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WELL-BALANCED POSITIVITY PRESERVING ADAPTIVE MOVING MESH
CENTRAL-UPWIND SCHEMES FOR THE SAINT-VENANT SYSTEM

ALEXANDER KURGANOV!Y™*, ZHUOLIN Qu? AND ToNg WuU?
9

Abstract. We extend the adaptive moving mesh (AMM) central-upwind schemes recently proposed
in Kurganov et al. [Commun. Appl. Math. Comput. 3 (2021) 445-479] in the context of one- (1-D)
and two-dimensional (2-D) Euler equations of gas dynamics and granular hydrodynamics, to the 1-D
and 2-D Saint-Venant system of shallow water equations. When the bottom topography is nonflat,
these equations form hyperbolic systems of balance laws, for which a good numerical method should
be capable of preserving a delicate balance between the flux and source terms as well as preserving the
nonnegativity of water depth even in the presence of dry or almost dry regions. Therefore, in order to
extend the AMM central-upwind schemes to the Saint-Venant systems, we develop special positivity
preserving reconstruction and evolution steps of the AMM algorithms as well as special corrections of
the solution projection step in (almost) dry areas. At the same time, we enforce the moving mesh to be
structured even in the case of complicated 2-D computational domains. We test the designed method
on a number of 1-D and 2-D examples that demonstrate robustness and high resolution of the proposed
numerical approach.
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1. INTRODUCTION

We consider the Saint-Venant system of shallow water equations, which was first introduced in [10] and
is widely used to model water flow in rivers, canals and coastal areas as well as in atmospheric sciences and
oceanography. In the one-dimensional (1-D) case the studied system reads as

h hu 0
(hu)f GRS 150 (gth>’ (1.1)
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where h(z,t) is the water depth, u(z, ) is the velocity, B(x) is the bottom topography, and ¢ is the constant
gravitational acceleration. The two-dimensional (2-D) Saint-Venant system is

h hu hv 0
hu | + | hu®+ gh2 + huvg = | —ghB, |, (1.2)
hv huv hv? + §h2 —ghBy,

z y

where h(z,y,t) is the water depth, u(x,y,t) and v(x,y,t) are the - and y-velocities, and B(z,y) is the bottom
topography.

Development of accurate, efficient and robust numerical methods for the systems (1.1) and (1.2) is an impor-
tant and challenging problem due to several reasons. First, these systems admit nonsmooth solution, which, in
the case of discontinuous bottom topography B, may not be unique. Second, it is very important to preserve a
delicate balance between the flux and source terms since many practically relevant solutions are, in fact, small
perturbations of the so-called “lake at rest” steady states:

w:=h+ B=Const, u=v=0,

where w is an equilibrium water surface variable (we say that a numerical method is well-balanced if it is capable
of exactly preserving the “lake at rest” states). Third, in many practically important situations, one may need
to deal with dry or almost dry areas and then it is crucial for the developed numerical method to preserve the
nonnegativity of h.

In the past decades, many well-balanced and positivity preserving numerical methods for the Saint-Venant
systems have been developed; see, e.g., the review papers [16,24] and references therein. In this paper, we
focus on semi-discrete central-upwind schemes for (1.1) and (1.2), which were designed on a variety of fixed
grids: uniform Cartesian [5,17, 18], unstructured triangular [7], quadrilateral [21], and cell-vertex polygonal
[3] ones. We follow the lines of [19] and construct an adaptive moving mesh (AMM) central-upwind scheme
for the Saint-Venant systems (1.1) and (1.2). The AMM central-upwind schemes, which have been recently
introduced in [19] for 1-D and 2-D hyperbolic systems of PDEs, are based on structural meshes, which are
evolved in time according to the movimg mesh differential equations; we refer the reader to [1,8,9,13] for several
examples of existing AMM algoritms. Our goal is to develop several techniques required to ensure that the
resulting scheme is well-balanced and positivity preserving. In order to achieve this goal, we first generalize the
1-D well-balanced positivity preserving semi-discrete central-upwind scheme from [17] for the 1-D nonuniform
grids and modify the 2-D well-balanced positivity preserving semi-discrete central-upwind scheme from [21]
to evolve the solution over the structured quadrilateral meshes. In these schemes, second-order well-balanced
quadratures for the geometric source terms are developed to ensure the well-balanced property. In order to
preserve the positivity of the computed water depth, several measures are taken. First, we either make sure that
the reconstructed values of the water surface stay above the corresponding values of the bottom topography or
use the positivity preserving reconstructions for the water depth. Second, we use a draining time-step technique,
originally proposed in [4], to ensure that the water depth remains positive during the evolution step. Third, we
propose special corrections of the solution projection step in (almost) dry areas. We stress that the positivity
preserving technique we develop here does not allow us to ensure the well-balanced property of the proposed
AMM central-upwind schemes in the presence of dry areas. An alternative positivity preserving approach was
proposed in [25,26], where a GRP AMM method on unstructured triangular meshes was introduced. In addition
to preserving positivity of the water depth, this method is capable of ensuring the total water conservation,
which is enforced by redistributing the conservation error. Such redistribution, however, may lead to a purely
artificial appearance of water in dry areas and we prefer not to implement this technique in our AMM method.
Finally, we stress that development of a well-balanced AMM method that can accurately handle wetting/drying
interfaces and preserve both “lake at rest” and “dry lake” steady states still remains an open problem.

The paper is organized as follows. The proposed AMM algorithms are presented in Section 2. First, in
Section 2.1, we introduce the second-order well-balanced and positivity preserving central-upwind scheme on
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1-D nonuniform grids for the system (1.1). Then, in Section 2.2, we discuss the 1-D moving mesh equation and
its discretization. We complete the description of the 1-D AMM algorithm in Section 2.3, where we introduce
the 1-D conservative positivity preserving projection. In Section 2.4, we present the second-order well-balanced
and positivity preserving central-upwind scheme on 2-D structured quadrilateral meshes for the system (1.2).
We then design the 2-D AMM algorithm with the help of the 2-D moving mesh equation, which is discussed
together with its discretization in Section 2.5, and a special 2-D conservative positivity preserving projection,
which is introduced in Section 2.6. Finally, in Section 3, we demonstrate the performance of the proposed AMM
algorithms through several 1-D and 2-D numerical examples.

2. ADAPTIVE MOVING MESH CENTRAL-UPWIND SCHEMES

In this section, we present the AMM central-upwind schemes for the systems (1.1) and (1.2). The schemes
are based on the 1-D and 2-D AMM central-upwind schemes introduced in [19]. They are constructed in two
steps. Given the solution at a certain time level, it is first evolved to the new time level on a given mesh (see
Sects. 2.1 and 2.4), which is updated at the end of the evolution step by solving the moving mesh differential
equation (see Sects. 2.2 and 2.5). The solution is then projected in a conservative manner to the new finite-
volume mesh (see Sects. 2.3 and 2.6).

We use the same notation as in [19], which is briefly reviewed in this paper for the sake of completeness.

2.1. One-dimensional semi-discrete scheme

We first rewrite the system (1.1) in terms of the water depth h and discharge ¢ := hu:

h) (2@’ ) (0
TN L 92 T\ B, )
). \G+30°) ghB,

This system can be put into the vector form
U, + F(U), = S(U, B) (2.1)

with
Ur-CD, F&LB%—(i?fgm>7 S@LB%—(_J;%> (2.2)

We then apply the 1-D AMM central-upwind scheme from [19] to the system (2.1), (2.2). As mentioned in
Section 1, we will need to develop the scheme that preserves the positivity of A and is well-balanced in the sense
that it is capable of exactly preserving the “lake at rest” steady states (w = Const, ¢ = 0).

Assume that the computational domain is covered with nonuniform cells C; = [mJ; 1T } of the size

Azrj:=wj 1 —x; 1 centered at r; := (a:j_% + a:j+%)/2, and that at a certain time ¢, the cell averages of the
computed solution,

_ 1

are available. They are then evolved from time level ¢ to t + At using the semi-discrete central-upwind scheme
on nonuniform grids from Section 2.1 of [19]:

Rl () p—— — +5;(1), (2.3)
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where the numerical fluxes are given by

at | F- o + -
—a.  F; al, ,a;
H . - B+3 7y~ YT+ 4ty ity Ut _U- } (2.4)
ita at , —a . at ,—a7 L dts itz ]’ .
J+§ Jj+3 J+3 Jjt+s3

Here, F]f_ , =F (Ujf_ , ), and the second component of the source term is approximated using the well-balanced
2 2

quadrature developed in [17]:
ho .+ fﬁr B,

<2 its it i—3
S, =—g 2 . 2 . (2.5)
J 2 ij

In (2.4) and (2.5), Uji+l are the reconstructed one-sided point values of U(ijr% iO,t) (see Sect. 2.1.1),
2

B = B(zji%), and aﬁl the one-sided local speeds of propagation (see Sect. 2.1.2).

2
Note that in (2.4), (2.5), all of the indexed quantities depend on ¢, but from now on, we will omit this
dependence for the sake of brevity.

2.1.1. Positivity preserving reconstruction

We begin by following Section 2.1 of [19] and obtain the generalized minmod piecewise linear reconstruction of
the water surface w := h 4+ B and discharge ¢ := hu, which are used to evaluate wi , and qj.E . Unfortunately,

i+1 may be smaller than the corresponding value BJ
2

lead to negative point values of the water depth hji+ L = + — B;; 1. We therefore follow [17] and reconstruct
2 2

for some j the obtained point values w 1 which would

h instead of w in potentially dry areas.
In this paper, the cell C; is called “dry” if at least one of the following inequalities is satisfied:
miH{I_Uj_l,IT/j,Ej_;'_l} < max B(SE), (26)
TE[wj—1,3541]

—-Bj <4, (2.7)

where § > 0 is a small parameter (we take § = 1071 in all of the numerical experiments reported in Sect. 3) and
Ej = A%j fcj B(z) dz, which should be numerically computed using a quadrature (in our numerical examples,
we have used either the trapezoidal or Simpson’s rule). All other cells are called “wet”.

In “dry” cells, we use the piecewise linear posmVlty preservmg reconstruction (described in [19], Sect. 2.1)

of h based on the cell averages of water depth h; := w; —B;. After computing hJ L1 and hT , in the “dry” cell
2 2
C}, we obtain wj 1= hJr 1 +B,_ 1 and w’ P hj_+% +Bj+% there.
Remark 2.1. In practice, one may replace the condition (2.6) with its simplified version:
min{@j_l,wj,wj_f_l} < max{éj_l, Bj_%,éj, Bj_,'_%, _j+1}, (28)

which is much easier to check. We stress that the use of the simplified condition (2.8) does not guarantee
positivity of the projected values of h (see the proof of Theorem 2.5 below), but negative h may appear only
in a small number of cells located near the wet/dry interfaces. If this occurs, we reclassify these particular cells
from “wet” to “dry” and reconstruct h instead of w in them.

2.1.2. Desingularization and one-sided local speeds
In order to avoid division by zero (or by a very small number), we follow [18] and desingularize the computation
of the velocity point values needed to evaluate numerical fluxes in (2.4) by setting

f hi 1 q
ut | = Its , (2.9)

J+ 4 4
J020) | (5,,)" ]

[N
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and then for consistency we modify the corresponding values of the discharge by recalculating

_hi i

qj+1 i+3 YL

In (2.9), ¢ is a small desingularization parameter, which we take to be equal to d in (2.7).
Equipped with the values of u;t . and AT |, we estimate the one-sided local speeds of propagation needed

+3 Jts ey
n (2.4) as follows:

;‘:_ { +1+\/gh’]+1a 1+\/gh+17 }7
aj_+% :mln{uj+% f,/gthr%, uj_Jr% 7,/ghj_+%, 0}.

2.1.3. Positivity preserving evolution

a

S

In order to guarantee the positivity of h during the evolution step, a draining time-step technique introduced
in [4] is employed.
We first consider the forward Euler discretization of (2.3), the first component of which reads as

HY, —HY,
Mt + AL = hi(t) — AtM (2.10)
i (t+ A1) =Ty (1) e
where At is the time step constrained by the CFL condition:
max{‘atf a1 }
At max i=3 it < 1
J ASUJ' 2
We then denote by _
~ Az h;(t)
drain ,__ 1%
At =

and replace (2.10) by

At HY At HY
= = It3 7 +s Im27i-3
hi(t+ At) = h;(t) — 2 2
-+ A1) =y(0) s ,
where the time step At 1 is defined as:
) 1 Sgn(H( ) )
Atj+% = min(At, At?ram), =7+ 3~ 5
The corresponding forward Euler step for g; is
At H ™Y — At H Y HY? — g9
_ _ Itz j+s i—3 -3 itz i-3 @
(t+ At) =q.(t) — 2 = At ————2 - §
3,0+ A1) = 5,(0) Ar Ar ,
where the advective and gravitational parts of the fluxes are defined by
+ - - + + )
@D _ J+zhj+2( J+%) ~ %yl ( J‘+%)
+1 + _ - J
I a1 =01
+ -\ - + ) + -
o _ (i)~ (0,)  agen o
HiY =g + =% — 4,1 )
2(at , —a; ajy—ag g NIt T
ity it a It
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It has been shown in [5] that in the case of uniform grid the resulting central-upwind scheme is both positivity
preserving and well-balanced. The proof can be directly extended to the case of a nonuniform grid and the
three-stage third-order strong stability preserving (SSP) Runge-Kutta method (see, e.g., [11,12]) as it can be
written as a convex combination of forward Euler steps.

Remark 2.2. An alternative way to ensure the positivity of h during the time evolution is to use a more
restrictive CFL condition, which we derive in Appendix C.1. This approach, however, will significantly affect
the efficiency of the overall method as the size of time steps is to be reduced by a factor of about 3. We have
carefully compared the numerical results obtained by both approaches and realized that using much smaller
CFL number does not lead to any improvement in the quality of the computed solutions. Therefore, in all of
the numerical examples reported in Section 3, we have used the draining time-step technique.

2.2. One-dimensional moving mesh equation

In this section, we briefly describe the 1-D moving mesh equation and its numerical solution algorithm; see
Section 3.1 of [19] for details.

In addition to the computational domain [a,b] covered by the nonuniform mesh {xj +1 }7 we introduce the

uniform logical mesh §j+% = jA¢,j = 0,...,N, with A = 1/N. Let us denote the one-to-one coordinate
transformation from the logical domain to the computational one by

z=uz(§), £€[0,1], x(0)=a, z(1) =0,

so that x;, 1 = m(§j+%).
The mesh is distributed according to the following moving mesh equation (see, e.g., [13] for a detailed

derivation):
(wze), =0, w(U)=1+ap(|DUJ), (2.11)

where w is a monitor function and D is a differential operator (see, e.g., [2,13,23]). In this paper, we use
DU = Ué? (for some component of U), which is approximated using the second-order centered difference:

7= () =) | 7=0)
P U. ., =2U; " +U.
(1) J+1 J j—1
DU; = (U€€ )j = .

(Ag)?

The function ¢ in (2.11) is a smoothing filter designed as follows. We first compute gp? = |DUj|, and then
smooth ap? out by averaging over the neighboring cells for each j for a prescribed number of iterations, that is,
we introduce

1
ot =G T2t en), =01, ,m—1,

and then set (¢(|DU|)); := ¢}, which is used in (2.11). In our numerical experiments, we have taken m = 4.
Finally, « in (2.11) is the intensity parameter employed to control the mesh concentration: the use of larger
values of « leads to the higher concentration of grid points in the “rough” areas. We follow [14] and choose «

to be
1

B b
o= (5}1)_5)/ so(DU)dx> ,

where 3 € (0,1) is a prescribed fraction of mesh points to be concentrated in the “rough” areas of the computed
solution.
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Equipped with the monitor function w, we discretize the moving mesh equation (2.11) using the centered
difference approximation, which results in the following linear algebraic system for the mesh points locations:

r1 =a,

N

wj+1(xj+% —xH%) —wj(xj+% —:cj,%) =0, j=1,...N -1,

':I"N—‘r% = b.
We numerically solve this system using the Jacobi iterations combined with the mesh relaxation procedure
needed to ensure that the mesh does not get distracted during the iterations. Denoting by x;’ L1 the grid nodes

2
in the beginning of the (v + 1)-th iteration step (with the initial guess m?Jrl being the grid nodes from the
2
previous evolution step), we take one Jacobi sweep
wj Hx 43 —I—w X" L

14
* Jj— .
2, = j=1,...N—1,
+
! Wity Wy

[

where w¥ is the values of the monitor function w at the grid point x = z¥ computed using the cell averages

J J
{Ejy}. This results in the grid {x;‘ 41 }7 which is then relaxed by setting
2

1
v+1 __ .
xj+%—2(J+é+x ) j=1,...N—1, (2.12)
which implies
1 w1 1
Ty = 5(96;*% +xj’f+%> < I < 5(:5” +1 +9:J’7+%) =i, (2.13)
and thus x”ﬂ € ( v ﬂ , J:J”j_'l) which means that the logical structure of the mesh does not change.
2

Remark 2.3. One can set up a stopping criterion for the iteration (2.12), for instance, the iterations should
v+1

+3 T T
change much in one evolution time step. We therefore improve the efficiency of the resulting AMM method by
stopping the iteration process after several iterations. In all of our numerical experiments, the upper bound on

the number of iterations has been set to 4.

stop as soon as max; { ‘:v < tol for a given tol > 0. In practice, however, the mesh does not typically

Remark 2.4. In order to avoid the appearances of excessively small cells, which would lead to severe time step

restrictions, we modify the mesh movement as follows. If |#/T1 — 21| < Az, where Az, is the smallest
Jt+s J—3

1
Vj;l _x:tla

iteration of moving mesh process, we set gpg_l =0, 4,02-) = 0 and <p? 11 =0to reduce the mesh concentration
nearby. In all of the numerical examples, we have set Az, = 0.1Ax ¢, Wwhere Axyyir is the size of cells of
the corresponding uniform mesh, which contains precisely the same total number of cells as used in the AMM
computations.

allowed cell size, then we locally freeze the movement of the mesh by setting z and in the next

2.3. One-dimensional conservative positivity preserving projection

After obtaining the new mesh, we project the solution from the cells C7 := {x;’_l,x;’ +4 to the new cells
2 2

v+1 ., v+1 v+1

C;m = {xj;,xj+%1]
J— — v+ . .

Let UV and U;’ be the cell averages over the cells C7 and C’J’-""l7 respectively, and denote the mesh shift

by MH_Q = x]”ji — ,T]V 1 The conservative solution projection step from [22] is given by
2 2
v+1g7rtl vt5 v+l
Az U; Azt U gy H_%—,uj_%Uj_%,
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where
1
U, if 4772 >0,
v L Jt3 Jts
P o (214)
_ . L
Uj+%, if uj+%<0,

and Uji+l are the point values reconstructed over the grid C} as described in Section 2.1.1.
2

In particular, this projection step for the water surface variable w reads as

v v+ v
Ter TR Twia (2.15)

— — +3
Azt ot = Aevw? + 17 2w
i Y i Wi TR

NI pof=
Wl

We note that this projection step preserves “lake at rest” steady states, for which w; = w?
thus (2.15) reduces to

<
H
N|=

ij%’-irl U;;’ﬂ = Az w+ (x]”_t; — x;.’+%> w— (gd”é —x
We also note that the total amount of w after completion of this projection step is conserved, but the total
amount of h is not conserved, since, in general,

DB Aay # 3 BT Axpt,
J J

where
—v 1
B

—v+1 1
N — B B. N — B 2.1
e~ (x)dz and B! /C - (2) da (2.16)

Aa:j”.'H
are approximations of the cell averages of B, computed by a proper numerical quadrature. As one can expect,
the use of a higher-order quadrature may help to reduce the conservation error. In the numerical experiments
reported in Section 3, we have compared the results obtained using the trapezoidal and Simpson’s rules and
clearly seen the advantage of the higher-order quadrature.

The projection step (2.15), however, cannot be used in the “dry” areas, since one of the following may happen:

— Sv+1 .
— appearance of negative water depth, that is, w]’»’Jrl < B;/+ for some j;
P . . . —u Sv+1 . .
— artificial propagation of water into dry areas, that is, w; RS B;-I for j located in the totally dry area (far

+1

—u+1
away from the wetting/drying interface), where w; ™" must be equal to B]’-j—|r .

We therefore replace the projection step (2.15) with

v+l —v+1 vV—v ’/+%"’V _ V+%~1/ corr
ij wj = ij wy + PjpiWipr =Ky 1W5 1 + B, (2.17)
where
wY | 1 if C% is “wet” and uy+% <0or C% ,is “wet” and MH—% >0
~ its’ J j+5 = j+1 jri 20
ijr% . v Sv+s s
hj+l +Bj+; , otherwise.
2 2
ere, wY, ; an ’ , are determined usin . an
Here, ;’Jﬁ dh;’+7 det d g (2.14 d
2 2
v+1
xT
Sv+3 1 it+d
By ®—3 B(z)d (2.18)
¥
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is an approximation of the average of B over the interval [ ¥ ﬂ} or [:c”“ v ] depending on whether

Itz it s ity ®
”j:} > mJ L1 or xj 1 > x]”_ﬁ Finally, the “dry” cell correction term Bj*™ is deﬁned as
2 2 2
0, if C; is “wet”,
B = —ytl (2.19)

—v+1

A:Jc;,’ﬂBj”Jr — Az VB + NV+QBJ+; — ]”jfB }7 otherwise.
We note that the magnitude of Bj°™ is determined by the accuracy of the quadratures used to approximate the
integrals in (2.16) and (2.18). Indeed, assuming that these integrals are evaluated using a quadrature of order
p, we have

v+1prtl B +l—u+l v+l =v+d
i i1 @i AN
:/’ ? B(z)da — / *Bx)dz+ [ 7 2B(x)dx—/] * B(z)dz| +O(APTY) = O(APTY),
u+1 = o -

v v
L1
itz i=3

SR
[
D=

im3

where A = max{Ax Am”*l,uy+2 V+2}

J+3
We now state the positivity preservmg property of the described projection step.

Theorem 2.5. The projection step (2.17)(2.19) preserves the positivity of h;, namely,

w =B v, (2.20)

provided w; > E;, Vj and the integrals in (2.16) and (2.18) are evaluated exactly.
The proof of this important theorem is quite technical and provided in Appendix A.

Remark 2.6. The proof of Theorem 2.5 is still true if the integrals in (2.16) are computed by a numerical
quadrature with nonnegative weights (for example, the trapezoidal and Simpson’s rules, which have been used
in our numerical experiments). We only need to assume that the integral in (2.18) is computed exactly. However,
. . . . . . s — i+l Sv+1

in our numerical experiments, we have used either the trapezoidal or Simpson’s rule and w;" —B;  always
remained positive.

2.4. Two-dimensional semi-discrete scheme

Similarly to the 1-D case, we rewrite the system (1.2) in terms of water depth h and discharges ¢* := hu and
qY := hv:
z Yy

q
h ( x\2 T Y 0
) g a4
qm + h + §h2 + h = —gthl7
qv . gV (qy)2 N ghQ —ghB,
h z h 2 y

This system can be put into the vector form
U+FU),+GU),=SU,B), (2.21)
with U = (h,q%,¢¥)" and
x)2 Yy T T Y v)2 T
pw) = (7. T 22 T0) gy = (¢, T 8 92
h h 2
S(U7B) = (Oa _ghBIa _gh’B )

(2.22)
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1

FIGURE 1. A typical quadrilateral cell C;, with its four neighbors.

We apply the 2-D AMM central-upwind scheme from [19] to the system (2.21), (2.22). As in the 1-D case, we

will need to develop the scheme that preserves the positivity of A and is well-balanced in the sense that it is
capable of exactly preserving the “lake at rest” steady states (w = Counst, ¢* = ¢¥ = 0).

Assume that the computational domain is covered with a structured irregular quadrilateral mesh consisting
of cells Cj, of size |C} x|, and use the following notations (see Fig. 1):

Zjyl kel = (xj+%’k+%7yj+%’k+%) . cell vertices,

Zjk = (xj,kayj,k) :

l.

geometric center of Cj y,
Jtak T ‘zj+%,k+% T Eitkes

length of the edge Zjgi k-1 ZipL gyl

Zjy1p = §(zj+%’k+% +zj+%,k7%) : midpoint of the edge Zipl k-1 Zjrl e+l

M1k = (cos(ﬂj+%,k>,51n(9j

+%,k>) : the unit outer normal vector to the edge z; 1, 1 2;,1 4,1,
Cirry == ‘zj+%,k+% —Zj_1 1| length of the edge z; 1 ;.1 25,1 401,
Zj gyl = %(zj+%7k+% +zj_%7k+%) : midpoint of the edge Zj 14l Ziolggls
Tyl = (cos(0j7k+%),Sin(0j7k+%>> : the unit outer normal vector to the edge Zj 14l Ziolpyl-

Assume that at a certain time ¢, we have computed an approximate solution, realized in terms of its cell
averages:

— 1
Ujr~ — // Ulx,y,t)dedy.
|Cj’k| Cjk
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They are then evolved from time level ¢ to t + At using the semi-discrete central-upwind scheme on structured
quadrilateral grids from Section 2.2 of [19]:

d — 1 —
an,k = —— I:Hj+%’k - Hj*%k + Hj,k+% - Hj’ki%:| + Sj,k;, (223)

where the numerical fluxes along the boundaries of C;; are given by

(D 0t P —a FF e - ot + + —‘)
Hmﬂ. _ ém,z (nm 7 [ m,iT m,i m it m, z] m 7 |:+m G ! m,le,z] +a m 7 m 7 [U Um,z] , (224)
Ui = Ay

s

and the second and third components of the cell averages of the source term §j7k are to be approximated in the
well-balance manner; see Section 2.4.1.

In equation (2.24), (m,i) = (j + %Jﬂ) or (j,k:l: ) Fi = F(UﬂE ) and Gi = G( mz), where Ui
are the reconstructed one—sided point values of U(z,m7 t) computed along the normal to the corresponding cell
edge (see Sect. 2.4.2), and a= . are the directional local speeds of propagation (see Sect. 2.4.3).

2.4.1. Well-balanced source term quadratures

In order to derive the desired second-order well-balanced quadrature for the source term S k, we follow
[3,7,21] and first use Green’s formula together with the mean-value theorem to obtain

—(2) 1 / g
S =——— gthdxdy:—i/ (w — B)B, dzdy
ok 1Cikl S, 1Cikl S,

g [ w — B)?
:W / ((2),0) -nds—/ (w—B)wwdxdy]
7kl /0C; K Cjx

L/ (hQ O) nds —h; / w, dx dy
Gkl [Joc;  \ 27 e

g 1/ 2 7 / 9 @ _ 1@
=—|= h*,0) -nds —h; (w,0) -nds| =: L — 1L
Cixl |2 acj,k( ) " Jac, ] IC, k|[ }

(2.25)

Q

The line integrals in the terms I( ]2 and 1152,2 are then approximated using the midpoint rule, which results in
2 2 2 2
- (€] + ) - 1) + (€]
@ _ (hj+%,k) g™ (hjf%,k) =367 1 (hg ket 3 ) ikt 3™ hys — (hj,kf%) i3m0 1
gk 2 ’
(2.26)
and

(2 _ 1) + a ) n® + 1)
T = hﬂ’“[ Wl T Wl T by g wj,k—%gi»k*%”j,k—%] (2.27)

Finally, the cell average of the bottom topography,
= 1
Bjp~ B(z,y) dx dy, (2.28)
Cikl Jo,

should be numerically computed using a quadrature (in our numerical examples, we have split the quadrilateral
Cjr into four triangles and used 7-point Gaussian quadrature in each of the triangles; see Appendix B for
details).
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Similarly, the well-balanced quadrature for 37(3,’2 is

<® g (3) 3)
Sk = 1o %) -], (2.29)
where
2 2 2 2
- (2 + (2) - (2 + (2)
18 = (hj*%”“) by kMg~ (hj—%vk) =gyt (hj,k+%) i3y ~ (hj,k—%) k=315
gk 2 )
(2.30)
and
3 _7. - @ 4+ (2) - @ .+ (2
1055 = ik [wj+%,k€j+%7knj+%,k wj—%,kéj—%7knj—%7k + wj,k+%€j7k+%nj,k+% wj,k—%gjv —%nj,k—%] (2.31)

We now prove the well-balanced property of the resulting central-upwind scheme.

Theorem 2.7. The central-upwind scheme (2.23), (2.24) with the numerical source terms given by (2.25)—(2.31)
18 well-balanced in the sense that it exactly preserves the “lake at rest” steady states

=Y
Jik

0. (2.32)

- — - —x
'U}j,k = w, q],k

Proof. Let us consider the second component of the scheme (2.23)—(2.31) and substitute (2.32) into it. The
numerical fluxes are then equal to

1 (7“_” - BJ?‘H%)Z (1)
P S A WAL S WS gkt T fﬁj”ﬁénj,lw%’
which implies that

[, —H®, - H g =0, ik
The second term in the numerical source is

@ _ (=B = ) 1) (1) (1)
Iy = (@=Bjux) w[gﬂévknﬂg,k R NN N Ly S ej,k*%”j,k—%} ’

and it is equal to zero since

(1) (1) (1) - _ _
Gy e = Gma w2 g P e s — G gy 1 = fgc (1,0) - nds = 0.
ik

Thus, we have proved that

d=@ 1 (2) (2) (2) (2) 9 @ @] _
dt 7k 0] B =y T gy — vak—%} * [Ij»’“ B H%k} =0

Similarly, one can show that
d —(3)
a Vi =0

at “lake at rest” steady states, which completes the proof of the theorem. O
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2.4.2. Positivity preserving reconstruction

As in the 1-D case, we begin with applying the generalized minmod piecewise linear reconstruction, which has

been extended to structured quadrilateral meshes in Section 2.2 of [19], to evaluate w* pIRe fk+%’ (qm)j‘i%,k’

(qx)jik_kl, (qy)ji+l . and (qy);‘:k.}rl' In order to preserve the positivity of the water depth, we implement the
s 2 2 ) 2
same strategy as in the 1-D case and reconstruct h in the potentially dry areas.

Similarly to the 1-D case, the cell C;, is called “dry” if the amount of water there is very small, namely, if

at least one of the following inequalities is satisfied:

min < max DB(x,y), 2.33
375k 15 =1+ k= k<1 (:y)€Q; 1 (=.9) (2:33)

W — Bjx < 6, (2.34)

Wy k

where ;= {(2,y) € Cj | |5/ — j| + |K' — k| < 1}, § > 0 is the same small parameter as in (2.7), and B,
is given by (2.28). All other cells are called “wet”.
As in the 1-D case, in “dry” cells, we use the piecewise linear positivity preserving reconstruction (described in
[19], Sect. 2.2) of h based on the cell averages of water depth h; ;, := w; , —Bj «. After computing h L fﬁ e
_pt
1 k = h] + B]_7 ky

h;. +B]+ ko
hijrl + Bj iy there.

h;k+% and h 1 in the “dry” cell Cj\, we obtain w+

+ o +
Wy = hj’ 1 +B]k 1 and w

,_+ 1k =
kL T
Remark 2.8. In practice, one may replace the condition (2.33) with its simplified version:

g Wik < maX{Bj,kaj-‘rLk?Bj,k-ﬁ-l’Bj—l,k’Bij—l’Bj+%,k7Bj—%,kvBj k3 Bk %}, (2.35)

which is much easier to check. As in the 1-D casse, the use of the simplified condition (2.35) does not guarantee
positivity of the projected values of h, but negative h may appear only in a small number of cells located near
the wet/dry interfaces. If this occurs, we reclassify these particular cells from “wet” to “dry” and reconstruct h
instead of w in them.

2.4.3. Desingularization and directional local speeds

Similarly to the 1-D case, we follow [18] and desingularize the computation of the velocity point values needed
to evaluate numerical fluxes by setting

+ T + y
uj: - \[hml( )mz U:t - fhmz( )mz (236)

m,z \/(hf“) + max[(hi,i)él,s‘l} - \/(hff”) + max[(hfm)él,sﬂ

where (m,i) = (j+ 3,k) or (j,k+ 1) and then for consistency we modify the corresponding values of the
discharges by recalculating

(q) h:t : m’L’ (q) _th?:’LZ. m’L
n (2.36), € is a small desingularizatlon parameter, which we take to be equal to ¢ in (2.34).

Equipped with the values hm i fw, and v | we estimate the directional local speeds of propagation needed
n (2.24) as follows:

a;’i = maX{VfM« + ghm 5 }, Qi = min{Vﬂi1 \/ghm i },

where V is the velocity in the direction normal to the corresponding side of C); ., namely,

m,i?

Vnim- =Ny (ui s ) (2.37)

m,i’ Ym,
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2.4.4. Positivity preserving evolution

As in the 1-D case, we enforce the positivity of h during the evolution step by implementing the draining
time-step technique from [4].

We first consider the forward Euler discretization of (2.23), the first component of which reads as

— _ At
hyx(t+ At) = hyi(t) — [Hj(f%k —HY,  +H) - HY %}, (2.38)

where At is the time step constrained by the CFL condition:

max{‘aflk,a 1k7afk 1,aJ.rk 1}
At U, <1 U, = i+, Ji=3 Jk+35 JrE=31)
HJI%X{ ]’k} -7 gk diSt(Zj7k,80j7k)
We then denote by
Atdraln - |C]7k|ﬁjak(t)
P max(O H(l) )—i—max(O —H(l) )+max(0 H(l) )—i—maX(O H(l) >’
Ttk A N Tkt g Jik+3

and replace (2.38) with

7 7 1 (1) €) 6 (1)
hjalt +80) = hya(®) = 15— [Atj+%’kHj+%7k — Ay HY AL ) AL H ]

1
k1]

where At; 1, and At;, 1 are defined as follows:

q 1 sgn(HJ(ir)l k)
Atjiry = min (At, At ”“n)7 =4 — —— T2

2 2 ’
. (1)
At gpr = min(At, ALTE®), i =k + ; - w
The corresponding forward Euler steps for ¢ and ¢Y are
g g 1 (a 2) (a, 2) (a.2) (a.,2)
Talt+ A0 =G(0) — 15 [A 7Y = At HD A G HD - Aty HY k_f}
ol )
qY it + At) = qf (1) - |C N (At WY = Ay HED At 1D = A, 1,
- §t| (9, 9 4 B, 1G]+ a5,
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where the advective and gravitational parts of the fluxes can be obtained by

Hr(rl:’?) = ﬁnfﬂf{ £r1L)1|: mzhmz( mz>2 _a:nzhjnz(u;;z)Q]
s at  —a > > ,

m,i m,i
+n® [ B —a— hT ut ot }
Lo, m,i L m,i "m, zum 17m,i am,i m,ium,ivm,i ’
(1)
(9,2) _ gmfi gnm7i + - 2 — + 2 + - z\+ T\ —
Hm,,i - at  —a- 9 am,i(h‘m,i) G (hm,z) + A i O i [(q )m,i - (q )m,,i] ’
m,i m,t
@3 _ _ tmi [ o) —— o = 4 44
Hm,i - + — 71[ m, zh’m i m, zvm i am,ih’m,ium,ivm,i]
Ui = A

m
@ [+ 5= (= 2 _ = Bt (o )2
+ nm i a’m zhm i (Um i) - am,ihm,i (vm,i) ’

4 (2)
Hg:ig,) - lrnsi _ {g ; A {a;,i (h;z,i)Q — Oy (h;i,iﬂ + ax@,ia;,i[(qy);,i - (qy);@,i] }v

with (m,i) = (j + %,k) or (j,k;—l— %)

Remark 2.9. Similarly to the 1-D case, one can alternatively use a more restrictive CFL condition (derived in
Appendix C.2) to ensure the positivity of A during the time evolution, but this will slow down the computations
by a factor of about 2. At the same time, as in the 1-D case the use of smaller CFL number does not lead to any
improvement in the quality of the computed solutions. In all of the numerical examples reported in Section 3,
we have used the draining time-step technique.

2.5. Two-dimensional moving mesh equation

In this section, we briefly describe the 2-D MMPDE and its numerical solution algorithm; see Section 3.2 of
[19] for details.

Assume that the computational domain [a, b] X [c, d] is covered by the nonuniform mesh {1'j+%’k+% Ykt d }

We introduce the uniform rectangular logical mesh
{(£j+%7nk+%) 6]4»% = ]A€7 nk:+% = kAn}7 .] = 07' .. 7N7 k = 07' . 7M7

where A{ = 1/N and An = 1/M are the spatial scales in the &- and n-directions, respectively. Let us denote
the one-to-one coordinate transformation from the logical domain to the computational one by

(@,y) = (@(&n),y(&m), (&) €[0,1] x[0,1],

so that z; 1,1 = x(£j+%777k:+%) and y; 1 51 = y(§j+%,nk+%). We assume that z(0,7) = a and z(1,17) = b
for all n as well as y(£,0) = ¢ and y(&,1) = d for all &.
The mesh is distributed according to the following MMPDE:

(wze)e + (w2y)y =0, w(U) =1+ ap(|DUJ), (2.39)

where z := (x,y), w is a monitor function, and D is a differential operator. In this paper, we use DU = Ug(? —I—UT(]%)
(for some component of U'), which is approximated using the second-order centered differences:
77 () =@ | 70 ) 77 (3) @) | 7=0)
DU, ;. = (U(i)) n (U(i)) _ Ujprp =2U 6 +U; - Ujks1 —2Uj, +Uj i k-1
7 & Gk M) ok (AE) (Aﬁ)
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The function ¢ in (2.39) is a smoothing filter designed as follows. We first compute go%k = |DUj ;| and

then smooth (pg, . out by averaging the values over the neighboring cells for each j, k for a prescribed number of
iterations, that is, we introduce

1 1
@521 =1 Wﬁk + 3 (¢§,k_1 + @;,kﬂ + @?-1,1@ + 90§+1,k)

Loy ¢ ¢ ¢
+ 1*6(803'71,1@71 T i1 k—1 T i1k T Sﬁj+1,k+1)v £=0,...,m—1,

and then set (¢(||DU|)); ;, := @74, which is used in (2.39). In our numerical experiments, we have taken m = 4.

Finally, « in (2.39) is an intensity parameter needed to control the mesh concentration. In our computation,
we choose « to be

where 3 € (0,1) is the prescribed fraction of mesh points to be concentrated at the
computed solution.

-1
a:<ﬁ(b_“ d—c) //abx[cd] |DU||)dxdy> ;

“rough” areas of the

Equipped with the monitor function w, we discretize the MMPDEs (2.39) using the centered difference
approximation, which results in the following linear algebraic system for the mesh points locations:

Tipyl = a, xN_%,,H_%:b, k=0,...,.M

Yit1ktg ($j+%,k+% - Ij+%,k+%) Wikt ($j+%,k+% - Ij—ék%)

2
(AS)
Wiy 1 Til 3 —T,41 1) — W, 1 Tiyl 1 — T,y 1 1
J+*,k+1( Jt+3.kts ]+*,k+*) J+T7k( Jt+3.k+3 ]+*7k—*) .
2 2 2 2 2 y 2 2 2 2 2 :O, 1§JSN—1,0S]{}§M)
(An) ,

Ti+d—4 T Ti+dg Tirp My T Tirg Mg j=0,...,N,
Yi+1i =6 Yirimil =4 j=0,....,N

Witl,k+3 (yj+%,k+% - yj+%,k+%) T Yik+3 (yj+%,k+% - yj,%,k%)

where w; ;|

2
(AL)
wj+%¢k+1(yj+%,k+% - yj+é,k+é) _ij+é,k (yj+%,k+% - yH%,k,%) _0, 0<j<N 1<k<M-_1,
(An)
YLkl TYS ktds YN+3 h+d TYN-L 4+l k=0,...,M,
1= (wjk +wjrt1)/2 and Witl g = (wjk + wjt1,k)/2. Similarly to the 1-D case, we numerically

solve this system using the Jacobi iterations combined with the mesh relaxation procedure to avoid rapid change

of mesh. Denoting by z¥

guess zY

* —
Tirde+d =

* —
Yirt ks =

Tl the grid nodes in the beginning of the (v + 1)th iteration step (with the initial

kel being the grld nodes from the previous evolution step), we take one Jacobi sweep
20 2

v v 2 v v 2
(wj+%,k+1$j+%,k+3 R TR T %)Af +(wj+1,k+lmj+g,k+1 Wikt —%,H%)An
2 v
(wj+§,k+1+wj+§,k>A£ + (ij’kJrz +wjk+ )An

1<j<N-1, 0<k<M,

i

v v 2 v v v 2
(wj+%,k+1yj+%,k+% R TR P %)Ag + (wj+1,k+% Takes T k+1yjf%,k+%)An
ae+ (

17
Wirkrd Tkl )A"

0<j<N, 1<k<M-1,

2
(wj+%,k+1 y+2,k &
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where w¥,  , and WY are the values of the monitor function w at the grid points z = 2%, , and
Jkt3 itk Jikt+3
. FTV . . .
= z;.’+% ,» respectively, computed using the cell averages {ijk}. This results in the grid {z;+%’k+%} =

z
{(x;+%)k+% , y;er%’kJr%) }7 which is then relaxed by setting

1
v+1 s _
2 s = 2(]+ k+1+z]+2,k+2) j=1,....N—1, k=1,...,M —1. (2.40)

Remark 2.10. Similarly to 1-D case, we stop the iteration process in (2.40) after a fixed number of iterations.
In all of our numerical experiments, the upper bound on the number of iterations has been set to 4.

2.6. Two-dimensional conservative positivity preserving projection

After obtaining the new mesh, we need to project the solution from the cells C7\, whose vertices are 2

FE=
to the new cells C’l.’Jr1 with the vertices 2“7}

1ktdl
jELkxl

1
We denote by U  and U;: the cell averages over the cells C’;k and C’; 7;1, respectively, and introduce the
following quantltles measuring the mesh shift (for their precise geometric meaning; see [19], Sect. 3.2):

v+g 1[(l‘u+1 (L’U )( v+1 e )_( v+1 _:I:l/ )( v+1 v )]
Firle T o [\ Tt n-3 ~ Titdmtd J\Ysednr s ~ Yitdn-3 Tiplptd T T332 )\ Yjel ot T Yjla+d ) ]

v+35 1 xl/-&-l —.’BV v+1 v _ .TV+1 —I'U v+1 v
il = 5 [\ Tirderd ~ Ti-3b+3 )\ Yol ~ Vit gt i~ Lkl T Tt J\Yir el T Y-t d )

The conservative solution projection step from [22] is given by

V+1 vl vt+3 v vty v vtg v . vt3 v
‘ ‘Uﬂk k|UJk+“g+ WU, =y 1eYims e TH Yyt 'uj,kféUj,k*%’
where
+
U,Jrlw 1fu x>0, U.Jrk 1, 1f,u 21>0,
v J+3, v L Jk+3
Uise =9 Uik =9 (2.41)
Uj+%7k, if u <O U kil if 1 k-|2-1 <0,

and Ujji 1, and Ujik 41 are the point values reconstructed over the grid C7, as described in Section 2.4.2.
2 ? 2 )

In particular, this projection step for the water surface variable w reads as

v+1 —l/+1 w o v vty _ vty v
ferss = Ol @ o+ T s = T el = (2.42)

Again, by the same reason as in the 1-D case, this projection step cannot be used in the “dry” areas, and
therefore we replace the projection step (2.42) with

1 1
v+1 —u+1 — v v+s o~y _ V+2 ~u V+2 ~ vt+3 ~yp corr
’C =|C k|wj,k TR L Wit T H 1 Wt Ty k+1w1 bt TP e 1 Wikt T Bk
where
w;jr%k, if Cj is “wet” and u p S0o0r Oy g is “wet” and w + & >0,
~ ;
W, 1 -
J+§7k y+
14 2 .
hj+%7 Bj+ e otherwise,
and
wY if C;y is “wet” and vt3 <0orC; is “wet” and SEN 0
Gkt 1o j.k /14 1 g.k+1 ,Uz 1=
~V P
]7k+2 ’ V+2

h¥ Tl +BJ e otherwise.
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Here, w” wY hY

y . :
T Whrs M and hj’kJr% are determined using (2.41), and

—v+l N 1 v+3 SV v+1 v+1
BjJr%’kN pre} ) B(z,y) dz dy, C’j+27k. TR ]+27k_§ 200 10 L (2.43)
J+5k o dtdk
and
BUE a1 B(z,y)dedy, C'7%, = 2" 2Vt 20 (2.44)
Jk+g vt ) Y Yoo Yikrd T Fi-Lk+s J+27k+2 Zird ki %Lkt ) '

cr
gok+i o ak+d

are approximations of the averages of B over the quadrilaterals o't j+1 A0 nd C respectively. In our numerical

k +17

examples, we have evaluated the integrals in (2.43) and (2.44) by splitting the quadrilaterals o't i+ k and C’V: jz

into the four corresponding triangles and then using in each of the triangles the 7-point Gau551an quadrature,
described in Appendix B. Finally, the “dry” cell correction term Bj™ is defined as

0, if Cj 1, is “wet”,
1
V+1 1/+1 Svt3 v+3 prts
By o= ‘ ‘B [¢ k\Bak+“J+ kBa+27k Bt
v+3 vtz vty ;
+u gk+1B k+1 'uj,kféBj,k*% , otherwise.

Remark 2.11. For long time simulations, the mesh grid distribution may not be balanced around the shocks,
and as a result, more grid points can be concentrated on one side of the shock curve than on the other side. This
can be fixed by increasing the number of iterations of moving mesh process, since within 1-4 iterations only few
grid points can cross the shock curve. In this case, however, the resulting method will be extremely inefficient.
In order to improve the efficiency of the AMM algorithm, we re-project the solution back onto uniform mesh
from time to time and then re-start the moving mesh adjustment. This significantly improves the distribution
of resulting meshes. In all of our numerical experiments, we re-project the solution based on its second-order
reconstruction.

3. NUMERICAL EXAMPLES

In this section, we test the developed AMM central-upwind schemes for the 1-D and 2-D Saint-Venant systems
and compare the obtained results with the ones computed by the central-upwind scheme from [18] implemented
on uniform meshes.

In all of the examples, the minmod parameter in the piecewise linear reconstructions is taken to be 1.3; see
[19] for details.

The ODE systems (2.3) and (2.23) are numerically solved by the three-stage third-order SSP Runge-Kutta
method. Each forward Euler stage of the SSP solver is described in Sections 2.1.3 and 2.4.4 for the 1-D and 2-D
case, respectively.

Remark 3.1. The parameter § will be taken different in different examples as the fraction of mesh points
that needs to be concentrated in the “rough” areas of the solution depends on the structure of the solution, in
particular, on the numbers and distribution of shocks. One can also select 3 dynamically in order to keep the
smallest cell and/or time step sizes within a tolerable range. This is, however, beyond the scope of the current

paper.
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FIGURE 2. Example 1: Initial condition and solution profiles (w and B) computed by the AAM
and uniform grid central-upwind schemes at different times.

Example 1 — One-dimensional case
In this example, we solve the 1-D Saint-Venant system of shallow water equations on the computational
domain [—7, 7] with the bottom topography consisting of one hump,
1
B(x) = Z(l + cos ),

the following initial conditions:

w(z,0) =1, wu(x,0)= —sign(x)cosx.

and the (reflective) solid wall boundary conditions at both z = +.

We initially split the computational domain into N = 200 uniform finite-volume cells and compute the
solution by the proposed AMM central-upwind scheme using the monitor function in (2.11) with DU = wee
and the mesh concentration parameter § = 0.8.

In Figure 2, we plot the water surface w together with the bottom topography B at times ¢ = 0, 0.5 and 2.
As one can see, the AMM results are sharper than the ones obtained using the uniform mesh with N = 400 and
are comparible with the ones computed using the uniform mesh with N = 1600. In Figure 3 (left), we present
the corresponding time-space distribution of mesh cells, which clearly shows that the AMM is able to capture
and follow the solution discontinuities. Finally, in Figure 3 (right), we compare the conservation errors in the
computation of h, which is measured by

Z h; (t) Az ;(t) Z 0)Az;(0

J

As we have explained in Section 2.3, this conservation error is caused by the use of a quadrature in the approxi-
mation of cell averages of the bottom topography in (2.16). We have tested the trapezoidal and Simpson’s rules
and, as one can see in Figure 3 (right), the use of Simpson’s rule leads to much smaller conservation errors.

Example 2 — Accuracy test

In this example, we experimentally check the order of accuracy of the proposed AMM central-upwind scheme.
We take the following initial data and bottom topography:

w(z,y,0) =1, wu(x,y,0)=03, v(z,y,0)=0, B(zx,y)= 0.5e~25(2"+2v%)
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Mesh Distribution, 5 = 0.8 ) Conservation Error
N N W//// p

WW//////// Kk\ 107101

2 0 0.5 1 1.5 2

FIGURE 3. Example 1: Time-space distribution of mesh cells (left) and time evolution of the
conservation errors in the computation of h (right).

TABLE 1. Example 2: The L'-, L?- and L>-errors and convergence rates for h.

N L'-error Rate L%-error Rate L%-error Rate

50 9.32E-05 — 1.25E-04 — 4.40E-04 —
100 3.04E-05 1.62 4.21E-05 1.57 1.46E-04 1.60
200 8.32E-06 1.87 1.16E-05 1.85 4.15E-05 1.81

The computational domain [—1,1] x [—0.5,0.5] is initially split into N x N uniform finite-volume cells and
zero-order extrapolation is used at all boundaries.

We take 5 = 0.5 and compute a sequence of numerical solutions using N = 50, 100, 200 and 400 (with the
400 x 400 solution being used as the reference solution) until the final time ¢ = 0.07, by which the solution
remains smooth. In Table 1, we show the L'-, L2- and L*°-norms of the errors in the computation of h together
with the experimental rates of convergence. As one can see, the rates are close to 2 as expected.

Example 3 — Waves in a water tank

In this example, we consider the initial-boundary value problem (IBVP) for the 2-D Saint-Venant system
in the computational domain [—1,1] x [—1, 1] with the (reflective) solid wall boundary conditions. The bottom
topography function is

B(z,y) = 0.25 6_20($2+y2>,

and the initial conditions are given by

I,  (z+1)7%+(y+1)*<0.25
L,  (z+1)?+(y—1)*<0.25,
1,  (z—1)*+y*<0.25,

0.5, otherwise,

’lU(Z‘,y, 0) = u(ac,y,O) = v(;my,O) =0.

We initialy split the computational domain into 200 x 200 uniform finite-volume cells and solve the studied
IBVP using the designed AMM central-upwind scheme. We choose the monitor function with DU = Aw in
(2.11) and S = 0.7. The contour plots of w and the corresponding meshes at times ¢ = 0.125, 0.25, 0.375 and 0.5
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w = h+ B at T=0.125 N w = h+ B at T=0.25 w = h+ B at T=0.375 " w=h+ B at T=0.5

Mesh at T=0.375

Mesh at T=0.5

0.5 0.5 0.5

== L B 1

0.5 0.5

-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1

FIGURE 4. Example 3: Time evolution of w (top row) and the corresponding meshes (bottom row).

10-5 Conservation Error " With Re-projection Without Re-projection
1076 kol Ty 0.5
Y | -Errorin h
-7
s —Error in B
1078 -0.5
1079 - -1
0 01 02 03 04 -1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1

FIGURE 5. Example 3: Time evolution of the conservation errors in B and h (left); mesh
distributions at ¢t = 0.15 with (middle) and without (right) the re-projection process.

are presented in Figure 4. As one can see, the discontinuities in w are clearly captured by the proposed AMM
method.

The re-projection (see Rem. 2.11) onto the uniform mesh has been performed at times t =
0.025,0.05,...,0.475,0.5, that is, every 0.025s. This re-projection process leads to additional conservation errors,
but it can significantly improve the quality of the mesh distribution. The time evolution of the conservation
errors in h and B, as well as the comparison between meshes with/without this re-projection process at time
t = 0.15 are shown in Figure 5. As one can see, without the re-projection procedure, a large portion of the grid
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w at T=1.5

200

150

100

50

0 50 100 150 200 0 50 100 150 200 0 50 100 150 200

Mesh at T=1.5 Mesh at T=3 Mesh at T=7.5

80 100 120 80 100 120

FIGURE 6. Example 4: Time evolution of w (top row) and the corresponding meshes (middle
row) including zoom at [70,130] x [80,110] and [70, 130] x [150, 180] areas (bottom row).

points get trapped by the circular shocks, which leads to the lack of cells in the central part of the domain and
thus prevents sharp resolution of shocks.

Example 4 — Asymmetric dam break

In this example, we test the designed scheme on a benchmark taken from [20]. The computational domain is
[0,95] x [0,200] U [95,105] x [95,180] U [105,200] x [0,200] with the (reflective) solid wall boundary conditions,
the bottom topography is flat (B(x,y) = 0), and the initial conditions are given by

10, z < 100,

’ aO = ) 70 =0.
5,  otherwise, u(@,y,0) = v(z,y,0)

wlen0) =
We initially split the computational domain into the uniform Cartesian cells of size Ax = Ay = 1 and
solve the studied IBVP using the proposed AMM central-upwind scheme. During the moving mesh process, the
vertices at the boundary are kept fixed and all of the other grid points initially located on the boundary are
allowed to move according to the moving mesh equation, but only along the boundaries. We choose the monitor
function with DU = Aw in (2.11) and 8 = 0.7. The contour plots of w and the corresponding meshes at times
t = 1.5, 3 and 7.5 are presented in Figure 6. As one can see, the mesh is concentrated at the discontinuous and
other rough parts of the solution, which is captured with an extremely high resolusion.
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w at T=0.5 Mesh at T=0.5

1.5

Mesh at T=1.5

w at T=5 Mesh at T=5

| emmm—

0.5
0 0.5 1 1.5 2 2.5 3 0 0.5 1 1.5 2 2.5 3

FIGURE 7. Example 5: Time evolution of w (left column) and the corresponding meshes (right
column).

Example 5 — Flow in a converging-diverging channel

In this example, taken from [15] (see also [6]), we study water flow in an open converging-diverging channel
of length 3 with a symmetric constriction of length 1 at the center. We consider the IBVP in the computational
domain [0, 3] x [—ys(x), yp(z)], where

0.5 — 0.05cos?(m(z — 1.5)), |z — 1.5] < 0.5,
yp(z) =

0.5, otherwise,

with the (reflective) solid wall boundary conditions, flat bottom topography (B(x,y) = 0), and the following
initial conditions:
w(z,y,0) =1, wu(x,y,0)=2, v(zx,y,0)=0.

The mesh is initialized as follows. We split the rectangular domain [0, 3] x [—0.5,0.5] into 300 x 100 uniform

finite-volume cells whose vertices are denoted by z;‘ , and project them onto the

_ * *
+hhkd T \Tirbe+ b YLkl
computational domain using

*

* _ *
Titdhtt = Tipdhrd  Yirdkrd = 2 (mj+§,k+%)ya+%,k+%'

We then solve the IBVP using the designed AMM central-upwind scheme. During the moving mesh process,
the grid points initially located on the upper and lower boundaries are evolved in time by changing their z-
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w amd B at T=0.5

h at T=0.5 Mesh at T=0.5

w amd B at T=1
Mesh at T=1

w amd B at T=3
Mesh at T=3

w amd B at T=5
Mesh at T=5

FIGURE 8. Example 6: Time evolution of w (plotted together with B in the left column), h
(middle column) and the corresponding meshes (right column).
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coordinates according to the moving mesh equation, while their y-coordinates are computed using the boundary
function y = y,(x) in order to keep these grid points on the corresponding parts of the boundary. We choose
the monitor function with DU = Aw in (2.11) and S = 0.2. The contour plots of w and the corresponding
meshes at times ¢ = 0.5, 1.5 and 5 are presented in Figure 7. As one can see, the solution, including the steady
state reached by time ¢ = 5, has been accurately captured by the proposed AMM central-upwind scheme and
the mesh is automatically adjusted to the computed solution structure.

Example 6 — Dam break with wet/dry front

In the final example, we consider a dam-break example over the domain with a nonflat bottom topography
and initially dry areas. We study the IBVP in the computational domain [0, 9] x [0, 6] with the (reflective) solid
wall boundary conditions at x = 0, y = 0 and y = 6 and an open boundary at x = 9. The bottom topography
contains three exponential humps:

B(z,y) = 0.5 6—8(;6—2)2—10(;1/—3)2 +0.2 6—3(;1:—4)2—4(:1/—142)2 +0.2 6—3(1;—4)2—4(y—4.8)27

and the initial conditions are given by

0.5, z < 0.9,

’ ’O = ) 70 =0.
B(z,y), otherwise, u(z,y,0) = v(z,y,0)

wle.n0) = {

We initially split the computational domain into 300 x 200 uniform Cartesian cells and solve the studied IBVP
using the proposed AMM central-upwind scheme. We choose the monitor function with DU = Ah in (2.11) and
B = 0.3. In Figure 8, we show the time evolution of the dam-break wave propagating over the initially dry bed
together with the corresponding meshes. It can be observed that as in previous examples, the designed scheme
sharply captures a complicated wave structure and, in addition, the scheme performs well when handling both
wetting and drying processes.

APPENDIX A. PROOF OF THEOREM 2.5
We consider several different cases depending on where the cell Cj is located in.

Case 1 (Cj as well as C;_; and Cj41 are “wet”). In this case, equation (2.17) reduces to (2.15). More-

over, since we reconstruct w (not h) in the cell Cj, we have w; = %(wj:_ 1+ wj_ ;)7 which after being
2 2
substituted into (2.15) gives
AxY 1 1 1 1
J (0~ + vks, +  _ vts - TIN AN vt3
2 (wj+% —H”j—%) +“j+éwj+é Hj 3% if Py = 0, By < 0,
Az¥ Az? 1 1 1 1
J o+ J vks ), - _  vt3 - e V3 vts
i 2 i1 +< 2 +/‘Lj+§>wj+; Hi W1 if Mg <0, oy g <0,
v+l—v _
ij Wi =Y Axv 1 Az 1 1 (A1)
Tw , + TRt |+ Iyt et if 2 >0, 4 2>0
2 gtz Uitz its 2 i=3 ) i3’ i+3 Rt '
Az¥ 1 Az¥ 1 1 1
J vtz ), - Jo_ vtz + vtz vta
( 2 +“j+§>wj+;+< 2 “jé)wjé’ lf“jJré <0, My >0
u+%

Due to the relaxation step (2.12), we have Agj +u

AzY : . .
2 >0 and % — /f,+f > 0, which together with the
J+3 =3 y
1 1
identity Az’ = Azl + /LJVI i- u;f + imply that EJ’-’H is a convex combination of (wﬂ;l) , which, in turn,
2 2 2
guarantees that

—v+1 . v v . —V —VU —v
w/ T > mln{ijr%,wj_ } > mm{wj ,wj+1,wj_1}, (A.2)

1
2
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where u);.’ 1 is defined in (2.14) and the latter inequality is true since this is a property of the piecewise
2

linear reconstruction used in Section 2.1.1. We now note that since the condition (2.6) is not satisfied in the
“wet” area, we have

min{t_uj%’,ﬁj'/+1,1_uj@’_l} > max B(z) > max B(x), (A.3)
ee(2y i) z€ <z”+11 ““)
-5 Vi+3

where the latter inequality is guaranteed by (2.13). Thus, the inequality (2.20) immediately follows from
(A.2) and (A.3).

Case 2 (Cj as well as C;_; and Cj4 are “dry”). In this case, we reconstruct h (not w) in the cell Cj,
and thus we have fL;/ (h 1T h ) Using this and the fact that w; = f_L;»l + E;/, we rewrite (2.17) as

follows:
v+l—v+1 vV nY v VJFl v+3 v SVts corr
v 1/+ y-i,-f v v “+1 l/+1 v —=v+1
= Axkhy + 4] 2hj+1 - uj_ghj;% + MBI = Ayt + Az UB]

where we have used the following notation:

—vtl 1 A h %h” 1
a8 '_ijvfl( o Ty — TR ).

Using (2.14), this equation can be rewritten as (compare with (A.1)):

Am” 1 1
_ + . U+§ — v+3 l/+§
5 (hj+2+hj Q—i—quh#% Nj,%h],%a 1fuj+% >0, My <0,
AzY Az 1 1 1 1
Ut (S e e, Wi, it T <0, TR <o,
A V+1h,j+1 2 J—2 2 Jt3 Jjts J—2 J—3 Jt3z J=3
€T
J 7,1 AxY

AzY 1
- TR i vt
hj+% THLh B +3F < 2 i3

AxY AzY 1 1 1
J V+2 J vts )+ e V3 vtz
( 3 Py i >h+1 +< 5 j§> i1 if Hi s <0, M1 > 0.

2

- v+l .. v . . .
Similarly to Case 1, we conclude that h; ;  is a convex combination of (hjii 1) , which are nonnegative since
’ 2

the reconstruction of h is positivity preserving. Therefore, i_LﬁH > 0 and thus (A.2) is satisfied.

Case 3 (Cj is “wet”, while Cj 4, or Cj_1 or both are “dry”). In this case, the cell C; is located near
the wetting/drying interface and the projection procedure depends on the type of the neighbouring cells and
also on whether the cell interface moves into the “wet” or “dry” area. We will first consider the situation
with only one “dry” neighbor, say, C;j;1 (Case 3a) and then we will consider the case when Cj is an isolated
“wet” cell (Case 3b).

Case 3a (Cj_1 and C; are “wet”, while C;1; is “dry”). There are two possible situations: either the

1 1
interface x;’ 1 moves to the left (,ujif < O) into the “wet” area or to the right (,u;_tf > O) into the
2 2

2
“dry” area. In the former situation, the proof is identical to Case 1. We therefore consider the case

u” +; > 0 and use (2.14) to reduce (2.17) to

1
v+l—rv+1 _ v—v V"’% —+ SVts _
Azl w!T = Aziw; +uj+%(hj+%+3j+% I
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and then rewrite it as

—al 1 1
Aziwy —|—,u (hj+l +B]’,’++f) _ ij&lzwj— L if Mjwlz <0,
3 2 -3 J—3 -3
Ag gyt — Ag? A (A4)
I Y 4 (h+ +§V+%) L (2%t i 7E S0
5 Yith '“ ity L Tits 9 M1 )i TR '
We now denote by Bj"*™ := max,e(zy 0v,,) B(z) and note that since Cj_; and C; are “wet” and we
use the maximum pr1nc1ple preserving reconstruction of w in these cells, w; > B, wji . = B
2
and w’ Jut > Bj***. We also note that since the reconstruction of h is positivity preserving, th+1 >0,
2
and that due to the relaxatoin step (2.12), we have A;j . /f.’i” > 0. The desired bound (2.20) is then
obtained by estimating the right-hand side (RHS) of (A.4) as follows:
1 . 1 u+1
—uv+1 v v+i max v+i prts _ v v+1 max 7+2
J J Ti+d
1 il . +1
it3 J+2 =V
> =B, .
o AID+1 /CEU+1 B(’r) dx * L;/ B( )d B']
7 i-% it

Case 3b (Cj is “wet”, while both C;_, and Cj, are “dry”). The only situation in which the pro-
jection step is different from the one that have been already investigated, is when both interfaces of the

yal v+l . .

cell C; propagate into the “dry” areas, that is, when ij ;7 <0and ,u]: 7 > 0. In this case, we once again
2 2

use (2.14) so that (2.17) reduces to

from which we obtain (2.20) using the fact that w} > B h+ , >0 and h;l > 0, namely:
2 2

vbl—vt1 s+ vtk =
Azl w/T = Azw) +u 2<h]+%+Bj+1) u];%(hji% B

w\»—A Wl

v+1 v u+1
_ 1 =v Ti+d -3 1 i+l Sv+l
w;"HZW Az;’Bj—k/ 2B(x)d:c—|—/ 123(:1:)d;1: :W/ lzB()d =B, .
T LT E;j; T ;j,
2 2 2

Case 4 (Cj is “dry”, while C;;1 or C;_; or both are “wet”). As in Case 3, the cell C; is located at
the wetting/drying interface and the projection procedure depends on the type of the neighbouring cells and
also on whether the cell interface moves into the “wet” or “dry” area. We will first consider the situation
with only one “wet” neighbor, say, C;11 (Case 4a) and then we will consider the case when C; is an isolated
“dry” cell (Case 4b).

Case 4a (Cj_1 and C; are “dry”, while Cj; is “wet”). There are two possible situations: either the

1 1
interface J}JV L1 moves to the left (u;jj:f < 0) into the “dry” area or to the right (u;if > O) into the
2 2

2
“wet” area. In the former situation, the proof is identical to Case 2. We therefore consider the case

uwrz > 0, in which (2.17) becomes

—v v+ 1 v4i
Awi“@”“ AzxY (h%/-f—B-)"‘Mfwa»r +12(h1{71
+3 )

; ) + BCOI‘I‘

+
—yal 1 — v —
= Axfh) + T (wh, — B ) iR+ A BT = Aay Ry Aay B
2 2
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where we have used (2.14) and the fact that w; = }_L;/ + E;-j and introduced the following notation:

—v+1 1 vV u+% + —u+%
J

Taking into account (2.14), the last equation can be rewritten as:

AxY il v AxY vl vl
N, (uﬁ —B.+1)+< J —ujf)hf i >0,
2 - “ 2 2

As V+1hy+1 2 it} 2 j j
AIV 1 — 1 1 1
J(n+ - vtz (o + +2 vtz — e VE3

. (Wi, +hry ) +urti (wiy =By ) —wtin i <0

Since the piecewise linear reconstruction of w satisfies the right inequality in (A.2) and the cell Cj4q is
“wet”, we have

T s (—y —y . — (2.6) (2.12) (218) 41
Wiy 2 min{wy, wf,,} > min{w/, o} ,,wf o} > xe(ina;( )B(x) > max B B(z) >
Jovi+2 mG( 1.2y 1)
i+ Vi

JT3

v

1
due to the relaxation step (2.12), we have ary _ V+f > 0, which together with the identity
2

Next 5 1

1 1
A:U’Jf 1= Ax;’ + /L;jjr_f - ,u;/jf and positivity preserving property of the reconstruction of A imply that
2 2

1 v —v41 .
h;.’+ is a convex combination of (hj,til)” and w - Bj_:” Therefore, h;-); > 0 and thus (2.20) is
2 2 ’

satisfied.

Case 4b (Cj is “dry”, while both C;_; and C;41 are “wet”). The only situation in which the pro-

jection step is different from the one that have been already investigated, is when both interfaces of the
1 1

cell C; propagate into the “wet” areas, that is, when u;/j 7 <0and p;jj:f > 0. In this case, we use (2.14)
2 2

and the fact that w; = h;»/ + B;/ to rewrite as

— -V =V i
Aac}’“w%’ﬂ = AzY (hj + B, ) + i Jrfw+ . — ulf+12w, 4 peorr
2

J Jj+ j—3 i—3% J
— 1 1 —_ 1 —
v v mrts\ vl o putd v1gr Tl
= Azj h] +“]+ ( i+3 Bj+%) g\ Wimy —Bis TATTB,
v+1 15
= Az¥ Ty + Aakt B
)3

where we have used the following notation:

—v+1 l,Jrl + —v+ i v+l _ —y+l
h;,n = (Az”h 2<w. —B. ) —pu. ilw, ., —B. 7)).
3 Az +1 Hird \Wies 7 P08 ) T H-5 M- — 73

Similarly to Case 3a, we note that since piecewise linear reconstruction of w satisfies the right inequality

in (A.2) and the cells Cj_; and Cj41 are “wet”, we have wj 1 —B 2 >0 and w! i+ —E;/:f > 0, which,
2

together with the identity Al’;+1 = Az¥ + /Lj + - u 1 , imply that h is a convex combination of
- 2

pvts + Bty
hj,w 1 Bj_% and Wit1 Bj+%
immediately follows.

. Therefore, we conclude that hj73 > 0 and the inequality (2.20)

APPENDIX B. QUADRATURE FOR GENERAL QUADRILATERALS

In this appendix, we provide a detailed description of the 2-D quadrature over quadrilaterals, which was used
in our numerical experiments. Here, we consider a general quadrilateral ABC D, which may be convex, concave
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FIGURE B.1. Convex (left), concave (middle) and self-intersecting (right) quadrilaterals.

or even self-intersecting; see Figure B.1. We set O := i(A + B + C + D) and split the quadrilateral into four
triangles and then we define a signed integral by

//ABCDf(x,y)dxdy = i//OABf(a:,y)dxdyi//OBCf(x,y)dxdy
[ senasays [[ fapacay

where the sign in front of each of the integrals on the RHS of (B.1) is “+” if the verticies of the triangle are
listed in the counterclockwise order, and “—” otherwise.
We then approximate the integrals over each of the triangles using a 7-point Gaussian quadrature, for example,

//AOAB xy)dxdyN‘OAxOB‘( f(O) f(B)+f(MOA)+f(Z\If5OB)+f(MAB)+490f(OCM))

(B.1)

where Mpa, Mo and M4p are the midpoints of the corresponding edges of the triangle OAB and O°M is its
center of mass.

APPENDIX C. PoSITIVITY ENSURING CFL CONDITIONS

In this appendix, we derive the CFL conditions, which ensure the positivity of A during the time evolution
without applying the draining time-step technique introduced in Sections 2.1.3 and 2.4.4 in the 1-D and 2-D
cases, respectively.

C.1. One-dimensional CFL condition

We first note that if the cell C; is “wet”, the cell average Ej in (2.16) (we omit the upper index v for the sake
of brevity) is obtained using a quadrature. If the trapezoidal rule is used, then Ej = (Bj w1+ B ) /2 and

hj:wj—

ss]}

1
R _ — +
i = z( wi bl (B By y)) = 2(hi+§ Fhiy).

4y +4B;+B;_y)/6 and

If Simpson’s rule is used, then B = (B] 1

- 17 _ N 1/, N
By = é(ijr% — Bjyy +4(@; - B)) +wl, — Bj,%) > é(hﬂ% + hjﬁ), (C.1)

M
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where B, := B(z;) and we have used the fact that for a piecewise linear reconstruction of w, w; = w;, Simpson’s
rule is exact, and thus w; = (w;—s-l +4w; + wj_l)/& Notice that in order to establish the inequality (C.1),
2 2

one needs to use the inequality w; > B;. In the cells, where the latter inequality is not true, that is, where
w; < By, or in “dry” cells defined in (2.6), (2.7), we reconstruct h instead of w and this approach gives

7 - +
hi=3 (hﬁé Ry )
We now prove the following theorem.

Theorem C.1. Let h is evolved in time using the forward Euler discretization (2.10). If Ej(t) > 0 for all j,
and the time step satisfies the following CFL condition:

) Az Axy
At < amin +J, 1
J a’ ; ‘a

Jjts

-4

where o = 1/2 if Ej is computed using the trapezoidal rule and o = 1/6 if Simpson’s rule is used, then
hi(t + At) >0 for all j.

Proof. First, we use (2.4) and rewrite the central-upwind numerical flux as follows:

N - g+ + -
o _ GraPiy ¥y ~ Gl +§ + aa+2 i+ [hﬁz h]’+%}
ity T —a-
’ s T Yt (C2)
- o+ + + o+
ey (g — ) — e (v oy
= + — .
%y T %+g
We then substitute (C.2) into (2.10) and use the established inequality
- B N
hit) 2 O‘(hﬁ% * hjf%)’
where a = 1/2 or 1/6 for Ej computed using the trapezoidal or Simpson’s rule, respectively, to obtain
— _ At 1) At 1)
(t+At)>ah”,, — —H' o+ —HY, :
h;(t+ At) > ozhj+2 A, it + h % Ax, Hicy (C.3)

We now consider the first two terms on the RHS of (C.3) and use (C.2) to obtain

+ - - + + .t
ah- At g _ - |- Bt %i+1 (uj+% aj+%) At Py (aj+§ uj+%>
its T Axy oty its Ax; t—a7 Ax; at |, —a” ’
’ 7o ’ 7o %y T % 7 Yty T %
which is nonnegative provided
alAx
At < —2,
a’
Jt3
: + + - + -
sincea’ ;, —u , >0and0<u, , —a. , <a’,,—a. ;.
i+3 i+3 J+s ity = Tty its
Similarly, the last two terms on the RHS of (C.3) are nonnegative provided
alAx
At < ——,
a.
JI=3

and the proof of the theorem is completed. O
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Remark C.2. The proof of Theorem C.1 can be directly extended to the case when the time discretization
is performed using the three-stage third-order SSP Runge-Kutta method as it can be written as a convex
combination of forward Euler steps.

C.2. Two-dimensional CFL condition

We begin with proving the following lemma.

Lemma C.3. Assume that in the convex quadrilateral cell Cj 1, the water depth h is approzimated using a
nonnegative conservative linear function. Then,
- 1

hjw = 2|C; k| [rﬂ+%,k4+%’kh]‘+%,k + Tﬂfé,kgré,khj—%,k RN J7k+%hj,k+% + Tﬂyk*%@,k*%h]’,k—é , (C4)

where T 1, T 1 k, Tiksd and 75, 1 are the distances from zjy to the edges zj 1, 12; 1.1,
Zj 1 1Zi Lyl Zj1 g 1Zi1 g1 andzjfé’kfézﬂ%’kf%, respectively.

Proof. We first split the cell C};, into the following four triangles: T-+ kT ZiRZ L k1250 1, ijg’k =

ZjhZi 3 pydZiot 1, Tjppn = zj,kzj+%7k+%zj_%7k+% and Tj 1 := ZjkZj 1, 12;_ 11, whose areas are
1
Tip1k 2 rietwlirt o | Tige 257}',1@1%5]—,&%, (C.5)
and
k| = ‘ Vel k’ + ‘T,, \+ )T kel ’T-’k,% . (C.6)
We then compute the cell average of h over () and obtain
2h Fhjk 2ht | R - 1,+hj,k 2ht | Hhyk
it 3.k =%k 1 Jk—%
W 3 Tj+%,k’ + 3 yf— ‘+ 3 Tj,k+% + 3 Tj,kf%
gk =
|C5k
Bl b+ i)
o = pa 2T |y i ,
(C.5) 1

3|Cyxl [ T N R N Y e LV s T U k—f}
1
+ Ehj”f' (C.7)
Since z; is the geometric center of the quadrilateral and h is a linear function, we have h;x = hjj and thus
(C.7) implies (C.4). O

Equipped with Lemma C.3, we now extend the definition of potentially dry cells as those cells C} ;, in which
either (2.33), (2.34) or the following inequality:

1
- + +
< Z‘Cj kl {rj+%*k€j+%vkhj+%,k + rj*%»kgjfé,khj,%)k + Tj,k+1£] K+ k+% + rjkaéej}kféhj,kf%} ,
is satisfied. Recall that in such “dry” cells we reconstruct h instead of w, which ensures that (C.4) is satisfied
there. Therefore, we obtain that throughout the entire computational domain

_ 1
- +
hik 2 e [Tﬂé,kﬁﬂé,khﬁ;k 1wl sk AT ey +Tj1k*%€jyk*%hj,k7%}' (C.8)

We now prove the following theorem.
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Theorem C.4. Let h is evolved in time using the forward Euler discretization (2.38). If f_Lj,k(t) >0 forall j, k,
and the time step satisfies the following CFL condition:

r r r r
At < lmm Jt+s.k Ti—%k  Tik+d Jik—%
— 2 ) a+ b _ b + b _ b
j+i.k aj,%,k jk+ 3% @ p—1

then hjx(t + At) >0 for all j, k.

Proof. First, we use (2.24) and rewrite the central-upwind numerical fluxes along the boundaries of C;; as
follows:

HO 1o (n’si,)l [a;vi_z,i(qx)r_n,i — Gy, z(qw);:,z:l + nsz,)z [a;,i(qy)r_n,i - a;,i(qy);:,,i] + a; iOm,i [h+ - h;z,iD

)

m7, —+

Ui — a:ni
fmz( + h s { M ,, +n(2)-v_ } h+ { M ,, +n(2) + }+a+ o [h* e D
B a’:rni - am,z
b (o ial (Vo —an, ht Vhi—at
_m ( m,zam,z( m,i Jrm z) m,i mz( m,z))7 (C 9)
m,i _am,i

where an;)i given by (2.37) are the velocities in the direction normal to the corresponding side of C; ;. We then
substitute (C.9) into (2.38) and use the inequality (C.8) to obtain

h ! - AL g 1 + M
hJ»k(t+At) Z 2|C])k T 2 j+%kh]+%,k - ‘Cj’k‘ ]Jr%,k} 2|C])k‘T‘j_%’kgj_%7kh‘7*%7k+ |C]7k|HJ*%,k
! - Al g 1 ¥ At )
* mrj’k%gj’k%hj»“% G|kt 2|C’j,k|Tj”“‘%gj»’f—%hj,k—% * |Cj,k|Hij—%'
(C.10)
We now consider the first two terms on the RHS of (C.10) and use (C.9) to have
1 At 1)
—— i1l hT o — H:
CTe A A e N T
- - - + - +
Gl Tiene 9te At<vy+ P aj+%,k) by aj%’km( Dtk Vg+2,k>
1C.kl 2 at —a; |Cj k| a’ —a- ’

RS 3.k 3.k 3.k

which is nonnegative provided

rii1
+1.k
At < 222
2a7
Jt+35.k
since at , -V, >Oand0<V —a7. ., <al —a., -
Jt3.k J+3 J+3.k J+3.k = Titgk Jjts.k

Similarly, the thlrd and fourth, the fifth and sixth, and the seventh and eights terms on the RHS of (C.10)
are nonnegative provided
i1 1 71
AtS_Jié’k At < L*é’ and Atg—@,

2a 2a T 2a’
i—% 5.k+% j.k—%

respectively, and the proof of the theorem is completed. (Il



WELL-BALANCED AMM CENTRAL-UPWIND SCHEMES 1359

Remark C.5. The proof of Theorem C.4 can be directly extended to the case when the time discretization
is performed using the three-stage third-order SSP Runge-Kutta method as it can be written as a convex
combination of forward Euler steps.
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