ESAIM: M2AN 54 (2020) 1883-1915 ESAIM: Mathematical Modelling and Numerical Analysis
https://doi.org/10.1051 /m2an/2020036 WWW.esalm-m2an.org

THE HESSIAN RIEMANNIAN FLOW AND NEWTON’S METHOD FOR
EFFECTIVE HAMILTONIANS AND MATHER MEASURES

Dioco A. GOMES AND XIANJIN YANG*

Abstract. Effective Hamiltonians arise in several problems, including homogenization of Hamilton—
Jacobi equations, nonlinear control systems, Hamiltonian dynamics, and Aubry—Mather theory. In
Aubry—Mather theory, related objects, Mather measures, are also of great importance. Here, we combine
ideas from mean-field games with the Hessian Riemannian flow to compute effective Hamiltonians and
Mather measures simultaneously. We prove the convergence of the Hessian Riemannian flow in the
continuous setting. For the discrete case, we give both the existence and the convergence of the Hessian
Riemannian flow. In addition, we explore a variant of Newton’s method that greatly improves the
performance of the Hessian Riemannian flow. In our numerical experiments, we see that our algorithms
preserve the non-negativity of Mather measures and are more stable than related methods in problems
that are close to singular. Furthermore, our method also provides a way to approximate stationary
MFGs.
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1. INTRODUCTION

Let T? be the unit d-dimensional torus. Given P € R? and a smooth Hamiltonian H : T x R¢ — R, which
is coercive in the second variable, the effective Hamiltonian H(P) is the unique real number for which there is
a periodic viscosity solution u : T¢ — R of the Hamilton—Jacobi equation

H(z,P+ Dyu) = H(P), z¢cT% (1.1)
This problem, sometimes called the cell problem [22], appears in several applications, including homogenization
of Hamilton—Jacobi equations [22], front propagation [24], Bloch wave-form expansion and WKB approximation
of the Schrédinger equation [9,10], homogenization of an integral function [30], Aubry—Mather theory [19, 31],
nonlinear control systems [7], Hamiltonian dynamics [9-11,15,31] and in the study of the long-time behavior of
Hamilton—Jacobi equations [3].

For H(z,p) continuous, periodic in x and coercive in p, a well-known result in [22] gives the existence and
uniqueness of H(P). However, explicit solutions of (1.1) are hard to find. Thus, efficient numerical algorithms are
of great interest. Here, we consider convex Hamiltonians that satisfy additional growth bounds. More precisely,
we suppose that H satisfies:
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Assumption 1.1. The Hamiltonian, H : T4 x R* — R, is strictly convex in p. More precisely, there exists a
constant p > 0 such that

Hyp, (2, p)6i&; > pl€|?
for p,€ € R? and x € T?.
Assumption 1.2. The Hamiltonian H satisfies
|DyH (z,p)
D, H (2, p)

and
|DZH (2,p)| < C (1+ |p|*)

for some constant C > 0.

As discussed in Section 2, related methods, except for the one in [13], compute only H and u. However, in
Aubry-Mather theory, in addition to H and w, it is also critical to compute related objects, Mather measures,
see [25,26] or the survey [4]. Given a Tonelli Lagrangian L and P € R? a Mather measure is a probability
measure p € P (Td X ]Rd) that minimizes

/ (L(z,v) + P-v)du(z,v), (1.2)
TdxRe
among all probability measures that satisfy the following holonomic constraint
/ (v-Vo)du=0, VYpecC! (']I‘d).
Td xR4
Let H be the Legendre transform of L,

H(z,p) = sup (p-v— L(z,v)).

If H and u solve (1.1), the infimum of (1.2) is —H(P), u is supported on the graph (z, —D,H (z, P + D u(z)))
and is uniquely determined by its z-projection, denoted by m, which is a weak solution of

—div (mDyH (z, P+ Dyu)) =0, z¢€T% (1.3)

Here, we seek to compute u, H, and the projected Mather measure m simultaneously. More precisely, we
want to solve numerically for (u,m, H) the system

{H(x,P—FDzU) =H(P), in T4 (1.4)

—div(mD,H) =0, in T

Another motivation to solve (u, m, H) together is that (1.4) resembles the following first-order stationary mean-

field game (MFG):
{H(J?,P+Dasu) = H(P)+g(m), in T (1.5)

—div(mDyH) = 0, in T,
where g : R — R is a given increasing function. Mean-field games model the behavior of rational and indistin-

guishable agents in a large population (see [20,21]). In (1.5), u determines the cost for an agent at x € T, m
is a probability density that gives the agents’ distributions, and g determines the interaction between agents.
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When g = 0, (1.5) reduces to (1.4), H(P) is the effective Hamiltonian, and m represents the projected Mather
measure.

As pointed out in Example 3.2 of Section 3, the projected Mather measure in (1.4) is not unique. However,
from the theory of MFGs, the uniqueness of m in (1.5) is guaranteed if g is increasing. Thus, we use (1.5) as an
approximation to (1.4).

More precisely, we consider the following MFG that arises in the study of entropy penalized Mather
measures [8]:

kY _ F 1 k
{H(x,P—i—Dmu )=H'(P)+1m (1.6)

—div (mkDpH (x, P+ Dwuk)) =0,
where k£ > 0 is an integer and

"7'(p) = %m (/T ekH(w»P+Dr“")dx) . (1.7)

Under Assumptions 1.1 and 1.2, as k — oo, H (P) converges to H(P), a subsequence of u* converges to a
viscosity subsolution of (1.1), and if, up to a subsequence, m* converges to m, then m is the projected Mather
measure [8]. The convergence of u* and m* is not guaranteed, see for example the discussion in [17]. Here, we
develop a numerical algorithm to solve (1.6) and study numerically the convergence of u* and m* as k — +oc.

To solve (1.6), we construct the Hessian Riemannian flow that preserves the non-negativity of m. More
precisely, we consider the system of PDEs:

[m} o m (—H (z, P+ D,u) + H(P) + +1Inm) L8
al ~div(DyH (¢,P + Dyuym) | :
where

H(P) = Jpa (mH (z, P+ Dyu) — tmInm) do )

Jram

We note that m, u, and H(P) depends on the choice of k. In Section 3, we establish the following convergence
theorem. For the notation, we refer the reader to the end of Section 2.

Theorem 1.3. Suppose that Assumptions 1.1 and 1.2 hold, and that (1.8) has a solution (m,u) such that
(m,u) € C*([0,00); CL (T?) x C2 (T4)). Let (m*,u*) be the smooth solution of (1.6). Then, there exists a
sequence {t;} such that w(t;) — u* in W2 (T?) as i — 4o00. Moreover, we have u(t) — u* in L* (T?) and
m(t) — m* in L' (T?), as t — oo.

Note that we do not prove that a solution to (1.8) exists. Instead, in Section 4, we discretize (1.8) in space

and obtain a system of ODEs:
M =M
PR a0

where (M,U) € RN xRN N is the number of grid points, and F is defined in (4.9). Then, we show the existence
and convergence of the flow in (1.10), as stated in the next theorem. In the limit ¢ — 400, we obtain a stationary
solution to a discretized version of (1.6).

Theorem 1.4. Suppose that Assumptions 4.2—4.11 hold (see Sect. /). Then, (1.10) admits a unique solution
(M(t),U(t) = (mi(t),...,mpy(t),ur(t),...,un(t)) on [0,4+00). Let (M*,U*) solve (4.6) (see Sect. 4), where
M*=(my,...,my) and U* = (ui,...,uY). Then, for each 1 < j < N, ast — oo, we have

*

uj(t) —u; and m;(t) — mj.

J
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In Section 5, we explore the connection of the previous flow with a variant of Newton’s method that is
equivalent to the Crank—Nicolson scheme for (1.10). Numerical results and performance comparisons follow in
Section 6. Particularly, our methods are stable for problems that are nearly singular.

We note that in Aubry—Mather theory, Mather measures and effective Hamiltonians have also been studied
in non-convex settings [6, 18], where there are still many open problems. In particular, fast algorithms for non-
convex problems would be extremely interesting. However, our methods do not seem to apply in that setting.

Finally, we observe that our algorithm also serves as an alternative numerical algorithm for solving stationary
MFGs.

2. PREVIOUS WORK

Several authors studied and proposed numerical methods for the computation of effective Hamiltonians. Here,
we give a brief overview of the various approaches in the literature.

Two approaches described in [28] use the asymptotic behavior of Hamilton—Jacobi equations to compute
H. The first approach, called small-6 method, introduces a positive parameter § and considers the stationary
equation

Sus + H (2, P+ Dyus) =0, x €T (2.1)

According to [22], —dus converges uniformly to H(P) on R? as § — 0. Thus, we can choose a small § and
solve (2.1) numerically to get an approximation for H(P). The second method, called in [28] the large-T'
method, uses a large-time approximation
u+ H (2, P+ Dyu) =0 in T x (0,00), (2.2)
u=v in Tx{t=0}, )

where v is a continuous, periodic function. Under suitable assumptions, (2.2) has a unique viscosity solution on
T? x [0, T], see [28,29] established that —u(z,t)/t — H(P) for a general, not necessarily convex, Hamiltonian,
H.

Alternatively, the effective Hamiltonian can be computed using a representation formula that arises as a dual
problem of an infinite-dimensional linear programming problem [12,14]. This is the idea used in [16], where

H(P) is computed through the formula,

H(P)= inf H(z,P+ D,
(P) peiif, sup (z, P+ Dy9),

by discretizing the spatial variable and solving the minimax problem.

The preceding approaches are slow from the computational point of view. Thus, significant efforts have been
devoted to developing fast algorithms. These include solving a homogenization problem directly [23,27] and
employing a Newton-type method [5] to solve (1.1).

In [23,27], given a function f, the authors of [23] considered the oscillatory equation

H (Duf, 2) = f(z) € Q\{0} CRY
u(0) = 0.

Then, the value of f at point xg, which is close enough to the minimum of u¢ — P - x, yields an approximation
of H(P) [23].

The generalized Newton method in [5] uses a novel approach to compute the effective Hamiltonian. There,
(1.1) is discretized directly into a nonlinear system F'(X) = 0, where X encodes a discretized version of u and

H. Then, the resulting system is solved by the Newton method.
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The focus of the preceding methods is the computation of the effective Hamiltonian and the viscosity solution.
Mather measures do not play a role. In contrast, the variational method in [8] approximates the projected Mather
measure and the effective Hamiltonian by

b — ok (H(P+Dmuk,x)—ﬁk(P))

"' (P) = L o H (2, P+ Dy u)dz (2.3)
k Td ’
where k € N and «* is the minimizer of

I [u™] :/ ekH (2. P+Deu’) g (2.4)
Td

/ uPdz = 0.
Td

We observe that (1.6) is the Euler—Lagrange equation corresponding to the functional in (2.4). If H(z, p) satisfy

Assumptions 1.1 and 1.2, the results in [8] imply that Fk(P) — H (P) as k — oo. Inspired by this, the authors
in [13] propose a numerical method solving the Euler-Lagrange equation of (2.4) by finite-difference methods

subject to

and gets H (P) using (2.3). Numerical experiments in [13] show that this approximation is more efficient than
the algorithm in [16] but with less accuracy. However, as pointed out in [13], this scheme is unstable when k is
too large for a fixed mesh. In contrast, our methods seem to be more stable, as illustrated in Section 6.

Notation. We use | - | to represent the [>-norm of a matrix or a vector, and || - || to represent the L*-norm of a
function. Denote by C} (']Td) and Ci (Td), respectively, the spaces of nonnegative and strictly positive functions
in C1 (Td). For a Banach space Y, the set C! ([0, +00);Y) is the space of continuous differentiable functions in
t € [0,+00), with values in Y. For f,g € L? (’]I‘d), the standard L? inner product (f,g) is de fg. Besides, we
also denote the inner product of two vectors in a Euclidean space by (-, -). We identify the d-dimensional torus
T¢ with [0, 1]?. Finally, we denote by Rf the subset of vectors in RY with positive components.

3. MFGS AND EFFECTIVE HAMILTONIANS

To solve the cell problem and compute the projected Mather measure, we combine (1.1) and (1.3) into the
system

H (z,P+ D,u) = H, (3.1)
—div (D, H (z, P+ Dyu)m) = 0, ’
where m > 0 is a probability measure. Taking into account that
H= H (x, P+ Dyu)dz,
Td
we define F : C} (Td) x C? (Td) — ! (Td) x C (Td) as follows:
r [m} _|=H(z, P+ Dyu) + [y H (v, P + Dyu) dw (3.2)
ul —div (D, H (z, P+ Dyu)m) ' )

We notice that if u is the viscosity solution of (3.1), so is u + C, where C is an arbitrary constant. So, to
normalize our solutions, we require de u = 0. Hence, our goal is to solve

F(m,u) =0, subject to m = 1,/ u=0. (3.3)
Td Td
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The previous equation may not have a solution (m,u) in C} (']I‘d) x C? (Td). For example, m may be singular.
We tackle this matter by introducing various approximation procedures. First, we attempt to use a monotone
flow as in [1] to approximate the solution of (3.3). However, we observe that this flow may not preserve the
non-negativity of m. This leads us to introduce the Hessian Riemannian flow. Under the assumption of the
existence of a solution to (3.1) with m > 0, we prove the convergence for u. Unfortunately, the convergence
for m may not hold due to the non-uniqueness of solutions of (3.1) and the possibility of m vanishing. Hence,
we add an entropy penalization term to the Hessian Riemannian flow that gives both the positivity and the
convergence for m.

3.1. The monotone flow

A way to compute the solution of (3.3) is the monotone flow method introduced in [1]. First, we recall
that the operator F' defined in (3.2) is monotone provided H (z,p) is convex in p; that is, for (m,u), (6,v) €
Cl(T%) x C?(T%), Jram =1and [,,0 =1, F satisfies

o) -

where we use the L? (T%) x L? (T?) inner product. The monotonicity of F' suggests the monotone flow,

o[}

where (m,u) € C* ([0,00); C* (T%) x C? (T%)) to approximate in the limit ¢ — oo the stationary solutions.
This approach is suggested by the following reasoning. If (m,u), (m,w) solve (3.5) and [, m = [, m =1,
we have

d m m| |m m

& ) 4 ) = 2<F KEdEHEEIR (3.6)
provided ¢ > 0,m > 0 and m > 0. Thus, if (m*,u*) solves (3.3). Then, (m*,u*) also Solves (3. 5), smce
%m ddu =0. Thus if we suppose further that m € C! ([O 00); C* (Td)), ueC! ([ , (Td))
solves (3.5) de =1, m =0, de uw = 0 and m* > 0, we have

G Q=P m=mp?) =2 (7 2] = p ][] = ] ) <o

according to (3.6). In this case, (3.5) defines a contraction in the region where m is non-negative.

However, there are several issues with this monotone flow approach. First, we do not know if it is globally
defined. Besides, the projected Mather measure may be singular. Finally, the convergence is not guaranteed
either. In Example 3.1 below, we show that the monotone flow may not preserve the non-negativity of m.
Hence, (3.5) may not give a global contraction.

Example 3.1. Let d = 1. We set H(z,p) = % + sin (2rz) and P = 0. Then, the monotone flow in (3.5)
becomes

Let (mo,0) to be the initial point and fol modx = 1. It is easy to check that (m,u) = (mg + sin (272)¢,0) is
the solution for (3.7). However, m(t) becomes negative in some regions as t — +00.

Another reason why the convergence may fail is that the solution of (3.1) may not be unique, as the next
example illustrates.
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Example 3.2. Let d = 2 and H(x,p) = @. Then, D,H(x,p) = p. Let © = (21, x2). We choose P = (1,0).
Accordingly, (3.1) becomes

(3.8)

|P+§Iu|2 — F’
—div (m (P + Dyu)) = 0.

It is easy to see that H = %, u =0 and m = f (z2), where f is any function that depends only on the second
component of z solving (3.8). Thus, m is not unique.

To guarantee the non-negativity of m in the monotone flow, we use the Hessian Riemannian gradient flow
introduced in [2].

3.2. The Hessian Riemannian gradient flow

In [2], Alvarez et al. considered the constrained minimization problem
min { f(z) |z € E, Az = b},

where E is the closure of an open, nonempty, convex set £ C R?, A € R™*" with m < n, b € R”, and
f € C*(R™). To solve this problem, the authors introduced a Riemannian metric g derived from the Hessian
matrix V2h of a Legendre-type convex function [2] h on E. Then, they used the steepest descent flow to generate
trajectories in the relative interior of the feasible set F := E N {z | Az = b}. In the steepest descent method,
the authors sought a trajectory x(t) solving

{iﬁ +Vaufir(z) =0, (3.9)
z(0) =20 € F,

where Vg fi7(x) is the projection w.r.t. g of the gradient of f into the admissible directions. According to
[2], (3.9) is well-posed. Moreover, this steepest descent flow never leaves the admissible set and leads to a local
minimum.

A similar idea can be used for monotone operators and lead us to the Hessian Riemannian flow.

3.3. The Hessian Riemannian flow

To guarantee the non-negativity of m, we introduce the Hessian Riemannian flow. More precisely, we define
the convex function h : O} (Td) x 2 (Td) — R such that

1
h(m,u) = [ mlnm+ ~u’de.
T 2

The Hessian of h, V2h, evaluated at (m,u) is defined, for any (u1,v1), (2, v2) € C} (Td) x C? (’Ifd)7 by

() ()] - ()

Lo
H[OJ.

Considering the projection onto de m = 1, we redefine the function F' in (3.2) as

where H is

Jram

F [m] _ | -H (2, P+ D) 4 L&D
—div (DpH (x, P + Dyu) m) '
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Then, we consider the Hessian Riemannian flow,

which can be rewritten as

{m] __|m (—H (2, P+ Dyu) + L& H(:};jjanu)m) _ (3.10)
u —div (DpH (z, P + D,u) m)
The mass of m is preserved by this flow, because
H(x,P+ D,
T = —/ m <—H(x,P+ D,u) + fru H (@ u)m) =0. (3.11)
Td Td de m

The positivity of m follows by the existence of solutions to the flow in (3.10), the continuity of H, and (3.11).
More precisely, assume that (m,u) is a solution to (3.10) in C* ([0,00);01 ('H‘d) x C? ('H‘d)). Then, the first
equation of (3.10) gives

fw H (z,P+ D,u)m

Jram

The continuity of H, the boundedness of (m, ), and (3.11) imply that the right-hand side of the prior equation
is bounded. Then, for any given t € [0,400), Inm(t) is bounded. Hence, m(¢) is positive.
Next, we have the following convergence result.

d
&hlm:H(x,P—kau)—

Proposition 3.3. Suppose that Assumption 1.1 holds and that (m,u) € C* ([0,00); CL (T?) x C? (T?)) is
the solution of (3.10). Assume further that [.,m(0) = 1 and [, uw(0) = 0. Moreover, suppose that (m*,u*)
solves (3.3) and (m*,u*) € CL (T%) x C? (T%). Then, there exists a sequence, {t;}, such that

lim |Dyu* — Dyw (t;)]> m*de — 0.
1— 400 Td

In addition,

m*Inm* < m*lnm(t) + C,

Td Td

where C is a constant.

Proof. We notice that, if [, w(0) =0, we have [, u(t) =0, since

4 u(t)= [ div(D,H (z, P+ Dyu)m)dz =0,
dt Td Td

by the periodicity of w(t) and m(t).
For the convergence, we define a Lyapunov function for ¢t > 0,

o(t) = m*lnm* —m(t) lnm(t) — (1 +Inm(t)) (m* — m(t)) de + % lu* —w(t)]?. (3.12)
Because [p,m* = [1,m(t) =1, (t) can be simplified as

o(t) = m* In me

1 2
d —||lu* — u(t .
Td m(t) T 2 e u(®)ll



THE HESSIAN RIEMANNIAN FLOW AND NEWTON’S METHOD 1891

We know that ¢(t) > 0 since the mapping z — z1n z is convex for all z > 0. Next, by differentiating ¢(¢) in
time, using the fact that m* = 0, u* = 0, and fw m = 0, and integrating by parts, we get

G0 = [ =2 - m)do — (i~ w)

m
g/ (m*—m>(m*—m)dx—|—<d*—iz,u*—u>
Td \\TN m

_ / (H (2, P+ Dou*) — H (2, P+ Dyu) — (D, H (z, P + Dyut), Dot — Dyu))m
Td
_ / (H (2, P+ Dyu) — H (x, P+ Dyu*) — (DyH (2, P+ Dyu*), Dyu — Dyu*)) m*
Td
< —p/ |Dyu* — Dyul? (m* +m) da,
Td
where we apply Assumption 1.1 in the last inequality. Then, we have
d * 2 *
agb(t) +p [ |Dyu* — Dyul” (m* +m)dx <0. (3.13)
Td

Hence, u(t) is bounded in L? and [i, |[Dyu* — D,ul? (m* 4+ m)dz € L' ([0,400)). By Lemma 3.4 below, we
know that

0=1liminf [ |Dyu* — Dyul> (m* +m)da.
t——+o0 Td

So, there is a sequence {t;} such that
lim |Dyu* — Dyu (t;)]> m*de — 0.
1——+00 Td

Besides, integrating (3.13) from 0 to ¢, we have

m*

1 m* ln mi(t) < (]S(O)

So,

m* Inm™ — ¢(0) < m* Inm(t).
Td Td

Lemma 3.4. Suppose that g(t) : [0,+00) — [0, +00) is continuous and f0+°°g(t) < +00. Then, we have

e =0
Proof. Suppose that liminf; ., g(t) # 0. Then, we can find ¢y > 0 and € > 0 such that, for any ¢ > g, we
have g(t) > e. This contradicts the fact that f0+oo g(t) < 4o0. O

Unfortunately, the convergence of m for (3.10) may not hold since solutions of F(m,u) = 0 may not be
unique and m* may fail to be positive as shown in Example 3.2. This observation motivates us to introduce an
entropy penalization that we discuss next.
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3.4. Entropy penalization
To obtain uniqueness for the projected Mather measure, we consider the entropy penalized model given
by (1.6). Combining (1.7) and the first equation of (1.6), we get

S (H(w,P-i—Dmu’“)—Fk(P)) .

Thus, " (P) can be rewritten as

ﬁk(P) - Jpa (mkH (sc,P + Dmuk) — %mk lnmk) dzx
a Jpa ¥

According to [8], under Assumptions 1.1 and 1.2, for each k, there exists a unique solution (uk ,mk,ﬁk> €
C> (T?) x C* (T%) x R to (1.6). Besides,
H(P) = lim H"(P).

k—oo
By passing to a subsequence, there exists a function u such that

u® — u uniformly on TY,

and, for each 1 < g < o0,
Du* = Dyu  weakly in L9 (Td;Rd) .

Furthermore, if there exists a probability measure m such that mF — m weakly as measures on T¢, then m is
a projected Mather measure. Moreover,

H(x,P+Dyu) < H(P) ae.in T%

Thus, u is a subsolution for (1.1). The method in [8] does not give the convergence of u* and m*. Here, we study
the algorithm for solving (1.6) and examine how the sequences, u* and m*, behave numerically in Section 6.
Solving (1.6) is also interesting in itself since the algorithm gives another way to solve stationary MFGs.

The monotone flow for (1.6) may not preserve the mass of m. Instead, we explore its Hessian Riemannian
flow, which is given in (1.8). We notice that the mass of m is constant since

m = 0.
Td

Next, we give a lemma, which is used to prove Theorem 1.3 latter.

Lemma 3.5. Suppose that a,e € R, a >0, and 0 < € < 1, then, for any z > 0, we have

alngf(afz)fa(eJrln(lfe))2e|z—a|.
z

Proof. When z > a, we define
9(2) —aln? - (a—z)—a(e+1n(l —¢€)) —e(z —a).
z
So, we have

dg(z)
dz

z—g—l—l—e.
z
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Thus, g achieves its minimum when z = 2. Since g (126) = 0, we conclude that when z > a, g(z) > 0.

Similarly, when z < a, we define

f@):amg—%a—z)—a&+&d1—d)+dz—a)

We differentiate f with respect to z and get

d
fle) e gL,
dz z
Thus, f achieves its minimum at z = ¢f. Evaluating f at z = 19, we obtain

a 1+e€
= - > 0.
f<1+6> a(ln(1_6> 26)/0
So, f(2) = 0 when z < a.

Therefore, we conclude that, for any z > 0,

alng—(a—z)fa(eJrln(lfe))>€|Z*a|-
z

Then, we prove the convergence for both m and wu,

Proof of Theorem 1.3. The argument is an adaptation to the proof of Proposition 3.3. As before, we have
Jpa u(t) = 0. Let ¢ be as in (3.12). Differentiating ¢ w.r.t. ¢, we get

i¢u%géd(m*—7h>mf—nw¢m+@*—uw*—u>

m* m

:_/(H@f+pwﬂ_H@y+DWyJ%H@P+Dwmmm_Dw»m
Td

- /Td (H(z,P+ Dyu)— H (z, P+ Dyu*) — D,H (2, P+ Dyu") (Dyu — Dyu™)) m*

71/ (Inm* —Inm) (m* —m)

k Jra

gfp/ |Dmu*fDmu|2(m*+m)fl/ (Inm* —Inm) (m* —m),
Td k Jra

where we use Assumption 1.1 in the last inequality. Thus, ¢(t) is decreasing, u(t) is bounded in L2, and
Jpa m*Inm* — $(0) < [, m* Inm(t). Besides, we conclude that

1
p/ |Dyu* — Dyul> m* + z (Inm* —Inm) (m* —m)dz € L' (0, +00)) .
Td
Then, by Lemma 3.4, we have
1
0= litminf/ p|Dyu* — Dyul> m* + z (Inm* —Ilnm) (m* —m) dz.
— 00 Td

Thus, we have a sequence {t;} satisfying

/me—Dw@m%fea
’]I‘li



1894 D.A. GOMES AND X. YANG

Since m* is strictly positive on T?, we have
/ |Dyu* — Dyu (t;) |2 — 0.
Td
By the Poincaré inequality, we obtain
lu* —w (t:) I < C||Dyu” = Dyu (t:) |* — 0.

Thus, we conclude that
= (t) flwroz gy — 0.
Also, we have

/ (Inm* —Inm (¢;)) (m* —m(t;)) dz — 0.
’]I‘d

Since .
m* In ) (m* —m(t)) < lnm* —lnm (¢)) (m* —m (L)),
we get
m*lnm* —m (t;)Inm (t;) — (1 +1Inm (¢;)) (m* —m (¢;))dz — 0. (3.14)
Td

So, we have ¢ (t;) — 0. Since ¢ is decreasing, we have . 1121 @(t) = 0. Accordingly, it follows that

u(t) > u* in L?(TY).

Besides, by rewriting (3.14), we obtain

tlirglo » <m* In m) (m* — m(t))> =0. (3.15)

By Lemma 3.5, we get, for any 0 < e < 1,

e mﬂﬂmm</

Td Td

(110 20— 0 = ) = e+ a1 =) [

Then, using (3.15), we obtain

lime [ |m"—m(t)|<—(e+1In(l—¢€)) [ m".

t—oo Td Td
So, we have
In (1 —
lim |m™ —m(t)| < (—1 — n(e)> m*. (3.16)
t—o0 Td € Td

Because (3.16) holds for any € € (0, 1), we consider the limit ¢ — 0 and get

lim |m* — m(t)| = 0.
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4. A NUMERICAL SCHEME FOR THE HESSIAN RIEMANNIAN FLOW

Let T4 be a uniform grid on T¢ and let (xl)ivzl be the vector of grid points. We approximate u and m
on T by U = (u1,...,uy) and M = (mq,...,my). In addition, we impose periodicity of u and m using a
straightforward convention; for d = 1, we set ug = uy and my = my. Our difference scheme for H is

GU) = (G1(U),...,Gn(U))", where Gy(U)~ H (z;, P+ Dyu(z;)). (4.1)
Here is an example of a possible discretization on H.

Example 4.1. Let d =1, p € R, and = € T'. Define the Hamiltonian H : T' x R — R as
W
H(z,p) = ENE sin(2mx). (4.2)
Thus, given P € R, (3.1) becomes

(P4uy)? o _I7
{2 sin(27z) = H, (4.3)

—(m(P+ug)), =

Let (m,u, H) solve the prior system. In the discretized setting, we consider equidistributed grid points
on [0,1], given by the (N + 1)-dimensional vector X = {zi1,...,an} = {%,...,1}. Let (M,U) =
(m1,...,mn,u1,...,ux) be the approximation of (m,u) on T4. Then, we approximate |P + u,| at x; by

2 2
[ {2 0] e[ 2 0}

Accordingly, we approximate H (z;, P + u,) by

Gi(U) =+ Hmin {P + ““h_“oH 2+ [max {P + “_hulo}ﬂ — sin (27;) . (4.4)

2

Next, we study the discretization of (1.6). Let Ly : RY — RY be the linearized operator of G at U € RV
and L its adjoint operator. We define F: RY x RY — RY x R as

[ —GL(U) + H*(P) + L 1lnmy ]
~ _ Tk 1
7 [JUW] _ | -GNnU) + HYP) + Linmy (4.5)
(Ly M),
i (LyM) g |
Then, the space-discretized version of (1.6) is
~|M
F =0
U b
N
O gmi=t (456)
i=1
~ sz: (m7Gi(U)—E’n’7.1 lnm,)
Py = S ,
> m
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where H* : RY — R is a numerical approximation of the effective Hamiltonian. We note that H* (P) depends
on P through G(U) and on the choice of k.

Then, one can follow the discussion in Proposition 3.5 of [1] to show that (4.6) admits a unique solution. To
ensure the monotonicity of F, we require each component of G(U) to be convex.

Assumption 4.2. For each 1 <i < N, the map U — G;(U) is convex for U € RV.
Then, we prove below in Lemma 4.3 that F is monotone.

Lemma 4.3. Suppose that Assumption 4.2 holds. Let (M,U) and (©,V) be two vectors in RY x RY, where

N
M = (ml,...,mN)T,U: (ul,...,uN)T,@ = (01,...,9N)T and 'V = (vl,...,vN)T. Moreover, % >m; =1

i=1

N -
and % " 0; = 1. The operator I in (4.5) satisfies

- - )

Proof. Let (M, U),(©,V) be as above. We have
-7 [ - )
ZXN:(Gj(V)—G(U =0 +§(£* (£70),) (us = v;)

| N
—I—%Z (Inm; —1n6;) (m; — 6;)

j=1

+i( (V)6 = (£6); (u; — vy))

N
1
+Ez Inm; —In6;) (m; —6;), (4.7)

7j=1
taking into account that
N N

N
= =1
1=1

i
=
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2

because % S m,; = % 0; = 1. Since z — In z is increasing, we get
i=1 i=1

N
Z (lnmj — 1D9j) (mj — GJ) 2 0
j=1

ENl
<

Because Lj; is the adjoint operator of Ly, we have
N
Zc* vj —u;) = (LyM,V = U) = (M, Ly (V= U)) => (L (V -U))
j=1 Jj=1

Thus,

N
> (G5 (V) = G5 )y my = (LM, (v~ w))

j=1

XN:( G (U) = (Ly (V- U))) >0,

Jj=1

because of the positivity of m; and of the convexity of G;. Similarly,

N
> (G5 W) =Gy (V)8 - (£70), (u; — vy) > 0. (48)

Combining (4.7) and (4.8), we conclude that
~ M| |0 (M ©
St AR R

Next, we construct the Hessian Riemannian flow corresponding to (4.6), which is a discretization of
(1.8) in space. Let (M U) = (ml,.. smn,u, . uy), (MOU%) = (md, o0 omQ,ul, . ul) € RY x RY,
%Zil my =1, and + ZZ L u? = 0. Then, we deﬁne F:RY xRY - RN x RN by

]

ZZV: (miGi(U)fimi lnmi) .
mq *Gl(U)+ = ~ +Elnm1
5
i=1
— | M N
F = 2 (miGi(U)—gminm, ) : 4.9
{U} my | —Gn(U) + = ~ - + +Inmy (4.9)
'igl i
(L5 M)
! (Li M) |
Accordingly, the Hessian Riemannian flow is
My _p (M
U U

(4.10)
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To prove the local existence of (4.10), we need to assume that each partial derivative of G;(U), 1 < i < N, is
locally Lipschitz.

Assumption 4.4. Let U € RN, U = (uy, ... ,uN)T, For each 1 <i,j < N, 0;G;(U) is locally Lipschitz.

Under Assumptions 4.2 and 4.4, F is locally Lipschitz continuous on RY x RY. Moreover, since F' depends
only on (M,U), we have local existence of the solution for (4.10); that is, given (M°,U°%) € RY x R¥, the
initial value problem in (4.10) has a unique solution on t € (0,T") for some 0 < T < 4o00. Same as the discussion
for (3.10), the existence of the solution to (4.10) implies the positivity of M.

Next, we prove the boundedness of (M,U) on (0,T), which then implies T = +o0.

Proposition 4.5. Suppose that Assumption 4.2 holds and that (4.10) has a solution (M,U) € RY x RN on
[0,T), where T < +o00, M = (my, .. .,mN)T and U = (uq, ... ,uN)T. Then,

[V

> (M) +uj(®)

=1
1s bounded ast — T'.

Proof. Let (M°,U%) = (m,...,m%,uf,...,ul) € RY x RV, sz m? =1 and + Zl Lud = 0. Since
M(0) = M°, we have Ef\;l m;(t) = 1. In addition, due to m;(t) > 0, we have that m;(t) is bounded as
t —T.Let (M*,U*)=(mj,...,my,ul,...,uly) be the solution of (4.6).

Define
B 1 N m* 1 N
o(t) = NZ (mj In —-r ) ﬁ; w;(t) —ul)”. (4.11)

By the convexity of the mapping z — zlnz, z € R, we have

m; Inm} —my(t) nm;(t) — (1+Inmy(t)) (m; —my(t)) > 0.

Thus,
L
0< <y Z (mj* Inmj — my;(t) Inm;(t) — (1 +Inmy(t)) (m;‘ — mj(t)))
1 < e m;
“w 3 () e

N

taking into account that + > i1

(mj —m;(t)) = 0. So, we conclude that ¢(t) > 0. Define

N
> (miGy(U) — madpms)

Hyy =

and
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Differentiating ¢ and using m;k = uj* =0, we get

1 j;l o =1 .
3 (B2 )+ S ) - )
N
= ]1[; ((Gg (U*) = Hy= m+ — —Inmj — G;(U) +Hum + 11nmj> (m]* _ mj))
1 N
= 5 2 (w5 =) ((e-00), = (ci0),))
1 v
=N Z ((GJ (U*) = G;U))m; — (u) — uy) (E;}M*)J)
N
+ %Z (— (G5 (U*) = G;(U)) m; + (u] — uy) (E*UM)j>
1J7N
— k—Nz (lnm; lnm]) (m] —mj) ,

Thus, using the definition of £ and L*, we have

dp L XN: ((Gj(U) -G (U*) = (Ly- (U - U*))j) m§)

dt =
| X
+N2((Gj (U*) = G;(U) - (Lv (U*—U))j) mj) (4.13)
1] al
+ TE; ((lnmj —lnm;) (m; —m;‘)) =0

Due to the convexity of G; and the monotonicity of z — Inz, ¢ is decreasing. In addition, due to (4.12), we

have

1 & s
o 2 (i(t) = u))” < (1) < 6(0).

j=1

N|=
O

Therefore, we conclude that (Zjvﬂ (m3(t) + u? (t))) is bounded as t — T.

Next, we prove (4.10) is well-posed.

Proposition 4.6. Suppose that Assumptions 4.2 and 4.4 hold, then (4.10) admits a unique solution on [0, +00).
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Proof. Define
Ty =sup{T >0|3! solution (M,U) of (4.10) on [0,T)}. (4.14)
Since (4. 10) has local existence, we know Th; > 0. Suppose that Tpy < —+oo. Then, as t — Ty,

Z;v L (m3(t) + u3(t)) is bounded on [0, Th). Let w® be the set of limit points of (M,U) on [0,Tr). Define

Q={(M(t),U(t)):t€[0,Tar)} U’

Since (M, U) is bounded, we know that w® is nonempty and that 2 is compact. Thus, by Lemma 4.7 below,
Q C Rf x RN we can extend (M,U) beyond Ths. The extension contradicts with the finiteness of Tys. So,

Lemma 4.7. Suppose that Assumptions 4.2 and 4.4 hold and that (M(t),U(t)) is bounded on [0,Tar), where
Ty is defined in (4.14). Assume Ty < +00. Define R =R U {—o0, +o0} and Ry = R4 U{0,+oc0}. Let

Q= {(M(t),U(t)): t €[0,Tar)} UL,
where w® C Rf X @N, be the set of limit points of (M(t),U(t)) on [0,Tar). Then @ C RY x RV,

Proof. We prove 2 C Rf x RN by contradiction. Suppose that ¢ Rf x RN . We can find a sequence t; such
that (M (t;),U (t;)) — (M*,U*), where t; < Tas, t; — T, and (M*,U*) € (RY x RN)\ (RY x RY). Let
M(t) = (my(t),...,mn(@)),U(t) = (ui(t),...,un(t)) . From (4.10), we know that

N
(mlGl(U) — %mg In ml)

sl - 1
< um, (1) = 6,0) - B 2 hnm,
S m
=1
Thus,
3 1
" . > (muG(U) — $myInmy)
m; (tl) 1 =1
In + - Inm;ds = G;(U) — ds. (4.15)
m;(0) &k Jo 0 ' ol
R
=1
Since (M (t;),U (t;)) — (M*,U*), the left-hand side of (4.15) converges to —oco. However, by Proposition 4.5,
(M*,U*) is bounded. So, the right-hand side of (4.15) is finite, which gives a contradiction. O

Next, we study the convergence of the Hessian Riemannian flow in (4.10). We require the convexity of G.

Assumption 4.8. Define the operator T : {1,...,d} x R — R such that T'(,-) is the forward difference for a
given grid vertex in the direction, i. Let U = {uq,...,un} and V = {v1,...,on} be two sets of different values
for the same grid on T®. Then, there exists a constant o such that

1 d N
B L M) T <o

Remark 4.9. In particular, for d = 1, (4.16) is reduced to

N
Uj — Uj41 vj — Uj+1
Z h - Se

Jj=1 J:1

(G(U) = Gi(V) = VG;(V)" (U =V)). (4.16)

&-

I
A

J

Mz
<l
Q
E
=

(4.17)
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The next proposition shows that the function G defined in (4.4) satisfies Assumption 4.8.
Proposition 4.10. G;,1 < i < N defined in (4.4) satisfies (4.17).
Proof. From the definition in (4.4), we notice that

i( (V) - (VG,(V)" (U -V))

Jj=1

iajw

j=1

Zej(v ZGJ(V) (U-V).

By the periodicity of U, i.e. ug = uy, we get

N
ZGj(U) = %Z (uj U1 ) Zsm 2mx;)
j=1 j=1
1 Y s 1, .
= TZ:(uj—uj,l) —|—§P N—Zsm(%rmj).

j=1 =1

Thus,

N
1> awv|-|v

T
N
Y6 || W=V
j=1 j=1
N N N
2
= 5 [ Doy =) =) (v =) =D 220 — v — vy) (uy — vy)
Jj=1 Jj=1 Jj=1
N N N N
2
= th (=) =Y (05— vm1)* = D20 —vin) (g — ) = > 2(05 — vj41) (
j=1 j=1 j=1 j=1
For the last two terms in (4.19), we use the periodicity of U again and get
N N
> 2w —vj1) (uj =) + > 2 (v — vj1) (uj — vy)
j=1 j=1
N N
=D 2(05 —vjm1) (o1 — vy g —vjm1) + )2 (v — o) (w5 — )
j=1 j=1
N N N
:_ZQ(UJ vj-1) +22(U1 vj—1) (u; — v; 1)"‘22(“] vj+1) ( v;)
Jj=1 j=1 j=1
N N N
:_22(UJ vj-1) +ZQ<UJ vj—1) (u; — vj—1) 22(UJ_UJ 1) (uj—1 = vj-1)
j=1 j=1 Jj=1

1901

(4.18)
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Thus, we have

N N N
G |- D GV V(> G (U-V)
j=1 j=1 j=1
N N N
= Z — Uj— 1 +Z —Uj— 1 —22(1}]' —’Uj_l)(u]‘ —Uj_l) (420)
j=1 j=1 j=1
1N (u; —u V; — v 2
_1 G Uil Ui U1
2 Z ( h h )
Jj=1
Therefore, (4.18), (4.20), and the periodicity of U give (4.17). O

To guarantee that E _, u; is constant in the Hessian Riemannian flow, we require G to be invariant by
translation, as stated next

Assumption 4.11. For any 0 < j < N, we have G;(U + s) = G;(U), where U = (u,...
andU+3—{u1+s,...7uN+s}

,uy) € RV s € R,

Remark 4.12. By the definition of Ly and G;(U +s) = G;(U), we know Ly = 0, where I € R™ of which all
components are 1. Then, for any M € RY, we have

§N: (LM, Ty = (M, LyT) =0.

=1
Then, Z;v:l u;(t) is invariant for all ¢ > 0 in (4.10).

Next, we show that the flow defined by (4.10) converges to the solution of F(M,U) = 0. Here, we show the
convergence in one dimension. A similar proof holds for higher dimensions.

Proposition 4.13. Let d = 1. Let (M*,U*) be the solution of (4.6), where M* = (mj,...,m}y) and U* =
(ui,...,ul). Under Assumptions 4.2—4.11, we have, as t — oo,

ui(t) — uj

5 and  my(t) — m;

‘e

Proof. Let
y 1 X

Because of (4.12), ¢ > 0. According to (4.13)7 we have

% + lei ((¢s) =6, W) = (Lo W =U), ) m3)
+§é (6, ") - 6,0) = (2v @ ~ 1)), ) m))
1J_N
42 (g — ) oy — ) =

Jj=1
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Using Lemma 3.4 and Assumption 4.8, we can find a sequence, {t;}, such that

5" (uj () ~tn (t) v —hU§+1>2 o (4.21)

and

M=

(Inm; (t;) — lnm;) (my (t;) — m;‘) — 0.
1

<.
I

Under Assumption 4.11, we have Z;\Izl (u; (t;) — u}) = 0. Then, combining (4.21), and Lemma 4.14 below, we
conclude that

lim (u; (t;) — u;‘)2 =0.

1——+00
Thus, we have B
¢(t:;) =0
Since ¢ is decreasing, we know B
¢(t) — 0
Thus,
N
Z (uj(t) - uj)2 —0
j=1
and
N *
Z m; In — 0
2 0
Thus,
u;(t) — uj
and

O
Lemma 4.14. Let {a;},0 < j < N, be a sequence in RN such Zjvzl a; = 0. Assume that ant1 = a1. Then,
there exists a constant C > 0 such that
N
Z a? S C Z (aj+1 — CLj)Z . (422)
j=1 j=1

Proof. Assume that ayy1 = a;. We consider the linear subspace
N
D=<{a=(ay...,ay) € RN Zaj =0
j=1

equipped with the standard /2-norm. Then, D is isomorphic to the quotient space RY /R. We notice that RY /R

has another norm given by
N

lale = Z (aj41 — aj)2, a € RV/R.
j=1

In addition, because all norms in a finite-dimensional linear space are equivalent, we conclude that (4.22)
holds. [
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Finally, we record the proof of Theorem 1.4.

Proof of Theorem 1.4. The global existence is given by Proposition 4.6 and the convergence follows from
Proposition 4.13. (I

5. NEWTON’S METHOD FOR EFFECTIVE HAMILTONIANS

Here, we explore the connection between the Hessian Riemannian flow and Newton’s method and construct
a numerical scheme that, in our numerical tests, improves substantially the speed of the Hessian Riemannian
flow. To motivate our method, we begin by discretizing (4.10) using the implicit Euler method. Let (Mj, Uj)
represent the result of the j-th literation and (M oU O) be the initial value. The implicit Euler method computes
(M7+ U7+1) implicitly using the equation

M+l M — [pit+t
|:Uj+1:| - |:Uj:| = _fF |:Uj+1:| ’ (51)
where € is the step size. Adding gf (MI+ gitt) — %F (M7,U7) to both sides of (5.1), we get
MIit1 E— [Mit+? M7 E— [ MI
s - (]
1— [pi+1! 1— [MIT

The prior identity is the Crank—Nicolson scheme with a step size £ for the following ODE:

i (1] 57 [9]) = [3] 6
Let VF (M,U) be the Jacobian matrix of F at (M,U). Then, (5.2) is equivalent to
Hﬂ <z+§w [J‘Uﬂ)lp[fﬂ (53)
Here, we fix two non-negative parameters  and 7 and consider the following generalization of the explicit Euler
method for (5.3):
] =P (THWFW;D} . 5.0

When k =1 and 7 = 0, we obtain Newton’s method. When x = 0 and 7 > 0, we get the explicit Euler scheme
for (1.10). Here, we do not have a theoretical proof that (5.4) preserves the non-negativity and the mass of
M. However, in the numerical experiments of Section 6, M in (5.4) is always positive and the mean of M is
invariant if (5.4) converges.

6. NUMERICAL RESULTS

In this section, we discuss some numerical results. Our algorithms were implemented in Mathematica 10 on
MacBook Air (CPU: 1.6 GHz Intel Core i5; Memory: 4 GB 1600 MHz DDR3). For the Hessian Riemannian flow,
we use the built-in routine, NDSolve, of Mathematica to solve (4.10). For Newton’s method, we use the iteration
given in (5.4).
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Remark 6.1. To improve the numerical stability, we solve (4.10) in the following equivalent form. Let

W = (wi,...,wy) = (Inmq,...,Inmy) and ¥ = (mq,...,my). Denote the initial value by (MO,UO) =
(m?7 e, mQ Ul ,u?v). We transform (4.10) into
i _N (ewiGi(U)f%ewiwi) L i
-Gi(U)+=——=% T zw1
5 e
i=1
Wi S5 (4 GuV) i)
U -Gn(U) + = ~ +zwn ||’
'igl e
(Lie™),
L ( *UGW)N .
W(0) = (Inmf,...,Inm%),U(0) = U°.

This formulation has the advantage that M = e" is automatically positive. While the Hessian Riemannian flow
preserves positivity, small truncation errors sometimes give rise to negative values of M. Without the above
transformation, this would cause serious numerical difficulties.

6.1. One-dimensional case

For d =1, let H be as in (4.2). In this case, the analytic value of the effective Hamiltonian is given in [5] by

7 1 when |P|< Py,
(P) = ¢ when |P|> Py, and c is given by |P| = fol ( 2(sin(27s) + C)) ds,

where Py = fol ( 2(sin(27s) + 1)) ds = 4.

Then, we approximate H by G given in (4.4). We also use similar schemes for H in other examples. We see
that G; satisfies Assumptions 4.2—4.11.
0 ,0

In the algorithms, we use the initial value, (MO,UO) = (m?,..‘,mN,ul,..‘,uS{,), where m{ = 1 +
0.9 cos (2mz;) and uY = 0.2 cos (2mz;). For Newton’s method, as observed in (5.4), there is a balance between a
Newton method and a simple explicit descent method. In particular, I can be viewed as a regularizing term at
the points where the Jacobian VF is nearly singular. Thus, 71 + xVF may not be invertible if 7 is small. Here,
we choose 7 =k = 1.

Figure 1 plots the effective Hamiltonians vs. their approximated values calculated using the Hessian Rieman-
nian flow (HRF) and Newton’s method (NM). Figure 2 shows the evolution of H, m, and u for P = 0.5 and
k = 10*. In Figure 1, we see that our method is extremely accurate away from the flat part of the effective
Hamiltonian. In the flat part, the Mather measure corresponding to the different values of P is not strictly
positive (see, e.g., Figs. 3b and 3e at the terminal time) and the logarithmic term seems to slow the convergence
speed. We also notice in Figure 1 that as k increases, we get more accurate approximations to the flat part
of the effective Hamiltonian. Meanwhile, in the experiments, we find that (5.4) preserves the mass and the
non-negativity of m, which also holds for the remaining cases tested below.

To illustrate the convergence of our methods in time, we introduce error functions measuring the difference

between the numerical result and the exact solution of (1.6). Let (m(t), u(t), H(t)) denote either the solution
of the Hessian Riemannian flow or Newton’s method. Besides, let (m*,u*) be the solution of (1.6) and H be
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FIGURE 1. H vs. H, where H is the exact value of the effective Hamiltonian and H its
approximations given by the Hessian Riemannian flow (HRF), (1.8), and Newton’s method
(NM), (5.4). (a) HRF (k = 10). (b) HRF (k = 10%). (c) HRF (k = 10%). (d) NM (k = 10). (e)
NM (k = 10?). (f) NM (k = 10%).

the corresponding effective Hamiltonian. Inspired by Theorem 1.3, we define errors:

1
Uerror () = / lu(t) — u*|* da,
0
1
Mesron (£) = / m(t) — m*|de,
0

and o o
Herror(t) = ’H(t) -

Here, we use w(T), m(T), H(T), where T is the terminal time, to approximate u*,m*, H . In the simulations,
we choose k = 10*, P = 0.5, and T = 40. Figure 3 shows the evolution of the errors for the Hessian Riemannian
flow and for Newton’s method. We see that the errors decrease exponentially.

Next, we study the convergence of u* and m* as k — +oc. For (1.6) with H given in (4.2), Theorem 1.2 and
Corollary 1.3 in [17] show that u* converges and m* weakly converges if P # Py. However, the convergence
is not known when P = P,. Here, we examine numerically the convergence of u* and m* as k — +o0o0 when
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FIGURE 2. Numerical solutions of the Hessian Riemannian flow (HRF), (1.8), and Newton’s

method (NM), (5.4), for k = 10%. (a) H(P) (HRF). (b) m (HRF). (¢) u (HRF). (d) H(P)
(NM). (e) m (NM). (f) u (NM).

P=PF = %. We denote by (m*,u*,ﬁ*> the solution to (4.3). According to Theorem 1.2 and Corollary 1.3

1) Yz

of [17], m* = 6,_z, which is a Dirac delta concentrated in z = 3 oui(z) = \/2 max {C(P) + sin(27z),0}> — P

for any x € [0, 1], where C'(P) is the unique number satisfying P = fol \/2 max {C(P) + sin(27z),0}°dz, and
k
(1))

the value of the numerical solution to (1.8) evaluating at time 7T'. Here, we set T' = 40. Since m* is a Dirac delta,

H" =1. Given a fixed k, we compute numerically the solution to (1.8) and denote by (mk(T), uF(T), H
we only consider the errors for u*(7T") and ﬁk(T). We compute and plot in Figure 4 the errors

1
Uerr (K) :/0 |uk(T) —u*|2dx

and

Hone (k) = (ﬁk(T) iy

as k increases and plot m*(T') for T = 40 and k = 10*. We see that (uk (T),H (T)) appears to converge as k

increases and m*(T') behaves like §,_ 2 when T'= 40 and k = 10%.

6.2. Two-dimensional case

In higher dimensions, neither [8] nor [17] give the convergence of measures in (1.6) as k& — +oo. Here, we
study numerically the convergence in two dimensions. Let d = 2, p = (p1,p1) € R?, and z = (21, 72) € T?. We



1908

merror(t)

merror(t)

D.A. GOMES AND X. YANG

0.05f,
1.5 08
0.04f
0.6
1.0 £ 0.03f =
2 s
£ o 04r
2 o002} =
05
0.01F o2
0.0 L L L L L 0.00 b L L L L 0.0
0 10 20 30 40 0 10 20 30 40 0 10 2 30 0
t t t
(a) (b) (c)
15 0.012f*
0.010 0.03}
1.0 < 0.008f * =
3 5 002f
g 0008 5
S I
05 0.004 001l
------ 0.002
ook o e . 0.000E . "fereresererusererararenerararerasay 0.00k Tteresenesensssruneranseanrananes
10 20 30 40 10 20 30 40 10 20 30 40
t t t
(d) (e) ()
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FIGURE 4. The convergence of solutions, approximated by (1.8), of (1.6) as k increases when
d=1and P= 2. (a) mF(T) for T =40 and k = 10*. (b) terr(k). (¢) Her (k).

consider the two-dimensional Hamiltonian discussed in [16]:

2 2
H(z,p) = % + % + cos (2mxy) + cos (2mxg) .

Let P = (P, P») € R2. In this case, as pointed out in [16],

H(P,,P)=H(P)+H(P),

where H (P;) and H (P,) are one-dimensional effective Hamiltonians related to

p?
H(z,p) = 5 + cos(2mx).
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FIGURE 5. Numerical solutions of Hessian Riemannian flow (HRF), (1.8), and Newton’s method
2

(NM), (5.4), at t = 14 when d = 2, P = (1.5,2.5), and H(x,p) = p;' + % + cos (2mxy) +
cos (2rrxs). (a) m (HRF). (b) u (HRF). (¢) m (NM). (d) u (NM).

According to the discussion in the one-dimensional case, the critical values of P satisfy |Pi| = 2 and |P,| = 2.
For |Pi|,|Ps| > £, we choose P = (1.5,2.5) for which H = 4.4099660 according to [16]. For Newton’s method,
we set 7 = 2 and x = 1. Fixing N = 144, Table 1 shows computed H(P) at ¢t = 14 for different values of k. We
see that when k = 10%, we get a very accurate approximation for H. Figure 5 plots m and w at ¢t = 14 when
k= 10%

Similar to the corresponding one-dimensional case, one may wonder whether the convergence holds when
|Pi| < 2 and |P2| < 2. Thus, we choose P; = 1.273 < 2 and P, = —1.2 > —2. Here, we do not
have an explicit solution to (1.4). To study the convergence, we first set k' € N very large and compute

(mk/(T), uk/(T),ﬁk (T)) Then, we compute and plot in Figure 6 the errors,

Uerror (k) = /0 1 ‘uk(T) _uk/(T)‘zdx, (6.2)
merror(k) = /01 ‘mk(T) — mkl (T)‘ dz, (6.3)

and /
Honor k) = [H' (1)~ H" (1), (6.4)

as k increases. We see from Figure 6 that the approximated solutions appear to converge as k increases.
Next, we study a non-separable Hamiltonian. For x = (z1,22) € T? and p = (p1, p2) € R?, We consider
2 2
| |p2|

H(z,p) = “'% + 5 Fsin (2721 sin (2ms) .



1910 D.A. GOMES AND X. YANG

0.0025

25x10°F"
0.06
. 2 %108 om0
= — 3
5 004 5: 1.5%10-6 5 oo
s 2 5
& S 1.x10% T o000
0.02
5.x107 0.0005
0,00k Lty OL oeeesennersnsesensarenansennaronsasennaransases 0.0000 . : " """""""" Preeesesas esssseseecesensngan
0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000
k k k
(a) (b) (c)

FIGURE 6. The convergence of solutions, approximated by (1.8), of (1.6) as k increases when
‘2

d=2 P=(1213,-1.2), and H(z,p) = 2L 4 1220 4 o5 (272,) + cos (2722). (a) Mersor (k).
(b) uerror(k)- (C) Herror(k)'

TaBLE 1. H(P) for different values of k when d = 2, P = (1.5,2.5), and H(z,p) = 22 4
@ + cos (2mx1) + cos (2mx2).

10 102 103 10*

H(P) (HRF) 4.40251 4.40916 4.40989  4.40996
H(P) (NM)  4.40935 4.40994 4.40996  4.40996

e

H(P)

2 2

FIGURE 7. H(P) computed by (1.8) when d = 2 and H(x,p) = |p; + lp; + sin (2721 sin (27x2).

In this case, we do not know the explicit solution of H. In the numerical experiments, we fix N = 144. Let
P = (P, P) € R% Weplot H(P) at t = 14 for k = 10* and P € [-2,2] x [~2,2] in Figure 7. For P = (1.5,2.5),
we plot in Figure 8 the approximated results for m and w at ¢t = 14 when k = 10*. Meanwhile, in Figure 9, we
plot the errors defined in (6.2)—(6.4).

6.3. Non-monotonicity of F

Lemma 4.3 implies that F is monotone. However, the operator, F, in (4.9) may not be monotone.
To illustrate the non-monotonicity of F', we choose

2
H(z,p) = % — 10cos(2mz) — 10sin(27z).

In the simulation, we set P = 0.5, £k = 100, and N = 20. Here, we compute two trajectories gen-
erated by (4.10) from two sets of initial values, (M% UY) = (m{,...,m%,ul,...,ul) and (MO,UO) =
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FIGURE 8. Numerical solutions of Hessian Riemannian flow (HRF), (1.8), and Newton’s

method (NM), (5.4), at t = 14 when d = 2, P = (1.5,2.5), and H(z,p) = # + @ +
sin (27zq) sin (2722). (a) m (HRF). (b) u (HRF). (¢) m (NM). (d) u (NM).
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FIGURE 9. The convergence of solutions, approximated by (1.8), of (1.6) as k increases when
2 2
d =2, P=(15,25), and H(z,p) = @ + % + sin (2721) sin (2722). (a) Merror(k). (b)

uerror(k)' (C) Herror(k)'

LmY,ad, .., uY), where uf = cos(27z;), @) = sin(2mx;),m) = 1 + 0.2cos (27x;), my =

0.7 cos (2mx;). We represent the solutions corresponding to (M 0, UO) and (]T/f 0, U 0) by

and

(M(t),U(t)) = (ma(t),...,mn(t),ur(t),...,un(t))

1911

1+
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FIGURE 10. Monotonicity test. (a) Non-monotonicity of F. (b) Monotonicity of ¢(t).

respectively. If F were monotone, we would have

d N
T (Z ((mi(t) — ()% + (wi(t) — ﬂi(t))2)>

i=1

. <F(M(t), Ut) - F (M(t), ﬁ(t)) (M), U(1)) — (1\7@), ﬁ(t))> <0.

N
Hence, we plot the values of > ((mz (t) — (1)) + (ui(t) — ﬂi(t))Q) vs. time in Figure 10a, which shows that

i=1
the curve is not strictly decreasing. Thus, I fails to be monotone. In contrast, we plot ¢ defined in (4.11) (see
Fig. 10b), which shows that ¢(t) is decreasing, as expected.

6.4. Speed comparison between the Hessian Riemannian flow and Newton’s method

Here, we compare the speed of the Hessian Riemannian flow in (4.10), which is solved by NDSolve, with the
speed of Newton’s method in (5.4).

We consider the Hamiltonian, ,

H(z,p) = % — sin(27z).

In the numerical experiment, we set P = 0.5 and k& = 102. In this case, H(P) = 1. The initial point is given
by (M°,U°) = (m{,...,m%,uf,...,u®), where mY =1+ 0.9 cos (2mz;) and u? = 0.2 cos (27x;). For Newton’s
method, we choose 7 = k = 1. For each value of N, we compute H by the Hessian Riemannian flow for a
large time T° and use it as a benchmark, named H . Then, we use the Hessian Riemannian flow and Newton’s
method to compute H (T) such that |[H — ﬁ\ < €. To solve the Hessian Riemannian flow, we use the built-in
function, NDSolve, in Mathematica and use two different methods, named LSODA and BDF, separately. Then,
we record T, the interior number of iterations of NDSolve, and the corresponding CPU time (measured in
seconds) in Table 2. Here, we choose T° = 50 and € = 0.001. We see that Newton’s method is substantially
faster than the Hessian Riemannian flow solved by LSODA and BDF.

6.5. Stability of the Hessian Riemannian flow and Newton’s method

Though not stated explicitly in [13], the algorithm described there computes both H and the projected
Mather measure. However, as stated in that paper, that scheme becomes unstable if k is too large compared to
the mesh size V. Here, we show that the Hessian Riemannian flow and Newton’s method overcome this issue.

To illustrate the stability of our methods, we consider

_ P
H(z,p) = 5T sin(27x).
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TABLE 2. The Hessian Riemannian flow (HRF) vs. Newton’s method (NM).

N 15 30 60 120

H 0.964609 0.964754  0.96476 0.96476

T (HRF, BDF) 44 44 44 44

T (HRF, LSODA) 44 44 44 44

T (NM) 44 43 43 43

No. of iterations (HRF, BDF) 720 829 763 639

No. of iterations (HRF, LSODA) 1473 1629 3366 1025

No. of iterations (NM) 44 43 43 43

CPU time (HRF, BDF) 1.941897 11.285296 67.163746  2378.225083
CPU time (HRF, LSODA) 1.514499 8.101890  48.836245 1841.271556
CPU time (NM) 0.009373  0.040518  0.092378  0.364952
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FIGURE 11. Numerical solutions of Hessian Riemannian flow (HRF), (1.8), and Newton’s
method (NM), (5.4), for k = 10°. (a) H(P) (HRF). (b) m (HRF). (c) w (HRF). (d) H(P)
(NM). (e) m (NM). (f) u (NM).

For the implementation, we choose P = 0.5, k = 10°, and N = 20. We use the initial value (MO,UO) =
(m9,....m%,uf,...,ul), where m{ = 1+0.9 cos (2rz;) and uf = 0.2 cos (27x;). Figure 11 shows the evolution
of H(P), m and u by the Hessian Riemannian flow and Newton’s method, which illustrates that the Hessian

Riemannian flow and Newton’s method are stable for nearly singular equations, corresponding to a large value
of k.
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7. CONCLUSION

In this paper, to calculate simultaneously the effective Hamiltonian and the Mather measure, we suggested two
methods, the Hessian Riemannian flow and Newton’s method, to compute the approximated system in (1.6). We
proved the convergence of the Hessian Riemannian flow in the continuous setting and gived both the existence
and the convergence of the Hessian Riemannian flow in the discrete setting. We showed that this method
guarantees the non-negativity of m. Besides, we pointed out the relation between the implicit discretization of
the Hessian Riemannian flow and Newton’s method. In our numerical experiments, Newton’s method is faster
than the Hessian Riemannian flow. Both methods preserve the positivity of the Mather measure. Moreover,
the Hessian Riemannian flow and Newton’s method seem to be stable for large k, a case where the variational
method in [13] faces difficulties. Our experiments show that the solution to (1.6) seems to converge as k — 400
even when the values of P are in areas where convergence has not yet been proven. We stress that our algorithm
can also be used to solve stationary mean-field games.
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