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CONVERGENCE OF THE UNIAXIAL PML METHOD FOR TIME-DOMAIN
ELECTROMAGNETIC SCATTERING PROBLEMS

CHANGKUN WEI'2®, JIAQING YANG>*® AND Bo ZHANGH®

Abstract. In this paper, we propose and study the uniaxial perfectly matched layer (PML) method for
three-dimensional time-domain electromagnetic scattering problems, which has a great advantage over
the spherical one in dealing with problems involving anisotropic scatterers. The truncated uniaxial PML
problem is proved to be well-posed and stable, based on the Laplace transform technique and the energy
method. Moreover, the L?-norm and L°-norm error estimates in time are given between the solutions of
the original scattering problem and the truncated PML problem, leading to the exponential convergence
of the time-domain uniaxial PML method in terms of the thickness and absorbing parameters of
the PML layer. The proof depends on the error analysis between the EtM operators for the original
scattering problem and the truncated PML problem, which is different from our previous work (Wei
et al. [SIAM J. Numer. Anal. 58 (2020) 1918-1940]).
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1. INTRODUCTION

This paper is concerned with the time-domain electromagnetic scattering by a perfectly conducting obstacle
which is modeled by the exterior boundary value problem:

VXE+upuoH=0 in (R*\Q) x (0,7), (1.1a)
VxH-eE=J in (R3\Q) x (0,7), (1.1b)
nxE=0 on I'x (0,7), (1.1c)
E(z,0) = H(z,0) =0 in R3\Q, (1.1d)
i x (QE x &)+ & x 0,H = o|z| ") as |z| — o0, t€(0,7). (1.1e)

Keywords and phrases. Well-posedness, stability, time-domain electromagnetic scattering, uniaxial PML, exponential
convergence.
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Here, E and H denote the electric and magnetic fields, respectively, Q2 C R? is a bounded Lipschitz domain
with boundary I' and n is the unit outer normal vector to I'. Throughout this paper, the electric permittivity
¢ and the magnetic permeability p are assumed to be positive constants. Equation (1.le) is the well-known
Silver-Miiller radiation condition in the time domain with & := x/|z|.

Time-domain scattering problems have been widely studied recently due to their capability of capturing wide-
band signals and modeling more general materials and nonlinearity, including their mathematical analysis (see,
e.g., [2,13,26-28,31,33,37,39] and the references quoted there). The well-posedness and stability of solutions
to the problem (1.1a)—(1.1e) have been proved in [14] by employing an exact transparent boundary condition
(TBC) on a large sphere. Recently, a spherical PML method has been proposed in [40] to solve the problem
(1.1a)—(1.1e) efficiently, based on the real coordinate stretching technique associated with [Re(s)]~! in the
Laplace transform domain with the Laplace transform variable s € C4 :={s =51 +is2 € C: s1 > 0, s2 € R},
and its exponential convergence has also been established in terms of the thickness and absorbing parameters
of the PML layer.

In this paper, we continue our previous study in [40] and propose and study the uniaxial PML method for
the problem (1.1a)—(1.1e), based on the real coordinate stretching technique introduced in [40], which uses a
cubic domain to define the PML problem and thus is of great advantage over the spherical one in dealing with
problems involving anisotropic scatterers. We first establish the existence, uniqueness and stability estimates of
the PML problem by the Laplace transform technique and the energy argument and then prove the exponential
convergence in both the L?-norm and the L*-norm in time of the time-domain uniaxial PML method. Our
proof for the L2-norm convergence follows naturally from the error estimate between the EtM operators for
the original scattering problem and its truncated PML problem established also in the paper, which is different
from [40]. The L*°-norm convergence is obtained directly from the time-domain variational formulation of the
original scattering problem and its truncated PML problem with using special test functions.

The PML method was first introduced in the pioneering work [3] of Bérenger in 1994 for efficiently solving
the time-dependent Maxwell’s equations. Its idea is to surround the computational domain with a specially
designed medium layer of finite thickness in which the scattered waves decay rapidly regardless of the wave inci-
dent angle, thereby greatly reducing the computational complexity of the scattering problem. Since then, various
PML methods have been developed and studied in the literature (see, e.g., [4,21,23-25,29,35] and the refer-
ences quoted there). Convergence analysis of the PML method has also been widely studied for time-harmonic
acoustic, electromagnetic, and elastic wave scattering problems. For example, the exponential convergence has
been established in terms of the thickness of the PML layer in [1,4,8,11,12,18,30,32] for the circular or spher-
ical PML method and in [5-7,15,17,19, 20] for the uniaxial (or Cartesian) PML method. Among them, the
proof in [1] is based on the error estimate between the electric-to-magnetic (EtM) operators for the original
electromagnetic scattering problem and its truncated PML problem, while the key ingredient of the proof in
[11,19] is the decay property of the PML extensions defined by the series solution and the integral represen-
tation solution, respectively. On the other hand, there are also several works on convergence analysis of the
time-domain PML method for transient scattering problems. For two-dimensional transient acoustic scattering
problems, the exponential convergence was proved in [10] for the circular PML method and in [16] for the
uniaxial PML method, based on the complex coordinate stretching technique. For the 3D time-domain electro-
magnetic scattering problem (1.1a)—(1.le), the spherical PML method was proposed in [40] based on the real
coordinate stretching technique associated with [Re(s)]~! in the Laplace transform domain with the Laplace
transform variable s € C,, and its exponential convergence was established by means of the energy argument
and the exponential decay estimates of the stretched dyadic Green’s function for the Maxwell equations in the
free space. In addition, we refer to [2] for the well-posedness and stability estimates of the time-domain PML
method for the two-dimensional acoustic-elastic interaction problem, and to [38] for the convergence analysis of
the PML method for the fluid-solid interaction problem above an unbounded rough surface.

The remaining part of this paper is as follows. In Section 2, we introduce some basic Sobolev spaces needed
in this paper. In Section 3, the well-posedness of the time-domain electromagnetic scattering problem is pre-
sented, and some important properties are given for the transparent boundary condition (TBC) in the Cartesian
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coordinate. In Section 4, we propose the uniaxial PML method in the Cartesian coordinate, study the well-
posedness of the truncated PML problem and establish its exponential convergence. Some conclusions are given
in Section 5.

2. FUNCTIONAL SPACES

We briefly introduce the Sobolev space H(curl,-) and its related trace spaces which are used in this paper.
For a bounded domain D C R? with Lipschitz continuous boundary ¥, the Sobolev space H (curl, D) is defined
by

H(curl, D) := {u € L*(D)* : V xu € L*(D)*}

which is a Hilbert space equipped with the norm
1/
lullareun,py = (Iallfz oy + IV x wllfzpp ) -

Denote by uy, = n x (u x n)|y the tangential component of w on 3, where n denotes the unit outward
normal vector on . By [9] we have the following bounded and surjective trace operators:

v: H'(D)— H'*(%), T =9 on ¥,
v : H(curl, D) — H~Y/?(Div, %), MuU=uXxXmn on ¥,
yr @ H(curl, D) — H™Y/2(Curl, ), yru =n x (u X n) on X,

where v, and 7 are known as the tangential trace and tangential components trace operators, and Div and
Curl denote the surface divergence and surface scalar curl operators, respectively (for the detailed defini-
tion of H='/2(Div,%) and H~'/?(Curl, ), we refer to [9]). By [9] again we know that H~'/2(Div,¥) and
H~'/2(Curl, %) form a dual pairing satisfying the integration by parts formula

(u,Vxv)p —(Vxu,v)p = (pu,yrv)y YVu,ve H(curl, D), (2.1)

where (-,-)p and (-,-)s; denote the L2-inner product on D and the dual product between H~'/?(Div,¥) and
H~Y2(Curl, X), respectively.
For any relatively closed and locally Lipschitz continuous subset S C 3, the subspace with zero tangential

trace on S is denoted as
Hg(curl, D) := {u € H(curl, D) : yu =0 on S}.

In particular, if S = ¥ then we write Hy(curl, D) := Hx(curl, D).

3. THE WELL-POSEDNESS OF THE SCATTERING PROBLEM

Let Q be contained in the interior of the cuboid By := {x = (z1,z2,23)" € R® : |2;| < L;/2,j = 1,2,3} with
boundary I'; = 9B;. Denote by n the unit outward normal to I';. The computational domain B;\(2 is denoted
by €. In this section, we assume that the current density J is compactly supported in By with

J e H'0,T; L*()%), 9J)=o=0, j=0,1,2,3,...,9 (3.1)
and that J is extended so that
J € H(0,00;L*()%), [T m10(0,00:2200)3) < Cll T lr10(0,7:02(0,)2)- (3.2)
Define the following time-domain transparent boundary condition (TBC) on I'y:

?[EFI] =H x (5 on Fl X (O,T) (33)
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which is essentially an electric-to-magnetic (EtM) Calderén operator, where Er, := ny x (E X n1)|p, is the
tangential component of E on 'y, E and H satisfy the exterior Maxwell’s equations

V x FE + u@tH =0 in RS\El X (O,T),
VxH-e,E=0 in R3\B; x (0,7T),
E(z,0) = H(x,0) =0 in R3\By,

Ex (OE x &)+ & x 0,H = o|z|™") as x| — o0, te€(0,7).

Then the original scattering problem (1.1a)—(1.1e) can be equivalently reduced into the initial boundary value
problem in a bounded domain € x (0,7):

VxE+puoH =0 in £ x(0,7),

VxH-cO,E=J in Q x(0,7),

nxE=0 on T x (0,T), (3.4)
E(z,0) = H(z,0) =0 in Qq,

TJ[Er,] = H x n on I'y x (0,7).

The well-posedness of the original scattering problem (1.1a)—(1.1e) has been established in [14] by using the
transparent boundary condition on a sphere. Thus the problem (3.4) is also well-posed since it is equivalent to
the problem (1.1a)—(1.1e). However, for convenience of the subsequent use in the following sections, we study
the problem (3.4) directly by studying the property of the EtM operator 7, based on the Laplace transform
technique [22,36].

For a Banach space E we denote by D1 (E) = {u € C§°(R; E), u vanishes on (—o0,0)} the set of smooth and
compactly supported E-valued causal functions on the real line. Further, let D/, (E) denote the set of E-valued
causal distributions on the real line and let .7/ (E) be the set of the corresponding tempered distributions. Set

L' (E) :={f €D (E),e 7" f(t) € S| (E) for some oy € R}.

The Laplace transform of f € £/, (E) is defined by

Z[f(@®)](s) = /OOO f(t)e stdt, s=s+isy fors; > op.

If s; = 0, then the Laplace transform coincides with the usual Fourier transform.
In what follows, we aim to find solutions of the problem (1.1a)—(1.1e) in the Sobolev space (see [14], Thm. 3.1):

E(z,t) € L*(0,T; H(curl, Q) N H' (0, T5 L*(24)%),
H(z,t) € L*(0,T; H(curl, Q) N H' (0, T; L*(1)?)

which are L?-integrable in the time variable. It can be easily seen that e=7°*E(-,t) € .| (L*(?1)?) for oo > 0.
Thus E(-,t) and H(-,t) are Laplace-transformable in time. Define

E(z,s) = Z(E)(x,s) = /OOC e *'E(x,t)dt,
H(z,s)=Z(H)(z,s) = /000 e S'H (x,t)dt

for any s € C4 :={s =151 +is2 € C: s1 >0, sy € R}, which is usually adopted in the time domain scattering
problems (see, e.g., [14,40]). Let 2 : H='/?(Curl,T';) — H~'/?(Div,T;) be the EtM operator

%[EFI] = H X nip on Fl, (35)
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where E and H satisfy the exterior Maxwell’s equation in the Laplace domain
VxE+usH=0 in R3\By,
VxH-esE=0 in R3\By, (3.6)
j;x(Exi)—&—fcxIvJ:o(ﬁ) as |z| — oo.

It is obvious that .7 = £~ ! 0 B0 .%, where £~ is the inverse Laplace transform given by

f=F L (f)(5) = / e 2(f)(5) ds

= omi

where v is the vertical line Re(s) = s; > 0¢ in the complex plane.
For each s € C, it is known that, by the Lax-Milgram theorem the problem (3.6) has a unique solution
(E,H) € H(curl, R3\ By) . Thus the operator 4 is a well-defined, continuous linear operator.

Lemma 3.1. For each s € C,, #: H~Y/?(Curl,T'y) — H'/?(Div,T';) is bounded with the estimate
12| Lt 172 (Curt,ry), H-1/2(Div,ry)) S |1 + s, (3.7)

where L(X,Y) denotes the standard space of bounded linear operators from the Hilbert space X to the Hilbert
space Y . Further, we have

Re(Bw,w)r, >0 for any w € H™/?(Curl,Ty), (3.8)
where (-)p, denotes the dual product between H~/?(Div,T1) and H~/?(Curl,Ty).

Proof. First, eliminating H from (3.6) and multiplying both sides of the resulting equation with V &
H(curl,R3\ B;) yield

‘<93[EF1]?'7TV>F1’ =

/ [(us) 'VXE-VxV +esE-Vdaz]
RS\El

S (|S|_1 + |S|)||E||H(curl7]R3\§1)||V||H(curl7]R3\§1)7

which implies (3.7).

Now, for any w € H~'/2(Curl,T'y) suppose (E, H) is the solution to the problem (3.6) satisfying the boundary
condition y7E = w on T';. Let Bp := {z € R? : |z| < R} contain the domain B;. Eliminating H from (3.6)
and integrating by parts the resulting equation multiplied with E over Br\Bj, we obtain that

/ ~ ((us) ™MV x E|? +es|E|?) dz — (Bw,w)r, +/ & x (us)'Vx E ‘Edy=0. (3.9)
BR\Bl aBR

Taking the real part of (3.9) and noting that

|&x (B x &) —&x (us) 'V x E|2 =& x (Ex &))"+ |2 x (us)"'V x E|* — 2Re(& x (us) 'V x E) - E,

we have st 5 §
WHV X EHiQ(BR\El)?’ + 581||EH%2(3R\§1)3 - Re<%waw>l“1
+ e x @ xa)| + Lg% (o)1 x B (3.10)
2 L2(8Br)® ' 9 H L2(8BRr)? :

Lig « (E x 1) —2 x (us) "'V x E||i2

(0BRr)?"

By the Silver-Miiller radiation condition (1.1e) in the s-domain, it is known that the right-hand side of (3.10)
tends to zero as R — co. This implies that Re(%w,w)r, > 0. The proof is thus complete. ]
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By using Lemma 3.1 and Lemmas 4.5, 4.6 of [39], the time-domain EtM operator .7 has the following positive
properties which will be used in the error analysis of the time-domain PML solution.

Lemma 3.2. Given & >0 and w(-,t) € L*(0,& H~Y/2(Curl,Ty)) it holds that

Re/F1 /05 </0t‘€[w](x,7) dT>w(x,t) dtdvy > 0,

Proof. We extend w by 0 with respect to ¢ outside the interval [0,&] which is denoted again by w. Recall the
Parseval identity for the Laplace transform (see [22], (2.46))

where € = L 1 osBo L.

L U _ [ ety (t) v
u(s) - v(s)dsg = /0 (t)-v(t)dt (3.11)

2 J o

for all s; > A, where X is the abscissa of convergence for the Laplace transform of w and v. This, together with
Lemma 3.1 and the Laplace transform property f(fot u(7) dT) (s) = s71Z(u)(s), implies that

Re /F /Ooo e_QSlt(/()t%[w](:c,T) d7>w(sc,t) dt dvy

- Re/rl /OOO 6—231t(/0t.$—1 o 5% 0 Llwl(x,7) dr)w(m,t) dt dvy
= 1Re/_(j<> N PBo L (w) L )(s)dydssy

27
1 [ o
=50 - Re(ZBw], w)r, dsa
> 0.
This completes the proof after taking s; — 0. (]

Lemma 3.3. Given £ >0 and w(-,t) € H'(0,& H/2(Curl, 1)) with w(-,0) = 0, it holds that

Re/rl /05 (/Ot%[&w}(x,r) dr) 0, (x, £) dt dy > 0.

Proof. The proof is similar to that for Lemma 3.2 with w replaced by 0,w. So we omit the detailed proof. [

We now introduce the equivalent variational formulation in the Laplace transform domain to the problem
(3.4). To this end, eliminate the magnetic field H and take the Laplace transform of (3.4) to get

V x [(us)™1V x E] +esE=—J in Q,

nxE=0 on T, (3.12)
B|Er,] = —(us) "'V x E x ny on Tj.

The variational formulation of (3.12) is then as follows: find a solution E € Hr(curl, ;) such that

a(E,V) = —/ J-Vdz, VYV e Hr(curl Q), (3.13)
Q1
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FI1GURE 1. Geometric configuration of the uniaxial PML.

where the sesquilinear form a(-,-) is defined as

(B, V) :/

[(su)*l(v x B) (VX V)+esk- V] dz + (B[Er,], Vi, )r,. (3.14)
Q1

By Lemma 3.1 it is easy to see that a(,-) is uniformly coercive, that is,

.. S1 . .
Re[a(B, E)] 2 255 (IV % Elfx(q,s + 5Bl (0,)0)

™ ]s]?
2 51 min{|s|_27 1}‘|E||%{(curl,ﬂl)' (3]‘5)

Then, by the Lax—Milgram theorem the problem (3.12) is well-posed for each s € C,. Thus, and by the energy
argument in conjunction with the inversion theorem of the Laplace transform (cf. [14]) the well-posedness of
the problem (3.4) follows. In particular, 7 [Er,] € L*(0,T; H~'/?(Div,T)).

4. THE UNIAXIAL PML METHOD

In practical applications, the scattering problems may involve anisotropic scatterers. In this case, the uniaxial
PML method has a big advantage over the circular or spherical PML method as it provides greater flexibility
and efficiency in solving such problems. Thus, in this section, we propose and study the uniaxial PML method
for solving the time-domain electromagnetic scattering problem (1.1a)—(1.1e).

4.1. The PML equation in the Cartesian coordinates

In this subsection, we derive the PML equation in the Cartesian coordinates. To this end, define By := {z =
(w1, 22,23) " € R3: |z;| < Lj/2+d;, j =1,2,3} with boundary Iy = OB5 which is a cubic domain surrounding
Bi. Denote by ns the unit outward normal to I's. Let QOPML — B\ B; be the PML layer and let Q3 = B\ be
the truncated PML domain. See Figure 1 for the uniaxial PML geometry.

For z = (z1,72,23)" € R3, let 51 > 0 be an arbitrarily fixed parameter and let us define the PML medium
property as

aj(z;) =1+ sflaj(xj), ji=1,2,3,
where
0, |z;| < Lj/2,
_ (=il = L;j/2\™
oj(zj) =10 (]d] s L2 <|zj| < Lj/2+ dj, (4.1)
J
5]‘, Lj/2+dj<|$j|<00
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with positive constants o, j = 1,2,3, and integer m > 1. In what follows, we will take the real part of the
Laplace transform variable s € C to be s, that is, Re(s) = 1.
In the rest of this paper, we always make the following assumptions on the thickness of the PML layer and
the parameters ¢;, which are reasonable in our model:
dl = d2 = d3 = d, L= maX{Ll,Lg, L3} < Cod, (42)

51252:53::Uo>0 4.3

for a fixed generic constant Cy. Under the assumptions (4.2) and (4.3) we have

Lj/24d; ond
(1) dr = 22 i=1,2,3. 4.4
[ smar= ot e (4.4

We remark that the constant assumption on d; and ¢, in (4.2) and (4.3) is only to simplify the convergence
analysis but not mandatory. We now introduce the real stretched Cartesian coordinates Z = (¥, 2, 23) ' with

@-:/0 Caj(r)dr, j=1,2,3. (4.5)

We now derive the PML extension under the stretched coordinates Z by following [40]. By Theorem 12.2 of
[34], the solution of the exterior problem (3.6) in R\ By can be given by the integral representation

E(z) = —¥si(q)(x) — Ypi(p)(z), H(w)=—(us)” curl E(z), (4.6)

where

Ysr(q) = | G'(s,2,9)q(y)dy(y), ¥pL(p) = /F (curl,G)" (s, 2,y)p(y) dv(y),

'

denote the Maxwell single- and double-layer potentials, respectively, p = ¢ (E) and q¢ = y(curl E) are the
Dirichlet trace and Neumann trace of the solution on I';, and G is the dyadic Green’s function for Maxwell’s
equations in the free space defined as a matrix function (see [34], (12.1)):

1
G(s,z,y) = @s(x,y)I + ﬁvyqu)s(m?y)a z#y.

Hereafter, s € C; with Re(s) = s1, I is the 3 x 3 identity matrix, ®,(z,y) is the fundamental solution of the
Helmholtz equation with complex wave number k = i,/2us defined by

etklz—yl e—VeEns|z—yl
Dy(z,y) = = , (4.7)
dmlz —y|  Awlz -y
and V,V,®s(z,y) is the Hessian matrix of ®,(x,y) with its ([, m)th element
0%®(z,
(VyVy®a(2,9)),,, = TOry) <y m<s. (4.8)
’ 8.1/[ 8y7n
Now, for € R\ B; define the stretched single- and double-layer potentials
~ ~ ~ AT
() = [ G e ), Fou) = [ (c,€) (apl) di).
1 1
where the stretched dyadic Green’s function
~ ~ 1 ~
G(s,z,y) = (2, y) I+ 5V, VyPu(z,y), z#y, k=ieus (4.9)

k.2
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with the stretched fundamental solution and the complex distance

(’f) ef\/aps(ivy) _ _ 4 10
s(ﬂf,y)—W7 ps(T,y) = s|T —yl. (4.10)

For any p € H~'/?(Div,T';) and ¢ € H~/?(Div,T;), define
E(p,q)(z) := —®s.(q)(z) — ¥pL(p)(z), = <€R\B, (4.11)

to be the PML extensions in the s-domain of p and q. Introduce the stretched curl operator acting on vector
u = (U17U2,U3)T1

- <GU3 8u2 8u1 8ud 8u2 8u1

carlu=Vxu:=|— —, o= —, = —
81‘2 (9%‘3 8.133 81‘1 ’ 8$1 8.132
with the diagonal matrices

1 1
asaz’ ajaz’ ajan

A= dlag{ } and B = diag{al, a2, 043}. (412)

Then the PML extension in the s-domain in R*\ By of v (E)|r, and v (curl E)|r, is defined as

E(z) =E(v (E),vt (curl E)), r € R®\B;. (4.13)

Define H(z) := —(us) ‘curl E’(m) for x € R3\B;. Then it is easy to see that (E,ﬁ) satisfies the Maxwell
equation in the s-domain:

%xﬁ—i—usﬁzO, %XH—%’E:O in Rs\El. (4.14)

Define X <
(B™E, B o~ B2 (E), 27 (H)).

Then (EPML, HPML) can be viewed as the extension in the region R3\ B; of the solution of the problem (1.1a)-
(1.1e) since, by the fact that a; = 1 on I'y for j = 1,2,3 we have EPMV = E, HPML = H on T';. If we set
EPML = F and HPM = H in Q) x (0,T), then (EPME HPML) gatisfies the PML problem:

V x EPMY 4 uBA) o, H™ME =0 in (R3\Q) x (0,T),
Vx H™ME —eBA)'QE™ =J in (R3\Q) x (0,T),
n x EPML — o on I'x (0,7),
EPML (3 0) = HPME(2,0) =0 in R3\Q.

(4.15)

The truncated PML problem in the time domain is to find (E?, H?), which is an approximation to (E, H) in
4, such that

V x EP + u(BA)'0,H? =0  in Qy x (0,7),
V x HP —¢(BA)'O,EP =J  in Q x(0,7),
nx EP =0 on I'x (0,7), (4.16)
no x EP =0 on I'y x (0,T),

E?(x,0) = H?(2,0)=0 in Q.
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4.2. Well-posedness of the truncated PML problem

We now study the well-posedness of the truncated PML problem (4.16), employing the Laplace transform
technique and a variational method. Eliminate H? and take the Laplace transform of (4.16) to obtain that

V x [(us) 'BAV x EP] +es(BA)'EP = —J in Qo,
nx EP=0 on T, (4.17)
T X Ep =0 on Fg.

The variational formulation of (4.17) can be derived as follows: find a solution EP € Hy(curl, Q) such that
ap(EP, V) = —/Q J-Vdz, VYV e Hycurl,Qy), (4.18)
|
where the sesquilinear form a,(-,-) is defined as
ap(EP, V) = /Q [(us) "BA(V x EP) . (VxV)dzx +es(BA)"LEP V] da. (4.19)
2

We have the following result on the well-posedness of the variational problem (4.18).

Lemma 4.1. For each s € Ci with Re(s) = s1 > 0 the variational problem (4.18) has a unique solution
EP € Hy(curl, Q). Further, it holds that

IV % EP|[ 12 (028 + [SEP [ 12(yys S 51 (1457 00)?[[sT |12 (6,)s- (4.20)

~

Proof. By the definition of the diagonal matrix BA (see (4.12)) and a direct calculation it easily follows that
fori=1,2,3

(1+s7'00) < |(BA)yu| < (1+s7"00) in QPML (4.21)
(1457 00) " < [(BA);Y < (1+s7%00)7, in QPML, (4.22)
Thus, it is derived that
5 . 1 S1 5 5
Re[a, (E?, EP)| 2 —— W(IIV X EP||r2(0,)s + |SEP | £2(0,8)- (4.23)

~ (1 + 81_10'0)

The existence and uniqueness of solutions to the problem (4.18) then follow from the Lax—Milgram theorem.
The estimate (4.20) can be obtained by combining (4.18), (4.23) and the Cauchy—Schwartz inequality. The proof
is thus complete. O

To show the well-posedness of the truncated PML problem (4.16) in the time domain, we need the following
lemma which is the analog of the Paley—Wiener—Schwartz theorem for the Fourier transform of the distributions
with compact support in the case of Laplace transform ([36], Thm. 43.1).

Lemma 4.2 ([36], Thm. 43.1). Let &(s) denote a holomorphic function in the half complex plane s; = Re(s) >
oo for some og € R, valued in the Banach space E. Then the following statements are equivalent:

(1) there is a distribution w € Dl+ (E) whose Laplace transform is equal to &(s), where D; (E) is the space of
distributions on the real line which vanish identically in the open negative half-line;

(2) there is a o1 with o9 < 01 < 00 and an integer m > 0 such that for all complex numbers s with s1 =
Re(s) > oy it holds that ||w(s)|lg S (1 + |s])™.
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The well-posedness and stability of the truncated PML problem (4.16) can be proved by using Lemmas 4.1
and 4.2 and the energy method (cf. [14], Thm. 3.1).

Theorem 4.3. Let sy = 1/T. Then the truncated PML problem (4.16) in the time domain has a unique solution
(EP(z,t), HP(x,t)) with

EP € L*(0,T; Hy(curl, Q2)) N H' <0,T; L2(92)3>,

HP € L2(0,T; Ho(curl, Qs)) N H* (O,T; L2(92)3>
and satisfying the stability estimate

max, 10:EP || L2025 + IV X EP|| 1205 + 100 HP || L2(020)s + |V X HP || 12(004)3]

S (L + 00T T |0, 02(00)%)- (4.24)

Proof. Existence and uniqueness of solutions of the truncated PML problem (4.16) follows directly from The-
orem 3.1 of [14] and Lemmas 4.1 and 4.2. We now establish the stability estimate (4.24). Define the energy
function

e(t) = "2 (BA) 2 EP (1|32, + 112 (BA)TVEHP (1|72 gy, ¢ € (0,T).

From the zero initial conditions of E? and HP, we know that e(-) can be equivalently written as

e(t) =e(t) —e(0) = /0 e (r)dr.

By a simple calculation with using the system (4.16) and integration by parts, we have
t t L L
/ e(r)dr = 2Re/ / (e(BA)'0.EP - EP + p(BA) 'O, H? - H?) da dr
0 0 Jo
t ’ L L t L
:QRe//(VxHp~EP+V><Ep'HP)d$d772Re// J - EPdxdr
0 JO, 0 JQ,
t L L t L
= 2Re/ / ((V X EP) - H? — (V x Ep)~HP)dxdT—2Re/ / J - Epdxdr
0 JQo 0 JQ2
t
= —2Re/ / J - -Erdxdr S 2 max ||Ep('7t)”L"’(Qg)?’||J||L1(O,T;L2(Ql)3)-
0 JQo te[0,T]

This, combined with the definition of e(t), the estimate for (BA)™! (see (4.22)) and the Cauchy-Schwartz
inequality, yields

t§3§](||Ep('vt)||L2(Qz)3 + ||Hp('vt)||L2(Qz)3) S+ UOT)HJ||L1(0,T;L2(Q1)3)' (4.25)

Taking the derivative of (4.16) with respect to ¢, we know that (9, EP, 9, HP) satisfy the same set of equations
with the source J replaced by d;J, and the initial conditions replaced by 0; EP|i—g = e 'BAV x HP|,—o = 0,
O;HP|—o = —pu 'BAV x EP|;—o = 0. Hence, following the similar steps as in deriving (4.25) for (0, EP, 0, HP)
we have

tgg§](||5tEp('7t)||L2(Qz)3 HIOHP ()| L2 (02)2) S (1+ 00D 0T |11 (0,7522(0)2)- (4.26)

Combining (4.25), (4.26) and the Maxwell system (4.16) yields the desired estimate (4.24). O
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To study the convergence of the uniaxial PML method, we introduce the EtM operator B H-1/? (Cwrl,T4) —
H~'/2(Div,T';) associated with the truncated PML problem (4.17) in the s-domain. Given A € H~/2(Div,T;),
define

BAXxny) =ny x (us)”"'V x u on I'y, (4.27)

where u satisfies the following problem in the PML layer:

_1 “1,, _ : PML
{v x [(ns)'BAV x u| +es(BA)'u =0 in QPML, (4.28)

nyxXu=2A\ on I'y, no X u=0 on I's.

We need to show that (4.28) has a unique solution, so % is well-defined. To this end, we consider the following
general problem with the tangential trace £ on I's, which is needed for the convergence analysis of the PML
method:

V x [(us)'BAV x u] + es(BA)lu=0  in QFML, (4.29)
nlxu:)\ OIlFl7 ’I'ZQX'LL:£ ODFQ. ’
Define the sesquilinear form a"MF . H(curl, QPML) X H(curl, QPML) — C as
"ML (u, V) = / (us) 'BA(V x u) - (V x V) dz +/ es(BA) tu - Vdz. (4.30)
QPML QPML

Then the variational formulation of (4.29) is as follows: Given A € H~'/2(Div,T';) and £ € H~/?(Div,Ty),
find u € H(curL QPML) such that n; xu=AonTI'1, no x u =& on Ty and

™Ml (u, V) =0, VV € Hy(curl, Q"M). (4.31)
Arguing similarly as in proving (4.23), we obtain that for any V' € Hy(curl, QPML),

LI

Rela™(V, V)] 2 (1+ 57 09)° I8P [Hv X VlIZa(aeaeys + I8V 72 qeaye - (4.32)
51

00)

By (4.32) and the Lax—Milgram theorem it follows that the variational problem (4.31) has a unique solution.
We have the following stability result for the solution to the problem (4.29).

Lemma 4.4. For any A € H='/?(Div,T) and &€ € H=/?(Div,Ty), let u be the solution to the problem (4.29).
Then

_ 1 4
IV Xl 2 qrays + [|sul| L2 grany S 87 Y1457t 00) [sl(1+ s (I =172 (Div,ry) + 1€l =172 (Div,rs)) - (4:33)

Proof. Let ug € H(curl,QPML) be such that ny X ug = A, ny X ug = € on I's. Then, by (4.31) we have
w = u — ug € Ho(curl, Q"ML) and

™M (w, V) = —a"™E(ug, V), VYV € Hy(cwrl, Q"ME). (4.34)

This, combined with (4.30)—(4.32) and the Cauchy—Schwartz inequality, gives

1 51 ( 2 2
—— 2 (IV x| s+ llsw] )
(1 + 5;100)2 |S|2 LZ(QPML) L2(QPML)

< Re [aPML(w7 w)]

< (1+ 8;100)2

~

1/2
LTI (IV % lEaqarngs + slEagrngs) ol ame,
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yielding

(||V X ""H2L2(QPML)3 + HS(‘U”iQ(QPML ”uOH%{(curl,QPML)'

)1/2 _ (1 s7"00) s/ T+ [P
)3 ~ s1

This, together with the definition of w and the Cauchy—Schwartz inequality, implies that

(1 + 1 o0)*[s|(1 + |s])
S1

||V X 11||L2(QPML)3 + ||Sﬁ||L2(QP1v1L)3 S ||u0HH(CurLQPML).

The desired estimate (4.33) then follows from the trace theorem. O
Now, by using % the truncated PML problem (4.17) for the electric field EP can be equivalently reduced to

the boundary value problem in €y:

{V x [(us)™'V x EP| + esEP = —J  in Q, (4.35)

nxEP=0 on T, @[Evffl] =ny x (us)"'V x E? on T.

Similarly, for the problem (4.35) we can derive its equivalent variational formulation: find E? € Hry, (curl, )
such that

E(Ep, V)) = —/Q J-Vdz, YV eHy (curl,Q), (4.36)

where the sesquilinear form a(-, -) is defined as
a(E"\V) = / [(us) 1 (V x EP) - (V x V)dz + esE? - V] da + (B[Er,], Ve, )r, - (4.37)
1951

By using % and the Laplace and inverse Laplace transform it can be shown that the truncated PML problem
(4.16) is equivalent to the initial boundary value problem in £2;:

V x EP + puo,H? =0 in Q x(0,7),

Vx HP —eO,EP =J in Q x (0,7),

nxEP=0 on T x (0,7), (4.38)
EP(z,0) = H?(z,0) =0 in Q,

T(EL]=HP x n on Ty x (0,7),

where 7 = £ 1o %o ¥ is the time-domain EtM operator for the PML problem. In fact, it is easy to see
that any solution (E?, HP) of the truncated PML problem (4.16) restricted to €2; is a solution of the problem
(4.38). Conversely, let (EP, HP) be a solution of the problem (4.38). Let EPML be the solution of (4.28) with
X = ny x EP|p,, where EP|p, is the Laplace transform of EP on I';. Then EPML is actually an extension in QPME
of E? on I'; and ny % EPML — ( on T'5. Define HPML .— —(,us)_lv x EPML i QFPML Then, by the definition
of the transparent operators .7 and % (see (4.27) above) we know that F[EP]=H"M" xnion I'y x (0,T).
This, together with the last equation in (4.38), gives that H'ME x n; = HP x ny on I'y x (0,7), and thus
HPML s actually an extension in QP™M* of H? on 'y, where HP|r, is the Laplace transform of H? on I';. Define
(EP, HP) := (EPML HPML) in OPML Then (EP, HP) is a solution of the truncated PML problem (4.16).

4.3. Exponential convergence of the uniaxial PML method

In this subsection, we prove the exponential convergence of the uniaxial PML method. The proof depends
on the error analysis between the EtM operators for the original scattering problem and the truncated PML
problem, which is concluded as a boundary value problem in the PML layer with the PML extension as outer
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boundary value. The convergence in then obtained by combining the stability result of the PML system in
Lemma 4.4 and the exponential decay of the PML extension. We begin with the following lemma which is useful
in the proof of the exponential decay property of the stretched fundamental solution ®4(x,y).

Lemma 4.5. Let s = s1 + iso with s;1 > 0, so € R. Then, for any x € I'y and y € I'1 the complex distance ps
defined by (4.10) satisfies

O'()d
m+1

lps(Z,y)/s| > d, Re[ps(Z,y)] >

Proof. For x € Ty and y € Ty, Z; — y; = (v; — y;) + 57 'x;6;(x;), where

Gj(x;) = 1/0%- o;(7)dr.

Lj

Then, by the definition of the complex distance ps(Z,y) (see (4.10)) we have

lps(T,y)/s| = |z —y| = \/(51 )’ + @2 — ) + (@ —ys)”
5 1/2
2 — ~ — ~
=Y [(%‘ —ys)" 4 287 w6y (wg) (e — yy) + 51 22567 ()
j=1

where we have used the fact that z;6;(z;)(z; —y;) > 0 for € 'y and y € I';. In addition,

Relps(Z,y)] = Re {52 ((51 —y)’ + @2 — )’ + (@3 — 93)2)} "

= 51y @1~ ) + @2 — 1)’ + (T2 — 1)

1/2
> Z %2 AJQ(%)
j=1
If £; = £(L;/2+4d;) € T, then, by (4.4) we have |z;6,(x;)| = ood/(m + 1). Thus, Re[ps(Z,y)] > ood/(m +1).
The proof is thus complete. (I

By Lemma 4.5, and arguing similarly as in the proof of Lemma 5.3 of [40], we have similar estimates as in
Lemma 5.3 of [40] for the stretched dyadic Green’s function G in the PML layer.

Lemma 4.6. Assume that the conditions in (4.2) and (4.3) are satisfied. Then we have that for x € s,y € T'y,

~ Nat
|G(S,Jj,y)| ,S Sl_zd_l(l —|—31_10'O)2€_ ‘n‘i-f—? ,

curly G(s, 2, 5)| S ™11+ |s) (1 + 57 'og) e~ 7,

‘curlgg @(s, x,y)

)

, ’curly curl, @(S,JT,]/)‘ < (1 + |s|2) (1 + sflao)Qd—le_ */f?:fd)

’curlg curl, G(s,z,y)
_ JERogd
‘curlz curly curly G(s, , Z/)‘ S (1 + |5|3)d_1(1 + 51_100)36_747+?’

where G is the stretched dyadic Green’s function and s = s +isq € C4.

By Lemma 4.6, the trace theorem for H(curl,-) and the PML extension in the s-domain defined in terms of the
integral representation (4.11), the following lemma on the decay property of the PML extension can be easily
proved by following the proof of Theorem 5.4 from [40] with I'g replaced by I'y (¢f. [40], Thm. 5.4).
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Lemma 4.7. For any p, q € H-Y/?(Div,T';) let E(p,q) be the PML extension in the s-domain defined in
(4.11). Then we have that for any x € QFML,

_ _ 2 _ VEpopd
E(p,q)(z)| < 51 2d1/2(1 +s70p) € Tm [+ IsDllall g-1/2(Div,ry) + (1+1s?) ||P||H—1/2(Div71“1)} (4.39)

and

_ 3 _ Epogd
jeurly E(p, q)()] S d?(1+ 57 00) e A [(1+ 1/2) gl 1200w,y + (L4 15P) [l 1720000 r) ]+ (4:40)

We now establish the L?-norm and L>-norm error estimates in time between solutions to the original scat-
tering problem and the truncated PML problem (4.16) in the computational domain ;.

Theorem 4.8. Let (E, H) and (E?P, HP) be the solutions of the problems (1.1a)—(1.1e) and (4.16) with s; =
1/T, respectively. If the assumptions (3.1) and (3.2) are satisfied, then we have the error estimates

||E_Ep||L2(0,T;H(curl,91)) +||H_HpHLQ(O,T;H(curl,Ql)) S T5d2<1 + O-OT)15€_UOdM/2||J||H10(0,T;L2(Q1)3) (441)
and

|E — Ep||LOO(07T;H(cur1,Ql)) + [ H — HPHLOQ(O,T;H(curI,Ql)) < T11/2d2(1 + UOT)156_UOd@/2||J||H9(O,T;L2(Q1)3)'
(4.42)

Proof. We first prove (4.41). Let U = E — EP and V = H — H? and let E and EP be the solutions to the
variational problems (3.13) and (4.36), respectively. Then, by (3.13) and (4.36) we get

o(U.0) =a(E.0) - a(E",U) = ((% - 2) [EL,], U, >r1' (4.43)

This, together with the uniform coercivity (3.15) of a(-,-), implies that
1000 S 57 (4 152)1 (2 = 2) [BE, ]2 r- (4.44)

From the Maxwell equations in ; obtained by taking the Laplace transform of the problems (1.1a)—(1.1e) and
(4.16), it follows that
”V”H(Curl,fh) f/ (‘S‘ + |s|71)HU”H(cur1,Ql)~

This, combined with (4.44), leads to the result
10 e + 1V oo S 57 (157 + 1) (B = 2) [BR,]lli-s/20 1. (4.45)

We now estimate the norm ||(%— %) [Elgl] | zr-1/2(Div,ry)- For Er|p, define its PML extension EP in the s-domain
to be the solution of the exterior problem

V x |(us) "'V x 'u} +esv=0 in R3\Bj,
ny xv=mny x EP on Iy,
& x (usv x &) — 2 x (6 xv) =o(|z|™) as |Z| — oo.

By Theorem 12.2 of [34], it is easy to see that EP? has the integral representation

EF :]E<%(Ep)7%(a;1 Ep)>.



2436 C. WEI ET AL.

Define H? := —(us)_lc’uvrlép. Then (E’P, ﬁp) satisfies the stretched Maxwell equations in (4.14) in R3\B;. It

is worth noting that HP is not the extension of H P|p,.
Noting that V xv=AV x Bv, we know that BEP satisfies the problem

V x [(us)"'BAV x v] +es(BA) " 'v =0 in R3\By,
ny xv=mng x EP on I'y,
& x (usB™lo x &) — & x (AV x v) = o(|Z] ") as |z — oo,

where we have used the fact that E? is the extension of EP|r, and B = diag{1,1,1} on I';. By the definition of
A, and since A = diag{1,1,1} on I'y, it is easy to see that

B[EL | =ny x (us) 'V x Er = ny x (pus) 'V x BE®.

By the definition of % in (4.27), we obtain that

(9? - %) [Egl] =ny X (us) 'V x w (4.46)
where w satisfies
V x [(1s) 'BAV x w] +es(BA) 'w =0 in QPML
n Xxw=0 on I'j,
Ng X w = fyt(IB%EP) on I's.

By Lemma 4.4 and the estimate for BA and (BA)~! in (4.21) and (4.22), we have

[y x (us) ™'V x Wl g-1/2(Div,ry)
_ 2 _
5 (1 + 51 100) ||(:U’S) 1BAV X w”H(curl,QPML)

2 1/2
_ 2f (145700 _ 4
S_, (1 + 51 10.0) ((|81|2)||V X w||i2(QPML)3 + (1 + 81 10’0) ||sw||iQ(QPML)3>

_ _ 8 =
S st (1 s7000) (1 + [s))? [ (IB%EP) lir=1/2(Div.ry)- (4.47)

~

Since V x v = AV x Bv and |[A~}| < (14 0¢)2 in QML we have by the boundedness of the trace operator
that - ~ =
Ve BEP)|| gr-1/2(Div,rs) S IBEP|| gr(cur,opvry S (1+ 5f100)2||Ep||H(CTﬂ,QPML)~ (4.48)
By Lemma 4.7 and the boundedness of yp and ~; it is derived that

B2, i msiny < (1 oy + leurlBP | gpay ) |27
_ _ 6 _oVEHogd — =
Ssptdt (1 + 57 o) e 2 [(1 + 5" 1ve (curl EP)H?LI,I/Q(DiV,Fl)
(1 181 B2y 2oy |

_ _ 6 _ o Eropd =
S st (1 570 00) e (L )2 BRI s o)

+ (U+ OB I 2 i
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_ _ _ VEropd
5514d4(1+51 100) € ? ot Z”’SE ||H(cur1 Q1)

VEmropd
< 5784 (1 + 570y 10 —2¥ZEx0 Z”S J||L2 (4.49)

where we have used Lemma 4.1 and the upper bound estimate (3.7) of the EtM operator #. Combining (4.45)-
(4.49) yields that

VERogd
||U||H(curl Q1) + ||VHH curl Ql) 1 d4(1 + S —2 Z ||S JHLZ(Ql (450)

This, together with the Parseval identity for the Laplace transform (3.11), gives

||U||%2 (0,T;H (curl,$21)) + ||V||%2(O,T;H(curl,ﬂl))

T
= A (”U”%I(curl,ﬁl) + ||VH%I(curl,Ql)) dt

oo
< 6281T/0 eizSIt(HUH%{(curl,Ql) + ”VH?I(CMI’Ql)) dt

o0 JEEogd 10 .
St / sy 104" (14 57 00) e 2 Y s [0, 0 dse
0 1=0

JERogd
< TS0 (1 + 572 00) e 2 R | T 20 0 125000 (4.51)

where we have used the assumptions (3.1) and (3.2) to get the last inequality. It is obvious that m should be
chosen small enough to ensure rapid convergence (thus we need to take m = 1). Since s;' = T in (4.51),
obtain the required estimate (4.41) by using the Cauchy—Schwartz inequality.

We now prove (4.42). Since (E, H) and (EP, H?) satisfy the equations (3.4) and (4.38), respectively, it is
easy to verify that (U, V') satisfies the problem

V><U+u8tV:0 in 91X(O7T),

VxV—-—eU=0 in £ x(0,7),

nxU=0 on I'x (0,7), (4.52)
U(z,0)=V(z,0)=0 in Q,

V xn = (9 - 9‘) [E2]+ Z[Ur,]  on Tyx(0,T).

Eliminating V' yields that

Vx (7 'V xU) +e0?U =0 in Q x (0,7),
nxU=0 on I'x (0,T),
U(z,0) = 8,U(x,0) =0 in 0, (4.53)

Y x U) x ny + €[Ur,] = (9 - ,7) [0:EL]  on T'yx(0,7),

where ¢ = 71 05% 0.%. The variational problem of (4.53) is to find U € Hr(curl, ;) for all t > 0 such that

/ e0?U -wdr = —/ p NV xU)(V x @) dx (4.54)
O

Q1
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+/ (T — T)[0:Ef. | - wr, dy —/ €|Ur,] - @r, dy, Yw € Hr(curl, ).
r, Iy
For 0 < £ < T, introduce the auxiliary function
€
1(z,t) = / U(z,7)dr, € ,0<t<E.
t

Then it is easy to verify that
W(z, &) =0, O0;¥q(x,t)=-U(z,t). (4.55)

For any ¢(z,t) € L?(0,&; L*(€1)?), using integration by parts and condition (4.55), we have
3 _ € rt _
/ b(z,1) - Ty (2,1) dt / / bz, 7)dr - Uz, 1) dt. (4.56)
0 0o Jo
Taking the test function w = ¥ in (4.54) and using (4.55) give
3 o 3 _ _
Re/ / san\Illdxdt:Re/ / E(Gt(atU‘I’1)+5tUU) dt dx
0 Q1 Q, J0

= SIVEU G Ol2aqaps (4.57)

By (4.56) we have the estimate
Re/ / NV xU) - (V x ®y)dzdt
1951

—Re/ﬂ/ LV x U) /g(VXU(xT))detdx

—/ —1‘/ Vxetdt‘ dx—Re// HV xU) - (V x ) dadt,
Q !

which implies that

_ 1 3 2
Re/ / NV xU)- (Vx\Ill)dmdt:f/ ,ufll/ V x U(z,t)dt| dz. (4.58)
o 2 Ja, 0
Integrating (4.54) from t = 0 to ¢t = £ and taking the real parts yield
1 ) 1 . 13 2
IVEUC Oy +5 [ 0] [V x UG a
1
3 . _
= Re/ T — ﬂ) [8tE§ |- @y, dydt — Re/ ¢[Ur,| - ¥, dydt. (4.59)
Iy
First, using (4.56) and Lemma 3.2, we have

3 13 t
Re/ ¢Ur,] - ®ip, dydt = Re/ / (/ €Ur,|(x,T) dT) -Ur, (x,t)dtdy > 0. (4.60)
0o Jr, r,Jo \Jo
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Then, and by (4.56) we deduce the estimate
1 9 1 1 ff 2
IV COlaae + 5 | w7 [V x Ut dt] da
931 0

g . _
< Re/ (7 — 7)[0EL ] - ®1p, dydt
T

—Re/ /1“1</ T)[0- Ep}dT)Url(x,t)dfydt
S ( JA [CaTalCT- AEt) — dt) ( [ W6l dt>,

where we have used the trace theorem to get the last inequality. The right-hand of (4.61) contains the term

(4.61)

3 3 1
/0 HU('7t)||H(CUﬂ»91) dt = /0 (HU("t)H%Q(KMP + [V x U(.7t)|‘%2(91)3) dt

which cannot be controlled by the left-hand of (4.61). To address this issue, we consider the new problem

V x (/J,_lv X (8tU)) + 58?(8tU) =0 in Ql X (O,Tv)7
nxoU=0 on I'x (0,7),
8,U (z,0) = 02U (2,0) = 0 n o, (4.62)
1NV % (Q,U)) x ny + €[0,Ur,] = ( ) [02EZ]  on Ty x(0,T),
which is obtained by differentiating each equation of (4.53) with respect to ¢. By a similar argument as in
deriving (4.54), we obtain the variational formulation of (4.62): find u such that for all w € Hr(curl, ),

/ e0?(O,U) - wdx = —/ NV x (0 0))(V x @) dw
Ql Q1
+/F (9 - 3) (07 EY | - wr, dy —/F €10,Ur,] - wr, dv. (4.63)

Define the auxiliary function
3
o(x,t) = / O U(z,7)dr, ze€,0<t<¢.
¢
Similarly as in the derivation of (4.57) and (4.58), we conclude by integration by parts that

¢ — 1
Re / / RO - drdt = LIVEU()3a(a, 0 (4.64)
0 (971

2

Re /05 /QR PV X (BU)) - (V x Ty) de dt = H—v xU )‘ (4.65)

LZ (91)3 ’

Choosing the test function w = Wy in (4.63), integrating the resulting equation with respect to ¢ from ¢ = 0 to
t = £ and taking the real parts yield
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2

1 1 1
2 IVEU (Ol + 5| 2V < UC.6)

L2(Q1)3

3 . _ € —
= Re/ / (T — T)[?EL,] - Wor, dydt — Re/ €[0:Ur,] - Wyp, dydt
0 Fl 0 l—‘1

(4.66)
Similarly to (4.60), it follows from (4.56) and Lemma 3.3 that
¢ _
Re/ Cg[atUl‘l] . ‘Il2r‘1 d"}/ dt > 0.
0 Iy
Thus, and by (4.66) we have
SIVEU )y + 5|~V < U0
g VAT Sz @ Tl S eans
§ N —
< Re/ / (7 - 7)[02EL,] - Tor, dryat
0 I
§ t, _
~ Re / / ( / (7-7) [83E{31]d7>8tUr1(1:,t) dydt
0 Iy 0
§ . o 3 R o
- Re/ / (7 - 7)[07EL,) - Ur, (,€) dyt - Re/ / (7 - 7) (028 )Or, (w,t) dy at
0 Fl 0 Fl
€1
< [N(7=2) @], (06Ol + I0CDleun ) (467)
Combining (4.61) and (4.67) gives
UGz 0,0 + 10U 22,y + IV X U720,
3 R . 13
< — . .
(LN =) PEICO], @) ([ TTC Ol a
&
(7 =2) 28],y (TCOmany + IUCOllnan) d (@68

Taking the L°-norm of both sides of (4.68) with respect to ¢ and using the Young inequality yield

”UH%W(O,T;L?(Ql)?') + ”atUH%OO(O,T;L?(Ql)C‘) + IV x U||%>o(o,T;L2(Ql)3)
. 2 . 2
<72|(7 - 7)o, +|(7- 7)o, ,
L (0,1;H-1/2(Div,I'1)) L0, H-1/2(Div,T'1))
which, together with the Cauchy—Schwartz inequality, implies that

IU Lo 0,1;:22(01)2) + 10U | 0,7:12(01)2) + IV X UllLe(0,7:22(0,)3)
s12|(7 - 7)[0EL,]

(4.69)

1/2 > 2 P
L£2(0,7;H-1/2(Div,I'1)) +r H (y y) [ EFl]

£2(0,7;H-1/2(Div,I'1))’
We now only need to estimate the right-hand term of (4.69). By (4.46) and the definition of T (see (4.38)) we
know that (7 — 7)[9, B}, | = n1 x 'V x v, where v satisfies the problem

Vx (p'BAV x v) +e(BA)"19}v =0  in Q"ML x(0,7),
nyxv=0 on I'y x (0,T),
Mo XUV ="y (IB%EP)

4.
on I'y x (0,T), (4.70)
v(z,0) = Oyv(x,0) =0 in QPME,
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Thus we deduce that

2

(7 - 7)ot

_ —1 2
L2 (0.T5H-1/2 (Div.T'))) =y xpV x ’U||L2(O,T;H*1/2(Div,l"1))

o0
< et [T 0l ey
oo
5 62SIT/ ||/~L_1V X ﬁ”%{(curl,QPML) dss.
— 00

Repeating (4.47)—(4.49) yields

1/2

_ _ 15 _ VErogd
<estls) 4d2(1 + 5] 100) e~ mid
L2(0,T;H~1/2(Div,I'1))

o 8
L D ol N2 000 ds2

% 1=0

(7 - 7)ot

_ _ 15 _ vEropd
,S eslTsl 4d2(1 + 5] 100) e mtl ||J||H8(07T;L2(Ql)3).

Similarly, we have

< 51T o—4 72 —1_\16 _Erood
L£2(0,T;H-1/2(Div,T'y)) Setisyd (1+81 ao) e +1 ||J||H9(07T;L2(Ql)3).

|(7 - 7)ozER,]

By (4.69) and the above two estimates it follows on setting s; = 1/T and m = 1 that

NU || Loe (0,7:02(01)2) + [10:U | Lo< (0,152 (021)3) + IV X Ul| Loe (0,7502(01)%)
5 T11/2d2(1 + O-OT)156_\/@00d/2HJHHQ(O’T;I;(QI)S).

From this, the definition of U and Maxwell’s system (4.52) the required estimate (4.42) then follows. The proof
is thus complete. O

Remark 4.9. The L?-norm error estimate (4.41) can also be obtained by integrating (4.68) with respect to
¢ from 0 to T. The idea of using the uniform coercivity of the variational form in our proof of the L2-norm
error estimate (4.41) is also known for the time-harmonic PML method. This builds a connection between our
proposed time-domain PML method with the real coordinate stretching technique and the time-harmonic PML
method in some sense.

5. CONCLUSIONS

In this paper, by using the real coordinate stretching technique we proposed a uniaxial PML method in
the Cartesian coordinates for 3D time-domain electromagnetic scattering problems, which is of advantage over
the spherical one in dealing with scattering problems involving anisotropic scatterers. The well-posedness and
stability estimates of the truncated uniaxial PML problem in the time domain were established by employing
the Laplace transform technique and the energy argument. The exponential convergence of the uniaxial PML
method was also proved in terms of the thickness and absorbing parameters of the PML layer, based on the
error estimate between the EtM operators for the original scattering problem and the truncated PML problem
established in this paper via the decay estimate of the dyadic Green’s function.

Our method can be extended to other electromagnetic scattering problems such as scattering by inhomoge-
neous media or bounded elastic bodies as well as scattering in a two-layered medium. It is also interesting to
study the spherical and Cartesian PML methods for time-domain elastic scattering problems, which is more
challenging due to the existence of shear and compressional waves with different wave speeds. We hope to report
such results in the near future.
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