 < ZE% i) G2 g 3
Jj=1 j=1 j=1

3 L _2) ;i
< wETETIU s (- g)dmelof?,
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_ 3/n_1-38 .
and furthermore |U,,(2)| < (n — 2)ky/ "¢ . Thus one arrives at
[V (2)| < Cprd exp ((n - 2)51*%%5’/") ez 2n—D),
Now recall that e 725, (ez) = —1z - ¥z + U,(z), and by the triangle inequality,

U (2) = T HIIP o2 < [l @) e T

N — 1,
eI b T, _o(2)|

< lm ()] |1 = exp (= loghm () + =728 (e2)) | + e~ 4=5% (| P(a)| + IV (2)])

Using the estimate (2.6), the inequality |1 — e*| < el*l|u|, Yu € C, and the bounds for P(z) and V (z) derived
above, one deduces that for |z| < e # < e71/3,

¢m(z) - eiéz.zzps,n—Z(z)

< O ()] exp (2020, /M ) en =247 1

Ok 2 exp ((n _ 2)51—35K§L/n> (|3 4 ‘z|3(n—l))e—%z~22.

Now with & := &; A &, fixed, for m large one has m?/2 < m'/25. Also, for fixed 8 € (0,1/3) and 7 € (0, 1), one

may further choose m > mfﬁjl/n)/(nﬁ) Vv e/ (M738) ¢ the exponents in the coeflicients above are bounded

by 1. This is satisfied when m > ﬁ;ni);{4’6/(n(1735))}. For m > §=2 > §2/(°~1) the first claim still holds, and so
the second claim follows. O

In order to bound the integral of the left-hand side term in (2.2) over all of R?, one may assume Cramér’s
condition:

T [y(s)] < 1,

|s]—o0
or equivalently, there exist p > 0 and v € (0,1) s.t. the following condition holds:

Assumption CC(p,7). |x(s)| <, V|s| = p.

As explained in [2] (p. 207), if x satisfies Cramér’s condition, then |x(s)| < 1, Vs # 0; it is satisfied when
X has a density by the Riemann-Lebesgue theorem. Discrete distributions are excluded, but some singular and
yet non-lattice distributions are also allowed, such as the distribution on the Cantor middle-third set that gives
mass 277 to each interval on the j-th level.

Given the Xj’s satisfying Cramér’s condition, the following lemma shows that it is also satisfied for the
weighted sum Y,,.

Lemma 2.2. Let x satisfy CC(p,v) with p,~ explicitly known and 6 € (0,p A1). Then 35 = F(p,~,0) € (0,1)
.t |t (2)| <A™ for |z| > m!/35.

Proof. Let N € Z* and write x(Ns) = |x(Ns)|e?t, x(s) = |x(s)|e?%, where 6;, 6y depend on s. Then, with F'
being the distribution of X, one gets [, sin(s - — 6y) F(dz) = 0 and

1= x(s)] = /R (1 - cos(s -z — 6o)) F(dz) = /R 2 sin? %(s -2 — 00)F(dz)

1 LN 1
>W/JRQQSIH 5(8-$—90)F(dx) = W/RQ (1 —cos(Ns -z — Nby)) F(dz),
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where the inequality |sin(N¢)| < N|sin¢|, VN € N, ¢ € R, is used. Meanwhile,
|X(NS)| — 671‘91/ eiNsmF(dx) _ ei(NGgfal)/ ei(Ns-mfNé‘o)Pv(da:)7
Ra Rae

which implies

1 1 .
1—|x(8)| 22— — 7Re/ eZ(Ns~;c—N90)F dr
X(6)1> 3~ ahe | (o)
41 1 i(Ns-x— 1 1
= N2 N2 /R et N NGo)F(dx)‘ = T N2|X(N3)|~
q

Choose N = [(p+ 1)/d] > p/d, then [x(s)] <1 — (1 —7)6%/(p+1)? =: 7 for 6§ < |s| < p. Clearly ¥ > v, and
|'(/)m(2)‘ = ‘X(m—l/Qsz <ym <1 for |Z| > ml/2§. d

From now on the following bounds will be frequently used: VM, ¢ > 0,

/ ‘lee—cm-Emdx:/
Rae Ra

M
2

1 M 1 1
53yl el det (2—5) dy < Cyenr(detS) 27, 2, (2.7)

and

M
/ \x|M¢g(m)dm =C, E%y’ e*%‘y‘rzdy < C’qVM/\;TI, (2.8)
Ra

R4

where the inverse and the square root of X' are well-defined since it is positive definite.

Although Cramér’s condition gives some restriction on the law of X, it does not require the smoothness or
the existence of the density f,, of Y,,. In order to see how close the law of Y7, is to the perturbed normal
distributions from polynomial expansions, one may use a smoothing argument. Let f,, and 1, be the density
and characteristic function of the mollified measure P,, * 0,,, where 8,, is a measure with smooth density, still
denoted by 6,, or 6.:

0-(x) = e 1D (e 1), (2.9)

for some function 0 < h € C§°(R?) supported on the open unit ball and [, h(z)dz = 1. Thus 6. is a probability
density supported on {|z| < €"*'}. Write h and 6, as their respective Fourier transforms.

Proposition 2.3. Under the assumptions in Lemmas 2.1 and 2.2, for any integern > 3, 7 € (0,1), 8 € (0,1/3)
and m sufficiently large, it holds true that

J.

Proof. Note that Jm = 1h,n0., and by the first estimate in Lemma 2.1, for |z| < m'/35,

n—1

dz < Cyr(detT) 20, 7 w2247,

Jm(z) - eiéz‘zzpe,n—Q(Z)

[Fn(2) = Um (@) = Wm0 2) = 1] <l | e = 1] (o)

< [P (2)]|2Je™ Tt < e |zlem 1222,
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Hence by the second estimate in Lemma 2.1 and the triangle inequality,

‘Jm(z) - 6712-227387”_2(2)‘ < On,T/QZ-T_-?—gniZJrT (|Z‘n+'r + ‘Z|3(n71)) e*%z-Ez’

for |z] < mP/2 < m'/26 for m large. Also for all z € RY,

0.(2)| = / ¢ 0 (2)da
|z|<entl

_ |/ eiz-zg—q(n—o—l)h(g—n—lx)dx
|z|<entl

:‘/ Ty = [ )| < e (2.10)
y|<1

for any K > 0, since h € C3°(R?) with all the derivatives in L1~(R‘1). Then for |z| > m!'/26, as [t (2)| < 3™ by
Lemma 2.2, one may choose K = g+ 1 for convenience and [t,,(2)| < ™ min{1, C,e (@D +1)|z|=a=1} For
|2| < m'/25 one still has |1, (2)| < exp(—12- Zz).

Given all the estimates for ¥,,(z) on different domains, one can split the integral in question into three parts:

i [

Ra

B </ +/ +/ ) ’Jm(z) - eiéz'zzpe,n—ﬂz) dz.
|z|<mpB/2 mB/2<|z|<m1/2§ |z|>m1/2§

Then by virtue of Lemma 2.1 and Lemma 2.2,

Um(2) — e 2755 P, 1 _o(2)|dz

T — _ — — 1, _ 1,
I< Cn,'r"fZJrif‘:n 2+‘r/ (‘Z|n+7—_’_ |Z|3(n 1)) e~ 1% 2zdz+/ e 17 Ezdz
|z|<mP/2

1
mB/2<|z|<m?2§

+ / 7" (1 A cqs*<q+1><““>|z|*q’1) dz + / e 3 P o (2)]dz.
|2 >m1/25 |z|>m#B/2

Use (2.7) for the first integral, combine the second and the fourth, and split the third into the set where |z] is
large and its complement to get (A denotes the Lebesgue measure on R?)

I

N

Cn o (det2) AV 2en=24 L 5m A ({J2] < Cpe 1)

n—2
2|79z + 2/ - e i <1 + ) e |Pk(Z)|> dz
z|>m

+ O me @Dt /
k=1

|z]|>Cqe—n—1

_3(m—
< Cynr(detX) "2, 2 l)mZﬁe”’Q“ + C e (@Dt
n—2
1
+ Cq’"/ em T 1+ Z ek |23% | dz.
|z|>m#B/2 Pt

The second term can be absorbed by the first term if m is sufficiently large s.t. it satisfies the criterion for m
in Lemma 2.1 and that

Frmp =) (et ) ~3A 2D gn 2 (2.11)
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For the third term, notice that |2| > 1 and that 1 < ¢|z|*/#, V3 € (0,1/3). Thus
T< Cpnr(det ) IAT T pn2en=247 4 ¢ 2 / €T (e2|VP) 1z,
R4

and the result follows from (2.7) again. O

2.2. Perturbed normal distributions

Now given Proposition 2.3, one can approximate the density fm by the inverse Fourier transform F~! of
exp (—%z . Z‘z) P.(z). Define, Vx € RY, the Edgeworth polynomials {Q} by
b (2)Qp () = F! {e’%Z'EZPk(z)} (), VkeZ*, (2.12)

and accordingly Q. , =1+, _, e*Qy, Vr € Z*. Then each monomial of @} has the same degree as that of
Py. In fact, if ¥ = diag(A1,...,A), one can explicitly show that

3k q
Qu(r)= > (1)l [T A7 Ha, (322)). (2.13)
loe|=k+2 j=1

where by = ba(up : |8] < k+2) is the real coefficient of (iz)* in Py(z) satisfying |ba| < £}, ,, and H; is the
Hermite polynomial of degree j. See [16] (Chap. VI, Sect. 1) for the precise values.

Remark 2.4. Since exp(—3z - X2)P. ,—2(2) and 1, (2) have the same derivatives at 0 up to order n, the
Edgeworth sum ¢x Q. 2 and Y,, have the same moments up to order n.

For a positive-definite ¢ x ¢ matrix X, let 25 be the set of polynomials S : R? = Rs.t. [, Sj(x)¢s(z)de =0
and ¢ be the set of polynomials U : R? — R? s.t. U = Vu for some polynomial u : R? — R. Furthermore let
P be the set of sequences (S1,52,...), S; € Py, and P& be the set of sequences (U, Us,...), U; € Pq.

Given polynomials U; : R? — R, j=1,...,k, define U, y(z) :==x + 25:1 e/U;(z), Ve > 0. Then for a 5
following (0, X), the random variable U, ;(€x) is said to have a perturbed normal distribution, whose density
can be formally expressed as

Cerly) = det (DUZL()) 6 (UZEW)) -

Davie [7] (Sect. 2) showed, using a recursive construction, that one can approximate (. (y) by ¢x(y)S.1(y) =
ox(y) (1 + 22:1 Sij(y)) up to order O(e'*1), where for each j < I, S; : R? — R is a polynomial uniquely
determined by Uy, ...,U; only. Since ! is arbitrary, for each k the polynomials Uy, ..., U uniquely determine
a sequence (S1,S9,---), and hence the map Sy : (U1,Us,...) — (S1,52,...) is well-defined. Moreover, each
S; € 5 by Lemma 1 in [7].

A given sequence (S1,S2,...) € P can have several preimages under Gx. But according to Lemma 2 in
[7], if one restricts &x on P then it is a bijection.® As is shown in the preceding paragraphs therein, this
follows from the bijectivity of the linear map

Ly Po— Ps, Ux) =V -Ux)—x- X U(2).

3This is motivated by Brenier’s transport theorem for the quadratic cost — see Theorem 2.12 in [20] for the general statement

and Lemma 5 in [7] for a special case.
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The preimages of the bijection &y are defined inductively in the following way: given a sequence (S, 5s,...) €
Py, suppose Un,..., Uy € Pq are found with &x(Uy,...,U;) = (S1,..., Sk, Sk+1,-..), then adding an
additional Uy gives a different sequence

Gs(Ut,...,Up,Ups1) = (S, -, Sty Skt — LsUpis - - ).

This means that Uy € P is determined by the equation §k+1 — L5 Uky1 = Sky1. Writing U1 = Vug,
one looks for a polynomial w1 that solves the Hermite-type equation

— Aupyr(2) + 2 - X Vuppr (#) = Spyr(a) — Spyi(z), = € RY (2.14)

For the initial step set §1 = 0 and solve the PDE by induction on the degree of u;; at each step, first compute
Sk+1 from uq,. .., ur and then solve the PDE again by induction on the degree of u41 — see similar arguments
presented in the proof of Lemma 1 in [6].

The computation of Sy41(x) can be done in the following formal way. First write
¢5(2) = (o i (Ue k(2)) det (DU (2)) (2.15)

by a change of variables. With U; = Vu;, DU, (z) = I + Zle e/D?u;(x), and so the determinant above can be
expressed as 1+ ¢evy () + - - - +e%v ;. (), where for each [ < gk, v; is the sum of (875, u1)Pr -+ (92, ur)P* over all

the second derivatives and all multi-indices p € N¥ s.t. |p|. = [. Then by formally writing (. x(y) = ¢x (1)S-(v)
with y = Ug (x) and S:(y) =1+ 25:1 €195 (y) + Z;ik+1 €95;(y), one can rearrange (2.15) to get

1+eSi(y) + -+ "Se(y) + €Sk (y) + - --
exp {Z?Zl gz X7 1Vu;(z) + 3 Zi,pzl e t2Vu; (z) - X 1Vuy, (x)}
14 evi(x) + - + ey (z)
= 14Ty (x) +*To(x) + - - -,

where the series on the right-hand side is obtained by multiplying out the Maclaurin series for e* and 1/(1 + z).
Since differentiating a polynomial only changes its coefficients by a constant and reduces its degree, |Ti41(z)| <
Con|Z7H Sy (1 fun @) )7 (L + ()7

On the left-hand side, each polynomial S;(y) with degree d; > 1 can be expressed as S;(z) + ew;1(x) +
o+ + e%Fw; g () by its Taylor expansion about x. Since all the derivatives of Sj(z) have their norms

bounded by Cy (14 |S;(x)]), one has, for each j < k and I < dj;k, that |w;(z)| < Cy ;. Zi:l 2pplmi(l+

[S;(z))|Ur(x)|P* - - - |Us(z)|Ps. Thus, by expanding out Sk11(y) in terms of z and matching the coefficients of
e**1 on both sides, one gets

Skr1(2) = Tipr () — wea () — wim12(x) — -+ — wok—1(2) — w1 k(2). (2.16)

Although the calculation for §k+1 above is completely formal, it is equivalent to Davie’s construction in [7]
due to the uniqueness of the power series expansion. For a rigorous proof of such an approximation of (. j, the
reader is referred to Proposition 1 in [7].

Remark 2.5. The set £ is invariant under orthogonal transformation: given U(z) € £ and an orthogonal
matrix A, the polynomial G(x) = A71U(Ax) also lies in Zg.
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To see this, notice that if U(x) = Vu(z) and A is a ¢ x ¢ matrix, then g(z) := u(Az) has gradient ATU(Ax)
and so G(x) = Vu(Az) if A is orthogonal.
The following lemma is a quantitative application of Proposition 1 in [7].

Lemma 2.6. The real polynomials {Qr}5>, uniquely determine a sequence of polynomials {py}32, € P& s.t.
Vr € Z' and ¢ sufficiently small,

(i) |pe(@)] < k)\75k(k+2)/\1+ 2k(k+2) ’fig (1 + |x|3k) forallk=1,...;r and x € RY;
(i) The mndom variable pe ., (x) == Ex+ > 1, €"pr(€x) has density (. »(z) = ¢x(2) Q. r(x) + Re - (x), where
for any M > 1,

/ |IE| s’r‘( )|dx q’I’M)\l 5(7’+1)(T+2))\2(T+1)(7+3)+ 5’1—21)25

Proof. First of all, the Edgeworth polynomials {Q} defined by (2.12) are orthogonal to ¢x:
qbg(x)Qk(x)da: = QSZQk(O) =1- Pk(O) =0.
R4

Thus {Qr} € £, and hence {pi} := 651({632;@}) gives the sequence sought after; for a fixed r, py,...,p, are
determined by Q1,...,Q, only. Moreover, if &x(p1,...,pr) = (Q1,...,Qr,Qrt1,---), then the density (., of

Per(§x) can be approximated by the expansion ¢x(Q. , + £"1Q,11) according to Proposition 1 in [7]. More
precisely, VM > 1,

/ 2] |G (@) = D5()(Qe () + € Qria(2)|de < Cy oy KNre"™2, (2.17)
Ra

where K, is an upper bound for || X||, ||~ | and the absolute value of the coefficients of py,...,p,, and N, =
N,(g, M) > 0 is a constant depending on the maximum degree of pi,...,p,. Then for ¢ < K, ™ this bound
can be brought down to C, . pre" !, and it remains to find an upper bound for é’l‘+1 to derive the estimates in
question. _ _

For all k < r, write pr = Vuy where uy satisfies (2.14) with Sy = Qr and Sy = Q. Assume that X is
diagonal. Then by (2.13), Yk, z one has |Qx(z)] < Cq Al 3k/‘zkﬁ(l + |z[**). Now one can bound the polynomials

{Qr} and {uz} inductively. For each k < r — 1 suppose that (i) holds true for all j < k:

—55(j+2) y1+55(5+2) 52
Juj ()] < Cay Ay POTDNTFHUD T (1 g |2f3).

From the construction of T;41 and {w;;} one sees that,

e . 5N (s . * 52 Py
[Tea ()] < Col| DTN BB NGHTTRITEDTLT0 (1 4 [ 2001 )

< Qg FIORHD NIV (0T () 4 jgppiien)) (2.18)
0 0(@)] < Cy Ay ¥OE SHDeyHS Zls(s+2)pe Al (1 + |x|3j+2f35ps)
< quj7l>\1_3j_5l(l+2)>\i1+%l(l+2)liiilg(l+l) (1 n |z|3(j+l)) ’
where " denotes the summation over j = 1---,k and all multi-indices p € N* s.t. |p|, = k + 1, and

ST denotes the summation over s = 1,...,1 and all p € N s.t. |p|, = {. Then ‘Zj+l=k+1 wji(7)| <
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55 . ~
Cq7k/\1_5(k+1)(k+2))\];(2k+6) 5/1451) (14 |z[**+D), which is no more than (2.18), and hence by (2.16) Qx1 has
the same bound as (2.18).

For each a € N9 it is known that the Hermite-type polynomial

Ha E f[ 1/2 )

is the eigenfunction of the differential operator of the equation (2.14) corresponding to the eigenvalue
Vo 1= D54 ajA; b < Jal/A,. Since {H, s} form an orthonormal basis for the Hilbert space L?(RY, ¢xdA),
the polynomlal Uk4+1 can be expressed as

Upt1(z) = Z CaVy  Ho 5(1),

la|<3(k+1)

where cq = [p,(Qr+1(2) — ka+1(2>)Ha,2(Z>(z)E(Z)dZ. Then by the Cauchy-Schwartz inequality and (2.8), the
above estimate for Q41 implies that

e (@) < Gy ca( |Qk+l<z>—@k+1<z>|2¢z<z>dz) A (14 Ja] ™)
la|<3(k+1) Re

Cq,kAl‘(’““)“k*”)‘%(k“)/\(k“)(3“6)*%(“1)“55’12”2 (1 n |x|3(k+1))

< qu}ﬁ)\—s(k+1)(k+3)>\1+ 2 (k+1)(k+3) 5’121)2 (1+‘m|3(k+1))7

which agrees with the induction hypothesis; the initial step for w; also holds true as @1 = 0. Therefore the
bound in (i) holds true for each wuy, and it holds true for its gradient p, too. The induction step also gives the
bound (2.18) for Q,1, and hence (ii) follows from the triangle inequality and (2.8) again.

For a general positive-definite X', one diagonalises it with an orthogonal matrix A and applies the same
arguments above to the scaled polynomials p(z) := AT p(Az). By Remark 2.5 the p}’s still lie in ¢, and the
results still hold. O

The proof above takes a compromise approach by introducing @rﬂ in (2.17): the condition “c sufficiently
small” is not needed for Lemma 2.6, as Proposition 1 in [7] allows an O(e"*1) estimate for [p, [z [, () —

¢5(x) Qe r(x)|dx for all € > 0. However, whilst practically K, = )\_5T(T+2))\1+5T(T+2)/2 Tz 5 by (i), it is rather
complicated to compute N, explicitly.

Before proceeding to the main result, given fixed parameters § € (0,1/3) and ’7,7' € (0,1), it would be
convenient to combine all the criteria for € together: for any integer r > 3 the statement “m sufficiently large
w.r.t. 7 or “c sufficiently small w.r.t. r” refers to that m > ffﬁ“ 6/ (rA=36)} \, KQNT * with Ko, Ng:=1

and that (2.11) holds for n = 7.

2.3. Main result and some special cases

Given Lemma 2.6, it will be shown in the following theorem that the normal distribution N (0, X) perturbed
by the polynomials {py} is close to the law P, in the Vaserstein distances. The proof is a more detailed and
quantitative version of what is exhibited in Section 4 in [7], and specifies the dependence on X' and certain
moments of X.
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Theorem 2.7. Suppose X is non-singular and x satisfies CC(p,7) for some p > 0,7 € (0,1). Fiz an integer
n >3, an even integer p € 22+ and B € (0,1/3). If B|X|P=2+2+7 < oo for some T € (0,1), then for m

sufficiently large w.r.t. p(n —2) + 2,

WP(Ym7 pm,n73(52)) < Cvp’q’n’,,_,EXWL_("_2)/27

where P .n—3 18 the polynomial defined by Lemma 2.6, and Zx 1is a constant depending on p,q,n, 3,2 and

moments of X up to order p(n —2) +2+ 7.

Proof. Denote r = p(n — 2) 4+ 2. Taking the inverse Fourier transform, Proposition 2.3 implies that for all € R?

and for m sufficiently large w.r.t. r,

Jm(z) — e_%Z'EZPE,T_g(z) dz

Fros(e,2)] = |Ful@) — 65(2)Qerale)| < / q

_r—1

1 — p—
< Cyrr(detX) 20 27 k1727 24T,

The goal is to use the inequality (1.6) to bound the W, distance, for which one first writes
[ laPIFae.)do < [ (ol (Fala) + 65(0) |Qur—ala)l) do < 4 2+ B,
R4 Ra
where, for any 7 € (0, 7),

I ;:/ ‘x|p‘Fr_2(€,l’)|d$, I I:/ |x|p¢2($) |Qs,r—2(x)|dx,
|z\g5—n/(p+® |g;|>5—n/(p+Q)

Is ::/ |z|PFr_o(e, x)dx.
|z|>e—n/(P+a)
For any fixed p > 2 and 1 € (0,7), one finds, by virtue of (2.19),
_r
I < Cq,r,r(detZ)*%)\l T 2er AT,

For the integral on the complement {xz : |z| > e~ PT0} = {1 < ¢|x|PT9/1} one gets

r—2
I, </ |z|Pps () kT2 1+Zsk|w\3k dz
‘a;|>5—n/(p+q) b1
+ pypta . q
B r=Dae < Cr)\;Jr = (7 )n;’QsT’l,

<C, 2P ds (2)r] 2" o
|g;|>g—n/(p+q)

due to the fact that (p+ ¢)/n > 3 and (2.8). Also observe that

B < [ ol (Falo) = 05000 ala)) o+ By = Iy 1,

(2.19)

(2.20)
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by the triangle inequality. In order to get a good estimate for I, first observe that Vp > 2 by Rosenthal’s
inequality — see e.g. Lemma 1 in [11],

p
m

/ [@PP o (dz) = BV, [P =m fE|YX;| < cp( ~5E|X[” + (E|X]| )%) (2.21)
Ra ;

j=1
Also, from the construction of 6. (2.9) (now supported on{|z| < e"*'}),

/ 2P0, (dz) = / PP h(y)dy < PO, (2.22)
R ly|<1

by a change of variables. For an even p > 4, as p < r observe that all the moments up to p of the expansion
¢ Qe r—2 match those of Y;,, by Remark 2.4. Hence by (2.21) and (2.22),

< [ [ ol = ol P (o) () < cp,qz [ L o)
<Cpue [ ol Pn(dn) < Gyt (sp*3E|X|p*1 +07);
R4

for p = 2 the bound is reduced to O, ,e" ' (E|X|?)'/2 by (2.21) and Hélder’s inequality. Therefore, altogether
one arrives at, for p < 7,

-1 7% %erth r—1) r—2 r—247—
[z |P|Fr—2(e, 2)|dz < Cpqrr | (detX) 72X A 7 Kpqr€ "
Ra
Finally by the triangle inequality one removes the (r — 2)-th term in Q. ,_s:
ol? Frale)de > | (ol Froaleo)lde = Cooe' 22 [ fal? (Jal” + o) 6dz,
Ra R4 R4
and uses (2.8) again to deduce the following estimate for the Edgeworth approximation:

r—1

_ pypta(,._
/ [P Fy—3(e,2)|dz < Cpg.r <<det2>%A1 HESVAE 1)) K2
Ra

Since the smooth measure 6. is also supported on {z : |z| < "2}, the estimate above implies that the
Edgeworth polynomials {Qy} € &5 form an Ag-sequence for the family of probability measures {IP,,} — see
Definition 1 in [7]. Then one can extend the expansion Q. ,_3 to a larger value of r and take the pth root to
get a W, estimate, as in done in the proof of Theorem 4 in [7].

With the polynomials {px} = 651({Qk}) and per—3, Rer—3 defined as in Lemma 2.6, using the triangle
inequality and the inequality (1.6), one can deduce the following estimate for an integer n > 3 by replacing
r = p(n — 2) + 2 in the estimate:

Wp (Ym7 pe,p(n72)71(§2)) < Cp (/R ‘Jj|p‘Fp(n,2),1|d$ +/ |x|p ‘RE;P("*Q)*I(:E)’ dl‘)

n—2+1 1+5Ha(n—242 " o
< Cpgn,r ((detE) % )‘1 i 2 +A 7 ( )> f (n2 2)424+7° ?

Oy AT 5(n—2)(p(n— 2)+1))\2+ 8 (n—2)(p(n— 2)+1)H;ngz ggilgn—27
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whilst the excess terms from n — 2 to p(n — 2) — 1 can be handled by (i) of Lemma 2.6 and (2.8) again:
p(n—2)-1 o\
Wp (ps,p(n—2)—1(£2)v ps,n73(£2)) < Cp E Z Ekpk(fﬂ)
k=n—2

—5p%(n—2)%45, 3p°(n—2)>+2p(n—2)—3 (p(n—2)—1)% n—_2
< Cpany Ad ’ Kp(n—2)+1 e"

Thus the claimed result follows from the triangle inequality. O
Remark 2.8. The highest moment of X needed for Theorem 2.7 is independent of the dimension q.

The optimal result for the central limit theorem for ¢ = 1 is already given in [3], which is not fully recovered
by Theorem 2.7 as the inequality (1.6) is rather crude compared to (1.5). For ¢ > 2, Theorem 2.7 immediately
implies the following (by choosing n = 3):

Corollary 2.9. Suppose the i.i.d. random variables {X;} have non-singular covariance X and satisfy CC(p,~)
for some p > 0,v € (0,1), and let p € 2Z*. If E|X[PT2T™ < 0o for some 7 € (0,1), then by taking e.g. 8 =
1/6, n = 7/2, the following holds for m sufficiently large w.r.t. p + 2:

W, (Vin, €5) < Cpgor ((dot) 7/ @O OTP) L z@rra)(Ha/m)/m1/2) oy o 1/2

—5p2 45y (5p2+3p)/2—3 , 2V(P—1)% __1/2
+ Cp g Ag Kpii m= /e

As mentioned in the introduction, for the special case p = 2 this corollary is weaker than the results of
Bobkov [4] and Bonis [5]. Although the condition E|X|*T™ < oo is slightly better than that of Bobkov, he does
not require Cramér’s condition as he aimed at estimating the relative entropy H(P,,||N (0, X)), which in turn
gives a bound for the Wy distance according to Talagrand’s transport inequality [19]. On the other hand, Bonis’
optimal result relies on a differential estimate for the Wy distance in terms of the Fisher information. As the
W, distance enjoys those special properties, the inequality (1.6) does not provide a sharp bound.

However, Theorem 2.7 can potentially give higher-order convergence if one considers a non-trivial expansion
(n > 3). For example, when choosing n = 4, one gets a rate O(m~!) under Cramér’s condition and that
E|X|®"™ < oo. The task is to find the polynomial p; using the method described in the discussion before
Lemma 2.6: given @1 (z) defined in (2.13), one looks for the unique (up to an additive constant) polynomial
solution u; : R? — R satisfying (2.14) for the initial step:

—Auy(2) + 2 - T WVui(z) = Q1(x).

To illustrate that consider the simplest case where ¢ = 2 and X = I. The cubic polynomial 6iP;(z) = ,u(370)zi)’ +
3p2,0) 2122 + 31(1,2) 2175 + (0,3) 75 gives

6Q1(x) = w0 Hs(x1) + 3p2,1) Ha(x1) Hi(22) + 3p(1,2)Hi(21) Ha(22) + p0,3) Hs (22).

Notice that z - Vu(z) = ku(z) for any monomial u of degree k, and so the polynomial solution to the PDE
above is cubic with no quadratic terms. Then using the property H ]’ = jH;_; and matching the coefficients on
both sides of the equation, one gets

1 1 1 1
uy(v) = ﬁﬂ(s,o)Hza(xl) + 6#(2,1)H2($1)H1($2) + 6#(1,2)H1($1)H2(352) + EM(0,3)H3(5U2)

1 1
+ g(ﬂ(s,o) + p,2)) Hi(21) + g(ﬂ(o,s) + pe2,1y) Hi(2e) + C,
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and hence the perturbing polynomial p; = Vu; is found.

Under certain stronger conditions, one can also obtain higher-order convergence without specifying the per-
turbing polynomials py. For ¢ = 1, Bobkov [3] (Thm. 1.3) proved that if EX* = E¢% for k=1,...,n —1, 3 <
n € ZF, and E|X[P("=2+2 < oo, then under Cramér’s condition one has W,(Yy,, £x) = O(m~("~2)/2), This
can be readily generalised to g > 2 by Theorem 2.7: if the first » — 1 moments match those of N'(0,Y), the
cumulants i, (X) = po(€x) =0 for all |a| = 3,...,n— 1, implying that P, = Q; = 0. This immediately implies
that Lyxpr =0 in (2.14) for all k = 1,...,n — 3, forcing px = 0. Therefore one asserts the following:

Corollary 2.10. Suppose the i.i.d. random variables {X;} with non-singular covariance X satisfy Cramér’s
condition and let p € 2Z+. If I3 < n € Zt s.t. EX® = BES for all || = 1,...,n — 1, and B|X[P=2+247 < o0
for some T € (0,1), then there exists a constant C depending on p,q, 7, X and the moments of X up to order
p(n—2)+2+7 s.t.

WP(Y’”th) < Cm—(n—Q)/Q,
for m sufficiently large w.r.t. p(n — 2) 4 2.

3. APPLICATION TO THE EULER APPROXIMATION FOR LEVY SDES

Consider the d-dimensional SDE (1.2) driven by a g-dimensional Lévy process (1.1). Assume that the Lévy
measure v has finite second moment, and the function ¢ : R* — R%*9 is bounded and Lipschitz. It will be shown
in this section that the g-dimensional small jumps (1.3) can also be approximated by a normal random variable
with rate 1 while the computational cost E, (h) remains controlled for v satisfying certain stable-like conditions,
in particular H(7, ).

3.1. Normal approximation of the small jumps

The way both Fournier [9] and Godinho [10] applied the central limit theorem for the small jumps Zf
is to split the time interval into m subdivisions and view Zf as the sum of the ii.d. random variables
jt/m
f(jfl)t/m
the range of the jumps {0 < |z| < €} into countably many annuli and represent the small jumps as a sum:

Zf = i /Ot /Q zN(dz,ds) =: i vy, (3.1)

r=ro r=rg

f0<|z\<e zﬁ(dz,ds), j =1,...,m. Here an alternative approach is considered: one may decompose

where 2, = {27771 < |2| <277} and 19 = —log, € > 0. Assume v to be o-finite and denote v, := v/(£2,.). By the
Lévy-1to decomposition one knows that each V;" is a compensated compound Poisson process with parameter
ty,:

N
Vi =Y XJ—ty,EX", (3.2)
j=1

where { X7} are i.i.d. random variables bounded within {2, and N; is an independent Poi(tv;.)-random variable.

Instead of directly working with V;", one may first consider a general compensated compound Poisson process
V; of the form (3.2) with parameter p, N; ~ Poi(tu) and the jumps X; on the interval [0, 1]. Expecting p to be
large, one can write

Ni
Y =p iV =yt ZXj ~ W2 EX,
j=1
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and approximate it by Edgeworth-type polynomials using the same recipe just as before.

Let ¢ and x be the characteristic functions of ¥ and the X;’s, respectively, and Yx be the covariance
matrix of X, with eigenvalues A\ x < -+ < Ag x, and similarly let kp x =1V E|X|™, VM > 0. Then, by
conditioning on the value of N; and taking expectation, one can write down the following simple relation
between the distributions of X and Y:

P(z) = exp {,u (X (u_%z) — 1) - i/ﬁz . IEX} .

Given this convenient expression, instead of taking the logarithm one may directly apply Taylor expansion to
x and find a formal expansion identical to (2.1) (with p in place of m):

k=1

Then the (n — 2)-th truncation of the series above satisfies the second bound in Lemma 2.1 for |z| < p%/2, g €
(0,1/3). Note that the Py here are slightly different (in fact simpler): since no logarithm is taken, the cumulants
{1 are replaced with just EX®. For |z| < pu'/26 = p'/? min{\; x /K3 x, m;%”ﬁ} the first bound in Lemma 2.1

still holds since

) =[exp {u (x (5742) = 1) it mX |

< —%Z*sz+%p7%E‘X|3|Z|3 < —123%xz
€ < .

€

Moreover, by imposing Cramér’s condition CC(p,~) on the distribution of X, one can still achieve a similar
bound for [¢]:

()l =Jexp {x (u22) ~1—intz - Bx )|

- (eXp {Rex (“_%Z) - 1})H < (77" e (0,1), (3.3)

for |z| > /25 and some 5 € (0, 1) according to Lemma 2.2. Thus one arrives at virtually the same estimate as
in Proposition 2.3, and therefore Theorem 2.7 still holds true for ¢ = =/ sufficiently small w.r.t. p + 2, and
Corollary 2.9 applies with p in place of m and exp(§ — 1) in place of 7.

For the normal approximation (n = 3), since no perturbing polynomials py are concerned, one can scale the

jumps X := E)_(l/zX and deduce, V7 € (0,1),

1 1 1 —1)2
Wy (Vhﬂ“%fZ‘X) < [|ZX Wy (EX2 Vi, /ﬁfl> < Cp,q,'r’f;\_:_gp_i_:v))?)‘;,/fr (3.4)

One can apply the above arguments to the jump process (3.2) by scaling the jump sizes. For the jumps X7 on

each annulus (2., define X; := 2"X7 and )?j = Z§1/2Xj accordingly. For each fixed r, the X[’s are 1.i.d. with
characteristic function

x"(s) = 1/;1/ e Ty (dx).



MULTI-DIMENSIONAL CLT AND LEVY-SDE APPROXIMATION 131

This implies that X has scaled covariance Xx = v, 12" [, zav(dxz) with eigenvalues \j x = v, 122" \; ., where
Al < -+ < Ay, are the eigenvalues of X, := [, zz"v(dz). Also notice that E|X[M = v 12 [ |z[My(dz) <
1, YM > 0, implying that E[X|M <A, y/%.

Thus, if X, is non-singular for each r, then (assuming A\; x < 1 w.l.o.g.) one can apply (3.4) with parameter
Hn=tr,:

W, (V7o Vigs, ) = 277W, (V) Vs, )
—(v ey (pyagr _
< CIMLT/\L(XV 2wkt ))‘é,/v?yr 1z, (3.5)

Denote further X, := f0<|x|<€ xx "v(dz), then from this bound one can find a coupling between Z§ and A (0,¢X.)
under suitable conditions.

Theorem 3.1. Suppose &.(s) := x"(2"s) satisfies CC(p,~) for some p > 0, € (0,1) uniformly for all r = ry.
If vt =0(277) as r — oo, then Vp € 2Z%, t > € and € sufficiently small,

W (Ztev \/zfze) < G 4e.

Proof. Note that on each £2,. it is always true that \,, < tr¥, < 272"y, and \,, = ¢ 'trX, > ¢ 12720+,
Write &,.(s) = [£,(s)|e??, where 0 = 0(r, s) satisfies er sin(2"s - x — 0)v(dz) = 0. Then fQ sin(2"s - z)v(dx) =
tan® [, cos(2"s-z)v(dwr)if § # £7/2 mod 7, and otherwise [, cos(2"s-x)v(dz) = 0. By the uniform Cramér’s
condition for &, (s), there exist p > 0, v € (0,1) s.t. Vrr = ¢ and |s| > p,

|€-(s)] = 1/;1/ cos(2"s -z — O)v(dx) € [0,7].

r

If 6 £ +7/2 mod , expand out the integrand using the identity cos(a— ) = cosacos 8+ sinasin 8, Va, 8 € R,
replace the term [, sin(2"s - z)v(dz) and rearrange to get

(v cos @)1 /Q cos(2"s - z)v(dx) € [0,7].

T

Therefore, regardless of the values of 8, one always has ’fg cos(2"s - z)v(dx)| < vy, for |s| = p. Write s = |s|v

where v € S771 is a unit vector. Then for |s| > p,

v X = / lv-z|?v(dz) > 272’"+2|5|72/ sin?(2" s - z)v(dz)
= 272T+1|5|72/ (1 —cos(2"s-2))v(dz) =272 p 2(1 — y)v,.
This means \; . > 272"y, by choosing v to be the eigenvector of A1 . Hence A1, ~ \;, ~ 272"y, and A\ x =
1/;122T)\1,T ~1, Vr > rg.
Since &,(s) is the characteristic function of X = 2" X", the uniform Cramér’s condition validates the bound
(3.3) with a uniform ¥ = ¥(p, v) and (3.4) holds with pu = tv, > ev, > 27 "v, sufficiently large w.r.t. p+ 2. More
precisely, one can choose e sufficiently small s.t. for all r > rg, similar to (2.11),

(eﬁfl)frw (27ryr)(q+1)(p+3)/2 <1
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Thus, all the arguments leading towards (3.5) are justified, where the bound is immediately reduced to C), 4,277,
and therefore

W, (Ztea \/{5525) =W, (Z Vi, Z ﬂf&) <Cpyq Z 27" = Cp ge.

T=rQ T=T0 T=To

O

Together with the finite second moment of v, the theorem above requires the order of v, is between O(2"+) and
O(2%7) as r — 00, i.e. the Lévy measure needs to be sufficiently singular near 0. The uniform Cramér condition
requires certain comparability between v and the Lebesgue measure A, conditional on (2,.. The following lemma
gives a sufficient condition.

Lemma 3.2. If there exist a,b € (0,1) s.t. for each r > ro, any measurable subset I'. of 2, satisfy-
ing A(L)/A(2.) = a must have that v(I[,)/v(£2.) 2 b, then &.(s) = x"(2"s) satisfies CC(p,~y) for some
p>0,v € (0,1) uniformly for all r > ro.

Proof. For any a’ € (a,1) denote b’ = sin® Z(1 —a’) € (0,1). For any 6 € R, v € RY, consider

Dy =Dy(v,0):={x € : 2kn+(1—d)r<v-2—-0<2k+1)r—(1—-d)n}, k€Z,
on each of which sin® 3(v -z — ) > ¥'. They are parallel “stripes” across the annulus 2, with width 2a’7/|v|
equidistantly away from each other by 2(1 — a/)7/|v|. This can be seen by rotating so that v lies on one axis.
Thus for |v| > w27+ there is at least one non-empty Dj. Denote I, = |J,.c;, D, then the ratio A(I})/A(£2,)
approaches a’ as |v| = oo, regardless of the translation 6. Therefore one can find some constants p > 0 and
¥ =~'(p,q) € (0,d') s.t. for all |v| = 2"p, A(L})/A(£2,) = ~'. Choose 7' = a as given in the assumption, then
v(L)/v(82.) = b for all [v] > 27p. Write &,.(s) = |€.(s)|e? for some 6 = (r, s), then

1
1—1&-(s)] = 21/;1/ sin? 5(2’"5 cx— O)v(dz) = 20'v(1) /v(82,) = 2b'),
Iy

for all 7 > 7y, and the result follows by setting v = 2"s and v =1 — 2b'b € (0, 1). O
Corollary 3.3. If v satisfies H(7, a) for a € (1,2), then Theorem 3.1 holds for € € (0,7) sufficiently small.

Proof. One just needs to check that the assumptions in Theorem 3.1 are satisfied. First of all, for « € (1,2) and
Vr = ro,

29 -1

297,

Uy / |z|79"%dx = C,
Q

r

Then 27y, ! = o(1) for a € (1,2). For any measurable subset I, of 2,

v(l)) . fr,‘ |z|~9~dx 9—a—a
v(02,) = fQT |z|—9-adx = A($2,)’

which validates Lemma 3.2. O

It is worth mentioning that if the condition H(r,«) is assumed a priori, then one could directly use the
Lévy-Khintchine formula to study the global behaviour of the characteristic function of Zf, which would greatly
simplify the analysis of Section 1, but the same arguments used in the proof of Theorem 2.7 would still be
needed for the coupling result.
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3.2. A coupling for Euler’s approximation

Given the coupling result above, one finally arrives at the stage of recovering Fournier’s results [9] on the
Euler approximation of the SDE (1.2) driven by the Lévy process (1.1):

t
Ty =T —|—/ o(xs—)dZs, t €[0,T7, (3.6)
0
t
Zy =at + BW; + / / zN(dz,ds). (3.7
o Jra\{0}

For fixed h,e € (0, 1) introduce the following random variable
Nh
Ay :=ah+ BVhér + ) Y], (3.8)
j=1

and take independent copies Ao, ..., A[T /n), where {Yf} are iid. random variables having distribution

L. sev(dz)/v(|z| > €), Nj is an independent Poisson random variable with parameter hv({|z| > €}), and the
~ 1/2

cse2v(dz), B = (BBT +X)"", X = Joclzi<e 2zTv(dz). For ty = kh, k=1,...,[T/h],

write the increments Ay := Z;, — Z;,_,. Then one may attempt to find a coupling between the standard Euler’s

approximation

coeficients @ = a —f‘

Xiy1 = X+ 0(X)Apt1, Xo = zo,

and the numerical scheme

Xk;Jrl = Xk + J(Xk)A_k+1, X() = X. (39)

For that one claims the following statement as an analogue to Lemma 5.2 in [9]:

Proposition 3.4. If v satisfies the conditions of Theorem 3.1, then for € sufficiently small there exist on the
same probability space two sequences of i.i.d. random variables {AL}, {AL}, with the same distributions as
{Ar} and {Ag} respectively, s.t.

(B[4, — A")7 < Cye,

for allk € Z and p € 2Z*, and EA|, = EA, = ah, varA} = varAj, = (BB + X) h.

Proof. By Theorem 3.1, for e sufficiently small there is a standard normal random variable &; on the same

probability space s.t.
h _ 1 p %
E / / zN(dz,ds) — hX2 &, < Cye,
0 J0<|z|<e

according to the definition of the W, distance. If one sets

h h
Al := ah + BW, +/ / zN(dz,ds) —|—/ / 2N (dz,ds),
0 Jo<|z|<e 0 Jl|z|>e

1 h ~
Al = ah + BW), + hX2 &) —|—/ / zN(dz,ds),
0 Jlz|>e
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then A/ has the same law as A;, and A} has the same law as A;. Thus the result follows by taking independent
copies. O

Proposition 3.4 can be immediately used to partially recover the main results in [9] (Thm. 2.2): the proof
is independent of the key coupling result (Lem. 5.2), so one can replace the latter with the proposition above.
Hence one can restate those results as follows:

Theorem 3.5. Suppose o : R* — R¥*9 is bounded and Lipschitz, and the Lévy measure v for the Lévy process
(3.7) satisfies conditions of Theorem 3.1. Let e,h € (0,1), and = be the unique solution to the SDE (3.6) for
t € [0,T]. Then for e sufficiently small, there exists a coupling between {xs, }r and {Xg}i defined by (3.9) and
(3.8) s.t

]Emgx |xtk — Xk|2 < Ci(h+e).

Moreover, zf 1/({|z| >e€}) =0, q.e. Zy = Z as in (3.7), and {T} is the unique solution to the continuous SDE
Ty = X0+ fo (Z5) dZE where Z6 =at + (BB—r + X )Y2W,, then there exists a coupling between = and T s.t.

E sup |z, — 7> < Cae.
te[0,T]

The constants Cy,Cy depend on d,q, T, |al, || Bl ||o|lcos %

Instead of repeating the same arguments of Fournier [9], the reader is referred to the proof of Theorem 2.2
therein. Note that Proposition 3.4 above allows one to replace the 3.(v) in Lemma 5.2 with €2, and the rest of
the calculations can be readily generalised to the multi-dimensional case. In particular, under the assumption
H(7, «) for some « € (1,2), by choosing € = h one recovers the mean-square convergence rate O(h) and the
computational cost E,(h) = O(h~! 4+ h=%) is controlled. The second statement corresponds to Corollary 3.2 in
[9]. For that, one simply takes A; = ah + Bv/hé; instead of (3.8) and h = ¢, and runs the same argument as in
Proposition 3.4, omitting the big-jump part.

The general case where o is locally Lipschitz with linear growth and only qu\ oy 1A |2]?v(d2) < oo is assumed
can be treated by the same localisation argument as in Theorem 7.1 in [9], and the mean-square convergence
could be generalised to the strong LP-convergence for p € 2Z" without much trouble. Nevertheless, it needs to
be pointed out that the rate of convergence here is optimal for coupling the small jumps only - it might not be
so if one can couple the entire Lévy increment. For the same reason the results achieved in this article cannot
be applied to recover Theorem 3.1 in [9]. Finally, I believe the conditions of Theorem 3.1 can be relaxed to some
extent. e.g., one may take a hint from Proposition A.2 in [10] that it possibly suffices for v to give a suitable
portion of mass to the biggest annulus (2,,.
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