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GALERKIN-COLLOCATION APPROXIMATION IN TIME FOR THE WAVE
EQUATION AND ITS POST-PROCESSING

MATHIAS ANSELMANN!, MARKUS BAUSEY*, SIMON BECHER? AND GUNAR MATTHIES?

Abstract. We introduce and analyze families of Galerkin—collocation discretization schemes in time
for the wave equation. Their conceptual basis is the establishment of a connection between the Galerkin
method for the time discretization and the classical collocation methods, with the perspective of achiev-
ing the accuracy of the former with reduced computational costs provided by the latter in terms of less
complex algebraic systems. Firstly, continuously differentiable in time discrete solutions are studied.
Optimal order error estimates are proved. Then, the concept of Galerkin—collocation approximation
is extended to twice continuously differentiable in time discrete solutions. A direct link between the
two families by a computationally cheap post-processing is presented. A key ingredient of the proposed
methods is the application of quadrature rules involving derivatives. The performance properties of the
schemes are illustrated by numerical experiments.
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1. INTRODUCTION

In this work we introduce and analyze a Galerkin—collocation (cGP-C*, k € {1,2}) approach in time combined
with a continuous Galerkin (cG) finite element method in space to approximate the solution to the second order
hyperbolic wave problem

Pu—Au=f in Qx(0,T],
u=0 on 90 x(0,7T], (1.1)
u(+,0) =wug, Gu(-,0)=u; in Q,

with C* regular functions in time. In (1.1), T' > 0 denotes some final time and 2 is a polygonal or polyhedral
bounded domain in R¢, with d = 2 or d = 3. The function f : Qx(0,7] — R and the initial values ug, u; : @ — R
are given data. The system (1.1) is studied as a prototype model for more sophisticated wave phenomena
of practical interest like, for instance, elastic wave propagation governed by the Lamé-Navier equations, the
Maxwell system, or wave equations in coupled systems such as fluid—structure interaction and fully dynamic
poroelasticity [42].
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Our modification of the standard continuous Galerkin-Petrov method (cGP) for time discretization (cf.,
e.g., [8,9,16,34]) and the innovation of this work comes through imposing collocation conditions involving the
discrete solution’s derivatives at the discrete time nodes while on the other hand downsizing the test space of the
discrete variational problem compared with the standard cGP approach. This idea was recently introduced in
[18] by two of the authors of this work for first-order systems of ordinary differential equations. We refer to our
schemes as Galerkin—collocation methods. The collocation equations at the discrete time nodes then enable us to
ensure regularity of higher order in time of the discrete solutions. A further key ingredient in the construction of
the Galerkin—collocation approach comes through the application of a special quadrature formula, investigated
in [33], and the definition of a related interpolation operator for the right-hand side term of the variational
equation. Both of them use derivatives of the given function. The Galerkin—collocation schemes rely in an
essential way on the perfectly matching set of polynomial spaces (trial and test space), quadrature formula,
and interpolation operator. For the discretization of the spatial variables a continuous finite element approach
is used here. This is done for the sake of brevity. Usually, discontinuous Galerkin methods are preferred; cf.
[6, 20, 36]. Beyond the higher order regularity in the time, the Galerkin—collocation schemes offer appreciable
advantages for the solution of the arising linear systems by a favorable impact on the matrix block structure;
cf. [6] for details.

For the subclass of discrete solutions being once continuously differentiable in time an error analysis with
optimal order error estimates in time and space and in various norms is given. We will stress the key ideas
of our error analysis and present a fundamental concept for analyzing generalized Galerkin approximations
to wave problems. One key point of our convergence proof for second-order hyperbolic problems is the weak
stability result of Lemma 4.9. Compared with usual stability results for parabolic problems or for first-order
hyperbolic problems (¢f., e.g., [23], Lem. 4.2) a stability is obtained such that in the resulting error analysis some
contributions can no longer be absorbed by terms on the left-hand side of the error inequality like it is typically

done. Therefore, to prove error estimates of optimal order, the error in the time derivatives (atu% s ﬁtui h) for
the discrete approximation pair (ug s uih) of (u,d;u) is bounded firstly. For this, a variational problem that

is satisfied by (&tug,h, 81&“;;1) is identified. Then, a minor extension of a result of [34] becomes applicable to

the thus obtained problem. This yields an estimate for dyu — 8tu97h and 9?u — 8{&,}_’ 5, These auxiliary results
then enable us to prove the desired optimal-order error estimates for u — uB, , and Oyu — ui -

Space-time finite element methods with continuous and discontinuous discretizations of the time and space
variables for parabolic and hyperbolic problems are well-known and have been studied carefully in the literature;
f., e.g., [1,2,8-10,13-16, 19, 21, 22, 25-27, 30-32, 34, 36, 37, 44, 46] and the references therein. The space-time
approaches of these works differ by the choices of the trial and, in particular, of the test spaces. Depending
on the construction of the test basis functions, either time-marching schemes defined by local problems on the
respective subintervals (tn_l, tn} of (0,T] (cf., e.g., [1,2,16,22,30,31]) or schemes where all time steps are solved
simultaneously (cf., e.g., [22,27,45]) are obtained. Here, by choosing basis test functions supported on a single
subinterval (tnfl,tn], we end up with a time-marching approach. Further, strong relations and equivalences
between cGP schemes, collocation, and Runge—Kutta methods have been observed. In the literature, the relations
are only exploited in the formulation and analysis of the schemes. For the latter we particularly refer to [4,5].
In equation (2.2) of [5] nodal superconvergence properties of the cGP method are shown along such a line.
Similarly, links between Runge-Kutta type and Galerkin schemes are also identified and applied in [28,29,47].
To the best of our knowledge, aside from (the works of two of the authors) [17,18] the Galerkin and collocation
method are usually not combined to conceptually new time discretization schemes as it is done here.

In a recent work [16], co-authored by one author of this work, a recursive post-processing of the original
continuous in time cGP solution is presented and analyzed. The post-processed approximation is built on each
time interval upon the Gauss-Lobatto quadrature points of the actual time interval, at which the classical cGP
solution is superconvergent with one extra order of accuracy. On the one hand, the post-processing lifts the
superconvergence of the original cGP solution at the Gauss—Lobatto quadrature points to all points of the time
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interval by adding a higher order correction term which vanishes at the Gauss—Lobatto quadrature points. On
the other hand, the post-processing, which is done sequentially on the advancing time intervals and is of low
computational costs, yields a numerical approximation that is globally C'-regular in time. In Section 3.2 of
[23] and p. 494 of [40], similar post-processing techniques and lifting operators were studied for discontinuous
Galerkin approximations in time. The post-processing can nicely be exploited, for instance, for an a-posteriori
error control in time and an adaptive choice of the time mesh. We point out that in contrast to [16], where the
continuous differentiability is obtained by a post-processing of the continuous Galerkin—Petrov approximation,
the higher order regularity in time that is built in this work is an inherent part of the construction of the discrete
solution itself. This requires a different quadrature formula and interpolation operator for the right-hand side
function.

In this work we focus on the convergence analysis and thus the theoretical validation of the proposed Galerkin—
collocation methods. In Section 7.3, the resulting algebraic system is summarized for one member of the con-
sidered family of schemes, but not studied further. For this we refer to [6].

This work is organized as follows. In Section 2 we introduce our notation and summarize preliminaries. In
particular, quadrature formulas and related interpolation operators are introduced. In Section 3 our class of
Galerkin—collocation schemes is presented. Section 4 contains our error analysis for the family of once con-
tinuously differentiable in time Galerkin—collocation methods. In Section 5 a priori stability estimates for the
discrete solution and the conservation of energy by the numerical schemes are studied. Our construction prin-
ciple is extended in Section 6 to define a class of twice continuously differentiable in time Galerkin—collocation
approximation schemes for the wave equation. A link to the first class of schemes by a post-processing procedure
is presented. Finally, in Section 7 our error estimates are illustrated and confirmed by numerical experiments.

2. NOTATION AND PRELIMINARIES

2.1. Function spaces and evolution form of continuous problem

We use standard notation. H™ () is the Sobolev space of L?(2) functions with derivatives up to order m in
L?(Q) and (-,-) denotes the inner product in L?(Q). Further, (-, -)) defines the L? inner product on the product
space L?(Q) x L*(Q). We let H}(Q) := {u € H'(Q) : u=0 on 9Q}. For short, we put

H:=L*Q) and V :=H} ().
We denote by V' the dual space of V' and use the notation

=1 le2@s - llm =1 lam@), meN,

for the norms of the Sobolev spaces where we do not differ between the scalar- and vector-valued cases.
Throughout, the meaning will be obvious from the context. For a Banach space B, we let L%(0,T;B),
H'Y(0,T;B), C([0,T); B), and C™([0,T]; B), m € N, be the Bochner spaces of B-valued functions, equipped
with their natural norms. For a subinterval J C [0, 7], we use the notations L?(.J; B), H'(J; B), C™(J; B), and
C°(J; B) := C(J; B).

In what follows, for non-negative numbers a and b, the expression a < b stands for the inequality a < C'b
with a generic constant C' that is independent of the sizes of the spatial and temporal meshes. The value of C'
can depend on the regularity of the space mesh, the polynomial degrees used for the space-time discretization,
and the data (including ).

For any given u € V, let the operator A : V' — V' be uniquely defined by

(Au,v) == (Vu,Vv) Yo eV,

where (-,-) on the left-hand side is understood as duality pairing between V' and V. Further, we denote by
A:V x H— H x V' the operator
0o -I
Sty
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with the identity mapping [ : H — H. We let
X :=L*0,T;V) x L*(0,T; H).

0

Introducing the unknowns u® = u and u! = d;u, problem (1.1) can be recovered in evolution form.

Problem 2.1. Let f € L*(0,T; H) and (ug,u;) € V x H be given and F = (0, f). Find U = (u°,u') € X such
that
U+ AU =F in (0,7), U(0)=Uy= (ug,u1)-. (2.1)

Problem (2.1) admits a unique solution U € X and the mapping (f,uo,u1) — (u°,u') is a linear continuous

map from L2(0,T;H) x V x H to X; cf., p. 273 and Theorem 1.1 of [38]. Further, u® € C([0,T);V) and
u! € C([0,T]; H) are satisfied; cf., p. 275 and Theorem 8.2 of [39]. It follows from (2.1) that d,ul € L2(0,T;V").

Assumption 2.2. Throughout, we tacitly assume that the solution u of (1.1) satisfies all the additional regu-
larity conditions that are required in our analysis. In addition, let f € C*([0,T); H) for some sufficiently large
parameter s € N be satisfied.

The first of the conditions in Assumption 2.2 implies further assumptions on the data f,ug,u; and the
boundary 99 of . Improved regularity results for solutions to the wave problem (1.1) can be found in, e.g.,
Section 7.2 of [24]. The second condition in Assumption 2.2 will allow us to apply an interpolation in time that
is based on derivatives of the right-hand side function f.

2.2. Time and space discretization

For the time discretization, we decompose the time interval I = (0,7] into N subintervals I,, = (tn—1,n],
N

n=1,...,N, where 0 = tqg < t; < --- <ty_1 <ty =T such that I = J,_; In. We put 7 = max,—1,_. n7n
with 7, = t,, —tp_1. Further, the set M, := {I, ..., In} of time intervals is called the time mesh. For a Banach
space B and any k € Ny, we let
Py (I;B) =S w, : I, = B : w.(t) =Y W't/ vte I, W’ € BYj
j=0
For an integer k£ € N, we introduce the space
X5(B) = {w, € C(I; B) : w,|1, € Py (In;B) VI, € M, } (2.2)

of globally continuous functions in time and for an integer I € Ny the space

YY(B) := {w, € L*(I;B) : w,|r, € P;(In; B) VI, € M}

T

of global L?-functions in time.
For any non-negative integer s and a function w : I — B that is piecewise sufficiently smooth with respect
to the time mesh M, we define by

Ow () = tl&ﬁo dfw(t) and Jw (t,) = tl%ljlfo Ofw(t)

the one-sided limits of the sth derivative of w.
For the space discretization, let 7 be a shape-regular mesh of  consisting of quadrilateral or hexahedral
elements with mesh size h > 0. For some integer » € N, we let V}, = Vh(r) be given by

Vi = V" = {vy € C(Q) : walr € Qu(K)VK € Tp} N HY(R) (2.3)
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where Q,.(K) is the space defined by the multilinear reference mapping of polynomials on the reference element
with maximum degree r in each variable. Our restriction in this work to continuous finite elements in space is
only done for simplicity and in order to reduce the technical methodology of analyzing our Galerkin—collocation
discretization scheme to its key points. In the literature it has been mentioned that discontinuous finite element
methods in space offer appreciable advantages over continuous ones for the discretization of wave equations; cf.,
e.g., [3,20,35,36] and the references therein.

We denote by P, : H — V}, the L?-orthogonal projection onto V}, such that for w € H,

(Phw, vp) = (w,vp)
for all v, € V},. The operator Ry, : V — V), defines the elliptic projection onto V}, such that for w € V,
(VRhw, V’Uh> = <Vw, V’Uh>

for all vy, € Vj,. Finally, by Py, : H x H — Vj, x Vj, we denote the L2-projection onto the product space Vj, x V},
and by Ry, : V x V — V), x V}, the elliptic projection onto the product space V, x V},. Let Ay, : V — V}, be the
operator that is defined by

(Apw,vp) = (Vw, Vug)

for all vj, € Vj,. Then, for w € V N H2(Q) it holds that
(Apw,vp) = (Vw, V) = (Aw,v,) Yo, € Vi,

Hence, we have that A,w = P, Aw for w € VN H?(Q). Let A, : V x H — Vj, x V}, be defined by
(0 =P
we ()
Hence, we have for W = (v°,w') € (V N H?()) x H that
(AW, @p)) = (—w, ¢p) + (Vu°, Vey,) = (—w', ¢}) + (Aw’, ¢},) = (AW, )
for all ®;, = ( 9 qb,ll) € Vi, x V. This provides the consistency of A;, on (V N HQ(Q)) x H, ie.,

AW = P, AW. (2.4)

Finally, let Up 5, € V}? denote a suitable approximation of the initial value Uy € V x H in (2.1) that will we used
as the initial value U, 5, (0) of the discrete solution. Further restrictions will be made below.

2.3. Quadrature formulas and their natural interpolation operators

Throughout this work, the polynomial degree k& > 3 is assumed to be fixed. Let {1 = —1, {15171 =1, and
tH s =2,...,k —2, be the roots of the Jacobi polynomial on T = [—1, 1] with degree k — 3 associated to
the weighting function (1 — f)z (1 +f)2. Let 7H : C1 (f, B) — Py (f, B) denote the Hermite interpolation
operator with respect to point value and first derivative at both —1 and 1 as well as the point values at tAsH,
s=2,....,k—2. By )

Q@)= [ T (@) ai

we define an Hermite-type quadrature on [—1, 1] which can be written as
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with non-vanishing weights. The affine mapping T, : I— 1, with T,,(—1) = t,,_1 and T,,(1) = t,, yields

k—1
H Tn 2/\ Tn o~ H Tn 2/\ —
Q. (g9) = (5) W10:g (t;f_l) + > Sz:;wsg (tn,s) + (5) WRrO:g (tn) (2.5)
as Hermite-type quadrature formula on I,, where t,}f)s =T, (f?), s =1,...,k — 1. We note that Q! given

in (2.5) integrates all polynomials up to degree 2k — 3 exactly, cf. [33]. Using TH and T, , the local Hermite
interpolation on I, is given by

' C' (I,;B) — Py (In;B), v~ (TH (’UOTn)> oT L.
Moreover, we define the global Hermite interpolation IH : C! (T; B) — X¥(B) by means of

(IHw) |p, =1 (w

7,) forall n=1,..., N.

In addition to Hermite-type interpolation and quadrature formula, Gauss and Gauss-Lobatto quadrature for-
mulas will be used. To this end, we denote by fsc’, s =1,...,k — 1, the roots of the Legendre polynomial
with degree kK — 1 and by fSGL, s =2,...,k — 1, the roots of the Jacobi polynomial on T with degree k — 2
associated to the weighting function (1 — f) (1 + f). Furthermore, we set {7 = —1 and f,SL = 1. The operators

16 . ¢ (f, B) — Py_o (f, B) and TG : C (f, B) — Pr_1 (f, B) are the Lagrange interpolation using the

Gauss points tSG, s=1,...,k—1, and the Gauss—Lobatto points fSGL, s=1,...,k, respectively. We define by
1 1
G% () = / T6(5) () df and Q" (5) = / T () () df.
-1 -1

Gauss and Gauss—Lobatto quadrature formulas on [—1, 1], that are transformed to

k—1 k
QSle) = 2> 0%g (t0,) and QF(9) = 2D &g (£57%) (2:6)
s=1 s=1

on I, by the affine mapping 7T;,. The Gauss and Gauss—Lobatto formulas also integrate polynomials up to degree
2k — 3 exactly. Local Lagrange-type interpolation operators on I,, are given by

19:C (T, B) = Prs (Tn;B), v (fG (voTn)) oT L,
ISt ¢ (In;B) = Pio1 (In;B), v (fGL (v OTn)) oT L.

Furthermore, we define the global Lagrange interpolation operators IS : C (T; B) — Y*2(B) and ISV :
C (I; B) — Xk~1(B) by

(ITGw)|1n = I%(w|;,) and (ITGLw)|1 =IS%(w|;,) forall n=1,...,N.

2.4. Further interpolation operators

In our error analysis we use some further interpolants in time introduced in [16,23]. To keep this work
self-contained, their definition is briefly summarized here. Remember that & > 3.

In the following, let B be a Banach space satisfying B C H and ¢ € N. We define for n = 1,..., N the local
L2-projections I1¢, : L2 (I,;; B) — P, (I,; B) by

/ <Hflw,q> dt:/ (w,q) dt Vq e Py(I,;B).

In, I



GALERKIN-COLLOCATION IN TIME FOR WAVE EQUATIONS 2105
Next, a special interpolant in time is constructed. To this end, we define the Hermite interpolation operator
IF1. ot (T; B) — ! (7; B) N Xk1(B) by
Iy (t) =u(tn), 0 I u(t,) =0 (t,), n=0,...,N,
and

Fu () =u(tyh), n=1,...,N, p=2,... k-1

T,
For a function u € C* (I; B), we construct a local interpolant REu € Py, (I,,; B) by
Ryu(ti_y) = 17 u (67 _) |

Oy REu (t,(;’I;L) = O F 1y (tSI;) . W

1,...,k,
on each time subinterval I,, and a global interpolant R¥u € Y*(B) by

(REu) s, == RE (u

["), ’IlZl,...,N.

Finally, we put R*u(0) := u(0). The thus defined R¥u is continuously differentiable in time on I with R¥u (t,,) =
u (t,) and 0; RFu (t,) = Opu (t,) for all n = 0,..., N; cf. [16].

3. GALERKIN—COLLOCATION DISCRETIZATION AND AUXILIARIES

In this section we introduce the approximation of the wave problem (2.1) by our Galerkin—collocation approach
that combines collocation conditions at the endpoints ¢,,_; and t,, of the subintervals I,, with variational equa-
tions for reduced test spaces compared with the standard continuous finite element approximation of the wave
equation (cf. [16,26,34]). A family of discrete solutions that are once continuously differentiable in time is
obtained. For this family an optimal order error analysis is provided in Section 4. For completeness and in order
to show the impact of the collocation conditions, the standard continuous Galerkin approximation (cf. [26,34])
of problem (2.1) is briefly recalled first in Section 3.1.

3.1. Space-time discretization with continuous Galerkin—Petrov method cGP (k)

Here, we briefly present the standard continuous Galerkin—Petrov method of order £ > 1 (in short, cGP(k)) as
time discretization applied to the evolution problem (2.1). For the space discretization, the continuous Galerkin
approach ¢G(r) in V},, defined in (2.3), is used for the sake of simplicity. This yields the following fully discrete
problem; cf., e.g., [16,34] for details.

Problem 3.1 (Global, fully discrete problem of ¢cGP(k)—G(r)). Find U, € (X* (Vh))2 such that U, (0) =
U()JL and

T T
/ (O Ve) + (ART e Vo)) dlt = / (F.V,p) dt
0 0
for all V., € (YF~1 (Vh))z.

Both components of U}, = (ug . u;h) are computed in the same discrete space X¥ (V3,). By choosing test

functions supported on a single subinterval I,, and using the (k 4 1)-point Gauss—Lobatto quadrature formula,
we recast Problem 3.1 as a sequence of local problems on I,.

Problem 3.2 (Local, numerically integrated, fully discrete problem of cGP(k)—cG(r) on I,,). Find U, 4|5, €
(Pr (In; Vh))2 with Uy (t:_l) =U,n (t;_l) forn>1and U,y (tg) = Up,p, such that

Qi1 ((OUr i, Vo)) + (ARU7 s Vo) = Qlir ((FS Van)
for all Vyj € (Pr_1 (In; Vi))>.



2106 M. ANSELMANN ET AL.

In Problem 3.2 we use a (k + 1)-point Gauss-Lobatto quadrature formula, which is in contrast to QS in
(2.6) that uses k points. The quadrature formula on the left-hand side can be replaced by exact integration or
by any quadrature formula which is exact for polynomials of degree up to order 2k — 1.

3.2. Space-time discretization with Galerkin—collocation method cGP-C!(k)

From now on we suppose that k& > 3 is a fixed integer without always mentioning this explicitly.

Problem 3.3 (Local, numerically integrated, fully discrete problem of cGP-C!(k)—cG(r) on I,,).
Given U, , (t;_l) forn > 1 and U, (tg) = Uy, for n =1, find U, (Py (I; Vh))2 such that

n () =Urn (t,_1) (3.1a)
8t 7,h ( n— ) _AhUTh ( n— 1) +PhF( n— 1) (31b)
oU;p, (t ) _-AhUTh (tn) —i—PhF( n) , (3.10)
and
Qn ((BUr s Vo) + (AnUr i, Ver ) = Qn ((F, Vi) (3.1d)

for all V;j, € (Px—3 (In; Vh))2.
For this scheme we make the following observations.

Remark 3.4. It directly follows from the definition of the scheme that U, , € (C 1 (T; Vh))2 is satisfied. Instead
of the condition (3.1b) at ¢, we could also demand that

U p (t4-1) = 0Urn (t,_1) s (3.2)

where we set 0,U; 1, (ta) =—-AUon + PrF(0).

Since the time discretization is of Galerkin—Petrov type, we refer to it as a continuously differentiable
Galerkin—Petrov approximation, for short cGP-C*(k).

Compared to Problem 3.2, the test space of the variational constraint (3.1d) reduces from (Py_1 (In; Va))? to
(Pr_s (I,; Vi))?. For k = 3 the test space just becomes the set (P (I,; V3))? of piecewise constant functions in
time. The collocation conditions (3.1b) and (3.1¢) along with the reduced test space of the variational condition
impact the block structure of the resulting linear algebraic system. By (3.2) a condensation of internal degrees
of freedom becomes feasible which leads to smaller algebraic systems. Further, collocation conditions lead to
sparser system matrices compared to variational conditions. This might simplify the future construction of
efficient iterative solvers and preconditioners; cf. [6] for details.

The existence of a unique solution to Problem 3.3 can be proved along the lines of [15], page 812 and
Theorem A.3 by using the equivalence of existence and uniqueness in the finite dimensional case.
For the scheme (3.1) we still state the following auxiliary result. We note that compared to Problem 3.3 the

quadrature formula has been changed in Lemma 3.5. In addition, the test space has been increased from Pj_3
to Px_o. Lemma 3.5 represents an important tool for the proofs below.

2
Lemma 3.5. The solution U, ), € (Xf,h (Vh)) of Problem 8.8 satisfies forn=1,...,N that

QSY ((0Ur i, Ve) + (AU, Ve ) = QS™ ((IEF, V2 1)) (3.3)

for all Vs j, € (Py_o (In; Va))*.
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Proof. For arbitrarily chosen V;j; € (Pr_2 (In;Vh))2, there exists some d, = d, (Vrp) € th such that V,p,
admits the representation

VT,h == Vr,h + dn (VT,h) ’l/]n

with .
-1
Von € (Prs (I Va))® and () = [ (¢ —t5%) € Pra (1)
pn=2
where tSyI;, p = 2,....k — 1, denote the inner Gauss—Lobatto quadrature points on I,. From (3.1d) along

with the exactness of the Hermite-type quadrature formula (2.5) for all polynomials in Pax_3 (I,,) and of the
Gauss—Lobatto quadrature formula (2.6) for all polynomials in Poy_35 (I,,), it follows that

Q5 (((0Urs Vo)) + (AU Vien ) ) = QI ({(00Urns Vi ) + ((AnUrins Ve )
() - ((emra) o
o (e

Therefore, it remains to prove that

Q5" ((0Ur s dnton) + (AU s dnton) = QY (11 F, dpthn))) (3.5)
is satisfied. Since 1), vanishes in the interior Gauss—Lobatto quadrature nodes tS"I;” w=2,....,k—1, and the

quantities {(0,Ur n, dn¥n)) + {ArUr 1, dnthy,)) and <<I§F, dpthn >> coincide in the endpoints ¢, and ¢, by means
of the conditions (3.1b) and (3.1c), the variational problem (3.5) is satisfied. Along with (3.4), this proves the
assertion (3.3). O

Moreover, it can be shown that the solution U, ; of Problem 3.3 fulfills the evolution problem
WU p + ISH AU, = PLISETEF (3.6)

on the whole time interval I. Here, we refer for further details to the preprint, see [7], Lemma 3.6 and Remark 3.7.

4. ERROR ESTIMATES

The overall goal of this work is to prove estimates for the error
E(t) :=U(t) — Upn(t),

where the Galerkin—collocation approximation U j, is the solution of Problem 3.3. We will use in the sequel the
componentwise representation E(t) = (°(t),e!(t)). We observe that E is continuously differentiable in time on
T if we assume for the exact solution that U = (uo, ul) € (C’1 (7; V))z.

For each time interval I,, n =1,..., N, we define the bilinear form

B (W, V) = Qi ((AW. V) + Q7% (AW, V),

where W and V have to satisfy some smoothness conditions to ensure that BS" is well-defined.

Our analysis will follow the main lines given in [16] since the solution U, , in this paper is related to L. U,
there with the difference that our polynomial order k is related to k + 1 in [16]. This relation is motivated
by the fact that the solution of the numerically integrated cGP-C!(k)-cG(r), given in Problem 3.3 could also
be interpreted as the post-processed solution of a numerically integrated ¢GP(k-1)-cG(r) scheme, given in
Problem 3.2, with a modified right-hand side in that F is replaced by IHF. For brevity, we will cite the results
used from [16] and focus on new arguments in the analysis.
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4.1. Error estimates for 9;U,

We start with proving an L°°(L?)-norm estimate for the time derivative 9;F(t) of the error as an auxiliary
result. This represents an essential argument in our proof and is specific to the hyperbolic character of (2.1).
Using the L>°(L?)-bound for 9;E(t) an estimate for F(t) will be proved in Section 4.2.

In order to bound 9, E(t), we derive in the following theorem a variational problem satisfied by ;U .

Theorem 4.1. Let U, ) € (Xf’h (Vh))2 be the solution of Problem 3.3. Then, its time derivative 0,U;} €
(Xf;l (Vh)>2 satisfies for allm =1,..., N the equation

B (U, Vo) = Q7" (07 F, Vo)) = /1 (0,10 F,V, 1)) dt (4.1)
for all Vo, € (Pr—a (In; Vh))2.

Proof. Recalling that 0,U, 5 € (Pr—1 (In; Vi))?, we get by the exactness of the Gauss-Lobatto formula (2.6) for
all polynomials in Pog_3 (I,,; R) along with integration by parts that

In

B (0uUr . Vip) = Q" <<5?U77h + ApoUs p, Vr,h>> = / (0 (OUrp + ApUr ), Vo)) dt
E(Pr—1(In;Vi))? (4'2)

= —/ (OUrn + AnUr iy 0 Vo) dt + (0:Ur 4 ApnUr, Ver)) |

I, n—1

for Vi € (Pr—2 (In,Vh))Q. Using the exactness of the Hermite quadrature formula QI for polynomials in
Pak—3 (In;R) and (3.1d), we conclude from (4.2) that

BE- (00Urn, Vi) = = Qi ((F. Vo) + {0z + AlUrns Ve | |

n—1

129
= —/ <<[£IF7 8tVT,h>> dt + <<8tU.,-7h + AyUs g, V-,—7h>> o (4.3)
In n—1
tn 29
- / <<8tI7I:IFa VT,h>> dt — <<I-,I—{Fa VT,h>> o + <<atUT,h + AhUT,ha V‘r,h» +
In n—1 n—1
From (3.1b) and (3.1c) along with the interpolation properties of I, it follows that

8tUT,h (t*) + AhU,,-,h (t*) = 'PhIEF (t*) (4.4)

for t, € {t}_,,t, }. Combining (4.3) with (4.4) shows that

n—1""n

BEY (0Uy 10, Vi) = / (BIVF,V, ) dt

n

for all V7 € (P2 (I, V). Recalling that 8,J5F|; € (Py_1 (In;Vi))® and the exactness of the Gauss-
Lobatto quadrature for functions of Pog_3 (I,,; R), this proves the assertion of the theorem. O

Remark 4.2. If the solution u of (1.1) is sufficiently regular, the time derivative 9,U = (8yu, 9}u) solves the
evolution problem
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Assumptions on the data such that (4.5) is satisfied can be found in, e.g., p. 410 and Theorem 5 of [24].
Rewriting (4.1) as

BS™ (0uU, 1, Viep) = / (0,F, V, 1)) dt + / (O F — 0,F, V) dt, (4.6)
I, I,

its discrete solution can now be regarded as the ¢cGP(k-1)-cG(r) approximation of the evolution problem (4.5)
up to the perturbation term | I <<8tITHF — O4F, VT,h>> dt on the right-hand side. Further, the collocation condi-
tion (3.1b) for n = 1 along with the initial condition U 1 (0) = Uy shows that 0,U. 1, (0) = — AUy 1, + PrF(0)
is satisfied.

We point out that there is a strong analogy between Remark 4.2 and Remark 5.3 of [16]. The main difference
of the two statements comes through the different perturbation terms. Regarding the relation of the polynomial
orders, both perturbation terms are of the same approximation order. Hence, we can directly follow the further
arguments used in [16]. Especially, some assumptions about the discrete initial value 9,U 5, (0) with respect to
the continuous initial value 9;U(0) have to be fulfilled.

Lemma 4.3. Let Uy, := (Rpuo, Rpua). Then there holds that

0 U 4 (0) = (]f)h }Qh) 0,U(0).

We refer to Lemma 5.4 of [16] for the proof of Lemma 4.3 taking into consideration that U ;, here is associated
to L; U, in [16]. We also note that the analogue of Assumption 3.6 from [16] is satisfied by U, due to (3.1a)
and (3.1b) for n = 1. To keep this work self-contained, we need to cite explicitly Theorem 5.5 of [16] that
generalizes a result of [34] for the cGP(k)-cG(r) approximation of the wave equation.

Theorem 4.4. Let @ denote the solution of (1.1) with data f, Ug, U1 instead of f, ug, uy. Suppose £ € N and
let f+ be an approximation of f such that

Hf—fT”C(Tn;H) SCfo;'H’ n=1,...,N, (4.7)

where the constant C'f depends on f but is independent of n, N, and T,. Furthermore, let ﬁﬂh = (ag,h,a;h) €

(Xt (Vh))2 be the solution of the local (on I,,) perturbed cGP(£)-cG(r) problem

(@0 Ves) + (AT Vo)) e = [ {(Brvin)) a w9

for all test functions V., = (”S,ha v;h> € (Po—1 (In; Vh))2 with ﬁT = (O, fT> and the initial value ﬁT’h (tiﬁl) =

ﬁT,h (t;_l) forn > 1 and ﬁth (to) = 1707;1 := (Rpflo, Priiy). For a sufficiently smooth exact solution w, the
estimates

a(t) = a2 w (O] + 10:a(t) = a7, (O[] S 77 Cp (@) + A Oy (a) (4.9)
IV (a(t) = a2,,(0) | S 7 Cy (@) + b Cy (@) (4.10)

hold for all t € I, where Cy (@) and C,, (@) are quantities depending on various temporal and spatial derivatives

of .

We conclude from Theorem 4.4 the following error estimates.
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Theorem 4.5. Let Uy = (Rpuo, Rpu1) and assume that the exact solution U = (uo,ul) = (u,0pu) is
sufficiently smooth. Then the error estimates

10:U(t) — 0Ur 1 (2)] S ™ Cy (Opu) + AT C, (Opu) S TF 4+ AT (4.11)
v (3tu (t) — 3:&“7 n(t )) < * o, (Oru) + A" Cy, (Opu) < F 4 hr (4.12)

hold for all t € I, where Cy (Oyu) and C, (Osu) are quantities depending on various temporal and spatial deriva-
tives of Opu.

Proof. To prove (4.11) and (4.12), we apply Theorem 4.4. Since the solution w is sufficiently smooth, the function
4 := Oyu is the solution of the wave equation (1.1) with the right-hand side f = Oy f and the initial conditions
@(0) = i := uy and 94a(0) = 1 := f(0) — Aug. Let us define the modified right-hand side f, := 8,J7f and

ﬁT = (O, fT). Then, the discrete function UT’h = 0U, ) € (Xf_C 1 (Vh)) satisfies all the conditions required

for the discrete solution ﬁth in Theorem 4.4 with ¢ = k — 1. In fact, by the construction of the discrete
solution U ;, in Problem 3.3, the continuity of 0;U; j in the discrete points ¢,, n =0,..., N, is ensured by the
conditions (3.1a)-(3.1¢). Therefore, it holds that (777;1 € (Pr_1 (In;Vh))2 and that (777h (t;i'_l) = ATJL (t;_l).
Moreover, from Uy j, := (Rpuo, Rpu1) and Lemma 4.3, we get that ﬁo,h = ﬁrlh(O) = U, 1(0) = (Rp o, Pniin).
Theorem 4.1 implies for all n = 1,..., N and all V;;, € (Px_3 (I,; V4))? that

B () =5 (Vo) (e 2) = (o)

Each quadrature formula in the previous equation is exact since all integrands are polynomials in ¢ with degree
not greater than 2k — 3 such that equation (4.8) of Theorem 4.4 is satisfied. Thus, we have shown that U p, is

the discrete solution of Theorem 4.4 for the above defined data. To verify the approximation property for fT7
we use the definition of f and f,, apply standard error estimates of Hermite interpolation, and obtain (4.7)
with a constant C'; = C||af+1f||c(7_H). Then, we use Theorem 4.4 with £ = k — 1. Recalling the representation

by components, O,U = (atuo,atul) = (@, 0;4) and ﬁnh = (ﬁg’h,ﬂi’h) = (&ug’h,@tu;h), we directly get
assertion (4.11) from (4.9) and assertion (4.12) from (4.10).
4.2. Error estimates for U, p

This section is devoted to the desired norm estimates for the error E(t) := U(t) — U, 1 (t) where U, j, is the
solution of Problem 3.3. For our error analysis we consider the decomposition

E(t)=O(t) + E.p(t) with O(t) :=U(t) - R,RFU(t) and E,;:=R,R*Ut) - U, (4.13)

for all t € I and define the components E. (t) = (eg’h(t),e;h(t)). We observe that both © and E, ) are

continuously differentiable in time on I if the exact solution U is sufficiently smooth. Moreover, © and E; ), are
smooth enough to be used as arguments in the bilinear form BS®.

The following estimates of the interpolation error O in (4.13) can be found in Lemma 5.7 of [16]. They rely
on the approximation properties of R and RF; cf., Section 4.1 of [16] for details.

T

Lemma 4.6 (Estimation of the interpolation error). Let m € {0,1}. Then, the error estimates

1O I S T +70FY, tel,, (4.14)
1000l S AT+ 7F, tel,, (4.15)

hold for alln =1,...,N where || - |0 := |- ||-
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Next, we address the discrete error E, j, of the decomposition (4.13) between the interpolation Ry, REU and
the fully discrete solution U, ;. We start with some auxiliary results.

Lemma 4.7 (Consistency error). Assume that U € C* (T; V) x C1 (T; H) Then, for all
n=1,..., N the identity

BEY (B, Vz) = Q5 ((ISVF — IR V,) = Q5% ((F ~ 1R, Vo)

2
is satisfied for all V;p, € (Y:;Z (Vh)) .
Proof. We recall from Lemma 3.5 that for all n = 1,..., N the identity
BSY (Urp, Ver) = Q5" ((IFF, Ven))) (4.16)

holds for all V;p, € (Pr_2 (In; Vh))z. We have under sufficient smoothness assumptions on the exact solution
that
U (t5E) + AU (t5%) = F (t3%), n=1,....k. (4.17)
By the consistency (2.4) of Ay, the identity (4.17) implies
By (U, Ven) = Q" ((0:U + AU, Vi)
= Q5" (U + AU Vo) = Q% ((IFVE Vo)) -

Combining (4.16) with (4.18) and recalling that £ = U — U, , prove the assertion. O

(4.18)

The following lemma is a minor generalization of Lemma 5.9 from [16].
Lemma 4.8. Let p € Py (I,) be a polynomial of degree less than or equal to k. Then, the relation
G GL,, (4G
8tp (tn,u) = 8,5[7_ p (tmu)
holds for all Gauss points tﬁu el,,p=1,....k—1.

Next, we give a stability result for the form BGY(-,-). It is more general than Lemma 5.10 of [16]. This enables
a wider applicability, for example, in Theorem 5.3.

Lemma 4.9 (Stability of BSY). For any function V, j, = (Ug7h,vi7h) € Py (In; Vh))2 there holds that

B (W psvr ), (L2 Ap Lol ), T 200 0L )
1
=5 (Vo2 () 1P = [IV0R (tnt) I + oz (£0) [* = llomp (ba1) 1) (4.19)
foralln=1,...,N.

We note that (4.19) also holds true if the second argument in BST is (—atIS'LU;h, BtITGng,h). This can be

concluded from the proof of Lemma 6.1 from [7].
Exploiting the correspondence of U, j in this paper to L,U, in [16] and keeping in mind that k here is
related to k + 1 there, we can recall from [16] the following result of boundedness (cf. [16], Lem. 5.11).

Lemma 4.10 (Boundedness). Let V;j = (Hﬁ_QAhISLeQ,h,Hﬁ_QISLei’h) Then, the bound

|BSL (©,Vin)| S T1/2 (Tﬁ“ + YAl e (tne) |12+ m2Q¢ (||5'tET,h||2)}1/2

holds for alln=1,... N.
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We proceed with estimating the consistency error given in Lemma 4.7.

Lemma 4.11 (Estimates on right-hand side term). Let V, ) = (vg,h, U,}’h) = (HfbﬁAhITGLeQ’h,Hk RS ih>

T

Then, the estimate

QF ({0, f = IF), (s vrn) ) S a2 T Tl B (bn1) P + Q5 (104 Ernll?) }
holds for alln=1,...,N.

1/2

Proof. The Cauchy—Schwarz inequality and standard error estimates of Hermite interpolation show that

QR ({0, f = I f), (W24 vin))) = QS ((f — IFf,TE2IE el 1))
< (QS™ (If — I 1P)) % (QSY (s> 18hel , |2)) 2
Sl (@ (I 1ghel )

Using the exactness of QS for polynomials up to degree 2k — 3, the stability of the L2-projection ITF=2,
the standard norm bound ||1}||L2(I L2(Q)) S Tallv (tn_1) ||? —|—7'5||8tv||L2 I..12(q)) for v € HY(I,; H) (cf. [16],
Lem. 4.6), and Lemma 4.8, we finally conclude that

QG (18l ) = [ RSkl < [ Sl o

STl el ) [P 73 [ oISl P ar
= ullern (ta1) I+ 72Q7 (1015  er 1 ]I)
= mullern (ta1) I + 72Q5 (10cer ull?) -
Combining both estimates, the assertion of the lemma follows directly. ]
Lemma 4.12 (Estimates on E. ). Let Uy p := (Rpuo, Rpu1). Then, the estimate
2
€2 (Ea) 1T+ llern (ta) 12 S (774 + 7 (4.20)
is satisfied for allm = 1,...,N. Moreover, for all t € I we have that
Ve (O] S 7 4 a7, (421)
leln @l + llern @l S 75+ hm (4.22)
Proof. We conclude from Lemma 4.7 that

BSY (Erp, Vep) = —BSY 0,V ) + QS ((F - IXF,V,.1)))

is satisfied for all V; 5 € (Yf),:z (Vh)) Choosing here V; ; = (Hk 2 AL TG 0 S H5L72ISL6_1F’h) and using Lem-
mas 4.10 and 4.11 yield that
BGL (( €rh € Th) (Hk 2A IGL Th?Hk 2IGL ‘f'h))

T T

__BSL ((90’0) (Hk‘ 2A ISL T}”Hk 2IGL Th))

T

+QGE((0, f — IHf), (ME2A4, 1802, TIE2IC el )

ST (TE Y (| B (ta1) |12 4+ 72QS (|00Ern )}

(4.23)
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Since the upper bound in (4.23) coincides with that in equation (5.46) of [16] and our E;j can be identified
with E j, of [16], we present here just a short summary of the proof of Lemma 5.12 in [16].

Next, we combine (4.23) with the stability result of Lemma 4.9 for the choice V,; = <€9_,h, ei,h>. Further,

we apply the Cauchy—Schwarz inequality to the last term on the right-hand side of (4.23). Summing up the
resulting inequality leads to a telescoping sum for the contributions of (4.19). It implies that

n
r 2
IVe2 (6a) 17 + llek (1) 12 S 196, (ko) 7 + llek p (t0) 2 + 3 7 (751 4+ 7 +1)

s=1
+ 3 72QS (10 Brnl®) + D 7ol B (Es-1) |17
s=1 s=1
Using
18 Erp ()l < 10U () = 0Urn(t)l| + || = 2:0@)| S 7° + 0™+, tel, (4.24)

together with the estimates (4.11) and (4.15), we obtain that

2
176, (t) I+ L€k (ba) 12 S [IV€2 (o) I + llek, (to) |12 + (741 4 h7+1)
n—1

+ 2 71 (IVeln (8) 112 + ller n (8 117)

s=0

where we also used the definition of the Gauss quadrature and the Poincaré inequality. Applying the discrete
Gronwall lemma (cf. [43], p. 14) results in

” 2
19605 (6n) I + llek s (1) 12 < IVE% (b0} 2 + ek (t0) [P + (741 + A7),

Exploiting e?h (to) = 0, ¢ € {0,1}, which holds due to the choice Uy, = (Rpuo, Rpui) of the discrete initial
value, this estimate along with the Poincaré inequality proves the assertion (4.20).
To show (4.21) and (4.22), we start for the error component e’ , € Py (I, V4), i € {0,1}, with

et n@llm < e () llm + 7 ma, 7 (06 (8)lms £ € I, (4.25)

that is deduced from the fundamental theorem of calculus. Applying (4.20) and (4.24), we get from (4.25) with
m = 0 that

e nO S (P ) 47 (PR ) SR Rt e T e 0,1,

which proves (4.22).
Similarly to (4.24), we get for the H'-norm that

10ee2 n (Dl < 100 (t) = Oug (Bl + | = 0° @)L S 78+ 17, tel, (4.26)

where we used (4.12) along with the Poincaré inequality and (4.15). Applying (4.20) and (4.26), we get
from (4.25) with m = 1 that

O, S (PR 4, (PP R <AL LR, tel,
T,h ~ ~
which proves (4.21). O

We are now able to derive our final error estimates for the proposed Galerkin—collocation approximation of
the solution to (1.1).
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Theorem 4.13 (Error estimate for U, ). Let U = (u,dyu) be the solution of the problem (1.1) and let U, p,
be the fully discrete solution of Problem 3.3 with initial value Uy = (Rpuo, Rpu1). Then, the error E(t) =
(e(t),e(t)) = U(t) — Urn(t) can be bounded for allt € I by

@1+ lle* @)1 S 75 + A, (4.27)
Vel ()| S 7 + AT (4.28)
Moreover, the estimates
||€O||L2(I;H) + ||€1||L2(I;H) < ThH 4 hH—la (4.29)
IVl L2qrimy S TFF + " (4.30)

hold true.
Proof. Recalling the error decomposition
E(t) = U(t) — Unp(t) = O(t) + Erp(t), (4.31)

we conclude assertion (4.27) by applying the triangle inequality along with estimate (4.14) with m = 0 and (4.22)
to the terms on the right-hand-side of (4.31). Similarly we conclude (4.28) using the estimate (4.14) with m =1
and (4.21). The assertions (4.29) and (4.30) follow from the definition of the L?(I; H)-norm together with the
estimates (4.27) and (4.28). O

Remark 4.14. We note that the estimates (4.27)—(4.30) are of optimal order in space and time.

5. STABILITY ESTIMATES AND ENERGY CONSERVATION PRINCIPLE

In this section we address the issue of a priori stability estimates for the discrete solution and energy con-
servation for the considered space-time finite element scheme.
5.1. A priori stability estimates

We now investigate stability of the cGP-C!(k)-cG(r) scheme of Problem 3.3. Hereinafter, let || - ||y denote
the V! = H~'-norm. Further, let a discrete analogue be given by

<v’wh> ’
vy, == sup Z—= VeelV
P wnevi\{or IVwrll

It can be easily seen that [[v|[y; < [[v]|v- for all v € V" and that [[Apv[ly; < [|[Vo| for all v € V. Moreover, for
vy, € Vi, we even have that [[Apvp[lv; = [|[Vop|.
A priori stability estimates for the fully discrete solution are given in the following theorem.

Theorem 5.1 (Stability estimate for U, ). Let the initial value be given by Uy p, = (uo,p,u1,n). Then, for the
fully discrete solution U p, = (ugyh,ul,h) of Problem 3.3 it holds for allt € [0,T] that

1/2

T
a2 O + lluzn B)llvy S lluonlly + llursll + 1F©O) ][y + (/O 1017 £ ()13 d5> : (5.1a)

T 1/2
Vug,h(t)llJrIui,h(t)lSIIAhuo,h||+||u1,h||1+||f(0)+</O |atIfIr_If(3)|2dS> : (5.1b)
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Proof. Since for both estimates in (5.1) the arguments are the same, we shall only prove the first one. Using
that U p, is continuously differentiable, it follows with the fundamental theorem of calculus that

vy < g (O + [luz 5 (0)]

t
a2, () + [Jul 1, (2)] v/ +/0 10l 1, ()] + Hatu-lr,h(s)”‘/,i ds vtel[0,T]. (5.2)

Thus, it remains to derive a suitable stability estimate for 0;U; ;. From Remark 4.2 we already know that
00U~ 1, can be regarded as the cGP(k-1)-cG(r) approximation of an evolution problem with adapted right-hand
side and initial value. Thus, noting that all terms in (4.1) and (4.6), respectively, can be integrated exactly, the
stability estimates of Section 2 from [9] become applicable, showing that

1/2

s€[0,T]

T
max (102, ()| + 19 () ;) S 19, (0) + 9put 5 (0) vy + ( | otz ds)

Furthermore, because of 0,U; 1, (0) = —A,Up 5, + P F(0) we obtain that

10007, ()] = urpll, 10z (O)lv; = 1P f(0) = Anuonllvy < IF(0)llv: + [[Vuonll-

Finally, combining the above estimates and identities, we gain assertion (5.1a). (]

Remark 5.2 (Stability estimate for ISLUT7h). We already noted that U,j; can be interpreted as the
post-processed solution of Problem 3.2 with F replaced by IHF. Moreover, ITGLUT?;,, can be interpreted as
cGP(k-1)-cG(r) approximation, i.e., solution of Problem 3.1 with IS“TH F instead of F; cf., also Proposition 4.5
and Section 5.1 of [17]. Therefore, the stability estimates of Lemma 2.1 from [9] directly imply that

T 1/2
|wSLu2,h<t>||+|19Lu;h<t>||5||wo,h||+||u1,h||+(/O ||fSLIEf<s>|2ds> vt € [0,7)

By means of (3.6) and (5.2), this would also imply stability estimates for [[ug , (t)|| + [Juy;, (t)]|v; .

5.2. Energy conservation principle for f =0

For vanishing right-hand side term f = 0 it is well-known that the solution u of the initial-boundary value
problem (1.1) satisfies the energy conservation

[ul O + Ve @) = Jurl* + | Vuol*, teT.

We will prove that the space-time finite element discretization U, of Problem 3.3 also satisfies the energy
conservation principle at the discrete time nodes t,. Preserving this fundamental property of the solution
of (1.1) is an important quality criterion for discretization schemes of (1.1).

Theorem 5.3 (Energy conservation for U, ). Suppose that f = 0. Let the initial value be given by Uy p =

(wo,n,u1,n). Then, the fully discrete solution U, = (“2,}1»“;}1) defined by Problem 3.3 satisfies the energy

conservation property
luzp () 12 + V02, () 112 = llua il + Vo n (5-3)

foralln=1,...,N.
Proof. Let f = 0. We recall that the fully discrete solution U, ; = (ugyh, ui h) defined by Problem 3.3 satisfies

the variational equation (3.3). Now, choosing V, , = (Hﬁ_ZAhISLug’h, Hﬁ_QITGLu;h) € (Pu_z (In; Vi))? as test
function, we find from (4.19) that
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0= Q%" ({0:Urn, Ven) + (AnUrn, Von))

1
= 5 (Vg () 17 = V02 (tna) [P+l (E0) [ = llug i (Bna) %) -

Hence, changing the index n to m and summing up from m = 1 to n, give the desired identity. (I

Finally, we note that to derive (5.3) also V,}, = (fﬁtIG (4 0, I8 0 - h) € (Pr—a (In; Vh))2 could be chosen

as test function in (3.3). The detailed proof for this choice is given in a preprint Lemma 6.1 of [7].

6. C2-RECULAR GALERKIN—COLLOCATION APPROXIMATION AND ITS RELATION TO
POST-PROCESSED cGP-C!

In this section, let k > 5 be satisfied. Firstly, we propose a family of Galerkin—collocation time discretization
schemes with twice continuously differentiable in time discrete solutions, that are referred to as cGP-C?(k)-
cG(r) schemes. Similarly to the ¢cGP-C!(k)—cG(r) approach of Problem 3.3, the higher order regularity in
time is ensured by collocation conditions that are imposed in the endpoints ¢,_; and ¢, of the subinterval
I,,. This construction principle can be generalized to discrete solutions of even higher order regularity in time.
For this generalization we also refer to [17, 18] where the Galerkin—collocation approximation of first-order
ordinary differential equations systems is studied in detail. Secondly, we show how the cGP-C?(k + 1)—cG(r)
approximation can be computed efficiently in a simple and computationally cheap post-processing step from
the ¢cGP-C!(k)-cG(r) approach. The post-processing introduced in [41] and generalized in [17] was recently
applied in [16] to the ¢cGP(k)—cG(r) family of schemes given in Problem 3.1. There the post-processing is used
to lift continuous in time discrete solutions to continuously differentiable ones. Moreover, an optimal order error
analysis is provided for the post-processed solution.

Problem 6.1 (Local, numerically integrated, fully discrete problem of ¢cGP-C?(k)-cG(r) on I,,).
Given U, , (t;_l) forn > 1 and U, (ta) Uo,p, for n =1, find Uy s, € (P (In;V )2 such that

o (th1) = Urin (6, 1) (6.1a)
Oy -,—h( ):*Ath—h( )+’PhF(+ ), (6.1b)
U (1) = —AWOU- (1) + PuOF (8_,), (6.1c)
WU (t,) = —AnUrn (t,) + PrF (t;,), (6.1d)
(9 Urp (t;z) =—-A,0,U; ( ) + PO F ( ) (6.1e)
and
Qn o ((BUr iy Vo) + (AU 1, Vo)) = Quis ((F, Vi) (6.1f)

for all V;j, € (Pr—s (In; Vh))z-

We note that an Hermite-type quadrature formula with k evaluations of function values is used in (6.1f).
This differs from QI in (2.5) that is used in the ¢cGP-C!(k)-cG(r) family of schemes of Problem 3.3 and is
based on k£ — 1 evaluations of function values only. In both cases the derivatives of the integrand are evaluated
additionally in the endpoints of the subinterval I,,. Further, the cGP-C?(k) approach presented here differs from
that in [18] by the applied quadrature formula.

Remark 6.2. A careful inspection of the conditions on U, j, shows that

OUrp (t51) = 0Urp (t,_y) and 07U-p (85 1) = 07Urn(t,_4),



GALERKIN-COLLOCATION IN TIME FOR WAVE EQUATIONS 2117

where the discrete initial conditions are determined using
8tU‘r,h(O) = _AhUT,h(O) + PhF(O)a 8t2UT,h(O) = _-AhatUT,h(O) + PhatF(O)

Hence, the obtained trajectory in time is twice continuously differentiable on I.

Compared to Problem 3.3, the test space of condition (6.1f) is decreased from (Pi_s (I,; Vi) to
(Pr—s5 (Ip; Vh))2 while the number of collocation conditions is increased from two to four. For £ = 5 this results
in a test space which consists of piecewise constant functions only and to two additional collocation conditions
in both endpoints of the time subinterval I,,.

Finally we address the link between the cGP-C! and ¢cGP-C? families of Galerkin—collocation schemes.

Theorem 6.3. Let U, denote the solution of the ¢cGP-C(k)-cG(r) method given in Problem 5.3. For n =
1,..., N we put N
UT7h|In = T,h|I" - Kn’lgna

where ¥y, € Pry1 (In;R) is uniquely determined by
I, =0 and 079, (t/_,) =1.

If the correction coefficient K,, is chosen as

K, =

8tQUvT,h (t(J)r) - atQUriL(t())v n=1,
8,52U-,—7h (t::—l) — 8§U77h(t;71), n>1,

then Uy, € (XFt (Vh))2 is the solution of the cGP-C%(k + 1)-cG(r) method given in Problem 6.1.

The post-processing or lifting operator that is introduced in Theorem 6.3 is similar to the lifting operator
of [16] that is studied there in the context of the ¢cGP(k)—cG(r) approach of Problem 3.2. Both post-processing
procedures provide the correction as a product of a scalar polynomial 9,, and a coefficient K,, € V;? that are,
however, different for the two procedures. In particular, the lifting in [16] is based on the difference of first
derivatives while our post-processing uses the difference of second order derivatives. We refer to [17] for details
on post-processing techniques for general nonlinear systems of ordinary differential equations and the proof of
the analogue to Theorem 6.3.

7. NUMERICAL STUDIES

In this section we investigate numerically the Galerkin—collocation approximation schemes introduced in
Problems 3.3 and 6.1, respectively. In particular, we aim to illustrate the error estimates given in Theorem 4.13
for the cGP-C!(k)-cG(r) Galerkin—collocation approximation of Problem 3.3 and the additional post-processing
of the discrete solution introduced in Theorem 6.3. For further details regarding the block structure of the
algebraic system of the cGP-C*(k)—cG(r) family of schemes along with its iterative solution and preconditioning
as well as for additional numerical experiments we refer to [6,12]. The implementation of the numerical schemes
was done in the high-performance DTM++/awave frontend solver (cf. [35]) for the deal.II library [11].

7.1. Convergence test for cGP-C!(3)—cG(3)
In our first numerical experiment we study the convergence behavior of the Galerkin—collocation approxima-
2
tion U, p, € (X;n’ (Vh(?’)> ncet (I; Vh(3))) of Problem 3.3 for the prescribed solution

u(x, t) = sin(4nt) - sin (27zq) - sin (27zo) (7.1)
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TABLE 1. Calculated errors E = (e, e') with E(t) = U(t) — U, (t) and corresponding exper-
imental orders of convergence (EOC) for the solution U = (u, d;u) of (7.1) and the Galerkin—

2
collocation approximation Uy, € (X2 (Vi) n ¢t (V) of Problem 3.3.

T h lleOIILoo(Lz) IIelllLoo(L2) I E]| e IIeOHLz(Lz) Hell\g(m) E]| 2

10/2°  ho/2°  2.834e-02 2.862¢-01 6.122e-01  2.099e-02 2.234e-01 4.808e-01
70/2"  ho/2'  1.383e-03 1.755e-02 5.343¢-02  9.773e-04 1.186e-02 3.989¢-02
70/2%  ho/2?  9.261e-05 1.075e-03 6.750e-03  6.064e-05 7.140e-04 4.835e-03
70/2°  ho/2®  5.911e-06 6.690e-05 8.466e-04  3.812e-06 4.446e-05 6.005e-04
T0/2*  ho/2*  3.714e-07 4.186e-06 1.059¢-04  2.387e-07 2.777e-06 7.495¢-05
10/2°  ho/2°  2.325e-08 2.616e-07 1.324e-05  1.492e-08 1.735e-07 9.364e-06

EOC 4.00 4.00 3.00 4.00 4.00 3.00

of the wave problem (1.1) on the space-time domain  x I = (0,1)2 x (0, 1). For the piecewise polynomial order
in space and time of the finite element approach the choice k = 3 and r = 3 is thus made; cf., (2.2) and (2.3).
Beyond the norms of L (I; L*(2)) and L? (I;L?(Q2)) the convergence behavior is studied further with respect
to the energy quantities

1/2
1Bl = max (VO + 1O and 1L = ([ (FE0R + 0P ) @2

with E(t) = U(t) — U, 1 (t). Throughout, the L>-norms in time are computed on the discrete time grid
I={t] : t) =tu_1+j kn Tp, k,=0001,j=0,...,99, n=1,....N}U{tn}.

In the numerical experiments the domain (2 is decomposed into a sequence of successively refined meshes Qﬁl,
with [ = 0,...,5, of quadrilateral finite elements. On the coarsest level, we use a uniform decomposition of €2
into 4 cells, corresponding to the mesh size hg = 1/v/2, and of the time interval I into N = 10 subintervals which
amounts to the time step size 7p = 0.1. In the experiments the temporal and spatial mesh sizes are successively
refined by a factor of two in each refinement step.

In Table 1 we summarize the calculated results for this experiment. The experimental order of convergence
(EOC) was calculated using the results from the two finest meshes. The numerical results of Table 1 nicely
confirm our error estimates (4.27) and (4.29) by depicting the expected optimal fourth order rate of convergence
in space and time. The third order convergence of the energy errors (7.2) is in agreement with the error
estimates (4.28) and (4.30). Increasing the piecewise polynomial order in space to r = 4 and thus calculating

2
an approximation U, ) € (Xf <Vh(4)) nct (I ; Vh(4))> leads a fourth order convergence behavior in time and

space which is not shown here for the sake of brevity.

7.2. Convergence test for cGP-C'(4)—cG(5) and post-processing

In the second numerical experiment we study the Galerkin—collocation scheme of Problem 3.3 for k = 4
2
to obtain a fully discrete solution U, ) € <Xf: (V,fs)) nct (I; 1/,1(5))) . In addition, we will apply the post-

~ 2
processing considered in Section 6 and obtain a solution U, ; belonging to (Xf (Vh(5)) N C? (I; fo‘r)))) . The

numerical study is done for the prescribed solution

u(x, t) = sin(dnt) 1 (1 — 21) 22 (1 — z2) (7.3)
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TABLE 2. Error E = (eo, el) = U—-U, , and error E= (607 él) = U—ﬁﬁh of the post-processed

solution 57.7 n, of Theorem 6.3, both with the corresponding experimental orders of convergence
(EOQ), for the solution U = (u,dwu) of (7.3) and the Galerkin—collocation approximation

Urn e (x2(Vi?)net (. V;5>))2 of Problem 3.3.

T leary Neflpeeey Bl Neflageey letlpasy Bl
7'0/2O ho  8.457e-06 9.634e-05 9.637e-05 4.787e-06 5.392e-05 5.806e-05
7'0/21 ho  2.497e-07 3.018e-06 3.022e-06 1.360e-07 1.654e-06 1.763e-06
70/2[2 ho  7.608e-09 9.368e-08 9.372e-08 4.127e-09 5.141e-08 5.463e-08
To/23 ho  2.353e-10 2.936e-09 2.936e-09 1.280e-10 1.604e-09 1.703e-09
7'0/24 ho 7.323e-12 9.175e-11 9.175e-11 3.991e-12 5.012e-11 5.321e-11
EOC 5.01 5.00 5.00 5.00 5.00 5.00
N e e
170/2° ho 2.906e-06 1.711e-05 1.791e-05 1.936e-06 1.519e-05 1.764e-05
7'0/21 ho 4.717e-08 2.802e-07 2.841e-07 3.150e-08 2.418e-07 2.824e-07
7'0/22 ho 7.513e-10 4.507e-09 4.537e-09 4.972e-10 3.797e-09 4.440e-09
70/23 ho  1.180e-11 7.085e-11 7.133e-11 7.788e-12 5.940e-11 6.949e-11
70/24 ho 1.851e-13 1.113e-12 1.120e-12 1.216e-13 9.282¢-13 1.086e-12
EOC 6.00 6.00 6.00 6.00 6.00 6.00

of problem (1.1) on the space-time domain Q x I = (0,1)2 x (0, 1). For the piecewise polynomial order in space
and time of the finite element approach the choice k¥ = 4 and r = 5 is thus made. Since this work focuses
the temporal discretization, the polynomial degree r in space is chosen such that the spatial approximation is
exact. Hence, the convergence behavior in time can be illustrated on a fixed spatial grid that consists of 4 x 4
congruent squares with hg = 0.25v/2. The largest time length is 79 = 0.1.

In Table 2 we summarize the calculated results for this experiment. The experimental order of convergence
(EOC) was determined from the results on the two finest meshes. The numerical results of Table 2 nicely confirm
the fifth order rate of convergence of the cGP-C!(4) time discretization. The application of the post-processing
presented in Theorem 6.3 increased all convergence rates from 5 to 6. This order can at most be expected
for a polynomial approximation in time with piecewise polynomials of fifth order. By means of Theorem 6.3,
Table 2 thus underlines the optimal order approximation properties of the cGP-C?(5) member of the family of
Galerkin—collocation schemes of Problem 6.1.

If the cGP-C?(5)—cG(5) method of Problem 6.1 is directly applied for the computation, instead of using
the post-processing of Theorem 6.3, then exactly the same errors as shown in Table 2 for E are obtained.
However, using the post-processing has certain computational advantages. Since the cGP-C!(k) approach leads
to system matrices of simpler block structure compared to the cGP-C?(k + 1) method, the construction of
efficient preconditioners simplifies; c¢f. [6] for details.

7.3. Sophisticated test problem

Here we illustrate the performance properties of the proposed cGP-C*(k) scheme for a more sophisticated test
problem and provide a comparative study to the standard continuous approximation cGP(k) of Problem 3.2.
For this, we consider instead of (1.1) the more general initial-boundary value problem

Zu—V-(cVu)=f in Qx(0,T],

u=0 on 89 x(0,T], (7.4)
u(-,0) =ug, Gu(-,0)=wu; in Q,
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signal source sensor

(a) (B)

FIGURE 1. Problem setting. (A) Coefficient ¢ of (7.5) for (7.4). (B) Geometry.

with a coefficient function ¢ € L () satisfying c¢(x) > ¢o > 0 for almost every x € Q. Without effort, the
results of Sections 4 and 5 can be generalized to the system (7.4). In our numerical experiment the coefficient
¢ is assumed to exhibit multi-scale properties that often arise in modern material sciences, e.g., in lightweight
composite material design, or also in applications related to the subsurface, e.g., in seismic wave propagation.
Further, ¢ has a jump discontinuity at x5 = 0.2. Precisely, c¢ is defined by

2 2
2 +sin ( mvl) - sin (m> , 22 <0.2,
€ €
(7.5)

2 2
9+sin( ”1) ~sin< m2>, 25 > 0.2,
€ €

with € = 0.25. An illustration of the coefficient function c is given in Figure 1A. We consider Q x I = (—1,1)% x
(0,1], let f = 0. For the initial value we prescribe a regularized Dirac impulse by

c(x) =

uo(®) = e~ 1= (1 — |&,)?) ©(1 — |2,]), @, = 100z,

where O is the Heaviside function. We put u; = 0 for the second initial value. We define the control region
Q.= (0.75 — he,0.75 4+ he) X (—he, he), with h. = 0.125, where we calculate the signal arrival by

uelt) = /Q wp(w,t) da. (7.6)

c

Hereby, we mimic a typical problem setting of non-destructive lightweight material inspection by ultrasonic
waves which is currently investigated as an intelligent future technique for structural health monitoring of
lightweight material. The problem setting is sketched in Figure 1B.

We choose a spatial mesh of 256 x 256 cells and Qg elements. In each time step, this leads to more than
4.2 x 10 degrees of freedom in space for each of the solution vectors. The solution profile computed by the
cGP-C!(3)-cG(8) approach of Problem 3.3 is visualized in Figures 2A and 2B, respectively.

In Figure 3 we compare the cGP-C!(3)-cG(8) Galerkin—collocation approach of Problem 3.3 with the more
standard ¢cGP(2)-cG(8) continuous Galerkin approach of Problem 3.2. The goal quantity (7.6) is visualized for
t € [0,1] and equidistant time step sizes 7, = 79 := 2 x 107°. The red-coloured cGP-C!(3)-cG(8) solution
shows the fully converged approximation. A further refinement of the step sizes in space and time does not
lead to further significant variations. We note that the cGP(2)-cG(8) scheme of Problem 3.2 converges, due
to some effect of superconvergence, of fourth order in the discrete time nodes ¢, which is proved in [16].
Therefore, both schemes admit the same asymptotic convergence rate in the discrete time nodes t,,. Moreover,
after condensation of internal degrees of freedom by the continuity and collocation constraints the algebraic
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(a) (B)

FIGURE 2. Solution profile computed by cGP-C!(3)-cG(8) scheme. (A) Time t = 0.2. (B) Time
t = 0.45.
Uc(t)
— cGP-CY(3) 1=19
— cGP(2) 1=19
0.5 b -= CGP(2) 1=2
\/I 0.%5 Vo .80 o. 0 0.95 T.00"
-0.5
Y
-1.0 U

FIGURE 3. Signal (7.6) arrival at control (sensor) position (cf., Fig. 1B) for ¢cGP-C'(3) and
c¢GP(2) solutions with different time step sizes.

systems of both approaches, cGP-C!(3)-cG(8) and cGP(2)-cG(8), lead to system matrices of the same size and
almost the same sparsity pattern, precisely

A 0 0 =M —=M 0 M M
0 A LM 0 ZMm Lng n A 0
A gp.cl(3z)™ 1 ™ 1 ,  Acap@)= 3 6 3 ,
M —iM —M M =M -=M -:M M
Tn 1 Tn Tn Tn Th
DA M-z 0 A —M M A A

where M and A denote the usual mass and stiffness matrix of the spatial discretization. The cGP-C!(3)—cG(8)
approach even admits a less dense system matrix. For a derivation and further details of ACGP_01(3) we refer to
[6], Acap(2) can be derived along the same lines. Thus, the iterative solution of both linear systems is almost
of the same complexity; cf. [6].

Figure 3 shows that the cGP-C!(3) Galerkin—collocation approach admits (without loss of accuracy) larger
step sizes compared to the cGP(2) continuous Galerkin approach which makes the cGP-C!(3) scheme much more
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efficient in terms of compute time; cf., also [6]. The cGP-C(3) method with step size 7o and the cGP(2) scheme
with halved step size 79/2 lead to almost the same numerical results for the goal quantity (7.6) whereas the
c¢GP(2) scheme with step size 7y shows severe perturbations. This numerical experiment nicely demonstrates
the superiority of the Galerkin—collocation approach of Problem 3.3 over the standard continuous Galerkin
approximation of Problem 3.2. Of course, our experiment gives no evidence that this potential of the cGP-C! (k)
schemes applies to all applications.

8. SUMMARY

In this work we presented a family of space-time finite element methods for wave problems. The schemes
combine the concepts of collocation methods and Galerkin approximation. Continuously differentiable in time
fully discrete solutions were obtained. An optimal order error analysis was provided for this class of methods.
By a straightforward extension of the construction principle a further class of schemes with twice continuously
differentiable in time discrete solutions was presented. A theorem regarding the connection of the two classes of
schemes to each other by means of a post-processing was given. The proven error estimates and the expected
convergence rates for the second class of schemes were illustrated by numerical experiments. The construction
of the methods can be transferred to further classes of non-stationary partial differential equations. In addition,
the presented post-processing can nicely be exploited for a posteriori error control and adaptive refinement of
the temporal mesh.

Acknowledgements. The authors wish to thank the anonymous reviewers for their help to improve the paper.
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