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SIMPLE AND ROBUST EQUILIBRATED FLUX A POSTERIORI ESTIMATES
FOR SINGULARLY PERTURBED REACTION-DIFFUSION PROBLEMS

IAIN SMEARSY™ AND MARTIN VOHRALIK??

Abstract. We consider energy norm a posteriori error analysis of conforming finite element approx-
imations of singularly perturbed reaction—diffusion problems on simplicial meshes in arbitrary space
dimension. Using an equilibrated flux reconstruction, the proposed estimator gives a guaranteed global
upper bound on the error without unknown constants, and local efficiency robust with respect to the
mesh size and singular perturbation parameters. Whereas previous works on equilibrated flux esti-
mators only considered lowest-order finite element approximations and achieved robustness through
the use of boundary-layer adapted submeshes or via combination with residual-based estimators, the
present methodology applies in a simple way to arbitrary-order approximations and does not request
any submesh or estimators combination. The equilibrated flux is obtained via local reaction—diffusion
problems with suitable weights (cut-off factors), and the guaranteed upper bound features the same
weights. We prove that the inclusion of these weights is not only sufficient but also necessary for ro-
bustness of any flux equilibration estimate that does not employ submeshes or estimators combination,
which shows that some of the flux equilibrations proposed in the past cannot be robust. To achieve
the fully computable upper bound, we derive explicit bounds for some inverse inequality constants on
a simplex, which may be of independent interest.
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1. INTRODUCTION

Let Q be a polygonal /polyhedral /polytopal domain in R?, d > 1, with a Lipschitz-continuous boundary. Let
e >0 and k > 0 be two fixed real parameters, and let f € L?(2) be a given source term. Consider the problem:
find v : Q — R such that

—e?Au+ K*u=f in Q, (1.1a)
u=0 on 0f. (1.1b)
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1952 I. SMEARS AND M. VOHRALIK

Let a(-,-) be the symmetric bilinear form defined by
a(w,v) = 2(Vw, Vv) + k2 (w,v), w,v € Hy(Q), (1.2)

where (-, -) denotes the L%-inner product of scalar- and vector-valued functions on Q, with associated norm ||-||.
The restriction of the L2-inner product to an open subset w C Q is denoted by (-, )., with associated norm
|]l,- The weak formulation of problem (1.1) is to find v € H}(£2) such that

a(u,v) = (f,v) Vv e Hy (Q). (1.3)
The energy norm ||| - || associated to problem (1.1) is then the norm induced by the form a(-,-), namely
llolI* = a(v,v), v e Hy(Q). (1.4)

In this paper, we shall be primarily interested in the case where ¢ < , when problem (1.1) is said to be singularly
perturbed. Then, the accurate numerical approximation can be challenging due to the typical presence of sharp
boundary and/or interior layers in the solution.

In order to present more specifically the focus of this work, let us consider a simplicial mesh 7" of Q and let
Vr = P,(7) N H(Q) denote the subspace of Hi () of piecewise polynomial functions of degree at most p,
where p > 1 is a fixed integer. The conforming Galerkin finite element approximation of (1.3) consists of finding
us € Vg such that

a(uT,vq—) = (f, ’UT) Yur € Vr. (1.5)

The goal is to find a computable a posteriori error estimator n(uy) that satisfies
lu—ur|| < Cran(ur), nlur) < Ceg || u — ur || + data oscillation. (1.6)

The first inequality in (1.6) is called reliability, while the second inequality is called (global) efficiency. A localized
version of the efficiency bound is actually desirable. The quality of the estimator is determined by the product
of the two constants Cie and Ceg. A key requirement for singularly perturbed problems is to obtain estimators
that are robust in the sense that both constants Ci. and Ceg are independent of the singular perturbation
parameters € and k. Only such estimates can quantify well the error in the numerical approximation and be
reliably used in adaptive algorithms which allow for efficient approximation of the localized features of the
solution.

Recently, several methodologies for constructing error estimators that satisfy (1.6) in a robust way have been
studied. Verfiirth [36] (see also [37] or [39], Sect. 4.3) was probably the first to show robust bounds, in the
framework of the so-called residual-based estimates. For the problem at hand, these estimators take the form
(up to the data oscillation term and possible generic constants)

2 - .2
Mes(ur)? = Y i Irrllie + Y e tar izl (1.7)
KeT FeFq
where the local element and face residuals are defined respectively by
rrlk = (f + 2 Azur — k?ur)|k, (1.8a)

jrlF = =" [Vurnglp, (1.8b)

and where A7 denotes the element-wise Laplacian, [Vur-ng], denotes the jump of the normal component of
Vur over the face F, Fq stands for the set of internal faces of the mesh 7, and the weights (cut-off factors)

take the form -
ag = min{s,}, (1.9)
€K
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with hg being the diameter of S, where S is either a simplex K or a face F. The resulting estimator nes(uz) is
thus a straightforward extension from the pure diffusion case x = 0 and is simple to implement in practice. The
proof that 7,5 satisfies the second inequality in (1.6) rests on a bubble function technique, where the face bubble
functions are defined with respect to a submesh matching the boundary-layer length scales and are possibly very
steeply decaying. Their role is to capture the sharp layers caused by the singular perturbation. Note that these
bubble functions, and hence the submeshes on which they are defined, are only employed in the analysis; thus
they do not need to be constructed in practice. Shortly after, Ainsworth and Babuska [1] extended the method
of equilibrated residuals, ¢f. [2], to satisfy (1.6) in a robust way for lowest-order approximations, i.e. p = 1. In
contrast to the residual-based estimators, a boundary-layer adapted submesh in each mesh element needs to be
constructed in practice in order to evaluate the estimator.

Further progress has been made since, although, to the best of our knowledge, only in the case of lowest-order
approximations where the polynomial degree p = 1. Robust estimates that are guaranteed (Cre; = 1) and where
n(ur) is fully computable have been obtained in Cheddadi et al. [10]. This remedies that Cie is unknown for
residual-based estimates and that exact solutions of some infinite-dimensional boundary value problems on each
element (which cannot be performed exactly in practice) are required in the equilibrated residuals approach.
The estimator in [10] is based on an equilibrated flux o7 belonging to a discrete subspace of H(div) that
satisfies the equilibration identity V-0 + k2us = f7, where fr is a piecewise polynomial approximation of f.
The estimator is then composed of terms of the form

min {HsVuT +elor| ,C57%0q%v ”jTHaK\BQ} :

Thus it can be seen as a combination between an equilibrated flux estimator for diffusion problems and the
residual-based estimator of [36] for reaction—diffusion problems. No submesh is needed for the construction of the
estimator. Subsequently, Ainsworth and Vejchodsky [3,4] proceed in two stages. First, equilibrated face fluxes
are computed as in [1], and then, equilibrated fluxes are obtained by face liftings, so that the final estimate
n(ur) is also fully computable and the first inequality in (1.6) is guaranteed with Cye) = 1. As in [1], though,
boundary-layer adapted submeshes appear in the construction of the estimator.

The use of a submesh complicates the construction and implementation of the equilibrated flux estimators
of [3,4]. Moreover, it is likely to be even more involved when moving beyond lowest-order approximations. In this
work, by further developing the idea in [10], we show how to obtain simple, i.e. avoiding any submesh, yet robust
equilibrated flux estimators for arbitrary-order approximations. The a posteriori error estimates presented in
this paper are based on a locally computable flux o7 and potential approximation ¢z, respectively belonging
to discrete subspaces of H (div,2) and L?(Q) of the current mesh 7, that satisfy the key equilibration property

Vor+ H2¢T =117/, (1.10)

where II7: L?(Q) — P,(7) denotes the element-wise L?-orthogonal projection operator. Note that II7 can be
computed locally and separately for each element. The upper bound on the error then has the simple form

lu—url? < 3 [wi [|eVur + e o7 || + I8 (ur — 60) 15 + @ I ~ e fll ]S, (L11)
KeT

where wg is an elementwise computable weight (cut-off factor) such that

hig 1
mein{l,C*F E}, @KmiH{K,}v
khg e K

with a fixed computable constant C, given by (2.7); see Theorem 3.1 below for further details. The equili-
brated flux o7 and approximate potential ¢ in (1.10), (1.11) are obtained by an extension of the patchwise
equilibration of [8,13], see also [9,19].
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Furthermore, we prove robustness and efficiency of the estimator (1.11) by showing that its local contributions
are bounded, up to a constant, by the local residual estimators. More precisely, for each K € 7, we show that

— 2 2 2 — .2
wi |eVur + e o + 5 (ur =)l S D g lrzllie + Y e tar izl
K'eTx Fegx

) ) ) (1.12)
S > |lu—ur i + ok IIf = Tz fl]
K'eTg
where T and §x denote the set of elements and faces in a suitable neighbourhood of K and
2 2 2
ol = IVollg + ol K €T, (1.13)

see Proposition 4.3 and Theorem 4.4 below for full details. Crucially, the constants hidden in < in (1.12) are
independent of the mesh-sizes h and problem parameters € and k, depending only on the shape-regularity of 7,
the space dimension d, and the polynomial degree p. Hence, just as for residual-based estimates, equilibrated flux
estimates have a straightforward extension from the pure diffusion case k = 0, based on including appropriate
weights (cut-off factors) and not requiring computations of quantities over any submesh or combination with
the residual estimators. In light of these results, we believe that the claims in [38,39] of a “structural defect” of
the robustness of the equilibrated fluxes estimators are not generally valid.

As a side result, we also prove in Proposition 5.1 that the weights wy in (1.11) are necessary for robustness of
any equilibrated flux estimate involving the terms HeVuT +elor H - Whenever o7 is a piecewise polynomial on
7T (and thus its construction does not involve any submesh), regardless of the precise details of the construction of
o 7. This proves that several flux equilibrations proposed in the past cannot be robust with respect to reaction
dominance in general (although in many experiments, no loss of robustness may be numerically observed),
including those of Repin and Sauter [31], Ainsworth et al. [6], Eigel and Samrowski [17], Eigel and Merdon [16],
Vejchodsky [34, 35], as well as Ainsworth and Vejchodsky [5], where the non-robustness is encapsulated in a
non-traditional data-oscillation term.

We only treat isotropic meshes. Results for anisotropic meshes can be found in Kunert [29], Grosman [23],
Apel et al. [7], Zhao and Chen [41], or Kopteva [26,27]. Also, we are solely interested in the energy norm.
Robust estimates in the maximum norm are obtained in Demlow and Kopteva [12] and, on possibly anisotropic
meshes, in Kopteva [25] for p = 1 any in Linss [30] for any order p > 1 in one space dimension. We refer to
Stevenson [33] for robust convergence, and we refer to Faustmann and Melenk [22] and the references therein
for balanced norms. Finally, extensions to variable coefficients € and k can be treated easily as in [4], whereas
inhomogeneous Dirichlet and Neumann boundary conditions, mixed parallelepipedal-simplicial meshes, meshes
with hanging nodes, and approximations with varying polynomial degree p can be treated as in Dolejsi et al. [15].
In particular, the main idea required to treat the case of approximations with varying polynomial degrees is to
construct the vertex-patch contributions of the equilibrated flux with a local patch degree greater than or equal
to the maximum polynomial degree of the finite element approximations over the patch [15]. For meshes with
hanging nodes, the equilibration can be taken over an extended patch of elements determined by the support of
the associated conforming nodal basis function. See also Section 7 of [21] concerning the treatment of meshes
with arbitrarily many hanging nodes per face.

2. CONSTRUCTION OF THE EQUILIBRATED FLUX

We present in this section the construction of the equilibrated flux o7 and of the potential approximation

o7
2.1. Notation

Let 7 be a matching simplicial partition of the domain Q, i.e., Jgcr K = Q, any element K € 7 is a
closed simplex (interval when d = 1, triangle when d = 2, tetrahedron when d = 3), and the intersection of two
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different simplices is either empty, or a vertex, or their common [-dimensional face, 1 <1 < d — 1. We denote
by 97 > 0 the shape-regularity parameter of the mesh 7, i.e.

J7 = max —, (2.1)

where px and hg are respectively the diameter of the largest ball contained in K and of K. For each element
K € T and for a fixed integer p > 1, let P,(K) denote the space of polynomials of total degree at most p on K.
Let

P,(T) = {v e L*(Q), v|x €P,(K) VK €T}

denote the space of scalar piecewise polynomials of degree at most p over 7. Let II7: L?(Q2) — P,(7) denote
the L2-orthogonal projection operator from L?(Q) onto P,(7). We additionally consider L*(Q2) := L?(Q;R?)
and RTN,(T) C L*() the piecewise Raviart-Thomas-Nédélec space defined by

RTN,(T) = {vr € L*(Q), vr|x € RTN,(K) VK cT},

(2.2)
RTN,(K) =P, (K;R%) 4 P,(K)zx.

For any subset S of €, let hg denote the diameter of S. Thus, in particular, hx denotes the diameter of
the element K € 7. Let V denote the set of vertices of the mesh 7. It is partitioned into the set of interior
vertices V"' := {a € V, a € Q}, and boundary vertices V°** := V \ V'*, For each vertex a € V, the function
thq is the hat function associated with a, i.e., 1 € P1(7) N H(2) taking value 1 in the vertex a and 0 in the
other vertices. The set wg is the interior of the support of 1, with associated diameter h,,_ . Furthermore, let
7, denote the restriction of the mesh 7 to w,, and let F, denote the set of interior faces of 7,, i.e. the faces
of T, that contain the vertex a for a € V'*, without those on 9 for @ € V<. For each element K € 7, we
collect in Vg the set of vertices of V belonging to K. We also define Tk = UaeVK 7o and Fg = UaEVK Fa.

Throughout this work, the notation a < b means that a < Cb with a constant C' that only depends on the
shape-regularity parameter 7 of 7, on the space dimension d, and on the polynomial degree p, so that it is
in particular independent of the mesh-sizes hx and of the problem parameters ¢ and x; a ~ b then stands for
a < b and simultaneously b < a.

2.2. Trace and inverse inequalities

We first recall two inequalities that we will rely on.

Lemma 2.1 (Trace inequality with explicit constant). For all K € T and for all v € H'(K) that satisfy
(v,1)k =0, i.e., that have vanishing mean-value on K, there holds

[vllor < CreIVUllE IVl % s Ome = VI (d+ 1) 2+ d/7). (2:3)

Proof. We refer the reader to Lemma 1.49 of [14] for the explicit constants of the trace inequality for general
functions in H'(K); namely, for each face F C 0K,

o]l < 07 1Vl +d/hic [0l 0) ol

Then, we additionally apply the Poincaré inequality ||v|| < hg /7 ||Vv| for functions with vanishing mean-

value on K, and sum over all the faces F' to obtain (2.3). O

Lemma 2.2 (Inverse inequalities with explicit constants). For any K € T and any v € RTN,(K), we have

1/2
hK/ v nHaK < Cinv,p,0 ”'UHKa hr ||V - ””K < Cinvp Hv”K, (2.4)
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s

as
Vo= interior patch T, boundary patch T,

iohi vanishing normal flux
vanishing normal flux Shing 2

Yala) = 1, Ya(a) = 0 Vala) =1, Yg(a,) =0

FIGURE 1. Patches of elements 7,, vanishing normal flux conditions in the local Raviart—
Thomas-Nédélec spaces V', and hat functions 14: interior (left) and boundary (right) vertex
ac).

where the constants Ciny p.o and Ciny,p are given by

Cinvp.0 = V(A +1)(p+2)(p+d +1)d7, (2.5)
Cunvy = VA7 L2 VDG T 7 Do+ Do+ ). 26)
Proof. See Appendix A. O

In practice, possibly sharper constants can be obtained for the inequalities in (2.4) by solving numerically
small eigenvalue problems on each mesh element, or on a reference element in combination with bounds for the
influence of the affine mapping.

We will need below the following constant composed of the constants of the trace and inverse inequalities (2.3)
and (2.4):

1 1
Cy = % <\/Ecinv,p + Cy Oinv,p,@) . (27)

2.3. Equilibrated flux o7 and postprocessed potential ¢

The construction of the auxiliary variables o7 and ¢ giving the equilibration (1.10) is based on independent
local mixed finite element approximations of residual problems over the patches of elements around mesh vertices.

For each a € V, let P,(7,), respectively RT N ,(7,), be the restriction of the space P,(7), respectively
RTN,(T), to the patch of elements 7, around the vertex a. The local mixed finite element spaces V7 and
Q% are defined by

Ve {vr € H(div,wq) N RTN,(7,), vrn =0 on dwg } if a € Vint, (2.8)
77 Y {vr € H(div,ws) N RTN,(Ta), v7-n =0 on dwg \ Q) if a € Vo, ’
P,(7a) if Kk >0 orac V™,
T = : 2.
@7 {{qT € Py(7a), (¢7,1)0, =0} if k=0 and a € V™, (2.8b)

see Figure 1.
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Recall that uz € Vr with V7 = P,(T) N H{ () is the finite element solution given by (1.5). Let C. be the
constant composed of the constants of the trace and inverse inequalities and given by (2.7). Our construction
is:

Definition 2.3 (Flux o7 and potential ¢7). For each vertex a € V, let (6%, ¢%) € VT X Q% be defined by
the local constrained minimization problem

. _ 2
(0F,07) = arg min w ||evaVur +e oz ||, + |k [Mr(Yaur) —qrllZ,  (2.92)
(v7,q7)EVEXQTF *
Vwr+rlqr=I1(fta)—>Vur Vg

with the weight

W = min{l,C* < } (2.9b)

Khe,

Then, extending each 0% and ¢% by zero outside of the patch subdomain we, 7 € RTN ,(T) and ¢ € P,(T)
are given by

oT = Z oy, o7 = Z T (2.9¢)

acV acV

We remark that for an interior vertex a € V'™, we have

(HT(fwa) - €2VUT'V¢«1, l)wa = (fv 1%)% —e? (VUT, Vwa)wa = /‘ﬁz(u’lﬂ wa)wa (210)

by Galerkin orthogonality with ¢, € V7 as a test function in (1.5). Since
(va%7 1)“-’(1 = (a%.nwa’ 1)8‘410, =0
by Green’s theorem and the vanishing normal flux condition imposed in the definition (2.8a) of V%, it follows
that ¢% necessarily satisfies the mean-value property
(0T Dwa = (Waur,1)u, Va e V'™

whenever £ > 0. If kK = 0 instead, then ¢% is undefined by (2.9a) but one remarks that it is no longer needed
anywhere in the paper. In this case, Definition 2.3 coincides with equation (9) from [9], Definition 6.9 of [18],
or Construction 3.4 of [19]; in particular, the Neumann compatibility condition of problem (2.9a) for a € V't
follows from (2.10).

In practice, the constrained minimization problem (2.9a) is solved through its Euler-Lagrange equations,
which can be reduced to solving a linear system of dimension dim V7 + dim Q% in the present context. This
problem reads: find (0%, ¢%) € V7 x Q% with ¢3 =% + Il (Yqur) and (0%,7¢) € VT x Q% such that

67210(21(0%-,07‘)“)0 - (’Y’l]]"a V’UT)wa = *WZ(@ZJGVUT, UT)wa V'UT € V%-, (211&)
(vo’%—7 qT)wa + K’2(’Y’l]1’7 QT)wa = (f¢a - szau’f - €QVUT'VQZJ@, qT)wa VQT c Q%— (211b)
2.4. Properties of o7 and ¢

We have constructed o7 and ¢7 such that the following holds:
Proposition 2.4 (H (div, )-conformity of o7, equilibration). Let o7 € RTN,(T) and ¢7 € Pp(T) be given
by Definition 2.3. Then o1 belongs to H(div,Y), and o7 and ¢7 satisfy the equilibration property (1.10).

Proof. First, the H(div, Q)-conformity of o7 follows from the fact that, for any vertex a € V, the zero extension
of 0% belongs to H (div, 2) as a result of the vanishing normal flux boundary conditions in the space V7. Then,
to show (1.10), we employ the constraint in (2.9a) together with (2.9¢):

Vor+rPer =Y [Vof + k263 =Y [ (fva) - *Vur-Vije) =I7f,
acV a€cy

where we have used the fact that the hat functions {ig}acy form a partition of unity over Q, i.e.

ZaEV wa =1 U
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3. A COMPUTABLE GUARANTEED A POSTERIORI ERROR ESTIMATE

This section presents our guaranteed and fully computable a posteriori error estimate. The following upper
bound on the energy norm of the error builds on Theorems 3.1 and 4.4 of [10] and Lemma 2 of [4]. It employs
additionally the concept of a potential reconstruction ¢ that will turn out crucial for a simple and robust flux
equilibration. Moreover, it relies on the trace and inverse inequalities of Section 2.2 to make appear the crucial
weights (cut-off factors), with the constant C, given by (2.7).

Theorem 3.1 (Guaranteed a posteriori error estimate). Let u be the weak solution of problem (1.1) given
by (1.3) and let ur € Vg be its finite element approximation given by (1.5). Let o7 € RTN,(7) N H(div, )
and ¢7 € P,(T) be given by Definition 2.5. Then the following upper bound for the energy norm of the error
holds:
_ ~ 2
lu—urll? < Y [wic |eVur + 7 or | + In (ur = dr)ll + B I ~Tr ]’ (3
KeT

where the weights wi and Wk are respectively defined by

~ hg 1
W = min{l,C’* c }, Wi = min{K,}, KeT. (3.2)
rkhg T K

Proof. First, we note that the energy norm of the error || u — u7 || is related to the residual R(uz) € H(£),
defined by
(R(ur),v) = (f,v) — alur,v), ve Hy(Q),

through the identity

e =ur |l =l R(ur) ., W R(ur)l, == sup — (R(ur),v), (3.3)
veH(Q), [lvfl=1

cf., e.g. equation (4.1) of [36]. Consider now (R(ur),v) for a fixed function v € H}(Q). Since o7 € H(div, Q)
and v € H}(2), Green’s theorem gives (o7, Vv) + (V-a7,v) = 0, so

(R(ur),v) = (f,v) — alur,v) = (f = Uz f,v) + (k(¢7 — uT), Kv) — (eVur + 6_10'7,5Vv), (3.4)

where we have also used the equilibration identity (1.10). We now proceed by estimating each term in (3.4)
elementwise.

For each element K € 7, we use the identity (f — Iz f,v)x = (f — Iz f,v — Il7v)k and the Poincaré—
Friedrichs inequality on the convex element K, i.e. ||[v — Il7v|| , < hTK [ Vvl for any v € H*(K), together with
the energy error definition (1.13), to obtain the following bound

. [h 1 .
(7 = Tyl < 1F = T flmin {22 90l % ol | < i IF = Tirfl ol (35)

Here, actually, a little sharper bound is possible by a convex combination of the two possibilities, but we prefer
to use the simple form (3.5) with Wk in the form of minimum given by (3.2).
Next, it is clear that

|(eVur + e 'or,eVo)k| < ||eVur + E_IO-THK Mol (3.6)

for each K € 7. However, this is not necessarily the sharpest possible bound in the singularly perturbed regime
k > . Therefore, following the idea of Proof of Theorem 4.4 from [10], we use Green’s theorem elementwise
together with the fact that Vv = V(v — Uk ), where Ux denotes the mean-value of v on K. This gives

(eVur +etor,eVo)g = (eVur + e tor)n,e(v —Tk))ox — (V- (EVuT + 5_10'7) ,e(v—TK))K.
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The L?(K)-stability of the mean-value, ||v — Uk ||;r < ||v||x, Young’s inequality

1 1 1
[eVoll lsv]l & < QIIIUIIIK, (3.7)

7%

and the multiplicative trace inequality (2.3) altogether lead to

_ 1 1 L Cr €
ellv =vkllpr < Cme? [[eVllf (vl < 75\/ hicy %III O] -

Combined with the inverse inequality (2.4), we find that

Oinv,p,[)CTr €

\@ IihK

The L?(K)-stability of the mean-value, the Poincaré-Friedrichs inequality in the form [[v — Tg || < 2 || Vv]|

and (3.7) yield
_ i 1 _1 1 hi €
ellv =vrlx <elvlli hikm™2 [IVollk < N ol -

Thus, combined with the inverse inequality (2.4), we find that

1

|((eVur + e or) m,e(v—Tk)) | < |eVur +e o llvllk- (3.8)

_ _ 1 1 € _
(V- (eVur +e7'or) ,e(v—Tk))k| < ﬁﬁanv”” /% leVur + e or| vl (3.9)
Therefore, combining inequalities (3.6), (3.8), and (3.9), we get
|(eVur +e 'or,eVo)k| Swk ||eVur + e oz vy VK eT (3.10)

with wg given by (3.2) and C., given in (2.7). As a side remark, it is possible to obtain a slightly sharper bound,
at the expense of making the weight wy more complicated than the simple form given by (3.2).

Finally, we can apply the Cauchy-Schwarz inequality to see that |(k(¢p7r — ur),kv)k| <
ll& (ur — 1)l i ll v |l - Therefore, we deduce from (3.4) and the above inequalities that

(R(uz), o)l < Y wk |[eVur + 7 ozl + 15 (ur = 61) i + 0 1 = T fllge] 0 s
KeT

which implies the upper bound on the error (3.1) after another Cauchy—Schwarz inequality, using (3.3) and
2 2
Yrer lvllx =1lvll™ O

4. EFFICIENCY AND ROBUSTNESS OF THE ESTIMATE

This section establishes the local (and consequently global) efficiency and robustness of our a posteriori error
estimate.

4.1. A basic stability result

The main tool in the analysis of efficiency is the following stability result, where, we recall, the broken and
the patchwise H (div)-conforming Raviart-Thomas-Nédélec spaces RT N ,(7,) and VT are respectively given
by (2.2) and (2.8).
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Lemma 4.1 (Stability of patchwise flux equilibration). Let a vertex a € V be fized, and let gr € Pp(7a)
and 77 € RTN,(7,) be given discontinuous piecewise polynomial functions, with the Neumann compatibility
condition (g7,1),, = 0 satisfied if a € V"', Then, there holds

min |77 +orl,, < sup {(97,V)w. — (T7. VV)u, }, (4.1)
vreVr vEH (wa)
Vwr=or 7ol

where H(wq) is the subspace of functions in H'(wg) that have mean-value zero on the patch subdomain wg if
a € V" js an interior vertex, or that vanish on Owe N O if a € V< is a boundary vertex.

The above result holds for any dimension d > 1, although some additional properties are known for d < 3.
Indeed, in the case where d = 2, it is shown in Theorem 7 of [9] that the constant in (4.1) is in fact independent
of the polynomial degree p, i.e. p-robust. The extension of the p-robustness of the bound to the case of d = 3
was shown in Corollaries 3.3 and 3.6 of [20]. It is also possible to extend similar results of this kind to situations
with hanging nodes and locally refined submeshes, as shown in [21].

4.2. Stability with respect to residual estimators

The next lemma shows that the local contributions of the equilibrated flux a posteriori estimators of Def-
inition 2.3 lie below the local residual estimators as defined in (1.7), with the element residuals r and face
residuals jr are defined by (1.8) and the weights ax and ap defined by (1.9).

Lemma 4.2 (Stability of patchwise flux equilibration with respect to residual estimators). For each a € V, let
o% and ¢% be defined by (2.9a). Then

w? [evaVur +e 0|’ + s Mr(Waur) — 6215, S S ok lrrlic+ Y. e larlirly.  (42)
KeT, FeF,

Proof. Let a vertex a € V be fixed. Since 0% and ¢% are defined as minimizers of the functional in the right-
hand side of (2.9a), it is enough to prove that there always exist some v% € VT and ¢ € Q% that satisfy the
constraint V-v + k2¢y = 7 (f1be) — €2Vur-Vih and that satisfy the bound (4.2) with v in place of 0%
and g% in place of ¢%. The specific construction depends on the mesh size and the problem parameters ¢ and
K, as we now show.

Case 1, ¢/h,,, < k (reaction dominance). Up to a constant, we have k=1 < hx /e and k=1 < hp/e for all
elements K € 7, and all interior faces F' € F,. In this case, we adopt the following construction. Let

L arri1), =

|wal

Pa = . | ‘ (wa (f +2Arur — K uT) 1)%7 a Yt

and p, = 0 otherwise. Next, we define

1
= = (Il (fva) + 2P Arur — Pa), VF= argr‘r/{ln HE Yo Vur + vTH (4.3)
vr € T
Vwr=gr

where
g7 = _52(VUT'V"/}¢1 + Yo ATuT) + pa.-
It is easy to check that if @ € V'™, then (g4, 1),, = 0, since the Galerkin orthogonality (take vz = 14 in (1.5))
implies that
(97 Dwa = (f100a) —€ (VUT»V'l/}a) -k (UT»wa) =0. (4.4)

Therefore, it follows that ¢4 € Q% and vk € V% are well-defined and that they satisfy the constraint V-vk +
w2y = 1 (fa) — €2Vur-Vipa.
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We now bound w? ||e¢q Vur + 'U*THi and ||x [ (Yeur) — qi}]Hia First, we obtain

1 1

2 2 2 2

Ix 7 (baur) = a7llle, = 5 M7 (Warr) = pall, < 7, S > ok lrrlk
KeT,

where we have used the stability of the L-projection (note that pg is also the mean value of Il7(¢gr7) on wq
for @ € V™) and the fact that |[¢al,, . = 1 to bound |[TI7(Yarr) — pall,,, - Next, we apply Lemma 4.1 to

bound w2 HSQwa ia. Note first that for an interior vertex a € V'™, (pa,v),, = 0 for all v € H}(w,)
since v € H}(wq) implies that v is orthogonal to constant functions on w,. We find that

H52¢avu7’ + 'U;'Hw S sup {(9;70)‘4}& - (52VUT71/JaV'U)wa}
@ vEHNwgq), HVUHW(1:1
= sup { — (e2Vur,V(1av))w, — (EQATUT,’(/JG’U)wa} (4.5)
veH! (wa), | Voll,, =1 :

= sup > (7. %av)F

vEH (wa), [V, =1 FEF,

where the last line follows by elementvvlbe mtegratlon by parts. It is then straightforward to deduce from the

trace inequalities [[v|p S hy? [|vll + Vo[l |lv]| 3 and the Poincaré-Friedrichs inequality for functions in
PRI et

e Vur + v |2 Shee Y lirle (4.6)
FeFa

Consequently, using definition (2.9b) of the weight wq

wg |levaVur + 7 03 ||wa S wa dolirle s Y e tar il
FeFa FeFa

Therefore, if €/h,, < k, we have shown that there exist v} and g¢§ satisfying the constraint V-vi + k?¢y =
7 (f1a) — 2Vur-Vihe and such that

2 - 2
w? |levaVur + e |2+ |15 [z (aur) = grllZ, S Y okllrrli+ Y. e ar izl
KeT, FEF,

As explained above, this implies (4.2) in the case €/h,,, < k.
Case 2, ¢/h,,, > k (diffusion dominance). We select

¢r =11 (Yaur), vy = argmin |[*¢aVur +vr|,
v VT
V- VT = gT
where
g =1 (Va(f — K*ur)) — €2Vha-Vur.
Notice that Galerkin orthogonality implies that (g4, 1),, = 0 if @ € V" as in (4.4), and also V-vk + k?¢} =
7 (f1ha) — €2Vur-Vi)g, so the requested constraint is satisfied. It then follows directly from Lemma 4.1 that

H€2¢aVUT+v*7H% S Sup {(HT(’(/)G,TT wa + Z wajTa }7

vEH (wa), [V, =1 FEF,
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where we use the fact that elementwise integration by parts shows that, as in (4.5),

(95, V)wa = (E0aVur, Vo)u, = (M7 (Yar1), V), + Y, (Yajr,0)p.
FeFq

Thus, proceeding as in (4.5) and (4.6) for the face residuals term and using the stability of the L2-projection,
[Yallo o, = 1, and the Poincaré-Friedrichs inequality for functions in H}(wa), ie. [[v]l, < hw, [V, , for
the element residuals term, we get

2 2 .12
oo S D Izl +hey Y izl
KeT, FeFa

H€21/JaVuT + v

Consequently,

2 2 _ . 2
0 SO aklrrlie + Y e tar izl
KeT, FeFq

HfsanuT + E_lv*T

Hence, on noting that we < 1 and that ||s [l (Yaur) — ¢7])ll,, = 0, we see that (4.2) also holds for the case
e/hy, > K. O

Recall that T = J,cp,. Za and Fx = Ugey, Fa-

Proposition 4.3 (Bound on flux estimators by the residual estimators). Let o7 and ¢r be given by Defini-
tion 2.3. Additionally, let the volume and face residual functions r and jr be defined by (1.8). Then, for each
element K € T, we have the bound

_ 2 _ .
wi [|eVur + e lor| +llk(wr — o)k S Y, g lirrlie + > e tar lirly - (4.7)
K'eTk Fe3k

Proof. For each mesh element K € T, we have or|x = >_,cy,. 07|k and ¢7|x = Y, 0y, ¢F|x. Moreover,
since {1q facyy, form a partition of unity over K and since Il is the elementwise L? projection of degree p, it
follows that ur|x = Hrur|x = Y 4ep, U1 (Yaur)|x. Furthermore, (3.2) and (2.9b) together with the mesh
shape regularity imply that wx < wg for each a € Vi, where the constant depends only on ¢#7. Therefore, we
obtain

w |eVur +e oz | + 15 (ur — o7)lI%

S Y [wlllevaVur + e 0% | + Al (Yaur) - %11 ]

a€Vik
Therefore, we can use (4.2) for each a € Vi to get (4.7). O

4.3. Local efficiency and robustness of the estimate

We now recall the well-known efficiency and robustness results for residual estimators, see Proposition 4.1 of
[36] or [39] for details. For each K € 7 and F' € Fg, there holds

2 2 2
o ezl S llw—wr I + a1 = T fIl (4.82)
— . 2 2 2
laplirly s Y [llu—ur i +ak If ~ T ] (4.8b)
KeT,FCOK

Therefore, the combination of Proposition 4.3 with (4.8) shows that the equilibrated flux estimator of Theo-
rem 3.1 is locally efficient and robust.



EQUILIBRATED FLUX ESTIMATORS FOR SINGULAR PERTURBATIONS 1963

Theorem 4.4 (Local efficiency and robustness). Let u be the weak solution of problem (1.1) given by (1.3)
and let ur € Vg be its finite element approzimation given by (1.5). Let o7 € RTN,(T) N H(div,Q) and
o1 € Pp(T) be given by Definition 2.3. Then, for each mesh element K € T, there holds

— 2
wk [eVur + e tor[f + Inwr — o)l S D [lu—urlf +ad If —Uzfll ], (49)
K'e¥k

where the constant in < depends only on the dimension d, the shape-reqularity constant 97 of T, and on the
polynomial degree p, so that it is independent of the parameters € and k and the mesh-sizes hy .

5. NECESSITY OF THE WEIGHTS wg IN THE UPPER BOUND

Theorems 3.1 and 4.4 show that the estimator wg ||eVur +a’10'7||K + || (ur — ¢7)|| ¢ obtained from

the flux equilibration of Definition 2.3 is a reliable, locally efficient, and robust energy error estimator for
singularly perturbed reaction—diffusion problems. Here we show the necessity of the weight wg for robustness
of equilibrated flux estimators that involve only piecewise polynomial vector fields on 7. We also recall that an
alternative option, related to the approach in [1,3,4,27], is to perform an equilibrations on a submesh.

5.1. Necessity of the weights wg
The following proposition applies to any flux equilibration on 7

Proposition 5.1 (Best-possible bound by piecewise polynomials of the mesh 7). Let ur € P,(7) N HE(Q) be
an arbitrary piecewise p-degree polynomial, p > 1, and let the face residual term jr be defined by (1.8b). Let
Py (7T; R?) denote the space of R*-valued piecewise polynomials of degree at most p' over T, where p' > 0 is an
arbitrary nonnegative integer. Then,

1

. _ kh _ .2 ’
f \Y ! >4/ = ! , 5.1
WGH(div}g)mPp/(T;Rd)Hf ur +elor|| 2/ . (Z e ar Ty (5.1)

FeFq

where h :== ming 1 hy, and where the constant depends only on the polynomial degrees p and p’, the dimension
d, and the shape-reqularity V1 of T.

Proof. Let vy € H(div,Q) NP, (7;R?) be arbitrary. Then, for each interior face F € Fq, the H(div,Q)-
conformity of vz implies that [v7r-nrp]p = 0, and hence jr|p = —¢ [[(EVUT + 5*1v7)~nFﬂF. Since (eVur +
e v7) Kk € Prax(pr,p—1) (K R?) for each element K € 7, we can apply the triangle inequality and the inverse
inequality (analogous to (2.4)) to find that, for any F' € Fq,

-1 .2 € 1 2
e ar|lirlly S wh Z ||€VUT +e 'UTHK- (5.2)
KeT,FCOK
Therefore, we get (5.1) by summing (5.2) over all faces F' € Fq, and recalling that v was arbitrary. O

The upshot of Proposition 5.1 is that for any problem where the jump estimators are sufficiently dominant,
i.e. when

1
2
e = || = < Y clar |ij||§> : (5:3)

FeFao

then any error estimator involving a term of the form ||€V1LT + 6’11)7” without any weight will necessarily be

non-robust when xh/e takes large values, since (5.1) and (5.3) then imply

||€VUT + s’lvTH S [k

|

vr €H (div,Q)NP,, (T;R%) Il w—wur | 3
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= =1D FE approximation
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FIGURE 2. [Example 5.2, ¢ = 1, k = 10?2, m = 3] Finite element approximation (5.6) and the
exact solution (left), detail (right).

In other words, the effectivity index can become arbitrarily large in the singularly-perturbed regime when
the weight wg is not included. It is then seen that the inclusion of the weight term wg in Theorem 3.1 is
necessary when considering flux equilibrations from vector-valued piecewise polynomial subspaces of H (div, (2)
on the mesh 7, regardless of the precise details of the construction of the flux. Examples of flux equilibrations
proposed in the past that cannot be robust in general include Repin and Sauter [31], Ainsworth et al. [6], Eigel
and Samrowski [17], Eigel and Merdon [16], Vejchodsky [34,35], as well as Ainsworth and Vejchodsky [5], where
the non-robustness is encapsulated in a non-traditional data-oscillation term.

We now present an example of a situation where (5.3) holds and where kh/e can be arbitrarily large. In fact
the example is similar to the one in Section 2.3 of [1], albeit with some suitable adjustments.

Example 5.2 (Dominant jump estimators). Let  := (—1/2,1/2) and let m be an odd integer. Consider a
uniform mesh 7 of Q with 2N = (m +1)? intervals, N := (m+1)?/2, and mesh size h := 1/(2N) = 1/(m+1)%.
Hence, the interior nodes are x; = ih, where i € {—N +1,..., N — 1}. Let

f =TIz cos (mrx) € P1(T) N H(Q) (5.5)

denote the piecewise affine Lagrange interpolant (preserving the point values) of the function x — cos (mmz); it
follows from the fact that m is odd that f € Hg(£2). Note that in the example of [1], the function f was chosen
as cos (mx) instead.

Consider now problem (1.1) along with its finite element approximation (1.5) in the space Vy = P1(7) N
HY(Q). Tt is easy to show that

ur = (2 + w37 (5.6)
is the discrete solution, where
o 6 1 — cos (mmh)
Bh = o cos (mmwh) h? ’

as a result of the identity

1/2 1/2
/ fluedr = uh/ fordz Yor € V7.
—-1/2 —-1/2
An illustration of the finite element approximation (5.6) for m = 3 (which gives 16 intervals, h = 1/16, and up
roughly equal to 5.71h~!) together with the exact solution is given in Figure 2.
Now, noting that interior vertices and faces coincide for problems in one space dimension, it is found that
e2up, g2 2(1 — cos(mmh))

- 2 /
r == = —¢c Jugp(z;)] =
7|k 62%JFK2J‘|K, JT e [u7 ()] oy T .

f(xi).
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Moreover, since limy, o M = = when h = h(m) = 1/(m + 1), for any m there holds pj, ~ h~!.

Suppose also henceforth that nh/e >1, so that ax given by (1.9) takes the value 1/k. Then, we find that

1 g2 2 g ‘1
2 2 2 2 .
> aklrrlli = 5 (W) ur A= <E2uh +n2> K2h?

KeT

We also obtain

y 22 2 N1 ) 2 2 9
> < arlirlly = (w) o 2 M@l 2<W) ewh’
i

FecFq =—N+1

where we have used the trigonometric identity

N—-1 N—-1 9 N—-1 (\/ﬁ—l) 9 1
5 o= B (= 5 (I
=—N+1 i=—N+1 i=—N+1

Since exh < k2h?, we see that

2 — . 2 2 — . 2
Yo aklrrlix £ ) e tarlirly <= Nlu—ur |~ Y e lap izl
KeT FeFq FeFq

where we note that there is no data oscillation since f € P;(7). Hence this provides an example where (5.3)
holds, and the factor kh/e can be made arbitrarily large. In Figure 2, the jumps in the derivative of the numerical
solution are clearly apparent.

5.2. Flux equilibration on a submesh

Remark 5.3 (Flux equilibration on boundary-layer adapted submeshes). The approach in [3,4,27], following
[1], can be seen as defining a flux o7 € H(div,Q) that satisfies an equilibration property similar to (1.10),
yet with the key difference that oz is defined with respect to a submesh T of T with thin elements that
are adapted to the parameters ¢ and k and local mesh-size (see e.g. [3], Fig. 3). In this case, the argument
in the Proof of Proposition 5.1 does not apply, because the inverse inequality H(EVUT +€_10'%)-nFHF <
h;ﬁ |eVur +e o3|, F COK, K € T, is not applicable when o7 € P, (T;R%) but o5 ¢ P, (T;R%). This
essentially shows how there are now two different approaches to constructing robust equilibrated flux estimators.
Either the flux is computed as a piecewise polynomial vector field with respect to the original mesh, in which
case the inclusion of a weight of the form of wk from (3.2) in the upper bound is necessary, or one constructs
the flux with respect to some other sufficiently rich subspace of H(div,{2), such as a piecewise polynomial
subspace with respect to an adapted submesh T of 7T, in which case the weights are not necessary. Note that in
some cases, the submeshes are only used conceptually in the derivation of the estimators, with all computations
performed in practice without explicitly constructing the submeshes, see, e.g. Lemma 7.1 of [27].

6. NUMERICAL ILLUSTRATION
We illustrate here our theoretical developments on two test cases performed with the FreeFem++ code [24].

6.1. A boundary layer
Consider problem (1.1) on the unit square = (0,1) x (0, 1), with the exact solution as in [23] given by

uz,y) = e 5 e =Y,
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energy errors estimators
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FIGURE 3. [Sect. 6.1, ¢ = 1, k = 10%] Exact (left) and estimated (right) energy error on each
mesh element, uniform 20 x 20 x 2 mesh, polynomial degree p = 2.
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FIGURE 4. [Sect. 6.1, ¢ = 1, « varies] Energy errors and estimates together with their com-
ponents, scaled relative to || uz || (left), and corresponding effectivity indices (right). Uniform
100 x 100 x 2 mesh, polynomial degree p = 1.

this corresponds to taking f = 0 in (1.1) but replacing the homogeneous Dirichlet boundary condition by the
value of v on the boundary 092. We take the diffusion parameter £ = 1 and observe that u develops a sharp
boundary layer along the axes y = 0 and z = 0 for high values of the reaction parameter k. We employ the
a posteriori error estimators of Theorem 3.1, with in particular the flux o7 and the potential ¢ constructed
following Definition 2.3. The polynomial degree of the finite element approximation (1.5) is equal to either p = 1
or p = 2; correspondingly, o7 is constructed in the RT' N, finite-dimensional subspace of H (div,(2), whereas
the potential ¢7 is a piecewise affine or a piecewise quadratic polynomial.

Figure 3 presents the exact element-wise errors ||u — ur || together with the element estimators nx =
wk |[eVur + 5_10'THK + ||k (ur — ¢7) | for & =10 and p = 2 on a uniform mesh given by 20 x 20 squares,
each cut into two triangles. We see that the error is concentrated on the boundary layers of the solution, and
we observe an excellent match between the exact element-wise errors and the a posteriori estimators.

Figures 4 and 5 then assess the quality of the estimators for s varying between 10~2 and 10%, uniform
100 x 100 (x2) meshes, and respectively p = 1 and p = 2. We observe a stable (and excellent) effectivity index
given by the ratio of the estimate of (3.1) over the error ||u — uz ||. For a better insight, we compare the
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FIGURE 5. [Sect. 6.1, ¢ = 1, k varies] Energy errors and estimates together with their com-
ponents, scaled relative to || uz || (left), and corresponding effectivity indices (right). Uniform
100 x 100 x 2 mesh, polynomial degree p = 2.
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FIGURE 6. [Sect. 6.2, ¢ = 1, kK = 102, m = 3] Absolute values of the pointwise differences
€0y (u —ur) (left) and k(u — ur) (right), uniform 16 x 16 x 2 mesh, polynomial degree p = 1.

H'-seminorm part of the error, given by ¢ ||V (u — u7)||, with the part of the estimator involving the fluxes, i.e.

(Y ker [wk [[eVur + 6710'T||K]2)1/2. We also compare the L2-norm part of the error, given by & ||u — ur||,
with the part of the estimator involving the potentials, i.e. & ||ur — ¢7]|. We observe that for smaller values of
K, the H'-part of the error and flux-part of the estimator dominate, whereas the situation reverses for higher
values of k. Our estimates also appear to predict quite closely these two components of the error.

6.2. Necessity of the weights wg

Our second test case corresponds to a two-dimensional analogue of Example 5.2. We consider Q :=
(—1/2,1/2) x (—1/2,1/2), along with homogeneous Dirichlet conditions on left and right edges of 9, and
homogeneous Neumann boundary conditions on top and bottom edges of 2. We define f as the extension by
constants along the lines z = const of the function from (5.5), where we use the value m = 3 for the parameter in
(5.5). Then the exact solution w is simply the extension of the one-dimensional one, see Figure 2. We construct
the meshes in analogy with Example 5.2, so the value m = 3 leads to a uniform mesh of Q with 16 x 16 x 2
elements. Taking the Dirichlet boundary conditions prescribed by the extensions of (5.6) everywhere on 92, the
finite element solution (1.5) coincides with (5.6). Figure 6 illustrates this in terms of the absolute values of the
pointwise differences €0, (v — uy) and k(u — ur).
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FIGURE 7. [Sect. 6.2, e = 1, k = 102, m = 3] Exact (left) and estimated (right) energy error on
each mesh element, uniform 16 x 16 x 2 mesh, polynomial degree p = 1.
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FIGURE 8. [Sect. 6.2,  varies, x = 102, m = 3] Relative error and estimate together with
their components (left), effectivity indices for weighted and unweighted error estimators (right).
Uniform 16 x 16 X 2 mesh, polynomial degree p = 1.

We present in Figure 7 the energy errors || u — w7 ||, together with the element estimators g, still for e =1,
k = 10%, and p = 1. The estimators match the true error distribution over Q nearly perfectly, and they identify
well the important jumps of the normal component of the approximate solution.

Finally, Figure 8 assesses the quality of our estimates for ¢ varying between 1076 and 104, x = 102, and p = 1.
The effectivity index remains uniformly bounded in all cases, bounded from above by approximately 27, and
tends to one for large values of . The effectivity indices of roughly 27 suggest that the constant C, from (2.7)
could ideally be reduced, possibly through numerical computation of the optimal constants appearing in the
definition of C,. The right panel of Figure 8 additionally shows the effectivity indices of the estimators when
not employing the weights (neither in Def. 2.3, nor in Thm. 3.1), which become unbounded for small . Thus,
in confirmation of our theory, the weights are crucial for the robustness of the estimators with respect to the
ratio hk/e.
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APPENDIX A. EXPLICIT CONSTANTS FOR THE INVERSE INEQUALITY

For each polynomial degree p > 0, let C},; denote the best constant of the inverse inequality for the unit
interval (0,1), i.e.
||vl||L2(o,1) < Cpa ||UHL2(071) Vv € Py(0,1), (A1)

where P,(0,1) denotes the space of univariate polynomials of degree at most p on (0,1). It was shown in [28§]
that, for all p > 0,

Cpa < \%\/p(p+1)(p+2)(p+3); (A.2)

where we have taken into account the fact that we consider Cp; on the unit interval (0,1) rather than the
interval (—1,1) as in [28]. This improves on earlier bounds, e.g. in [32].

We will show here explicit bounds for the constants of the inverse inequality for hypercubes and simplices in
terms of Cp 1.

A.1. Unit hypercube

For an integer d > 1, let {1:d} be a shorthand notation for {1,...,d}. Let Q4 = {z € R?, |z <1, x; >
0 Vi € {1:d}} denote the unit hypercube in R¢, where |z = max;e (1.4} [z;]. Let P,(Qq) denote the space of
polynomials of total degree at most p on Qg.

Lemma A.1. For alld>1 and all p > 0, we have

Ve,

2@ S Opalvllpzg, Vv €Pp(Qa), Vie{Ld} (A.3)

Proof. After a possible re-labelling of the indices, it is enough to show that (A.3) holds for the case i = 1. Then,
writing = (x1,2) with 2’ € R9™!, we see that

1 1
/ |vx1\2 dx =/ / |vw1(x1,x')|2 dz; da’ < Cg,l/ / |v(1‘1,x')|2 dzy da’ = C§,1/ |v|2 dz,
Qd Qd—l 0 Qd—l 0 Qd

where we use the fact that 1 — v(zq,2’) is in P,(0,1) for all 2’. O

A.2. Unit simplex

For a parameter ¢t > 0, let K¢ .= {z € R?, |z|, <t, x; >0 Vi € {1:d}}, where |z|, == Ele |z;|, denote the
simplex in RY with side-length t. If t = 1, we adopt the simpler notation K¢ := K{. Let Cp.,q denote the best
constant such that

Loy < Cpallvllpagay Vo ePy(KY), Vie {l:d}. (A.4)

vz,

We shall obtain here an explicit bound for the constant C), 4 in terms of the space dimension d and the constant
Cpa of (A.1).

Theorem A.2. For alld > 1 and for all p > 0, the best constant Cp, q in (A.4) satisfies

Cpa < ? (2v2)1C, ;. (A5)

Proof. The proof is based on an induction on the dimension, where we seek to bound C, 4 in terms of Cp, 41, Cp 1,

and d. Without loss of generality, it is enough to consider only the case i = 1 in (A.4), after a possible re-labelling
o » . _ 2 i 2 .

of the indices. Then, writing = = (2, 24) with 2/ € R4, we have [, |va,|” dz = [j fK{l:;d |V, | dz’ dz4. Since,

for fixed z4 € (0,1), 2’ — v(a’,z4) is a polynomial of degree at most p on Kf:;d, it would be natural to apply

the inverse inequality for simplices of dimension d — 1 after a suitable scaling. However, a difficulty arises for x,
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FIGURE A.l. Subdivision of the unit simplex used in the Proof of Theorem A.2. The unit
simplex is shown for d = 3, along with its sub-simplex K (edges shown in green) and sub-
parallelepiped @+ (edges shown in red) (Color online).

close to 1 due to the appearance of a negative power of 1 — x4 inside the resulting integral. We can overcome
this obstacle using an appropriate subdivision of the unit simplex and a change of variables.
The proof proceeds in two steps. We first treat the case d = 2 and show that (A.5) holds (we actually consider
d > 2 below for the sake of generality), and then the induction is carried out on d with a different argument,
leading to a sharper bound than that would result from Step 1 only.
Step 1. Let d > 2 and consider the partition of K into K, = {x € K,zq <1—1/d} and K; := K \ K,. Then,
|V, ||iQ(Kd) = ||vg, ||2LQ(K*) + || Vg, ||iz(KT), and the first term can be bounded as follows:

, 1-1/d ,
b= [ ([ ol o) 0

1-zg4

1-1/d CQd L ) 5 )
< L/ v[°da’ | dezg < d°C?,_, ||v , A6
<[ (gt i 0 < PO ol (A6)

where crucially we use the fact that (1 — 24)~2 < d? for 24 < 1 — 1/d. In order to bound the second term
lva, ||2Lg (k;)» We introduce a change of coordinates in terms of the affine map F defined by

d
F(&)=ea+ Y (i1 —ea)éi,
i=1
where ey = 0, and e; is the i-th unit vector for 1 <14 < d. Letting z = F(§), we have x; = &4 for j < d—1,
and rg =1— Zle &;. The inverse is then given by & =1 — Z?Zl x;, and & = x4 for 2 < j < d. It is thus
easily seen that F is a bijection from K onto itself, and that F(0) = 4. Thus F corresponds to a change of
coordinates on the unit simplex. Additionally, it can be shown that the Jacobian |[detDF| = 1.

Let Q‘li/d = {¢ € Q4 |¢|,, <1/d} be ahypercube with side length 1/d, and let Q; be the parallelepiped
obtained as the image of Q‘f/d under the mapping F, i.e. Q1 = F(Q‘f/d). It is then easy, but tedious, to show
that

KT C QT C K. (A7)
Figure A.1 illustrates the sets K, Q4, and K for the case d = 3. Now, let 9(¢) = v(F(§)) be the pullback of
v under F. Since F is affine, v € P,(K?). It is also easy to check that v,, = Ug, — U¢,. Using the change of
variables and the fact that |[detDF| = 1, it follows from (A.7) that

2 2 ~ ~ 2 ~ 2 ~ 2
les 2 < o2,y = e = Belao,,) < 2 (IFealaag ) + 1P NEar )

1
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. . . . ~ 2 2 2 ~12 .
Applying the inverse inequality for hypercubes, namely ”U&HL?(Qf/d) < d*Cpy ||UHL2(QL11M), and changing

back to the original variables, we then obtain from the second inclusion in (A.7) that
2 2 2
[[vay ||L2(KT) S 4d20;2>,1 H’U”LZ(Q]\) S 4d20§,1 ”’UHL2(K‘1) : (A.8)

Therefore, combining (A.6) and (A.8), we arrive at ||U;E1||iz(Kd) < d}CR 4y +4CE ) ||UH%2(K¢1)7 for any
v € P,(K?). This implies C? ; < d*(C2 ;_, +4C} ), and thus (A.1) and an induction argument show that

2

d'Cpy (A.9)

d—1 1
Cpa < 1+4Z 5
= UY

for any d > 2. This shows (A.4), but with a worse constant than that of (A.5) for d > 3. For this reason, we
proceed in a second step in a different way.
Step 2. Let d > 3. We again subdivide the simplex K, this time as

K = {JJEK, g < 1/2}U{J}€K, Tg—1 < 1/2}.

Furthermore, for any fixed z4_1, 2/,_; = (z1,...,24-2,24) + v(z) is a polynomial of degree at most p on a
simplex that is isometric to Kf ;d . Let also 2/, = (x1,...,24-1). Crucially, since d > 3 and we subdivide

above into two subsets, we can aV01d the critical subset K of Step 1 as

d 1/2
l|va, |13 Z / (/ v |2dx’-> dz;
z1llL2(Kd) = T1 J J
j=d— j
d 1/2 02
d—1
< ) / 1ﬁx (/K |v|2dx;> da; <8C2 4 [|v]l5a - (A.10)
j =d—1 1*Ej

It then follows by induction that C, 4 < (2\/5)‘1_20@2 for all d > 3. Since C) 5 < 245 Cp1 by (A.9), we get
(A.5).

O

Applying Theorem A.2 to the cases d = 2 and d = 3 gives the following explicit bounds

Co2 < V10p(p+1)(p+2)(p+3),  Cpz < /80p(p+1)(p+2)(p+3). (A.11)

A.3. General simplex

Let K be a simplex in R, d >2, and let K denote the unit simplex. Let Jg denote the differential of the afﬁpe
transformation mapping T : K — K. For v € RT'N,(K), we define the Piola transformation & € RTN,(K)
by

6(2) = |det J| T [v o T (2)]. (A.12)

Lemma A.3 (Ciarlet [11] Thm 3.1.2 and [14]). There holds

hi 1 V2 |K|d 0K,
Jilly < — ||J <—, det Ji| = T

d

< (d+1)ddr hi'. (A.13)

Note that in Lemma A.3, we have used the fact that the diameter of the unit simplex is v/2 for all d > 2.
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Lemma A.4 (Warburton and Hesthaven [40]). Let v € P,(K). Then

(p+1)(p+d)|0K|;_,
e e

Therefore, for v € RTN ,(K), we have

i o - nllog < Cuvpo [0l Civpo = V(A + D +2)(p+d + 1)d7.
Lemma A.5. Let K be a simplex in R and v € RTN,(K). Then,
hK Hv . UHK S C1inv,p ||v||K 5 C(inv,p =V 2d197 Cp+1,da (A14)
where C, 4 is characterized in Theorem A.2.

Proof. Using the Piola Transformation, we have V - v = V; - 0/|det Jk|, therefore, ||Vv|\§( <
|det Jr |~ ||Vﬁ||§( Then, since 9; € P,,1(K) for i € {1:d}, we apply Theorem A.2 to obtain ||V - 3| i( <
dZ?:l ||1}w1||§( < dCf)H’d ||13||§( Then, using the definition of the Piola transformation, it is seen that
Hf;Hi( < ||JI}1HZ|detJK|||v||§(. We then use the bound ||JI}1H2 < V20rhy' from (A.13) to find that
hi ||V - vl < V2d97Cpi1,4|v| ¢, which finishes the proof. O
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