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PROJECTION-BASED MODEL REDUCTION WITH DYNAMICALLY
TRANSFORMED MODES

FELIX BLACK, PHILIPP SCHULZE AND BENJAMIN UNGER*

Abstract. We propose a new model reduction framework for problems that exhibit transport phenom-
ena. As in the moving finite element method (MFEM), our method employs time-dependent transfor-
mation operators and, especially, generalizes MFEM to arbitrary basis functions. The new framework is
suitable to obtain a low-dimensional approximation with small errors even in situations where classical
model order reduction techniques require much higher dimensions for a similar approximation quality.
Analogously to the MFEM framework, the reduced model is designed to minimize the residual, which
is also the basis for an a posteriori error bound. Moreover, since the dependence of the transformation
operators on the reduced state is nonlinear, the resulting reduced order model is obtained by projecting
the original evolution equation onto a nonlinear manifold. Furthermore, for a special case, we show a
connection between our approach and the method of freezing, which is also known as symmetry re-
duction. Besides the construction of the reduced order model, we also analyze the problem of finding
optimal basis functions based on given data of the full order solution. Especially, we show that the cor-
responding minimization problem has a solution and reduces to the proper orthogonal decomposition
of transformed data in a special case. Finally, we demonstrate the effectiveness of our method with
several analytical and numerical examples.
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1. INTRODUCTION

Over the past three decades, model order reduction (MOR) has become an established tool to reduce the
computational cost for obtaining high fidelity solutions of (partial) differential-algebraic equations that are
required in parameter studies, controller design, and optimization. The key observation that is used in MOR
is that in many applications, the solution evolves in a low-dimensional manifold, which itself can be embedded
approximately in a low-dimensional subspace. The projection of the dynamical system onto this low-dimensional
subspace diminishes the computational cost while maintaining a high fidelity solution. A successful MOR scheme
can identify a suitable low-dimensional subspace and quantify the error of the solution of the resulting surrogate
model with respect to the solution of the original dynamics. For an overview of such methods we refer to
[1, 6, 33,58,59] and the recent surveys [4,5]. Most of these MOR methods are formulated in a projection
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framework. In more detail, consider a separable Hilbert space (27, (:,-), ) with induced norm || - ||z~ and an
evolution equation of the form

() =F(2(t), 2(0)=2, te(0,T), (1.1)
where the operator F is defined on a dense subspace % C 27,
F:Y -2, y— Fy).

We assume zg € ¢ and call z a solution of (1.1) if z(t) € # for all ¢t > 0, z is continuous in [0, T'), differentiable
in (0,7), and (1.1) is satisfied.

Standard projection-based MOR is based on the identification of a suitable r-dimensional subspace
Y C &, conveniently described by a basis (¢1,...,¢,), and the assumption that the solution z of (1.1) is
well-approximated within this space, i.e., there exist scalar functions z; such that

T

2(t) = 2(t) =Y Zi(t)p;  fort€[0,T). (1.2)
i=1

Substituting 2 into (1.1) and requiring that the residual is orthogonal to the approximation space ) results in
the reduced order model (ROM)

r T
Zgj <90ia§0j>3g = <g01‘,.7: Zgj@j > y 1= 1,...,7“. (13)
j=1

Jj=1 >

Note that the matrix M := [(¢i, ¢;), |; j—; is symmetric and nonsingular such that under reasonable assump-
tions on F the ROM (1.3) is uniquely solvable for any initial condition. For numerical reasons, the basis
(¢1,.-.,pr) is usually chosen to be orthonormal such that M equals the r-dimensional identity matrix. The
question that remains to be answered is how to choose the subspace ). The particular choice of this subspace
is one of the distinguishing features of the different MOR methods.

The best subspace of a given dimension — in the sense that the worst-case approximation error is minimized —
is described by the Kolmogorov n-widths [40,56] (or equivalently as shown in [78] by the Hankel singular values).
For specific equations, it can be shown (c¢f. [45,46,59]) that the n-widths decay exponentially, enabling MOR, to
succeed. Unfortunately, there are also several problem classes, where the n-widths do not decay exponentially.
This is typically the case if the dynamical system features strong convection or transport of a quantity within the
spatial domain. For examples we refer to [11,26]. For such problems, standard MOR methods cannot produce
a low-dimensional model that, at the same time, is very accurate. Several authors have observed this, yielding
the emerging field of so-called MOR for transport dominated phenomena. We give a detailed overview of the
current state of the art in Section 2.

The slow decay of the Kolmogorov n-widths is often related to sharp gradients of the solution that travel
through the physical domain. The large gradients might develop over time (for instance, in Burgers’ equation
with large Reynolds number) or are enforced within the system by the initial condition. The moving finite
element method (MFEM) [21,48] accounts for these typically local effects by moving the discretization nodes in
an automated fashion to the critical areas. Therefore the basis functions are transformed based on the current
position of the respective nodes, and the node positions are considered as additional unknowns. The equation
for the node position is derived from the necessary condition for minimizing the squared norm of the residual.
In this paper we transfer this idea to the context of model order reduction by replacing the approximation (1.2)
with

T

2(t) ~ A(t) =Y Z(OT (pi(t) i fort €[0,T) (1.4)

i=1
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with suitable transformation operators 7;: P; — B(Z") for i = 1,...,r that are #-invariant, i.e., T;(p)% C &
for all p € P;. Here, B(Z") denotes the space of all linear and bounded operators on 2". For given paths p; the
adaptive low-dimensional approximation manifold is thus given as the linear span of {7; (p;(t)) ¢;}7_;. Since our
main goal is to use the approximation (1.4) to derive a ROM, we have to ensure that we can differentiate with
respect to time. In particular, we have to choose suitable sets P;. Natural choices are to assume that the P;’s
are Lie groups or real Banach spaces. For the main applications we have in mind, it suffices to choose P; = R%
and for the ease of presentation we do not consider the more general cases described before. We immediately
arise at three questions:

(1) What are suitable families of transformation operators 7;?

(2) For given transformations 7;, how to determine Z;, ;, and p; such that the approximation error in (1.4) is
minimized?

(3) How to use (1.4) in a projection framework such that the resulting ROM can be evaluated efficiently?

In practice, we often have knowledge about the solution behavior of the equations at hand and can thus
design appropriate transformation operators. For instance, for wave-like phenomena, we can use translation
operators that shift the basis functions or modes ; in the spatial domain (see the forthcoming Example 4.3 for
the advection equation and Rem. 6.2 for a more abstract discussion). Therefore, we assume for the remainder
of the manuscript that the transformations 7; are given such that we only have to deal with the second and the
third question, which we address in Sections 4 and 5, respectively. More precisely, we extend in Section 4 the
residual minimization version of the shifted proper orthogonal decomposition (shifted POD) as presented in [71]
to the infinite-dimensional setting and, thereby, answer parts of the second question. The resulting adaptive
basis is then used to obtain a ROM wvia Galerkin projection. In most applications, the paths p; are unknown
and have to be computed during the online phase along with the coefficient functions Z;, which renders the
approximation (1.4) nonlinear. Consequently, the ROM that is obtained via Galerkin projection of (1.1) is an
underdetermined nonlinear differential-algebraic equation (DAE) that needs to be completed with additional
equations. This is discussed in detail in Section 5. Our main contributions are the following:

(1) In Section 2, we give a detailed overview of the literature on model reduction methods with special emphasis
on transport dominated problems or problems with slowly decaying Kolmogorov n-widths.

(2) We show (¢f. Thm. 4.6) that for given paths p;, the optimization problem that minimizes the residual in
(1.4) has a solution. In the special case that all modes are transformed with the same operator and the
same path we establish in Theorem 4.8 that the minimization problem is equivalent to standard proper
orthogonal decomposition (POD) (see Sect. 3.1) with transformed data.

(3) Based on the approximation ansatz (1.4), we construct a ROM that minimizes the residual, see Theorem 5.5,
and thus extend the idea of the MFEM to the model reduction context. The ROM is certified in the sense
that we provide an a posteriori residual-based error bound in Theorem 5.10.

(4) For the special case that all modes are transformed with the same operator and the same path, we discuss
in Section 6 the close connection to the symmetry reduction framework [7,64]. In particular, Theorem 6.5
details the connection of the phase condition (c¢f. (5.4)) that is obtained from minimizing the residual and
the phase condition that minimizes the temporal change of the reduced state.

We close our discussion with four numerical examples. In the case of the advection-diffusion equation, which
is discussed in Section 7.1, our ROM is capable of yielding a good approximation of the dynamics with only
two modes. In addition, this example numerically justifies the approach to use the same transformation for
several modes, as proposed in the forthcoming equation (1.5). This idea is not only advantageous for the actual
implementation, but also for the theory; see Proposition 5.7 and Remark 5.8. In Section 7.2, we demonstrate
that our method can also obtain accurate low-dimensional models for the advection-diffusion equation with
non-periodic boundary conditions. In this context, we also illustrate that the full-order model’s discretization
error has a significant influence on the approximation quality of our reduced-order model. In Section 7.3, we
consider the linear wave equation and obtain an excellent agreement with the full order model (FOM) by using
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an approximation with only two modes. Furthermore, we observe that the ROM allows choosing significantly
larger time steps than the full order model, which is an advantage of performing the model reduction on the
time-continuous level. Finally, we consider the viscous Burgers’ equation in Section 7.4 as an example of a
nonlinear full order model. In this context, we discuss how the evaluation of the reduced order model can
be rendered independent from the full order dimension. Furthermore, our approach outperforms the classical
POD-Galerkin approach and is able to yield a decent approximation of the dynamics with just seven modes.

Remark 1.1. In [43], the authors use a general nonlinear approximation of the form z(t) ~ g(z1(t),. .., 2-(¢)),
which certainly generalizes our approximation approach presented in (1.4). We believe however that our
parametrization of the general nonlinear approximation offers some advantages. First, in the general setting
with a possibly infinite-dimensional Banach space 2 it seems rather difficult to prescribe a suitable nonlinear
operator g: R™ — 2, even within a deep-learning framework as proposed in [43]. Working in the infinite-
dimensional setting often allows using equivariance (see Sect. 6 for further details), which may not be possible
anymore after semi-discretization in space. Moreover, the separation of amplitudes and transformed modes as in
(1.4), gives a direct physical interpretation of the ROM, where the transformed mode 7;(p;(t))¢; may be related
to a reference frame. For additional numerical and theoretical benefits, this may be exploited even further by
prescribing the same transformation operator with the same path for different modes ;, i.e., to replace (1.4)
with

T

20~ SN 5 OTm (1) (1.5)

i=1 j=1

On the one hand, this approach reduces the computational cost required to solve the ROM, since less path
variables need to be computed and, on the other hand, provides more flexibility for theoretical investigations,
see the forthcoming Remark 5.8.

2. STATE OF THE ART

As mentioned in the introduction, classical model order reduction techniques are usually not able to provide
accurate low-dimensional models when applied to systems exhibiting the transport of structures with large gra-
dients, such as shocks. In the past years, there has been an increasing effort in the model reduction community
to develop new methods that can solve this problem. The most relevant approaches can be roughly subdivided
into three classes. The first class of methods aims at describing the transport by appropriately chosen time-
dependent coordinate transformations, which we hence refer to as reference frame methods. For instance, in
the case of a simple advection problem, an apparent coordinate transformation is given by a time-dependent
translation that describes the advective behavior. The second class incorporates a more general time-dependent
update of the basis functions, which is not necessarily described by a coordinate transformation. This update
of the basis functions may be, e.g., realized by an h-refinement-like enrichment of the basis functions or by an
equation describing the evolution of the basis functions. The third class considers general nonlinear approxima-
tion ansatzes accompanied by a nonlinear Petrov—Galerkin projection to construct the ROM. The corresponding
nonlinear mappings are usually constructed via techniques from machine learning.

Reference frame methods

A common approach among the methods using coordinate transformations consists of formulating the FOM
in a new coordinate system, which we refer to as the reference frame. The goal is to choose the coordinate
system in such a way that the Kolmogorov n-widths for the transformed problem decay fast and thus enable
standard MOR methods to succeed. The first developments in this direction are presented within the symmetry
reduction framework, c¢f. [7,64,65]. The main idea is to approximate the solution by a composition of the
action of a time-dependent group element and a so-called frozen solution, cf. Section 6. Ideally, the group action
and the time-dependent element are chosen such that the frozen solution is almost constant over time, which
supports a low-dimensional approximation. The group action can, for example, be chosen based on physical
considerations or from snapshot data of the full order solution. For instance, in [74], the authors present a
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method to pre-process snapshot data to align them in such a way that the singular values decay fast and, thus,
a low-dimensional description of the dynamics can be obtained. To this end, they assume the snapshots to
be almost identical up to the action of some underlying symmetry group. Here, the coordinate transformation
is described by the group action, and the task is to assign group elements to the snapshots optimally. The
proposed solution for this problem involves the recently introduced eigenvector alignment method [73], which,
in comparison to other methods, has the advantage that no template snapshot needs to be chosen. Similar ideas
to pre-process the snapshot data by some kind of alignment or calibration have been applied, for instance, in
[62,72]. A different approach for determining a low-dimensional description of given snapshot data was presented
in [36] and is based on solving optimal mass transfer problems.

The contributions mentioned so far mainly consider the task to find a low-dimensional approximation of
snapshot data, but they do not construct a dynamic ROM based on the low-dimensional description. An
approach that considers both tasks is, for instance, presented in [50]. At the first step, the authors apply
a symmetry reduction tool, called the method of slices [64], to formulate the FOM in the reference frame.
Afterward, they apply a standard model reduction scheme to the evolution equation in the reference frame.
Similar approaches based on the idea to formulate the FOM in a different coordinate system and apply standard
model reduction schemes afterward are discussed, e.g., in [49, 53,64, 75].

Instead of first transforming the full order model and then reducing the transformed system, the authors
in [11] directly reduce the untransformed FOM using an approximation ansatz that includes a coordinate
transformation. Their approach for the compression of snapshot data is similar to the ones mentioned above.
However, they also present a method for constructing a ROM based on the identified low-dimensional description
of the snapshot data. To this end, the authors first discretize in time and then substitute the approximation
ansatz into the semi-discrete full order model. They present an algorithm for updating the time-discrete states
of the ROM by minimizing the time-discrete residual. The evaluation of the ROM still scales with the full
dimension, but they present an additional approximation of the ROM, which allows achieving an efficient
offline/online decomposition. Further methods which are based on the idea to enhance the approximation
ansatz via a coordinate transformation are discussed in [10,23,38,51,63].

All methods mentioned so far have in common that they apply a single coordinate transform in order to
get a faster decay of the singular values or the Kolmogorov n-widths. However, one coordinate transformation
may not be sufficient to obtain a low-dimensional description in the case of multiple transport velocities in the
system. For instance, the analytical solution of the linear wave equation can be represented by two traveling
waves, which cannot be described by two modes and a single transformation. So far, there are only a few methods
that consider the case of multiple transport velocities and treat them with different coordinate transformations.
For example, the shifted POD [60, 61, 71] considers an approximation ansatz, which allows to have different
coordinate transformations for different sets of basis functions. To compute a low-dimensional approximation of
given snapshot data, the authors in [61] propose a heuristic method that iteratively transforms the snapshots
into the different reference frames and compresses the data in the respective frame using a singular value
decomposition. In [60], the dominant modes are identified by solving an optimization problem that maximizes
the leading singular values in each reference frame. Also, in [71], a shifted POD approximation is computed
by solving an optimization problem, which aims at minimizing the deviation of the approximation from the
original snapshot data. An alternative approach is considered in [62], where the authors also present a method
for identifying modes in several reference frames similar to the shifted POD. However, instead of applying an
iterative or optimization procedure, they extract the dominant modes one after another in a greedy fashion.
Thus, this method has a lower computational complexity in comparison to the shifted POD. However, it fails to
give the minimum number of modes even for examples like the linear wave equation where the analytic solution
is known. Both the shifted POD and the transport reversal presented in [62] are methods for the identification
of dominant modes only, and there is no dynamic ROM constructed based on the determined modes.

In this paper, we close this gap by introducing a framework that allows constructing ROMs based on trans-
formed modes, which can, for instance, be computed by one of the contributions mentioned above. Notably, our
framework is not restricted to the case that all modes are transformed by the same coordinate transformation,
but we consider the general ansatz (1.4), which allows incorporating several transformation operators.
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Adaptive basis methods

The second class of MOR methods for transport dominated systems is based on an online adaptation of
the modes during the simulation of the ROM. For instance, in [16], the authors combine the reduced basis
method with a segmentation of the time interval, i.e., they subdivide the total time interval of interest into
subintervals and then compute a reduced basis on each of these subintervals. The authors of [16] propose an
adaptive segmentation such that a prescribed error tolerance and a maximum number of basis functions per time
interval is not exceeded. Depending on the time interval segmentation, this may lead to a considerable reduction
of the number of required basis functions in each time interval in comparison to a non-segmented approach. In
the online phase, they simulate the ROM subsequently on each subinterval. When the interface between two
adjacent subintervals is reached, the initial value for the new subinterval is computed by an orthogonal projection
of the current approximation of the full order state onto the span of the basis functions of the new subinterval.
Thus, the ROM is a switched system, where the switching condition depends solely on time. Furthermore, they
provide an a posteriori error estimator, which they use to drive a greedy parameter sampling and the adaptive
time partitioning.

Differently from [16], the authors in [18] propose a scheme that adapts the reduced basis only in the online
phase and only if the error estimator returns values which are too high or too low. In the offline phase, they
define a tree structure that represents hierarchical orthogonal decompositions of the underlying vector space of
the FOM. Based on this tree structure, they are able to adaptively refine the basis if the error of the ROM is
too high or to compress the basis if the error is smaller than a prescribed error threshold. This refinement or
compression of the basis corresponds to moving downwards or upwards in the tree structure, respectively. As in
[16], the obtained ROM is a switched system, but in contrast to [16], the switching condition is state-dependent
since the error estimators are based on the current state of the ROM. Thus, the switching times are a priori
not known. The work in [18] is based on the ideas presented in [12] and extends them towards more general
refinement trees and a more general and efficient basis compression scheme. Another online-adaptive scheme is
proposed in [55], where the basis functions are regularly modified via a low-rank update, where the number of
basis functions remains constant in contrast to [18].

Remark 2.1. Model reduction for switched systems is an active research area for itself, with several contribu-
tions within the last years. For an overview we mention [2,25,66,69] and the references therein.

In [22], the authors present an approach that is also based on a reduced basis, which is adapted as time
evolves. However, in contrast to the works mentioned above, the rules for updating the basis are more problem-
specific. In concreto, they propose to use the eigenfunctions of a linear Schrodinger operator associated with
the initial value of the FOM as basis functions. Then, the time evolution of the basis functions is performed
in such a way that the basis functions remain eigenfunctions of a linear Schrédinger operator associated with
the time-dependent FOM. Consequently, they obtain an additional evolution equation for the basis functions.
In contrast to the works mentioned above, the ROM is not a switched system with time-discrete changes in the
basis functions, but instead they obtain a time-continuous equation for the evolution of the basis functions.

In the last paragraphs, we have discussed model reduction methods, which are based on time-dependent basis
functions, while there are different ways of establishing this time dependency. Formally, also the reference frame
methods fit into this rather general class of approaches since applying time-dependent coordinate transformations
is a particular way of inducing a time dependency into the modes. Nevertheless, we distinguish between these
two classes since the main ideas are somewhat different. The reference frame methods are motivated by physics
and incorporate coordinate transformations to model the advection behavior present in the dynamics. On the
other hand, the adaptive basis methods propose rather general ways of updating the basis functions without
attempting to model the advection explicitly.

Nonlinear projection methods

The idea of the third class of methods is to approximate the solution via a general nonlinear approxima-
tion ansatz. In [43], the authors use an autoencoder, which is a type of artificial neural network, to obtain
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a low-dimensional description of the FOM solution. Based on the snapshot data, a decoder and an encoder
mapping are learned, where the decoder is a mapping from the reduced state space to the full state space and
the encoder wvice versa. Especially, the lifting of the reduced state to an approximation of the full order state
is performed by the decoder mapping, which thus describes the approximation ansatz. The projection of the
FOM is carried out by substituting the approximation ansatz into the FOM and then constructing the ROM via
minimization of the residual. They propose two different approaches: One is based on minimizing the residual
for the time-continuous FOM while the other one considers the FOM in the time-discrete setting. The idea to
use autoencoders for the purpose of model order reduction has been previously presented in [32,39].

Remark 2.2. For several hyperbolic problems, it is possible to derive an equivalent system of delay equations,
see, for instance [8,15,44]. Although these delay equations are still infinite-dimensional, they are — from a
computational perspective — much easier to solve. From a model reduction perspective, this provides a different
approach to the approximation of transport dominated phenomena by searching for a surrogate model that
captures the transport by including a time-delay. Some first results in this direction are obtained in [20,57,67,
68,70].

3. NOTATION AND PRELIMINARIES

Throughout the paper we denote the Bochner space of square integrable functions and locally square
integrable functions in the time interval [0,7] with values in a Banach space 2 by L2?(0,7;2 ) and
L2 . (—00,00; Z), respectively. If 2" = R, we simply write L? (0,T). The Sobolov space of square integrable
functions in a domain 2 C R? with square integrable derivative is denoted by H'(f2). If additionally periodic
boundary conditions are assumed, we write le)er(Q)‘ For an operator A we denote its adjoint operator by .A*.
The induced operator norm of A is denoted by |[||.Al|| and the standard Euclidean norm on R™ is written as || - ||2.

The transpose of a matrix M = [m;;] € R™*™ is denoted by M7 and 4;; is the Kronecker delta.

3.1. Proper orthogonal decomposition

To motivate what follows, we consider one classical way of constructing the MOR, projection basis (¢1, . - ., @r),
namely POD, see for instance [29,35] and the references therein. Our starting point for the discussion is the
approximation (1.2). Suppose that we have access to a solution trajectory z of (1.1), for instance via a numer-
ical simulation. For a given dimension r < dim(.2"), the approximation error in (1.2) is minimized wvia the

optimization problem
2

1T .
min 5 /0 z(t) — Z Zi(t)p; de (3.1)
J=1 7
s.t. {goj};:l C % and (@i, 0j)y = 0ij, 4,5 =1,...,7.

For later referencing, we call the solution {¢;}7_; of (3.1) the dominant modes for the solution trajectory
z. Notice that the optimization problem (3.1) depends on the coefficient functions Z; for j = 1,...,r and in
principle one should also minimize over the Z;’s. It is however well-known that the best approximation in a
subspace is given by the orthogonal projection onto this subspace and hence we have Z;(t) = (z(t), ¢;), for

j=1,...,r. Thus, we are interested in the optimization problem
2
17 .
min f/ z(t) — Z (2(t), )9 ©j dt
2 Jo = , (3.2)

st. {gj}ioy C© ¥ and (pi, @), =0y, 4,5 =1,...,7



2018 F. BLACK ET AL.

Following [29], the optimization problem can be solved by computing the eigenvalues of the nonnegative, self-
adjoint compact operator

R =%, Rp= /O (=(1), @)y (1) dt. (3.3)

Observe that z € L? (0,T; %) implies (see also [29], Lem. 1.24) Ry € % for all p € 2. In this case, a solution
of (3.2) can be obtained as follows.

Theorem 3.1 ([29], Thm. 1.15). Let 2" be a separable real Hilbert space and suppose that z € L? (0,T; Z7) is
given. Then there exist nonnegative eigenvalues A\; and associated orthonormal eigenvectors p; € X fori € T
with
Toe {1,...,dim(Z")}, if dim(27) < o0,
TN, otherwise,
satisfying
R(pi = )\i(pi for i € 7, (34)
and Ai > X120 for i < dim(Z"), (3.5)

with R as defined in (3.3). If in addition z € L*(0,T; %) with a dense subspace % C 2, then for anyr € T
with A, > 0, the set of the r leading eigenvectors {p;}7_; is a solution of (3.2).

Remark 3.2. One can show (see for instance [80]) that (3.4) equals the first-order necessary optimality condi-
tion for the minimization problem (3.2). In particular, the minimizer of (3.2) is unique if, and only if, the first
r + 1 eigenvalues of R are simple, that is Ay > ... > A\ > A1,

To illustrate Theorem 3.1 we consider the following simple example with an advection equation, see also
[35,77].

Example 3.3. The one-dimensional linear advection equation with constant coefficients and periodic boundary
condition is given by

Oz (t,8) + 0g2(t,€) = 0, (t,€) € (0,1) x (0,1),
2(t,0) = 2(t,1), t € (0,1), (3.6)
2(0,€) = 20(8), £€(0,1),
with given initial value
20 €Y = pcr(() 1).

For notational convenience, we consider zq as an element of L _(R) via periodic continuation. It is well-known
that the solution of (3.6) is given by z(¢,§) = 2z9(§ — t) for (¢,€) € (0,1) x (0,1). To compute the POD basis as
in Theorem 3.1 we set 2~ = L?(0,1) and observe that the operator in (3.3) is given by

1
(Re)(C) = / R(C,€)p(€) de

with auto-correlation function R((,€) = fo 2(t, &) dt = fo 20(t)zo(t + (¢ — €))dt. In particular, R((,€)
depends only on the distance between ¢ and f Slnce R is periodic in the first argument, and thus also in the
distance & — (, we can consider its representation in the Fourier basis, i.e.,

Z cx exp (2mik(€ — () with ¢; € R.

k=—o00

Using this expression, we observe that the eigenvectors of R, which correspond to the solution of the minimization
problem (3.2) for the advection equation (3.6), are given by the functions ¢;(§) = exp(2mi€). Note that the
eigenvectors of R are independent of the initial value, which completely describes the solution of (3.6) and the
initial value only influences the ordering of the dominant modes.
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In practice, the solution of the FOM (1.1) usually depends on an additional variable p, i.e., z2(t) = z(t; p),
which may represent physical or geometry parameters or a control function. In any case, the dominant modes
should reflect the dynamics for a large range of the additional variable p, which we hereafter refer to as parameter.
The current state of the art is to sample the parameter space, i.e., to pick parameters p; for j = 1,..., M
and solve (1.1) for each parameter value p;. The dominant modes can then be computed by solving (3.2)
simultaneously for all parameters [29], which is equivalent to concatenating the solution trajectories for different
parameters and solve (3.2) based on the concatenated solution. An alternative approach is to determine dominant
modes for each parameter and then combine the different dominant modes. In general, the first approach provides
a smaller set of dominant modes, while the second approach allows to pick the parameters iteratively, for instance
by a greedy selection procedure. Let us mention that convergence rates for the greedy approach can be related
to the decay of the Kolmogorov n-widths, see for instance [30,78].

3.2. Galerkin projection and offline/online decomposition

Having identified a set of dominant modes {;}’_, we substitute the Galerkin ansatz (1.2) into (1.1) and

obtain at time ¢t > 0 the residual
> Gt —F <Z z(tm) :

=1

Note that the choice of the modes {¢;}7_; fixes the initial condition and thus the coefficient functions Z; at
time t = 0. Thus, if we want to minimize the norm of the residual we can do so only by optimizing over the
slope of the coefficient functions. The concept of minimizing the norm of the residual with respect to the slope
of the coeflicient functions is called continuous optimality in [13]. We deduce that the partial derivative with

respect to Z, is given by
= 2221 Pes Pidy <<Pz7 (Z zzsoz>> .
x x

oo

As a consequence the ROM (1.3), or equivalently

MA(t) = F(:(t), 20) =%, te(0,T) (3.7)
with M := [(pi, ;)5 |7 j=1 € R™", reduced state Z(t) € R", F:R" — R", and initial value %y € R" defined as

Z1(t) (o1, F (Ooiy Zipi)) g (@1, 20)9

Zr (t) <<Pra F (2221 21'4)01'»5( <‘PT7 ZO)gZ‘
satisfies the following result, see also [13].

Lemma 3.4 (Continuous optimality). The ROM (3.7) is continuously optimal in the sense that if Z is a solution
of (3.7), then for each t > 0, the velocity Z(t) is the unique minimizer of

Z QiQ; — (Z Z; (t)@z)

=1

Z

Although the ROM is formally stated in R”, it still depends on the evaluation of F in the original space %
and thus it might still be computationally intractable to solve (3.7) efficiently. However, in many cases we can
precompute all quantities that depend on %/, which allows a fast evaluation of (3.7). This process is called
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efficient offline/online decomposition in the MOR literature. For instance for a linear operator A: # — 2~ we
have
(o1, ATy Zii)) g (p1, Ap1) g - (1, Apr)y | |21 N
s = : | =4z
(ry A(Ciz1 Zipi)) o (ors A1)y - (or Apr)y | |2

with A € R™*". Notice that the precomputation is possible for all polynomial structures, see for instance [41]
and the references therein. Indeed, let us present the details for a quadratic polynomial, exemplified by a linear
operator N': (¥ @ %) — X, where % ® % denotes the tensor product of % with itself. In this case, we have

N <<Z 2¢<p¢> ® (Z 2@@@)) =D > ZEAN (0 ® o).
i=1 =1

i=1 (=1
Defining
N (1, N(p1 @ 01)) g (01, N(01 ® 02))p -+ (01, N(0r ® ©1)) 5 ,
W c R™XT
(or, N1 ® 1)) (0 N (01 @ 02)) g -+ (0r, N(0r @ 1)) g
implies

(o1, N ((ios Zipi) ® (3imy Zepe)))yr
: =N(E®2),

(0 N (i Zipi) ® (3o Zepe)))

where N can be precomputed in the offline phase and, thus, the right-hand side can be computed independently
of the original space %'. Recall that, for each time instance, Z is an r-dimensional real vector and thus the tensor
product Z®2Z reduces (up to an isomorphism) to the standard Kronecker product. The procedure extends directly
for a general polynomial but for the sake of notation we omit the details.

Remark 3.5. If the Hilbert space 2 is finite-dimensional it is isomorphic to RY (with standard inner product)
such that without loss of generality we may assume .2~ = R . In this case, the basis vectors w; j=1,...,1)
form a matrix

® = (o1 ... o] e RVxT,

In this case, the polynomial operators are associated with matrices, i.e., A € RV*N and N € RNXN* and the
reduced analogues are given by

A=0TA® and N =0"N(®©®),
where again ® denotes the Kronecker product.

Albeit many nonlinear systems can be rewritten as polynomial systems by introducing additional states [28], it
may not be possible to reduce the computational complexity to a satisfactory level with the approach presented
above. To remedy this problem a standard approach is to further approximate the nonlinear function, for instance
via the empirical interpolation method (EIM) [3] or the discrete empirical interpolation method (DEIM) [14].
Although the extension of these methods to our methodology presented in the forthcoming Section 5 is certainly
an interesting aspect we consider this a second step and postpone the extension to a future work.

Remark 3.6 (Parameter separability). If the right-hand side in (1.1) depends on a parameter p and is separable
with respect to this parameter, that is F(z, u) = Zle 01 (1) Fr(z) with suitable scalar-valued functions 6y, then

this structure is retained in the ROM by setting F'(Z, 1) = Zszl 01 (1) F.(2). This facilitates the efficient usage
of the ROM in a many-query context, where the ROM has to be evaluated for many different parameter values.
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4. IDENTIFICATION OF DOMINANT MODES

Similarly as in Section 3.1, we aim for identifying the dominant modes of the system, which capture most of
the dynamics. However, instead of considering a linear Galerkin approach as in (1.2), we use the more general
ansatz (1.4) here. Thus, similarly to Section 3.1, we assume that we are given z € L? (0, T; 2"), which we want
to approximate via (1.4), i.e., we want to solve the minimization problem

T 2
1 T
min — z(t) — 22 t 7; i t i dt,
3 | [0 - Za0mme )
0 1= Z
st. o€ X7 |lpilla =1, % € L*(0,T), p; € L*(0,T;P;) fori=1,...,r.
Here, we assume that the mappings 7;: P; — B(Z") for i = 1,...,r are given and satisfy the following assump-

tion.

Assumption 4.1. For each p; € % and each i € {1,...,r}, the mappings T;(-)p;: P; — % are continuous.
Moreover, there exists a constant ¢ > 0 such that

Il <e VneP; (4.2)
fori=1,...,r, where ||| denotes the induced operator norm.

Lemma 4.2. Let the mappings T; (i=1,...,r) satisfy Assumption 4.1 and assume that z € L?(0,T; %),
ped, z€L?(0,T;R"), and p € L?>(0,T); Py X -+ x P, are given. Then the integal in (4.1) is defined.

Proof. We define for i = 1,...,r the mapping
a;: (0,T) x Py — 2, (t,m:) = Zi()Ti(m:) ps

and the associated Nemytskij operator A;(p;)(t) = (¢, pi(t)) for almost all ¢ € (0,7). Assumption 4.1 implies
that o (¢,-): P; — &£ is continuous for almost all ¢ € (0,T"). By assumption, Z is measurable and thus «; (-, 7;) is
measurable for all ; € P;. In particular, «; satisfies the Carathéodory condition and thus A;(p;) is measurable
[24]. We conclude the proof by observing

T
14 (pi) 172 0,75 :/0 26 PITi(ps (1) @il dt < @Zl1220 1)
and thus A;(p;) € L (0,T; Z). O

Before we discuss existence of a minimizer of (4.1) let us illustrate the usefulness of the ansatz (1.4) by
revisiting the linear advection equation discussed in Example 3.3.

Example 4.3. Recall that the solution z of the linear advection equation in Example 3.3 is given by a shift of
the initial condition, i.e., z(t,&) = zo(§ — t) for all (¢,&) € (0,1) x (0, 1). Defining for n € R the shift operator

S(n): L*(0,1) — L*(0,1), S)f = f(—n)

via periodic continuation, we observe that the solution of the advection equation can be written as
2(t,€) = S8(t)z0(§)  forall (£,€) € (0,1) x (0,1).

Thus, a minimizer of (4.1) is given by the choice r =1, T; = S, w1 = 20/|20ll 27, Z1(t) = ||20]|2-, and p1(t) =1
for t € (0,1). Thus, the solution can be described without approximation error with just one mode when using
the ansatz (1.4). Furthermore, while the dominant modes determined via POD are independent from the initial
condition (cf. Example 3.3), here, the dominant mode is given by the (normalized) initial condition itself, which
in turn fully describes the solution. Especially, it is possible to construct initial conditions which result in a
need of arbitrarily many POD modes to capture the solution, cf. [11], while using (1.4) only one mode is needed
regardless of which initial condition is chosen.
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Let us emphasize that in contrast to the POD minimization problem (3.1) discussed in Section 3.1, we only
require the modes to be normalized but not necessarily to form an orthonormal set. The proof of Theorem 3.1
relies heavily on the fact that the modes are orthogonal. Mimicking this proof would require that 7;(p;(t))p; is
orthogonal to 7;(p;(t))p; for all i # j and all t € [0, T]. The next example highlights that in general, this is not
a reasonable assumption. Instead, we only require the modes to be normalized in 2 .

Example 4.4 (Wave equation). We consider the linear acoustic wave equation in Q := (0,1) with periodic
boundary conditions for the density p and the velocity v given by

atp(ta é-) + ag’l)(t7§) = 07 taf S (Oa 1) X Qa
Opv(t, &) + 9ep(t, &) = 0, t,§) € (0,1) x Q
p(t,0) = p(t, 1), t€(0,1),
v(t,0) = v(t, 1), t e (0,1), (43)
p(ng) = pO(é)a 5 S Qa
v(0,€) =0, §eq,

with given initial value

2

Similar to Example 3.3, we consider zg as an element of Li .

solution can be expressed as

(R;R?) wvia periodic continuation. The analytic

CER T

where ¢;,q- € L% (R) are functions determined via the initial value and the boundary conditions, cf. [34]. In
the case of a homogeneous initial condition for v, the values of g4 and g_ in £ are determined via

0+() = a6 = 5ml6), €€,

and are periodically extended to ngoc (R). Now let us assume that we are only interested in a low-dimensional

approximation of the density which is given by

(S(B)po(§) +S(=t)po(§)) =: 2(t,€)

p(t,€) = % (Po(€ = 1) + po(E +1)) = %

for (¢,€) € (0,1) x Q with the shift operator as defined in Example 4.3. Thus, a minimizer of (4.1) is given by
the choice r = 2, 71 = T, = S, p1 = 2 = po/llpoll 2, and

m(t) =t, pa(t) = —t for t € (0,1),

and we conclude that the solution can be described without approximation error with just two modes with (1.4).
Especially, we observe that the transformed modes 77(p1(t))¢1 and 73(p2(t))p2 become linearly dependent
for ¢t = 0 and ¢ = 1. Thus, even a minimizer of the cost functional may lead to transformed modes which
become linearly dependent. This observation indicates that it is not reasonable to enforce orthogonality of the
transformed modes in contrast to the POD minimization problem addressed in Section 3.1. In this example, we
may still obtain linearly independent modes as long as py # 0, by adding the velocity data, i.e., by considering
z = [p v]T instead of z = p.
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By assumption, % is a dense subspace of 2 . Since we only require the modes to be normalized in %2, it
is not clear that (4.1) possesses a minimizer in #". Instead, we assume that ¢ itself is a reflexive Banach
space with norm || - || . Moreover, we assume that % is compactly embedded in 2" (c¢f. [81], Def. 21.13) and
propose to restrict the admissible set of (4.1) by imposing a bound on the modes with respect to || - || . Another
drawback of not enforcing that the modes are linearly independent is that the coefficient functions z; may
become unbounded. To prevent this, we further restrict the admissible set by imposing a bound on % in the L?
norm. Finally, we simplify the minimization problem (4.1) by assuming that the paths are known a priori or
have been determined in a pre-processing step, see for instance [47,61,62,71]. In summary, we assume that the
cost functional is defined as

2

. : e -
0 i=1 x
where we use the notation Z = (21,...,2,) and ¢ = (p1,...,p,). The admissible set is given by

A= {(2,(,0) € L?(0,T;R") x 2" (4.6)

p € " max{|gillo, |ZillL20.1:r)} < C,
and ||pil| 7 =1fori=1,...,r

with given constant C' > 0 that is large enough. Instead of the minimization problem (4.1) we thus consider
min J(Z, @) s.t. (Z,) € A (4.7)

Example 4.5. For a bounded Lipschitz domain Q C R% set 2~ = L? (Q) and % = H'(Q). Then % is compactly
embedded in £, see for instance Theorem 9.16 of [9] or Theorem 21.A of [81]. Note that in this case, we can
replace ||@;|la < C by [|0cwill2 < C in (4.6).

Theorem 4.6. Let (¥, - ||l#) be a reflexive Banach space which is compactly embedded in Z . Moreover,
assume that paths p; € L?(0,T;P;) are given and the transformation operators satisfy Assumption 4.1. Then
(4.7) has a solution.

Proof. Let J* > 0 denote the infimum of J over A and let (3%, 4%) denote a sequence in A with
limy, o0 J(Z*, %) = J*. Since (¥, %) is bounded in L% (0,T,R") x ", the Eberlein-Smuljian theorem ([81],
Thm. 21.D) ensures that (¥, o*) possesses a weakly convergent subsequence (Z57, ©*») with limit (2%, p*), i.e.,
(ZFn ohn) — (2%, p*) in L2 (0,T;R") x #" for n — oo. Since % is compactly embedded into .2~ we conclude
strong convergence in 2~ ([81], Prop. 21.35), i.e., ¢*» — ¢* in 2™". This immediately implies ||¢f| 2 = 1 for
i=1,...,r. Define the bilinear mapping
-
B: L0, TR x 27 = L2 (0,T:2),  (5,9) = Y H()Ti(pil-)p:-

=1

For f € L?(0,T; %), 2 € L?(0,T;R"), and p € 2" we compute
roT
18 on =3 [ 50 70T 0N,
i=1

Since pF" — @f for n — oo implies <f(t),’]§(pi(t))gaf” >9ﬁ — (f(t), Ti(pi(t)) @] ),y for n — oo and almost all
t € (0,T), we use Proposition 21.23(j) of [81] to infer ﬁ(ik;*,gok" — B(z*, ¢*). The claim now follows from the

)
fact that the norm is weakly sequentially lower semi-continuous ([81], Prop. 21.23(c)) and thus

J* < J(5, %) < liminf J(2Fn oFn) = Jim J(ZF, o8 = J*.
— 00

n—oo
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Remark 4.7. Instead of restricting the admissible set in (4.6) to bounded coefficients and modes, we can
alternatively regularize the cost functional. In more detail, we consider

. - Y1 ~2 V2 2
min J(Z,¢) + —||Z||72/0 7.rry + — o
{ (59) + B2l rm) + 2ol s

st.o e and ||g;||lgr =1fori=1,...,r

with given regularization parameters 71,72 > 0 instead of (4.7). Note that v1,72 > 0 implies that a minimizing
sequence (Z%, ") is bounded and thus one can show existence of a minimizer of (4.8) as in the proof of
Theorem 4.6. In general, we expect that (4.8) is favorable compared to (4.7) from a numerical point of view.
This is subject to further investigation.

Let us emphasize that even in the case that all transformation operators are given by the identity, it is not
clear that the minimizer of (4.7) is unique, see Remark 3.2. In particular the uniqueness depends on the data z
and thus without further restrictions on z we cannot expect to establish that the minimizer of (4.7) is unique.

In order to numerically solve the minimization problem (4.7), it needs to be discretized in space and time. In
[71], the authors present a method which first discretizes the problem and afterwards solves the fully discrete
minimization problem numerically. Related approaches are presented in [60-62], where the transformed modes
are also identified based on fully discrete problems. These approaches have in common that the problem to be
solved is already formulated based on a given discretization in space and time.

In the case that all modes are transformed by the same operator, i.e., J is given by

J(p) :=§/OT

we can use the following observation to compute a minimizer of (4.7). For the special case that the transformation
7 is given by the shift operator, this was recognized for instance in [11,61,71].

. 2

2(t) = T(p(t) > z(t)pi

i=1

dt, (4.9)

Theorem 4.8. For given data z € L*>(0,T; %) and a given path p € L?(0,T;P), consider the minimization
problem (4.7) with J as defined in (4.9). Suppose that the operator T is isometric and satisfies Assumption 4.1.
Let o* := (¢7,...,9F) denote a solution of the POD minimization problem (3.2) with transformed data T*(p)z
with corresponding eigenvalues Ay > ... > \. > 0 as defined in Theorem 3.1. Define z* = (Z3,...,zF) via
Zr = (2,¢5)y fori=1,...,r. If C in (4.6) satisfies

1
max { I (”'ZHQL?(O,TJ?T) + HZ||2L2(0,T,@)) ) ||Z||L2(0,T,5Z')} <C,
then (2%, ¢*) is a minimizer of (4.7).

Proof. Since 7 is isometric, we have

2
. 1T .
RS Al taC OIEURD SETOI R
0 i=1 @
It is easy to see that we can substitute the condition ||¢;||2 =1 for i = 1,...,r in the admissible set (4.6) by
the condition (¢, ¢;), = d;; for i,j = 1,...,r without changing the minimum. It thus remains to show that

(2%, ¢*) is an element of the admissible set defined in (4.6). We immediately obtain

o ller

T
12 20y < / =(t)

ydt= ||Z||2L2(O,T;£’) <C.
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For the estimate of the modes we use the operator R defined in (3.3) and Young’s inequality to obtain

,<f/ OIS

o @4umnq/+umeT@J c.

1
Dl dt < 53 (181220 + 12l 0.70))

o7 |2

\ /\

5. REDUCED ORDER MODEL WITH TRANSFORMED MODES

Suppose now that we are given suitable transformation operators 7; and have identified a set of dominant
modes ¢;, for instance via the procedure described in Section 4. Then we are able to construct a ROM for (1.1)
via Galerkin projection, i.e., by substituting the approximation (1.4) in (1.1) and formally project the resulting
equations onto the time-dependent approximation space

span {T;(p;(0)e; |5 = 1,....7}. (5.1)

Since the abstract differential equation (1.1) involves a differentiation with respect to time, we have to assume
that the transformation operators are continuously differentiable. Indeed, we only require that the transforma-
tion applied to the respective mode is continuously differentiable and thus make the following assumption.

Assumption 5.1. The mappings T;(:)i: Pi — % are continuously differentiable.

Example 5.2. The shift operator 7 (p)z = z(- — p) from Example 4.3 with periodic embedding into L? (0, 1)
is a strongly continuous semigroup ([17], Example 1.5.4). In particular, semigroup theory implies that 7 (-)¢p is
continuously differentiable for all

¢ € D(A) = H,.(0,1)

see for instance Chapter 1, Theorem 2.4 of [54]. We conclude that the shift operator satisfies Assumption 5.1,
whenever % C D(A).

By abuse of notation we denote the derivative of 7;(-)¢; at p; € P; by [T/ (p:)ei] € L(Pi, Z). Recall that for
the sake of notation we assume P; = R% and thus P := Py X --- x P, = RY with ¢ := Z:Zl qi- The Galerkin
projection of (1.1) onto (5.1) is then given by

My (p(1))2(t) + N(p(£)) DE(1))b (1) = Fy(p(1), 2(1)) (5:2)

with state and path vectors

)= [a(t) - 0] eR, p(t) = [p (1) - pT ()] € RY, (5-3)

mass matrix Mz(p) := [(Zi(pi)pi, Ti(pj) i) i j=1 € R™*", correlation block matrix

N(p) == [(Ti(pi)ei, [T} (pj)esler), - (Ti(pi)pis [Tj'(pj)%‘]eqﬁﬁ-]:,j:l e R™1,

diagonal matrix D(2) := diag(z11y,, ..., Z-I;.) € R7*9, and right-hand side

B (Ti(pr)er, F(im ZTi(pi) i)y

Fz(p,é) = :
(To(pr)ors F(Xizy ZTi(pi)pi) o

Here, e; denotes the ith unit vector of suitable dimension, such that (es,...,e,, ) forms a basis of P; = R%.
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As in Section 3.2, the right-hand side Fy still depends on the original space ¢ and requires further sim-
plifications. For instance, if F is given by a quadratic polynomial of the form F(z) = M (z ® z) with linear
operator N': % @ % — 2 we can (for given p) precompute the quantities (7;(p;)e;, N (Zi(pi)pi @ Te(pe)ee))y
for 7,5,£ = 1,...,r. A further simplification is possible if F is equivariant with respect to the transformation
operators 7; (see the upcoming Assumption 6.1 and the discussion thereafter for further details). Let us mention
that parameter separability (see Rem. 3.6) is easily retained in the ROM (5.2).

Remark 5.3. In contrast to POD we cannot ensure that M;(p) is nonsingular for every p € P, since some of
the modes 7;(p;)p; may become linearly dependent (see Example 4.4). This may happen either at single time
points or at a complete time-interval. In the latter case this implies that some of the modes are redundant
and can be removed during this interval. In any case, whenever Mj;(p) becomes singular we have to restart the
computation of the reduced model.

It is clear that (5.2) is not sufficient to compute Z and p and hence can be understood as underdetermined
DAE, cf.[42]. To complete the underdetermined DAE (5.2) we have to add additional equations

U(p,p,%,2) =0 (5.4)

and consider the coupled system (5.2) and (5.4). In the literature, these equations are called phase conditions
[7,53] or reconstruction equations [64,65] and are used to determine the path p(t) along the solution Z. Although
several choices for ¥ are proposed in [7], it is not clear a priori, which phase condition benefits the model the
most. Since our ROM is obtained wvia Galerkin projection, which satisfies the continuous optimality principle
(see Lem. 3.4 and [13,43]), we propose to construct the phase condition also via continuous optimality. More
precisely we define

Ures(ps 2 2) 1= D(3)T (N(p) 2+ My (p)D(E)p — Fy (p. ) (5.5)

with block mass matrix

([T (pi)piler, [T} (pi)esler), - ([T (pi)gilers [T} (p)eileq; ).,

My(p) == : : € RI*¢ (5.6)

(T (p)eileas [T (B sler), -+ (TP )oileas [T (0)¢5lens ),

4,J=1

and reduced right-hand side

r

(1T ()eiler. F (S)o 5T m)es) ),
Fy(p,2) = € RY,
(I p)eieas F (S5 5T 00)es) ),

i=1

The coupled ROM for the reduced state Z and the transformation path p is thus given by

M;(p(1))2(t) + N(p(£)) D(2(1)b(t) = Fy(p (D), 2t)), (5.7a)
D(())" N (p(t)"2(t) + D(2(t))" My (p(t) D((t))p(t) = D

or equivalently in matrix notation

5 o] Bt ] [6 o) ] = [0 o
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Remark 5.4. The phase condition (5.7b) can be obtained from (1.1) by substituting the ansatz (1.4) and
enforcing that the residual is orthogonal to

Span{z’b[ (pl)gol]ej | 7’ - 1 r?j = 17"'7qi}' (59)
Thus the phase condition (5.7b) can be obtained wvia projection onto the space in (5.9).
For ¢ > 0 we define Z: (0,T] x R" x P — 2 via
A(t,x,m) Zx (pi(t))pi +Zzz )i m —F (Z Ei(t)ﬂ(pi(t))soi>
i=1

such that the residual that is obtained at time ¢ > 0 by substituting the ansatz (1.4) into the evolution
equation (1.1) is given by Z(t, z(t), p(t)).

Theorem 5.5 (Continuous optimality). The ROM (5.7) is continuously optimal in the sense that if (Z,p) is a
solution of (5.7), then for each t > 0, the pair (2(t), p(t)) is a minimizer of the norm of %, i.e.

|2(t, 2(t), b)) || 2 < || 2(t, z,1)| 2 for all (z,n) € R" x P.

Proof. Let t > 0. We first notice that ||Z2(t,x,n)||% is convex in (x,7n) and hence the first-order necessary
optimality condition is also sufficient. The partial derivatives with respect to the first variable are given by

7\\«@(75 z,n)l% = 22% Te(pe(t))pe, Ti(pi(t) +2Zzz (Te(pe(t) e, [T (pi(t)) il i)y
i=1
-2 <Te(pe(t))w, F (Z 2i(t)Ti(pi(t))%> >
i=1 A
for £ = 1,...,r. The partial derivatives with respect to the second variable constitute linear mappings

a%“ﬂ(f?x»n)llig : Pe — R given by

*Ilﬁ(t z, % (Ae) fQZZf Zi(8) [T/ (pe(t))pe] Aes [T (pi (8))pi] mi)

=1

+ 223:121 ([7{ (pe(8)) i) A, Ti (i (1)) i) o

— 2%(t) <[Tz'(pz(t))<pe] Ao, F (Z 2i(t)72(p¢(t))<pi> > :
Z

i=1

Choosing the standard basis (e1,...,eq,) for P, and using the notation above implies that the first-order
necessary condition is given by

1 v (5.10)
D(Z(t))"N(p(t) = + D(2(t))" M, (p(t)) D(2(t))n = D(2(t))" F, (p(t), 2(1)).

Since (%,p) is a solution of (5.7) we conclude that (Z,p) is a solution of (5.10) and thus a minimizer of
12 (t, )] 2 - O

Remark 5.6. The proof of Theorem 5.5 shows that instead of using the standard basis of P; = R% it is possible
to use any basis of P; for the construction of the ROM (5.7).
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If all transformations are chosen constant, then it is easy to see that the phase condition (5.4) is satisfied
for any (Z, p) and hence the ROM (5.7) may not have a unique solution. We immediately conclude that the
minimizer in Theorem 5.5 may not be unique. On the other hand, by virtue of Assumption 5.1, the matrix

. Mi( ) N( ) r+q) X (r+q
()= [N iy € 611

is continuous with respect to p and thus, if we assume that M (p(0)) is nonsingular, then there exists a neigh-
borhood U C R? around p(0) such that M(p(0)) is nonsingular for all p € U. We conclude that M (p)~! is
continuous for all p € Y. As a direct consequence we have proven the following result.

Proposition 5.7. Let (Z(0), p(o)) denote the initial value for (5.7), i.e.,
Z(0) = Z( and p(0) = p(o)- (5.12)

Assume that M (p(y) in (5.11) is nonsingular, 6?2(0) #0 foralli=1,...,7, and the transformation operators
satisfy Assumption 5.1. If F is continuous, then there exists T > 0 such that the ROM (5.7) has a (classical)
solution on [0,T). If the transformation operators and F are sufficiently smooth, then the solution is unique.

Remark 5.8. The approximation ansatz (1.4) suffers from the fact that whenever Z;(t) = 0 for some ¢ €
[0,T) we cannot expect to determine any information on p;(t). This drawback results in the rather restrictive
assumption e?é(o) # 0 for all i =1,...,r in Proposition 5.7. We can mitigate this restriction by enforcing the
same transformation and the same path for a couple of modes as proposed in (1.5). In this case, we only have
to ensure that for each of the transformations one single coefficient of the initial value is nonzero. This means
that the initial condition has to contribute to every reference frame that we are interested in.

Remark 5.9. In principle, the MFEM may also suffer from a possible degenerate mass matrix. To circumvent
this issue, a regularization is proposed in [48] to prevent nodes to move arbitrarily. In our setting, this corresponds
to adding a regularization term for the path variable, respectively its derivative.

In order to apply Proposition 5.7, respectively Remark 5.8, we have to discuss how to choose the initial values
Z(0y and p(gy. Following our general approximation (1.4), we thus have to find a minimizer for the optimization

problem

, 2

% = Z Z(0),iZi(P0y,0)pi

i=1

min Jry = (5.13)

P(0):2(0)

x
The first-order optimality condition is given by
M;(po))Z0) = [(20, Ti(p(0).1) i)y |y = ba(p0) (5.14a)
<ZO,[77(P(0),i)<Pi]€1>% "
: =: D(%(0))" by (p(0))- (5.14b)
(20, [T} (p0y.)Pilea )y | 1y

D(Z0))" N(p))" 20y = D(%0))"

We immediately notice that if M;(p(y) is singular, then in general we cannot expect a solution of (5.14a). On
the other hand, if M;(p()) is nonsingular, then we can solve the first equation for Z(0) and it is easy to see that
in this case p(o) has to satisfy

D(Z0))" N (p0))" Mz(p0)) ™" b,(p(0y) — D(Z0)) " bp(p(0y) = 0. (5.15)

In order to apply the inverse function theorem, we need additional smoothness of the mappings in Assump-
tion 5.1. In the context of semigroups, this imposes stronger restrictions on the modes ;. Instead, we simply
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assume that we have initial values Z() and p(g) available, such that the approximation error Jrv(Z(o), p)) is
sufficiently small. If we pick p(g) such that 7;(p(o),;) = Id2- is the identity on 27, then (5.14a) simply describes
the projection of the initial condition on the dominant modes.

For the remainder of this section we analyze the special case, where the right-hand side of (1.1) is given by
a linear operator A: D(A) — 2, i.e., F(z) = Az. Assuming additionally that A is the generator of a strongly
continuous semigroup ([54], Chap. 1, Def. 2.1) allows us immediately to establish a simple a posteriori error
bound. Note that in this case D(A) is a dense subspace of 2" such that we can choose % := D(A).

Theorem 5.10 (A posteriori error bound). Let z denote the solution of the FOM (1.1) with initial value
20 € D(A) = %, linear right-hand side F(z) = Az and suppose that A is the generator of a strongly continuous
semigroup {S(t)}i>0. Assume that the assumptions from Proposition 5.7 are satisfied and t — T;(p;(t))p; is
twice continuously differentiable for i = 1,...,r. For the unique solution (Z,p) of the ROM (5.7) with initial
condition (5.12) define the error e := z — Y., Z;Ti(p;)pi. Then there exist constants T,C,w > 0 independent
of the modes @; and the transformation operators I; such that

le(t)]| o < Ce* (Jiv(Z0), poy) + tIZ (-, 2, D)l L= (0,427 (5.16)

fort e0,T).

Proof. For the proof we first note that Proposition 5.7 implies the existence of T such that (5.7) possesses a
unique solution for ¢ € [0,T") and observe a standard error residual relation given by the (abstract) differential

equation
T T

Et) = 4(t) — Z Zi () Tilps (8))pi — Z Z(0)[T (pi(£)) il i) (5.17)

= Ae(t) — Z(t, 5(t), p(t))

together with the initial condition

6(0) =¢gg =29 — 22(0)7ilfi(p(0)’i)(pi S D(A)

i=1

Since {S(t)}+>0 is a strongly continuous semigroup, there exist (¢f. [54], Chap. 1, Thm. 2.2) constants w > 0
and C > 1 with ||S(¢)[| < Ce** for all t > 0. Since (Z,p) is a solution of (5.7), we infer that the residual %
is continuously differentiable and thus ([54], Chap. 4, Cor. 2.5) ensures that the (classical) solution of (5.17) is
given by

c(t) = S(t)eo — /0 S(t — 7)%(r, 5(), p(r)) dr.

We conclude the proof by estimating the integral with the supremum norm and the fact that for all |||.S(7)]|| <
Ce*”™ < Ce*! forall 0 < 1 < t. O

Remark 5.11. In many applications, we expect that A is a semigroup of contractions or even an analytic
semigroup with negative spectral abscissa. In either case, we can remove the exponential factor in (5.16) and
hence obtain a linear growth factor in the time variable. Moreover, we can modify the result to include the L2-
norm of the residual instead of the L>°-norm by using Young’s inequality in the last step of the proof. Further
possible modifications are the incorporation of the time-discretization error [31,37], using a weighted norm [27],
or a space-time formulation [79]. Moreover, the error bound might be extended to nonlinear systems by using
similar techniques as in [76]. Modifications of the error bound are considered future work.
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Assume again that A is the generator of a strongly continuous semigroup {S(¢)};>0. For the moment, let us
further assume that for some p;(t) we have T;(p;(t)) = S(t). Using $S(t)z = AS(t)z = S(t)Az for all z € D(A)
(¢f. [54], Chap. 1, Thm. 2.4), we observe F;(p,Zz) = N(p)D(2)p and thus (5.2) is given by

M (p(t))z(t) = 0. (5.18)

Clearly, 2(t) = %o for all ¢t > 0 is a solution of (5.18) that is particularly easy to compute.

Example 5.12. Let us reconsider the advection equation (c¢f. Example 3.3). For the ROM (5.7) we use the shift
operator 7 (p)z = z(- — p) with the usual embedding into 2 = L?(0,1), i.e., T;(p;) := T (p;). It is well-known
that 7 is a semi-group and —0g: % — 2 is its generator ([17], Sect. I1.2.10). For the right-hand side in (5.7b)
we obtain

(0T (p) 1.0 (T30 5T (0)%5) ),

(T (pr)ers 0 (X5 2T (n)es) ),
[(0:T (p1) 1, 0T (pr) )y - QT (p1)1, 0T (pr)or) g
_<8§T(pr)@7‘7 .aET(pl)QDl)j{ o <85T(pr)§0r7 5£T<pr)Wr>3g

= M,(p)D(2)e,

with e :=[1 - 1]T € R”. Similarly, F;(p, 2) = N(p)D(%)e. Substituting (5.7a) into (5.7b) thus implies
D(2)" (N(p)" My (p)N(p) — M, (p)) D(2)(p — €) = 0.

Note that N (p)T M, *(p)N(p)—M,(p) is the Schur complement of M;(p) in M (p) defined in (5.11). In particular,
the assumptions of Proposition 5.7 imply p = e and hence the initial condition p(0) = 0 implies that 7 (p;)
equals the semigroup associated with the advection equation (3.6).

6. CONNECTION WITH SYMMETRY REDUCTION

In this section, we investigate how the methodology outlined in Section 5 compares to the symmetry reduction
framework as described in [7,53,64,65]. To this end we focus on the special case that all modes are transformed
with the same transformation 7 and the same path p(t) € P = R9. More precisely, we assume # = 1 in (1.5),
i.e., we consider the approximation.

r

2(t) = Y ZOT(p(t)ps- (6.1)

i=1
In this case, the matrices in the ROM (5.7), which we recall here

M;(p(t))z
D(z(t))" N(p(t))"Z(t) + D(
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simplify as follows: The matrices M; and ﬁg are defined as in Section 5 but with 7 (p) instead of 7;(p;),
D(2) :=2® I; € R"7%% where ® denotes the Kronecker product,

N(p) = [T (p)¢i, [T'(p)esler)y - (T(0)oi, [T'(D)¢slea)y |, ,_, € R7Y,

5]

(T'(p)piler, [T (P)piler)y -~ ([T (p)piler, [T (p)pileq)y

My (p) = : ; e R,
(T p)eileq [T B)psler)y -+ (T B)pilens [T/ (0)esleq)
_<[T/(P)90i}€177: (Z;:1 5]'7(17)%»% '

Fy(p,2) = ; R,

([T p)edea F (X 5T(0)2) ),

ij=1

i=1

Recall that (6.2b) is the phase condition that corresponds to minimizing the residual with respect to p and is
therefore referred to as Wges.

Another common assumption in the symmetry reduction framework is that 7 is a group action and the
right-hand side F is equivariant with respect to 7, ¢f. Assumption 6.1. Furthermore, we assume in the following
that 7 (n) is isometric for all n € P.

Assumption 6.1. The right-hand side F is equivariant with respect to T, i.e.,
F(T(p)p) =T (p)F(p) forall p € # and p € P. (6.3)
Moreover the mapping 7: P x & — Z is a group action, i.e.
7(0)=Idy and TP)T(p)e=T(H+p)p for all p € 2" and p,p € P. (6.4)

Remark 6.2. The properties of F and 7 stated in Assumption 6.1 can also be motivated by considering them
from the perspective of the semigroup theory. In Section 5, we demonstrated that if the right-hand side F is
linear and the corresponding linear operator is the generator of a strongly continuous semigroup, choosing the
transformation 7 to be the action of this semigroup leads to a particularly simple ROM. However, in practice
we do not expect to have direct access to the semigroup {S(¢)};>0 or, more generally speaking, to the flow
of the differential equation. Still, this discussion provides a good starting point for the construction of the
transformation operator 7, which should reflect the characteristic features of the expected solution behavior as
encoded in {S(¢)}+>0. In fact, by Assumption 6.1 we inherit two important properties of this semigroup.

Remark 6.3. It is important to note that due to the isometry property of 7 (p(t)) and due to the equivariance
assumption (6.3), the matrix M; and the right-hand side F} do not depend on the path p anymore. If additionally,
T(—p)[T'(p)¢] and ([T'(p)o)v, [T’ (p)y]w), do not depend on p for all ¢,v € # and v, w € P =RY, then also
N, ﬁp, and M, are independent from the path. For instance, the shift operator as discussed in Example 5.12
satisfies these properties. In this case, the coefficient matrices M3, N, and M, can be precomputed in the offline
phase. If additionally F is linear, or more generally, a polynomial mapping, the corresponding reduced operator
can also be precomputed in the offline phase and, thus, the ROM can be evaluated efficiently without requiring
computations that scale with the dimension of the FOM.

Using a single transformation 7 establishes a reference frame, cf. Section 2. In more detail assume that we
are given a smooth path p and that we can split the dynamics as

2(t) =T (p(t))v(t), (6.5)
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where we refer to v as the frozen solution. Especially, if (6.4) from Assumption 6.1 is satisfied, the frozen solution
is given by v(t) = T (—p(t))z(t). Substituting (6.5) into the evolution equation (1.1) yields

T(p(t)i(t) + [T (p)o®]p(t) = F(T (p(1)v(t)).

If Assumption 6.1 is satisfied, we can employ the identities F(7 (p(t))v(t)) = T (p(t))F(v(t)) and
T(—p(t))T (p(t)) =Ida to arrive at the reference frame equation
0(t) = F(v(t)) = T(=p)[T"(p)v()]p(t). (6.6)

Especially, given a continuously differentiable path p the assumptions imply that v is a solution of (6.6) if
and only if z is a solution of (1.1), see Theorem 2.6 of [7] for further details. Based on the reference frame
equation (6.6), we can construct a ROM wvia Galerkin projection onto the span of a suitable orthonormal basis
(¢1,...,¢r) and obtain

v (t) <% ng > = {ei. T(=pO)T (0)slp () 5 T (2) (6.7)

2 =1

for i =1,...,r. Note that the approximation is given by v(t) &~ >_|_, 9;(t)p; with associated residual

=2 il = F (Z ) + sz O)T (p(e) 2l (1). (6.8)

i=1

For convenience we introduce the reduced frozen state @ := [0, --- 9,|T. Using the notation from (6.2), we can
write the ROM (6.7) of the reference frame equation as

0(t) = F5(p(t), 9(t)) = N(p(£)) D(@ (1)) (D). (6.9)

Thus, we immediately arrive at the following relation between the symmetry reduction ROM (6.7) and the
continuously optimal ROM (6.2).

Lemma 6.4. Let (p1,...,9,) be an orthonormal basis of an r-dimensional subspace of % and consider the
single-frame approximation (6.1). If the transformation operator T is an isometry and satisfies Assumptions 5.1
and 6.1, then (6.2a) and (6.7) are equivalent in the sense that for every continuously differentiable path p, any
solution of (6.2a) is a solution of (6.7) and vice versa.

Lemma 6.4 establishes the equivalence between the ROM obtained by symmetry reduction and the one
obtained by our framework in the case that the same path is chosen for both ROMs. In our framework, the
path is fixed by adding the phase condition (6.2b), which ensures to minimize the residual. In the symmetry
reduction framework, different phase conditions have been proposed in the literature. For instance, in [7] the
authors propose to derive a phase condition for the reference frame equation (6.6) by minimizing the temporal
change of the frozen solution, i.e., by minimizing §||9(t)||%- over p(t). This idea of choosing the path is usually
referred to as freezing. The associated phase condition Ve eeserom(p, P, v)? is given by the first-order necessary
optimality condition

[T (p(®) o) [T" (p(1)o(D)]p(t) = [T (p()0 (O] F(T (p(1))v (1)), (6.10)

2The authors of [7] denote the phase condition ¥eeezeroM a8 Wimin. Since all phase conditions discussed in our exposition are
based on a minimization problem, we use a different name here.
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where we use that 7T (p(t)) is isometric as well as Assumption 6.1. In [7], the authors propose to discretize the
phase condition in space by replacing the occurring operators and the frozen solution v by their finite difference
approximations. In the context of model reduction, this strategy corresponds to enforcing

r
\I}frcczc(p;p,ﬁ) = \ijrccchOM (pvpazf&“pl) =0
i=1

or equivalently, B

D(a(t))" My (p(£))D(3(t))p(t) = D(0(t))" Fy (p(t), 5(2))- (6.11)
It is important to note that in general, (6.11) is not equivalent to the first-order necessary optimality condition
for minimizing the temporal change of the reduced state, i.e., by minimizing ||5(¢)||3 over p(t). This optimality
condition, which we call \T/freeze, is given by

D(o(1))" N (p(t)) " N(p(0) D(#(8)b (1) = D(B(1))" N (p(£)" Ex(p(1), 5(1))- (6.12)

The relation between the three different phase conditions WRes, Vireeze, and \A:[}freeze, defined in (6.2b), (6.11),
and (6.12), respectively, is provided in the next result.

Theorem 6.5. Let the assumptions of Lemma 6.4 be satisfied. Then, for eacht > 0, the phase condition Ve.eeye
given in (6.11) is the necessary first-order optimality condition for the optimization problem

1 1 .
in=||Z2®)% + =|0(8)]|?
]%12|| ()le+2llv()||2,

where Z denotes the residual defined in (6.8) and ¥ is given by (6.9).
Proof. Using (6.9), we calculate for ¢ > 0

2
, 1 1 . 1 |
Tiveere(D(1)) i= 512 D% + 5II0@5 = 12 @)% + 35 > Uil
i=1 Z
1 1 T 2 T
= SIZ@I% + 5 | Y awe| - <%<t>, m<tm>
i=1 @ =1 Fa
1 a ’
o ZOE L
i=1 @
2
1 T T
=3 D uOIT (p@)@ilp() = F | D 50T (0(t))e; ;
i=1 j=1
x
where the second equality follows from the fact that the Galerkin ROM (6.9) enforces the residual to be
orthogonal to span{¢, ..., ¢, . The necessary first-order optimality condition for this minimization problem is
obtained by differentiating Jieeze with respect to p(t) and setting the derivative to zero. The resulting equation
is (6.11) and, thus, the claim follows. O

The different phase conditions together with their associated optimization problems are summarized in
Table 1. Note that (6.2a) implies that (6.2b) is equivalent to

D) (M, (p(6)) ~ N(p(t) " N(p(6))) D) (1)
= D) (Fyp(p(), 2(0) = N(p(0)" Fy(p(2), 5(1)) )

where we used that 7 (p(t)) is an isometry. In particular, we have Wges = Utroene — Ufroopo.

(6.13)
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TABLE 1. Phase conditions.

Phase condition Equation Optimization problem

URes =0 (6.2b) min; 1%
Wieese = 0 (6.11)  miny 1|22 + 1))
{I\;freeze =0 (612) mil’lp %Hij”Q

7. NUMERICAL EXAMPLES

In this section, we illustrate the ROM (5.7) derived in Section 5 for several test cases. In Section 7.1, we discuss
the one-dimensional advection-diffusion equation with periodic boundary condition and illustrate the advantages
of a restriction of the transformations as outlined in Remark 5.8. A numerical study with non-periodic boundary
conditions is performed in Section 7.2. For an example that exhibits more than one transport we discuss the
linear wave equation in Section 7.3. We conclude our numerical results with the nonlinear (viscous) Burgers’
equation (cf. Sect. 7.4) and demonstrate the advantages in comparison to standard POD. For all our examples
with periodic boundary conditions we use the shift operator discussed in Example 5.2 for 7;. In particular,
Assumption 5.1 is satisfied provided that the data is sufficiently smooth. Moreover, this immediately implies
P; = R, i.e., g; = 1. For the case of non-periodic boundary conditions the transformation operator has to be
modified, which is discussed in Section 7.2.

As is common in the model-order reduction literature, we refer to the solution of the spatially discretized
equation (1.1) as the truth solution and, by abuse of notation, denote it by z. For all examples except for the
one in Section 7.2, we use a 6-th order central finite difference scheme (see for instance [19]) on a grid with
200 equidistant points for the spatial discretization. The stencils for the finite-difference matrices d¢ ~ D; and
62 ~ D, approximating the spatial derivatives are given by

and

13 3 3 3 1 1 33 3 1
907 2072 18727 20790]’

1 33 493 3 1

60°20° 477747 20’60
respectively. For the time integration, we use the implicit trapezoidal rule with constant stepsize of 7 = 5 x 1073
and we use the MATLAB function fsolve with standard tolerances to solve the resulting implicit system of
equations. The L? (0,7; 2") norm is approximated with the trapezoidal rule, and for a truth solution z with
approximation Z we denote by
lz — 2llz2(0,752)

||Z||L2(0,T;%)

€rel =

the relative error. The computation of the dominant modes for our approach, i.e., the solution of the minimiza-
tion problem (4.1) is performed with the algorithm described in [61]. Consequently, we denote the ROM (5.7)
as shifted POD.

The shift operator’s application may require the evaluation of the modes at points not captured by the spatial
grid. In the numerical experiments, we compute these evaluations utilizing polynomial interpolation with cubic
Lagrange polynomials. Furthermore, we also need to evaluate the spatial derivatives of the shifted modes in the
online phase, c¢f. Example 5.12. To this end, we use the same discretization of the space derivative as in the
simulation of the FOM.

Code availability

The MATLAB source code for the numerical examples can be obtained from the doi 10.5281/zenodo.3902924.
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FIGURE 1. Advection-diffusion equation — Comparison of the ROM with a single transformation
for all modes (21, solid blue) and the ROM with one transformation per mode (22, dashed red).
(a) Time evolution of the relative error for the ROMs Z; and 25. (b) Evolution of the coefficient
for the second mode and the corresponding path for Z; and 2.

7.1. Advection-diffusion equation

The one-dimensional advection-diffusion equation with periodic boundary conditions is given by

Dez2(t,€) + cOea(t, &) — pdgz (t,£) =0, (t,€) € (0,1) x (0,1),
z(t,0) = z(t,1), te(0,1),

2(0,€) = exp (- (55.2-5)2> : €€ (0,1).

The parameters ¢ and p denote the transport velocity and the diffusion coefficient, respectively, and are chosen
as ¢ =1 and p = 0.002. Choosing r = 2 modes, the algorithm described in [61], yields a relative offline error of
8.6 x 1073,

For the online phase (cf. Sect. 5) we compare two different ROMs: the first one uses only one path p for both
modes as described in (6.1), i.e., the approximate solution 2; of (7.1) is given by 21(¢) := >_I_; Z ()T (p)pi-
The second ROM is constructed as proposed in (5.7) and the corresponding approximation is denoted by Zs.
The relative errors are

(7.1)

erelz; 4.3 x107%  and ez, ~ 3.6 x 1072

and the evolution of the relative error with respect to time is presented in Figure la. To understand the larger
error in the second approximation, we consider the coefficient functions for the second mode for both approaches,
which are presented in Figure 1b. We observe that at time ¢ ~ 0.45 the coefficient functions are almost equal to
zero. Following the discussion in Remark 5.8, the solution of the ROM (5.7) in a neighborhood of such a point
is ill-conditioned, which results in the weaker approximation quality of Z5.

The ROM is not only able to reproduce the FOM with the same set of parameters, but can also accurately
predict the behavior of the FOM for different parameters. The relative error of the shifted POD approximation
with » = 2 for different values of the transport velocity is presented in the left image in Figure 2. Note that
POD requires 7 = 11 modes to obtain a similar accuracy as the shifted POD albeit with a larger computational
time (cf. right image in Fig. 2). Here, the computational time is the median time of 5 simulation runs. A
similar computational time as the shifted POD is achieved with POD with » = 3 modes although with a larger
relative error. For the comparison of the computational time we use the MATLAB solver ode45 (see also the
forthcoming discussion in Sect. 7.3) and the shifted POD approach is implemented utilizing equivariance, see
Remark 6.3. Nevertheless, the numerical simulation code for the FOM, POD, and shifted POD are not optimized
for performance, which is the main reason for omitting the computational times in the following examples. An
efficient implementation of our framework is subject to further research.
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F1GURE 2. Advection-diffusion equation — Approximation quality of the shifted POD reduced
model with » = 2 and POD reduced model with r € {3,11} for different values of the transport
velocity c. The dashed line at ¢ = 1 denotes the parameter that is used to construct the ROMs.
Left image: relative online error. Right image: median computational time in seconds.

7.2. Non-periodic boundary conditions

To illustrate that the presented framework is not restricted to problems with periodic boundary conditions,
we consider the advection-diffusion equation with Dirichlet—Neumann boundary conditions of the form

Or2(t, &) + cdez(t, &) — pdz (t,€) =0, (t,€) € (0,1.5) x (0, 1),
2(t,0) = %exp (— (%)2) , t € (0,1.5),

Dex(1,1) = 0, t € (0,1.5),

2(0,¢) = %exp ( (60—_325)2) : €€ (0,1.5).

In the following, we use the values ¢ = 1 and p = 0.001. For the spatial discretization we employ a standard
central second-order finite difference scheme with mesh width A¢ = 1.25 x 1073, The solution of the FOM and
the error of the corresponding ROM with our framework with » = 4 and a single transformation operator for
all modes are depicted in Figure 3.

Note that a proper treatment of the non-periodic boundary conditions requires a modification of the (periodic)
shift operator introduced in Example 5.2. To mimic the behavior of the upstream boundary, we propose the
following strategy: Instead of using modes on the original domain Q := [0, 1], we define the modes on a virtual
domain ;¢ satisfying

{g_p(t) | 6 S Q7t € [O7T)} g Qvirt-

The modified shift operator can then be defined as

(Tei) ()= wi- =nla> (7.2)
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1.5

FIGURE 3. Advection-diffusion equation with non-periodic boundary conditions — FOM (left)
and absolute error between the FOM and the shifted POD ROM (right) with r = 4.
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FIGURE 4. Advection-diffusion equation with non-periodic boundary conditions — Decay of
the relative error for the shifted POD ROM (left) and the POD ROM (right). The solid lines
represent the online error, while the dashed lines represent the offline error.

where ¢;(- —n)|;, denotes the restriction of ¢;(- —n) to Q. If the path p is known, this virtual domain can, for
instance, be chosen as

Quirt = |— sup p(t), 1 — inf p(t
‘ t€[0,T) (¥ t€(0,7] ®)
With the parameters defined above we thus obtain Qi = [—1.5,1]. At this point, we emphasize that the shift

operator (7.2) does formally not fit into the framework presented in this paper. In particular, Assumptions 4.1
and 5.1 are not satisfied. Nevertheless, the right image in Figure 3 details that our approach with r = 4 modes
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TABLE 2. Number of adaptive timesteps for the FOM, the POD reduced model, and the shifted
POD reduced model.

FOM POD Shifted POD

odeds 202 51 (25%) 15 (7%)
ode23 189 194 (103%) 16 (8%)

wn wn

%QQO()? FOM | 4§2007 FOM

@ m shifted POD o) m shifted POD

E + POD = + POD

”f 100 | “f 100 |
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Q0 Q0

% 0 4 Iff’ﬁ““l‘“““ % 0 m m = E N m ®m ®
0 02 04 0 02 04 06 08 1

t t
(a) (b)

FIGURE 5. Linear wave equation — Number of time steps chosen by an adaptive time integrator
in the computation of the FOM (blue circles), the shifted POD reduced model (red squares),
and POD reduced model (green diamonds). (a) MATLAB solver ode45. (b) MATLAB solver
ode23.

can represent the solution of the FOM accurately. It is important to note that the approximation quality of the
shifted POD strongly depends on the accuracy of the FOM. If the discretization of the FOM is not sufficiently
fine, then the online and the offline error of shifted POD may stagnate. The specific case where the FOM is
computed with the same spatial and temporal step size is presented in the left plot of Figure 4. In contrast, the
approximation with POD is less sensitive, albeit with a larger error. A detailed analysis of the impact of the
discretization error is subject to further research.

7.3. Linear wave equation

We consider the one-dimensional acoustic wave equation with periodic boundary conditions as discussed in
Example 4.4. For the offline phase, we evaluate the analytical solution (4.4) on an equally-distributed space-time
grid with 200 points in space and time, respectively. We use the algorithm from [61] to compute r = 2 modes
with a relative offline approximation error of 7 x 10716, Based on the two dominant modes determined in the
offline stage, the ROM (5.7) yields an online error of e, ~ 3.2 x 107!* and thus accurately represents the
original equation.

Let us emphasize that our ROM not only achieves a considerable reduction in the dimension of the spatial
variable, but also benefits the time integration. To detail this, we compare the numerical solution of the FOM,
a POD reduced model and our approach with the MATLAB solvers ode45 and ode23. Both solvers choose an
adaptive step size and the corresponding numbers for the three different models are presented in Table 2 and
Figure 5.

Clearly, our approach requires considerably less time steps for the numerical integration compared to the
FOM and the POD reduced model. The main reason for this behavior is the fact that the reduced state z in our
framework is changing only slightly, i.e., ||Z()]||2 is small. In view of the different phase conditions (cf. Tab. 1)
this is interesting, since our ROM is based on the minimization of the residual.
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TABLE 3. Approximation quality of ROMs for Burgers’ equation.

Shifted PODr=7 PODr=7 PODr =32

Relative offline error 4.4 x 1073 7.2 %1072 1.7 x 1073
Relative online error 3.8 x 1072 21x107Y 35x1073

1 0.02

0.5 0.01

0 0.005 0.01 0.015
(b)
0.02
0.01
0.00
1.0
0.8
0.6
M t
02 0.4 0.6 0.8 .
3
0.1 0 0.005 0.01 0.015
(c) (d)

FIGURE 6. Burgers’ equation — Solution of the FOM and absolute errors for different ROMs.
(a) FOM with parameter = 2 x 1072 and 200 degrees of freedom. (b) Absolute error for the
shifted POD approximation with » = 7 modes. (¢) Absolute error for the POD approximation
with 7 = 7 modes. (d) Absolute error for the POD approximation with r = 32 modes.
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FIGURE 7. Burgers’ equation — The shift variable is nonlinear.

7.4. Burgers’ equation
We consider the one-dimensional (viscous) Burgers’ equation with periodic boundary conditions, given by

Oz (,6) = pdgz (t,8) — 2 (t,€) ez (,€), (t,€) € (0,1) x (0,1),
z(t,0) =z(t,1), te(0,1),

) (7.3)
z(O,f)zexp((gaol's) ) £e(0,1),

as a nonlinear test case for the methodology presented within this paper. For our experiments we use the
viscosity parameter u = 2 x 1073, The solution is presented in Figure 6a. As for the other examples, we use the
shift operator 7 (p) z = z (- — p) from Example 4.3 as transformation operator, and transform each mode with
the same transformation, i.e., we use the approximation (6.1). Let us emphasize that the right-hand side of the
Burgers’ equation is equivariant with respect to the shift operator (¢f. Assumption 6.1) and hence the ROM
simplifies as described in Remark 6.3. Note that we can exploit the polynomial form of the nonlinear right-hand
side to eliminate the dependency of the original space by computing the reduced right-hand side via

(01, 010e01) g - (01,9106 0r) 5 (01, 9020601) 5 - - (P1, PrOcipr)y
F(2) = — : : : : (2®%)
(Prs010c01) g - (P, 10c0r) - (Pr, 20601) g - - (Ors ©rOcor)y

(D1, 0e01) g - - (Ocip1, Ocor)y

—u Z.

(Ocpr, Ocp1) g - (Ocor, Ocor) y

For our ROM, we identify » = 7 modes with a relative offline error of 4.4 x 10~3. We compare our ROM with
a POD reduced model with » = 7 and r = 32. The results are presented in Table 3 and Figure 6. Clearly, our
approach outperforms POD with the same number of modes. To achieve a comparable error, POD requires
more than four times as many modes as our framework.

Comparing the error plots in Figure 6 we observe, in agreement with Example 3.3, strong oscillations in
the case of the POD approximation with » = 7 modes, and they remain present even for the approximation
with r = 32 modes. In contrast, the shifted POD absolute error does not exhibit this behaviour, the error is
dominated by the region where the verge of the transport front lies. We remark that the shift p (¢) computed
from the ROM is indeed nonlinear (see Fig. 7), as is expected, since the transport velocity for the nonlinear test
case of the Burgers’ equation depends on the solution itself.
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8. CONCLUSIONS

In this paper, we introduce a new framework for constructing reduced order models based on the approxima-
tion ansatz (1.4), which features multiple time-dependent transformation operators. This ansatz allows obtaining
accurate low-dimensional surrogate models even for systems whose dynamics are dominated by multiple trans-
port modes with potentially large gradients. The construction of the ROM is based on residual minimization
and extends the ideas of the moving finite element method to model reduction. Furthermore, we provide a
residual-based a posteriori error bound. For the particular case that only one isometric transformation operator
is employed, we show a connection between our method and the symmetry reduction framework, cf. [7,64].
Further contributions include a thorough literature review of related approaches and analysis for the identifi-
cation of optimal basis functions on the infinite-dimensional level. We illustrate our theoretical findings with
several analytical and numerical examples.

The problem of identifying optimal basis functions is currently solved by a first-discretize-then-optimize
approach. For future work, it is interesting to analyze the first-optimize-then-discretize approach and compare
the results with the current strategy. Furthermore, we plan to investigate the efficient implementation of the
ROM. Notably, the combination with hyper-reduction techniques is a promising research direction to obtain an
efficient offline/online decomposition.
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