ESAIM: M2AN 55 (2021) 329-356 ESAIM: Mathematical Modelling and Numerical Analysis
https://doi.org/10.1051 /m2an/2020069 WWW.esalm-m2an.org

CENTRAL DISCONTINUOUS GALERKIN METHODS ON OVERLAPPING
MESHES FOR WAVE EQUATIONS

YonG Livt, JIANFANG Lu?*, CHI-WANG SHU? AND MENGPING ZHANG*

Abstract. In this paper, we study the central discontinuous Galerkin (DG) method on overlapping
meshes for second order wave equations. We consider the first order hyperbolic system, which is equiva-
lent to the second order scalar equation, and construct the corresponding central DG scheme. We then
provide the stability analysis and the optimal error estimates for the proposed central DG scheme for
one- and multi-dimensional cases with piecewise P* elements. The optimal error estimates are valid
for uniform Cartesian meshes and polynomials of arbitrary degree k > 0. In particular, we adopt the
techniques in Liu et al. (SIAM J. Numer. Anal. 56 (2018) 520-541; ESAIM: M2AN 54 (2020) 705-
726) and obtain the local projection that is crucial in deriving the optimal order of convergence. The
construction of the projection here is more challenging since the unknowns are highly coupled in the
proposed scheme. Dispersion analysis is performed on the proposed scheme for one dimensional prob-
lems, indicating that the numerical solution with P! elements reaches its minimum with a suitable
parameter in the dissipation term. Several numerical examples including accuracy tests and long time
simulation are presented to validate the theoretical results.
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1. INTRODUCTION

Wave propagation is a fundamental form of energy transmission, which arises in many fields of science, engi-
neering and industry, such as geoscience, petroleum engineering, telecommunication, and the defense industry
(see [13,18] and the references therein). A vast amount of research can be found on the numerical approxima-
tion of wave problems. The commonly used numerical methods include finite difference, finite volume, spectral
element and finite element methods, ete. (see e.g. [12,14,15,19]). Among those numerical methods, we confine
our attention to the discontinuous Galerkin (DG) methods in this paper. DG methods are a class of finite
element methods using discontinuous basis functions, which are usually chosen as piecewise polynomials, but

Keywords and phrases. Optimal error estimates, central DG method, second order wave equation, dispersion analysis.
1 Hua Loo-Keng Center for Mathematical Sciences, Academy of Mathematics and Systems Science, Chinese Academy of Sciences,
Beijing 100190, P.R. China.

2 South China Research Center for Applied Mathematics and Interdisciplinary Studies, South China Normal University,
Canton 510631, Guangdong, P.R. China.

3 Division of Applied Mathematics, Brown University, Providence, RI 02912, USA.

4 School of Mathematical Sciences, University of Science and Technology of China, Hefei 230026, Anhui, P.R. China.
*Corresponding author: jflu@m.scnu.edu.cn

Article published by EDP Sciences © EDP Sciences, SMAI 2021


https://doi.org/10.1051/m2an/2020069
https://www.esaim-m2an.org
mailto:jflu@m.scnu.edu.cn
https://www.edpsciences.org

330 Y. LIU ET AL.

could also be chosen as other types of functions to suit specific needs. The first DG method was developed
to solve a steady transport equation in [25], and later Cockburn et al. applied the DG discretization in space,
coupled with explicit Runge-Kutta time discretization, for solving the hyperbolic conservation laws successfully
[6-10]. Since then, the DG method has attracted more and more attention, and found broad applications in
various areas such as aero-acoustics, gas dynamics, weather forecasting, oceanography, electro-magnetism, etc.
The DG method has many advantages such as allowing triangulations with hanging nodes, the extremely local
data structure, high efficiency in parallel computation, and the ability to easily accommodate arbitrary h—p
adaptivity, etc.

In this paper, we propose a central discontinuous Galerkin (CDG) scheme for solving the following two way
wave equation

{pt=cV-q+f(p,q,w»t) inQ, >0, (1.1)
q: =cVp+g(p,q,x,t) inQ, t >0, '
where Q C R? is some bounded domain, d = 1,2,3, and p = p(x,t) and g = q(x,t) € R¢ are unknown functions,
and the source terms f(p,q,z,t) € R and g(p, q,x,t) € R%. The system (1.1) without source terms is equivalent
to the acoustic wave equation

Pt = CQAp (12)

where A is the Laplace operator, p is the acoustic pressure (the local deviation from the ambient pressure),
and c is the speed of sound. For simplicity, in the remainder of the paper we will only consider the system (1.1)
without source terms, i.e. f(p,q,x,t) =0, g(p,q,x,t) =0, as all results also hold for the general case with the
source terms depending linearly on p and q. That is, we will only consider the following system:

{pt:cV~q inQ, ¢>0, (1.3)

g =cVp in Q, t>0.

The central DG method was first introduced by Liu et al. [20]. In order to avoid Riemann solvers in con-
structing the numerical fluxes at the interfaces of the elements, in [20] the authors computed two numerical
solutions on the overlapping meshes. Therefore, one advantage of the central DG method is the avoidance of the
possibly complicated construction of the numerical fluxes. Another advantage is that it allows a larger time step
(proportional to O(h/k) where h is the spatial mesh size and k is the polynomial degree) than that of the regular
DG method (which has a time step proportional to O(h/k?)), particularly for higher order of spatial accuracy
[26]. Liu et al. [21] provided L? stability analysis and suboptimal error estimates for linear hyperbolic equations.
Later Liu et al. in [22] used the shifting technique to construct a special projection to obtain optimal error
estimates of the central DG methods for linear hyperbolic equations. In [23] they continue to use this technique
to obtain optimal error estimates of the DG methods on Cartesian meshes using P* element space, which is
the space of piecewise polynomials with degree at most k in each element. Recently, the shifting technique was
adopted in the study of optimal convergence and superconvergence of semi-Lagrangian DG methods in [30].

To solve the second order wave equation numerically, one approach is to construct the numerical scheme
directly such as the symmetric interior penalty DG method [17]. Another way is to introduce the auxiliary
variables and rewrite the wave equation into a first order system, then construct the corresponding numerical
schemes, see e.g. [1,3,4,27]. In this paper, we propose a central DG scheme for solving the first order system
(1.3). Our main contribution in this paper is that we provide the L? stability and the optimal error estimates
for the proposed central DG scheme using P* elements. The proof of optimal convergence results is valid for
uniform meshes and for polynomials of arbitrary degree k > 0. Though we perform the analysis in one and two
dimensions, the analysis can be extended to higher dimensional problems without any essential difficulties. For
the multidimensional problems on Cartesian meshes, the optimal error estimates are usually based on the use of
the QF element space, which is the tensor product of the one dimensional finite element spaces [11,24,28]. Thanks
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to the shifting technique in [22], we are able to construct a special local coupled projection on the overlapping
meshes, thus we obtain the optimal error estimates with the use of P*¥ elements. The local coupled projection
can eliminate the space-discrete terms when (p, q) are both in the P**1 space. This superconvergence result
leads to the derivation of optimal convergence rate. To the best knowledge of the authors, this is the first work
obtaining optimal convergence rate when using the P* elements on overlapping meshes for multidimensional
problems. We also provide a dispersion analysis for the proposed scheme in one dimension based on the Fourier
analysis.

The organization of this paper is as follows. In Section 2, we propose the central DG scheme for the wave
equation (1.3). In Section 3, we prove the L? stability and optimal error estimates for one- and multi-dimensional
problems. The dispersion analysis for one dimensional problems is also provided, with the P* elements for
k = 0,1,2. Numerical experiments are provided to verify our theoretical results in Section 4. In Section 5,
we give a few concluding remarks and perspectives for future work. Some technical proofs of the lemmas are
provided in the Appendix A.

2. THE CENTRAL DG SCHEME

In this section, we present the central DG scheme for (1.3). First, we multiply the first and second equations
with functions ¢ and 1, respectively, and perform integration by parts on an open and bounded subset K C €,
to obtain the weak formulation as follows

/ptgoda::—/cq~V<pdm+/ cq-ngpds,
K K oK

/th-'tpdw:—/chV-'tbd:E—i-/achnK-'tpds, (2.1)

where ny is the unit outward normal to 0K . Now we define the central DG scheme from the variational form
(2.1). To this end, we first take the partition of the domain. Assume we have two kinds of partitions T}, and
T}, on Q. The partitions T, and T}, are overlapped and are usually chosen as the overlapping Cartesian meshes.
For general cases, we refer to [29]. A two dimensional overlapping Cartesian mesh is shown in Figure 1.

Now we introduce the finite element spaces associated with these two partitions.

Vi i={pn € L*(Q) : pnlk € P(K) VK €Ty},
Wi = {un € L3(Q) : dnli € PH(K') VK’ € Th}. 22)

The central DG formulation is defined as follows: Find pj, € Vi, i € [Vi]¢ and 7, € Wi, s, € [W,]? such that
for all K € 7j, and K’ € T}, we have

/(ph)tgohda:: —/ csh-Vgphdw—i—/ csp - ngppds
K K oK

+ / (rn —pr)ende, Vop € Vi,
Tmax K
/ (gn)t - pndx = —/ crhV-gahdw—i—/ crpng - @pds
K K K
1
+ / (s —an) - @ndz, Ve € [Va]%, (2.3)
Tmax JK
[ winde= [ can-Vondet [ carmicnds
! !’ aK/
1
+ - / (pn —rn)p da, Vip, € Wy,
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FIGURE 1. 2D overlapping cells, the first mesh is formed by solid lines, and the dual mesh is
formed by dashed lines.

/ (8n)¢ - Ypde = —/ Cphv"l/;hdw‘F/ cppm - ds
! ! aK/

+ //(Qh —sp) - Ypdx, Vb, € W)Y,

Trnax

d

where [V3]¢ =V}, x ... x V}, and Ty is an upper bound for the time step size due to the CFL restriction, that
is, Tmax = ah with a given constant CFL number a > 0 dictated by stability. py, 7, are the approximations to
the solution p, and gy, s;, are the approximations to the solution q. The initial data is obtained by the standard
L? projection, that is, py(-,0) = Pppo, 7(+,0) = Qupo, ¢, (-,0) = Prgf and s} (-,0) = Qugf, i = 1,...,d, where
qi is the i-th argument of g, and qfl and 52 are the i-th arguments of q;, and sy, respectively. The L? projections
P;, and Qy, are defined as follows. For any function u, we have Pru € P¥(K) and Qnu € P*(K’) satisfying

/ (Phu —u)ppdx =0, Ve, € PF(K), VK € T, (2.4)
K
/ (Qhu - u)gﬁh de =0, Vo€ Pk(K/), VK' e T;L.

From Theorem 3.1.5 in [5] we have

lpn (-, 0) = poll + 74 (-, 0) = poll < K™ **|lpolli+1, (2.5)
lgn(-,0) = qoll + lIsn(-,0) — qoll £ H***llqolx+1,
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where the unmarked norm || - || denotes the standard L? norm on €2, and || - [|x41 is the standard norm in the
Sobolev space Wk+1.2(Q).

3. ANALYSIS OF THE CENTRAL DG SCHEMES

In this section, we analyze the proposed central DG scheme (2.3) for equation (1.3). We present the L?
stability, and the a priori optimal error estimates for one and two dimensional problems only. As we can
see, the techniques we take are very general and can be extended to higher dimensional problems without any
difficulties. We also provide a dispersion analysis for one dimensional problems. Before we proceed, we introduce
some standard Sobolev spaces notations. For any integer m > 0, let W™P (D) be the standard Sobolev spaces

on sub-domain D C  equipped with the norm || - ||, p and semi-norm |- |, . p. When D = Q, we omit the
index D; and if p = 2, we set W™P(D) = H™(D), || - llmp,0 = || - lm,p, and | - |y p.0 = | - |m,p. An unmarked
norm || - || denotes the standard L? norm.

3.1. Analysis of the central DG method in one dimension

For one dimensional case, the equation (1.3) becomes

Pt = Cqa, ze, t>0,
¢ = CPpg, reQ, t>0, (3.1)
p(x,0) =po(x), q(x,0) = qo(z),

with periodic boundary condition. Without loss of generality, we assume that ¢ = —1 and Q = [0, 1]. Let {z;} be
a partition of [0, 1] with b 1 = @j41—a; and h = max; by 1. Denote x;, 1 = (wj11+25)/2, I; = (2,51, 2;_1),
and I, 1= (xj,2j+1). Then we have the corresponding finite element spaces as follows.

Vh = {gﬁh S Lz(Q) : ¢h|lj € Pk(Ij)a VJ},
Wi, = {tn € L*(0) : ¢nlr. , € Pk(1j+%)7 vi}.

it3
V}, is the set of piecewise polynomials of degree at most k over the subintervals {I;} with no continuity assumed
across the subinterval boundaries. Likewise, W}, is the set of piecewise polynomials of degree at most k over the
subintervals I, 1 with no continuity assumed across the subinterval boundaries.

The semidiscrete version of the central DG scheme for solving (3.1) is defined asfollows: Findpp, (-, ), qn(-,t) € Vi
and ry, (-, t), sp (-, t) € Wy such that for any oy, @5 € Vi, and ¥y, ¥y, € Wy, we have

/ (Pn)epn dx = B1(Th; Phy Sh; n) ;) (3.2a)
I;

/ (qn)tPn Az = B1(Sh; qn,Th; Pn)j (3.2b)
I

/ (ra)etn dz = Ba(Phs Ths qhs ¥n)j4 1, (3.2¢)
Tl

/ (sn)e¥n dz = Ba(qns 5h,Phs Ph) 41 (3.2d)
I. 1
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where
1
Bi (s Phs shi ) = — / (rn — pn) ondx +/ sn(pn)s da

max ]j Ij

— s (xj+%,t) ©n (x;r%) + sp (xjfé,t) ©h (:E;i%) , (3.3)
1

By (PhsThy qns ¥n) 41 = - /1 (pn —Tn) Yndx + /1 qn(¥n)s dx
max 1 1
it3 it+3

—qn (i1, ) Un (27,1) + an (@5, 8) Pn () .

In this subsection, we study the L? stability of the central DG scheme on overlapping cells (3.2) for the
equation (3.1), and then we provide an L? a priori optimal error estimates for smooth solutions.

Theorem 3.1 (L? stability). The numerical solution py,, r1,, qn and sy, of the central DG scheme (3.2) for the
equation (3.1) satisfies the following L? stability condition

1d (!

aar ), () + (@) 4 (ra)* + (s0)%) do +

1
/0 ((pn —72)* + (gn — sn)?) dz = 0. (3.4)

Tm ax

Proof. Taking the test functions ¢y, = pp, ¥n = T, @n = qn and ¥y, = s5, in (3.2) respectively, then summing
it up over j, with the periodic boundary condition we have

331 [ (004 @0+ 00+ (0)?) do

1 Tj41

Tiyl
= Z / ’ (rn — pn)pn dx +/ (pr, — rn)ry da

j TIIlaX xT 7

-}

+

1 Ty} T4
/ (sn — qn)qn dz + / (qn — sn)sn dz
Tmax T

i-1 J

+ / spO0zprde + / PrOz sy da + / rnOzqn do + / qnOzry dz
I Tiv I T

+ s, (x];%)ph (:10,+ %) — Sp (x;)ph (xj) — sn (xj+%>ph (:U;r%) + sp (:Ejr) P (z5)
)

J
+ 7 (@_é) an (x;% —rn (x7) qn (z5) =7 (Ij_,_%) an (xjjr%) +rn (27) an (z5)
I ) 1! )
=- /(ph_rh) dz — /((Jh—sh) dz.
7-1'1r1ax 0 7-max 0

O

To prove the optimal error estimates of the central DG scheme, we first introduce some notations. Throughout

this paper, A < B denotes that A can be bounded by B multiplied by a constant independent of the mesh size h.
Define

Aj(phﬂ“h,qh, Shs Qph7¢h7 @h?@h)

_ / Dupnonda + / Oran@nder + / Dyrnndar + / Bysninde
Ij Ij I Ij+% (35)

oy 1
it

— B1(rh, phy Snipn)j — Bi(sh: qn, Thi §n));
= Bao(pn, 7, Gni¥n) j4 1 — B2(an, ShoPrin) j41-
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Clearly, Vj and Y ¢p, @5 € Vi, ¥, ¥n € Wy, we have

Aj(ph77°h,(Ih78h§SDh,l/Jh,@hﬂ/;h) =0. (36)
Due to the consistency of the scheme (3.2), the exact solutions p, ¢ also satisfy
Aj(ﬂPanQ?‘thd’hv@hﬂLh) :07 v.] andVgph,Qh S Vha TﬁhﬂZh S Wh- (37)

Subtracting (3.6) from (3.7), we obtain the error equation

Aj(p—PhoD = Tho @ — Qhy q — 515 Phs hy @ryVp) =0, Vi and Vop, @n € Vi, ¥, ¥n € W, (3.8)

We also recall the following basic facts. For any function wy € Vj, or Wp,, the following inverse inequalities hold
from Theorem 3.2.6 in [5]:

_ _1 _1
1Cwn)all S 2 Hwnll, Nwnllso < AT2 llwnll,  llwalln, < 272 [lwall, (3.9)

~

where T}, denotes the set of boundary points of all elements I; or I}, 1 respectively, and the norm || - [|p, is the
standard L? norm. We now define the special local coupled projection. For any function p,q € H*(f2), define
the following coupled projection P (p, q) := (P}L’*p, ]P’,QZ’*q) € [V3])? such that

/1 _7. PL*p(a) dar = /1 ) (3.10a)
/1 F2* () da = /I ) (3.10D)
P (B p(@), By alw)ion) = Pu(pe),a@)ion);  Voon € PI), (3.10c)
P (B3 o). By ple): on) = Pu(ale),p(@); @n);  Von € PHI), (3.10d)
where P, is given as
P awsan; = ([ v ne@as e [T e iz
- [ @)+ [T ae b/ )0 (3.11)

+ /:j q(z — h/2) (on(x)), dz — q(z;) (<Ph (%‘1%) T ¥h (qﬁ)) ’

Similarly, we can define Q} (p, q) := (Qi’*p, Qi’*q) € [W})? such that

/ Q" plw) do = / p(x)dz, (3.12a)
Tivy Ty
/ Qr q(x) dx:/ q(z) dz, (3.12b)
fivd ity

Qn (@i’*p(x%@i’*q@);wh)ﬂl = Qu(p(x), q@)svn)j 1, Yo € PE(I;,0), (3.12¢)

, = Qn (a(@).p(@)iPn);, 4 Yion € PP(Iy0), (3.12d)
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where @}, is given as

Qn(p(@), 4(@); on)j4 4
1

_ ( /I S h/2)un(x) da + / 7 e — b2 () da

Tmax 1
it

- /:M p(£)¢h(9€)dx> + /:H% q(x 4+ h/2)(¥n(x))s da

J J

J

(3.13)

Tj+1
+ / q(z = h/2)(Yn(@))adz — q(a;y 1) (Yn(@00) — Pnl)).
i+l
Next, we prove the projections P} and Qj are well defined. Note that the projections are local, so we only
consider the projections defined on the reference interval [—1,1]. In this case, we have h = 2, Typax = 2. The
projection can be viewed as the extension of the special projection (2.12) in [22]. Our coupled projections are
applied to both functions by using the shifting technique. Without loss of generality, we only consider P} and
the analysis of Qj is similar.

Lemma 3.2. The projection P}, defined by (3.10a)—(3.10d) on the interval [—1, 1] exists and is unique for any
functions p,q € H*([~1,1]). In particular, the projection is bounded in the L™ norm, i.e.

1,% 2,%
1P, plloo + Py glloo < C(R)(lIplloe + llglloe), (3.14)
where C(k) is a constant that only depends on k but is independent of p, q.
Proof. We provide the proof of this lemma in the Appendix A.1. O

Since the projections P} and Qj are k-th degree polynomial preserving local projections, the standard approx-
imation theory, Theorem 3.1.5 in [5] applies, i.e. for smooth functions p, g,

IB3"p = pll + B3 q — all + A2 B "p = plin, +h*[[Bh"q — glln, < ¥, (3.15)
Q4P = pll + Q" — all + £ 2 [1Qy*p = plin, + h2[|1Q5 g — gll, S B (3.16)
When p, ¢ both belong to P**!, we have the following lemma.
Lemma 3.3. Assume that p(x) = ax®' and q(x) = ba*+1, where a,b are constants. Then we have the projec-
tions P} (p,q) = (P}l’*p, Pi’*q) and Q5 (p,q) = ((@,11’*])7 Qi’* ). Therefore Vx € |x Ti_1, %1 1] we have
(az™ 1 = Py p(2), ba* T — B *a(@)) = (alx F h/2)" = Qi ple F 1/2),b( F h/2)! — QY a(a T h/2))
(3.17)

Proof. The proof of this lemma is provided in the Appendix A.2. O
Besides the standard approximation results (3.15) and (3.16), the special projections P} and Q} also have
the following superconvergence result.

Proposition 3.4. Assume that p,q are both (k + 1)-th degree polynomial functions in P’“‘I(Kj),
K; = [xj_1,zj+%]. For a uniform partition on ), set p; = ]P’i’*p eV, qr = Pi’*q eVy and r; = Q,ll’*p € Wh,

= Qi’*q € Wy. Then we have

Bi(r1,p1,51:0n); = Bi(p, 0. a: 15, Ve € PH(I ), (3.18)

Bi(s1,qr,7158n); = Bi(a. 4,95 ¢n);, V@n € PH(I ), (3.19)
Ba(pr,71,q159n) 41 = Ba(p: s 4:%0) 115 Vo € PRI 1), (3.20)
Ba(ar, s1,p15%n) 11 = Ba(d: 405 ¥n) j1 1, Vi € PP(I ). (3.21)
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Proof. We give the proof of this proposition in the Appendix A.3. (]

Next we prove the optimal error estimates for the central DG scheme (3.2) on the uniform overlapping
Cartesian meshes, stated in the following theorem.

Theorem 3.5 (Error estimates). Suppose that p,q € H**2(Q) are the exact solutions of the equation (3.1)
with smooth initial condition p(-,0),q(-,0) € H**2(Q). The numerical solution py,qn,Th, sy of the central DG
scheme (3.2) satisfies the following L* error estimate

lp = pull* + llp = ral® + la — anl® + g — snl® < H***2. (322)
Proof. In the error equation (3.8), we take

1 — 2
on=pn—Pyp, on=an —P;"q,

e 2.5 (3.23)
Y =18 —Qp, Yn=s,—Qp7q,
and define . )
pe=0—Pp, qe=q—P,q,
L 2% (3.24)
re =p—Q,7'p, se=q—Q,7q
Then we obtain
Aj (OhsVhy By U O Vi Phs Un) = Aj (PesTes Ges Se; Phy Vhy By V) - (3.25)

For the left-hand side of (3.25), we mimic the proof of the L? stability to conclude

_ - - 1d (! - 1 o
> A (n ny Pry Pni Ony Phy Pry Pn) = 5%/ ©h Ui+ G, + o de + / (on —¥n)? + (Pn — ¥n)* da.
j 0 0

Tmax
(3.26)
For the right-hand side of (3.25), we rewrite it as a sum of five terms
B 5
A] (peﬂ"ev%a5e§¢h7¢h7¢ha¢h) = ZA§7 (327)
=1
where A]l, cee A? are given as
A= [ Gen+@aendos [ )awn+ (b de,
L Tivy
(3.28)

Af = =Bi(re,pe, se; on)j, A7 = =Bi(se, ey e 1),
A;L = —Bz(pe,re,qe;¢h)j+%, A? = _B2(q57567p€;,(/;h)j+%’

and we next estimate each term separately. For Ajl, by using the Cauchy—Schwarz inequality and the optimal
estimates of the projection error (3.15) and (3.16), we have

_ 1
DA SE (lenll® + N@nll® + lnll + lldnl®)* - (3.29)
J
For Ag, ¢ =2 ...,5, we use Proposition 3.4 to obtain
By (Te,pe, seipn); = B (p —-Q, " p.p— P pg— Qg wh)j

— B1 (Tp— Q" Tp, Tp — P} Tp, Tq — Q" Tas 1) (3.30)

J

=B (Hp — Q) *Ip, Tp — P, Tp, Tlg — Q) *Tg; @h) ,

J
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where IIp = p — Tp,Ilq = q — Tq, for any Tp,Tq € P’”l(Kj). Therefore, by using the Cauchy—Schwarz
inequality, the special projection property (3.14), the Bramble-Hilbert lemma, Theorem 4.1.3 in [5], and the
inverse inequality in (3.9) for ¢, we have

> 142 S HF Yl (3.31)
J

Similarly, we also have the estimates for Al:;-’7 A?, A?.
SOIAS S E T enl, DO IAN S E T el D 1AS] S A [ull- (3.32)
J J J

Then we substitute the estimates (3.29), (3.31) and (3.32) into (3.26), and obtain

1d [* .- B oo
24t J, @i+ Vn + p + o de S B (lonll? + l@nll® + enl® + ) * - (3.33)

Together with the projection error (3.15), (3.16) and the initial error estimates (2.5), we finally obtain the
desired error estimate (3.22). O

3.1.1. Dispersion analysis

In this subsection, we derive the dispersion error for the central DG scheme (3.2) with P°, P! and P?
elements. The technique of dispersion analysis comes from [3]. As usually required in the dispersion analysis,
we use a uniform mesh, i.e. h; = hj+% = h, Vj. We assume that the initial condition has the form

po(@) = poe™*,  qo(x) = qoe™, (3.34)
then the exact solution is given by
p(x,t) = Po T+ 90 ik(a—t) | Po =0 ik(ett)
‘2“10 ik(a—t) _ PO qu ; (3.35)
q(z,t) = pOTezk(o: t) _ Tezk(mﬂ).

(kx+wt)

Clearly, the exact solution is composed of two waves e’ with the dispersion relation w = +k.

P polynomials. For the case of piecewise constant polynomial space, we assume py| L, = Pj, &l, = 4,
rh|1j+1 =r; and Sh‘IHl = s;. From (3.2), we can obtain the following relation
2 2

pj Pj-1 pj Pj+1
; 1 . 1
aj = A qj + Ay a; + As 4+
T Tj-1 ] Tj+1
Sj : Sj—1 Sj Sj+1

where A, As, Az are 4 x 4 matrices. From the assumption that the wave takes the form p;(t) = p(t)e?*@s,

) ik, ke . .
qi(t) = G(t)eri, r;i(t) = Pt)e” tE si(t) = 5(t)e”"*% | then the above relation can be written as
Ut = Gf]v U = (ﬁa qu 727 §)Ta

where G is the amplification matrix given by

1 (- A B cos(w) —2iasin(w) _kh
G = ah ( A —Ig) , A= (—Ziasin(w) cos(w) P W=
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and Iy is the 2 x 2 identity matrix. The matrix G has four eigenvalues A; 2, Az 4, and through calculation we
obtain

. A2 k2h K3h® kR3 .
= 2 = i _— —
wi,2 ; k+i sa T 21 'szia T O(k(kh)*),
2 2 31,2 413
D34 = Asa ;2 g FRRRT KRR O(k(kh)Y).

) ah 8« 24 384«

Clearly, @; 2 correspond to the physical modes, and @34 are the spurious modes. The leading errors in the
physical modes are a first order dissipation error and a second order dispersion error. The spurious modes, on
the other hand, get damped exponentially fast in time, due to the leading imaginary part of &3 4 being positive
and proportional to O(h™1).

P! polynomials. The analysis for the P! element space is similar to that for the P° elements. By choosing
the basis functions on each element I; to be @1 = —§ +1/2, 3 = £ +1/2, with £ = (z — z;)/h, and I 1 to
be Y1 = —n+1/2, ¢y =n+1/2 with n = (z — xH%)/h. Then the numerical solution on I; can be written as

Ph = Pje1+ D502, n = ¢j 1+ ¢; w2 and on I 1 can be written as rj, = i1+ 739, sp = sjiby + s51bg. Similar
as before, we obtain the following ODE

Ut:GU7 U: (ﬁlaﬁQaquan277217722a‘§17‘§2)T7
in which the amplification matrix G is given by
1 (-1, A Ay As
= — A =
¢ ah ( A I4> ’ (Az Ay

where Iy is the 4 x 4 identity matrix and A; and As are defined as

1 —iw __ iw —iw _ iw . . _ kh
A1:<3€ e 76 e )’ A2:Z(ezw_ezw)<5 1),10:

8 \—e™™W 4 Tetw —e=w 4 3eiw -15 2
The matrix G has eight distinct eigenvalues \;, i = 1,...,8, and we obtain
. A12 K3k (3+16a2)  h*EP (81 4 80a?) 5
L O(k(kh)?),
M2 LT R U B GO (3.36)
. 1 ~ .3 N2
w34 = Zﬁ + O(l), Ws5.6 = Zﬁ + 0(1)7 wrg = Zﬁ + 0(1)

The leading errors in the physical modes @, 2 are a third order dissipation error and a fourth order dispersion

R34 (3 + 1602
error. Clearly we can see the magnitude of the leading error term i%
«

at o =+/3 /4. The spurious modes, on the other hand, get damped exponentially fast in time, due to the leading
imaginary parts of &3 4,5,6,7,s being positive and proportional O(h™1).

in (3.36) reaches its minimum

P2 polynomials. For the piecewise quadratic polynomial case, we choose the basis functions on each element
I; to be 1 = 26(€ — 1/2), o = —4(€% — 1/4), 3 = 2£(€ + 1/2) where { = (z — z;)/h and on each element
Ijp 1 tobe vy =2n(n—1/2), ¢ = —4(n? —1/4), Y3 = 2n(n+1/2) where n = (x —;,1)/h. Similar derivations
show that there are twelve eigenvalues of the amplification matrix, and

Mg _ 53kCh5 _ 24089k7h°

= +k k(kh)®) f =1
Wiz + 15918400 T 646912000 T CFkR)T) fora =1,
2 970 + V902 — 384007 1
21 oo . 1o
wsa=i_o +0(1), Wsers=1 602 ; o),

Ba+v9a2 — 384004 1 n

@9.10,11,12 =1
’ 1602 h

0(1).
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The leading errors in the physical modes w; o are a fifth order dissipation error and a sixth order dispersion
error. Since the formulation of the coefficient of the leading term is too long to simplify, here, we just give the
case for a = 1. For the spurious modes, we can verify by basic algebraic manipulations that the imaginary
part of the leading term of &3 1o is positive and propositional O(h™!) for arbitrary o > 0. Thus they can get
damped exponentially fast in time.

Remark 3.6. Compared with [3], we obtain the same dissipation error order and dispersion error order. Besides,
we provide the best parameter o for P! element to reach the minimum dissipation error. For P° and P? elements,
the dissipation error is decreasing as a increases. For the dissipation and dispersion analysis of general P*, it
will be left to our future work.

3.2. Analysis of the central DG method in multidimensions

For d =2 in (1.3), we have the following two dimensional problem

Pt = Cqg +CTy, (1' y)697t>03

qt = CPg, (.’13 y)eQat>0a

Tt = CDy, (x,y) € Q, t >0, (3.37)
p(xvyvo) :p()(mvy)? ( z,Y, ) - qO(xvy)a T(l’,y,O) = TO(xay),

again with periodic boundary conditions. We assume € = [0,1]? and ¢ = —1.

Let {K; ; = [xi,l xiJr;]X[yj,%,ijr%]}, i=1,...,Ng,j=1,..., N, bea partition of 2 into rectangular cells.
Let { i+l 4l = [%,%4—1] [yj,yj+1}}, i=1,...,Ng,j=1,..., Ny be a dual mesh with z; = (xi_% —|—a:i+%)/2
and y; = (yri + yj+§)/2. Then we have the finite element spaces as follows.

Vi o= {v e L*(Q) : ¢|k,, € P*(K,;), Vi,j},
Wy, = {v € L*(Q): Plk,,, 143 € Pt (Ki+%,j+é) ; Vi’j}’

where Pk(Km-) denotes the space of polynomials of degrees at most k defined on Kj; ;; no continuity is assumed
across cell boundaries, and P*(K; 1 +%) denotes the space of polynomials of degrees at most k defined on
K, 1415100 continuity is assumed across cell boundaries. We denote

i o J
hy, = Tiyl — T 1, h’y =Yjrl — YL,
ity J+3
he > =xip1 — 2, hy * =y;401 — vy,

h = masx (h, by, hit Bt ).
The semidiscrete central DG scheme for solving equation (3.37) is defined as follows. Find the numerical

solutions pp, qn, 7 € Vi, and up, vy, wp € W, such that for all test functions ¢y, @, pn € Vi, and ¢y, 1/;}“ J’h e Wy
and all 7, 7, we have

/K (pr)epn dz dy = Bi(un, P, Vi, Wi Ph)i (3.38a)
i

/K (qn)epn dz dy = Ba(vh, Gh, un; Pn)i g, (3.38b)
i

/K (71)epn dz dy = Ba(wn, Thy Un; Pn)i.jg, (3.38¢)

/K (un)eton Ao dy = B1(P, Un, Ghs Ths Yn )iy 1 j4 1 (3.38d)
)
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/K (vn)etbn dz dy = Bo(qn, Vi, Dhi Vh)itd ji s (3.38e)

i+5.a+3
/ (wn)etbn da dy = By (rn, wh, P Pn)is 1 41, (3.38f)
K,

where By, Bs, B3 are given as

1
B1 (uh, P, Vhy WhiPR); 5 = / (un — pn)pn dz dy +/ (vn(#n)z +wn(pn)y) dedy
K

T
max ij

J+1
/ Titl ,y) ©n (x;l,y> — Un (wi_%,y) ©n (wjli,y) dy
Y. 2 2

-

1
3
_ [T , - )= + )d
Wh\ T, Y41 | Ph :r7yj+% Wh \ T, Yj—1 ) Ph yj_% L,
xT

-3

1
B (v, qns uni @n); j = /
K

Tmax

(vh — qn)@n dz + / up (Pn), drdy
i, K; j

Yj+3 _ _ _ n d
- Up (xi+%7y> Ph (331_,_%,3/) — Up (xl—%7y> Ph ($Z_%7y> Y,
Y

. 1
Bs (wn, T, un; n); 5 = /
K

Tmax

Nl

(wp, — ) Pp da + / up (¢n), dzdy

iJ Kij

T, 1
it3 - _
[ () o () < () 2 )
i-3
In this subsection, we consider the semidiscrete central DG method for multidimensional problems. Without
loss of generality, we derive the L? stability and prove the optimal a priori error estimates for the central DG
scheme (3.38) in two dimensions (d = 2). We only consider the rectangular mesh and finite element space is

piecewise P* element space. The analysis can be extended to the higher dimensional cases d > 2 without any
difficulties.

Theorem 3.7 (L? stability). The approximations pn,qn,7n € Vi and up,vp,wy, € Wy of the semidiscrete
central DG method (3.38) for the equation (3.37) has the following L? stability property

1d

Sq (lorl1? + llanll® + Irall® + llunll? + [lonl* + [lwn]?)
1 (3.39)
= </ 2 —Uh)2dxdy+/(% —Uh)dedy+/(Th —wh)dedy> <O0.
max Q Q Q

Proof. Taking (on,@n, &n) = (phsqn,ms) € [Val® and (¥n, ¥, Pn) = (un, vn,wn) € [Wy]? in the scheme (3.38),
summing up over j, and using the periodic boundary condition, we have
1d

5 (912 + lgnll? + Il + anl® + [fon]2 + on)

=" By (un, Dry Vny whi Ph); ; + B2 (Un Gns ni qn); ; + B (wh, Ty uni Th),
,J
+ > B (Ph wny G T UR) i1 s+ B (G Vh PR VR) sy 1 4 (3.40)
]
+ B3 (Thawhaph§wh)i+%7j+%

1
= /(Ph - uh)2 + (qn — Uh)2 + (rp — wh)2 dzdy <0.
Q

Tm ax




342 Y. LIU ET AL.
O

Next, we start to derive the optimal error estimates for the central DG scheme (3.38). Assume the mesh is

uniform, i.e. hi, = hi"% = h, and hf = h}"® = h,. We first define

‘Ai,j (ph:qharhvu}uvh)wh; Phy ¢h7 @hﬂﬂhﬂﬁhﬂﬂh)

_ / upnon dady + / Buann da dy + / Durnon da dy
Kiaj KlaJ K’%J’

+/
Kirti+d

— B (Whs Py Vs Wi 1) 5 — B2 (Vns Gy uni 1) j — B3 (Why Thy uni @n);

Dyonin da dy + / Dpwniin da dy

8tuh1/1h dx dy + /
K

K (3.41)

i+5.0td i+5. %

= B (pns s qns Thi n) gy jp1 — B (Qhavhaph;wh)i+%7j+7

1
2
— B3 (rhawhaph§d~)h)

i+3.5+%
Clearly, Vi, j and V (¢n, @1, &n) € [Val®, (¥n,vn, ¥n) € [Wi]® we have
Aij (ph»QharhauhaUh»whﬂph;@h;@h»lbh»l[;h»l[;h) =0. (3.42)
The exact solution p, g, also satisfies
Ai,j (pa q4,7D,4,T5 Ph, @ha ¢h7 w}u ’IZ}“ ’I,;h) = Oa
L (3.43)
Vi,j and ¥ (o5, @n, &n) € [Val®, (whﬂﬁhﬂﬁh) € Wil

Subtracting (3.42) from (3.43), we obtain the error equation

A j (p —DPhyq — G, T — Th, P — Uh,§ — Vp, T — wh?@ha@haSEm?ﬁhﬂz}hﬂ/;h) =0,

L (3.44)

Vi,j and ¥ (¢n, §n, &n) € [Va]*, (%/Jh,lffh,ﬂfh) € [Wil®.
We now define the special local coupled projection for the two dimensional problem. For any functions
p,q,7 € H'(Q), define the following coupled projection P* : [H'(Q)]* — [V4]3, P*(p, q,7) := (P1*p,P2*q,P3*r)
such that

/ PY*pda dy :/ pdzdy, (3.45a)
Ki Ki
/ P2*gdz dy :/ qdz dy, (3.45b)
Ki; Ki
/ P3*r dz dy :/ rdx dy, (3.45¢)
Kiyj KVLJ'
—~1 —~1
Py (PYp,P2q,P¥*rin), . = P (p,q,7500); 55 Von € PH(K; ), (3.45d)
—~2 —~2
Py (P q, P p;on)ij = Pu (4:050n); Von € PH(K; ), (3.45¢)

—~2 —~2
Py (P, P ps ), = Pu” (rp3 @n) Vn € PM(K; ), (3.45f)
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—~1 —~2
where P, and P are given as

—~1
Py (p,q,750n)i5 =

—~2
Py (q,p;0n)i5 =

Tmax K

1
(/ p(fv+hm/2,y+hy/2)<phdxdy+/ p(x — he /2,y + hy/2)pp dz dy
K1 2
2J

(2%

+

p(:c+hm/2,y—hy/2)<phd:cdy+/4 p(x = hg/2,y = hy/2)pp dxdy
K},

e

p(z,y)on dz dy)

-

»J

+ q(x+hx/27y+hy/2)(<ph)md:rdy+/ q(@ —he /2,y + hy/2)(pn)z dzdy
1 K2,

4(x + ha /2,y — hy/2)(on)e dr dy + / q(x = ha /2,y — hy/2)(pn)s dz dy
K4

-
&,

+

r(z 4+ he /2,y + hy/2)(90h)y dzdy + / ) r(x —he /2,y + hy/2)(80h>y dzdy

(2%

(@ + ha/2,y — hy/2)(pn)y dedy + /K r(@ = ha/2,y — hy/2)(pn)y dz dy

&,

+

+

3. 4
. ,
—/ q(xi,y + hy/2) (soh (w;r;,y) —¢n (xj_;,y)) dy
yj7% 2 2
Yi+3 _ n
—/ q(zi,y — hy/2) (@h (xi%,y) — ¢ (xi_%,y)) dy
Yj
X
—/ (@ + ha/2,y;) (‘Ph (x,y;r;) — ¢n (x,yj_;) dz
x 2 2

) dz,

1
(/1 q(x+hx/2,y+hy/2)@hdxdy+/ q(x — he /2,y + hy/2)@n dr dy
K.

Tmax ng

T(Z‘ - hw/va_]) (Qah (%y;_%) — ©h ('T)y;__%

|
a\
G
+ o
-

+

q(x+h$/2,y—hy/2)¢hdwdy+/4 q(x — ha /2,y — hy/2)pn da dy
K

(2%

&,

q(z,y)pn dx dy)

-

»J

o+ b2+ by (@) dody+ [ plo = ha/2y+ by /D) dedy
K

(2%

o~
&,

+

_|_

W

o+ b2 =y (@) dody+ [ ple = ha/2y = by /D) dedy

(2% @3

o= (5 o5.8) - (1 5))
" ) (o0 () 0 (51 1) 0

|

<8

where Kil,j = (l‘i_%,Ii) X (yj—%ay]) K12] = (xivxi-f-%) X (yj—%ayj)7 Kz3] = (xi—%axi) X (yjayj+%)a
Kf’j = (371'7331‘-4-%) X (yj,yj+%>.
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Similarly, we can define Q3 (p,q,7) := (Q}l *p, (@,21 *q, Qh 7") € [Wy]3. Next, we prove the projections P} and

Q7. are well defined. Similar to the argument in the one dimensional case, we need to show the existence and
uniqueness of projections on the reference cell [—1,1]2. In this case, Tmax = 2c, « is a constant. The following
lemma implies the projection P} is well defined.

Lemma 3.8. The projection P} defined by (3.45a)(3.45f) on the cell [—1,1]* exists and is unique for any
functions p,q,r € H'(Q), and the projection is bounded in the L™= norm, i.e.

P2 Plloc + P2 dlloo + 1Py Flloe < C(E)(IDlloo + llglloo + [I7lo0)- (3.46)
where C(k) is a constant that only depends on k but is independent of p,q,r.
Proof. We give the proof of this lemma in the Appendix A.4. |

The standard approximation theory, Theorem 3.1.5 in [5] implies, for smooth functions p, ¢, r,

s 2, ,
12y *p — pll + Py g — gl + [Py r — || S RFFY,

IS bl + B30 — gl + B} —rll, < 1+, A
Analogous to Lemma 3.3 in the one dimensional case, we have the following lemma.
Lemma 3.9. Assume that (p,q,7) = (axk“‘l_eyé, bk 1=ty c;v’“‘l_eye), where a,b,c are constants,
¢ = 0,....,k + 1. Then we have the projections P (p,q,7) = (]P’i’*p Pi *q,IP’i’*r), Qs (p,q,r) =
<(@}L’*p, Qi’*q, Qi’*r), and we have
(p(z,y) = B, y), a2, y) — IP’i’*q(ﬂc y),r(@y) — By r(z,y))
= (P F ha/2.5 F hy/2) = QD@ F ha /2. F By /2),
a(x F he /2,9 F hy/2) — Q@ F ha/2,y F hy/2),
P@F ha/2, 0 F hy/2) = Q) (@ F b /2. F By /2)) (3.48)
(p(a: F ha/2,y £ hy/2) — Q2 p(a F ha /2,y + hy/2),
q(x F he/2,y + hy/2) — @,Q;*q(:c F he/2,y+ hy/2),
(@ F ha/2,y + hy/2) — (xq:hz/2,y:|:hy/2)>.
Proof. We provide the proof of this lemma in the Appendix A.5. O

Again, using the above lemma we can show that P} and Qj satisfy the following superconvergence property.

Lemma 3.10. Assume that (p,q,r) = (ax’”lfeyl,bxk+1 byl cakti=t Z) ¢=0,1,...,k+1. Let (pr,q1,71) =
(PL*pﬂ P2)*q7 IP)S’*T) ’ (U[, Ur, U)[) = (Ql’*pv Q2)*q7 QS’*T) ’ then

Bi(p—ur,p—pr,q —vr, v —wr;pn); ; =0, Vn € PH(Ky ), (3.49)

Bi(p—prp—ur,q—qr,r—ri;tn); ; =0, Vi € P* (KH%H%) ; (3.50)

Bo (¢ —vr,q—qr,p—ur; ¢n); ; =0, Von € PH(K; ), (3.51)
7 k

By (¢ — a1, —vr,p — p1;¢h)z+2j+; =0, VineP (Ki+%,j+%)7 (3.52)

Bs (r —wr,r —rr,p—ur;n); ; =0, Vgn € PH(K ), (3.53)
T _ 7 k

Bg r—r;,r—w;,p—pf,wh>i+%7j+% —0, theP (KiJr%’jJr%). (354)
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Proof. We provide the proof of this lemma in the Appendix A.6. (]
Next, we can use above lemmas to prove our main result in the following theorem.
Theorem 3.11 (Error estimates). Suppose that p,q,r € H**2(Q) are evact solutions of the equation (3.37)
with smooth initial condition p(-,0),q(-,0),7(-,0) € H*¥*2(Q). The numerical solutions py,qn, T, Un,Vh, Wy of
the central DG scheme (3.38) satisfy the following L? error estimates
lp = 2all® +lla = aull® + llr =l + lp — wnll® + g — vl + |7 — wa|® < B*F2. (3.55)

Proof. In the error equation (3.44), we take

on=pn—Py*p, Bn=an—Pitq, Gn=rn— Pt

1,% n 2,% " 3,% (356)
Y =upn —Q"p, Yn=vn,—Q)7q, Y =w, — Q7
and define ) , ;
Pe=D—P)p, Ge=q-P)"q re=r—P"r
1,% 2,% 3,% (357)
ue =p—Q'p, ve=q-Q)7q, we=r—-Q;r
Then we obtain
Ai,j (Qﬁh, @hv Sahv whv whv wh; Phy @h? @ha 'l/}ha 'l/}ha 'l/}h>
e (3.58)
= 'Ai,j (pea Ge;Te, Ue, Ve, We; Phy @}H @hz 1/’h7 1/’h7 1/’h) .
For the left-hand side of (3.58), we mimic the proof of the L? stability to conclude
Z ‘Al,j (@fm @fm Qbhv ’l/)hv ’J)hv ’l/;fm ©Phy @ha ()bha wha /lzha /l;h)
,J
1d _ _ -
=55/¢i+¢i+wi+¢i+wi+widwdy (3.59)
Q
_ —\2 . ~\2
+ - /(<Ph — )+ (@n —¥n)” + (tﬂh - ¢h) dx dy.
max J)
For the right-hand side of (3.58), we rewrite it as a sum of seven terms
o 7
Ai,j (pm Qe Tey Uey, Vey Wes Ph,y @hﬁ ¢h7 ¢h7 ¢h7 ¢h) = Z*Af,]a (360)
=1
where A} ;, ..., AT, are given as

A},j = / Opetpn dz dy + / Orqepr dr dy + / Oyre @y, dz dy
Ki; K. K.

+/ 8tu61/}hdxdy—|—/
K K

i+t
2 , 3 _ . 4 _ .
A j = —=Bi(te, Pe, Ve, We; Pn)i gy Aj j = —Ba(Ve,s Ge, Ue; Pr)irgs Aij = —Ba(we, e, te; Pn)ij,
5 _ ) 6 _ T
.Aiyj = _Bl(peaUeaq877”eyql}h)7;+%’j+%, ‘Ai,j = —‘Bg(qe,ve,pe,'g[}h)i+%1j+%7

Oyvethy, da dy + / (“)twezzh dx dy,

i+4.0+% Kivliv

7 LT
.Aiﬂ' = —33(7‘eaweapea wh)i+%,j+%.
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Now we proceed to estimate each term of A} IR ,A separately. For A} _j» we use the optimal error estimates
of the projections to obtain
1
i . - ~ 3
SOIALLS B (ol + 1l + 1@l + el + Il + dnl?) (3.61)

Next we give the details of the estimate for A? ;; as an example. For Af . 0 =3,...,7, the analysis is similar.

We use Lemma 3.10 and the Bramble-Hilbert lemma in [5] to obtain

’LJ’

B (e Pes Ve, Wes o) 5 = B1 (P — Xps P = Xpr @ — Xav T — X3 1),

+ B, (xp — Q" Xps Xp — Py Xps Xa — Q2 Xgo X — Q2 X %)Z_ )

+ B (QZ’*(XP =), Py (xp — 0), Q1 (0 — X)s Q) (xr — 1); @h)
=B (p —XpyP — Xps4 — X¢g»T — Xrs3 Soh)i’j
+ B, (Qi’*(xp =), Py (xp — 0), Q1 (0 — Xq)s Q) (xr — 1); <ph) _

2%

i (3.62)

S I (Ipllks2,0., + lalls2,0., + 7 1542,0, ;)
¥ 7 N

IR

[P*+1(D; ;)]3. Thus summing (3.62) over 4, j, we have

Z |‘A123| - Z "Bl Ue, Pey Ve, We; ‘Ph)z g |
i (3.63)

1
S h’““(llplmz +lallse + IrlZ2) 2 llenll-

where D;; = K;_ 7j77UK71J+§LJI('Z+2’J~77LJ[(lJr J+1 and (Xp» Xqs Xr) are arbitrary functions in

Similarly, we also have the estimates for A? i

7
AT

DAL S PPNz + llalifse + I7l212) il

(2%

Do IAL S A (el e + llalige + I7l1242) % 2l

i,

A2 S R (bl + lalEes + Ir22)* ol (364

(2%

Do IAS S B (el e + llalige + I7l1242)*

i,

DAL S E (Pl se + llalfge + Ir 1212)* 1l

i,
Substituting the estimates (3.61), (3.63) and (3.64) into the left-hand side of (3.58), and combining with (3.59)
we have

1
2

1d B B - ~ B B - ~
/Q@iwi+wi+w§+¢%+¢idxdy5hk“ (/Qsoiﬂoiﬂoiwiwiwzdxdy) . (3.65)

2dt
Finally, integrate the above inequality over [0, ], together with the initial projection error implies the designed
result (3.55). O



CENTRAL DG METHOD FOR WAVE EQUATIONS 347

4. NUMERICAL EXAMPLES

In this section, we present some numerical examples to validate our theoretical results. First, we will test the
accuracy of our algorithm for one and two dimensional problems, and then we will take a long time simulation
to see how the L? error and energy evolve against time. Two kinds of time-stepping methods are adopted in this
section. For the test of accuracy, we take the classical fourth order Runge—Kutta method as the time-stepping
method, see e.g. [2]. For the long time simulation, we use the ninth order strong stability preserving Runge—
Kutta (SSPRK) method [16], to reduce the error from the temporal discretization [3]. The CFL condition is
7 = O(h), where 7 is the temporal step size and h is the maximum spatial step size.

4.1. Accuracy test
Example 4.1. Consider the two way wave equation (3.1). We take the initial conditions
po(z) =sin(z), qo(x) = —cos(x),
such that the exact solutions are given as
p(z,t) = (sin(ct) 4 cos(ct)) sin(x), q(z,t) = (sin(ct) — cos(ct)) cos(x),
where the sound speed is ¢ = 1.2. The computation domain is (0,27), and the final time is 7' = 1.3. Table 1
shows the designed orders of accuracy.

Example 4.2. Consider the two dimensional wave equation (3.37). We take the following initial conditions

po(e,y) = sin(z)sin(y), qo(z,y) = —% cos(z)sin(y), ro(x,y) = —% sin(x) cos(y).

Then the exact solutions are

p(z,y,t) = (sin (vV2¢t) + cos (v2¢t)) sin(z) sin(y),
q(z,y,t) = %(sin (\/ﬁct) — cos (\/5015)) cos(z) sin(y),

r(z,y,t) = %(sin (V2ct) — cos (V2ct)) sin(z) cos(y),

where the sound speed is ¢ = 1.2. The computational domain is (0,27) x (0,27), and the final time is 7' = 0.6.
Similarly, Tables 2 and 3 show the designed orders of accuracy.

4.2. Long time behaviors

In this subsection, we study the long time behavior of the DG scheme (3.2) in Example 4.1. We study the
time history of the L? error and energy of the numerical solution up to 7' = 3000. We consider k = 0,1, 2 in the
finite element spaces Vj, and W}, on the fixed uniform mesh h = 7/32. The L? error is

-

2
)

(Il =2l + lla = anll? + Ip = 721 + lla = s11?)
and the energy is
P12+ llanll? + ol + llsw %

In the simulation, we make the comparisons between different o in Tyax, to see how « will affect the long
time behavior of the numerical solutions. From Figure 2, we can see that for the P° element, the numerical
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TABLE 1. Errors and convergence orders produced by the scheme (3.2) with & = 0,1,2,3 in
Example 4.1. The final time is T' = 1.3.

N lp — pnll llg — gnll lp — 7all llg — sall
L? error order L? error order L% error order L? error order
16 8.90E-02 9.33E-02 - 8.90E-02 9.33E-02 -

32 4.55E-02 0.97 4.61E-02 1.02 4.55E-02  0.97 4.61E-02 1.02
64 2.30E-02  0.98 2.29E-02 1.01 2.30E-02  0.98 2.29E-02 1.01

0
P 128 1.16E-02 0.99 1.14E-02 1.01 1.16E-02  0.99 1.14E-02 1.01
256  5.79E-03 1.00 5.70E-03  1.00 5.79E-03  1.00 5.70E-03  1.00
512 2.90E-03 1.00 2.85E-03  1.00 2.90E-03  1.00 2.85E-03  1.00
16 4.55E-03 - 1.20E-02 - 4.55E-03 - 1.20E-02 -
32 1.05E-03 2.11 3.11E-03 1.94 1.05E-03 2.11 3.11E-03 1.94
pl 64 2.56E-04 2.04 7.85E-04 1.99 2.56E-04 2.04 7.85E-04 1.99
128  6.36E-05 2.01 1.97E-04  2.00 6.36E-05 2.01 1.97E-04 2.00
256  1.59E-05 2.00 4.92E-05 2.00 1.59E-05 2.00 4.92E-05 2.00
512 3.97E-06 2.00 1.23E-05 2.00 3.97E-06  2.00 1.23E-05 2.00
16 1.95E-04 — 3.11E-05 - 1.95E-04 — 3.11E-05 -
32 2.45E-05  2.99 3.74E-06  3.06 2.45E-05 2.99 3.74E-06  3.06
p2 64 3.07E-06  3.00 4.63E-07  3.01 3.07E-06  3.00 4.63E-07 3.01
128  3.83E-07 3.00 5.77E-08  3.00 3.83E-07  3.00 5.77E-08  3.00
256  4.79E-08 3.00 7.21E-09 3.00 4.79E-08 3.00 7.21E-09  3.00
512 5.99E-09 3.00 9.00E-10  3.00 5.99E-09 3.00 9.00E-10 3.00
16 9.61E-06 - 8.06E-06 — 9.61E-06 - 8.06E-06 —
32 5.07TE-07  4.25 8.08E-07  3.32 5.07E-07  4.25 8.08E-07 3.32
p3 64 2.22E-08 4.51 6.13E-08  3.72 2.22E-08 4.51 6.13E-08  3.72

128  1.03E-09 4.43 4.06E-09 3.92 1.03E-09 4.43 4.06E-09 3.92
256 5.58E-11 4.21 2.58E-10 3.98 5.58E-11 4.21 2.58E-10 3.98
512  3.32E-12 4.07 1.62E-11  3.99 3.32E-12  4.07 1.62E-11  3.99

TABLE 2. Errors and convergence orders of py,qpn, 7, produced by the scheme (3.38) with
k=0,1,2,3 in Example 4.2.

Nz x Ny lp — pnll g — anll [r — 7l
L? error order L? error order L? error order

20 x 16 1.06E-01 — 2.40E-02 — 2.26E-02 -
40 x 32 5.36E-02  0.98 1.04E-02 1.21 1.01E-02 1.16

0
P 80 x 64 2.69E-02  0.99 4.84E-03 1.10 4.78E-03  1.08
160 x 128 1.35E-02 1.00 2.34E-03  1.05 2.33E-03 1.04
20 x 16 8.85E-03 — 6.92E-03 — 8.64E-03 —
pl 40 x 32 2.22E-03 1.99 1.95E-03 1.83 2.42E-03 1.84
80 x 64 5.52E-04 2.01 4.97E-04 197 6.17E-04 1.97
160 x 128 1.37E-04 2.01 1.25E-04 2.00 1.55E-05 1.99
20 x 16 6.17E-04 - 5.95E-04 - 5.85E-04 -
P2 40 x 32 7.22E-05 3.10 9.68E-05 2.62 9.64E-05 2.60
80 x 64 7.98E-06 3.18 1.37E-05 2.82 1.37E-05 2.81
160 x 128  1.01E-06 2.98 1.77E-06  2.96 1.77E-06  2.96
20 x 16 2.66E-05 — 5.32E-05 — 4.79E-05
p3 40 x 32 1.80E-06  3.89 5.42E-06  3.30 4.39E-06 3.45

80 x 64 1.15E-07  3.97 4.04E-07  3.75 3.27E-07  3.75
160 x 128  7.18E-09 4.00 2.61E-08 3.95 2.11E-08 3.95
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TABLE 3. Errors and convergence orders of wy, v, wp, produced by the scheme (3.38) with
k=0,1,2,3 in Example 4.2.

Nz x Ny llp — un |l llg — wnll lr — wa]|
L? error  order L% error order L? error order

20 x 16 1.06E-01 - 2.40E-02 - 2.26E-02 -
40 x 32 5.36E-02 0.98 1.04E-02 1.21 1.01E-02 1.16

0

P 80 x 64 2.69E-02  0.99 4.84E-03 1.10 4.78E-03  1.08
160 x 128  1.35E-02  1.00 2.34E-03  1.05 2.33E-03 1.04
20 x 16 8.85E-03 — 6.92E-03 - 8.64E-03 -

pl 40 x 32 2.22E-03  1.99 1.95E-03 1.83 2.42E-03 1.84
80 x 64 5.52E-04 2.01 4.97E-04 197 6.17E-04 1.97
160 x 128 1.37E-04 2.01 1.25E-04 2.00 1.55E-05 1.99
20 x 16 6.17E-04 — 5.95E-04 — 5.85E-04 —

p2 40 x 32 7.22E-05 3.10 9.68E-05 2.62 9.64E-05 2.60
80 x 64 7.98E-06 3.18 1.37E-05 2.82 1.37E-05 2.81
160 x 128 1.01E-06 2.98 1.77E-06  2.96 1.77E-06 2.96
20 x 16 2.66E-05 — 5.32E-05 — 4.79E-05

p3 40 x 32 1.80E-06  3.89 5.42E-06 3.30 4.39E-06  3.45

80 x 64 1.15E-07  3.97 4.04E-07  3.75 3.27E-07  3.75
160 x 128  7.18E-09  4.00 2.61E-08 3.95 2.11E-08 3.95

solution decays very quickly with smaller «, and the L? errors and energies of different o become flat as time
evolves. For the P! element, the L? error increases slower and the energy decays slower when o = v/3/4. This

coincides with the theoretical result in (3.36) in the dispersion analysis, since the magnitude of the leading error
h3k4(3 + 1602
term z¥ in (3.36) reaches its minimum at o = v/3/4. For the P? element, the L? error and energy
almost remain the same during the time evolution. This indicates our method is of low dissipation and very
suitable for long time simulation, especially when the polynomial degree is high.

5. CONCLUDING REMARKS

In this paper, we propose the central DG method for solving second order wave equations. Instead of dealing
with the scalar equation directly, we focus our attention on the first order system which is equivalent to the
original equation. We construct the central DG scheme for the system, and derive the L? stability and the
optimal error estimates. In the error estimates, we adopt the so-called shifting technique in [22] to construct a
special local projection. The main difference between the projection here and the one in [22] is that the unknowns
are highly coupled in the proposed scheme, making the analysis of the projection more difficult. Several lemmas
and propositions are proposed to overcome this difficulty, and we have eventually obtained the the optimal error
estimates for arbitrary P* polynomial space on uniform Cartesian meshes. We also perform a dispersion analysis
for the proposed scheme in the one dimensional case, showing that the dissipation of the numerical solution with
P! elements has a minimum with a suitable choice of the parameter a. We present several numerical examples,
and all of them coincide very well with our theoretical results. In the error estimates, there is an assumption
that the mesh should be uniform so that the shifting technique could work. It is very challenging to remove
this restriction and this will be one of our future works. Besides, the extension to nonlinear equations and the
dispersion analysis for general P* elements are also very intriguing and challenging that constitute our future
work.
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FIGURE 2. L? error and energy evolve against time by the DG scheme (3.2) with P°, P! and
P? element. The spatial mesh size h = 7/32. Tmax = a'h, a = 0.1,4/3/4,1,10. The final time
is T = 3000. (a) L? error, P’ element. (b) Energy, PY element. (c) L? error, P! element.
(d) Energy, P! element. (e) L? error, P? element. (f) Energy, P? element.
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APPENDIX A. PROOF OF A FEW TECHNICAL LEMMAS AND PROPOSITIONS

In this appendix, we collect the proof of some of the technical lemmas and propositions in the error estimates.

A.1. Proof of Lemma 3.2

Proof. Note that (P,™*p, Py*q) belongs to the finite dimensional space [P*([—1,1])]?, thus we only need to solve
a linear system to obtain (P}l’*p, Pi’*q) and the existence and uniqueness are equivalent. Thus, we only prove
the uniqueness of the projection Py. We set (pr,qr) = (]P’;L *p, ]P’h *q) with p = ¢ = 0, and would like to prove
(pr,qr) = (0,0). By the definition of the projection P}, we take ¢, = p; and @, = ¢ in Ph(pl,ql,gah) and
?h(ql,pj; ®n), and do a change of variables z — x + 1 to obtain

0 = Pu(pr,qr;p1) + Pu(ar, pr;ar)

= 210[ (/_01 pr(z + 1)pr(z) de + /olpf(x — Dps(z)dz — /1 pr(x)pr(x) dw)

+ % (/_01 qr(x 4+ 1)gr(x) de + /01 qr(z — 1)qr(z) dr — /1 QI(l")QI(x)CUU)

-1
1

0
+/ q1<x+1)(p1<x)>wdx+/0 ar(@ — 1)(pr(2)), da

[ pie+ Da@)edot [ pie = D),
) —ar(=1)) = pr(0)(q:(1) — qr(-1)) (A1)

O
—2i (/12171( >p1(x—1>dx—/Olpm)pf(x)dx—/olpm—1)pf<a:—1>dx)
1

e (/ 201 (@)a1(z - 1>dx—/01 q1<x>q1<x>dx—/Olw—l)qz(a:—l)dx)

1

+ [w@pa=1).des [ (- Do), ds
—qr(0)(pr(1) — q1(=1)) = pr(0)(ar (1) — qz(=1))
e e
-5 | o= = m@) - oo [ ale 1)~ @) de
Then it indicates that
pi(@) =pi(z—1), a(x)=qx—-1), Vze(01), (A.2)
which implies pr(x) = constant and qr(z) = constant. These together with (3.10a) and (3.10b), we have

(p1(2),qr(x)) = (0,0). (A.3)

Thus we finish the proof of uniqueness. We now proceed to the proof of (3.14). We denote

k+1 k+1 )
(pr,ar) (Z a;x 1,Zbix“> : (A.4)
=1
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Take the test functions ¢, = @, = 2%, i =2,...,k + 1, then we have

- ‘ k1 k1
Py (pryaria™™) =Y Disar+ > Digyrirbe,
=1 =1

k+1 k+1
Py (qr,pr;a' ') = Z Diygq1,000 + Z Diykv1,04k+1be, (A.5)
=1 =1
1 k+1 1 k+1
/ prdz =YD a, / qrdz =" Diyariribe
-1 =1 -1 =1

It is easy to prove
1Ph (proarsa®™ ") [ Sllplloe + lalloos  |Pa (ar,pr32™™) | S lIplloo + lllloc-

We denote
T
0= (a1;-~-7ak+labl7"'7bk+1) ’

1
71:/ pdz, v =P, (pr.aa’™"),i=2,...,k+1,
—1

1
7k+2:/ qua 7i+k+1:Ph(q17pI;I271)ai:27"'7k+1'
1

We now obtain the following linear system:
Do =+, (A.6)

and we can solve this linear system to get 0 = D~!5. Each component of o is bounded by [|p|lec + [|¢||co, i-€-
lai| S IPlloo + lllleo and |0;] S 1Plloo + 11¢]locs 2 =1, ..., k + 1. Therefore (3.14) holds true. O

A.2. Proof of Lemma 3.3
Proof. We only prove one case that Vx € [x];% , ;vj+%],
azktt — ]P’}l’*p(x) = a(x — h/2)F1 — Q;L’*p(a: —h/2),
bttt — Py g () = bz — h/2)* — Q) g(e — h/2).
We denote (pr,qr) € [P*(1;)]? that

pr(z) = az®*t — a(x — h/2)F! + Q}L’*p(x — h/2),
qr(x) = ™ — b(x — h/2)F+ + Q2 g(x — h/2).

By the uniqueness of the projections, we only need to check (pr,qr) satisfying (3.10a)—(3.10d). It is easy to
verify that

/pjdx :/ akadx—/ a(z —h/2)" —Qy p(x — h/2) dx

I I I

- / az*tt dz — / az**! — Q7 p(z) dx (A7)
I I ’

J i—

:/ axk+1da:=/ pdz,
I; I

J J

Nl
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where we use the definition of projection Q}L’* in (3.12a) on I, By the same argument above, we have

i-3"

/q,d:/ bxk+1dx:/ qdz. (A.8)
I; I; I;

J J J

And, ¥ ¢ (x) € P*(1;) we have

D D 1

Pu(pr.ar;en); = Pu(p,q;n); — Pu(p(a — h/2) — Q" p(z — h/2),q(x — h/2) — Qp*q(x — h/2); ¢1);
= Balp, 4 00); — Gn(pla) — Q" p(a), a(e) — Q¥ a(a); (e + h/2)), (4.9)
= Pu(p,¢; 01)j5

where we have used the fact that ¢y, (z + h/2) € Pk(Ij_%). By similar argument, we have
Pu(ar,pr;@n)j = Pu(a,pi@n);, ¥ @n(@) € PH(I). (A.10)
Therefore, the uniqueness of the projection Qj implies that (pr,qr) = (IP’;L’*]L Pi’*q>. O

A.3. Proof of Proposition 3.4

Proof. Note that the projection preserves the k-th degree polynomials, which means when (p,q) € [P* (K3,
then (pr,qr) = (p,q) € [Va]? and (r7,s1) = (p,q) € [Wh]? Thus we only need to consider the case (p,q) =
(aaL"”‘l7 bxk“‘l)7 where a, b are constants. For simplicity, we only prove (3.18), and other cases can be obtained
by similar argument.

By Lemma 3.3, we have

1 z
By (r1,pr,s1ipn); = /
T

Tm ax

Tiyd
rron de + / “rrpnda — / pron dx
-1 z; 1
2
. 1

i+l
sjﬁxgohdx—k/ e s10zppdx

(o) (i) o (rea) o (1)

=7 Gt hy2) = ple o+ 1/2) b)) o

-4

Jr/fvj+% (pr(x —h/2) — p(x — h/2) + p(x)) pp dz — / pwhdx> (A.11)

J I]
- [ 7 (et hf2) — gl + hy2) + q(e)) Dupnda
+f T (i — h/2) — alx — h/2) + q(x)) Onipnda

- (e =t o (501 (55

h (pr —p.ar — 43 n); + B1 (P, 0, @3 ¢n)
1 (P, ps @5 m); -
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Then we obtain the desired result.

A.4. Proof of Lemma 3.8

Proof. Similar to the proof of Lemma 3.2, we assume that (p, ¢, ) = (0,0, 0). For simplicity, we take (pr, qr,71) =
(Pi’*p, IP’,QI’*q7 ]P’f’l’*r), and (on, @h, Pr) = (p1,q1,77) in (3.45d)—(3.45f). To simplify the formulation, we transform
all the integration regions into the same subcell K}; = [, 1, 2] X [y;_1,y;] with a change of variables. Then
we have

—~1 —~2 —~2
0="P, (pr,q1.71:01)i5 + Pn (ar,p1:a1)i,5 + Pr (r1,01571)i

_ 1 (/K (pr(z + he /2,y + hy/2) — pr(z,y))* dzdy

Tm ax

1
@5

+ /K1 v(pz(x +he/2,y) = pr(z,y + hy/2))2dxdy)

]

+ —1 (/K (qr(z + ha /2,y + hy/2) — qr(2,y))* dz dy

Tm ax

1
2%

+/K1 (QI(x‘th/Zy)—QI(a?,y-l-hy/Q))zda:dy)

2%

4=t (/K (r1(z + ho /2,y + hy/2) — r1(z, y))? dz dy

Tmax 11 p

JF/K1 (7“1(9€+hz/27y)—Tz(m,y+hy/2))2dxdy>,

(2%

which implies that V (z,y) € K}, we have

4,5
pr(z,y) =pr(x +he /2,y +hy/2), pr(z+he/2,y) = pr(z,y+ hy/2),

ri(x +he /2,y + hy/2), ri(x+hy/2,y) =7r1(x,y+ hy/2).

<
~
—
8
<
S~—
Il

Thus pr(z,y), qr(z,y), r1(z, y) are constants on K; ;. By (3.45a)—(3.45¢), we immediately get p; = qr = r; = 0.
We have finished the proof of uniqueness, which is equivalent to the existence. Notice that the projection is a
local projection, hence we can do a change of variables to transform the integration regions into the reference
cell [—1,1]2 by taking £ = 2(x — 2;)/h and 1 = 2(y — y;)/h. Taking a similar derivation as in A.1, we have

1Prlloc + llgrlloc + lI71lloe < C(R)(IPlloc + llalloo + lI7floo)- (A.13)
O

A.5. Proof of Lemma 3.9

Proof. We only give the proof of one of the cases, as the others can be verified by similar arguments. We will
prove the first equality of (3.48). We denote

pr(x,y) = p(e,y) = p (& = ha/2,y = hy/2) + QP (@ — ho /2,y — hy/2),

(,y) —q(x— ha/2,y — hy/2) + Q3 q (x — ha/2,y — hy/2) ,
(xvy) _T(x_hw/zay_hy/2)+(@i7*r('r_hw/2ay_hy/2)-

Q
~
—~
&
<
~
I
3R
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Note that (pr,qr,7r) € [P*(K; )], by the uniqueness of the projection P, we only need to verify that (pr, q1,77)
satisfies the definition of the projection P}. It is easy to check

J,

mmw®®=/

K; ;

p@%y)dwdy—-j; (p(z,y) — Qp(z,y)) dzdy
ERRE (A.14)

.7
:i/) p(z,y)dedy.
Ki,j

Thus (3.45a) is verified. Similarly, (3.45b)—(3.45¢) can also be verified. For (3.45d), we have

,pgl(pb(ﬂﬂ"]?@h)i,j =f’21(p,q,r;s0h)i,j
P (p(x — /20y — hy [2) — Qb pla — ha /2.y — by /2),
q(x — ha/2,y — hy/2) — Qv q(x — he /2,y — hy/2),
r(@ =T /2,y = hy/2) = Q7 r(z = he /2,y = by /2); n)i
zﬁ%@n%m
~Qn (p.y) — Qb pla. ). a(x,y) — Q3" g(z.y).
r(,y) — Qp (2, y); on(@ + ha /2,y + hy/2));_1 ;1

—~1
=Pn (p.q,7500)i
Thus (3.45d) is verified. Also, (3.45e)—(3.45f) can be verified in the similar way. O

A.6. Proof of Lemma 3.10
Proof. We only prove (3.49) in the following. Using Lemma 3.9, we have

—1
Bi(ur, pr,vr,wrsen)iy = Bi(p,0,q,750n)i5 + Pn (Pr —p,ar — ¢, 71 — 750n)i,
- Bl(pvpa q,7; @h)i,j~

(3.50)—(3.54) can be obtained by similar argument. O
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