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A POSTERIORI ERROR ESTIMATES FOR SEMILINEAR OPTIMAL CONTROL
PROBLEMS

ALEJANDRO ALLENDES, FRANCISCO FuicA, ENRIQUE OTAROLA* AND DANIEL QUERO

Abstract. In two and three dimensional Lipschitz, but not necessarily convex, polytopal domains, we
devise and analyze a reliable and efficient a posteriori error estimator for a semilinear optimal control
problem; control constraints are also considered. We consider a fully discrete scheme that discretizes
the state and adjoint equations with piecewise linear functions and the control variable with piecewise
constant functions. The devised error estimator can be decomposed as the sum of three contributions
which are associated to the discretization of the state and adjoint equations and the control variable. We
extend our results to a scheme that approximates the control variable with piecewise linear functions
and also to a scheme that approximates the solution to a nondifferentiable optimal control problem.
We illustrate the theory with two and three-dimensional numerical examples.
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1. INTRODUCTION

In this work we will be interested in the design and analysis of a posteriori error estimates for finite element
approximations of semilinear control-constrained optimal control problems; the state equation corresponds to a
Dirichlet problem for a monotone, semilinear, and elliptic partial differential equation (PDE). To make matters
precise, for d € {2, 3}, we let 2 C R? be an open and bounded polytopal domain with Lipschitz boundary 9<.
Notice that we do not assume that €2 is convex. Given a regularization parameter v > 0 and a desired state
yao € L%(), let us introduce the cost functional

1 v
J(y,u) == §||y - yQ||2L2(Q) + 5““”%2(9)- (1.1)

We shall thus be concerned with the following semilinear elliptic optimal control problem: Find min J(y,u)
subject to the monotone, semilinear, and elliptic PDE

—Ay+a(,y)=u in Q, y = 0 on 99, (1.2)
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and the control constraints
€ Upg, Uyg:={veL?*Q):a<v(r)<baexcQl (1.3)

the control bounds a, b € R are such that a < b. Assumptions on the function a will be deferred until Section 2.2.

The analysis of a priori error estimates for finite element approximations of semilinear optimal control prob-
lems has previously been considered in a number of works. The article [5] appears to be the first to provide error
estimates for the distributed optimal control problem (1.1)—(1.3); notice that control constraints are considered.
The authors of this work propose a fully discrete scheme on quasi—uniform meshes that discretizes the control
variable with piecewise constant functions; piecewise linear functions are used for the discretization of the state
and adjoint variables. In two and three dimensions and under the assumptions that €2 is convex, 0f is of class
CV!) and that the mesh-size is sufficiently small, the authors derive a priori error estimates for the approxi-
mation of the optimal control variable in the L?(2)-norm ([5], Thm. 5.1) and the L°(£2)-norm Theorem 5.2 of
[5]; the ones derived in the L?(2)-norm being optimal in terms of approximation. The analysis performed in [5]
was later extended in [11] to a scheme that approximates the control variable with piecewise linear functions.
The main result of this work reads as follows: h ;' ||t — @7 ||r2(0) — 0 as hy | 0 Theorem 4.1 of [11], where w5
denotes the corresponding finite element approximation of u. Under a suitable assumption, this result was later
improved to Section 10 of [14]

_ _ 3/2
l|u — U?HLZ(Q) < hy/ .

The following is a non-exhaustive list of extensions available in the literature: Neumann boundary optimal
control [15], sparse optimal control [12], Dirichlet boundary optimal control [16], and state constrained optimal
control [13].

While it is fair to say that the study of a priori error estimates for finite element solution techniques of
semilinear optimal control problems is matured and well understood, the analysis of a posteriori error estimates is
far from complete. An a posteriori error estimator is a computable quantity that depends on the discrete solution
and data and is of primary importance in computational practice because of its ability to provide computable
information about errors and drive the so-called adaptive finite element methods (AFEMs). The a posteriori
error analysis for linear second—order elliptic boundary value problems have attained a mature understanding,
including also the construction of AFEMs and their convergence and optimal complexity [1,27,32]. To the best
of our knowledge, the first work that provided an advance regarding a posteriori error estimates for linear and
distributed optimal control problems is [25]: the devised residual-type a posteriori error estimator is proven to
yield an upper bound for the error Theorem 3.1 of [25]. These results were later improved in [21] where the
authors explore a slight modification of the estimator of [25] and prove upper and lower error bounds which
include oscillation terms Theorems 5.1 and 6.1 of [21]. Recently, these ideas were unified in [24]. In contrast
to these advances the a posteriori error analysis for nonlinear optimal control problems is not as developed.
To the best of our knowledge, the first work that provides an advance on this matter is [26]. In this work the
authors derive a posteriori error estimates for distributed optimal control problems on Lipschitz domains and
for nonlinear terms a which are such that

da

a’('vy) € WLOO(_Rv R)a R > 07 @(,y) € LQ(Q)7 Oa

Under the assumption that estimate (4.18) holds, with & = %5, the authors devise an error estimator that yields
an upper bound for the corresponding error on the H'(Q) x H*(Q) x L?(2)-norm Theorem 3.1 of [26]. We
notice that no efficiency analysis is provided in [26]. We conclude this paragraph by mentioning the approach
introduced in [7] for estimating the error in terms of the cost functional for linear/semilinear optimal control
problems. This approach was later extended to problems with control constraints in [20,33] and state constraints
in [8].

In this work, we propose an a posteriori error estimator for the optimal control problem (1.1)—(1.3) that can
be decomposed as the sum of three contributions: one related to the discretization of the state equation, one
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associated to the discretization of the adjoint equation, and another one that accounts for the discretization of
the control variable. This error estimator is different to the one provided in [26]. In two and three dimensional
Lipschitz polytopes, we obtain global reliability and efficiency properties. We must immediately mention that
our global reliability result can be obtained under one of the either following assumptions:

— the underlying family of meshes is such that the conditions in (4.17) hold; see Theorems 4.5 and 5.2. These
assumptions are needed in order to invoke second order sufficient optimality conditions. In particular, it is
assumed that @ — @ € CZ, where @ is defined in (4.15). In Section 8.2, we provide numerical evidence that
supports the claim that, after a suitable number of initial adaptive refinements, the condition ¢—u € C7 holds
true uniformly over subsequent adaptive refinements. In Remark 4.6, we show that a necessary condition for
@ —u € C7 is that the estimate [|[p — p7 || =) < 7/2 holds uniformly within adaptive refinement.

— the data of the problem is such the right-hand side estimate in (5.27) holds. In addition, it is also needed that
1P — D7 |2 < (2€)'?, where C is defined in (5.34). In Section 8.2, we provide numerical evidence that
supports the claim that, after a suitable number of initial adaptive refinements, the condition [|p—p7 || 12(q) <
(2C)~'v? holds true uniformly over subsequent adaptive refinements.

On the basis of the devised error estimator, we also design a simple adaptive strategy that exhibits, for the
examples that we perform, optimal experimental rates of convergence for all the optimal variables. We also
provide numerical evidence that support the claim that our estimator outperforms the one in [26]; see Section 8.
It is important to mention that, as opposed to the case when the state equation is linear, where, in general, only
first order optimality conditions are needed to obtain a posteriori error estimates, here one of our strategies
strongly relies on second order optimality conditions and on the particular structure of the associated critical
cone. In addition, we mention that such a strategy is flexible enough to treat other PDE-constrained opti-
mization problems. In particular, the following extensions of our theory are briefly discussed: piecewise linear
approximation of the optimal control and sparse PDE-constrained optimization, where a nondifferentiable cost
functional is considered.

The outline of this paper is as follows. In Section 2 we set notation and assumptions employed in the rest
of the work. In Section 3 we review preliminary results about solutions to (1.2). Basic results for the optimal
control problem (1.1)—(1.3) as well as first and second order optimality conditions are reviewed in Section 4.
The core of our work are Sections 5 and 6, where we design an a posteriori error estimator for a suitable finite
element discretization and show, in Sections 5 and 6, its reliability and efficiency, respectively. In Section 7
we present extensions of the theory developed in previous sections. Finally, numerical examples presented in
Section 8 illustrate the theory and reveal a competitive performance of the devised error estimator.

2. NOTATION AND ASSUMPTIONS

Let us set notation and describe the setting we shall operate with.

2.1. Notation

Throughout this work d € {2,3} and @ C R? is an open and bounded polytopal domain with Lipschitz
boundary 9f). Notice that we do not assume that  is convex. If 2" and % are Banach function spaces,
Z — % means that 2 is continuously embedded in %. We denote by 2" and || - |2 the dual and norm,
respectively, of 2. The relation a < b indicates that a < Cb, with a positive constant that depends neither on
a, b nor the discretization parameters. The value of C' might change at each occurrence.

2.2. Assumptions

We assume that the nonlinear function a satisfies the following assumptions:

(A1) a: QxR — R is a Carathéodory function of class C? with respect to the second variable and a(-,0) €
L?(Q).
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(A.2) %Z(m,y) >0 for a.e. x € Q and for all y € R.
(A.3) For all M > 0, there exists a positive constant Cyy such that

2

>

i=1

dia 0%a 9%a
(W(x,y)’ < Cwm, ’W(xﬂ))—ayg(%w) < Culv —wl,

for a.e. 2 € Q and |y, |v], |Jw] < M.

The following properties follow immediately from (A.1)—(A.3). First, a is monotone increasing in y for a.e. x €
Q. In particular, we have

(a(,v) —a(,w),v —w)p2) >0 VYv,we L*(Q). (2.1)
Second, a and g—; are locally Lipschitz with respect to the second variable:

O 04 (1 w)| < Cuifo — wl, (2.2)

(@, v) ~ oz w) < Culo —wl, | Fzv) -

for a.e. x € @ and v, w € R such that |v|, |w| < M.

3. SEMILINEAR PROBLEMS

In this section, we review some of the main results related to the existence and uniqueness of solutions for
problem (1.2). We also review a posteriori error estimates for a particular finite element setting.

3.1. Weak formulation

Given f € L9(2) with ¢ > d/2, we consider the following weak formulation of problem (1.2): Find y € H}(Q)
such that

(Vy, Vo) 2 + (a(y),v)r2(0) = (f,0)120) Vv € Hy(Q). (3.1)
Invoking the main theorem on monotone operators ([35], Thm. 26.A; [28], Thm. 2.18) and an argument

due to Stampacchia [30], ([23], Thm. B.2), the following result can be derived; see Section 2 of [14] and
Theorem 4.8 of [31].

Theorem 3.1 (well-posedness). Let ¢ > d/2 and f € LYQ). Let a = a(x,y) : @ x R — R be a Carathéodory
function that is monotone increasing in y. Let Y € LI(Q) be such that |a(z,y)| < Yam(x) for a.e. x € Q and
ly| < M. Then problem (3.1) has a unique solution y € H}(Q) N L>(Q). In addition, we have

IVyllLz) + yllz=@) < IIf = al(-0)l|za(o),
with a hidden constant that is independent of y, a, and f.

3.2. Finite element discretization

We begin by introducing some preliminary terminology. We denote by .7 = {T'} a conforming partition of
Q into simplices 7' with size hy := diam(T"). We denote by T the collection of conforming and shape regular
meshes that are refinements of an initial mesh 7. We denote by . the set of internal (d — 1)-dimensional
interelement boundaries S of 7. If T' € 7, we define ¥ as the subset of .% that contains the sides of T'. For
S €., weset Ng = {TT, T}, where TT, T~ € 7 are such that S = T+ NT~. We define the star or patch
associated to the element T' € 7 as

Np =T € 7 : S0 .Sp #0}. (3.2)
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Given a mesh .7 € T, we define the finite element space of continuous piecewise polynomials of degree one
as
V(7)) :={vy € C(Q) :vz|r € PL(T) VT € T} N Hy(Q). (3.3)

Given a discrete function vy € V(7), we define, for any internal side S € ., the jump or interelement
residual [Vvz - V] by
[Vvr -v] =v" - Vog|pe + v - Vog|p,

where v, v~ denote the unit normals to S pointing towards T+, T~ € .7, respectively; T+, T~ € .7 are such
that Tt £ 7T~ and Tt NAT~ = S.
We define the Galerkin approximation to problem (3.1) by
yz €V(T): (Vyz,Vvz)rza) + (aly7),v7) 2@ = (f,v7) 2 (3.4)
for all vy € V(7). The monotonicity of the nonlinear term a combined with an application of the Brouwer
fixed point theorem yield the well-posedness of the discrete problem (3.4); see Section 7 of [14] for details.

3.3. A posteriori error analysis for the semilinear equation

Let f € L?(Q2) and let a = a(z,y) : © x R — R be as in the statement of Theorem 3.1. Let us assume, in
addition, that a is locally Lipschitz with respect to the second variable and a(-,0) € L?(2). With the notation
introduced in Section 3.2 at hand, we define the following a posteriori local error indicators and error estimator

EF = W7l f — a(,y7) 2y + hrlllVys - V2 0mo0), €7 = D €
Ter

respectively. Observe that, since a is locally Lipschitz with respect to the second variable and a(-,0) € L?(),
the residual term hZ||f — a(-, y9)||2L2(T) is well-defined.
We present the following reliability result and, for the sake of readability, a proof.

Theorem 3.2 (global reliability of £5). Let f € L*(Q) and let a = a(x,y) : @ x R — R be as in the statement
of Theorem 3.1. Let us assume, in addition, that a(-,0) € L?(Q) and a = a(x,y) is locally Lipschitz with
respect to y. Let y € H}(Q) N L () be the unique solution to problem (3.1) and y7 € V() its finite element
approzimation obtained as the solution to (3.4). Then

IV(y —ys)ll2) S €7,
with a hidden constant that is independent of y, y, the size of the elements in the mesh 7, and #.7 .
Proof. Let v € HZ(£2). Since y solves (3.1), we invoke Galerkin orthogonality and an elementwise integration
by parts formula to arrive at

(Vy—y7), V)2 + (a(-,y) —al(-,y7),v) 20

Z/ —a(z,yz )(U—Igvd:c—I—Z/[[Vyy V(v — Izv)dx

TeT ses
Here, I7 : L*(Q2) — V(.7) denotes the Clément interpolation operator [10,18]. Standard approximation prop-
erties for /7 and the finite overlapping property of stars allow us to conclude that
(V(y—y7), V)2 + (a(-,y) —al-,y7),v)L2()

1
2
IVullL2 )

lz Wellf = a(yz )22y + hrll[Vy7 - VD2 omo0)
Tes

Set v =y —y7 € H}(Q) and invoke property (2.1) to conclude. O
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4. A SEMILINEAR OPTIMAL CONTROL PROBLEM

In what follows, we assume that (A.1)—(A.3) hold and ¢ > d/2. Let us introduce the following weak version
of the optimal control problem (1.1)—(1.3): Find

min{J(y,u) : (y,u) € Hy () x Uaa} (4.1)
subject to the monotone, semilinear, and elliptic state equation
(Vy, V’U)Lz(g) + (a(-, y), U)L2(Q) = (u, ’U)L2(Q) Yo € H& (Q) (42)

The existence of an optimal state-control pair is as follows; see Theorem 6.16 of [9], Theorem 4.15 of [31],
and Theorem 6 of [14].

Theorem 4.1 (existence of the solution). The optimal control problem (4.1)—(4.2) admits at least one solution
(gva) € H(%(Q) N LOO(Q) X Uad-

4.1. First order necessary optimality conditions

To formulate first order optimality conditions for problem (4.1)-(4.2), we introduce the so-called control-to-
state map S : L4(Q) — H}(Q) N L>(Q) (¢ > d/2), which, given a control u € U,q C LI(£), associates to it the
unique state y € H}(Q) N L>°(Q) that solves (4.2). With this operator at hand, we introduce the reduced cost
functional

. 1 v
() = T(Su,u) = 115~ yolfam + Slulia)
Theorem 4.17 in [31] guarantees that S is Fréchet differentiable from L7(€2) into Hg(2) N L>°(2) (¢ > d/2).
We can thus formulate first order optimality conditions: if @ is locally optimal for problem (4.1)—(4.2), then

Lemma 4.18 of [31]
(W) (u—1u) >0 Yu€ Uyy. (4.3)

Here, j'(@) denotes the Gatedux derivative of the functional j at 4. To explore (4.3) we introduce the adjoint
variable p € Hg () N L°°(£2) as the unique solution to the adjoint equation

(Vw, Vp) (o) + (%Z(wy)p, w) = (y — yo,w)r2() Yw € Hy(), (4.4)

L2(Q)

where y = Su solves (4.2). Observe that problem (4.4) is well-posed.
With these ingredients at hand, we present the following first order optimality conditions; see Theorem 4.20
of [31] and Theorem 3.2 of [5].

Theorem 4.2 (first order necessary optimality conditions). Fvery locally optimal control u € Uy for problem
(4.1)~(4.2) satisfies, together with the adjoint state p € H}(Q) N L>(Q), the variational inequality

(D + v, u—a)2) >0 Vu € Ugg. (4.5)
Here, p denotes the solution to (4.4) with y replaced by § = Stu.
We now introduce the projection operator IIj, y; : LY(Q) — Uy as
M}y ) (v) := min{b, max{v,a}} a.e. in Q. (4.6)

With this projector at hand, we present the following result: If @ denotes a locally optimal control for problem
(4.1)—(4.2), then
() =y (v 'p(z)) ae. x € Q. (4.7)

This formula implies that @ € H'(Q) N L>(Q); see Theorem A.1 of [23].
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4.2. Second order sufficient optimality conditions

We follow [14,17] and present necessary and sufficient second order optimality conditions.
Let (7,p,0) € HE () x H}(Q) x Uy satisfy the first order optimality conditions (4.2), (4.4), and (4.5). Define
p :=p+va. In view of (4.5), it follows that

=0 aexeQifa<u<b,
p(z){ >0 ae zeQifu=a,
<0 aezxzeQifu=n.

Define the cone of critical directions
Cy := {v € L*(Q) satisfying (4.8) and v(z) = 0 if p(x) # 0},
with

v(x){>0 a.e. x € Qif u(x) (4.8)

:a_7
<0 ae zeQifa(z) =0

With these ingredients, we are in conditions to present second order necessary and sufficient optimality condi-
tions; see Theorem 23 of [14].

Theorem 4.3 (second order necessary and sufficient optimality conditions). Suppose that assumptions (A.1)—
(A.3) hold. If @ € Uygq is a local minimum for problem (4.1)—(4.2), then

§"(@)v? >0 Vv e Cy.

Conversely, if (§,p,u) € HE(Q) x HYHQ) x Uyq satisfies the first order optimality conditions (4.2), (4.4), and
(4.5), and
§"(@)v? >0 Yue Cy\ {0},

then, there exist > 0 and € > 0 such that
3) 2 (@) + Gllu~@llFaq) Vi € Uua N Be(a),

where B. (@) denotes the closed ball in L?(SY) with center at i and radius €.

Define
CI = {v € L*(Q) satisfying (4.8) and v(x) = 0 if |p(z)| > 7}. (4.9)

The next result will be of importance for deriving a posteriori error estimates for suitable numerical dis-
cretizations of (4.1)—(4.2); see Theorem 25 of [14].

Theorem 4.4 (equivalent optimality condition). Suppose that assumptions (A.1)—(A.3) hold. If u € U,q satis-
fies (4.5) then, the following statements are equivalent:

" (@)v? >0 YuveCy\ {0}, (4.10)

and
3,7 >0 j (@ > pllv)faq Vo€ Cy. (4.11)

We close this section with the following well-known estimate: Let u, h,v € L*°(Q2) and M > 0 be such that
max{||ul| o (), [|Al| Lo ()} < M. Then, there exists Cyv > 0 such that Lemma 4.26 of [31]

15" (w + h)v? = j" (u)v?| < Owllh]l L2 () [0]122(q)- (4.12)
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4.3. Finite element discretization

We present a finite element discretization for our optimal control problem. The approximation of the optimal
control @ is done by piecewise constant functions: a7 € Uyq(7), where

Uwat(T) :=U(T)NUuq, U(T):={ug € L™®(Q) : ug|r € Po(T) VT € T}.

The optimal state and adjoint state are discretized using the finite element space V(.7) defined in (3.3). In
this setting, the discrete counterpart of (4.1)—(4.2) reads as follows: Find min J(yz, vz ) subject to the discrete
state equation

y7 €V(T): (Vyz,Vug)rea) + (alys),v7)r2@) = (Uz,v2) 120 (4.13)

for all v, € V(.77) and the discrete constraints u, € Uyq(7). This problem admits at least a solution Section 7
of [14]. In addition, if @, denotes a local solution, then

Py +vig,ug —Ug)p2) =20 VYuy € Uw(T),

where p, € V(.7) is such that

(Vwz,Vbg)r2) + (%Z('aﬂﬂ )ﬁy,wﬂ) =7 — Yo, w7 )12(0) (4.14)

L2()

for all w, € V(7).
Define, on the basis of the projection operator (4.6), the auxiliary variable

=My (—v" 7). (4.15)
Notice that @ € U,q satisfies the following variational inequality Lemma 2.26 of [31]
(b7 +vi,u—1u)r2) >0 Yu € Ugg. (4.16)
The following result is instrumental for our a posteriori error analysis.

Theorem 4.5 (auxiliary estimate). Suppose that assumptions (A.1)—(A.3) hold. Let @ € Uyg be a local solution
to (4.1)—(4.2) satisfying the sufficient second order optimality condition (4.10), or equivalently (4.11). If uz
denotes a local minimum of the discrete optimal control problem and 7 is a mesh such that

a—ueCr, 1P — D7 |l22(0) < vu(2Cu) ™", (4.17)
then u
§Hﬂ*ﬂ|\%2(g> < (j'(a) — j'(u))(a — a). (4.18)

The constant Cy is given by (4.12) and the auziliary variable 4 is defined in (4.15).

Proof. Since t—1u € CL, with C7 defined in (4.9), and @ satisfies the sufficient second order optimality condition
(4.11), we are thus allow to set v = 4 — u there. This yields

plli = 22 < 5 (3) (@ — @) (4.19)
On the other hand, in view of the mean value theorem, we obtain

(7' (@) — 5" (@) (@ — ) = j"(¢)(a — )%,
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with ( =a+ 07 (4 — @) and 05 € (0,1). Thus, in view of (4.19), we arrive at
plla = a7 < (@) — 5" (@)@ - a) + (7" (@) - 57"(9)) (@ — a)*. (4.20)

Since there exists M > 0 such that max{||@ + 07 (@ — )| (), |& — @] @)} < M and j is of class C? in
L?(Q2), we can thus apply (4.12) to derive

(7" (@) = "(O)(@ — @)* < Culla — all 2o | — all 72 (g,
where we have also used that 67 € (0,1). Invoke (4.7) and (4.15), the Lipschitz property of the projection
operator Ilf, y), defined in (4.6), and Assumption (4.17), to arrive at
(3" (@) = 3" () (@ — u)* < Cnwv™ D — P 2ol — |72 () < g”’a — @)|72(q)-
Replacing this inequality into (4.20) yields the desired inequality (4.18). O
Remark 4.6 (a sufficient condition for @ —a € C7). In what follows, we show that
1P =Pzl <7/2 = @—ucCy.

In fact, since 4 € U,q, we can immediately conclude that @« — 4 > 0 if u = a and that « —u < 0 if u = b.
These arguments reveal that v = @ — @ satisfies (4.8). It thus suffices to verify the remaining condition in
(4.9). To accomplish this task, we first use the triangle inequality and invoke the Lipschitz property of IIj, y), in
conjunction with the assumption [|p — p7 ||z~ () < 7/2, to obtain

1P+ vt — (p7 +vt)||L= (@) < 2P = p7 L@ < T (4.21)

Now, let £ € Q be such that p(§) = (p + vu)(€) > 7. Since 7 > 0, this implies that u(£) > —v~1p(€).
Therefore, from the projection formula (4.7), we conclude that @(¢) = a. On the other hand, since £ € § is such
that (p + va)(§) > 7, from (4.21) we can conclude that

(p7 +va)(&) =pa (&) +rva(§) >0,

and thus that @(¢) > —v~1p# (€). This, on the basis of the definition of the auxiliary variable i, given in (4.15),
yields that @(§) = a. Consequently, u(¢) = u(§) = a, and thus (¢ — @)(§) = 0. Similar arguments allow us to
conclude that, if p(&) = (p+ va)(§) < —, then (@ — @)(§) = 0. Therefore, we have proved that @ —a € C7.

5. A POSTERIORI ERROR ANALYSIS: RELIABILITY ESTIMATES

In this section, we devise and analyze an a posteriori error estimator for the discretization (4.13)—(4.14) of
the optimal control problem (4.1)—(4.2). To simplify the exposition of the material, we define, for (v,w,z) €
HY(Q) x HE(Q) x L3(£2), the norm

(v, w, 2)llg := [|[VollL2(0) + [[VwlL2(0) + (|2l 2 () (5.1)

The goal of this section is to obtain an upper bound for the error in the norm |[|-|lg. This will be obtained
on the basis of estimates on the error between the solution to the discretization (4.13)—(4.14) and auxiliary
variables that we define in what follows. Let § € H}(Q2) be the solution to

(V@, V’U)Lz (Q) + (a(', g), 'U)LZ(Q) = ('L_L7 s U)LQ(Q) Yv € H&(Q) (52)

Define

552t,T = hQTHﬂJ - a(‘,ﬂﬂ)H%z(T) + hr|[[Viz 'VHH%Z(E)T\{)Q)’ 5s2t = Z 532t,T' (5.3)
TeT
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An application of Theorem 3.2 immediately yields the a posteriori error bound

IV@ = 7)20) < Est- (5.4)

Let p € HL(Q) be the solution to

(Y, V5)p2(0) + (32 57 )b w) potey = 77~ v Wiy Vw € HY(9), (5.5)
Define, for T' € .7, the local error indicators
Eaar = h7llg7 —ya — %‘;(', Y7 )b H%?(T) + hr|[[Vbs - V]]H%Z(aT\aQ)» (5.6)

and the a posteriori error estimator

Ead = (Z afd,T) . (5.7)

TET

The following result yields an upper bound for the error |V (p—p7 )| 2(q) in terms of the computable quantity
Ead-

Lemma 5.1 (global reliability of £,4). Suppose that assumptions (A.1)—(A.3) hold. Let 4 € Uyq be a local
solution to (4.1)—(4.2). Let uz be a local minimum of the discretization (4.13)—(4.14) with §7 and py being
the associated state and adjoint state, respectively. Then, the auziliary variable p, defined in (5.5), satisfies

IV® = Dp7)r2(0) S Eaa- (5.8)

The hidden constant is independent of the solution to (4.1)—(4.2), its finite element approzimation, the size of
the elements in the mesh .7, and #7 .

Proof. We proceed as in the proof of Theorem 3.2. Let w € H}(Q). Since p solves (5.5), we invoke Galerkin
orthogonality and an elementwise integration by parts formula to conclude that

(Vo Vo = pr ez + (55 92) 0~ p7)w)

= Z (Qﬁ —Ya — g*g(',ﬂﬁ)ﬁ%w - IWUI)]} ot Z ([Vpz -v],w — I7w)L2s).
Tes ™ ser

Standard approximation properties for I» and the finite overlapping property of stars allow us to conclude that

(Vur, Vo = pr iz + (55 92) 0 —p7)w)

1

2

S lz hlljz —ya — %Z('agﬂ)ﬁﬂ“%z(m + hr||[VDs 'VH”%%aT\aQ)] [Vl r2(a)-
TeT

Set w = p — p7 and invoke assumption (A.2) to conclude. a

We define a global error estimator associated to the discretization of the optimal control variable as follows:

1
Eqr = a— @9”%2(7“)7 Eet = (Z 53t,T> . (5.9)

TeT

We recall that the auxiliary variable @ is defined as in (4.15).
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The following two auxiliary variables, related to % € U,q C L?(Q), will be of particular importance for our
analysis. The variable § € H}(Q), which solves

(V§, Vo) r2(q) + (a(9),0) 2(0) = (@,0) 2(q) Yo € Hg(),

and p € HJ (), which is defined as the solution to

(Vw, Vp)r2(0) + (2—;(,@)@ w) = (0 — Yo, w2y YWE H(Q). (5.10)

L2(Q)
After all these definitions and preparations, we define an a posteriori error estimator for the optimal control
problem (4.1)—(4.2), which can be decomposed as the sum of three contributions:

£, =EL +E2,+ &2 (5.11)

ocp *

The estimators Est, Eqq, and &, are defined in (5.3), (5.7), and (5.9), respectively.

We are now ready to state and prove one of the main results of this section.
Theorem 5.2 (global reliability I). Suppose that assumptions (A.1)—(A.3) hold. Assume, in addition, that
g—; = g—;(x, y) is globally Lipschitz with respect toy € R. Let 4 € Ugq be a local solution to (4.1)~(4.2) satisfying
the sufficient second order condition (4.10), or equivalently (4.11). Let iy be a local minimum of the associated
discrete optimal control problem with §jo and ps being the corresponding state and adjoint state, respectively.
Let T be a mesh such that (4.17) holds, then

The hidden constant is independent of the continuous and discrete optimal variables, the size of the elements in
the mesh 7, and #.7 .

Proof. We proceed in four steps.
Step 1. The goal of this first step is to control the term ||@ — @7 ||12(q). We begin with a simple application
of the triangle inequality and write

=7 ey < 18— @l ey + Ear (5.13)
where @ := I,y (—V‘lﬁy) and & is defined as in (5.9). Let us now bound the first term on the right hand
side of (5.13). To accomplish this task, we set u = @ in (4.5) and v = @ in (4.16) to obtain
—j(u)(u—1u) = —(p+ v, i — u)r2q) <0, —(P7 + v, U —u)p2q) > 0.
In light of these estimates, we invoke (4.18) to obtain
Bla — |72 gy < j'(@) (@ —a) - j'(@) (@ — a) < j'(@) (@ —a) = (p+ vi,i — @)2) < (p— Pz, G — @) 20
Adding and subtracting the auxiliary variable p, defined as the solution to (5.5), and utilizing basic inequalities
we arrive at
1@ — a2y S (15— Dllez (@) + 1P — P72 @)l — @l L2 (o) (5.14)
We now invoke a Poincaré inequality and the a posteriori error estimate |V(p —p7 )| 12(q) S Ead, which follows
from (5.8), to obtain
1@ = allL2) SNV B = D)llr2@) + Eaa- (5.15)
The rest of this step is dedicated to estimate the term ||V (p — p)||r2(q). To accomplish this task, we first
notice that, for every w € Hg(2), p — p € Hg(£2) solves

(Y0, V(5 = )raoy + (52605 = 2607 )pw) = (5 =57 w2,

L2(Q)
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Set w = p — p and invoke a generalized Holder’s inequality to obtain

HV(ﬁ —]3)”%2(9) + (%Z(yg)(ﬁ _ﬁ)vﬁ _ﬁ)LQ(Q)

= (g—gg,ﬁ—ﬁ)L2(Q) + ([%Z(a?l?) - %Z(,z})} ﬁ7ﬁ_ﬁ)L2(Q)

< N5 = 57 2@ 15 = Bz + || 2 ¢ 52) - 326.9)| o Pl = Plzace)-

Since g—; is globally Lipschitz with respect to y, we thus obtain

V(P —13)”%2(9) S g =97 ez (16— Bl + 11D La@ 1B — Bl La@)) -
We thus use a Poincaré inequality and the embedding H} () < L*(2) to arrive at
VB =D)l2) S N7 = Gz lL2() (L + VBl L2(0))- (5.16)

Stability estimates for the problems that p and gz solve yield the estimate

- 1
||VPHL2(Q) = ||Z/Q||L2(Q) + Hyy”LZ(Q) < HyQHL2(Q) +P\Q|2 + ||a('70)||L2(Q)7

where p = max{|al,|b|}. Replacing this estimate into (5.16), and invoking, again, a Poincaré inequality, we
obtain
IVB =Dz SN =97 22 S NIVG = §7)lL2(0), (5.17)
with a hidden constant that is independent of the continuous and discrete optimal variables, the size of the
elements in the mesh .7, and #.7 but depends on the continuous problem data.
We now turn our attention to bounding the term ||V(§ — %7 )|/z2(q) in (5.17). To accomplish this task, we
invoke the auxiliary variable ¢, defined as the solution to (5.2), and use the triangle inequality to obtain

V(@ —97)le2) SIV@G = Dz + Est (5.18)

where we have also used the a posteriori error estimate (5.4). It thus suffices to bound ||V(§ — )|/ 2(q). To do
this, we first notice that § — § € Hg () solves the problem:

(V@ —9),Vv)r2q) + (a(-,9) — al(-,9),v) 2 () = (@ — U7, v)L2(q) (5.19)

for all v € H(S2). Set v = § — §J. Since a is monotone increasing in y (2.1) we obtain that |V(§ — §)| r20) S
|& — @7 | L2(q) = Ect- Replacing this estimate into (5.18) and the obtained one into (5.17) yield

V(B = D)llr2) S Est + et (5.20)
On the basis of (5.13), (5.15) and (5.20), we conclude the a posteriori error estimate
@ —tg|lr2Q) S Ead + Est + Eet- (5.21)

Step 2. The goal of this step is to bound [|V(§ — 77 )|12(q). To accomplish this task, we invoke the auxiliary
state ¢, defined as the solution to (5.2) and apply the triangle inequality. In fact, we have

V(@ —97)le2) SIV@G = Dl + Est, (5.22)

where we have also used the a posteriori error estimate (5.4). It thus suffices to estimate ||V (7 — 9)|/12(q). To
achieve this goal, we invoke the state equation (4.2), with u replaced by @, problem (5.2), and the monotonicity
of the nonlinear term a (2.1). These arguments reveal that

IV = D72y < (V@ —9), V(G —0)r2) + (al-,§) — al-,9),§ — §)2(a)
=(w—uz,y -9 20 St —tz|L2@)V(G = 9)llL20)-
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Consequently, V(7 —9)|lr2) S |t — @7 | 2()- Replacing this estimate into (5.22) and utilizing (5.21) allow
us to conclude that
IV —97)2) S Ead + Est + et (5.23)

Step 3. We now bound the term ||V (p — p7 )| r2(q). To accomplish this task, we add and subtract p, defined
as the solution to (5.5), and use, again, the triangle inequality to obtain that

V@ —p7)e2) SIVP = D)2 @) + Eaa (5.24)
where we have also used the a posteriori error estimate (5.8). It thus suffices to bound [|V(p — p)|[r2(q). Set
w = p — p in the weak problem that p — p solves. This yields

IV = P72 + (%Z<"g)(ﬁ _ﬁ)’ﬁ_ﬁ)m(n)

(i — T B — D Qa(, &\ _9ar Vb 55—

=W —97,0—D)r2) + ([ay( 7)) — 5y ( ,y)] D, D p)LZ(Q)-
This identity, in view of a generalized Holder’s inequality, the Lipschitz property of g—‘; with respect to y, and
assumption (A.2), allows us to arrive at

IV(p— ﬁ)H%Z(Q) S =9z llz2@ 1P = Pllr2) + 1P Le@)llp — Pllaco))-

Using similar ideas to the ones that lead to (5.16) and (5.17), we can conclude that
IV =Dz S IVY = ¥7) L2 (5.25)
Replacing (5.23) into (5.25), and the obtained one into (5.24), we obtain
IV® = D7)22) S Ead + Est + Ect- (5.26)
Step 4. Combining (5.21), (5.23), and (5.26) allows us to arrive at (5.12). This concludes the proof. O

In Theorem 5.2, we obtained a global reliability result for our a posteriori error estimator &,., under the
assumptions that the underlying adaptive loop driven by such an estimator and thus the family of adaptive
meshes {.7} are such that

u—u e Cy, 1 — D7 120y < vu(2Cw) "

Numerical evidence supports the claim that, after a suitable number of initial adaptive refinements, the condition
@ — u € C7 holds true uniformly over subsequent adaptive refinements; see Figure 5 in Section 8.2. It is also
observed that a quadratic experimental rate of convergence for |[p — p7|/1=(q) is attained so the condition
1P — Pzl L2(0) < vi(2Cm) ™! is also computationally satisfied; see Figure 6 in Section 8.2.

As an alternative, in the next result, we obtain a global reliability result for &£,., under the the following
assumptions:

2
o v
IP = P72 < 55, max{fal, [bl; [la(-, 0}l 220, [lall2@)} < Cmax, (5.27)

where C and Chyax > 0 are defined as in (5.34).

Theorem 5.3 (global reliability II). Suppose that assumptions (A.1)—(A.3) hold. Assume, in addition, that
%Z = g—;(x,y) is globally Lipschitz with respect to y € R. Let u € Uyq be a local solution to (4.1)—(4.2). Let iy
be a local minimum of the associated discrete optimal control problem with 7 and po being the corresponding
state and adjoint state, respectively. Assume that (5.27) holds. Then the a posteriori error estimate (5.12) holds,
with a hidden constant independent of the continuous and discrete optimal variables, the size of the elements in

the mesh , and #7 .
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Proof. We begin with a simple application of the triangle inequality to obtain
|2 —uz L) < ||t —dllrz@) + Eet, (5.28)

where @ := [, ) (—v'p7 ) and €y is defined as in (5.9). Set u = @ in (4.5) and u = @ in (4.16). Subtract the
obtained inequalities to arrive at

vl —all72 ) < (P — Doyt — )2 = (= PG — @) 2 + (B — D7, — @) 12(),
where p denotes the solution to (5.10). Young’s inequality yields
Ela — 7o) < (P — Py — W2 + v B — 7 1720 (5.29)

In what follows, we estimate the term (p—p, @ —1)z2(q). To accomplish this task, we notice that §—g € HLQ)
and p — p € Hi(Q) solve

(V7 —9), Vo) L2y + (al-,§) — a(-§),v)2(0) = (@ — B,0) 2@ Yo € Hy (), (5.30)

and

(Y, V(5 = 5) 2o + (32600~ ), w)

L2(9)
— (T — 7 — (5 |8a(. 4) = Qa(. !
= =g — (P[5 00) - 500]w) | vwe HIQ), (531
respectively. Set v = p— p in (5.30) and w = § — 7 in (5.31) to obtain
— ~ ~ . ~ — — ~ Oa — — ~ — ~
(=D, —u)r2q) = (a, ) — a(-,9),p — P)r2(e) + (@(-,y)(p - D)y - y)Lz(Q)

(o500 -5 60]0-9) 159l

In view of Taylor’s theorem, we conclude the existence of 6 € (0, 1) such that

2

a( ) = a(-,9) + F2 60— 9) + GG - 5)%,
with y = § 4+ 0(g — 7). This allows us to conclude that

S x o~ = _ (&% S N2 s ~18a( =\ _ Oa(. ~\| = _ ~ ~ =112

(P—p, u—1)r2q) = (aTz(-,y)(y A p) ey T (p [;Ty(-,y) — 55 (5 y)] - y) . 9=3l72q) (5-32)

Now, in view of the results of [19,22,29] and assumptions (A.1)~(A.3), we obtain that p € W, () for some

7 > d; recall that j solves (5.10). This, in conjunction with the Sobolev embedding W, () < L>(f), for
r > d, implies that

15/ Lo () < Cstan |l — yall 2 (), (5.33)

with Cstap > 0 being the stability constant. Invoke assumption (A.3), a generalized Holder’s inequality, the
standard Sobolev embedding HE(Q) < L*(2), and the stability estimate (5.33), to arrive at

(P — D@ — @) 2() < CMCE|V (G = D)7 1P = Bll 22 (@) + (CMCstan|F — voll L2 @) — DIIT = 3ll72(0)-

Given ¢ € {2,4}, we denote by C, the best constant associated to the embedding HJ(2) — L4(2): C, is such
that HUHLq(Q) < CqHVUHLz(Q) for all v € H&(Q)
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On the other hand, the well-posedness of problems (5.30) and (5.31) yields
V(7 = 9)llrz) < Cofla — il L2 (q),
and
VB —P)ll22) < C5(1+ Cmllpll @) IV — Dl 20y < C3(1 + CrCstanlld — yall L2)) | — @l 2(q),

respectively. Hence, the combination of these estimates with the bound
l5-yallrz@) < CallVillza@ +lvalrz@) < C3llillL2@)+CEllal, 0) 2@ +lvall @) < Cmax(C3QI +CF+1),
which follows from assumption (5.27), yield

(p— P, — )2 < CMCFC5 (1 + CMCstabCrmax (C31QU + C3 + 1)) 1@ — 220

H(CmCatanCmax (G310 + CF +1) = 1)17 = 320,

Define
Cinax = [CMCltab(C2IQZ + C2 +1)]7Y, € :=20wC3CS, (5.34)

and replace these constants in the previous inequality to conclude that
(P =Dyt — U2y <Cllu— ﬂH%Z(Q)'

We now invoke the Lipschitz property of Ilj, 5 to obtain ||t — @l 12(0) < v !|p — D7 ||12()- This estimate in
combination with assumption (5.27) yield

- Co_ 1o _ Vie <2
(P — D, — W) p2(0) < ;HU - u||L2(Q)Hp — 07 |2 ) < 5““ - U||L2(Q)-
Replacing this estimate into (5.29) and invoking the auxiliary variable p, solution to (5.5), allow us to obtain

2 — ~ ~ — ~ A A —
Tl —alZa o) < 1P =072 S VG = D)Z2 ) + VB~ 57720

This, in view of (5.8) and (5.20) (which do not rely on having second order sufficient optimality conditions),
yields the estimate
17— alli2 ) < €aa+ E5 + €5

Replace this estimate into (5.28) to conclude [|@ — @7 || 12(0) S Ead + Est + Ect-
The control of || — 47 | £2(q) and ||p— p7[|12(q) follow similar arguments to the ones developed in the proof
of Theorem 5.2. This concludes the proof. (]

6. A POSTERIORI ERROR ANALYSIS: EFFICIENCY ESTIMATES

In this section, we prove the local efficiency of the a posteriori error indicators £ r and Eqqr and the
global efficiency of the a posteriori error estimator &,.,. To accomplish this task, we will proceed on the basis
of standard residual estimation techniques [1,32]. Let us begin by introducing the following notation: for an
edge/face or triangle/tetrahedron G, let V(G) be the set of vertices of G. With this notation at hand, we recall,
for T € .7 and S € ., the definition of the standard element and edge bubble functions [1, 32]

$r = (d+ 1)(d+1) H )\V? Ps = dd H /\V|T’7
vev(T) VEV(S)
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respectively, where 7" C Ng and ), are the barycentric coordinates of T. Recall that Ng denotes the patch
composed of the two elements of .7 that share S.

The following identities are essential to perform an efficiency analysis. First, since § € Hg () solves (4.2)
with © = @, an elementwise integration by parts formula implies that

(VY —97), V)2 + (al-,§) —a(, 97 ),v)12() = (& — U7, v)r2(Q) + Z (a7 — P7a(-,57),0) 21
Ter

+ (Pza(§7) —al-,§7),v)L2(1)] + Z ([Vyz -v],v)r2(s) (6.1)
Ses

for all v € H}(£2). Second, since p solves (4.4) with y = 7, similar arguments yield

=@H—y7,w )L2(Q)+<[ (. g7) = 5a ﬂ)}p,%w

(Vw,V(p—p7))r20) + (%('79)(]5—157)aw> >L2(Q)

L2(Q)

+ > (Vo7 vl w)res) + Y {(yg - Pyyo— Pz [*( y?)py} )

Ses TeT

+ (27 [0 0p7 | = B0 w0)

L2(T)
+(Z7ya — ya, w)m(T)] (6.2)

for all w € H(Q). In (6.1) and (6.2), 25 denotes the L?-projection onto piecewise constant functions over 7.
To derive local efficiency results, we introduce, for w € L*(2) and M C 7,

oscz (w; M) (Z h? ||w—f@7w||Lz > .

TeM

We are now ready to prove the local efficiency of the indicator & defined in (5.3).

Theorem 6.1 (local efficiency of E;). Suppose that assumptions (A.1)—(A.3) hold. Assume, in addition, that
a = a(x,y) is globally Lipschitz with respect to y € R. Let 4 € Uyg be a local solution to (4.1)—(4.2). Let iy
be a local minimum of the discretization (4.13)—(4.14) with §7 and py being the associated state and adjoint
state, respectively. Then, for T € , the local error indicator Eg 1 satisfies

Estr SIIV@G — 97 )2(ve) + hrlly — U7 llL2 vy + hrll@ — @7 |2 vy +0scz (al-, §7 ), Nr), (6.3)

where N is defined as in (3.2). The hidden constant is independent of the continuous and discrete optimal
variables, the size of the elements in the mesh &, and #.7 .

Proof. We estimate each term in the definition of the local error indicator & 1, given in (5.3), separately.
Step 1. Let T € 7. We first bound the element term hZ ||is — af(-, yy)||L2(T We begin with an application
of the triangle inequality to obtain

hrlluz —a(47) |2y < brlas — P7a(97)|2(r) + oscz (al,§7); T).-

It thus suffices to estimate the first term in the right hand side of the previous inequality. To accomplish this
task, we set v = pr(ty — Pza(-,§7)) in (6.1) and invoke standard properties of the bubble function @r
combined with basic inequalities to obtain

iz — P7al 57 ) 2y S (hr ' IV@ = 57 ) 200y + 18 — @7 |22 )+
la(-,9) —a(,92) | 2ry + | P7al-, 57) — a('vﬂ?)”L?(T)) lig — Pgal, 7 )|L2r)-
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This, in view of the global Lipschitz property of a = a(x,y) with respect to y, yields
hrllug — Pzal§7)1e ) SIV@ = 5252y + hrlla — az |22y + B2 15 — G772y + 05z (a(, 57 ); T)*.

Step 2. Let T € .7 and S € . We bound hr|[V§s - uﬂ||2L2(S) in (5.3). To accomplish this task, we set
v =¢g[Vyz -v] in (6.1) and utilize standard bubble functions arguments to obtain

INZR2 PR <h%/l||v(27 =97 M2y +lla(y) —al yz)|lL2y + 1@ — @zl L2
T'e€Ns

1
+ lag —a(,52) |20y + [|P7al-57) — a(vyﬂ)lle(Tf))h%[[Vyy V]llL2(s)-
Using again the global Lipschitz property of a = a(x,y) with respect to y we arrive at
bellVEr Vi) S Y. (1@ = 52) 1320 + 1315 = 57 1320,
T'eNs
+ WG — a7 || 2e iy + 0sc7 (al, 57 ); T')2) .
The collection of the estimates derived in Steps 1 and 2 concludes the proof. O

We now continue with the study of the local efficiency properties of the estimator £,4 defined in (5.7).

Theorem 6.2 (local efficiency of £,4). Suppose that assumptions (A.1)—(A.3) hold. Assume, in addition, that
g—; = g—;(x,y) is globally Lipschitz with respect to y € R. Let @ € Uqyq be a local solution to (4.1)—(4.2). Let iz
be a local minimum of the discretization (4.13)—(4.14) with 7 and py being the associated state and adjoint

state, respectively. Then, for T € , the local error indicator Eqq 1 satisfies

Eaar SIIV® = D7 )zzinve) + A+ ho)|7 = 722w
+hrllp — P |l L2y + 0scz (ya, Nr) + osco (%Z(', U7 );l?%NT) , (6.4)

where N is defined as in (3.2). The hidden constant is independent of the continuous and discrete optimal
variables, the size of the elements in the mesh , and #.7 .

Proof. We estimate each term in the definition of the local error indicator £,q7, given in (5.6), separately.
Step 1. Let T € 7. A simple application of the triangle inequality yields

- da - = - da - =
hrllyz —ya — 55 (5 97)p7 |L2(r) < hr Hyy —Prya—Pg [afy(-,yy)py} ’ .

+osc (ya; T') + osca (%('7 Yz )ﬁ%T) :

To estimate the first term on the right hand side of the previous estimate and also to simplify the presentation
of the material, we define

R =7 — Prya— Ps [%Z('a?]ﬂ)ﬁ?] :

Now, set w = 7R in (6.2) and invoke basic inequalities to arrive at

”m%"dH%?(T) SIV® = )2 IV (R L2y + lerRE N 2 () <|y —Yzlle2r)+

(55— p7)

L*(T) )

157 | Lacry lorRG | Lo (1), (6.5)

vy T 12 7ya = yallL2er) + H«@y [%Z(w?ﬁ)ﬁy} - %Z(',@y)ﬁy‘

|

da = da =
37,('79) - a*y("yy)’ L2(T)
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where @ = 00 if d = 2 and @ = 6 if d = 3. On the basis of (6.5), standard inverse inequalities ([10], Lem. 4.5.3)
and bubble functions arguments yield

195222 S b7 IV B = Bl + | 5

B p)E-57)| , 15Tl + 1270 — valla)

L2(T)

+ |27 [ 0057 ] - 3255157 |

(6.6)

-1 da = da m
pocy P87 o | 3508 = B ) |,

Observe now that, since d € {2,3}, H(Q) — L%(€Q). This, in combination with stability estimates for the
problems that p» and y# solve yield the estimate

_ _ _ 1
1P7 | Lacry < 1Pz lLa) S P71l @) S lvallze@) + vzl S lvallze@) + o192 + [la(-,0) |2 @),  (6.7)

where p = max{|al,|b|}. Replacing this estimate into (6.6), invoking the global Lipschitz property of g—z =
g—‘;(:c, y) with respect to y and assumption (A.3), we obtain

hellRE | L2y S IV (B = Po) |2y + hellp — 57 |l 2
(U ha) 15— 57 ey + 0s¢7 (4o T) + 0ser (82,5707 T) - (6.8)

Notice that the hidden constant is independent of the continuous and discrete optimal variables, the size of the
elements in the mesh .77, and #.7 but depends on the continuous problem data.

Step 2. Let T'€ .7 and S € .#7. We now bound the jump term [|[[Vp7 - ]| z2(s) in (5.6). To accomplish this
task, we set w = [Vpz - v]ps in (6.2) and proceed with similar arguments as the ones used in (6.5)—(6.6). We
thus obtain

IIVp7 - vllZes S D <hT1||Vp =07l + 15— 97 2y + 1P = D |2 (1)
T'eéNs

+H=@T/ [*( yy)pq} — Ga(, yy)py‘

Lar) + 1 Prya — voll2ary + |1R5 2

— a —

132(,9) - 82(57)|

b 15 g, )h%n[[wag- )

L2(T")

Finally, utilize the stability estimate (6.7), the global Lipschitz continuity of g—; = g; (z,y) with respect to y,
and estimate (6.8), to conclude

1
W2IVD7 Vil S <||V(p—p9)L2(T) + ho|p — b7 |l r2er)
T'eNs

U R 75 12cay + 05 (o0 T) + osc (30,5055 T) )

Combine the estimates derived in Steps 1 and 2 to arrive at the desired estimate (6.4). O
The results of Theorems 6.1 and 6.2 immediately yield the global efficiency of Eycp.

Theorem 6.3 (global efficiency of E,¢). Suppose that assumptions (A.1)—(A.3) hold. Assume, in addition, that
a = a(z,y) and gz = gg (z,y) are globally Lipschitz with respect to y € R. Let @ € Uyq be a local solution to

(4.1)—(4.2). Let uz be a local minimum of the discretization (4.13)—(4.14) with §o and po being the associated
state and adjoint state, respectively. Then,

ocp S 1P=07 | () =87 | mr (@) +u—t7 [ L2(0)Foscr (al(, 7 ); T)+oscr (ya; T )toscs (%('a?ﬂ)ﬁﬂ%g)
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The hidden constant is independent of the continuous and discrete optimal variables, the size of the elements in

the mesh , and #.7 .

Proof. We begin by invoking the definition of the global indicator &, given by (5.3), and the local efficiency
estimate (6.3) to arrive at

Est SIIVW —97)lL2 () + diam(Q) |7 — 57 || 22(q) + diam(Q) ||t — @7 || 12(q) +osc7 (a(-, 77 ), 7).  (6.9)

On the other hand, in view of (5.7), the efficiency estimate (6.4) provides the bound

Ead SIV(P = D7)llL2(0) + (1 + diam(Q)[|7 — 97 (| 22(0)
+ diam(Q)Hﬁ — D HL2(Q) + osco (yQ; y) + oscy (%('7 Yg )159; 9) . (6.10)

Tt thus suffices to control E. In view of (5.9), a trivial application of the triangle inequality yields
E <0 —allr2) + |18 — @7 || 22() = My (v D7) — Hap (—v'D) | 220) + |1 — @7 || 120,

where Ilf, ) is defined as in (4.6). This estimate, in conjunction with the Lipschitz property of I,y and a
Poincaré inequality, implies

Eat SVTHIV@B7 = Dllez(@) + @ — @720 (6.11)
The proof concludes by gathering the estimates (6.9), (6.10), and (6.11). O
Remark 6.4 (local efficiency). For T' € .7, let us introduce the local error indicator

chp,T = 552t,T + gfd,T + Sft,T. (6.12)
A local efficiency result can be obtained for E,p 1 if we measure the total error within a different norm. To be
precise, define, for (v, w, z) € H(2) x HY(Q) x L*(Q),
(v, w, 2)ll; g = [[v]lz1(0) + vl g2 (@) + [12]L2(0)-
Let T € 7. In view of (6.3) and (6.4), it suffices to bound & r. Invoke (5.9), (4.7), (4.15), and the Lipschitz
property of Ilj, ;) to arrive at
Eet.r < Mpw (—v'D7) = Haw (v "D) | 22(r) + 1@ — @7 || 2(7)
<vHp—p7 e + o=tz ll2ory < v D= Do lav @) + 16— @z llL2 ).

7. EXTENSIONS TO THE THEORY
We present a few extensions of the theory developed in the previous sections.

7.1. Piecewise linear approximation

In this section, we consider a similar finite element discretization as the one introduced in Section 4.3 with
the difference that to approximate the optimal control variable & we employ piecewise linear functions, i.e., we
will seek for 45 within the space Uyq,1(7), where

Una1(7) :=U1(F)NUpa, Ui(T) :={uz € C(Q) :uz|p e PL(T)VT € T}.

We propose the following discrete optimal control problem: Find min J(y,us ) subject to the discrete state
equation
yr €V(T): (Vyz,Vug)rea) + (alys),v7)r2) = (Uz,v7) 12(0) (7.1)
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for all v, € V() and the discrete control constraints u, € Ugq,1(7). The well-posedness of this solution
technique as well as first order optimality conditions follow from Theorem 3.3 of [11]. For a priori error estimates,
we refer the reader to Theorem 4.1 of [11] and Section 10 of [14].

We propose an a posteriori error estimator that accounts for the discretization of the state, adjoint state,
and control variables when the error, in each one of these variables, is measured in the L?(Q)-norm. As it is
customary when performing an a posteriori error analysis based on duality, we assume that €2 is convex.

Assume that we have at hand, a posteriori error estimators F; and E,q such that

19— 972 S Est, 1P — P72 S Eaa- (7.2)

We recall that the auxiliary variables § € H}(Q) and p € Hi(Q) are defined as in (5.2) and (5.5), respectively.
Define, for (v, w,z) € L?(2) x L?(Q) x L*(R), the norm

(v, w, 2)lle := llvllz2) + [wllz2@) + llzllz2@)-
We present the following global reliability result.

Theorem 7.1 (global reliability). Suppose that assumptions (A.1)—(A.3) hold. Assume, in addition, that g—z =
g—g(x,y) is globally Lipschitz with respect to y € R. Let @ € Uyq be a local solution to (4.1)—(4.2) satisfying the
sufficient second order condition (4.10), or equivalently (4.11). Let ag be a local minimum of the associated

discrete optimal control problem with §jo and ps being the corresponding state and adjoint state, respectively.
Let T be a mesh such that (4.17) holds, then

(G —§7.0—D7,u—17)llo S Ea+ Eaa + Eet- (7.3)

The hidden constant is independent of the continuous and discrete optimal variables, the size of the elements in
the mesh &, and #7 .

Proof. The proof of the estimate (7.3) follows closely the arguments developed in the proof of Theorem 5.2. In
fact, with the estimate (5.14) at hand, we deduce

| — a2y S P —Dllzz) + 1P —prllzz) SIP — Pllr2) + Ead, (7.4)
where we have used (7.2). We thus use a Poincaré inequality in conjunction with the first estimate in (5.17) to
obtain

1P = Dllrz) S IVE =Dz S 17— 97 2 (7.5)
The hidden constant is independent of the continuous and discrete optimal variables, the size of the elements
in the mesh .7, and #.7 but depends on the continuous problem data. To control || — %7 || z2(n) We invoke the

auxiliary state y defined as the solution to (5.2) and apply the triangle inequality. With these arguments we
obtain

19 =972 <119 =0l + 19 = 971lL20) S 17— llz2@) + Eat, (7.6)
where we have also used (7.2). To bound ||§ — §|[z2(q) We set v = § — ¢ in problem (5.19). This, in view of the
fact that a is monotone increasing with respect to y, yields

9 —3llz2) SIVE@G =92 S o —tzlr2@) = Ea-

Replacing this estimate into (7.6), and the obtained one into (7.5), we obtain the estimate ||p—p||2(q) < Est+Eet-
This, in view of (7.4), reveals the a posteriori error estimate

||ﬂ — Uy HLZ(Q) S Eg+ Eoqg + Ect-

The control of || — 57 | 12() and ||p — Pz ||L2(q) follow similar arguments as the ones elaborated in the proof
of Theorem 5.2. For brevity, we skip details. O
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7.2. Sparse PDE—constrained optimization

Throughout this section, we assume that the admissible set U4 is such that a < 0 < b, with a,b € R. Define
¥ : L*(Q) — R by ¥(u) := [lul|11(n). In this section, we present a posteriori error estimates for a semilinear
optimal control problem that involves the cost functional

N 1 v
Iy, u) = J(y,u) +99Y(u) = 5\@ —yallf2) + 5”“”%2(9) + IullL).-

Here, ¢ > 0 denotes a sparsity parameter and v > 0 corresponds to the so-called regularization parameter. The
cost functional involves the L!(£2)-norm of the control variable, which is a natural measure of the control cost,
and leads to sparsely supported optimal controls [12,34]. Observe that J is nondifferentiable; see Remark 2.1
[12]. We mention that the linear case, i.e., a = 0, has been investigated in [2].

We consider the following sparse PDE-constrained optimization problem: Find min{J(y, u) : (y,u) € H(£2)x
Ugua} subject to (4.2). This problem admits at least one optimal solution (i, %) € H(Q) x Ugg. In addition, if @
is a local minimum, then there exists g € H}(Q), p € HA(Q), and X € 9y (u) such that (4.2) and (4.4) hold and

(p+Vﬂ+195\,U_a)L2(Q) >0 VuéeUy;

see Theorem 3.1 of [12]. The following characterizations for the optimal control @ and its associated subgradient
A hold Corollary 3.2 of [12]:

Az) =TIy (=97 'p(z)), u(z) = oy (=" [p(z) + IA(z)]) ae. z €.

We propose the following discrete optimal control problem: Find minJ(ys,us ) subject to (7.1) and the
discrete control constraints uy € Ugq(7). The existence of solutions for this scheme as well as first order
optimality conditions follow from Section 4 of [12].

Define the cones

€y = {v € L*(Q) satisfying (4.8) and j'(@)v + 9y’ (@;v) = 0},
-

€7 - = {v € L*(Q) satisfying (4.8) and j'(@)v + 99 (w;v) < 7||v| 20 }-

Here, the term ’(%;v) denotes the directional derivative of ¢ at @ in the direction v equation (3.2) of [12].
Necessary and sufficient second order optimality conditions follow from Theorems 3.7 and 3.9 of [12]: If @ is a
local minimum, then j”(#)v? > 0 for all v € €. Conversely, let % € Uyq and A € O1(1) satisfy the associated
first order optimality conditions. If 5" (#)v? > 0 for all v € €; \ {0}, then % is a local minimum. In addition, we
have the equivalence Theorem 3.8 of [12]

3" (@v® >0 Vo € €\ {0} <= Fp,7>0: " (@)v* > pl|v]|72q) Vo € €. (7.7)
Define, for a.e. x € €2, the auxiliary variables
@) =Tl (<0757 (@), (@) =Ty (—v 7" B (2) + 9A(@)] ). (7.8)
To present a posteriori error estimates, we define the error indicators
5s2g,T =[x =z H%2(T)’ 5c2t,T = |a—us ||2L2(T),

and error estimators

Esg = (Z 5§g7T> ;o = <Z 53t,T> : (7.9)

TeT TeT
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Theorem 7.2 (global reliability). Suppose that assumptions (A.1)—(A.3) hold. Assume, in addition, that g—z =

g—f}(x, y) is globally Lipschitz with respect toy € R. Let @ € Ugg be a local solution to the sparse PDE—-constrained

optimization problem satisfying the sufficient second order condition (7.7). Let ug be a local minimum of the
associated discrete optimal control problem with &, p7, and Az being the corresponding state, adjoint state,
and subgradient, respectively. Let T be a mesh such that (4.18) holds with @ as in (7.8), then

|||(g - yy,ﬁ _ﬁyvﬂ - 717)”'9 + Hj\ - 5\.?7 HLZ(Q) 5 gst + gad + Ect + gsg~

The hidden constant is independent of the continuous and discrete optimal variables, the size of the elements in
the mesh , and #7 .

Proof. Since (4.18) is assumed to hold and it does not involve the nondifferentiable term ), the estimates of
the errors associated to the state, adjoint state, and control variables are as presented in the proof of Theorem
5.2. It thus suffices to control the error associated to the approximation of the subgradient \. To accomplish
this task, we invoke (7.9) and immediately conclude that

1A= A7 @) < IR = Allzo) + Esg- (7.10)

The Lipschitz property of II|_; ;; and a Poincaré inequality yield

1A= Mlz2@) 97D =D ll2@) SIVE - 57) L2 ()-
Replace this estimate into (7.10) and invoke (5.26) to conclude. O

Remark 7.3 (feasibility of estimate (4.18)). Notice that @ coincides with the discrete approximation of 4 when
the so—called variational discretization scheme is employed. For such an approximation scheme and within the
framework of a priori error estimates, inequality (4.18) is proven in Section 5 of [12] and Lemma 4.6 of [12].

8. NUMERICAL RESULTS

In this section, we conduct a series of numerical experiments that illustrate the performance of the devised a
posteriori error estimator £,., defined in (5.11). In addition, in Section 8.2, we present a computational study
related to the practical feasibility of the assumptions in (4.17).

All the experiments have been carried out with the help of a code that we implemented using C++. The
involved matrices have been assembled exactly and global linear systems were solved using the multifrontal
massively parallel sparse direct solver (MUMPS) [3,4]. The right hand sides and terms involving the functions
a(-,y) and yq, the approximation errors, and the error estimators are computed by quadrature formulas. In two
dimensions, we use a quadrature formula that contains seventy-three (73) evaluation points on each element
T € 7; the associated numerical integration formula is exact for polynomials of degree nineteen (19). For three-
dimensional domains, the employed quadrature formula contains two hundred and thirty six (236) evaluation
points on each element T' € .7 and is exact for polynomials of degree fourteen (14).

8.1. Performance of the error estimator £,¢p

For a given partition .7, we seek (§,,05,U,) € V(F) x V(F) x Ugq(7) that solves the discrete prob-
lem (4.13)—(4.14). This optimality system is solved by using a Newton-type primal-dual active set strat-
egy as described in Algorithms 2 and 3. To be precise, Algorithm 2 presents a variant of the well-known
primal-dual active set strategy that can be found, for instance, in Section 2.12.4 of [31]. On the other hand,
Algorithm 3 describes the also well-known Newton method Section 4.4.1 of [6]. To present the latter, we define
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FIGURE 1. The initial meshes used when the domain 2 is a square, a L-shaped, and a cube.

X(7) =V(7) xV(7) x U(7) and introduce, for ¥ = (y7,p7,uz) and © = (vz,wz,ty) in X(.7), the
operator Fiy : X(T) — X () as

(Vyz,Voz)r2 ) + (al,y7) —uz,v7)200)
(F7(0),0) := | (Vws,Vp7)r2q) + (%Z(',yﬂ)py —y7 tyvews) o
(v HIzpr (1 — X, — Xp) +uzl —ax, — bXb7t,7)L2(Q)

Here, I1 7 denotes L?—projection operator onto piecewise constant functions over .7 and (-, -) denotes the duality
pairing between X (7)" and X (7). In addition,

Xa» Xo ER?Z . 1=(1,...,1)T e R*7.
Given an initial guess ¥ = (y%,p%,u%) € X(7) and k € Ny, we consider the following Newton iteration:
Uit = Vg + 1,
where the incremental term n=(0ys,0ps,duy) € X(7) solves
(F7 (¥r)(n),0) = —(F7(¥5),0) VO =(vs,wz,ty) € X(T). (8.1)

Here, F/, (V})(n) denotes the Gateaux derivate of Fir at Wy, = (y%, p% ,u%) in the direction .

Once the discrete solution is obtained, we use the local error indicator ¢, 1, defined as in (6.12), to drive the
adaptive procedure described in Algorithm 1. A sequence of adaptively refined meshes is thus generated from the
initial meshes shown in Figure 1. The total number of degrees of freedom is Ndof = 2dim(V(.7)) + dim(U(.9)).

Finally, we define ey :=§— 97, ey :=Pp— D7, e, := U — Uz, and the total error e := (ey, ep, €,). To measure
the total error we use llellg = ll(ey, €p, €u)llo, where |l - llq is defined as in (5.1).

Algorithm 1: Adaptive algorithm

Input: Initial mesh 7, constraints a and b, and regularization parameter v;
Set: i = 0.

Active set strategy:

1: Choose an initial discrete guess (y%,,p%,,u%,) € V(Z) x V(Z) x U(Z);

2: Compute [§7,,p7,,uz,] = Active-Set[.7;, a, b, v, y%i,p%i,u%i] by using Algorithm 2;
Adaptive loop:

3: For each T' € .Z; compute the local error indicator Eocp,r defined in (6.12);

4: Mark an element T € 7; for refinement if £2., 7 > 3 maxrrcz, SngYT,;

5: From step 4, construct a new mesh, using a longest edge bisection algorithm. Set ¢ «— ¢ + 1 and go to step 1.

In order to simplify the construction of exact solutions, we incorporate an extra source term f € L*°() in
the state equation (4.2). With such a modification, the right hand side of (4.2) now reads (f + u,v)r2(q).
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Algorithm 2: Active set algorithm

Input: Mesh 7, constraints a and b, regularization parameter v and initial guess
(W5 b 0% ) € V(T) x V() x U(7); Q
1: Define x2' = (x2')re 7, x3'" = (Xo'#)rer € R* with x4, x4 € {0, 1},
Set: j = 0. _ _ _ _ _ _
2: Compute [y, p’f !, w/'] = Newton[7, a,b, v, x4, X', %, , v’ ,u’, ] by using Algorithm 3.
3: For each T € 7 compute
new _ 1if — %HT (pf;rl) < a, new __ 1if — %HT (p];l) > b,
T 0 otherwise, Xo.T 0 otherwise,

where IIr denotes the L?-projection onto piecewise constant functions over 7.

41030 (s — xS+ e — @) = 0,set (57,5 ) = (W5l ). Otherwise, set X2 i= x1<,
TeT

old .__ . ne
Xo = Xp

w

and j < 7+ 1, and go to step 2.

Algorithm 3: Newton method

Input: Mesh 7, constraints a and b, regularization parameter v, initial guess
W% ,p% ,u% ) € V(7) x V(F) x U(Z) and x,, X, € R* ;

Set: £k = 0.
1: Given (v% ,p% ,u” ), compute the incremental n = 3y ,0ps ,0uy ) € V(T) x V(F) x U(F) as the solution to
(8.1).

2: Set (y§+l7pf;+l,u§+l) = (yl’€7 7p,k7 7u,k7 ) + (6y7 76p.:776u:7 )
3: If max{[|6y7 || Lo (), 007 | (a)s |6uz |y} < 1075, set (y7 ,p7 ,uz ) = (5, piH1 ub). Otherwise, set
k «— k+ 1 and go to step 1.

Example 8.1. We let Q = (=1,1)2\ [0,1) x (=1,0], a(-,y) = arctan(y), a = —40, b = —0.1, and v €
{1073,107%,10°} . The exact optimal state and adjoint state are given, in polar coordinates (r,6), with
6 €[0,37/2], by

G(r,0) = p(r,0) = sin (7/2(rsin 0) + 1) sin (7/2(r cos 6) + 1) 7%/3 sin(26/3).

The purpose of this numerical example is threefold. First, we compare the performance of our adaptive FEM
with uniform refinement. Second, we investigate the performance of the devised a posteriori error estimator when
varying the parameter v. Third, we compare the performance of our error estimator with the one presented in
Section 3 of [26]. To present the error estimator of [26], we introduce

2
Cor :=Et, Caqg:=CEaar Cor = hr|VDrl2r), €o:= (Z Git,T> ;
Tes

where & and &,4 are defined as in (5.3) and (5.7), respectively. The total error indicator can thus be defined
as follows Section 3 of [26]:
Qfgcp,T = Qfgt,T + QEZd,T + Qfgt,T- (8.2)

This error indicator can be used to perform the adaptive FEM of Algorithm 1 with £,¢p 1 replaced by €,cp 7.
We shall denote by ey, ¢,, and e, the approximation errors related to the state, adjoint state, and control
variables, respectively, when the error indicator €,.p 7 is considered in Algorithm 1. We measure the total error
of the underlying AFEM with lello = lI(ey, ¢p, eu)llq, where || - llq is defined in (5.1). Finally, we introduce the
effectivity indices Y := Eoep/llell and Te := Eoep/ el

In Figures 2 and 3 we present the results obtained for Example 8.1. In Figure 2 we present, for v = 1073,
experimental rates of convergence for all the individual contributions of the total error |lell when uniform and
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Errors with unif. refinement Errors with adap. refinement
SVeylirza) S| Veylirz)
SIVeplrz@) SNVeplirz)
*lewll 2 ) *leullz2 )
Ndof—1/3 ---Ndof /2
Ndof
(B) (©)

FiGURE 2. Example 8.1. Experimental rates of convergence for the individual contributions
IVeyllz2)s IVepllL2(), and |ley||2(q) for uniform (A) and adaptive refinement (B) and the
24th adaptively refined mesh (C) for v = 1073.

adaptive refinement are considered. We also present the adaptively refined mesh obtained after 24 adaptive
loops. We observe that our adaptive loop outperforms uniform refinement. In addition, we observe optimal
experimental rates of convergence for all the individual contributions of the total error [leflo. We also observe
that most of the adaptive refinement occurs near to the interface of the control variable and the geometric
singularity of the L-shaped domain, which attests to the efficiency of the devised estimator; see subfigure (C).
In Figure 3, we present, for v € {1074, 107}, experimental rates of convergence for all the contributions of the
total errors [lello and [lefle and all the individual contributions of the a posteriori error estimators £,, and
€ocp as well as the effectivity indices Tg and Y. We observe that the behavior of the individual contributions
of the total errors and error estimators associated to the state and adjoint variables are quite similar for both
adaptive strategies. However, we observe an important difference when we compare the individual contributions
associated to the control variable. In fact, as it can be observed from subfigures (B.3) and (D.3), the error
norm |ley||z2¢q) do not exhibit an optimal experimental rate of convergence, while the error norm |ley||r2(q)
associated to our devised AFEM based on the error estimator &£,., does. Finally, we observe, from subfigures
(E) and (F), that the effectivity index T¢ is close to 1 for the two different values of v that we consider. This
shows the accuracy of the proposed a posteriori error estimator &,., when used in the adaptive loop described
in Algorithm 1.

Example 8.2. We let Q = (0,1)3, a= —80, b = 100, and v = 10~3. We consider

102e% cos(4n€), if € < 0,

fz1, 22, 23) = 10, yﬂ(xl’”’“):{ 0, if € >0,

where £ = £(z1, 22, 23) = 4(x1 — 0.5)2 + 4(22 — 0.5)2 + 4(23 — 0.5)2 — 1.
The purpose of this numerical example is to investigate the performance of the devised error estimator when
different choices of the nonlinear function a are considered. Let us, in particular, consider

ai(-y) =10y* —2; as(-,y) = 10arctan(80y) — 5; as(-,y) = 10sinh(3y) — 2.

In Figure 4 we present the results obtained for Example 8.2. We show, for the considered three different
nonlinear functions a, experimental rates of convergence for all the individual contributions of the error estimator
Eocp and the obtained 25th adaptively refined meshes. We observe optimal experimental rates of convergence
for all the individual contributions of the error estimator Eucp.

8.2. Numerical verification of assumptions (4.17)

The main goal of this section is to show that, at a computational level, the assumptions in (4.17), namely,

i—aeCs, PPl < vu2Cw)
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Estimators contri- Errors contributions Estimators contri- Errors contributions
butions for v = 1074 for v = 1074 butions for v = 107° for v = 107°
State error estimators State errors State error estimators State errors
S| Veyllz(a)
10° S Veylzaie
Y Fy 1/2( )
---Ndo
107!
102
2 4 6 107 2 4 6 2 4 6 107 2 4 8
10 10 10 10 10 10 10 10 10 10 10 10
Ndof Ndof Ndof Ndof
(A1) (B.1) (C.1) (D.1)
Adjoint, error estimators Adjoint errors Adjoint error estimators Adjoint errors
1 S Ead SNVepllLza) 1 S Ead SIVepll2 )
10 BEua o %HV%)HL’Z Q) 10 0 ‘>HV%HL2 Q
i 10 = 10 ()
- Ndof '/? -Ndof /> --- Ndof —'/2
10°
107" 107"
10"
1072 1072
10 2 2 4 6 2 4 6 10 2 2 4 6 2 4 ; 6
10 10 10 10 10 10 10 10 10 10 10 10
Ndof Ndof Ndof Ndof
(A.2) (B.2) (C.2) (D.2)
Control error estimators Control errors Control error estimators Control errors
102 *[lewll 22 ) 101 *|lewll L2 ()
P ﬂ%‘H"uﬂm(/g}) o ﬂﬁ‘H%Hl_l(gz)
10 Ndof —'/* -Ndof '/2
10 o -
0
10° 10
1072 :
1o 107"
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Ndof Ndof Ndof Ndof
(A.3) (B.3) (C.3) (D.3)

Effectivity indices for v — 10~ %ﬂectivity indices for v = 10"

AYe
1.11 2
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FIGURE 3. Example 8.1. Experimental rates of convergence for all the contributions of &,
and €,., (A.1)-(A.3)-(C.1)-(C.3), experimental rates of convergence for all the contributions
of the total errors llello and [lello (B.1)—(B.3)—(D.1)—(D.3), and the effectivity indices T¢ and
T¢ (E)—(F) with v =107 and v = 107°.

are satisfied in practice. To do this, we will explore a few examples. We recall that the auxiliary variable @ € Uyq
is defined by @ := [,y (—v~'p7 ). Since, in practice, it is observed that ||p— p7 || 12(n) decays as the number of
degrees of freedom increases, the verification of assumption ||p — p7||2() < vu(2Cw) ™! is standard. We will
thus particularly focus on the assumption @ — @ € C7 and describe, in what follows, a strategy that can be used
to verify it. In light of definition (4.9), the term v := @ — @ belongs to C7 if v satisfies the sign condition (4.8)
and v(z) = 0 if |p(x)| > 7 for a.e. z € Q. Recall that p = p + vu. We immediately notice that, since @ € U,g,
then v = & — @ satisfies the sign condition (4.8). Hence, in what follows we concentrate on the condition v(xz) =0
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FIGURE 4. Example 8.2: Experimental rates of convergence for &, Eqa, and Eq (A.1)—(A.3)
and adaptively refined meshes obtained after 25 adaptive loops (B.1)-(B.3) with v = 1073.

if |p(z)| > 7 for a.e. x € Q. Since this requires to make point evaluations, we will evaluate v = @ — @ at the
quadrature points associated to the integration formulas mentioned at the beginning of Section 8.

Let 7 be a fixed mesh in T. For each T € 7, we define Qr C T as the discrete set that contains the
corresponding quadrature points of the underlying integration formula. Given 7 > 0, we introduce the following
sets:

Cir={z€Qr:|p(x) >} Car ={x e Csr:u(zr) —u(z) =0}

With these ingredients at hand, we notice that the main goal now is reduced to verify that

v(z) = a(z) — a(z) =0 for every = € U Cs.r,
Teg

which is, C; 7 = Cy 1 for every T' € 7. To verify this condition, we introduce the quantity

— ZTGy #Cﬁ>T
Yres #Cp T

Since, for T' € 7, Czr C Cyr we have that 0 < #Cqzr < #Cp, r, which implies that R, < 1. In particular,
we observe that R, = 1 if and only if C5 7 = Cy 1 for every T' € 7. Therefore, when R, = 1 we will have
t(z) —u(x) =0 if |p(x)| > 7 for every x € Upe 7 Qr, and thus @ — u € CI.

We now present numerical experiments where we verify the accomplishment of the condition @ — @ € C7, by
utilizing R,. Since the exact value of 7 > 0 is unknown, we verify this condition for several values of 7. We
also present experimental rates of convergence for ||p —p || L (q). In the following numerical examples, we have
considered v = 107! and a(-, y) = arctan(y).

Example 1 (2D Convex domain). We let Q = (0,1)2, a = —20, and b = —0.1. The exact optimal state
and adjoint state are given by

R,

(a1, x2) = (a1, 22) = sin (271 ) sin (27xs) .
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FIGURE 5. Experimental values of R, obtained for Example 1 (A), Example 2 (B), and Example
3 (C), with different values of 7.
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FIGURE 6. Experimental rates of convergences of ||p — p7 || (o) for Example 1 (A), Example
2 (B), and Example 3 (C).

Example 2 (2D Non-convex domain). We let Q = (—1,1)2\[0,1) x (—1,0], a = —20, and b = —0.1. The
exact optimal state and adjoint state are given, in polar coordinates (r,8) with 8 € [0, 37 /2], by

(r,0) = p(r,0) = sin (7/2(rsin #) 4 1) sin (7/2(r cos §) + 1) 7%/% sin(20/3).

Example 3 (3D Convex domain). We let Q = (0,1)%, a = —5, and b = 5. The exact optimal state and
adjoint state are given by

G(x1, 20, 23) = P21, T2, x3) = —2 cos (2mxs) sin? (271 ) sin (2722) sin? (27z3) .

In Figure 5 we present the experimental values of R, obtained for each of the three numerical examples;
we have considered different values of 7. We observe that, for all the considered values of 7, the quantity R
achieves the value 1 after a certain number of degrees of freedom; smaller values of 7 requiring a bigger number
of degrees of freedom. In Figure 6 we present experimental rates of convergence for ||p — p7 || () Ndof ! for

2/3

the two-dimensional examples and Ndof ~“/* for the three-dimensional example.

8.3. Conclusions

The following conclusions can be drawn:
— Most of the refinement occurs near to the interface of the control variable. When the domain involves geo-
metric singularities, refinement is also being performed in regions that are close to them. These feature show a
competitive performance of the devised a posteriori error estimator.
— All the individual contributions of the total error ||efl exhibit optimal experimental rates of convergence for
all the experiments and the nonlinear functions a considered in the experiments that we have performed.



A POSTERIORI ERROR ESTIMATES FOR SEMILINEAR OPTIMAL CONTROL PROBLEMS 2321

— The devised a posteriori error estimator, defined in (5.11), is able to recognize the interface of @z . This
estimator also delivers, for all the numerical experiments that we have performed, optimal experimental rates
of convergence for the involved individual contributions. This is not the case when the error estimator (8.2) is
used in Algorithm 1.

— For some values of 7 > 0, we have provided consistent computational evidence that condition @ — @ € C7 is
satisfied after achieving a suitable number of degrees of freedom and is uniform withing subsequently adaptive
refinement. This suggests that the first assumption in (4.17) may hold.

— Numerical evidence shows that ||[p— P ||z~ (q) behaves as Ndof ! and Ndof ~2/? in two and three dimensions,
respectively. In particular, after a certain number of degrees of freedoms, we have that ||[p — p7 || re ) < 7/2.
This guarantees that @ — u € C7; see Remark 4.6. In addition, this shows that ||p — p7|[12(q) < vu(2Cy) =t

uniformly after achieving a suitable number of degrees of freedom.
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