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ON THE LOCKING-FREE THREE-FIELD VIRTUAL ELEMENT METHODS FOR
BIOT’S CONSOLIDATION MODEL IN POROELASTICITY

XI1ALAN TaNG!2, ZHIBIN Liv!, BAIJU ZHANG?* AND MINFU FENG?

Abstract. We propose and analyze two locking-free three-field virtual element methods for Biot’s
consolidation model in poroelasticity. One is a high-order scheme, and the other is a low-order scheme.
For time discretization, we use the backward Euler scheme. The proposed methods are well-posed,
and optimal error estimates of all the unknowns are obtained for fully discrete solutions. The generic
constants in the estimates are uniformly bounded as the Lamé coefficient A tends to infinity, and as
the constrained specific storage coefficient is arbitrarily small. Therefore the methods are free of both
Poisson locking and pressure oscillations. Numerical results illustrate the good performance of the
methods and confirm our theoretical predictions.
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1. INTRODUCTION

Biot’s consolidation model describes the interactions between mechanical deformations and fluid flow in a
porous media. It’s theoretical basis goes back to the work of Terzaghi [57], in which the author analyzed the
one-dimensional (1D) consolidation of a soil column under a constant load. Later, this theory was generalized
by Biot to the 3D transient consolidation [21,22]. This model has been widely used in various engineering fields
including geomechanics, petroleum engineering, and biomedical engineering.

Since analytical solutions of this model are rarely available due to the complex coupled nature of the equations,
the study of its numerical solutions has been of great interest. There is extensive literature on numerical methods
for Biot’s consolidation model. The most commonly used numerical methods are finite element methods based
on two-field formulation. A natural choice in this formulation is to make use of a continuous Galerkin method
for both the displacement and pressure. However, some studies have shown that such an approach may lead
to nonphysical pressure oscillations of numerical solutions, called poroelasticity locking, for certain ranges of
material parameters and small time step sizes [53,60,65].

To avoid the poroelasticity locking, various numerical methods for the problem with different formulation
were investigated. Murad, Thomée and Loula [45-47] studied the classical two-field formulation of Biot’s model
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in incompressible porous media using inf-sup stable finite elements for Stokes equations. However, as shown in
[54], an inf-sup stable pair of spaces does not necessarily provide oscillation-free solutions. They add a time-
dependent stabilization term to overcome pressure oscillation. We also refer the reader to other two-field based
numerical methods, such as discontinuous Galerkin methods (DG) [32], stabilized finite element methods [30],
Hybrid High-Order methods (HHO) [23], weak Galerkin methods (WG) [33,41] and Hybridizable discontinuous
Galerkin methods (HDG) [36].

Another commonly used formulation for Biot’s model is three-field formulation, in which displacement, fluid
flux, and pressure are main unknowns. Phillips and Wheeler [49-51] proposed and analyzed several methods
that couple continuous and discontinuous Galerkin (DG) methods for the displacement with a mixed finite
element method for the fluid flux and pressure. Later they heuristically analyzed the case of locking in [52] and
concluded that the poroelastic locking typically occurs due to the fact that at an early time the porous medium
behaves as an incompressible material, when the constrained specific storage coefficient is very close to 0, the
permeability of the porous medium is very low, and a small time step is used. Therefore they suggested using
a discrete subspace that contains nonconstant divergence-free vectors for displacement. This theory motivates
some nonconforming methods [42,61] for the displacement coupling with mixed finite element methods for other
unknowns. Recently, the author in [62] reexamined the cause of pressure oscillations in the three-field mixed
finite element method from an algebraic point of view. The author concluded that pressure oscillations occur
due to the incompatibility of the spaces for the displacement and pore pressure assuming the flux and pressure
spaces satisfy the inf-sup condition. This idea inspired us to apply inf-sup stable virtual element methods to
Biot’s Model to overcome Poisson locking and pressure oscillations. In addition to the above methods, there are
other three-field based numerical methods that can overcome pressure oscillations [19,40].

The virtual element method (VEM), firstly introduced in [9], is one of the high-order discretization schemes
which can be seen as an evolution of the Mimetic Finite Difference method (MFD) [11]. This method has
attracted considerable attention in the engineering and numerical mathematics community due to its several
appealing features. For example, the shape functions of VEM can no longer be polynomial functions so that
it is possible to define a family of conforming elements like H*-conforming (« is a positive integer), H(div)-
conforming and H (curl)-conforming elements on polygonal and polyhedral meshes. Generally, these types of
shape functions cannot be written explicitly (that is why it is called “virtual element”), so the related bilinear
forms are usually uncomputable. To overcome this issue, VEM use approximated discrete bilinear forms. Such
bilinear forms can be computed exactly by the degrees of freedom related to virtual element subspaces and, at
the same time, can preserve the polynomial accuracy that one has on simplexes while working on polyhedra.
The VEM has been developed successfully in a wide range of problems such as the Poisson’s equation [9], the
Darcy problem in mixed form [26], the general second order elliptic problems in primal [13] and mixed form [14],
the advection-diffusion problems [18], the Stokes and Navier—Stokes problems [3,16,17,43], eigenvalue problems
[29,38,39,44]. For elasticity problems, we refer to [5,8,37,63,64]. For time-dependent problems in VEM context,
we refer to [4,58,59]. Recently, the authors in [34] designed and studied fully coupled numerical schemes using
virtual element method and finite volume method for Biot Equations Modelling, which is based on two-field
formulation. Another paper about VEM for Biot equations is [27]. The authors constructed and analysed a new
VEM for the Biot equations in three-field formulation which is based on displacements, pore pressure and total
pressure.

In the present contribution, we propose and analyze locking-free virtual element methods for Biot’s consol-
idation model in poroelasticity. Differently from [27,34], our methods couple H!'-conforming VEM introduced
in [2] for the displacement with a mixed VEM introduced in [14] for the fluid flux and pressure. For time dis-
cretization, we apply the backward Euler scheme. For virtual element method of order k£ > 2, we proved that the
generic constants in fully discrete error estimates are uniform with respect to Lamé constant A and constrained
specific storage coefficient ¢y. Therefore our method not only can overcome Poisson locking, but also avoid the
poroelasticity locking. For k = 1, we observed in numerical experiments that proposed method suffers Poisson
locking or pressure oscillation in triangular meshes while it seems stable in other meshes. That is to say, when
k =1, the stability of the method depends on mesh. In this paper, we are more interested in the method that is
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stable not only in triangular meshes but also in other meshes. Therefore, we develop another low-order virtual
element method for the Biot’s consolidation model. Such an element is inspired by the works of Fortin [35], and
Bernardi and Raugel [20], and has been analyzed in our previous paper [56] for linear elasticity problem. The
main idea is to introduce extra degrees of freedom related to the normal component of v on each edge, so that
the related Fortin operator can be easily constructed, which is an important operator in deriving robust error
estimates. We also prove that the low order method is free of both Poisson locking and pressure oscillations.

The rest of paper is arranged as follows. In Section 2, we recall the Biot’s consolidation model and its varia-
tional formulation. In Section 3, we elaborate the proposed virtual element method including the construction
of approximation spaces and computable bilinear forms. In Section 4, we introduce the fully discrete scheme
and derive error analysis. Finally, Section 5 presents several numerical tests to confirm our theoretical analysis.

We end this section with recalling some useful notations to be used below. We will use standard notation
for Sobolev spaces and norms (see [1] for more details). In particular, for each positive integer m, let H™(O)
denote the standard Sobolev spaces over the domain O C R? with norm | - |0 and seminorm | - |;,.0. As
usual HJ"(O) denotes the space of functions in H™(O) with vanishing trace. In addition, (-,-)o will denote the
L?(0) inner product. Conventionally the subscript will be omitted when O is computational domain €.

For a Banach space X and 0 < Ty < oo, C°([0, Tp]; X) denotes the set of functions f : [0, Ty] — X that are con-
tinuous in t € [0,7p]. For an integer m > 1 we define C™ ([0, Tp); X) = {f|0' f/0t! € C°([0,Tp]; X),0 <1 < m},
where 0! f/0t! is the 1-st time derivative. For a function f : [0, 7] — X, we define the space time norm

’ A dt 1/p 1 <
! S p<oo,
Hf”Li"([O’TO];X) = (fa‘Hf”X ) =
€SSSUD¢e(0,Ty] ||fHX7 p = 00.

If the time interval is fixed as [0,7p], then we may write LPX instead of LP([0,Tp];X). Also we denote by
WmP([0, To]; X') the space of functions f : [0, To] — & for which || f[|ym.r(jo,7);x) < 00, where

m 1/p
B N O oy N e e

£ llwm.e (j0,70):2) o
maxo<i<m [|0°f /O | (0, 1);x), P = 0.

For simplicity, we will use f, f,..., to denote 8f/dt, 82f/dt2, ..., respectively.
Throughout the paper, if not particularly indicated, C' with or without subscripts, bars, tildes, or hats, will
denote a generic positive constant independent of the mesh size h and the Lamé coefficient A.

2. B10T’S CONSOLIDATION MODEL

Let Q C R? be a polygonal domain. Throughout this paper, we are interested in the quasi-static Biot’s
consolidation model in poroelasticity. The governing equations of the model are

—div (Ce(u)) +aVp =f, (2.1a)
cop + adiva — div(KVp) = g, (2.1b)

where C is the elasticity stiffness tensor, ¢y > 0 is the constrained specific storage coefficient, K is the hydraulic
conductivity tensor, a > 0 is the Biot—Willis constant which is close to 1, f is the body force and g is the
source/sink density function of the fluid. The primary unknowns are the fluid pressure p and the displacement
of the porous medium u.

For isotropic elastic porous media, C has the form

Ct =2ut + Mr(7)I,
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for all symmetric tensor 7, where the constant g, A > 0 are the Lamé constants, and I is the identity matrix.
The hydraulic conductivity tensor K is a symmetric and uniform positive definite tensor satisfying: there exist
positive constants ki, and kpa.x such that for any x € Q

Emin€T€ < ETK(2)€ < kmaxtT€ VE € R2

In order to complete the equations, we need suitable boundary and initial conditions. To this end, we assume
that there are two independent partitions of 92,

aQ:PPUFf, 0N =TyUTy,
with ||, |T'¢| > 0. On the boundary 02, we prescribe the following boundary conditions:

p=0 on I'y, w-n=0 on I}y,

u=0 on 'y, o-n=0 on Iy,

where n is the outward unit normal vector, w := —KVp and o := Ce(u) — apl. Here we only consider
homogeneous boundary conditions for simplicity, but our method can be extended to nonhomogenous case
without any difficulty. We also prescribe the following initial conditions:

p(0)=p" and u(0)=u’ in Q
with p® =0 on 'y and u® = 0 on I'y. According to [62], we have the following regularity result.

Theorem 2.1. Let (u,p) be the solution of the Biot’ model (2.1). Then, for T > 0,

sup [[u(t)[l2+ A sup |diva()y < C [ [Ip° + sup [[f#)]o+ sup [lg(t)llo
T 0<t<T 0<t<T 0<t<T

0<t<
T T
+(/ ||f<s>||21ds) +</ ||g<s>3ds> L 22

1
2

where C' = C(w, T, K, p).

Remark 2.2. According to Remark 3.4. of [62], if the time derivatives of solution and data functions are smooth
enough, the above inequality also holds for u; and uy.

2.1. Variational formulation

This section presents a three-field mixed variational formulation for the Biot’s model. To this end, introducing

a new unknown w = —KVp (called volumetric fluid flux), we have
—div(Ce(u)) + aVp =f, (2.3)
K 'w+Vp=0,
cop + adiva + divw = g. (2.5)
Let

V:.={ve[HQD]?: V|, =0},
¥:={zc H(div;Q):z n|p, =0},
Q:=L*Q),
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and define bilinear forms
) + (Adivu, divv),

V) = (e(u),e(v)), (2.6)

Then, the mixed formulation of (2.3)—(2.5) is to find (u,p) € C([0,Tp]; V x Q) and w € C°([0,Tp]; ) such
that

a(u,v) — a(divv,p) = (f,v), VYveV, (2.7)
m(w,z) — (divz,p) =0, Vz € X, (2.8)
co(p, @) + a(divu, q) + (divw, ¢) = (g,q9), Vg€ Q. (2.9)

3. VEM APPROXIMATION

The main purpose of this section is to introduce some virtual element subspaces and discrete bilinear forms
that are crucial in constructing a mixed virtual element method that can overcome Poisson locking when A — oo
or pressure oscillations when ¢y = 0 and K ~ 0. The key points to obtain such methods is to construct virtual
element subspaces satisfying inf-sup conditions. Its a priori error estimates will be discussed in the next section.
From now on, we only consider I', = I'q = 9€) for simplicity. It is possible to expand our results to more general
situation, but related proof is quite involved.

3.1. Basic assumptions on mesh

Let {7}, be a sequence of decompositions of € into elements E, and let &, be the sets of edges e of T,.
For each element E € 7, hg denote its diameter. As usual, h denote the maximum of the diameters of the
elements in 7;,. We make the following mesh regularity assumptions which are standard in the context of VEM
[9,15,25,28,31].

Assumption 3.1. There exist constants p1, ps > 0 such that

(1) every element E is star-shaped with respect to a ball of radius > p1hg,
(2) the distance between any two vertices of E is > pahp.

Remark 3.2. An immediate consequence of the above assumptions is that each element E admits a sub-
triangulation 7;F whose union 7;, := Uge7;, 7,F is a shape regular triangulation.

Remark 3.3. According to [25], the above assumptions also admit the following scaled trace inequality
hi' 10l o < CRE* VIR 6 + It p) Yo € HY(E) (3.1)
with C' > 0 independent of E.

3.2. Virtual element subspaces

This subsection devotes to the introduction of two conforming virtual elements subspaces V; C V and
X, C X
3.2.1. H'-conforming virtual element subspaces
We start with the H!-conforming virtual element subspaces discussed in [2]. For this purpose, we recall the
following spaces: for any k € N and E € 7,
— P(E) the set of polynomials of degree < k on E (with extended notation P_;(E) = {0}),
— Bi(OF) := {v € C°OFE) : v|. € Py(e) for each edge e of IE},
- VkE = {’Uh S Hl(E) n CO(E) s Avy, € ]P’k(E), 'UhlaE S Bk(aE)}
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If O is a subset of R?, we denote by xo, ho and |O| the centroid, the diameter and the measure of O, respectively.
For r € N, we denote by M,.(O) the set of scaled monomials

X —Xp
ho

M, (0) = {m:m: < ) for scN? with s Sr},

where s = (51, $2), [s| = $1 + s2 and x° = z7'x52. We also need the following set defined by

X — X0

M:((’))::{m:m:( ) for s€N? with |s|:7"}.

Then for any k € N and F € 7}, we define the following useful polynomial projections:

— the L%-projection for scalar functions H%E : VkE — P(E), given by
/ qx (v - H%Ev> dE=0 Yvec L*(E) and Vg € Py(E), (3.2)
E

— the H' semi-norm projection for scalar functions HkV’E : \N/kE — Py (E), defined by

[ Vv (1} - HZ’Ev> dE=0 Yoe HY(E) and Vg € Py(E),

Jom (U—HZ’EU) ds=0 if k=1,

Jo (v=TY"0) dE =0 if k> 2.
For simplicity, we still use H%E and Hkv’E for their extension to vector and tensor functions. Set Pr(7;) = {p €
L2(Q) : plr € Pu(E) VE € T;,}. We denote the global version of TIZ'* by T19 : L?(Q) — Py (75,), which is given

by
() |g =TV  (v]g), VYEE€T, VvelLl*Q).

The L? projection defined in (3.2) satisfies the following approximation property. Details can be found in [24,25].

Theorem 3.4. Suppose that Assumption 3.1 is satisfied. Then, for any w € H™(E), with 1 <m < k+1, it
holds
[w =TI Fwllo,m + helw =TT Pwl g < ChE w6 (33)

The positive constant C' depends only on the polynomial degree k and the mesh reqularity.

We now recall the local virtual element space of order & (see [2] for more detail): VE € Tj,
VE = {uh e VE : (gn,on)s = (qh, HZvah)E Vgi € Mi_,(E)U M;(E)} : (3.4)

Following [2], the degrees of freedom guaranteeing unisolvency for each v € V,F are defined by

- ]§v1: the values of v at the vertices of the polygon E,
— Dv2: the moments of v on edges up to degree k — 2,

le|~* /qv ds Vg€ Mj_2(e) Vedgee,
e
— ]5v3: the moments of v on element E up to degree k — 2,

\E|_1/quE Vg € My_2(E).
B
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Remark 3.5. It is worth pointing out that H%E and HZ’E are computable from the knowledge of the degrees
of freedom Dy 1-Dv 3. This fact was proved in [2].

The global virtual element space Vj, can be defined by
Vi, ={ve H(Q) :v|p e VF}. (3.5)

Now we set
Vi=[WV]?*NV k>1. (3.6)

The proof of the following lemma is quite similar to the one given in the reference [8] and so is omitted. We
remark that the following operator is essentially the one of [8].

Lemma 3.6. If Assumption 3.1 holds and k > 2, then there exists a operator llgp : V. — V', satisfying

(div(v —Tpv),qn) =0 Yv € [HY () VYan € Pr_1(7n) N L3(Q), (3.7)
|HFV|1 S C|V|1. (38)

In addition, if v € [H*(Q)]?, 1 < s <k+1, then we have
|V —pv]m < Chy ™||v|s, (3.9)
for m = 0,1 with a positive constant C independent of h and v.
Using Lemma 3.6, we can establish the following inf-sup condition.

Theorem 3.7. Under the same assumptions of Lemma 3.6, the following inf-sup condition holds

di
inf (divvn, gn) > C, (3.10)
anerr_1 @3, vievy, [Valillgnllo
qh#O Vhiﬂ

with C' > 0 independent of h.

3.2.2. H(div)-conforming virtual element subspaces

We now turn to the H(div)-conforming virtual element subspace given in [14]. For every E € 75, and integer
k > 0, we introduce:

Gk(E) := VP11 (E),

and
Gi-(E) := the L*(E) orthogonal of G,(E) in [Px(E)]*.

Clearly, we have
[Px(E))* = Gu(E) & Git (E).

For integer k£ > 0, we define

YH(E) :={z € H(div; E) N H(curl; E) : z - n € P} (e) for each edge e of IF,
divz € P, (FE), and curlz € Py_1(FE)}.

Then we set
¥k = {z € H(div;Q) such that z|p € S5 (E) VE € T,}.
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The degrees of freedom for Efl are defined by

le]~* /z -ngqy ds for all edge e, for all ¢; € Py (e), (3.11)
|E\_1/ z-gr—1dxr for all element E, for all g1 € Gr_1(E), (3.12)
E
|E|7Y [ z-gid for all el Legt
gy dz or all element E, for all gj; € Gj; (F). (3.13)
E

According to [14], the degrees of freedom (3.11)—(3.13) can guarantee the unisolvency for each T € X
We also need interpolation operator IIj, : [H(Q2)]?> — XF defined by

/(z —TI.z) -ng,ds =0 for all edge e, for all g; € Py (e),

/E(z - H};z) -gr_1dz =0 for all element E, for all gx_1 € Gx_1(E),

/E(z —Miz)-gifdz =0 for all element E, for all gi- € Gi(E).
From [14] we have

divIT,z = Mdivz. (3.14)

Moreover, the following estimates hold, provided z is smooth enough:
|z — iz|or < Che|z|lsp 0 < s <k+1, (3.15)
|divz — divIT,z|or < Ch®|divals s 0 < s < k4 1. (3.16)

Let
B, =30, Qu =P (Th), k>1

Using (3.14), we can get the following inf-sup condition.

Theorem 3.8. There exists a positive constant C' independent of h such that

inf  sup divzh,an) >C. (3.17)

wedy ez [Znflaivllanllo

3.3. Discrete bilinear forms and load term approximation

The next step in the construction of our method is to define a discrete version of the bilinear forms a(-, -),
a(-,-) and m(-,-) defined in (2.6). Obviously, we can split the following bilinear forms as:

a(u,v) = Z a?(u,v) = Z 2ua” (u,v) + A(divu, divv) g,

EeTy, EeT,
m(w,z) = Z m¥(w,z) = Z m¥(w,z),
Ee€Ty Ee€Ty
where
" (u,v) = (e(u), e(v)),
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We start with the construction of ay(-,+), then my(-,-) can be constructed similarly. It is easy to see that for

allu,v € [VkE]Q, the quantity a”(u,v) is not computable. Therefore, we need to define a computable discrete
local bilinear form af’ (-, -) which can approximate the continuous bilinear form a”(-,-). More precisely, af (-, -)

is defined by: for all u,v € [V,CE]2
af (u,v) := 2ual (u,v) + A (Hg’idivm Hg’idivv) 5 (3.18)

where
P (u,v) = (ngﬁe(u),ngﬁe(v))E + SE(u,v), (3.19)

and S (u,v) is a stabilizing bilinear form to be defined later. Clearly, for each v € [VkE]Q, we can write it as
v = (v, v2). Then the stabilizing term S¥ can be defined by

2 ny
SPu,v) =YY xf (uj - HZ’EW) Xi (Uj - HZ’EU]) ; (3.20)
j=11i=1
where n¥ is the dimension of V¥, and xXF (i e {1, 2, ,nkE}) are the degrees of freedom given by Dv1-Dvy3.

We define the global approximated bilinear form ay(+,-) : Vi, x V), — R by simply summing the local bilinear
forms:
an(u,v) = Y a;(u,v) Vu,veV, (3.21)
EeTy,

Following standard techniques in the literature [13] we can easily get the following lemma.
Lemma 3.9. For k > 1, the stabilizing term defined in (3.20) satisfies

~ k-consistency: for all q € [Px(E)]*> and v € [VkE}2

$P(q,v) =0, (3.22)
- stability:
¥ , 2
B =T EDe) 5.0 < S5(v.v) < 7V (v ~ I V) [F s v € [ViF] (3.23)
with positive constants B, and B* independent of the element E.
Using the above lemma, we can easily get following lemma:
Lemma 3.10. The local discrete bilinear form af (-,-) defined by (3.19) satisfies
— k-consistency: for all q € [Pr(E)])? and v € [VkE}Z
ar, (q,v) = a"(q,v), (3.24)
— stability:
. . 2
BulleW)lls.e < ap (v,v) < B IVvlg e Vv e [Vi7] (3.25)

with positive constants B, and B* independent of the element E.
By Lemmas 3.9 and 3.10, we have following theorem.

Theorem 3.11. The discrete bilinear form ap(-,-) : Vi, x Vi, = R defined by (3.21) satisfies
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— boundedness: for allu,v € V,
ap(u,v) < Cyluli|v|, (3.26)

with Cy > 0 dependent on A
— coercivity: for allv e Vi,
an(v,v) > C|v|3 (3.27)

with C' > 0 independent of h.
We now turn to the construction of my(+, ). As an(-,+), mp(-,-) is defined element by element:
mp(wW,2z) := Z mE (w,z).
EeT,

For each element E € 7}, we define a local bilinear form m¥ : ¥ (E) x ©¥(E) — R as

—1170,E 0,E 0,E 0,E
mf(wh,zh) = (K 1Hk’ wp, 1) zh>E + Sﬁ (wh — 1L " wp,zp — 11 zh> , (3.28)
where SZ (wh — H%Ewh, Zp — H%Ezh) is any symmetric and positive definite bilinear form such that

ol|zp, — H%EzhHaE <8 (zh - H%Ezh,zh - Hg’Ezh) < a|lzn — Hg’EzhHaD (3.29)

with a,. and o* independent of h and E. Such a bilinear form has been given in reference [14] and we just simply
describe it. For each E € Ty, let Ng be the number of local degrees of freedom (3.11)—(3.13), and denote by
Xi, for i = 1,2,..., Ng, the operator that selects the i-th local degree of freedom (3.11)—(3.13). Then SZ(.,-) is
given by

NEg
Sﬁ (Wh — H%EW}L,Zh — H%Ezh) = |E| Ziz (Wh — H%Ewh) %i (Zh — Hz’EZh> VW}L, Zy € ZQ(E)
=1

It follows from (3.29) that
me (wh,z1) < Cllwhllo.ellznlo.x, Ywy, zp, € ZF(E), (3.30)

Cllwild 5 < mE(wa, wi) < Clwal2 Vi € TE(E). (3:31)
As a consequence, we have the following theorem for my,(-,-).

Theorem 3.12. The discrete bilinear form my(-,-) : ¥ x X, — R defined by (3.28) satisfies

— boundedness: for all w,z € X,
mp(w,z) < Cl|wllaiv|z]|aiv, (3.32)

with Cy > 0 dependent on A
- coercivity: for oll z € Z),
mn(z,2) > Cllzl|3;, (3.33)

with C > 0 independent of h, where Z, ;= {z € X}, : divz = 0}.

Finally we introduce how to approximate the load term (f, v), which, in general, is not computable. We define
the approximated load term f} as
fu|p =" VE €7,

(fh,vh): Z /fh~Vh = Z /H%Ef-vh: Z / f~H2’EVh. (334)
E E E

EcT, EcT, EcTy,

and consider

According to [2,10], (3.34) can be exactly computed from Dy 1-Dvy 3.
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4. FULLY DISCRETE SCHEME

In this section, we shall deal with the a priori analysis of a fully discrete scheme of (2.3)—(2.5). Suppose that
Ty = NAt, where N is a positive integer. Set t,, = nAt, n =20,1,--- , N. For a continuous function g defined on
[0, To], we define g™ = g(t,,). Then, given initial data u) € V,,p? € Qy, the fully discrete scheme of (2.3)(2.5)
seeks (up, wi,pp) € Vi, X 3p, X Qp, at time ¢,, 1 <n < N, such that

ah(uZavh) - OZ(diVVh,pZ) = (fl?avh)a VVh € Vha (41)
mp (W, zn) — (divzs, pp) = 0, vz € Xy, (4.2)
n n—1 n n—1
— . u, —u . n n
co <W7qh> +a (le (W) ,Qh) +(divwy, qn) = (9", qr), Van € Qn. (4.3)

It is easy to check that all the L? product terms are computable. This system can be rewritten as:
a’h(u;zlvvh) - a(diVVh,pZ) = (fi?avh)v VVh € Vh,
Atmp(wy , zp) — At(divay, py,) = 0, Vzp, € Xy,
co(ph, qn) + a(divay, gn) + At(divwy, gn) = At(g", qn) + co(p ' qn) + a(divay ™t gr),  VYan € Qp.

Obviously, this is a square system of linear equations for the unknowns (uj, wy,py). It suffices to prove its

uniqueness. Assume that uzfl,wzfl, p}fl, f* and ¢™ vanish. Setting v, = u}}, z;, = w}j and ¢, = pj and

adding them together leads to
ap(upy,up) + Atmp(wi, wi) + co(pp, pi) = 0.

From (3.27) and (3.31), we can get |[u}||1 = 0, ||w}|lo = 0 and ||p}]lo = 0, for ¢ > 0. If ¢y = 0, we still have
lup s =0, ||w}lo = 0, from which we infer

(diVZh,pZ) =0, Vz,e€ Xy
Using Theorem 3.8, we have ||p}|lo = 0. To conclude, we have established the following result.

Theorem 4.1. At each time step t,,, the fully discrete scheme (4.1)-(4.3) has a unique solution (uj, wp,py) €
Vh X Eh X Qh-

4.1. Elliptic projection

To define initial data u9 € V,,pY) € Q), and derive the error analysis of the fully discrete scheme (4.1)—(4.3),
we need a elliptic projection II, : V x 3 x Q — V', x 3j, x @}, defined below. Given (u,w,p) € V x X x Q,
let (ur, Wr, pr) = e (u, w,p) be the solution of the following equations

ap(ur, vp) — a(divvy, pr) = a(u, vy) — a(divvy, p), Vvy, € Vi, (4.4)
mh(wﬂazh) - (diVZh,pﬂ-) = m(w, Zh) - (diVZh,p), vZh S Ehv (45)
(divw, gn) = (divw, g ), Yan € Q. (4.6)

It is easy to see that Theorems 3.8, 3.11 and 3.12 imply the well-posedness of the elliptic projection. If u, w and
p are smooth enough, we also have the following estimates.

Theorem 4.2. Given (u,w,p) €V x X x Q, let (Up, Wx,pr) € Vi, X X, X Qp, be the solution of (4.4)—(4.6).
If (u,w,p) € [HF1(Q)]? x [HF(Q)]? x H*(Q) and k > 2, then the following estimates hold:

Iw = wallo < Ch*|[wllx, (4.7)
lp = pxllo < CH*(Iwlli + [Ipllx),
[u—ugly < CR*(|[ullksr + [Adivalle + [wll + [Ip]e)-
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Proof. We start with splitting errors as follows:

u—u;, =u-—Illpu+Ilpu—u,,

W—W.,T:W—HZW—&-HZW—W#,

p—pr=p—1p+1p— pr.

Adding and subtracting proper term in (4.5), we have
mp(wy — Miw, z,) — (divay, pr — 0p) = m(w — Tow, z5,) + my (Myw — Lw, zp,) — (divay, p — Ihp), (4.10)
where we have used the fact that m(IIow, z,) = m, (19w, z;,), Vz € X;. Clearly, (4.6) and (3.14) means that
divw, = II%divw = divIliw,

from which we get

div(w, — IILw) = 0.
Then setting z, = w, — chw in (4.10), using Theorem 3.12 and applying the Cauchy—Schwarz inequality, we
obtain

[wr — Twlfg < C(|lw — Tiwllo[lwx — Thwllo + [|TTiw — T wllo[lwx — Thwllo)-

Using the triangle inequality, (3.15) and (3.3) leads to (4.7). Applying Theorem 3.8, we can get z € X such
that
divz = —(p, — I19p),
|Zllaiv < Cllpx = 1pllo-

Testing such z in (4.10) and using the Cauchy—Schwarz inequality, we have
Ipx = Ipllo < C([lw — Iwllo + |Tiw — I wllo + [ Iw — wrllo).

Applying the triangle inequality, we deduce (4.8).
We now turn to the last estimate (4.9). Adding and subtracting IIru and II%u in (4.6), we have

an(uy — pu,vy) + A Y (I div(a — pu), I F dive,) g = d(u, — Tu,vy)
EecTy,
+ apn (TMu_Tpu, vi,) + a(divvy, p — pr) + A(divu, divvy,)
=AY (M div(ITpu), M) divs,) g.
E€T,

We observe that (3.7) means Hg’_EldiV(HFu) = Hg’_EldiV(u). Then setting v, = u, — IIpu, we obtain

an(tr — Mpu,u, — Mpu) + 4 S (Hg’_Eldiv (u — pu), 17 div(u, — HFu)> = d(uy — 0w, u,
EcTy, E
—Igu) + ap (ng —Irpu,u, — HFu) + a(div(uy — pu),p — pr)

+A Z (divu - H%ﬂdiv(u)7 div(u, — Hpu)>E
EeTy,
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Using (3.25) and the Cauchy—Schwarz inequality, we get

1/2
le(ur —pu)|§ < C ( > IViu - H%U)II%,:;) IV (ur —Ipu)llo
EE,]-}L

1/2
+ ( > IV (u - HFu)I?),E> IV (ur = IIpu)lo + [|V(uzr — Ipu)follp = prllo
EcTy,

1/2
+ (A > |ldiva — HZﬁdiv(unﬁ,E) IV (ur — pu)llo
EEIJ—’L

Finally, using the Korn’s inequality and the triangle inequality, we can derive (4.9). (]
With the above elliptic projection, we can define initial data as:
(u), wy,p)) = I (u’, w°,p°). (4.11)

4.2. A priori error estimates for ¢cg = 0

In this section, we will derive a priori error estimates for the discrete problem (4.1)-(4.3) with ¢y = 0.
According to Phillips and Wheeler [52], the poroelastic locking typically occurs when the constrained specific
storage term is null (¢y = 0), the permeability of the porous medium is very low, and a small time step is used.
Therefore we are more interested in the error estimate in the case ¢y = 0. For ¢y > 0, we can apply the argument
in [61] to get desired a priori error estimates. To prove optimal error estimates, we need the following regularity
assumptions:

u € L°°([0, To]; HF1(Q)), £, Mdivu, w,p € L=([0,Tp); H*(Q))

w; € L2([0,To); HMH(Q)), £, Mdivug, wy, pr € L2([0, Tol; H*(Q)), (4.12)
uy; € L2([0, To]; HY(Q)), f,: € L*([0, To); LA(Q)).

The main results are collected in the following theorem.

Theorem 4.3. Let (u, w,p) be the solution of (2.7)=(2.9) and (u},w}, p}t) the solution of fully discrete problem
(4.1)—(4.3). Assume that k > 2 and (4.12) hold. Then we have the following error estimates:
N
max ([[u”" —up[l1)® + At Y (Iw" = Wil + [p" = pl3) < C(h*F + Ar?),

1<n<N
n=0

where C' is a positive constant independent of h and .

Proof. We start the proof with recalling the following Taylor expansion:

n _ ,n—1 2
% =u; + */ (s — " Hugy(s) ds. (4.13)

Then, at time ¢t = ", using the above equation in (2.7)—(2.9), we have

a(u™,vp) — a(p”,divvy) = (£7,vy),

m(w",zp) — (p",divay) = 0,

. (u —u! . o ¢ N
a (le (At) 7Qh> + (divw™, qn) = (9", qn) + A7 (/tnl(s — " divuy(s) d57Qh> ,
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for all v, € Vi, zp € 3y, qn € Q.
Applying elliptic projection (4.4)—(4.6), we obtain

ap(u™, vy) — a(llp™, divvy) = (£
mh(HeW", Zh) - (Hepn, diVZh) = 0, (415)

_(u"—u"! . a NS
a (le (At) 7q}z> + (leH(iWn7 q}L) (g q}L) At (/tnl (8 —t" 1)dlvutt(s) dS, Qh> y (416)

for all v, € Vi, zp € X, qn € Qp. Next we split errors as follows:
u" —up =u" —Iu" +.u" —up :=nl + £,
wh—wp =w" —Tl.w" + Il,w" —w} :=n + &,
p" —pp =p" — Hep" +1ep™ — py i=ny + &
By taking the differences of (4.14)—(4.16) and (4.1)—(4.3), we have

an(&ysvi) — (&, divvy) = (R}, vi), vi € Vi, (4.17)
mu(&y,2n) — (&, divzn) =0, z, € X, (4.18)

n n—1 n—1
. w ~ Su . n : U U o mn
« <d1V (£ Aﬁ ) 7qh) + (le£w,qh) = -« (le (n A,Z ) aq}L> + E(Ranh)v qn € Qha (419)

n n n—1
where R} = =1 fm R = fttw,l(s — t""Ddivuy(s) ds. Taking v, = Suzbu 5 ,zp =&, and ¢ = §, in the
above equations leads to

an(€n, €0 — €071 + Atmy, (€5, €0) = —a(div(n] —ni 1), &0) + a(RL &) + (R, €5 — €271). (4.20)
Let [|€)]12, == an(€),€)) and ||€2]12,, = mp (&R, €0). Observing that

1
-1 1 €115, + 1€ 1I%,
an(€a: €0 ) < M€ llan €0 Moy < =5 =,

we can rewrite (4.20) as

1
FUEIE, = I€015,) + ALIEL IR, < —aldiving —ni™"),6)) + a(Ry, &) + (R}, & — €071).

Summing it from 1 to M (1 < M < N) yields

7”5 ah + Z At”fn”’mh < C(Rl + R + R3)7 (421)

where

M
Ry =—a) (div(n) —np~").&0),
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Now our main task is to estimate R;, Ry and Rs. To this end, we use (4.13) to rewrite R; as

M n
Ry=)_ ((Atdivnﬂt,f;’) + ( / (s — t"—l)divnu“(s)ds@;)) . (4.22)
n=1 tn—t
Using Young’s inequality yields
M1
. n |12 ni2 n—1
mi<3 (261|dwnut||oAt+el||fp||oAt+ ol / (s — " V)divm,, (s >o>

M M n
<C <Z 7, I At + A2 Z/t N, ()IIE ds + e > ||£$|I3At> , (4.23)
n=1 n=1 " n=1

where we have used Theorem 3.8 and (4.18) to get

d' n n
€20 < € sup M:C sup mn (& Zn)

zhe):h ||Zh||div zp €Xp, || hH div
0 25, 70

< Cligllo- (4.24)
Using Young’s inequality again, we obtain

| Ra| < CZ E"RnHO +e Z €5 AL,

n=1
Since
- 1/2 o 1/2 N - 1/2
|Ry| < / |s —t" 12 ds / |divug,(s)|* ds < / |divug, ()| ds ,
tn—1 tn—1 \/g tn—1
we have
o
|Ry| < CAL? Z/ [uge(s)])? ds + e Z € 12At. (4.25)
Note that the following equation holds for any bounded sequences { f*}M, and {¢'} M,
M M
St =g = MM =0 = (= et
n=1 n=1
By using the above equation, R3 can be rewritten as
M
Ry = (RY.€) =Y (R}~ Ry.€07).
n=1

Applying (4.13) to R} — R?‘l, we can estimate R3 as follows

M
€ n—
| Rs| < CIIRyII3+§II£¥II?+CZIIR HoAHqZIE i AHCN?Z/ IR, ()3 ds.  (4.26)
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Combing (4.21), (4.23), (4.25) and (4.26), choosing €; properly, and using (3.31) and Theorem 3.11, we obtain
M M
pllEs I3+ lgnlisat < C(lRyllg + > IR} 5At
n=1

n=0 o
+ Y AP /
n=1 L

M g N-1
rae > [ fuoltas) + Y eziar
n=1"7t"" n=0

Using discrete Gronwall inequality yields

t

n M M "
IR lE s+ Y I FA+ AR S [, (9] as
n=1 n=1

M N
ul&n 15+ D 1€ 15A¢ < C exp(To) <R}VI3 + > IR IlGA

n=0 n=1

N To To
+) ||ﬂZt||fAf+At2/ ||ftt(3)||3dS+At2/ ||utt(5)||fd$)-
0 0

n=1

It follows from (3.3) that
IR llo < CR¥||E| o< o, 70)s 1%

Let s € [tn—1,tn], then we can estimate || R} [|o as follows

1Rl < (T = TI)(E — E())lo + (T — T (E()) o < 167 — ()l + (T — ) Es) o (4.27)
Noting
() = [ " (),
we have
I £(s)I3 < At / 830 (r) 3l (4.28)
From (3.3) we obtain
(T = T (E() o < CH¥ ()1 (4.20)

Combing (4.27)—(4.29), we derive

N To To
SR BAL < CAF / ()27 + CH2* / I£.(5)[12 ds.
n=1 0 0

By the same token, we have

N To To
S I, [BAE < CAP / ||utt<s>||%ds+0h%( / u(s) 2. ds
n=1

To

To T[)
4 / | Adiva (s)|12 s + / Iwe(s)|I2 ds + / ||pt<s>||zds).
0 0 0
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As a consequence, we arrive at

M To TO
pll€d I3+ D lgnlipat < CeXp(To)<At2 (/0 IIftt(8)||3d8+/0 ||utt(8)||§d8>

n=0

To To
+ h2* (thIIfIILM([o,ToJ;HH +/O Hft(s)||ids+/o el &

To To To
[ pdvlEas+ [ lwilRds [ |pt<s>|ids>>.
0 0 0

Applying (4.24) yields

N To TO
> IEIIEAL < Cexp(Th) <At2 (/ I£e ()15 ds +/ e (s)113 d8>
0 0

n=0

To To
4 2k (h2k||f||mo,%,m>+ / £.(5)[12 ds + / e(s) 2.1 ds

To To To
+ / I Adivay(s) 2 ds + / we(s) 12 ds + / ||pt(s>||ids)).
0 0 0

Tt follows from (4.9) that

[ llo < CR* (| oo 0, 70); 1) + IAIVA oo 0,70 10y + IW N e (0,701 1%y + 121 Los (0, 70):1%)) -

By similar procedure as in (4.27)—(4.29), we can get

To

N To

> lmiliEAt < CAtQ/ HWt(S)IlﬁdSJrChQ’“/ Iw(s)[1% ds,
n=0 0 0

N To To

Y llnplleAt < oag? (/O lpe(s)3 ds +/O IWt(S)||8d8>

n=0
To TO
Lo ( / Ip(s)|I2 ds + / ||w<s>||ids) .
0 0

Finally, combing (4.30)—(4.34), and using the triangle inequality, we complete the proof.
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(4.30)

(4.31)

(4.32)

(4.33)

(4.34)

O

Remark 4.4. Conditions k¥ > 2 and (4.12) are the key to establish robust error estimates when A — oo. If
k =1, then Lemma 3.6 may no longer hold. As a consequence, we can only derive error bounds C)(h? + At?),

where C), is dependent on A.

Remark 4.5. Even though, Lemma 3.6 for £ = 1 does not hold on arbitrary mesh, we observe in numerical
tests that for k = 1, fully discrete scheme (4.1)—(4.3) seems to be locking-free on most types of meshes except
triangular meshes. This implies that Lemma 3.6 may hold on some meshes, which reminds us of the work of [7].
Reference [7] proved that the mimetic generalization of the P; — Py finite element is stable on a large range of
polygonal meshes. Such mimetic generalization has the same degrees of freedom as that of the VEM when k£ = 1.
Therefore it is possible to translate the result to a VEM setting. However, we will not discuss this problem at
present. We are more interested in developing a low-order locking-free VEM for Biot’s model on general mesh.
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Remark 4.6. According to Theorem 2.1 and Remark 2.2, supg<, <7, [[Adivu(t)|[1 and supg<; <7, [[Adivug(t) |1
can be bounded by f, g and initial data. Therefore, for £ > 2, with mild modification of the proof, at least, we
have

N
n__ ..n 2 no_ ,n|2 n . nl2 < 2 2 )
 ax ([lu” —ujl1) +AtZ:O(HW Willo + [lp" = pillo) < C(h" + AL), (4.35)

where C' is a positive constant independent of h and .

The above discussion motivates us to establish a low-order locking-free VEM for Biot’s model. We will
introduce a possible scheme in the next section.

4.3. A low order scheme

From previous section, we observe that a key point to obtain robust estimates when A — oo is to construct
a Fortin operator like Lemma 3.6. In this section, we concentrate on introducing a low order virtual element
subspace that allows such operator. Our new virtual element is inspired by the classical Bernardi—-Raugel
elements introduced in [20]. The main idea is to introduce extra degrees of freedom related to the normal
component of v on each edge. Most of the materials in this section are stated without proof. Related proofs can
be founded in our recent work [56]. We just apply the results to Biot’s consolidation model in poroelasticity.

We start with introducing some notations and recall virtual element subspaces defined in (3.4). For E € Ty,
let NF be the number of the edges of E. We denote by n; the unit outward normal vector to edge e;, 1 < i < NE.
Next, for 1 <1i,j < NE, let 1; € V¥ satisfies

\ej|—1/ ¢ =65, Dyl(¢;) =0, Dy3(v) =0, (4.36)
€j
where §;; is Kronecker delta. Then set

0; :=n;y;,

and let 5
V, :=span{f; 1 <i < NF}.

We are now in a position to define the Bernardi-Raugel-like virtual element space: for E € 7j,
2 ~E
Vir = [VF] @ V,.
Clearly, dim <V§R> = 3NPF. The degrees of freedom we take for V5 are: for each v € Vg

— Dv1: the values of two components of v at each vertex of F,
— Dv2: the values of the lowest moment of the normal component of v on each edge of F,

/ v-n;ds 1§i§NeE.
The next lemma checks the unisolvence of these degrees of freedom [56].

Lemma 4.7. A vector-valued function v € VSR is uniquely determined by Dv1 and Dy 2.

Remark 4.8. We emphasize that the idea of adding Dy2 was introduced in [3]. Here we use different lifting
inside in the definition of the space. Differently from [3], the proposed virtual element space are built upon [2],
so the proposed method allows the explicit computation of local L? projection H%Ev from the knowledge of
the degrees of freedom of v.
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We now define the global virtual element spaces as
Ver:={ve[H(Q)?:v|p € Vi VE €T},
~ ~E
Vy:={ve[H Q)] :vl[peV, VEcT,}.

It is easy to see that _
Vir = [V1]2 ® V.

We now set
Vi=VerNV, I, :=S00%, Q:=Py(7). (4.37)

We established the following theorem in [56].

Theorem 4.9. There exists an interpolation operator I, : [Hi (Q)]?> — V1, satisfying
(div(v — I,v),qn) =0 Vv € [HYD]? Van € Po(Th), (4.38)

and
|V — LV|m < CR™™|v|s Vve [H'Q(Q)]2 (4.39)

form =0 orl and s =1 or 2, with a positive constant C' independent of h and v.

To introduce our low order scheme for (2.7)—(2.9), we need to construct discrete bilinear form ap(-,-). We
start with constructing local bilinear form a¥ (-, -). Specifically, af(-,-) is defined by: for all u,v € Vg

af(u,v) = 2ual (u,v) + A (Hg’Edivu7 Hg’Edivv)E , (4.40)

where
af (u,v) := (H?’Es(u),H?’Es(v))E + S8 (u,v), (4.41)

and SF(u,v) is a stabilizing bilinear form to be defined later. Apparently, for each v € VgR, the following
decomposition holds

v=vl+v? vle [VlE]Q v? € span{f; 1 <i < Ng}.

Lemma 4.7 implies that the decomposition is unique. For such v* (k = 1,2), we set vk = (v§,v5). Then the
stabilizing term S¥ can be defined by

2 2 np
P v) = 0SSk (uf - 7 Pul ) ok (vF - TPl (4.42)

k=1j=1i=1

where n is the dimension of V¥, and x¥ (i € {1, 2, ,nkE}) are the degrees of freedom given by Dv1 Dy3.
Similar to higher order case, we established the following lemma in [56].

Lemma 4.10. The local discrete bilinear form af (-,-) defined by (4.41) satisfies

~ consistency: for all q € [P1(E)]? and v € Vg
iy, (q,v) = a"(q, v), (4.43)

— stability:
BulleW)lls,z < ar (v,v) < B |VVIg g ¥V e Vg (4.44)

with positive constants B, and B* independent of the element E.
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We define the global approximated bilinear form ap(+,-) : Vgr X Vpr — R by simply summing the local
bilinear forms:

ap(u,v) = Z af(u,v) Vu,v e Vpg. (4.45)
EcT,

We proved in [56] that discrete bilinear form ay (-, -) satisfies the following properties.

Theorem 4.11. The discrete bilinear form ap(,-) : Var X Vpr — R defined by (4.45) satisfies

— boundedness: for all u,v € V,
ap(u,v) < Cyluli|v|1, (4.46)

with Cy > 0 dependent on A
— coercivity: for all v € Vy,

an(v,v) > C|v|3 (4.47)

with C' > 0 independent of h.

We are now in a position to state our low order fully discrete scheme. Given initial data u% eVy, p?L € Qn,
the fully discrete scheme of (2.3)—(2.5) seeks (u}, wi,py) € Vi, x 3, X Qp, at time t,, 1 <n < N, such that

ah(uZ, Vh) — Oz(diVVh,pZ) = (fﬁ', Vh), Yvy, € Vh, (448)
mp(wh,zp) — (divay, py) = 0, Yz, € 3y, (4.49)
n n—1 n n—1
— . u, —u . n n
co (Wﬂh) +a (le (W) th> + (divwy, qn) = (9", an), Van € Qn. (4.50)

Using the same argument as in the higher order case with the help of Theorem 4.11, we can prove that at each
time step t,, the above system is well-posed.

Remark 4.12. Elliptic projection is defined similarly as (4.4)—(4.6). Thanks to Theorem 4.9, we can get similar
result as in (4.7)-(4.9). Then initial data uf) € Vj,,p? € Q) can be constructed as (4.11).

To derive optimal error estimates in low order case, we need the following regularity assumptions:

u e L2([0,Ty]; H*(Q)), £, Adiva,w,p € L>([0,Tp); H'(Q)),
u; € L2([0,To); HA(Q)), £, Mivuy, we, pr € L]0, To); HY(Q)), (4.51)
u, € L2([0,Tol; HY(), £ € LA([0,To); LA(Q)).

With the help of Theorem 4.9 and Lemma 4.10, we can prove the following theorem by using the same argument
as in the proof of Theorem 4.3.

Theorem 4.13. Let (u, w,p) be the solution of (2.7)~(2.9) and (u},w},p}t) the solution of fully discrete prob-
lem (4.48)—(4.50). Assume that (4.51) holds. Then we have the following error estimates:

N
n__ ..n 2 n o ,n|2 n __ ,nl2 < 2 2
i (" = )7+ A 3" =i+ 1 = pRI) < OO + A

where C' is a positive constant independent of h and X.
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5. NUMERICAL TESTS

In this section, we provide three numerical tests to validate the theoretical results proposed in the previous
sections. The first test is used to show that our methods can overcome Poisson locking (when A — o0). The last
two tests are devoted to validate the effectiveness of our methods to eliminate pressure oscillation (when ¢g = 0
and K ~ 0). In all tests, the algorithms are implemented by using the MATLAB. The implementation aspects
of virtual element method can be found in [10,12,55]. We will solve the problems using the following methods:

Method 1: Vi, := [Vi> NV, T}, =0 NE, Qp :=Po(7n),
Method 2: V7, := [‘/2]2 nv, ¥, = E;ll N, Qn:=P(7h),
Method 3: Vi, := Ver NV, By, =50 N, Qp :=Po(74).

5.1. Accuracy for a smooth solution with a large A

We start with considering a test with analytical solution [62]. This test is devoted to confirm the optimal
convergence rates predicted in Theorems 4.3 and 4.13. The body force f and source/sink term ¢ are chosen so
that the exact solution on the computational domain = (0,1)? is

up = e 'sin(2my)(—1 + cos(2mx)) + 1/(1 + A) sin(7x) sin(7y),
uy = e 'sin(27x) (1 — cos(27my)) + 1/(u + \) sin(mz) sin(7y),

p = e 'sin(nz) sin(ry).

Dirichlet boundary conditions are imposed for u and p according to the exact solution. Note that
divu = me~!sin(r(x + y))/(n + A) — 0 as A — oo for any time ¢t. Therefore, the exact solution is suitable
to test whether the proposed methods can overcome Poisson locking. Following [62], we choose the following

material parameters:
co=0, a=1, K=1, x=10" p=1.

In order to compute the VEM errors, we consider the computable error quantities:

1/2

0,E 0,E

B = 19N ( Z [u™ — I, uZ”(?),E +[[Vu"™ — Hk—lvum|(2),E> ,
EEIJ—’L

N
E, =) [lw" ~I}wp|3At,
n=0

N
E, =Y llp" - pil3At

n=0
In this test, the square domain is partitioned using the following sequences of polygonal meshes:

~ {T,}}p: triangular meshes with h = 1/8,1/16,1/32,1/64,
~ {7?}1: quadrilateral meshes with h = 1/8,1/16,1/32,1/64,
~ {7;3}: non-convex cells with h = 1/5,1/10,1/20, 1/40.

An example of the meshes is shown in Figure 1. For Methods 1 and 3, we take the backward Euler scheme with
At = Ty/(ceil(1/h)) for time discretization, where ceil(X) rounds the elements of X to the nearest integers
towards infinity. In order to make the spatial direction error not affected by the time direction error, we use
Backward Difference Formula of second order (BDF2) for Method 2. It can be proved that related errors are
scale as At? 4+ h2, but the detailed proof will be omitted for simplicity.

Figures 2—4 display convergence results for the various mesh families and different methods. The results
of Methods 1 and 3 are in very good agreement with the convergence rates predicted in previous sections.
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FI1GURE 1. Example of the adopted polygonal meshes: ’2'1/87 7'1/8, 71/10'
1 ———— 05
05 of
. —
0.5 i;//ﬂ o
- ~ 1
u° 05 1 * e
= i T -
(=2} K (=2} -
o 2
15 ;
1.5 _~ K
A —— Method1 2t —— Method1
2 y5‘1—12 —#—Method2| | 2 —+— Method2
Method3 1 Method3
25 . . . . ; 25 . . . . ;
18 1.6 1.4 1.2 - 08 0.6 18 1.6 14 1.2 El 0.8 0.6
Ioglo(hmax) Ioglo(hmax)
(a) (b)
1
05F
of _
— - *
>
To-05F
B e
RS
A B
150 P —— Method1]
= —#—Method2
*/—112 Method3
2
15 -1 -0.5
IOgTO(hmaX)

(c)

FIGURE 2. E, on different meshes. (a) Triangular; (b) quadrilateral; (¢) non-convex.

As predicted in Theorems 4.3 and 4.13, the errors are robust to A\. From Figure 2a, we can see that the Poisson
locking occurs in the triangular mesh if we use Method 1. However, this can be overcome if the Method 2
or Method 3 are used in the triangular meshes. An interesting thing is that Method 1 does not suffer the
Poisson locking in the quadrilateral and non-convex meshes. Moreover it reaches the optimal convergence rate.
It seems that for the method 1, the discrete inf-sup condition relies on mesh types. This requires further study.
Although errors E,, of Methods 1 and 3 converge with optimal rate 1, Method 3 is more accurate than Method 1
according to Figures 2b and 2c. Figures 3 and 4 show that convergence curves of Methods 1 and 3 are almost
the same, which means that in this test case, Method 1 still yields the optimal rates for the pressure and flux
variables, even though its displacement variable is locking in triangular meshes. Overall, Figures 2—4 confirm
the theoretical results in Theorems 4.3 and 4.13.



ON THE LOCKING-FREE THREE-FIELD VIRTUAL ELEMENT METHODS S931

05 05
1 El
1.5 — 15 =
_ *
~ . ~ P
w2 - =2 P
e — e o
8 25 * 8 25 _—
3 -~ 3 e
~ /* -~
a5 - —— Method1 a5 2 —— Method1
- par —#—Method2 e —#—Method2
Method3 Method3
1.8 1.6 1.4 12 A 0.8 06 1.8 1.6 14 1.2 A 038 06
0g,5(0,) 1015
(a) (b)
0 -
05
-1
— *
R
= -
g =2
-
25
Method1
-8 —#—Method2
Method3
35
15 1 05
109,6(N15,)

(©)

FIGURE 3. E,, on different meshes. (a) Triangular; (b) quadrilateral; (c) non-convex.

1 1
1.5 151
2 2
41/_11 41/_11 A
w25 . w25
g s _— B g st A
—
-3.5 - 3.5 _* -
/* ~
“ - e 4 e
~ letho letho
*11_12 Method3 %_1_1 Method3
-4.5 -4.5
-1.8 -1.6 -14 -1.2 -1 -0.8 -0.6 -1.8 1.6 -1.4 -1.2 -1 -0.8 -0.6
IOg|0(hmax) IoQiO(hmax)
(a) (b)
0.5
Bl
-1.5
= 2 —1 /
g 25 A
-3 - —
" Method1
R S Methoa
Method3
-4
-1.5 -1 -0.5
10916 1ra)
(c)
FIGURE 4. E, on different meshes. (a) Triangular; (b) quadrilateral; (c¢) non-convex.



S932 X. TANG ET AL.

FIGURE 5. Numerical pressure for the cantilever bracket problem on 7!

1/32 at time ¢ = 0.001.
(a) Method 1; (b) Method 2; (¢) Method 3.

5.2. Cantilever bracket problem

We now consider a cantilever bracket problem [48,52]. The computational domain is again 2 = (0,1)2. For
the elasticity problem, a no-displacement boundary condition is imposed in the left side edge. We also impose a
downward traction at top side and a traction-free boundary condition at the right and bottom sides. The initial
displacement and pressure are assumed to be zero. The material parameters are set as follows:

a=093, ¢=0 K=107, E=10° v=04,
where E and v denote Young’s modulus and the Poisson ratio, respectively, and there hold

FE FEv

RS ) AT ATy

Figures 5—7 present a comparison of the numerical pressure after one time step At = 0.001 using three different
methods on three different types of meshes. It can be seen from Figure 5 that pressure obtained by Method 1
has spurious oscillations that are mostly concentrated to the points (0,0) and (0,1). By contrast, the pressure
computed by Methods 2 and 3 does not occur such oscillations, no matter what type of mesh is used. We observe
from Figures 6 and 7 that Method 1 does not produce pressure oscillations on quadrilateral and non-convex
meshes.
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FI1GURE 6. Numerical pressure for the cantilever bracket problem on ’]’12/32 at time ¢t = 0.001.
(a) Method 1; (b) Method 2; (c) Method 3.

5.3. Barry and Mercer’s problem

We now consider another bench mark test called Barry and Mercer’s problem [6]. It models the behavior of a
rectangular uniform porous material with a pulsating point source under a specific set of boundary conditions.
More precisely, we let Q = (0,1)? and consider the following boundary conditions on 92

u-t=0 nfVun=0, p=0,

where t and n denote the tangent vector and outward normal vector on 0f2, respectively. For this problem, we
choose the following material parameters:

a=1, ¢=0 FE=10° v=01, K=10"2
The evolution of the displacement and pressure fields is driven by a periodic pointwise source defined by
g = 6(x — xg) sin(f),

where 2o = (0.25,0.25), £ = Bt and := (A + 2u)K.
Figure 8 displays the numerical pressure computed by Method 3 on quadrilateral mesh ’]’12/6 4 at normalized

times ¢ = /2 and t = 37/2. We also plot the deformed domain according to the results obtained by the
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FI1GURE 7. Numerical pressure for the cantilever bracket problem on 7—13/ 40 &b time ¢ = 0.001.
(a) Method 1; (b) Method 2; (c) Method 3.
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FIGURE 8. Numerical pressure on the deformed domain at different times for quadrilateral
meshes with & = 1/64 using Method 3. (a) ¢t = 7/2; (b) t = 37/2.
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displacements. We observe that at £ = 7 /2, the source is positive, and this fluid injection causes an inflation of
the poroelastic medium. On the other hand, we can see a contraction of the medium since the source term is
negative at ¢ = 37/2. We also plot the pressure profiles computed by Methods 1-3 on three different types of
meshes at normalized times £ = /2 and ¢ = 37/2 with the analytical solution along the diagonal (0,0) — (1,1)
of the domain in Figure 9. The analytical solution of this problem is given by infinite series, which can be
found in [6,48]. In all the cases, a time step At = 27/3 - 1072 is used. From Figure 9, we can see that all the
numerical pressures can capture the behaviour of the exact solution except the one computed by Method 1 on
triangular mesh. Probably, this is because Theorem 3.7 does not hold for k£ = 1, so according to [62] this may
cause pressure oscillation when ¢y = 0 and K = 0.

To further check the robustness of Method 3 with respect to pressure oscillations for small permeability
combined with small time step, we also show in Figure 10 the numerical pressure obtained by Methods 1 and 3
with K = 107% and A = 10~ on three different types of meshes. It is clear from Figure 10a that Method 1
on triangular mesh produced nonphysical oscillations in the pressure variable. By contrast, we do not observe
significant oscillation from Figure 10b, that is to say Method 3 does eliminate the pressure oscillation. From
Figures 10c—10f, we observe that Method 1 does not produce pressure oscillation on quadrilateral and non-
convex meshes, and the numerical pressure of Method 1 resembles the one of Method 3 on these meshes. We
infer that Theorem 3.7 may hold on quadrilateral and non-convex meshes, which needs further research.

6. CONCLUSION

In this paper, we propose and analyze virtual element methods for Biot’s consolidation model. One is a
high-order scheme, and the other is a low-order scheme. We show the a priori error estimates of fully discrete
problems. In particular, our error estimates hold when the specific storage coefficient vanishes, and the generic
constants in error estimates are uniformly bounded with respect to Lamé constant A. Therefore, our methods
not only can overcome Poisson locking but also does not suffer pressure oscillations. Numerical tests illustrate
the validity of our theoretical analysis.
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