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FINITE ELEMENT ERROR ANALYSIS OF SURFACE STOKES EQUATIONS IN
STREAM FUNCTION FORMULATION

PHILIP BRANDNER* AND ARNOLD REUSKEN

Abstract. We consider a surface Stokes problem in stream function formulation on a simply connected
oriented surface I' C R?® without boundary. This formulation leads to a coupled system of two second
order scalar surface partial differential equations (for the stream function and an auxiliary variable).
To this coupled system a trace finite element discretization method is applied. The main topic of
the paper is an error analysis of this discretization method, resulting in optimal order discretization
error bounds. The analysis applies to the surface finite element method of Dziuk—Elliott, too. We also
investigate methods for reconstructing velocity and pressure from the stream function approximation.
Results of numerical experiments are included.
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1. INTRODUCTION

In recent years there has been a strongly growing interest in the field of modeling and numerical simulation of
surface fluids. Fluidic surfaces or fluidic interfaces are used in, for example, models describing emulsions, foams or
biological membranes; cf., e.g., [3,8,36,37,44,45]. Such models consist frequently of surface (Navier-)Stokes equa-
tions which are also studied as an interesting mathematical problem in its own right in, e.g., [1,2,14,22,25,46,47].
In recent past there has been a strong increase in research on numerical simulation methods for surface (Navier-)
Stokes equations, e.g., [5,6,16,23,29,31-33,39-41]. By far most of these and other papers on numerical methods
for surface (Navier-)Stokes equations these equations are treated in the primitive velocity and pressure vari-
ables. In the paper [29], a finite element discretization of the Navier—Stokes equations on a stationary smooth
closed surface in stream function formulation is presented. In [39], a surface Helmholtz decomposition and well-
posedness of this stream function formulation for a class of surface Stokes problems are studied. As far as we
know there is no other literature in which surface (Navier-)Stokes equations in stream function formulation are
studied.

Stream function formulations of (Navier-)Stokes in Euclidean space are well-known and intensively studied,
e.g., [17,35] and the references therein. These formulations are not often used in numerical simulations of three-
dimensional problems due to substantial disadvantages. In two-dimensional problems, however, the formulation
reduces to a fourth order biharmonic equation for the scalar stream function and has been used in numerical
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simulations, despite certain disadvantages related to boundary conditions and regularity [17,35]. In the field of
applications mentioned above, one often deals with smooth simply connected surfaces without boundary, and
thus there are no difficulties related to regularity or boundary conditions. Hence, the stream function formulation
may be a very attractive alternative to the formulation in primitive variables, as already presented in [29)].

In both papers [29,39], the resulting fourth order scalar surface partial differential equation for the stream
function is reformulated as a coupled system of two second order equations, which is a straightforward gener-
alization to surfaces of the classical Ciarlet—Raviart method [11] in Euclidean space. These equations can be
discretized by established finite element methods for the discretization of scalar elliptic surface partial differen-
tial equations, such as the surface finite element method [13] (SFEM) or the trace finite element method [30]
(TraceFEM); cf. also the recent overview paper [7].

In this paper, we present an error analysis of a finite element method for the discretization of the coupled
system of second order surface PDEs for the stream function (and an auxiliary variable). For the Euclidean case
(i.e., the Ciarlet—Raviart method) an error analysis is presented in the papers [4,15]. In these papers variants
of the fundamental abstract Brezzi saddle point theory are developed that are applicable to the mixed saddle
point formulation of the biharmonic equation. It turns out that the analyses presented in these classical papers
are not applicable to the mixed system that results from the stream function formulation of the surface Stokes
problem. The reason for this is the following. For the stream function ¢ of the velocity solution u of the surface
Stokes equation, i.e. the relation u = curlpy holds, one obtains the fourth order surface partial differential
equation (in strong formulation)

—A%yY — 2divp (K Vi) = curlpf, (1.1)

with f the force term in the Stokes equation, Ar the Laplace—Beltrami operator and K the Gaussian curvature.
Precise definitions of the curl operators curly and curlr are given in the next section. Introducing the auxiliary
variable ¢ = Ar) one obtains a coupled system of second order equations

¢—Aryp =0

. (1.2)
—Apgf) - 2d1VF(K pr) = curlpf.

For the case K = 0 (Euclidean domain) this problem has a standard saddle point structure, which is a structural
property that is essential for the analyses in [4,15]. For the surface case, however, the coupling term divy (K V)
destroys this nice saddle point structure. Note that the additional coupling term is second order and in general
indefinite (because K does not necessarily have a fixed sign). It is not a priori clear whether discretization
methods such as the SFEM or TraceFEM, which have optimal order discretization errors for the Laplace—
Beltrami equation, are of optimal order when applied to this coupled system.

In this paper, we present an error analysis of the TraceFEM applied to (1.2) and prove that this method has
optimal order discretization errors. Our analysis applies (with minor modifications) to the SFEM, too. We also
introduce and analyze methods for reconstructing the velocity and pressure from the resulting finite element
stream function approximation ¢ =~ 1. To avoid many technical details, we do not take the so-called geometry
errors, i.e., errors caused by the approximation of the surface I', into account. Our analysis is inspired by the
technique used in [15]. We add a new key ingredient that is based on a relation between the fourth order problem
(1.1) for the stream function and the corresponding Stokes equation. This relation yields the result formulated
in Corollary 5.2, which turns out to be sufficient to control the coupling term divy (K V) in the error analysis.

The remainder of the paper is organized as follows. In Section 2, we introduce surface differential operators,
recall results for the stream function formulation from [39] and introduce a well-posed weak formulation of the
coupled system (1.2). A trace finite element discretization for this coupled system is explained in Section 3. In
Section 4, we introduce finite element methods for the reconstruction of the velocity and pressure unknowns,
given a stream function approximation. The main new results of this paper are presented in Section 5. In that
section an error analysis of the discretization method for the coupled system is derived. In Section 6, we analyze
the discretization errors in the reconstruction procedures for velocity and pressure. Finally, in Section 7 we
present results of numerical experiments that illustrate relevant properties of the discretization method.



FINITE ELEMENT ERROR ANALYSIS OF SURFACE STOKES EQUATIONS 2071

2. SURFACE STOKES IN STREAM FUNCTION FORMULATION

2.1. Preliminaries

We consider a sufficiently smooth closed simply connected compact surface I' ¢ R3. The signed distance
function and outward pointing unit normal are denoted by d and n, respectively. We define the closest point
projection by p(z) = ¢ — d(z)n(x) on a sufficiently small neighborhood of T'. The orthogonal projection P(z) =
I - n(z)n(z)?, x € T is used. We introduce the following tangential derivative of a scalar function ¢ € C*(T)
and of a vector function u € C1(I')? for z € I:

Vré(z) = V(pop)(z) = P(z)Ve®(x), (2.1)
Vru(z) := P(2) <8(“§£)($) 5(11;;:)(@ 8(u§xi)(z)>
= P(2)Vu®(z)P(x). (2.2)

Here, ¢°, u® denote some smooth extension of ¢ and u on the neighborhood U, and Vu® is the Jacobian,

(Vu®); ; = g%’ 1 <14,5 < 3. In the remainder the argument x € I is deleted. Tangential divergence operators
are defined by

divp(ef A)

divru = tr(Vru), divrA = | divp(ed A)

divi(el' A)

, Aeci (D), (2:3)

with e;, i = 1,2, 3 the standard basis vectors in R3. We define the following surface curl operators:

curlpu = divp(u x n), u € CY(I)3, (2.4)
curlré :=n x Vrg, ¢ CY(T). (2.5)

2.2. Surface Stokes problem in stream function formulation

Motivated by the modeling of surface fluids studied in e.g., [5,19,21,22,26], we introduce for a given parameter
a > 0 and force vector f € L?(T")3, with f - n = 0 the following surface Stokes problem: Determine a tangential
velocity vector field u: I' — R3, with u-n = 0, and the surface fluid pressure p such that

—Pdivp(Es(u)) + au+Vrp=1f onT, (2.6)
divru=0 onT. (2.7)
Here, the surface rate-of-strain tensor E (u) := 1(Vru+ VruT) is used. The pressure field is defined up to a

hydrostatic mode and all tangentially rigid surface fluid motions, i.e. satisfying Es(u) = 0, are called Killing
vector fields [42]. For the case oo = 0 one needs the additional consistency condition fF f-vds = 0 for all smooth
Killing vector fields v, which follows from integration by parts.

For the weak formulation of the problem (2.6) and (2.7) we introduce the spaces of tangential vector functions

L!T):={ucIl?*I)?®|n-u=0 ae onTl},
H(T):={ucH(T)?|n-u=0 ae onT}
H; g, ={ueH{I)| div;u=0}.

The space of Killing vector fields is denoted by

E:={ucH/)|E;(u)=0}. (2.8)
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The space E is a closed subspace of H} (T') and dim(E) < 3 holds (¢f. Thm. 8.1.6 in [34]). The usual bilinear
forms are introduced:

aq(u,v) := /FEs(u) : Es(v) + au-vds, u,v € H} (), (2.9)
b(v,p) = — /Fp divrvds, veH/(T), pe L*(I). (2.10)

For the case @ = 0 and u € E we have a,(u,v) = 0 for all v.€ H} (') and therefore this kernel space E has to
be factored out. For this we introduce the notation Eg := E and E, = 0 for o > 0. We consider the variational
formulation of the surface Stokes problem (2.6) and (2.7): Determine (u, p) € H}(T')/E, x L3(T') such that
ao(u,v) +b(v,p) = (£,v)r2(n) for all v € H{(T")/E,,
b(u,q) =0 for all ¢ € L*(T). (2.11)
From a surface Korn inequality for a,(-,-), an inf-sup property for b(-,-) [21], and the continuity of the
bilinear forms a,(-,-) and b(-,-) one obtains the well-posedness of the problem (2.11). Its unique solution is

denoted by {u*,p*}. Note that the unique solution u* is also the unique solution of the following problem:
Determine u € Ht17div/ E, such that

aa(u,v) = (£,v) 2@y forall veH; g /F,. (2.12)

The stream function formulation of the surface Stokes problem is based on a surface Helmholtz decomposition
and the identity given in the next lemma.

Lemma 2.1. The following relation holds for all ¢,v € H*(T'):

aq(curlpg, curlpy) = / Es(curlrg) : E;(curlry) + acurlré - curlrey ds
r

= [ 5800 Am+ (0= K)Vro- Ve ds (21
=i Ga(9, ).
Here, K denotes the Gaussian curvature of the surface I'.
Proof. For a = 0 a proof is given in Lemma 5.3. of [39]. This proof can easily be extended to the case
a > 0. g

The following spaces are used in the stream function formulation:
)= {u et m | [vas=of. B (v e #20) auv.0) = 0).
r

Analogous to F, we define Ey = E, E, := 0 for a > 0. For the stream function formulation the result in the
following lemma is essential. For this result to hold, the assumption that I' is simply connected is necessary.

Lemma 2.2. Assume that T' is simply connected. The following holds:

curly : H*(I') — H} 4, is an homeomorphism,

curlpr : E — FE is an homeomorphism.

Proof. A proof is given in Lemma 5.4. of [39]. O



FINITE ELEMENT ERROR ANALYSIS OF SURFACE STOKES EQUATIONS 2073

The following theorem introduces the stream function formulation of the surface Stokes problem.

Theorem 2.3. Let u* € H} ;,/Eo be the unique solution of (2.11) (or (2.12)) and ¢* € H(T) the unique
stream function such that u* = curlpy™. This ¥* is the unique solution of the following problem: Determine

Y € HX(T')/E,, such that
(¥, ¢) = (£, curlpg) 2y for all ¢ € HX(T)/E,. (2.14)

Furthermore, the regularity estimate
1" sy < cllfllz2ery (2.15)
holds, with a constant c independent of f € L3(T).

Proof. Again for @ = 0 a proof is given in Theorem 5.5. of [39]. This proof can easily be extended to the case
a > 0. ]

The main topic of this paper is an error analysis of a finite element method for the discretization of the stream
function formulation (2.14). We reformulate the fourth order surface problem (2.14) as a coupled system of two
second order equations, which are then discretized using a specific finite element method. Before we present this
coupled system we collect the (main) assumptions concerning the stream function formulation.

Assumption 2.4. We assume that ' is simply connected and sufficiently smooth, at least C®. We take o = 1.

The assumption that I' is simply connected is essential for the stream function formulation. We do not give
precise statements on how the results derived in the error analysis below depend on the smoothness of I'. For
(2.15) to hold we need that T is at least C3. To avoid technical details related to the Killing vector fields we
restrict to the case o = 1. The results derived in the paper also hold (with minor modifications) for the case
a=0.

For a reformulation of (2.14) as a coupled system we introduce the following symmetric bilinear forms:

m(&,n) :Z/Fﬁnds, (2.16)
b(&:n) :Z/eriernds, (2.17)
b (§,m) == 2/F(1 — K)Vr¢ - Vrnds, (2.18)
and the functional
9(8) = —Z/Ff-curlréds. (2.19)

Note that the notation b(-,-) is already used in the variational formulation of the Stokes problem. We use the
notation b(-,-) in (2.17), because it is consistent to the notation used in the paper [15], from which main ideas
of our error analysis are taken. In the remainder only the bilinear form b(-, ) as defined in (2.17) is used, hence,
confusion is avoided.

The coupled formulation is as follows: Determine ¢» € H(T'), ¢ € H'(T) such that

m(é,n) +b(y,n) =0 for all n € HY(T),
b(¢,€) — b (¥, &) = 9(¢) for all £ € H'(T). (2.20)
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Lemma 2.5. The problem (2.20) has a unique solution 1 = ¢¥*, ¢ = ¢* = Apy*, with ¢¥* the unique solution
of (2.14). Furthermore, we have the regularity estimates

[0 ey < cllfllez@y, o™y < cllfll2r)- (2.21)
Proof. For o = 0 a proof is given in Lemma 5.6. of [39]. This proof also applies to the case a = 1. |

Let the stream function ¢* be the unique solution of (2.20). We now introduce (obvious) variational formu-
lations that are useful for the reconstruction of the solution {u*,p*} of the surface Stokes problem, given 1*.
First we consider u. By definition we have

u* = curlpy® =n x Vpy*.

This immediately leads to the following well-posed variational formulation: Determine u € L?(I')® such that

/u~vds:/(nxva*)~v ds ::/g-vds for all v € L*(T)?, (2.22)
r r r

which has the unique solution u*. Below, in the discretization method we use a finite element discretization of
(2.22). Note that from regularity theory for the Stokes problem we know that u* has more regularity than only
u* € L?(I"). A regularity relation between the velocity solution u* and its corresponding stream function v*
can be derived. Assume u* € H"(T')? holds. Then the inequalities

el ey < gy < 2l a1 () (2.23)

hold, with constants ¢, co > 0 that depend only on I'. This can be derived as follows. For the first estimate
we use a Poincare inequality ||| gr+1(ry < ¢|| Vi) || grry for all ¢ € HIT1(T) and the identity Vr¢* = u* x n.
The second estimate follows directly from the identity u* = n x Vpy*.

For the derivation of a pressure reconstruction we take the first equation in (2.11) and insert a test function
v = Vré, € € H*(T). Using the identity (cf. [39])

Pdivp(Es(u)) = % curlp( curlpu) + Ku
for any u that satisfies divpu = 0, we obtain for the solution {u*,p*} of (2.11):
(£, Vr&) 2 = /FES(U*) : Bs(Vré) +u* - Vré + Vrp™ - Vréds
= /F —Pdivp(Es(u*)) - Vré + Vrp* - Vréds
= /1“ —% curlp(curlpu®) - Vg — Ku* - V€ + Vrp* - Vréds

= / —Ku*-Vr{+ Vrp* - Vréds,
r

where in the last equality we used partial integration and divr(curlp(-)) = 0. Thus with u* = curlpy* we
obtain that p* is the unique solution of the following well-posed Laplace-Beltrami problem: Determine p € H}(T")
such that

/ Vrp-Vré ds = / (K curlpy™ +£) - V€ ds

r r (2.24)

=: / z-Vréds forall € € HY(D).
r

Below, for the pressure reconstruction we will apply a finite element discretization method to this Laplace—
Beltrami problem.
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3. TRACE FINITE ELEMENT METHOD FOR DISCRETIZATION OF THE COUPLED PROBLEM

For the discretization of (2.20) we propose a trace finite element method (TraceFEM). Alternatively, the
surface finite element of Dziuk-Elliott [13] can be used, ¢f. Remark 5.6.

We outline the key ingredients of the (higher order) TraceFEM. More detailed explanations are given in
[18,24].

Let Q C R? be a polygonal domain that strictly contains the manifold I'. We need a sufficiently accurate
approximation I'y, of I'. For the definition of the method it is sufficient that I'j, is a Lipschitz surface without
boundary. Possible constructions are briefly addressed in Remark 3.1. We choose a shape regular family of
tetrahedral triangulations {7} }r>0 of Q and introduce the active mesh

Tr = {T €T), : measy(T NT}) > 0},

consisting of the subset of all tetrahedra that have a nonzero intersection with I',. The domain Ql,: =

int (UTeThF T) is formed by the triangulation 7;'. We introduce the standard (local) finite element space

Vh,k = {Uh S C(Qg) D Un|T epP. VT e ’ThF} .

Remark 3.1. We assume that I' is (implicitly) represented as the zero level of a smooth level set function ®.
We denote with I ,1l the nodal interpolation operator on 7;, which maps into the space of continuous piecewise
linears on 7. A piecewise planar approximation I'j, of I is given by

Iy :={zecQ: (I®)(z) =0} (3.1)

This I',, which is easy to construct if ® is available, has second order accuracy, i.e. dist(T',,T) < h2. Here
and in the rest of the paper we use the notation < to denote an inequality with a (hidden) constant that
is independent of h and of the position of T' in the mesh 7. If a more accurate geometry approximation is
required, one can replace the operator I} by the nodal interpolation operator I i, which maps into the space of
continuous piecewise polynomials of degree ¢ > 2 on 7j,. In that case, however, the zero level of I} is not easy to
determine. It is better to use a variant of this approach in which, based on a sufficiently accurate approximation
Py, of @, a parametric mapping O} € (‘/’;17(1)‘3 is constructed, which deforms the local triangulation ’Z;LF in such a
way that I'} := ©%(T}) (with T'j, as in (3.1)) has accuracy dist(I'#,T") < h?*!. This parametric mapping induces
corresponding parametric finite element spaces which are then used, instead of V}, ;. A precise explanation of
this parametric trace finite element method and an error analysis of this method are given in [18,24].

We now introduce the bilinear forms used in the discretization of (2.20). Besides natural discrete analogons
(corresponding to T'j,) of the bilinear forms used in (2.20) we need an additional one, related to stabilization.
It is well known that in the setting of TraceFEM one needs a suitable stabilization for damping instabilities
caused by “small cuts” [9]. For this we use the volume normal derivative stabilization, known from the literature,
denoted by sp(+,-) below. This stabilization, which is consistent to the continuous formulation, is essential for
obtaining stiffness matrices with condition numbers ~h=2 (cf. [18]). This improvement of the conditioning is
related to the fact that due to the stabilization the behavior of the finite element functions on the background
mesh ’Z;lr can be better controlled. Note that the traces of the outer nodal basis functions do in general not form
a basis (but only a frame) of the trace finite element space. This stabilization is suitable not only for linear but
also for higher order finite elements and the parameter range is very large. For a more detailed discussion of
this stabilization technique we refer to [18,30].
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We define:

o T
Ph =1- npn;,

VF;LQ = Pthv
mh(&:n) = f’f] dS}L,
Tn
bn(§;m) = [ Vr,§-Vr,ndsp,
Fh

bni (€,m) = 2/ (1= Ku) Vr,§ - Vr,ndsp,
I'n

sn(&m) = P/Qr(nh -V&)(ny, - Vn) de,

h

g(&) == —2/ f}, - curlp, £ dsy,
T'n

with K} an approximation of the Gauss curvature K, nj the normal on I'y, and f;, ~ f a data extension. For
the stabilization parameter p we restrict to the usual range [18]

h<p<hl (3.2)

We consider the following discretization of (2.20): Determine ¢, € Vj, i, and ¢y, € Vj, i, with fr, Yp dsp = 0,
such that

mp (G, M) + bn (Vnynn) + su(Wn,mn) =0 for all n, € Vi,
br(dns&n) + sn(@n,&n) — bk (Y, En) = gn(&n) for all &, € Vi, k- (3.3)

One might consider different spaces V}, , Vi, i for the finite element functions ¢, and vy, respectively. However,
both analysis and numerical experiments show that there is no significant advantage of taking k # k’. Similarly,
one could use different scaling of the stabilization terms sp, (-, -) in the two equations in (3.3), but this also turns
out to be not significant.

For T'y, one can take a piecewise linear approximation as in (3.1). For a higher order accuracy the parametric
trace finite element method, briefly discussed in Remark 3.1 can be used.

4. TRACE FINITE ELEMENT METHOD FOR VELOCITY AND PRESSURE RECONSTRUCTION

In this section we introduce canonical discrete versions of the variational problems (2.22) and (2.24) for the
approximate reconstruction of u and p, given the discrete solution 1, of (3.3). We first consider the discrete
version of (2.22). For this we introduce the notation:

mp(ua,v) ::/F u-vdsp, (4.1)
sp(a,v) := py /QF (Vuny) - (Vuny) dz. (4.2)

For the parameter p, in the volume normal derivative stabilization of the velocity we restrict to the range

Pu ~ h. (4.3)
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The scaling p, ~ h is motivated by the error analysis in Section 6, ¢f. Remark 6.3. The approximate recon-
struction of the tangential velocity u* is given by the unique solution u;, of the following problem: Determine
w, € (Vig,)” such that

mh(uh,vh) + sh(uh,vh) = / (flh X VFh’L/Jh) -vpdsy, Vv € (Vh,ku)B, (4.4)
Fh

with an approximate normal ny. The reason why we introduce yet another normal approximation ny, besides
ny, is the following. The use of the discrete normal ny in the right-hand side of (4.4) leads to suboptimal
discretization error bounds. We propose to use a normal approximation nj that is one order more accurate than
ny, cf- Remark 6.5. A specific choice for nj will be discussed in Section 7.

We now explain the reconstruction of the pressure solution p*. For this we define

sn(pn,&n) = pp/ (ny, - Vpg) (np - V&) da.

@
Note that for this stabilization bilinear form s,(-,-) we use the same notation as in (4.2). For the stability
parameter p, in this pressure stabilization term we restrict to the same range as in (3.2):

hSpop S ht. (4.5)

The discrete variational formulation of (2.24) is as follows: Determine p;, € Vi k, with th pp dsp = 0, such that

br(ph, €n) + sn(ph.&n) = / (Kncurlp, o, +£) - Vi, &ndsy, V& € Vg, (4.6)
I'n

Remark 4.1. We comment on certain important properties of the overall discretization method. The velocity
solution u that solves (2.22) is by construction tangential to T’ and divergence-free. Hence, up to a discretization
error, the discrete solution uy, of (4.4) also has these properties. Therefore we do not need a Lagrange multiplier
or a penalty approach to enforce these two crucial properties of the velocity. The problem (2.20) for the stream
function @ consists of two coupled scalar second order surface partial differential equations. For such problems
well-established techniques, for example the surface finite element method [13], are available. The method
presented above has a straightforward extension to time-dependent Stokes equations (on a stationary surface);
in such a setting one can use the stream function 1 to follow the dynamics of the problem and the reconstruction
of u and p can be performed only when needed. Two disadvantages of our method are the following. Firstly, it
can be applied only to a simply connected surface. If I' does not have this property, there are nonzero harmonic
velocity fields, which are not a priori known and difficult to determine. Secondly, the reconstruction of u is
based on a differentiation of the stream function ¢ and thus we will lose one order of accuracy when computing
a reconstruction based on (4.4). From the error analysis and numerical experiments presented below we see that
for optimal order discretization error bounds for polynomials of degree k, in the velocity reconstruction, the
finite elements used in the discretization of the stream function problem must be of degree at least k, + 1, cf.
Remark 6.5.

In the sections below we present a discretization error analysis of the methods (3.3), (4.4) and (4.6). In this
analysis we make the simplifying assumption that there are no geometry errors, i.e., I'j, = I'. We comment on
this in Remark 6.12.

5. ANALYSIS OF THE STREAM FUNCTION FORMULATION

In this section we present an error analysis of the discretization (3.3) for the simplified case I'j, = I'. This
means that in the discrete problem in (3.3) we use the bilinear forms as in (2.16)(2.18), 55 (¢n,nn) := p [or (n-
h
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Vior)(n - Vi) ds and a right-hand side functional as in (2.19). Our analysis uses a technique inspired by the
paper [15]. In that paper a general framework for the analysis of mixed problems is presented which applies
to the discretization of the biharmonic equation (reformulated as a coupled second order system) in Euclidean
space. The discrete problem (3.3) that we consider, however, does not fit into the framework presented in [15].
This is caused by the bilinear form bg (£,1) = 2 [.(1 — K)Vr{ - Vrnds. This term does not occur in the
framework presented in [15], which involves only the terms m(-,-) (denoted by a(-,-) in [15]) and b(-,-). Similar
to b(-,-) the “new” term bg (&, n) contains gradients of its arguments, but opposite to b(-,-) it does not have an
ellipticity property. This is due to the fact that for general smooth closed surfaces I' we do not have the bound
K(z) < 1lforallz €T (or K(z) < 0, for the case a = 0 in (2.9)). To be able to control the bilinear form bg (-, -),
in the error analysis we use the fundamental estimate (5.5) that is derived in the next section, ¢f. Remark 6.3.
The structure of the analysis is as follows. In Section 5.1, we collect a few relevant results known from the
literature and derive the fundamental inequality (5.5). In Section 5.2, discretization error bounds for the solution
of the discrete stream function problem (3.3) are derived. For this we first prove bounds for ¢* — ¢} in different
norms (Sect. 5.2.1), then we present estimates for ¢* — 1} (Sect. 5.2.2), and combining these results we obtain
discretization error bounds (Sect. 5.2.3).
5.1. Preliminaries

The following Korn type inequality is derived in [39]: there exists cx > 0:
IVlicz@y + 1Bs(V) 22y = exllVlimey  for all v e Hy (). (5.1)
From Lemma 2.2 it follows that there are strictly positive constants cg, ¢y such that
coll¥ll a2y < | curlpd)|| gary < el a2y for all ¢ € HZ(T). (5.2)

In the next lemma we present a fundamental result for the bilinear form bg(-,-) that is derived using its
connection to the surface Stokes problem.

Lemma 5.1. The following inequality holds:
[ Al 22y + brc (0, 0) > cpl| Ar[|72(ry  for all ¢ € HZ(T),
with cp = 2ckcd >0, and ck, co as in (5.1) and (5.2), respectively.

Proof. Let ¢ € HZ(T') be given and define u := curlry) € Hy 4 (T). Using (2.13) (with o = 1), (5.1) and (5.2)
we obtain

I Artpll7zry + brc (1, 9) = 2a1(u,0) > 2ex|| curle |G ) > 2exc5 [0l r)-

This yields the following corollary.

Corollary 5.2. Consider the standard Laplace-Beltrami equation: Given f € L2(T') :={ f € L*(T") | [, fds =
0}, determine ¢ € H}(T) such that

b(v,€) = /Fffds for all £ € H'(I). (5.3)

The unique solution 1) has regularity 1 € H*(T') and

£z +0xc (0, 90) 2 cpll fllZary  de.  —br(¥.) < (1—cp)lfllfe)

holds.
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We derive a discrete variant of Corollary 5.2 for the solution vy, of (5.4), which plays a key role in the analysis
below.

Corollary 5.3. For f € L%(T') consider the following discrete Laplace—Beltrami problem (with stabilization):
Determine 1y, € Vi with [ ds = 0 such that

b(Vn,&n) + sn(¥n, &n) = /Fffh ds for all §, € Vi . (5.4)

Let 4y, be the unique solution of (5.4). For h sufficiently small the following estimate holds:

o) < (1 gor ) I ey (5.5

Proof. Let v and 9, be the solution of (5.3) and (5.4), respectively. From the literature (Thm. 5.6 in [18]) we
have the stability and error estimates:

(b(¥n, ¥n) + 3h(¢ha¢h))% < cf[fllL2r)s
| V(¥ — ¥n)ll L2y < chll fllL2r)-

Using these we obtain

‘bK(qphaq/}h) - bK(¢»¢)| = |bK(1/’h - 1/171/%) + bK(Z[},”/,[}h - 1/})|
< || Vi = Yr)ll 2oyl Vevowl 2y < Ch||f||2L2(I‘)'

Combining this with the result in Corollary 5.2 yields
172y + brc (Vs ) = [ Z 2y + brc (0, 9) + (b (o, 1) — brc (30,4))
> epl e — bl sy 2 3erllf sy
for h sufficiently small. |

We recall a result that is standard in the analysis of trace finite element methods [10, 18]:
||§h||izm,§) < hllénll7z ) + h*n- V§h||iz(gg) for all &, € Vi k. (5.6)
Lemma 5.4. The problem (3.3) has a unique solution.

Proof. Take g = 0. We have to show ¥, = ¢; = 0. For the choice &, = ¥y and 1, = ¢, as test functions in
(3.3) we get by subtracting both equations

m(Pn, ¢n) + b (Vn, ¥n) = 0. (5.7)

Note that the first equation in (3.3) is of the form as in (5.4) with f = —¢},. Using Corollary 5.3 yields

1
1pn 72 (ry + b (Y, ¥n) > §CF||¢h||%2(r)v

and with (5.7) we obtain

1 .
0> Serlénliamy, e llonllcaw) =0.
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Testing the first equation of (3.3) with 7, = ¥y, applying the Cauchy—Schwarz inequality in combination with
the previous result we get

b(n, ¥n) + sn(Wn, vn) = —m(én, vn) < |nll 2@y ll¥nllLzy = 0.

Using a Poincare inequality, ||¢hH2L2(F) < ¢b(¥n, ¥n), and the inequality (5.6), this implies [|¢]|2(qry = 0 and
therefore, 1y, = 0. Using &, = ¢, as a test function in the second equation in (3.3) and the Cauchy—Schwarz
inequality we get

b(on, On) + sn(dn, o) = bx (VYn, o) = 0.

With the same arguments as above we conclude ¢, = 0. (]

In the following we denote the unique solution by )}, ¢7.

5.2. Error analysis for the stream function

It is convenient to introduce the notation

The corresponding semi-norm is denoted by || - || 4. The usual H*(I') semi-norm is defined by | - |y := b(-,-)z.
For functions ¢ € H*(T") we always use a constant extension along normals, which is also denoted by . Hence,
sp(¥, &n) = 0 for all &, € Vj, &, holds. We introduce the projection IIj, : HY(T) — V, . N HYT) defined by

A(TTptp, ) = A(,mn) = b(,nn)  for all ny, € Vi, (5.8)

i.e.,
b1y — Y, nn) + sn(py — 9, mp) =0 for all ny, € Vi .

This projection corresponds to the solution operator of the discretization of the scalar Laplace—Beltrami equation
in (5.4). For this problem, discretization error analyses are available in the literature [7,10, 18, 38], which result
in optimal discretization error bounds, both in the energy norm and the L?(I') norm. These results yield the
following proposition:

Proposition 5.5. Let m > 3 be such that the solution of (2.20) has reqularity 1»* € H™(T') and ¢* € H™ 2(T).
For the Laplace—Beltrami Galerkin projection II,, the following estimates hold:

9" =™ [|a S A" Y™ o), 1<r<s, (5.9)
19" =TI L2y S B I[" | (), 0<r<s, (5.10)
6% —Mao*|la S A" " e oy, 1<r<s, (5.11)
6" — nod™ || L2y S A" 1|Q" | 0y 0 <r<so, (5.12)
(5.13)

with s; := min{m,k + 1} and s9 := min{m — 2,k + 1}.

Remark 5.6. The estimates in Proposition 5.5 combined with (5.5) are the essential ingredients for the analysis
below to work. Therefore, the analysis also applies to the surface finite element method, for which the results
(5.9)-(5.12) are known to hold.
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5.2.1. Bounds for the error ¢* — ¢},

The analysis below is along the same lines as in [15]. However, as indicated already above, we have an
additional term bg (-, -) that has to be controlled.

Theorem 5.7. Let (¢¥*,¢*) and (¢, ¢7) be the solutions of (2.20) and (3.3) (with 'y, =T), respectively. The
following estimates hold:

16" — drllrzry S 2 11@* | reary + B 0 | raa oy + [0 — 51,
l¢* — dnlla S P2 M@ | eary + [0 — ¥iila,

with s1,s2 as in (5.13).

Proof. 1t is convenient to introduce a notation for Galerkin projection errors:

ey = * = IIp", ey :=¢" —IIxo". (5.14)

From (2.20) and (3.3) we obtain the following Galerkin relations:
m(@" — ¢, nn) + 6" — Yy mn) = sn(@h,mn) =0 Von € Vi, (5.15)
b(¢" = Py En) = br (V° = g, En) — 50 (07, 6n) =0 V& € Vi (5.16)

Using the first identity (5.15) we get

m(Ipd" — ¢4, mn) = m(I1n¢™ — ¢%,mn) +m(¢™ — ¢, nn)
=m(pd" — ¢, nn) + bWy — ¥ nn) + su(Wh,nn) Y 0n € Vg
Taking n, = 0™ — ¢}, leads to
Mo = @h 72y = — mleg, ad* — ¢},) (5.17)
+ (Y, — " 1Ing"™ — &) + sn(¥p,, Hnd™ — ¢3,) - (5.18)
=:(I)

We first consider (I). Using the projection property (5.8) and the second Galerkin relation (5.16) yields

(1) 2 by, — " 6™ = 63) — s ([, T — 63) + sn (65, TTag” — 7)

= b(Iln¢" — ¢F, p — pp™) + sp(pod™ — @p, Yy — py™)
O (% — g — ) — su (65, 05 — Ty") (5.19)
CL b (0" — o, 0 — T)

= br(ey, ¥, — ™) — b (Y5, — pp™, oy — Ipp™).

Due to the Galerkin relation (5.15) and the projection property (5.8) we get

m((b* - ¢7u77h) = b(w; - w*ﬂ?h) + Sh(¢;§ﬂ7h)
= b(Yy, — Up™, mn) + su (g, — Tptp™, mp)

for all ny, € Vj, &. Hence, ¢ —II1* is the solution of the discrete Laplace-Beltrami problem (5.4) with right-hand
side f = ¢* — ¢}. Using (5.5) we obtain

1
b7~ T~ %) < (1= Jer ) 167 = 63 (5:20)



2082 P. BRANDNER AND A. REUSKEN

Combining the results (5.17) and (5.19) and using the Cauchy—Schwarz inequality and (5.20), we obtain

ML™ — Gp T2y = — mleg, Tnd* — 6f,) + bic (ey, ¥ — Maty*)
— b (¢, — Hpp™, ¢y, — Mpyp™)

* * 1 * *
Jeollzzay M = iz + (1 5w ) 16° = Gl
+ cley|1vn — py™ |1

1 ﬁ * *
%”etﬁH%Z(F) + 5 [d" — OhlZ2(r) (5.21)

1 1
+ <]. — 20F> <1 + 05) ||e¢||2L2(F)

1 * *
n (1 . cF> (1 + " — e

IN

IN

2
+ clegli[vy — ny™y
for all a, 8 > 0 and a suitable constant ¢. We take o and 3 such that g 4+ (1—1cp)(1+a) <1 and then shift

the term ||II,¢* — QS;‘LH%Z(F) in (5.21) to the left-hand side. Applying the triangle inequality |} — HpY*[; <
[y — ¥*|1 + |ey |1 yields (for h sufficiently small)

MT0e" = dhlZamy S lleollZaqry + lewl? + lewlslv™ — w3l

legll7zry + lewlT + 10" — ili.

IZANRYAN

With the projection error bounds (5.9) and (5.12) we get

9" — dp 2y S B2 N16* [ mea o) + B T W e oy + [9° = i la-

Combining this with [|¢* — ¢} || L2y < llegllz2ry + [[TR¢* — ¢} || L2(ry and the projection error bound (5.12) we
obtain the bound for the error ||¢* — ¢} [ z2(r) -

For deriving the bound for ||¢* —¢7 || 4 we start with the second Galerkin relation (5.16) and use the projection
property (5.8), which yields

b(¢* — @1y &n) — sn(dh, &n) = b (V™ — Uy, &n),

hence,
b(I1n¢" — ¢, &n) + sn(Ilnd™ — ¢, &n) = b (V™ — ¥y, &) for all &, € Vi k.

Taking &, = I1,¢* — ¢ yields
g™ = G4l = brc(¥" = ¥, Ind™ — 7)) < [0° — i1 [ag™ — G-
Using |I1,0* — ¢7 |1 < [|[IIn¢* — ¢}, ||a we conclude
[Mh¢" = dplla S [0 — U5l

Combining this with ||¢* — ¢} ]|a < |leglla + [|[Hr¢* — ¢ ]| 4 and the projection error bound (5.11) leads to the
desired error bound. ]

Remark 5.8. In the proof above it is essential that for v := g + (1 = 1¢p)(1 + a) we have the bound v < 1,
cf. (5.21). For this to hold it is essential that in the estimate (5.5) we have a constant 1 — Jcp < 1.
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5.2.2. Bound for the error ¢* — iy

In the next theorem an error bound for the error |¢)* — ¢} |; is derived.

Theorem 5.9. Let (¢¥*,¢*) and (¢, #7.) be the solutions of (2.20) and (3.3) (with 'y, =T), respectively. The
following estimate holds:

" — il S AT T e oy + Rl6T — &Il 2qry + R0 — 674,
with s1 as in (5.13).

Proof. Take g(£) = —2 [.f - curlp{ ds with f := —1 curlp(¢* — ¢}) in the problem (2.20). The corresponding
unique solution, denoted by 1[1, qg, satisfies

m(¢,n) +b(ih,n) =0 for all n € HY(T), (5.22)
b(p, &) — b (1), €) = /F curlp(¢* — 7)) - curlpé ds. for all ¢ € H(T), (5.23)
and the regularity estimates
]l s 0y S El L2y S 19° = i, (5.24)
1Bl1z ) S 1€l L2y S 107 = W (5.25)

Again the solutions ¢ and ¢ are extended constantly along normals. We use notation as in (5.14) and introduce
for better readability the following Galerkin projection errors:

by =0 —Tyth, &y = ¢ — 1o
Taking & = ¢* — ¢f € H'(T) in (5.23) yields
[ =il = b(o, 0" = ¥f) — bre (0" — 7). (5.26)
We rewrite the first term on the right-hand side of (5.26) with the help of the Galerkin relations (5.15), (5.16),
the first equation of (5.22) and the projection property (5.8):
D@0 =) = b(Eg, " = Up) + b, v* — )
= (89, ep) +b(Eg, Ttr" — ¥7) + (111, 4" — V)
b(ég, ey) + sn (e, o™ — ¥3r) + b, 9™ — 1))
"b(egsep) + s (Tnd, Tt — ) + s (I, )
—m(¢" — ;. 1)
= b(egy,eyp) + s (T, Tpp™) — m(e, — ¢*,é9)
+m(¢], — 6", 9)
2 b2y, ) + sn(TTnd, ™) — m(g, — &, é9)
+b(¢" — 5, )
= b(ég,ey) + sn(no, ™) — m(e), — ¢", éy)
+b(6" = By ) +b(&" — &}, TIt)
b(ég, ey) + sn(e, Tp™) — m(e), — ¢, é4)
+b(6" — By y) + bx (V7 — Y Tnd) + sn (0, 1L th).

(

ot
0
=

(5.15

(5.16)
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With this we can conclude from (5.26)

" — Y517 = b(ég, ep) + sn(TTnd, ™) — m(eh — ¢*,éy) + b(¢" — B}, éy)
+ s, Tph) — b (V™ — U, )
< llégllalleglla + 65 — o™ llL2llésllzmy + 116" — dpllallénlla
+ |t —Pplilépli.

Using the projection error bounds (5.9), (5.11) and (5.12) in combination with the regularity estimates (5.24)
and (5.25) yields

[ = ili < legllale™ — vl + hllh — 6"z l¥™ — ¥
S A P AP e T A
The last term can be shifted to the left-hand side since h is sufficiently small and k > 1. Applying the projection
error bound (5.9) leads to the claimed estimate of the theorem. O

5.2.8. Discretization error bounds

Combining the results in Theorems 5.7 and 5.9 we obtain discretization error bounds.

Theorem 5.10. Let (¢*, ¢*) and (¢, ¢}) be the solutions of (2.20) and (3.3) (with I'y, =T'), respectively. Let
m > 3 be such that * € HX(T)NH™(T) and ¢* € H™2(T'). With s; = min{m, k+1}, sy = min{m —2,k+1}
and k* :=0if k=1 and k* := 1 if k > 2 the following error bounds hold:

[0 = il S BT [ oy 4 B [0 | mea (), (5.27)
19" = dhlla S B W e oy + B2 70" a2 ), (5.28)
16" = @hllLzy S P HID | aror 0y + B2 [16% | 112 (1) (5.29)
In particular, we have the following result for k > 2 and * € H*1(T'):
" = il S B eer ey + R0 ey S PEIO* e ) (5.30)

Proof. For the first result we start with the bound in Theorem 5.9 and insert the estimates of Theorem 5.7:

" =il S BT e oy + R (B2 9" s 0y + B5 0 s oy + [0F = ¥3]1)
+ hmEEY (022§ | oo o) + [0 — ¥5i)
ST gen oy + BN G L ea oy + Bl — Y7
For h sufficiently small we can shift the term hly)* — |1 to the left-hand side, which leads to the desired error
bound.

The second and the third result are obtained by inserting the estimate (5.27) into the first and the second
error bound of Theorem 5.7. The discretization error bound (5.30) follows from (5.27) and [[¢* | gr-1(r) =

FArY™ || a1 (ry < 19" r)-

Remark 5.11. We discuss the main results (5.27)—(5.29). The bound (5.27) is optimal for all & > 2, ¢f. (5.30).
For the case k = 1 we obtain

19" =l S A 2y + b9 a1y S PIY s o) (5.31)

We note that for k = 1 the analysis in [15] does not yield an optimal order estimate of the form |¢)* — |1 < ch.
The result (5.31) is optimal w.r.t. the order of convergence in h, but suboptimal in the sense that it involves
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the smoothness term [|1)*| g3y instead of the optimal |[*||g2(ry. This is caused by the fact that we need a
minimal regularity u* € H?(T)3, i.e., v* € H3(T). The improvement of our result (for k& = 1) compared to
[15] is due to the fact that in our case all bilinear forms are symmetric, which is not assumed in the abstract
framework presented in [15]. As an example, consider the derivation in (5.19), where the symmetry of b(-,-) is
essential; for sp(-,-) = 0 (for convenience) and with wy, := ¢}, — II* we have in (5.19) b(wy,, II¢* — ¢}) =
b(Mpo* — ¢y, wp) = b(¢* — ¢f,wy), where in the first equality we used symmetry. In Theorem 2 of [15] the
authors would, with straightforward arguments, obtain an improved error bound (without the “nasty” term
S(h)) if symmetry of the bilinear forms is assumed. Such an improved error bound would then yield an optimal
estimate similar to the one in (5.31).

The second error bound (5.28) is optimal if we have sufficient smoothness: for the case m > k + 3, we obtain
the optimal error bound

6% = dnlla S BE (9" mrss ey + 9% [ rer(ry)- (5.32)

We note that the results in [15] do not yield optimal error bounds for ¢* — @7 (even not under strong smoothness
assumptions). Assuming minimal regularity, i.e., m = 3, we obtain

16" = Phlla S R*I9* sy + 19 ey for k=1,2,

which is not optimal.
The third error bound (5.29) is suboptimal. For the case with strong smoothness assumptions (m > k + 3)
we obtain the error bound

6% — dhll2ry S BRI ey + R0 | s ).

which is one order lower than the optimal h*+! bound.

6. ERROR ANALYSIS FOR THE RECONSTRUCTION OF VELOCITY AND PRESSURE

In this section we derive discretization error bounds for the discrete reconstructions uy, pp of the velocity
u* and p*, given the discrete stream function 1}, which is the solution of (3.3). With ¢* we denote the unique
stream function of u*. Again we make the simplifying assumption I'y, =T

6.1. Error analysis for velocity reconstruction

The velocity reconstruction is based on the variational problem (2.22). For the discretization we consider the
case with Ty, =T, i.e. (¢f. (4.4)): Determine uy, € (Vh,ku)?’ such that

My (up, vi) = /

uy - vpds + sh(uh,vh) = / gh " Vh ds Vwv,e (Vh)}gu)g,
T

r (6.1)

with sy (up,vp) = pu/ (Vun) - (Vun)dz, g := (0 x V),
Q;

and ¢} € Vj, 1 the solution of (3.3). We denote the unique solution of (6.1) by uj. The exact velocity solution
u* (extended constantly along normals) satisfies, cf. (2.22),

My (0", vy) = / g-vids Vv € (Vig)®,
r
with g = (n x Vpy™).

Due to (5.6), || - ||ar := My(-,-)2 defines a norm on (Vj, ,)>. Using a standard Strang argument we obtain the
following result.
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Lemma 6.1. Let uj, be the unique solution of (6.1). The following error estimate holds:

u* —wllar <2 minJlu” —valla +[lg — gallezm)- (6.2)
V€V, k)

The approximation error part in (6.2) can be bounded by standard interpolation error bounds, available for
trace finite elements.

Lemma 6.2. Take u € H*+(T). The following holds:

min ||11 — Vh”M 5 hk“+1||u||Hku+1(p). (63)
Vi€(Viky, )?

Proof. Let u € H**+1(T) be given. Its constant extension along normals n is also denoted by u. The standard
(componentwise) nodal interpolation in Vj, x, is denoted by I*. Note that

r(r‘l/in ? lu—vilar < |lu—TI*ua < |lu- Ik“u||L2(p) + (sn (u— I*a,u— I’““u))§ . (6.4)
VhE€(Vh, ky

The first term of (6.4) can be estimated with a standard interpolation error result for trace finite elements [38]:
Ju — I*ul| g2y < BP |l e+ (). For the second term in (6.4) we get

(sn (u—Ik'“u,u—Ik“u))% %HV (u— I**u) Il 2 ar)

Sh
o i (6.5)

Sh “+§||11HHM+1(95) < At lall grtr(ry-

Combing these results we obtain the bound (6.3). O

Remark 6.3. In the proof above, ¢f. (6.5), a scaling p, < h is essential to obtain the approximation error
bound as in (6.3). For other usual choices p, ~ 1 and p, ~ h~! we obtain an approximation error bound
< hFtz and < hFv, respectively. Note that the norm || - |[5; depends on p,. The scaling p, ~ h is optimal
it the sense that it balances the two terms in (6.4). Without stabilization, i.e., p, = 0, we obtain an optimal
approximation error bound in the || - [|z2(p,)-norm. Below we see that an optimal error bound in the H Lnorm
can only be derived for the case that the error in the || - ||as-norm is bounded by h*¥«*1 and p, > h is satisfied,

¢f. Remark 6.8. Based on these observations we take the scaling p,, ~ h in (4.3). In Section 7.2, we show results
of experiments with different scalings of the stabilization parameter p,,, which confirm these findings.

From the analysis below and from numerical experiments we conclude that for the case k = k, we have

suboptimal discretization errors bounds for the velocity approximation uy € (Vh7k1L)3 . Hence, the case k < k,,
is not of interest. In view of this and to simplify the presentation, in remainder we restrict to k > k.

Theorem 6.4. Let u* and uj, € (Vh,ku)3 be the unique solutions of (2.22) and (6.1), respectively. We assume
that u* € H*«TY(T)? holds. Let k, € N be such that

0 — [ poe ) S AF7.
With k* :=0if k=1 and k* := 1 if k > 2, the following discretization error bound holds:

~

=g 5 (R 4+ A ) . (6.6)
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Proof. Using the Cauchy—Schwarz inequality, the assumption on the normal approximation and the discretiza-
tion error for the stream function (5.27) in Theorem 5.10 (with m = k,, + 1) yields

lg —gnllzry < [ (0 —0p) X Ve |2y + [[Bn x (Ve = ¥3)) [2(r)
S B ) + 9~ Ukh
S I Ly + B i )
+ hFuth 19" | a2y
< (hkg + pmin{kat1.k} | hku+k*) [P (6.7)
Here we used the assumptions k > ky, ¢¥* € HX(T) N H**2(T), and ||¢*||r, < 10" lkyr2 S |||k, +1, due to

the first estimate in (2.23). The result (6.6) follows from the approximation error (6.3), the error bound (6.7)
and the Strang estimate (6.2). O

We discuss this theorem in the next remark.

Remark 6.5. The discretization error bound in Theorem 6.4 implies that the choices k = k,+1 and ky = k,+1
lead to optimal order of convergence:

lo = wjllar S A5 e ).

In particular, for linear finite elements for the velocity (k, = 1) we obtain an optimal discretization error bound
< h? if we use quadratic finite elements for the stream function (k = 2) and a normal approximation with second
order accuracy (k; = 2). Choosing either k¥ = 1 or k, = 1 will lead to an error bound < h and is therefore
suboptimal. This suboptimality is confirmed in numerical experiments.

As an immediate consequence we obtain the following optimal discretization error bound in the norm [|-|| z2(r).

Corollary 6.6. If the assumptions as in Theorem 6.4 are satisfied and we take k = kg = ky, + 1, the following
error bound holds:
Ju* — a2y S A5 0| e ).
In the next theorem we derive a discretization error bound in the || - || g1 (r)-norm.

Theorem 6.7. Let the assumptions as in Theorem 6.4 be satisfied. The following error bound holds:
L Pl e R | L Pty
Proof. We consider the splitting (with a constant extension of u*)
Ve (0" = uj) |2y < IV (0 = 170 [[ g2y + IV (T 0" = ) (|22, (6.8)

with I*» the nodal interpolation operator as used in the proof of Lemma 6.2. We use the interpolation error
bound

IV (u* = I*u") | pary < b

11||Hku+1(1—‘). (69)

For the other term we first recall the following result, for T' € 7;':

loli3ewny S (B2 Nol3eir + helVoleer ) o forall v e HY(T),
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with hy = diam(7T), ¢f. [20]. Using this, a standard inverse inequality and the estimate (5.6) yields
* * -1 gk * —11 wyq ¥ *
IV (I*u* = u}) |2y S b2V ([P a* - uj) lr2ary Sh'z [ 7 — w22 ar)
S AP — g oy + b2 I V(TP u” = uf) || 2 gar)
S AP — g

We apply the triangle equality, use the interpolation error bound derived in the proof of Lemma 6.2, and the
discretization error from Theorem 6.4. This yields

IV (170 = w) g2y S A7 Hlu® = M0 + Ao = gl
S R I | [ [ORyis
Combining this with (6.9), and noting that &, > min{k,,k — 1}, completes the proof. a

Remark 6.8. In the proof above the result (5.6) is needed. For this it is essential that in the stabilization in
the discrete problem (6.1) we use a parameter p,, 2 h. Hence, without stabilization (p,, = 0) we do not obtain

~

an optimal order discretization error bound in the || - || H(r'y)-norm. Numerical experiments in Section 7 show
that for optimal order convergence the || - ||z1(p,)-norm the normal derivative volume stabilization is indeed
essential.

6.2. Error analysis for pressure reconstruction

The pressure reconstruction is based on the variational problem (2.24). For the discretization we consider the
case with I'y =T, i.e. (¢f. (4.6)): Determine pj, € Vj, x, with fl“h pr dsp = 0, such that

An(pn, &) = / Vrpn - Veén ds + sp(pn, &) = / zp - Vré&pds YV &p € Vi,
: " (6.10)

with su(pns €n) = py / (n-Vpn) - (n- V&) dz, 2 = (K curlpgf + ),

T
Qh

and p, as in (4.5). We denote the unique solution of (6.10) with pj. The exact pressure solution p* (extended
constantly along normals) satisfies, ¢f. (2.24),

An(p*,&n) = / z-Vrépds V& € Vi,
r
with z = (K curlpy™ +f).

The corresponding seminorm is denoted by || - |4 (which is the same as in Sect. 5 but with p, instead of p).
Using a standard Strang argument we obtain the following result.

Lemma 6.9. Let p} be the unique solution of (6.10). The following error estimate holds:

lp* —pilla <2 min  |[|p* = &nlla + |1z — zn||2(r).- (6.11)
En€Vh ke

.k

For the approximation error part in (6.11) we have a bound as in Proposition 5.5. For p* € H}(I')N H**1(T")
the following holds:

. * k *
o = Eulla S H 1D sy (612

We now present a discretization error bound for the pressure.
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Theorem 6.10. Let p* € HY(T) and pj}, € Vi i, be the unique solutions of (2.24) and (6.10), respectively. We
assume p* € H*»TY(T), and let m > 3 be such that * € H™(T). With s; = min{m, k+1}, so = min{m—2,k+1}
and k* :=0if k=1 and k* := 1 if k > 2 the following error bound holds:

Ip* = phlla S W s oy + B0 o ) + B2 0% | groa 2y -

Proof. Using the discretization error bound for the stream function (5.27) in Theorem 5.10 and [|¢*||» < ||9*||r+2
we obtain

1z — znllz2r) < K[z @)l curle (9 —95) [l 22(r)
S =il S BT ey + R
ST e ) + 2|05 prsaaqry-

Combining this with the approximation error (6.12) and the Strang estimate (6.11) completes the proof. O

" |l =2 (1)

If p* € H**1(I') holds, it is reasonable to assume the smoothness property u* € H**+2(I'), i.e., o* €
H*»*+3(T"). We consider the special case of Theorem 6.10 with m = k, + 3:

Corollary 6.11. Let the assumptions as in Theorem 6.10 be satisfied, with m = k,+3. We take k € {kp, k,+1}.
Then the following error bound holds:

Ip* = pilla S B (1" ariwss oy + 10 g oy

Remark 6.12. In the error analysis of this paper we used the assumption I';, = I'. Using the techniques available
in the literature for scalar elliptic surface PDEs, an error analysis including the geometry approximation can be
developed. Such an analysis, however, will be very technical. Based on the analysis in [18] of the higher order
parametric finite element method explained in Remark 3.1, we expect optimal order results for the velocity
approximation if for the geometry approximation we use the same polynomial degree k, (i.e., isoparametric
w.r.t the velocity finite element space). Using this isoparametric approach and k = k, + 1, k; = k, + 1,
numerical experiments with the parametric finite element method of Remark 3.1 show that we indeed obtain
optimal results [[v* — ¢4 ~ h*, |u = wllgir,) ~ A*, |[u — wpll2r,) ~ A", but a suboptimal error
" — 5|l L2(r,,) ~ h* (due to the geometrical error).

7. NUMERICAL EXPERIMENTS

For the implementation of the method we used Netgen/NGSolve with ngsxfem [27,28]. At first we consider

the unit sphere I' C € :=[-2, 2]3:

Ii= {x € R®: ®(x) = \/a? + 2§ + a3 — 1 =0}.

We choose the smooth solutions

z1(6x2—x3)/ w%+m§+w§—w2 cos(6)(z§ —2 wg)
(ﬁf—&-x% +x§)3/2

— Cos(6)mlz§+(6zf —Gmg —$2I3)\ / x%+z§+z§

u:= (a:f+z§+a:§)3/2 ’

(69;2 T3 —x%—i—:vg) w%+x§+w§+2 cos(6)zizows

(a2 +a3+a2)*

(633323;3 + 1 cos (62) N x%) 1

P = 5
(€2 + 23 + 22)*/?
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—2 —-1
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1.5e-02 -3.1e+00

FIGURE 1. The velocity u (left) and the stream function ¢ (right) on the approximated unit sphere.

of the Stokes equation (2.6) and (2.7) with a = 1, and corresponding stream function and vorticity

@y (6xs + x2) /2] + x5 + 25 — x3w3 cos (6)
w T 2)3/2 9

(2] + a3 + 23

b= 621 (623 + x2) /o7 + 23 + 23 + 1/3 cos (6) w3 (2 — 523 + 23)
(a3 + 23 +23)""?

The velocity solution is tangential and divergence-free and all solutions are extended constantly along normals.
This is possible in this test case because the exact distance function of the unit sphere is well-known. Using
MAPLE we determine the corresponding right-hand side f which is also constant in normal direction and defines
the data approximation fj,. The velocity u and the stream function ¢ are visualized in Figure 1.

We comment on the case o = 0. If Killing vector fields are present, a method for factoring out the kernel
space F as explained in Remark 5.8 of [39] can be applied. Another strategy to deal with the Killing vector
fields is introduced and analyzed in the recent paper [6].

For the discretization we use an unstructured tetrahedral triangulation of €2 in Netgen with starting mesh
size h = 0.5. In every refinement step the mesh is locally refined using a marked-edge bisection method for
the tetrahedra that are intersected by the surface [43]. The piecewise planar surface approximation I'j, and
the trace finite element spaces are constructed as explained in Remark 3.1. The normal on T'j, is defined by

& . . . . S
ny, = HI:CPH? and satisfies |[n—ny || < k. In the numerical experiments a higher accuracy normal iy, is used for

2
the reconstruction of the velocity, unless stated otherwise. This normal is defined by ny, := % and satisfies
h

ln — 0/l < A% We do not need a curvature approximation and set Kj, = K = 1. Based on the results of our
analysis, cf. the discussion in Remark 6.5, we define as the standard parameter choice: k = 2, k, = 1 and k, = 1.
The parameters of the volume normal derivative stabilizations are set to p = p, = p, = h and we use k; = 2,
unless stated otherwise. Note that due to the geometry approzimation dist(I'y,,T') < h? we can not expect any
error to be better than < h?.

7.1. Results of the method with standard parameter choice

We present results for the standard method described above. In addition the case k, = 2 (with solution
denoted by pp,) is considered. All results are illustrated in the Figures 2 and 3. We observe an optimal second
order convergence for the error [|1, — 1[4, consistent with the estimate (5.30). The error ||1, — [/ z2(r,) is not
treated in the analysis but converges with second order. This suboptimality can be explained by the geometric
error ~h?. We observe the same convergence orders for the vorticity error ||¢ — ¢4 as for the stream function
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FI1GURE 2. Errors for the stream function and the vorticity on the unit sphere; k = 2.

102 ; ; +Huh_uHM
g 1= [lur —uflgr,)
10t ;’ é +—|lpn = pllL2ry)
g 1 [ = llpn = plla
100 2= Pn —plla
s 1]---0(h)
& 107! g EA R O(h?)
102} .
1073 1 .
10~4 L ! ! ! ! l l J

|
0 1

2 3 4 5 6
Refinement level

F1GURE 3. Errors for velocity and pressure on the unit sphere; k = kg =2, k, =1, k, = 1 (pr)
or ky =2 (Pn)-

error |[1p — ||, both for || - || = | - [|a and || - || = || - ||z2(p,)- For the velocity and the pressure optimal orders
of convergence in all norms, as predicted by the analysis (modulo geometric errors) are observed. For the error
|Pn — pllL2(r,,) we obtain suboptimal second order convergence (not shown), due to the geometry error ~h?.

7.2. Variation of the parameter p,,

In this experiment we illustrate the effect of different scalings for the parameter p, of the volume normal
derivative stabilization. We consider p, € {0,h,1,h~1}. Note that in the standard parameter setting described
above we take p, = h. Results for the velocity error in three different norms are shown in the Figures 4—6.
As discussed in Remark 6.3, our analysis predicts error bounds |[u, — ul[p; < A2 and |Juy — ul|y < h for the
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10t | 4| P h
g 1| pu=1
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107 1| pu=0
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FIGURE 4. Error ||uy, — ul|as for different p,, scalings on the unit sphere; k =k, =2, k, = 1.

10t | {7 e h
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i 1|---0(h)
51071 EI O(h?)
= i i
1072} E
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104 ; | | | | \ | | ;

0 1 2 3 4 5 6
Refinement level

FIGURE 5. Error ||uj, —ul[z2(r,) for different p, scalings on the unit sphere; k = ky = 2, ky, = 1.

parameter values p, = 1 and p, = h~!, respectively. These convergence rates are observed in Figure 4. Only
the choices p, ~ h and p, = 0 (no stabilization) result in second order convergence ||u; — ul|ps ~ h?. Note

that for p, = 0 the norm || - |[as coincides with the || - ||2(ry norm. The scaling p, ~ h~' leads to suboptimal
convergence of the error |[u, —ul|z2(r,), ¢f. Figure 5. The results in Figure 6 show that without stabilization
(pu = 0) the rate of convergence in the || - || z1(p,)-norm is suboptimal, cf. Remark 6.8. Hence, in accordance

with our findings based on the error analysis, these results of the numerical experiments lead to the (optimal)
parameter scaling p,, ~ h.
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FIGURE 6. Error ||uy — ul|g1(p,) for different p, scalings on the unit sphere; k =k, = 2, k, = 1.
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FIGURE 7. Velocity errors for different normal approximations on the unit sphere; k = 2,
ky=1 ks =2 (np) or kg =1 (np).

7.3. Choice of the normal in the reconstruction of the velocity

In the reconstruction of the velocity (4.4) we introduced an approximate normal n,. The accuracy of this
normal is described by the order parameter k4, cf. Theorem 6.4. Our error analysis resulted in the parameter
choice k; = k, + 1, c¢f. Remark 6.5. In the experiments above we used k, = 1, k; = 2. We performed an
experiment in which the normal ny, that is used in the experiments above (with k, = 2), is replaced by the
normal ny, (with k, = 1). Results are shown in Figure 7. We observe that an optimal convergence order in both
the || - ||as-norm and the [[u, —ul|g1(r,) is not obtained if we use ny. We then lose one order of convergence in
the || - || as-norm.
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FIGURE 8. The velocity u (left) and the stream function v (right) for the example with varying
Gaussian curvature.

7.4. A geometry with varying curvature

We consider a geometry I' C  := [—g, 3]3, as in [12], with a varying Gaussian curvature, given by:

D= {xeR: ®(x):=(z; —23)* + 25 +25 - 1=0}
We choose the smooth solutions

V= x5 + sin (x123) + Thr00], 1
p =} + 6 cos (mlxgxg) , (7-1)
and calculate the velocity u := curlr and the vorticity ¢ := Arty with MAPLE. These are the smooth solutions
of the Stokes equations (2.6) and (2.7) for o = 1 with computed right-hand side f using again MAPLE. Due to
construction the velocity solution is tangential and divergence-free. Note that since no signed distance function
is known, functions can not easily be extended constantly along normals. Instead we use smooth extensions
directly based on their definition (7.1). The velocity u and the stream function ¢ are visualized in Figure 8.
This geometry is chosen because now the term 1 — K in the bilinear form b (-, -), ¢f. (2.18), does not have a
fixed sign. For y = (1,0,0)” € T and z = (5,0, 4v3)” € I' we have K(y) = —1 and K(z) = 12. The curvature
is approximated with high accuracy. We again use the standard parameter choice. The results are illustrated
in the Figures 9 and 10. We observe the same orders of convergence as in the first experiment. First a few

refinements are needed to resolve the geometry and then we obtain the expected orders of convergence.

Remark 7.1. We briefly discuss an issue related to the error computation. Let ¢¢ be the extension of ¢ (given
on I') that is constant in normal direction and ¢ another smooth extension off the surface. On the surface T
we have 1¢ = ¢¢ , Vpy® = Vre)® but in general V¢ # V. Furthermore, |1 — 9¢||z2(r,) < h? holds. One
can derive the estimates

1Pn (Vrd = V4°) e, S B2 (7.2)
1Pn (Vo = Vi) 2 S b (7.3)
Based on this, we use the following quantities in the error computation:
[ = ©*|lzar,)  for the error [gn — 4° | La(r,),

(||1/1h -~ TZJEH%Z(F;L) + [|Py, (Vq/)h — Vrde) ||%2(Fh)) * for the error [n — ¥ ey

A similar approach is used for the other unknowns.
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FIGURE 9. Errors for the stream function and the vorticity on the geometry with varying
Gaussian curvature; k = 2.
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FI1GURE 10. Errors for velocity and pressure on the geometry with varying Gaussian curvature;
k:kg:2, kuil, k'pil (ph) Orkp:2(ﬁh).
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