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ANALYSIS OF OPTIMAL SUPERCONVERGENCE OF AN
ULTRAWEAK-LOCAL DISCONTINUOUS GALERKIN METHOD FOR A TIME

DEPENDENT FOURTH-ORDER EQUATION

Yong Liu1, Qi Tao1 and Chi-Wang Shu2,*

Abstract. In this paper, we study superconvergence properties of the ultraweak-local discontinuous
Galerkin (UWLDG) method in Tao et al. [To appear in Math. Comput. DOI: https://doi.org/10.
1090/mcom/3562 (2020).] for an one-dimensional linear fourth-order equation. With special initial dis-
cretizations, we prove the numerical solution of the semi-discrete UWLDG scheme superconverges to a
special projection of the exact solution. The order of this superconvergence is proved to be 𝑘+min(3, 𝑘)
when piecewise P𝑘 polynomials with 𝑘 ≥ 2 are used. We also prove a 2𝑘-th order superconvergence
rate for the cell averages and for the function values and derivatives of the UWLDG approximation at
cell boundaries. Moreover, we prove superconvergence of (𝑘 +2)-th and (𝑘 +1)-th order of the function
values and the first order derivatives of the UWLDG solution at a class of special quadrature points,
respectively. Our proof is valid for arbitrary non-uniform regular meshes and for arbitrary 𝑘 ≥ 2.
Numerical experiments verify that all theoretical findings are sharp.
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1. Introduction

Recently, Tao et al. [33] developed a new class of discontinuous Galerkin (DG) methods, termed ultraweak-
local DG (UWLDG), for solving time dependent high order equations. In particular, for even order equations,
Tao et al. [33] proved the UWLDG scheme achieves energy conserving stability without penalty terms, in
comparison with the traditional ultra-weak DG method in [15] which would need penalty terms for stability. In
this paper, we study the superconvergence properties of the UWLDG method in [33] for the linear fourth-order
equation as follows,

𝑢𝑡 + 𝑢𝑥𝑥𝑥𝑥 = 0, (𝑥, 𝑡) ∈ Ω× (0, 𝑇 ], (1.1)

where Ω is an interval. For simplicity, we assume the boundary condition is periodic. Other types of boundary
conditions can also be considered along the same lines for our analysis. The fourth order model has wide appli-
cations, such as thin beams and plates, strain gradient elasticity, and phase separation in binary mixtures [26].
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The DG methods are a class of finite element methods devised to solve hyperbolic conservation laws and
related equations, e.g. [18–20, 22, 23], using discontinuous piecewise polynomial function space for the test and
trial functions in the spatial variables. For equations with higher-order spatial derivatives, such as the convection-
diffusion equation, KdV equation etc., the DG method cannot be directly applied, due to the discontinuous finite
element space which is not regular enough to handle higher order derivatives. There are several ways to solve
this problem, including, for example, the local discontinuous Galerkin (LDG) method [21, 24, 27, 36–39], the
interior penalty (IP) method [25,31], and the ultra-weak DG (UWDG) methods [15]. We focus on a new class of
DG methods which combines the advantages of LDG and UWDG methodologies, to solve fourth-order partial
differential equations (PDEs) [33]. It rewrites the fourth-order equation into a second order system and then
applies the ultra-weak DG discretization to each of the second order equations. The key features of the UWLDG
scheme are that they avoid too many auxiliary variables as in LDG to make the scheme more efficient, and they
achieve energy stability without interior penalty terms for even-order equations.

It is important to study superconvergence, because a posteriori error estimates can be derived for designing
trouble cell indicators in adaptive algorithms such as the KXRCF trouble cell indicator [28]. In the past few
years, there have been many superconvergence results of the DG methods in the literature. We refer to [1,2] for
ordinary differential equations, and to [14, 16, 40] for one-dimensional time dependent hyperbolic conservation
laws and convection-diffusion equations. In [7], Cao et al. introduced an approach to study the superconvergence
of the DG methods for linear hyperbolic equations by constructing a locally suitable correction function. They
proved the (2𝑘 + 1)-th order superconvergence rate for the cell averages and the DG numerical fluxes when
piecewise polynomials of degree 𝑘 are used. Later, Cao et al. extended this technique to study upwind-biased
numerical fluxes, degenerate variable coefficients, nonlinear hyperbolic conservation laws and two-dimensional
hyperbolic equations [8, 9, 11, 12]. The correction function techniques also work well on other types of DG
methods such as the ALE DG [32], the energy-conserving DG [30] etc. For higher-order equations, Cao et al.
studied the superconvergence properties of the direct DG method for convection-diffusion equations in [10]. Cao
and Huang gave a unified framework to study superconvergence results of the LDG method in [6]. More recently,
Chen et al. studied the superconvergence of the ultra-weak DG methods for linear Schrödinger equations by
using the correction function technique in [13].

In this paper, we continue to apply the correction function technique to design a special interpolation function
to obtain superconvergence results for the UWLDG schemes in [33] for fourth order equations. For high-order
equations, the current state of the art on using the correction function approach would lead to sub-optimal
estimates of superconvergence in comparison with numerical results in certain cases. For example, for the DDG
and UWDG methods for the second-order equations, the proof of the superconvergence rates will lose one order
when 𝑘 is even, as pointed out in [10,13]. Thus, in order to obtain the optimal superconvergence estimates, we
would need to introduce additional techniques. In [10], the authors improved the superconvergence estimates
thanks to the diffusion terms in the DDG spatial operators. Chen et al. [13] used the superconvergence properties
of the difference of projections in neighboring cells for uniform meshes in [3] to obtain the optimal superconver-
gence on uniform meshes. In this paper, our analysis of optimal superconvergence is valid for arbitrary regular
nonuniform meshes. We use the important properties of the LDG operators, namely the derivative and the cell
interface jump of the approximate solution can be bounded by the auxiliary variable [34, 35]. In [33], Tao et
al. also proved similar properties of the second-order derivative DG operators. We first obtain estimates, for
the derivative and the element interface jump, of the error between the special interpolation and the numerical
solution by taking special test functions in the schemes. Then, under suitable conditions, the discrete Poincaré
inequality [4,5] implies that its own 𝐿2 norm can be bounded by its derivative and the element interface jump.
Thus, the desired superconvergence estimates can be obtained. The superconvergence of both the numerical
solution and the auxiliary variable in the infinity norm in time can be obtained thanks to the special initial
discretization.

The outline of this paper is as follows. We first recall the UWLDG method for the linear fourth-order equations
in Section 2. Then we construct the special interpolation function and the superconvergence results are provided
in Section 3. Numerical examples are provided to verify our theoretical findings in Section 4. The concluding
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remarks and plans for ongoing work are presented in Section 5. Finally, some technical proofs of the lemmas
and theorems are collected in the appendix.

2. The UWLDG schemes

We consider the following one dimensional fourth-order equation{︂
𝑢𝑡 + 𝑢𝑥𝑥𝑥𝑥 = 0, (𝑥, 𝑡) ∈ [0, 1]× (0, 𝑇 ]
𝑢(𝑥, 0) = 𝑢0(𝑥), 𝑥 ∈ [0, 1]

(2.1)

with the periodic boundary condition. We first introduce the usual notation of the DG method. For a given
interval Ω = [0, 1] and the index set Z𝑁 = {1, 2, . . . , 𝑁}, the usual DG mesh ℐ𝑁 is defined as:

0 = 𝑥 1
2
< 𝑥 3

2
< . . . < 𝑥𝑁+ 1

2
= 1. (2.2)

We denote
𝐼𝑗 =

(︁
𝑥𝑗− 1

2
, 𝑥𝑗+ 1

2

)︁
, 𝑥𝑗 =

1
2

(︁
𝑥𝑗− 1

2
+ 𝑥𝑗+ 1

2

)︁
, (2.3)

and
ℎ𝑗 = 𝑥𝑗+ 1

2
− 𝑥𝑗− 1

2
, ℎ̄𝑗 =

ℎ𝑗

2
, ℎ = max

𝑗
ℎ𝑗 , 𝑗 ∈ Z𝑁 . (2.4)

We also assume the mesh is regular, i.e. the ratio between the maximum and minimum mesh sizes shall stay
bounded during mesh refinements. We define the finite element space as

𝑉 𝑘
ℎ =

{︀
𝑣ℎ : (𝑣ℎ) |𝐼𝑗 ∈ P𝑘 (𝐼𝑗) , 𝑗 = 1, . . . , 𝑁

}︀
. (2.5)

Here P𝑘 (𝐼𝑗) denotes the set of all polynomials of degree at most 𝑘 on 𝐼𝑗 . For a function 𝑣ℎ ∈ 𝑉 𝑘
ℎ , we use (𝑣ℎ)−𝑗+ 1

2

and (𝑣ℎ)+𝑗+ 1
2

to refer to the value of 𝑣ℎ at 𝑥𝑗+ 1
2

form the left cell 𝐼𝑗 and the right cell 𝐼𝑗+1, respectively. We

use [𝑣ℎ] = 𝑣+
ℎ − 𝑣−ℎ and {𝑣ℎ} = 1

2

(︀
𝑣−ℎ + 𝑣+

ℎ

)︀
to denote the jump and the average of 𝑣ℎ at element interfaces.

The standard Sobolev space notations are introduced. For any integer 𝑚 > 0, we let 𝑊𝑚,𝑝(𝐷) be the standard
Sobolev spaces on the sub-domain 𝐷 ⊂ Ω equipped with the norm ‖ · ‖𝑚,𝑝,𝐷 and the semi-norm | · |𝑚,𝑝,𝐷. If
𝑝 = 2, we set 𝑊𝑚,𝑝(𝐷) = 𝐻𝑚(𝐷), ‖ · ‖𝑚,𝑝,𝐷 = ‖ · ‖𝑚,𝐷, and | · |𝑚,𝑝,𝐷 = | · |𝑚,𝐷 and we omit the index 𝐷, when
𝐷 = Ω.

To construct the UWLDG scheme for (2.1), we rewrite (2.1) into a second order system

𝑢𝑡 + 𝑣𝑥𝑥 = 0, 𝑣 = 𝑢𝑥𝑥. (2.6)

The semi-discrete UWLDG scheme formulated in [33] is to find 𝑢ℎ, 𝑣ℎ ∈ 𝑉 𝑘
ℎ such that for all 𝜙, 𝜓 ∈ 𝑉 𝑘

ℎ ,

𝑎𝑗 (𝑢ℎ, 𝑣ℎ;𝜙) = 0, (2.7a)
𝑏𝑗 (𝑣ℎ, 𝑢ℎ;𝜓) = 0, ∀𝑗 ∈ Z𝑁 , (2.7b)

where

𝑎𝑗 (𝑢ℎ, 𝑣ℎ;𝜙) = ((𝑢ℎ)𝑡 , 𝜙)
𝑗

+𝐴𝑗 (𝑣ℎ, 𝜙) , (2.8)

𝑏𝑗 (𝑣ℎ, 𝑢ℎ;𝜓) = (𝑣ℎ, 𝜓)𝑗 −𝐵𝑗 (𝑢ℎ, 𝜓) , (2.9)

with

𝐴𝑗 (𝑣ℎ, 𝜙) = (𝑣ℎ, 𝜙𝑥𝑥)𝑗 + (̃𝑣ℎ)𝑥𝜙
−|𝑗+ 1

2
− (̃𝑣ℎ)𝑥𝜙

+|𝑗− 1
2
−̂︁𝑣ℎ𝜙

−
𝑥 |𝑗+ 1

2
+̂︁𝑣ℎ𝜙

+
𝑥 |𝑗− 1

2
, (2.10)

𝐵𝑗 (𝑢ℎ, 𝜓) = (𝑢ℎ, 𝜓𝑥𝑥)𝑗 +
˜̃
(𝑢ℎ)𝑥𝜓

−|𝑗+ 1
2
−

˜̃
(𝑢ℎ)𝑥𝜓

+|𝑗− 1
2
−̂︁̂︁𝑢ℎ𝜓

−
𝑥 |𝑗+ 1

2
+ ̂︁̂︁𝑢ℎ𝜓

+
𝑥 |𝑗− 1

2
, (2.11)
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being the UWDG spatial discretizations for the second order derivative terms. (𝑢, 𝑣)𝑗 =
∫︀

𝐼𝑗
𝑢𝑣 d𝑥, 𝑣−|𝑗+ 1

2
and

𝑣+|𝑗+ 1
2

denote the left and right limits of 𝑣 at the point 𝑥𝑗+ 1
2
, respectively, and ̂︁̂︁𝑢ℎ,

˜̃
(𝑢ℎ)𝑥,̂︁𝑣ℎ, (̃𝑣ℎ)𝑥 are the

numerical fluxes. To ensure the stability and the local solvability of the intermediate variable 𝑣ℎ, we defined
these four fluxes as follows: ̂︁̂︁𝑢ℎ = {𝑢ℎ}+ 𝛼1 [𝑢ℎ] + 𝛽1 [(𝑢ℎ)𝑥] , 𝛼1, 𝛽1 ∈ R, (2.12)

˜̃
(𝑢ℎ)𝑥 = {(𝑢ℎ)𝑥}+ 𝛼2 [(𝑢ℎ)𝑥] + 𝛽2 [𝑢ℎ] , 𝛼2, 𝛽2 ∈ R, (2.13)̂︁𝑣ℎ = {𝑣ℎ} − 𝛼2 [𝑣ℎ] + 𝛽1[(𝑣ℎ)𝑥], (2.14)

(̃𝑣ℎ)𝑥 = {(𝑣ℎ)𝑥} − 𝛼1[(𝑣ℎ)𝑥] + 𝛽2 [𝑣ℎ] , (2.15)

where 𝛼1, 𝛼2, 𝛽1, 𝛽2 can be chosen as follows:

– central flux, 𝛼1 = 𝛼2 = 𝛽1 = 𝛽2 = 0;
– alternating flux, 𝛼1 = ± 1

2 , 𝛼2 = ± 1
2 , 𝛽1 = 𝛽2 = 0;

– IPDG like flux, 𝛼1 = 𝛼2 = 𝛽1 = 0, 𝛽2 = 𝛽2ℎ
−1;

– DDG like flux, 𝛼1 = 𝛼1, 𝛼2 = 𝛼2, 𝛽1 = 0, 𝛽2 = 𝛽2ℎ
−1;

– more generally, any scale invariant flux, 𝛼1 = 𝛼1, 𝛼2 = 𝛼2, 𝛽1 = 𝛽1ℎ, 𝛽2 = 𝛽2ℎ
−1;

where 𝛼1, 𝛼2, 𝛽1, 𝛽2 are prescribed constants independent of the mesh size. For simplicity, in this paper we will
only consider the alternating flux choices, 𝛼1 = − 1

2 , 𝛼2 = 1
2 , 𝛽1 = 𝛽2 = 0, i.e.

̂︁̂︁𝑢ℎ = 𝑢−ℎ ,
˜̃
(𝑢ℎ)𝑥 = (𝑢ℎ)+𝑥 , ̂︁𝑣ℎ = 𝑣−ℎ , (̃𝑣ℎ)𝑥 = (𝑣ℎ)+𝑥 . (2.16)

We now introduce

𝑎 (𝑢ℎ, 𝑣ℎ;𝜙) =
𝑁∑︁

𝑗=1

𝑎𝑗 (𝑢ℎ, 𝑣ℎ;𝜙) , 𝑏 (𝑣ℎ, 𝑢ℎ;𝜓) =
𝑁∑︁

𝑗=1

𝑏𝑗 (𝑣ℎ, 𝑢ℎ;𝜓) , (2.17)

𝐴 (𝑣ℎ, 𝑢ℎ) =
𝑁∑︁

𝑗=1

𝐴𝑗 (𝑣ℎ, 𝑢ℎ) =
∫︁

Ω

𝑣ℎ (𝑢ℎ)𝑥𝑥 d𝑥+
𝑁∑︁

𝑗=1

(︁̂︁𝑣ℎ [(𝑢ℎ)𝑥]− (̃𝑣ℎ)𝑥 [𝑢ℎ]
)︁ ⃒⃒⃒

𝑗+ 1
2

, (2.18)

𝐵 (𝑢ℎ, 𝑣ℎ) =
𝑁∑︁

𝑗=1

𝐵𝑗 (𝑢ℎ, 𝑣ℎ) =
∫︁

Ω

𝑢ℎ (𝑣ℎ)𝑥𝑥 d𝑥+
𝑁∑︁

𝑗=1

(︃̂︁̂︁𝑢ℎ [(𝑣ℎ)𝑥]−
˜̃
(𝑢ℎ)𝑥 [𝑣ℎ]

)︃ ⃒⃒⃒
𝑗+ 1

2

. (2.19)

By the same arguments as in [13], we have the following lemma.

Lemma 2.1. For 𝑢ℎ, 𝑣ℎ ∈ 𝑉 𝑘
ℎ satisfying periodic boundary condition, we have 𝐴 (𝑣ℎ, 𝑢ℎ) = 𝐵 (𝑢ℎ, 𝑣ℎ).

In [33], it was proved that the semi-discrete scheme is energy-conserving stable for the alternating flux, which
is a direct result of the lemma above:

0 = 𝑎 (𝑢ℎ, 𝑣ℎ;𝑢ℎ) + 𝑏 (𝑣ℎ, 𝑢ℎ; 𝑣ℎ) =
1
2

d
d𝑡
‖𝑢ℎ‖2 + ‖𝑣ℎ‖2. (2.20)

Here and below, an unmarked norm ‖ · ‖ denotes the 𝐿2 norm. Obviously, the exact solution 𝑢, 𝑣 of (2.6) also
satisfies

𝑎𝑗(𝑢, 𝑣;𝜙) = 0, 𝑏𝑗(𝑣, 𝑢;𝜓) = 0, ∀(𝜙,𝜓) ∈
[︀
𝑉 𝑘

ℎ

]︀2
. (2.21)

Subtracting (2.7) from (2.21), we obtain the error equations

𝑎𝑗 (𝑢− 𝑢ℎ, 𝑣 − 𝑣ℎ;𝜙) = 0, 𝑏𝑗 (𝑣 − 𝑣ℎ, 𝑢− 𝑢ℎ;𝜓) = 0, ∀(𝜙,𝜓) ∈
[︀
𝑉 𝑘

ℎ

]︀2
. (2.22)
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In [33], for the error estimates, the special projection 𝑃 ⋆
ℎ𝑢 ∈ 𝑉 𝑘

ℎ of 𝑢 has been defined by

(𝑃 ⋆
ℎ𝑢, 𝜙)𝑗 = (𝑢, 𝜙)𝑗 ∀𝜙 ∈ P𝑘−2 (𝐼𝑗) and (2.23a)

𝑃 ⋆
ℎ𝑢
(︁
𝑥−

𝑗+ 1
2

)︁
= 𝑢

(︁
𝑥𝑗+ 1

2

)︁
, (𝑃 ⋆

ℎ𝑢)𝑥

(︁
𝑥+

𝑗− 1
2

)︁
= 𝑢𝑥

(︁
𝑥𝑗− 1

2

)︁
. (2.23b)

For this projection, the following inequality holds [33]:

‖𝑤𝑒‖+ ℎ‖𝑤𝑒‖∞ + ℎ
1
2 ‖𝑤𝑒‖Γℎ

≤ 𝐶ℎ𝑘+1‖𝑤‖𝑘+1, (2.24)

where 𝑤𝑒 = 𝑃 ⋆
ℎ𝑤 − 𝑤, Γℎ denotes the set of boundary points of all elements 𝐼𝑗 , ‖𝑤𝑒‖Γℎ

=(︂∑︀𝑁
𝑗=1 𝑤

𝑒
(︁
𝑥−

𝑗+ 1
2

)︁2

+ 𝑤𝑒
(︁
𝑥+

𝑗+ 1
2

)︁2
)︂ 1

2

, and the constant 𝐶 depends on 𝑘.

We also need the following basic facts. For any function 𝑤ℎ ∈ 𝑉 𝑘
ℎ , the following inequalities hold [17]:

(i) ‖ (𝑤ℎ)𝑥 ‖ ≤ 𝐶ℎ−1‖𝑤ℎ‖,

(ii) ‖𝑤ℎ‖Γℎ
≤ 𝐶ℎ−

1
2 ‖𝑤ℎ‖, (2.25)

(iii) ‖𝑤ℎ‖∞ ≤ 𝐶ℎ−
1
2 ‖𝑤ℎ‖.

We denote

𝜂𝑢 = 𝑢− 𝑃 ⋆
ℎ𝑢, 𝜉𝑢 = 𝑢ℎ − 𝑃 ⋆

ℎ𝑢, (2.26)
𝜂𝑣 = 𝑣 − 𝑃 ⋆

ℎ𝑣, 𝜉𝑣 = 𝑣ℎ − 𝑃 ⋆
ℎ𝑣. (2.27)

Due to (2.22), we have

𝑎 (𝜉𝑢, 𝜉𝑣; 𝜉𝑢) + 𝑏 (𝜉𝑣, 𝜉𝑢; 𝜉𝑣) = 𝑎 (𝜂𝑢, 𝜂𝑣; 𝜉𝑢) + 𝑏 (𝜂𝑣, 𝜂𝑢; 𝜉𝑣) . (2.28)

By using the definitions of 𝑎(·, ·) and 𝑏(·, ·) and Cauchy–Schwartz inequality we obtain

|𝑎 (𝜂𝑢, 𝜂𝑣; 𝜉𝑢) + 𝑏 (𝜂𝑣, 𝜂𝑢; 𝜉𝑣) | = | ((𝜂𝑢)𝑡 , 𝜉𝑢) + (𝜂𝑣, 𝜉𝑣) | . ℎ𝑘+1 (‖𝜉𝑢‖+ ‖𝜉𝑣‖) ,

then

‖𝜉𝑢(·, 𝑡)‖+
(︂∫︁ 𝑡

0

‖𝜉𝑣(·, 𝜏)‖2 d𝜏
)︂ 1

2

. ℎ𝑘+1, (2.29)

here and in the following, 𝐴 . 𝐵 denotes that 𝐴 can be bounded by 𝐵 multiplied by a constant independent
of the mesh size ℎ. However, this estimate is not optimal and far from our superconvergence goal. We need to
improve the analysis through constructing a series of correction functions

(︁
𝜔

(𝑖)
𝑢 , 𝜔

(𝑖)
𝑣

)︁
∈
[︀
𝑉 𝑘

ℎ

]︀2, 1 ≤ 𝑖 ≤
⌊︀

𝑘−1
2

⌋︀
such that⃒⃒⃒⃒

⃒𝑎
(︃
𝜂𝑢 +

𝑙∑︁
𝑖=1

𝜔(𝑖)
𝑢 , 𝜂𝑣 +

𝑙∑︁
𝑖=1

𝜔(𝑖)
𝑣 ;𝜙

)︃
+ 𝑏

(︃
𝜂𝑣 +

𝑙∑︁
𝑖=1

𝜔(𝑖)
𝑣 , 𝜂𝑢 +

𝑙∑︁
𝑖=1

𝜔(𝑖)
𝑣 ;𝜓

)︃⃒⃒⃒⃒
⃒ . ℎ𝑘+1+2𝑙 (‖𝜙‖+ ‖𝜓‖) ,

∀(𝜙,𝜓) ∈
[︀
𝑉 𝑘

ℎ

]︀2
, 1 ≤ 𝑙 ≤

⌊︂
𝑘 − 1

2

⌋︂
, (2.30)

where ⌊𝑘⌋ denotes the maximal integer no more than 𝑘. When 𝑘 is even,
⌊︀

𝑘−1
2

⌋︀
= 𝑘−2

2 , which leads to one order
lower than the optimal estimates. We will improve the estimates in such situation in the next subsections.
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Remark 2.2. We note that the estimate of ‖𝜉𝑣‖ in (2.29) is in the 𝐿2 norm of time. In fact, we can take time
derivative for 𝑏𝑗 in the error equation (2.22), then take test functions 𝜙 = (𝜉𝑢)𝑡, 𝜓 = 𝜉𝑣, to obtain

𝑎 (𝜉𝑢, 𝜉𝑣; (𝜉𝑢)𝑡) + 𝑏 ((𝜉𝑣)𝑡 , (𝜉𝑢)𝑡 ; 𝜉𝑣) = 𝑎 (𝜂𝑢, 𝜂𝑣; (𝜉𝑢)𝑡) + 𝑏 ((𝜂𝑣)𝑡 , (𝜂𝑢)𝑡 ; 𝜉𝑣) . (2.31)

Thus, by Lemma 2.1, we obtain

1
2

d
d𝑡
‖𝜉𝑣‖2 + ‖ (𝜉𝑢)𝑡 ‖

2 . ℎ𝑘+1 (‖ (𝜉𝑢)𝑡 ‖+ ‖𝜉𝑣‖) . (2.32)

Then, by Gronwall’s inequality, we have

‖𝜉𝑣(·, 𝑡)‖ . ‖𝜉𝑣(·, 0)‖+ ℎ𝑘+1. (2.33)

3. Construction of a special interpolation function

The correction functions 𝜔(𝑖)
𝑢 and 𝜔

(𝑖)
𝑣 , 1 ≤ 𝑖 ≤

⌊︀
𝑘−1
2

⌋︀
are defined as follows. If we denote 𝜔(0)

𝑢 = 𝑢 − 𝑃 ⋆
ℎ𝑢,

𝜔
(0)
𝑣 = 𝑣 − 𝑃 ⋆

ℎ𝑣, then(︁
𝜔(𝑖)

𝑢 , 𝜙𝑥𝑥

)︁
𝑗

=
(︁
𝜔(𝑖−1)

𝑣 , 𝜙
)︁

𝑗
, ∀𝜙 ∈ P𝑘 (𝐼𝑗) , 𝜔(𝑖)

𝑢

(︁
𝑥−

𝑗+ 1
2

)︁
= 0,

(︁
𝜔(𝑖)

𝑢

)︁
𝑥

(︁
𝑥+

𝑗− 1
2

)︁
= 0, (3.1)(︁

𝜔(𝑖)
𝑣 , 𝜙𝑥𝑥

)︁
𝑗

= −
(︁(︁
𝜔(𝑖−1)

𝑢

)︁
𝑡
, 𝜙
)︁

𝑗
, ∀𝜙 ∈ P𝑘 (𝐼𝑗) , 𝜔(𝑖)

𝑣

(︁
𝑥−

𝑗+ 1
2

)︁
= 0,

(︁
𝜔(𝑖)

𝑣

)︁
𝑥

(︁
𝑥+

𝑗− 1
2

)︁
= 0. (3.2)

In [13], the authors defined similar correction functions for UWDG. By similar arguments, we have the following
estimate for 𝜔(𝑖)

𝑢 and 𝜔
(𝑖)
𝑣 , 1 ≤ 𝑖 ≤

⌊︀
𝑘−1
2

⌋︀
.

Lemma 3.1. For any 𝑘 ≥ 3, the functions 𝜔(𝑖)
𝑢 and 𝜔(𝑖)

𝑣 , 1 ≤ 𝑖 ≤
⌊︀

𝑘−1
2

⌋︀
are defined by (3.1) and (3.2). Then

𝜔(𝑖)
𝑢 |𝐼𝑗 =

𝑘∑︁
𝑚=𝑘−1−2𝑖

𝑐𝑖𝑗,𝑚𝐿𝑗,𝑚, 𝜔(𝑖)
𝑣 |𝐼𝑗 =

𝑘∑︁
𝑚=𝑘−1−2𝑖

𝑑𝑖
𝑗,𝑚𝐿𝑗,𝑚, (3.3)

where 𝑐𝑖𝑗,𝑚 and 𝑑𝑖
𝑗,𝑚 are some bounded constants, and 𝐿𝑗,𝑚 are the standard Legendre polynomials with degree

𝑚 on interval 𝐼𝑗. Furthermore, if 𝑢 ∈ 𝐻𝑘+3+2𝑖, there holds for 𝑛 = 0, 1 and 𝑞 = 𝑢, 𝑣

‖𝜕𝑛
𝑡 𝜔

(𝑖)
𝑞 ‖ . ℎ𝑘+1+2𝑖‖𝜕𝑛

𝑡 𝑞‖𝑘+1+2𝑖. (3.4)

Proof. We provide the proof of this lemma in the Appendix A.1. From Lemma 3.1, we can obtain the corollary
as follows. �

Corollary 3.2. For any 𝑘 ≥ 3, if the exact solution of the equation (2.1), 𝑢 ∈ 𝐻𝑘+5+2⌊ 𝑘−1
2 ⌋, then⃒⃒⃒⃒

⃒𝑎
(︃
𝜂𝑢 +

𝑙∑︁
𝑖=1

𝜔(𝑖)
𝑢 , 𝜂𝑣 +

𝑙∑︁
𝑖=1

𝜔(𝑖)
𝑣 ;𝜙

)︃
+ 𝑏

(︃
𝜂𝑣 +

𝑙∑︁
𝑖=1

𝜔(𝑖)
𝑣 , 𝜂𝑢 +

𝑙∑︁
𝑖=1

𝜔(𝑖)
𝑢 ;𝜓

)︃⃒⃒⃒⃒
⃒ . ℎ𝑘+1+2𝑙 (‖𝜙‖+ ‖𝜓‖)

∀ (𝜙,𝜓) ∈
[︀
𝑉 𝑘

ℎ

]︀2
, 1 ≤ 𝑙 ≤

⌊︂
𝑘 − 1

2

⌋︂
· (3.5)

Before studying the superconvergence properties of the UWLDG scheme, we need some lemmas which are
also mentioned in [33].
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Lemma 3.3. Suppose 𝑤 ∈ 𝐿2 and 𝜉 ∈ 𝑉 𝑘
ℎ satisfy

𝐴𝑗(𝜉, 𝜂) = (𝑤, 𝜂)𝑗 , ∀𝜂 ∈ 𝑉 𝑘
ℎ , (3.6)

or
𝐵𝑗(𝜉, 𝜂) = (𝑤, 𝜂)𝑗 , ∀𝜂 ∈ 𝑉 𝑘

ℎ , (3.7)

then
‖(𝜉)𝑥𝑥‖𝐼𝑗

+ ℎ−
1
2 | [(𝜉)𝑥] |𝑗+ 1

2
+ ℎ−

3
2 |[𝜉]|𝑗− 1

2
. ‖𝑤‖0,𝐼𝑗

. (3.8)

Proof. This proof is the same as Lemma 4.2 in [33]. We omit it here. �

Next, we shall study the superconvergence properties of the UWLDG solution, including superconvergence
between a special interpolation of the exact solution and the numerical solution, the superconvergence of the
cell averages, and the function and derivative values at some special quadrature points respectively.

3.1. Superconvergence of the interpolation

With (3.1) and (3.2), we define

(𝜔𝑢,𝑙, 𝜔𝑣,𝑙) =

(︃
𝑙∑︁

𝑖=1

𝜔(𝑖)
𝑢 ,

𝑙∑︁
𝑖=1

𝜔(𝑖)
𝑣

)︃
, (3.9)

(︀
𝑢𝑙

𝐼 , 𝑣
𝑙
𝐼

)︀
= (𝑃 ⋆

ℎ𝑢− 𝜔𝑢,𝑙, 𝑃
⋆
ℎ𝑣 − 𝜔𝑣,𝑙) , 1 ≤ 𝑙 ≤

⌊︂
𝑘 − 1

2

⌋︂
, (3.10)

and we let
𝑒𝑞 = 𝑞 − 𝑞ℎ = 𝑞 − 𝑞𝑙

𝐼 −
(︀
𝑞ℎ − 𝑞𝑙

𝐼

)︀
= 𝜖𝑞 − 𝑒𝑞, 𝑞 = 𝑢, 𝑣. (3.11)

As we know, the approximations of the initial condition are of great significance for superconvergence. In order
to obtain our superconvergence rate, the initial error should be small enough to reach the same superconvergence
rate. We have the following lemma.

Lemma 3.4. For any 𝑘 ≥ 2, suppose the exact solution of the equation (2.1), 𝑢 ∈ 𝐻𝑘+5+2⌊ 𝑘−1
2 ⌋. If the initial

data is taken such that
𝑣ℎ(𝑥, 0) = 𝑃 ⋆

ℎ𝑣0 − 𝜔𝑣,𝑙(𝑥, 0), 𝑣0 = 𝜕2
𝑥𝑢0, (3.12)

where 𝜔𝑣,𝑙 is defined by (3.9), 𝑙 =
⌊︀

𝑘−1
2

⌋︀
. Then

(‖𝑒𝑢‖+ ‖𝑒𝑣‖) (0) . ℎ2𝑘, (3.13)

(‖ (𝑒𝑢)𝑥 ‖+ ‖ (𝑒𝑣)𝑥 ‖) (0) . ℎ2𝑘. (3.14)

Proof. The choice of the initial data 𝑢ℎ(𝑥, 0) and this proof are given in the Appendix A.2. �

With this initial solution, we have the following optimal superconvergence estimates which are stated as a
theorem.

Theorem 3.5. Suppose 𝑢ℎ and 𝑣ℎ are the approximate solutions of the semi-discrete scheme (2.7) with the
initial data satisfying (3.12). Let 𝑢, 𝑣 be the exact solutions of the system (2.6) satisfying 𝑢 ∈ 𝐻𝑘+5+2𝑙, and(︀
𝑢𝑙

𝐼 , 𝑣
𝑙
𝐼

)︀
∈
[︀
𝑉 𝑘

ℎ

]︀2 is defined in (3.10), where 𝑙 =
⌊︀

𝑘−1
2

⌋︀
. For any 𝑘 ≥ 2, we have

(‖𝑒𝑢‖+ ‖𝑒𝑣‖) (𝑡) . ℎ2𝑘, (3.15)

(‖ (𝑒𝑢)𝑥 ‖+ ‖ (𝑒𝑣)𝑥 ‖) (𝑡) . ℎ2𝑘. (3.16)
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Especially, if 𝑙 = 0, or 1, we get

‖𝑃 ⋆
ℎ𝑢− 𝑢ℎ‖+ ‖𝑃 ⋆

ℎ𝑣 − 𝑣ℎ‖ .
{︂
ℎ2𝑘 if 𝑘 = 2,
ℎ𝑘+3 if 𝑘 ≥ 3, (3.17)

and
‖ (𝑃 ⋆

ℎ𝑢− 𝑢ℎ)𝑥 ‖+ ‖ (𝑃 ⋆
ℎ𝑣 − 𝑣ℎ)𝑥 ‖ . ℎ

𝑘+2. (3.18)

Proof. We give the proof of this theorem in the Appendix A.3. �

Remark 3.6. We note that when 𝑘 = 2, the 𝐿2 norm and 𝐻1 semi-norm of the error between the numerical
solutions and the special projections of the exact solution both have 2𝑘-th order superconvergence. Actually,
thanks to (3.16), we obtain the optimal superconvergence rates of the derivative of the error between the special
interpolation functions and approximate solutions. Numerical examples also verify this result in Section 4.

3.2. Superconvergence for the numerical fluxes and the cell averages

With Theorem 3.5, we can obtain the following superconvergence results.

Theorem 3.7. We let

𝑒𝑞,𝑓 =

⎛⎝ 1
𝑁

𝑁∑︁
𝑗=1

(𝑞 − ̂︀𝑞ℎ)
(︁
𝑥𝑗+ 1

2
, 𝑡
)︁2

⎞⎠ 1
2

, 𝑒𝑞,𝑓𝑥 =

⎛⎝ 1
𝑁

𝑁∑︁
𝑗=1

(︁
𝑞𝑥 − (̃𝑞ℎ)𝑥

)︁(︁
𝑥𝑗+ 1

2
, 𝑡
)︁2

⎞⎠ 1
2

, (3.19)

𝑒𝑞,𝑐 =

⎛⎝ 1
𝑁

𝑁∑︁
𝑗=1

(︃
1
ℎ𝑗

∫︁
𝐼𝑗

𝑞 − 𝑞ℎ d𝑥

)︃2
⎞⎠ 1

2

, 𝑞 = 𝑢, 𝑣, (3.20)

be the errors of the two numerical fluxes and the cell averages, respectively. Suppose the exact solutions 𝑢 ∈
𝐻2𝑘+4, and the initial discretizations satisfy (3.12). For 𝑘 ≥ 2, ∀𝑡 ∈ [0, 𝑇 ] then

𝑒𝑞,𝑓 . ℎ
2𝑘, 𝑒𝑞,𝑓𝑥 . ℎ

2𝑘, 𝑒𝑞,𝑐 . ℎ
2𝑘, (3.21)

where 𝑞 = 𝑢, 𝑣.

Proof. The proof of this theorem can be found in the Appendix A.4. �

3.3. Superconvergence at special quadrature points

We firstly denote 𝐷𝑠
𝑗 , 𝑠 = 0, 1, as the the roots of 𝑑𝑠

d𝑥𝑠𝑅𝑗,𝑘+1, 𝐷𝑠 =
⋃︀𝑁

𝑗=1𝐷
𝑠
𝑗 . Here 𝑅𝑗,𝑘+1 = 𝐿𝑗,𝑘+1−𝑃 ⋆

ℎ𝐿𝑗,𝑘+1.
We study the superconvergence rates at these points and state the results as a theorem.

Theorem 3.8. If 𝐷𝑠, 𝑠 = 0, 1 are not empty sets. Let

𝑒𝑞,𝑞 = max
𝑥∈𝐷0

| (𝑞 − 𝑞ℎ) (𝑥, 𝑡)|, 𝑒𝑞,𝑞𝑥 = max
𝑥∈𝐷1

| (𝑞𝑥 − (𝑞ℎ)𝑥) (𝑥, 𝑡)|, 𝑞 = 𝑢, 𝑣, (3.22)

be the maximum point value error for the numerical solution, and for the derivative of the solution at the
corresponding sets of points. If the exact solution of equation (2.1) 𝑢 ∈ 𝑊 𝑘+5,∞, and the initial data is given
satisfying (3.12), then the DG solutions of (2.7), (𝑢ℎ, 𝑣ℎ), have

𝑒𝑞,𝑞 . ℎ
𝑘+2, 𝑒𝑞,𝑞𝑥

. ℎ𝑘+1, 𝑞 = 𝑢, 𝑣, ∀ 𝑘 ≥ 2. (3.23)

Proof. The proof of this theorem can be found in the Appendix A.5. �
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Table 1. Errors 𝑒𝑢, 𝑒𝑢,𝑝, 𝑒𝑢,𝑓 , 𝑒𝑢,𝑓𝑥 and 𝑒𝑢,𝑐 for 𝑘 = 2, 3, 4, 𝑇 = 1 on uniform mesh.

𝑘 𝑁 𝑒𝑢 Order 𝑒𝑢,𝑝 Order 𝑒𝑢,𝑓 Order 𝑒𝑢,𝑓𝑥 Order 𝑒𝑢,𝑐 Order

2

10 2.13E-03 – 6.15E-04 – 2.50E-04 – 1.24E-04 – 2.43E-04 –
20 2.52E-04 3.08 3.94E-05 3.97 1.58E-05 3.99 7.88E-06 3.98 1.57E-05 3.95
40 3.10E-05 3.02 2.48E-06 3.99 9.89E-07 4.00 4.94E-07 3.99 9.87E-07 3.99
80 3.86E-06 3.01 1.55E-07 4.00 6.19E-08 4.00 3.09E-08 4.00 6.18E-08 4.00

3

10 5.50E-05 – 1.41E-06 – 2.76E-07 – 2.85E-07 – 5.54E-07 –
20 3.44E-06 4.00 2.23E-08 5.98 4.39E-09 5.98 4.42E-09 6.01 8.78E-09 5.98
40 2.15E-07 4.00 3.49E-10 6.00 6.88E-11 5.99 6.90E-11 6.00 1.38E-10 5.99
80 1.35E-08 4.00 5.45E-12 6.00 1.08E-12 6.00 1.08E-12 6.00 2.15E-12 6.00

4

10 1.45E-06 – 6.12E-09 – 3.93E-10 – 3.46E-12 – 3.74E-10 –
20 4.54E-08 5.00 4.63E-11 7.05 1.52E-12 8.01 3.20E-15 10.08 1.50E-12 7.96
40 1.42E-09 5.00 3.59E-13 7.01 5.94E-15 8.00 3.08E-18 10.02 5.92E-15 7.99
80 4.44E-11 5.00 2.80E-15 7.00 2.32E-17 8.00 3.00E-21 10.01 2.32E-17 8.00

4. Numerical examples

We provide some numerical experiments to confirm our theoretical results. Let us recall the definitions of the
various errors as mentioned in previous sections.

𝑒𝑞 = ‖𝑞 − 𝑞ℎ‖, 𝑒𝑞,𝑝 = ‖𝑞ℎ − 𝑃 ⋆
ℎ𝑞‖, 𝑒𝑞,𝑓 =

⎛⎝ 1
𝑁

𝑁∑︁
𝑗=1

(𝑞 − ̂︀𝑞ℎ)
(︁
𝑥𝑗+ 1

2
, 𝑡
)︁2

⎞⎠ 1
2

, (4.1)

𝑒𝑞,𝑓𝑥 =

⎛⎝ 1
𝑁

𝑁∑︁
𝑗=1

(︁
𝑞𝑥 − (̃𝑞ℎ)𝑥

)︁(︁
𝑥𝑗+ 1

2
, 𝑡
)︁2

⎞⎠ 1
2

, 𝑒𝑞,𝑐 =

⎛⎝ 1
𝑁

𝑁∑︁
𝑗=1

(︃
1
ℎ𝑗

∫︁
𝐼𝑗

𝑞 − 𝑞ℎ d𝑥

)︃2
⎞⎠ 1

2

, (4.2)

𝑒𝑞,𝑞 = max
𝑥∈𝐷0

| (𝑞 − 𝑞ℎ) (𝑥, 𝑡)|, 𝑒𝑞,𝑞𝑥 = max
𝑥∈𝐷1

| (𝑞𝑥 − (𝑞ℎ)𝑥) (𝑥, 𝑡)|, 𝑒𝑞,𝑝𝑥 = ‖ (𝑞ℎ − 𝑃 ⋆
ℎ𝑞)𝑥 ‖, (4.3)

where 𝑞 = 𝑢, 𝑣.

Example 4.1. We consider the following linear fourth-order equation{︂
𝑢𝑡 + 𝑢𝑥𝑥𝑥𝑥 = 0, (𝑥, 𝑡) ∈ [0, 2𝜋]× (0, 𝑇 ]
𝑢(𝑥, 0) = sin(𝑥), 𝑥 ∈ [0, 2𝜋]

(4.4)

with periodic boundary condition. The exact solution is

𝑢(𝑥, 𝑡) = 𝑒−𝑡 sin(𝑥), 𝑣(𝑥, 𝑡) = 𝜕2
𝑥𝑢(𝑥, 𝑡) = −𝑒−𝑡 sin(𝑥). (4.5)

We separately use the uniform mesh and nonuniform mesh with 10% random perturbation of 𝑁 cells on
[0, 2𝜋], since after the UWLDG spatial discretization, we obtain a linear ODE system with constant matrix. We
can exactly solve the this ODE system to reduce the temporal error. The initial discretization is taken to satisfy
(3.12) and the numerical flux is the alternating flux (2.16). We set the terminal time 𝑇 = 1.0 and 𝑇 = 10. and
calculate various errors and numerical orders of convergence for P𝑘 elements with 2 ≤ 𝑘 ≤ 4 both on uniform
and nonuniform meshes. The numerical results are listed in Tables 1–16. We find that all our theoretical results
are optimal both on uniform and nonuniform meshes.
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Table 2. Errors 𝑒𝑢,𝑢, 𝑒𝑢,𝑢𝑥
and 𝑒𝑢,𝑝𝑥 for 𝑘 = 2, 3, 4, 𝑇 = 1 on uniform mesh.

𝑘 𝑁 𝑒𝑢,𝑢 Order 𝑒𝑢,𝑢𝑥 Order 𝑒𝑢,𝑝𝑥 Order

2

10 5.64E-04 – 5.64E-04 – 5.29E-04 –
20 3.73E-05 3.92 5.82E-05 3.28 3.37E-05 3.97
40 2.35E-06 3.99 6.84E-06 3.09 2.12E-06 3.99
80 1.47E-07 4.00 8.40E-07 3.02 1.33E-07 4.00

3

10 1.34E-06 – 1.60E-05 – 2.90E-06 –
20 3.60E-08 5.22 1.01E-06 3.98 8.64E-08 5.07
40 1.06E-09 5.08 6.35E-08 4.00 2.66E-09 5.02
80 3.26E-11 5.02 3.97E-09 4.00 8.30E-11 5.00

4

10 4.93E-08 – 4.83E-07 – 4.93E-08 –
20 7.71E-10 6.00 1.50E-08 5.01 7.65E-10 6.01
40 1.22E-11 5.98 4.72E-10 4.99 1.19E-11 6.00
80 1.91E-13 6.00 1.48E-11 5.00 1.86E-13 6.00

Table 3. Errors 𝑒𝑣, 𝑒𝑣,𝑝, 𝑒𝑣,𝑓 , 𝑒𝑣,𝑓𝑥 and 𝑒𝑣,𝑐 for 𝑘 = 2, 3, 4, 𝑇 = 1 on uniform mesh.

𝑘 𝑁 𝑒𝑢 Order 𝑒𝑣,𝑝 Order 𝑒𝑣,𝑓 Order 𝑒𝑣,𝑓𝑥 Order 𝑒𝑣,𝑐 Order

2

10 2.01E-03 – 3.08E-04 – 1.28E-04 – 1.33E-06 – 1.22E-04 –
20 2.48E-04 3.02 1.97E-05 3.97 7.94E-06 4.01 2.15E-08 5.95 7.84E-06 3.96
40 3.09E-05 3.01 1.24E-06 3.99 4.95E-07 4.00 3.38E-10 5.99 4.94E-07 3.99
80 3.85E-06 3.00 7.75E-08 4.00 3.09E-08 4.00 5.30E-12 6.00 3.09E-08 4.00

3

10 5.49E-05 – 7.33E-07 – 1.22E-09 – 9.65E-09 – 2.81E-07 –
20 3.44E-06 4.00 1.15E-08 5.99 4.25E-12 8.17 5.30E-11 7.51 4.40E-09 5.99
40 2.15E-07 4.00 1.80E-10 6.00 1.61E-14 8.04 3.59E-13 7.21 6.89E-11 6.00
80 1.35E-08 4.00 2.81E-12 6.00 6.24E-17 8.01 2.68E-15 7.06 1.08E-12 6.00

4

10 1.45E-06 – 5.89E-09 – 1.06E-11 – 3.88E-10 – 3.40E-12 –
20 4.54E-08 5.00 4.59E-11 7.01 1.31E-14 9.65 1.52E-12 8.00 3.19E-15 10.06
40 1.42E-09 5.00 3.58E-13 7.00 2.06E-17 9.32 5.93E-15 8.00 3.08E-18 10.02
80 4.44E-11 5.00 2.80E-15 7.00 3.74E-20 9.11 2.32E-17 8.00 3.00E-21 10.00

Table 4. Errors 𝑒𝑣,𝑣, 𝑒𝑣,𝑣𝑥 and 𝑒𝑣,𝑝𝑥 for 𝑘 = 2, 3, 4, 𝑇 = 1 on uniform mesh.

𝑘 𝑁 𝑒𝑣,𝑣 Order 𝑒𝑣,𝑣𝑥 Order 𝑒𝑣,𝑝𝑥 Order

2

10 4.12E-04 – 4.42E-04 – 2.43E-04 –
20 2.62E-05 3.97 5.43E-05 3.02 1.53E-05 3.99
40 1.65E-06 3.99 6.71E-06 3.02 9.55E-07 4.00
80 1.03E-07 4.00 8.36E-07 3.00 5.97E-08 4.00

3

10 1.14E-06 – 1.57E-05 – 2.71E-06 –
20 3.38E-08 5.08 1.01E-06 3.96 8.48E-08 5.00
40 1.04E-09 5.02 6.34E-08 3.99 2.65E-09 5.00
80 3.24E-11 5.01 3.97E-09 4.00 8.29E-11 5.00

4

10 4.98E-08 – 4.83E-07 – 4.91E-08 –
20 7.73E-10 6.01 1.50E-08 5.01 7.64E-10 6.01
40 1.22E-11 5.99 4.72E-10 4.99 1.19E-11 6.00
80 1.91E-13 6.00 1.48E-11 5.00 1.86E-13 6.00
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Table 5. Errors 𝑒𝑢, 𝑒𝑢,𝑝, 𝑒𝑢,𝑓 , 𝑒𝑢,𝑓𝑥 and 𝑒𝑢,𝑐 for 𝑘 = 2, 3, 4, 𝑇 = 1 on nonuniform mesh.

𝑘 𝑁 𝑒𝑢 Order 𝑒𝑢,𝑝 Order 𝑒𝑢,𝑓 Order 𝑒𝑢,𝑓𝑥 Order 𝑒𝑢,𝑐 Order

2

10 2.13E-03 – 6.15E-04 – 2.50E-04 – 1.24E-04 – 2.42E-04 –
20 2.55E-04 3.06 3.99E-05 3.94 1.60E-05 3.96 7.98E-06 3.96 1.59E-05 3.93
40 3.14E-05 3.02 2.51E-06 3.99 1.00E-06 4.00 5.01E-07 3.99 9.99E-07 3.99
80 3.94E-06 3.00 1.58E-07 3.99 6.32E-08 3.99 3.16E-08 3.99 6.31E-08 3.98

3

10 5.53E-05 – 1.42E-06 – 2.78E-07 – 2.88E-07 – 5.58E-07 –
20 3.53E-06 3.97 2.31E-08 5.95 4.51E-09 5.95 4.55E-09 5.98 9.05E-09 5.95
40 2.19E-07 4.01 3.59E-10 6.01 7.04E-11 6.00 7.05E-11 6.01 1.41E-10 6.00
80 1.37E-08 4.00 5.62E-12 6.00 1.10E-12 6.00 1.10E-12 6.00 2.21E-12 6.00

4

10 1.56E-06 – 6.88E-09 – 4.42E-10 – 3.57E-11 – 4.19E-10 –
20 4.88E-08 5.00 5.28E-11 7.02 1.68E-12 8.04 3.91E-14 9.84 1.66E-12 7.98
40 1.47E-09 5.06 3.79E-13 7.12 6.20E-15 8.08 6.74E-17 9.18 6.18E-15 8.07
80 4.58E-11 5.00 2.97E-15 7.00 2.41E-17 8.01 1.82E-19 8.53 2.41E-17 8.00

Table 6. Errors 𝑒𝑢,𝑢, 𝑒𝑢,𝑢𝑥 and 𝑒𝑢,𝑝𝑥 for 𝑘 = 2, 3, 4, 𝑇 = 1 on nonuniform mesh.

𝑘 𝑁 𝑒𝑢,𝑢 Order 𝑒𝑢,𝑢𝑥 Order 𝑒𝑢,𝑝𝑥 Order

2

10 6.28E-04 – 5.79E-04 – 5.30E-04 –
20 4.21E-05 3.90 6.93E-05 3.06 3.42E-05 3.95
40 2.51E-06 4.07 7.77E-06 3.16 2.15E-06 3.99
80 1.67E-07 3.91 1.03E-06 2.92 1.36E-07 3.99

3

10 1.57E-06 – 1.74E-05 – 2.94E-06 –
20 4.30E-08 5.19 1.19E-06 3.87 8.99E-08 5.03
40 1.59E-09 4.76 8.34E-08 3.84 2.75E-09 5.03
80 5.04E-11 4.98 5.64E-09 3.89 8.56E-11 5.00

4

10 4.99E-08 – 4.87E-07 – 5.41E-08 –
20 1.05E-09 5.57 1.93E-08 4.66 8.45E-10 6.00
40 1.74E-11 5.92 6.30E-10 4.94 1.25E-11 6.08
80 2.93E-13 5.89 2.10E-11 4.91 1.95E-13 6.00

Table 7. Errors 𝑒𝑣, 𝑒𝑣,𝑝, 𝑒𝑣,𝑓 , 𝑒𝑣,𝑓𝑥 and 𝑒𝑣,𝑐 for 𝑘 = 2, 3, 4, 𝑇 = 1 on nonuniform mesh.

𝑘 𝑁 𝑒𝑢 Order 𝑒𝑣,𝑝 Order 𝑒𝑣,𝑓 Order 𝑒𝑣,𝑓𝑥 Order 𝑒𝑣,𝑐 Order

2

10 2.02E-03 – 3.08E-04 – 1.28E-04 – 2.84E-06 – 1.22E-04 –
20 2.51E-04 3.01 2.00E-05 3.95 8.06E-06 3.99 1.48E-07 4.26 7.96E-06 3.94
40 3.13E-05 3.00 1.25E-06 3.99 5.01E-07 4.01 2.27E-09 6.03 5.00E-07 3.99
80 3.94E-06 2.99 7.91E-08 3.99 3.16E-08 3.99 6.82E-11 5.06 3.16E-08 3.98

3

10 5.53E-05 – 7.46E-07 – 3.80E-09 – 1.78E-08 – 2.85E-07 –
20 3.53E-06 3.97 1.22E-08 5.93 9.64E-11 5.30 2.96E-10 5.91 4.63E-09 5.94
40 2.19E-07 4.01 1.88E-10 6.02 3.55E-13 8.08 1.68E-12 7.46 7.15E-11 6.02
80 1.37E-08 4.00 2.94E-12 6.00 7.25E-15 5.62 1.40E-14 6.90 1.12E-12 6.00

4

10 1.56E-06 – 6.62E-09 – 5.06E-11 – 4.31E-10 – 3.30E-11 –
20 4.88E-08 5.00 5.23E-11 6.98 1.27E-13 8.64 1.67E-12 8.01 7.18E-14 8.84
40 1.47E-09 5.06 3.79E-13 7.11 2.03E-16 9.28 6.18E-15 8.08 1.64E-16 8.77
80 4.58E-11 5.00 2.97E-15 6.99 4.84E-19 8.71 2.41E-17 8.00 4.00E-19 8.68
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Table 8. Errors 𝑒𝑣,𝑣, 𝑒𝑣,𝑣𝑥
and 𝑒𝑣,𝑝𝑥 for 𝑘 = 2, 3, 4, 𝑇 = 1 on nonuniform mesh.

𝑘 𝑁 𝑒𝑣,𝑣 Order 𝑒𝑣,𝑣𝑥 Order 𝑒𝑣,𝑝𝑥 Order

2

10 4.82E-04 – 5.17E-04 – 2.46E-04 –
20 3.09E-05 3.96 6.68E-05 2.95 1.56E-05 3.98
40 1.81E-06 4.09 7.58E-06 3.14 9.80E-07 3.99
80 1.24E-07 3.87 1.04E-06 2.87 6.18E-08 3.99

3

10 1.28E-06 – 1.71E-05 – 2.75E-06 –
20 4.14E-08 4.95 1.18E-06 3.85 8.83E-08 4.96
40 1.55E-09 4.74 8.33E-08 3.83 2.73E-09 5.01
80 5.03E-11 4.94 5.64E-09 3.88 8.55E-11 5.00

4

10 5.05E-08 – 4.87E-07 – 5.39E-08 –
20 1.06E-09 5.58 1.93E-08 4.66 8.44E-10 6.00
40 1.74E-11 5.92 6.30E-10 4.94 1.24E-11 6.08
80 2.93E-13 5.89 2.10E-11 4.91 1.95E-13 6.00

Table 9. Errors 𝑒𝑢, 𝑒𝑢,𝑝, 𝑒𝑢,𝑓 , 𝑒𝑢,𝑓𝑥 and 𝑒𝑢,𝑐 for 𝑘 = 2, 3, 4, 𝑇 = 10 on uniform mesh.

𝑘 𝑁 𝑒𝑢 Order 𝑒𝑢,𝑝 Order 𝑒𝑢,𝑓 Order 𝑒𝑢,𝑓𝑥 Order 𝑒𝑢,𝑐 Order

2

10 8.28E-07 – 7.56E-07 – 3.02E-07 – 2.87E-07 – 2.97E-07 –
20 5.93E-08 3.80 4.86E-08 3.96 1.94E-08 3.96 1.84E-08 3.96 1.93E-08 3.94
40 4.97E-09 3.58 3.06E-09 3.99 1.22E-09 3.99 1.16E-09 3.99 1.22E-09 3.99
80 5.16E-10 3.27 1.91E-10 4.00 7.63E-11 4.00 7.25E-11 4.00 7.63E-11 4.00

3

10 7.01E-09 – 1.72E-09 – 6.50E-10 – 6.52E-10 – 6.75E-10 –
20 4.26E-10 4.04 2.72E-11 5.98 1.03E-11 5.98 1.03E-11 5.98 1.08E-11 5.97
40 2.66E-11 4.00 4.26E-13 6.00 1.61E-13 6.00 1.61E-13 6.00 1.70E-13 5.99
80 1.66E-12 4.00 6.66E-15 6.00 2.52E-15 6.00 2.52E-15 6.00 2.66E-15 6.00

4

10 1.79E-10 – 2.48E-12 – 9.02E-13 – 8.53E-13 – 8.85E-13 –
20 5.61E-12 5.00 1.09E-14 7.83 3.55E-15 7.99 3.36E-15 7.99 3.53E-15 7.97
40 1.75E-13 5.00 5.74E-17 7.57 1.39E-17 8.00 1.32E-17 8.00 1.39E-17 7.99
80 5.48E-15 5.00 3.74E-19 7.26 5.43E-20 8.00 5.15E-20 8.00 5.43E-20 8.00

Table 10. Errors 𝑒𝑢,𝑢, 𝑒𝑢,𝑢𝑥 and 𝑒𝑢,𝑝𝑥 for 𝑘 = 2, 3, 4, 𝑇 = 10 on uniform mesh.

𝑘 𝑁 𝑒𝑢,𝑢 Order 𝑒𝑢,𝑢𝑥 Order 𝑒𝑢,𝑝𝑥 Order

2

10 4.47E-07 – 4.36E-07 – 7.38E-07 –
20 2.92E-08 3.94 2.83E-08 3.95 4.77E-08 3.95
40 1.84E-09 3.99 1.93E-09 3.87 3.00E-09 3.99
80 1.15E-10 4.00 1.50E-10 3.68 1.88E-10 4.00

3

10 9.70E-10 – 2.81E-09 – 1.72E-09 –
20 1.60E-11 5.92 1.39E-10 4.34 2.86E-11 5.91
40 2.77E-13 5.85 8.05E-12 4.11 5.30E-13 5.75
80 5.55E-15 5.64 4.94E-13 4.03 1.21E-14 5.45

4

10 4.96E-12 – 5.97E-11 – 6.97E-12 –
20 9.07E-14 5.77 1.85E-12 5.01 9.69E-14 6.17
40 1.49E-15 5.93 5.82E-14 4.99 1.48E-15 6.03
80 2.35E-17 5.98 1.82E-15 5.00 2.30E-17 6.01
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Table 11. Errors 𝑒𝑣, 𝑒𝑣,𝑝, 𝑒𝑣,𝑓 , 𝑒𝑣,𝑓𝑥 and 𝑒𝑣,𝑐 for 𝑘 = 2, 3, 4, 𝑇 = 10 on uniform mesh.

𝑘 𝑁 𝑒𝑢 Order 𝑒𝑣,𝑝 Order 𝑒𝑣,𝑓 Order 𝑒𝑣,𝑓𝑥 Order 𝑒𝑣,𝑐 Order

2

10 7.92E-07 – 7.18E-07 – 2.87E-07 – 2.72E-07 – 2.82E-07 –
20 5.72E-08 3.79 4.62E-08 3.96 1.84E-08 3.96 1.74E-08 3.96 1.83E-08 3.94
40 4.87E-09 3.55 2.90E-09 3.99 1.16E-09 3.99 1.10E-09 3.99 1.16E-09 3.99
80 5.12E-10 3.25 1.82E-10 4.00 7.25E-11 4.00 6.87E-11 4.00 7.25E-11 4.00

3

10 6.99E-09 – 1.63E-09 – 6.16E-10 – 6.17E-10 – 6.41E-10 –
20 4.26E-10 4.04 2.58E-11 5.98 9.76E-12 5.98 9.76E-12 5.98 1.03E-11 5.97
40 2.66E-11 4.00 4.05E-13 6.00 1.53E-13 6.00 1.53E-13 6.00 1.61E-13 5.99
80 1.66E-12 4.00 6.33E-15 6.00 2.39E-15 6.00 2.39E-15 6.00 2.52E-15 6.00

4

10 1.79E-10 – 2.37E-12 – 8.54E-13 – 8.05E-13 – 8.39E-13 –
20 5.61E-12 5.00 1.05E-14 7.81 3.36E-15 7.99 3.18E-15 7.99 3.35E-15 7.97
40 1.75E-13 5.00 5.62E-17 7.55 1.32E-17 8.00 1.24E-17 8.00 1.32E-17 7.99
80 5.48E-15 5.00 3.71E-19 7.24 5.15E-20 8.00 4.86E-20 8.00 5.14E-20 8.00

Table 12. Errors 𝑒𝑣,𝑣, 𝑒𝑣,𝑣𝑥 and 𝑒𝑣,𝑝𝑥 for 𝑘 = 2, 3, 4, 𝑇 = 10 on uniform mesh.

𝑘 𝑁 𝑒𝑣,𝑣 Order 𝑒𝑣,𝑣𝑥 Order 𝑒𝑣,𝑝𝑥 Order

2

10 4.26E-07 – 4.15E-07 – 7.01E-07 –
20 2.78E-08 3.94 2.70E-08 3.95 4.53E-08 3.95
40 1.75E-09 3.99 1.86E-09 3.86 2.85E-09 3.99
80 1.10E-10 4.00 1.47E-10 3.66 1.79E-10 4.00

3

10 9.22E-10 – 2.77E-09 – 1.63E-09 –
20 1.53E-11 5.91 1.38E-10 4.33 2.74E-11 5.90
40 2.67E-13 5.84 8.04E-12 4.10 5.14E-13 5.73
80 5.42E-15 5.62 4.93E-13 4.03 1.20E-14 5.43

4

10 5.02E-12 – 5.97E-11 – 6.91E-12 –
20 9.09E-14 5.79 1.85E-12 5.01 9.67E-14 6.16
40 1.49E-15 5.93 5.82E-14 4.99 1.48E-15 6.03
80 2.35E-17 5.98 1.82E-15 5.00 2.30E-17 6.01

Table 13. Errors 𝑒𝑢, 𝑒𝑢,𝑝, 𝑒𝑢,𝑓 , 𝑒𝑢,𝑓𝑥 and 𝑒𝑢,𝑐 for 𝑘 = 2, 3, 4, 𝑇 = 10 on nonuniform mesh.

𝑘 𝑁 𝑒𝑢 Order 𝑒𝑢,𝑝 Order 𝑒𝑢,𝑓 Order 𝑒𝑢,𝑓𝑥 Order 𝑒𝑢,𝑐 Order

2

10 8.52E-07 – 7.77E-07 – 3.12E-07 – 2.94E-07 – 3.06E-07 –
20 6.02E-08 3.82 4.93E-08 3.98 1.96E-08 3.99 1.87E-08 3.97 1.95E-08 3.97
40 5.06E-09 3.57 3.11E-09 3.99 1.24E-09 3.98 1.18E-09 3.99 1.24E-09 3.98
80 5.27E-10 3.26 1.95E-10 4.00 7.78E-11 4.00 7.39E-11 3.99 7.78E-11 3.99

3

10 7.78E-09 – 1.98E-09 – 7.43E-10 – 7.60E-10 – 7.72E-10 –
20 4.35E-10 4.16 2.78E-11 6.16 1.05E-11 6.14 1.05E-11 6.17 1.11E-11 6.12
40 2.78E-11 3.97 4.51E-13 5.95 1.71E-13 5.95 1.71E-13 5.95 1.79E-13 5.95
80 1.70E-12 4.04 6.84E-15 6.04 2.59E-15 6.04 2.59E-15 6.04 2.72E-15 6.04

4

10 1.77E-10 – 2.41E-12 – 8.69E-13 – 8.30E-13 – 8.53E-13 –
20 5.79E-12 4.93 1.15E-14 7.72 3.71E-15 7.87 3.51E-15 7.89 3.69E-15 7.85
40 1.79E-13 5.01 5.97E-17 7.59 1.43E-17 8.02 1.36E-17 8.01 1.43E-17 8.01
80 5.70E-15 4.98 4.00E-19 7.22 5.72E-20 7.97 5.42E-20 7.97 5.72E-20 7.97
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Table 14. Errors 𝑒𝑢,𝑢, 𝑒𝑢,𝑢𝑥
and 𝑒𝑢,𝑝𝑥 for 𝑘 = 2, 3, 4, 𝑇 = 10 on nonuniform mesh.

𝑘 𝑁 𝑒𝑢,𝑢 Order 𝑒𝑢,𝑢𝑥 Order 𝑒𝑢,𝑝𝑥 Order

2

10 4.68E-07 – 4.48E-07 – 7.60E-07 –
20 3.00E-08 3.97 2.98E-08 3.91 4.84E-08 3.97
40 1.87E-09 4.00 2.04E-09 3.87 3.06E-09 3.98
80 1.20E-10 3.97 1.69E-10 3.59 1.92E-10 3.99

3

10 1.13E-09 – 3.09E-09 – 1.98E-09 –
20 1.68E-11 6.08 1.82E-10 4.08 2.93E-11 6.08
40 3.27E-13 5.68 1.10E-11 4.05 5.65E-13 5.70
80 6.70E-15 5.61 6.74E-13 4.03 1.25E-14 5.50

4

10 6.35E-12 – 7.03E-11 – 6.88E-12 –
20 1.56E-13 5.35 2.84E-12 4.63 1.01E-13 6.09
40 2.46E-15 5.99 8.84E-14 5.01 1.53E-15 6.05
80 2.91E-17 6.41 2.17E-15 5.35 2.43E-17 5.98

Table 15. Errors 𝑒𝑣, 𝑒𝑣,𝑝, 𝑒𝑣,𝑓 , 𝑒𝑣,𝑓𝑥 and 𝑒𝑣,𝑐 for 𝑘 = 2, 3, 4, 𝑇 = 10 on nonuniform mesh.

𝑘 𝑁 𝑒𝑢 Order 𝑒𝑣,𝑝 Order 𝑒𝑣,𝑓 Order 𝑒𝑣,𝑓𝑥 Order 𝑒𝑣,𝑐 Order

2

10 8.15E-07 – 7.39E-07 – 2.96E-07 – 2.79E-07 – 2.91E-07 –
20 5.81E-08 3.81 4.68E-08 3.98 1.87E-08 3.99 1.77E-08 3.97 1.86E-08 3.97
40 4.96E-09 3.55 2.96E-09 3.99 1.18E-09 3.98 1.12E-09 3.99 1.18E-09 3.98
80 5.23E-10 3.25 1.85E-10 4.00 7.39E-11 4.00 7.00E-11 3.99 7.39E-11 3.99

3

10 7.75E-09 – 1.88E-09 – 7.04E-10 – 7.20E-10 – 7.33E-10 –
20 4.35E-10 4.16 2.64E-11 6.16 9.99E-12 6.14 9.98E-12 6.17 1.05E-11 6.13
40 2.78E-11 3.97 4.28E-13 5.95 1.62E-13 5.95 1.62E-13 5.95 1.70E-13 5.95
80 1.70E-12 4.04 6.49E-15 6.04 2.45E-15 6.04 2.45E-15 6.04 2.59E-15 6.04

4

10 1.77E-10 – 2.30E-12 – 8.23E-13 – 7.84E-13 – 8.08E-13 –
20 5.79E-12 4.93 1.10E-14 7.70 3.51E-15 7.87 3.31E-15 7.89 3.50E-15 7.85
40 1.79E-13 5.01 5.85E-17 7.56 1.36E-17 8.02 1.28E-17 8.01 1.36E-17 8.01
80 5.70E-15 4.98 3.98E-19 7.20 5.42E-20 7.97 5.12E-20 7.97 5.42E-20 7.97

Table 16. Errors 𝑒𝑣,𝑣, 𝑒𝑣,𝑣𝑥 and 𝑒𝑣,𝑝𝑥 for 𝑘 = 2, 3, 4, 𝑇 = 10 on nonuniform mesh.

𝑘 𝑁 𝑒𝑣,𝑣 Order 𝑒𝑣,𝑣𝑥 Order 𝑒𝑣,𝑝𝑥 Order

2

10 4.47E-07 – 4.27E-07 – 7.21E-07 –
20 2.86E-08 3.97 2.86E-08 3.90 4.59E-08 3.97
40 1.79E-09 4.00 1.96E-09 3.87 2.90E-09 3.98
80 1.14E-10 3.97 1.67E-10 3.56 1.82E-10 3.99

3

10 1.08E-09 – 3.03E-09 – 1.88E-09 –
20 1.60E-11 6.07 1.81E-10 4.07 2.80E-11 6.07
40 3.16E-13 5.67 1.10E-11 4.04 5.47E-13 5.68
80 6.58E-15 5.58 6.73E-13 4.03 1.23E-14 5.47

4

10 6.41E-12 – 7.03E-11 – 6.82E-12 –
20 1.56E-13 5.36 2.84E-12 4.63 1.01E-13 6.08
40 2.46E-15 5.99 8.84E-14 5.01 1.53E-15 6.05
80 2.91E-17 6.41 2.17E-15 5.35 2.43E-17 5.98



ANALYSIS OF OPTIMAL SUPERCONVERGENCE 1811

5. Concluding remarks

We have studied the superconvergence properties of the UWLDG methods with alternating fluxes for linear
fourth order derivatives equation in one dimension. Under suitable initial approximation, the error of the cell
averages and the numerical fluxes of the function values and the derivatives converge with the rate of (2𝑘)-th
order when 𝑘 ≥ 2. Especially, for the superconvergence of the numerical fluxes of the derivatives, we obtain the
optimal estimates which are confirmed by the numerical examples. Other superconvergence properties such as the
numerical solution towards the special projection of the truth solution, the function values and first derivatives
at a class of special quadrature points are also studied. A new technique in this paper leads to an improved
estimate of superconvergence by using discrete Poincaré inequality when 𝑘 is even. The superconvergence study
of the UWLDG method for higher order equations is very interesting and challenging, when optimal estimates
are desired. It is also intriguing to generalize our analysis to multi-dimensions and non-linear equations. These
will be explored in the future.

Appendix A. Proof of a few technical lemmas and theorems

The proofs of some of the technical lemmas and theorems are provided in this appendix.

A.1. Proof of Lemma 3.1

Proof. We use induction to prove this lemma. Since 𝜔(0)
𝑞 ⊥ P𝑘−2 (𝐼𝑗), 𝑞 = 𝑢, 𝑣, from (3.1) to (3.2), we obtain

𝜔(1)
𝑞 ⊥ P𝑘−4 (𝐼𝑗) , 𝑞 = 𝑢, 𝑣. (A.1)

Thus, we have

𝜔(1)
𝑢 |𝐼𝑗

=
𝑘∑︁

𝑚=𝑘−3

𝑐1𝑗,𝑚𝐿𝑗,𝑚(𝜉), 𝜔(1)
𝑣 |𝐼𝑗

=
𝑘∑︁

𝑚=𝑘−3

𝑑1
𝑗,𝑚𝐿𝑗,𝑚(𝜉), 𝜉 =

2 (𝑥− 𝑥𝑗)
ℎ𝑗

∈ [−1, 1]. (A.2)

Then, we define an integral operator 𝐷−1 by

𝐷−1𝑤(𝑥) =
1
ℎ̄𝑗

∫︁ 𝑥

𝑥
𝑗− 1

2

𝑤(𝑥) d𝑥 =
∫︁ 𝑠

−1

𝑟(𝑠) d𝑠, 𝑥 ∈ 𝐼𝑗 , (A.3)

where 𝑠 = (𝑥− 𝑥𝑗) /ℎ̄𝑗 ∈ [−1, 1]. We denote 𝐷−𝑙 = 𝐷−1
(︀
𝐷−(𝑙−1)

)︀
, 𝑙 ≥ 2. Taking 𝜙 = 𝐷−2𝐿𝑗,𝑚, 𝑚 = 𝑘−3, 𝑘−2

respectively in (3.1), by Cauchy–Schwartz inequality, we have

4
ℎ𝑗

1
2𝑚+ 1

𝑐1𝑗,𝑚 =
∫︁

𝐼𝑗

𝜔(0)
𝑣 𝐷−2𝐿𝑗,𝑚 d𝑥

≤ ‖𝜔(0)
𝑣 ‖𝐼𝑗

‖𝐷−2𝐿𝑗,𝑚‖𝐼𝑗

. ℎ𝑘+1+ 1
2 ‖𝑢‖𝑘+3,𝐼𝑗 .

Thus,
|𝑐1𝑗,𝑚| . ℎ𝑘+ 5

2 ‖𝑢‖𝑘+3,𝐼𝑗
, 𝑚 = 𝑘 − 3, 𝑘 − 2. (A.4)

By the same arguments, we have

|𝑑1
𝑗,𝑚| . ℎ𝑘+ 5

2 ‖𝑣‖𝑘+3,𝐼𝑗
, 𝑚 = 𝑘 − 3, 𝑘 − 2. (A.5)



1812 Y. LIU ET AL.

Next, we estimate the 𝑐1𝑗,𝑚 and 𝑑1
𝑗,𝑚, 𝑚 = 𝑘 − 1, 𝑘. We obtain from (3.1) to (3.2),

𝑘∑︁
𝑚=𝑘−1

𝐿𝑚(1)𝑐1𝑗,𝑚 = −
𝑘−2∑︁

𝑚=𝑘−3

𝐿𝑚(1)𝑐1𝑗,𝑚, (A.6)

𝑘∑︁
𝑚=𝑘−1

𝐿′𝑚(−1)𝑐1𝑗,𝑚 = −
𝑘−2∑︁

𝑚=𝑘−3

𝐿′𝑚(−1)𝑐1𝑗,𝑚, (A.7)

where 𝐿𝑚 denote the standard Legendre polynomial of degree 𝑚 on the interval [−1, 1]. Thus we have

𝐴𝑐⃗ = 𝑏⃗, (A.8)

where

𝐴 =
(︂

1 1
(−1)𝑘+1

2 𝑘(𝑘 + 1) (−1)𝑘

2 (𝑘 − 1)𝑘

)︂
, (A.9)

𝑏⃗ =

(︃
−

𝑘−2∑︁
𝑚=𝑘−3

𝐿𝑚(1)𝑐1𝑗,𝑚,−
𝑘−2∑︁

𝑚=𝑘−3

𝐿′𝑚(−1)𝑐1𝑗,𝑚

)︃𝑇

, (A.10)

𝑐⃗ =
(︀
𝑐1𝑗,𝑘, 𝑐

1
𝑗,𝑘−1

)︀𝑇
. (A.11)

We have used the following facts

𝐿𝑚(±1) = (±1)𝑚, 𝐿′𝑚(±1) =
1
2

(±1)𝑚+1𝑚(𝑚+ 1). (A.12)

The determinate of 𝐴, Det(𝐴) = (−1)𝑘𝑘2 ̸= 0 for 𝑘 ≥ 1. Therefore,

𝑁∑︁
𝑗=1

𝑘∑︁
𝑚=𝑘−1

(︀
𝑐1𝑗,𝑚

)︀2
.

𝑁∑︁
𝑗=1

𝑘−2∑︁
𝑚=𝑘−3

(︀
𝑐1𝑗,𝑚

)︀2
. ℎ2𝑘+5‖𝑢‖𝑘+3. (A.13)

Thus

‖𝜔(1)
𝑢 ‖ ≃

⎛⎝ 𝑁∑︁
𝑗=1

𝑘∑︁
𝑚=𝑘−3

ℎ
(︀
𝑐1𝑗,𝑚

)︀2⎞⎠ 1
2

. ℎ𝑘+3‖𝑢‖𝑘+3. (A.14)

Taking time derivative on the both sides of (3.1), the three identities still hold. Then following the same
arguments as what we did for 𝜔(1)

𝑢 , we get

‖𝜕𝑡𝜔
(1)
𝑢 ‖ . ℎ𝑘+3‖𝜕𝑡𝑢‖𝑘+3. (A.15)

By the same arguments, we have

‖𝜔(1)
𝑣 ‖ . ℎ𝑘+3‖𝑣‖𝑘+3, ‖𝜕𝑡𝜔

(1)
𝑣 ‖ . ℎ𝑘+3‖𝜕𝑡𝑣‖𝑘+3. (A.16)

By the recursion formula, (3.4) holds for all 1 ≤ 𝑖 ≤
⌊︀

𝑘−2
2

⌋︀
and 𝑛 = 0, 1. This finishes our proof. �
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A.2. Proof of Lemma 3.4

Proof. The initial discretization 𝑢ℎ(·, 0) is the solution of the following equations,

(𝑣ℎ, 𝜙)𝑗 = 𝐵𝑗 (𝑢ℎ, 𝜙) , for ∀𝑗 ∈ Z𝑁 , ∀𝜙 ∈ 𝑉 𝑘
ℎ , (A.17)

and it also satisfies ∫︁
Ω

𝑢ℎ d𝑥 =
∫︁

Ω

𝑢0 d𝑥. (A.18)

As we know, 𝑢ℎ + 𝑐 also satisfies (A.17), here 𝑐 is any constant. If there are two solutions 𝑢ℎ1 and 𝑢ℎ2 satisfy-
ing (A.17) and (A.18), then we denote 𝑤ℎ = 𝑢ℎ1 − 𝑢ℎ2 ∈ 𝑉 𝑘

ℎ to obtain

𝐵𝑗 (𝑤ℎ, 𝜙) = 0,
∫︁

Ω

𝑤ℎ d𝑥 = 0, ∀𝑗 ∈ Z𝑁 , ∀𝜙 ∈ 𝑉 𝑘
ℎ . (A.19)

Applying Lemma 3.3, we have

(𝑤ℎ)𝑥𝑥 |𝐼𝑗 = 0, [𝑤ℎ]𝑗− 1
2

= 0, [(𝑤ℎ)𝑥]
𝑗− 1

2
= 0, ∀𝑗 ∈ Z𝑁 . (A.20)

Together with 𝑤ℎ ∈ 𝑉 𝑘
ℎ , we have 𝑤ℎ is a constant function, and (A.19) implies 𝑤ℎ ≡ 0. Finally, we have proved

𝑢ℎ is well-defined. Since 𝑒𝑣(𝑥, 0) = 0 and (2.22),

𝑎𝑗 (𝑒𝑢, 𝑒𝑣;𝜙) = 𝑎𝑗 (𝜖𝑢, 𝜖𝑣;𝜙) =
∫︁

𝐼𝑗

(︁
𝜔(𝑙)

𝑢

)︁
𝑡
𝜙d𝑥, (A.21)

𝑏𝑗 (𝑒𝑣, 𝑒𝑢;𝜙) = 𝑏𝑗 (𝜖𝑣, 𝜖𝑢;𝜙) =
∫︁

𝐼𝑗

𝜔(𝑙)
𝑣 𝜙d𝑥 ∀𝑗 ∈ Z𝑁 , ∀𝜙 ∈ 𝑉 𝑘

ℎ . (A.22)

Thus,

((𝑒𝑢)𝑡 (0), 𝜙)
𝑗

=
(︁(︁
𝜔(𝑙)

𝑢

)︁
𝑡
(0), 𝜙

)︁
𝑗
, (A.23)

𝐵𝑗 (𝑒𝑢(0), 𝜙) =
∫︁

𝐼𝑗

−𝜔(𝑙)
𝑣 (0)𝜙d𝑥 ∀𝑗 ∈ Z𝑁 , ∀𝜙 ∈ 𝑉 𝑘

ℎ . (A.24)

Therefore,
(𝑒𝑢)𝑡 (0) =

(︁
𝜔(𝑙)

𝑢

)︁
𝑡
(0), (A.25)

which implies,
‖ (𝑒𝑢)𝑡 (0)‖ . ℎ𝑘+1+2𝑙. (A.26)

And by Lemma 3.3, we have

‖(𝑒𝑢)𝑥𝑥‖+ ℎ−
1
2

⎛⎝ 𝑁∑︁
𝑗=1

⃒⃒⃒
[(𝑒𝑢)𝑥]

𝑗− 1
2

⃒⃒⃒2⎞⎠ 1
2

+ ℎ−
3
2

⎛⎝ 𝑁∑︁
𝑗=1

⃒⃒⃒
[(𝑒𝑢)]𝑗− 1

2

⃒⃒⃒2⎞⎠ 1
2

.
⃦⃦⃦
𝜔(𝑙)

𝑣 (0)
⃦⃦⃦
. ℎ𝑘+1+2𝑙. (A.27)

By using the discrete Poincaré inequalities [4], we have

‖(𝑒𝑢)𝑥‖ ≤
⃦⃦⃦⃦

(𝑒𝑢)𝑥 −
∫︁

Ω

(𝑒𝑢)𝑥 d𝑥
⃦⃦⃦⃦

+
⃒⃒⃒⃒∫︁

Ω

(𝑒𝑢)𝑥 d𝑥
⃒⃒⃒⃒

. ‖(𝑒𝑢)𝑥𝑥‖+ ℎ−
1
2

⎛⎝ 𝑁∑︁
𝑗=1

⃒⃒⃒
[(𝑒𝑢)𝑥]

𝑗− 1
2

⃒⃒⃒2⎞⎠ 1
2

+ ℎ−
1
2

⎛⎝ 𝑁∑︁
𝑗=1

⃒⃒⃒
[(𝑒𝑢)]𝑗− 1

2

⃒⃒⃒2⎞⎠ 1
2

. ℎ𝑘+1+2𝑙. (A.28)
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If 𝑘 is odd, then 𝑘 + 1 + 2𝑙 = 2𝑘. We have,∫︁
𝐼𝑗

𝑒𝑢 d𝑥 =
∫︁

𝐼𝑗

𝑢ℎ − 𝑃 ⋆
ℎ𝑢+

𝑙∑︁
𝑖=1

𝜔(𝑖)
𝑢 d𝑥

=
∫︁

𝐼𝑗

𝑢ℎ − 𝑢d𝑥+
∫︁

𝐼𝑗

𝜔(𝑙)
𝑢 d𝑥, (A.29)

since 𝜔(𝑖)
𝑢 ⊥ P0 (𝐼𝑗), 1 ≤ 𝑖 ≤ 𝑙 − 1. Then summing over 𝑗, and by (A.18)∫︁

Ω

𝑒𝑢 =
∫︁

Ω

𝑢ℎ − 𝑢d𝑥+
∫︁

Ω

𝜔(𝑙)
𝑢 d𝑥 =

∫︁
Ω

𝜔(𝑙)
𝑢 d𝑥. (A.30)

We apply the discrete Poincaré inequalities to obtain,

‖𝑒𝑢‖ ≤
⃦⃦⃦⃦
𝑒𝑢 −

∫︁
Ω

𝑒𝑢 d𝑥
⃦⃦⃦⃦

+
⃒⃒⃒⃒∫︁

Ω

𝑒𝑢 d𝑥
⃒⃒⃒⃒

. ‖(𝑒𝑢)𝑥‖+ ℎ−
1
2

⎛⎝ 𝑁∑︁
𝑗=1

⃒⃒⃒
[(𝑒𝑢)]𝑗− 1

2

⃒⃒⃒2⎞⎠ 1
2

+
⃒⃒⃒⃒∫︁

Ω

𝜔(𝑙)
𝑢 d𝑥

⃒⃒⃒⃒
(A.31)

. ℎ2𝑘.

If 𝑘 is even, 𝑙 = 𝑘−2
2 , we need to improve the estimates. From the conclusion of Lemma 3.1, 𝜔(𝑙)

𝑣 ⊥ P0, thus

𝐷−1𝜔
(𝑙)
𝑣

(︁
𝑥∓

𝑗± 1
2

)︁
= 0. Using the integration by parts on the right hand side of (A.24), we have

𝐵𝑗 (𝑒𝑢, 𝜙) =
∫︁

𝐼𝑗

ℎ̄𝑗𝐷
−1𝜔(𝑙)

𝑣 𝜙𝑥 d𝑥, ∀𝜙 ∈ 𝑉 𝑘
ℎ . (A.32)

We take the test function

𝜙|𝐼𝑗
=

(−1)𝑘+1ℎ𝑗

2𝑘2
(𝐿𝑗,𝑘(𝑥)− 𝐿𝑗,𝑘−1(𝑥)) , (A.33)

such that
𝜙
(︁
𝑥−

𝑗+ 1
2

)︁
= 0, 𝜙𝑥

(︁
𝑥+

𝑗− 1
2

)︁
= 1, and 𝜙(𝑥)|𝐼𝑗

⊥ P𝑘−2 (𝐼𝑗) . (A.34)

Thus,

| [𝑒𝑢]𝑗− 1
2
| =

⃒⃒⃒⃒
⃒
∫︁

𝐼𝑗

ℎ̄𝑗𝐷
−1𝜔(𝑙)

𝑣 𝜙𝑥 d𝑥

⃒⃒⃒⃒
⃒ (A.35)

≤ ‖ℎ̄𝑗𝐷
−1𝜔(𝑙)

𝑣 ‖𝐼𝑗
ℎ

1
2 . (A.36)

Then, we take 𝜙 = −𝑒𝑢 in (A.32), after the integration by parts and using inverse inequality, we have

‖(𝑒𝑢)𝑥‖
2 =

𝑁∑︁
𝑗=1

∫︁
𝐼𝑗

ℎ̄𝑗𝐷
−1𝜔(𝑙)

𝑣 (𝑒𝑢)𝑥 d𝑥− 2
𝑁∑︁

𝑗=1

(𝑒𝑢)+𝑥

⃒⃒⃒⃒
⃒
𝑗− 1

2

[𝑒𝑢]𝑗− 1
2

.
⃦⃦⃦
ℎ̄𝑗𝐷

−1𝜔(𝑙)
𝑣

⃦⃦⃦
‖(𝑒𝑢)𝑥‖+ ‖(𝑒𝑢)𝑥‖ℎ

− 1
2

⎛⎝ 𝑁∑︁
𝑗=1

⃒⃒⃒
[𝑒𝑢]𝑗− 1

2

⃒⃒⃒2⎞⎠ 1
2

. (A.37)
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Together with (A.36), we have

‖(𝑒𝑢)𝑥‖+ ℎ−
1
2

⎛⎝ 𝑁∑︁
𝑗=1

⃒⃒⃒
[𝑒𝑢]𝑗− 1

2

⃒⃒⃒2⎞⎠ 1
2

. ℎ
⃦⃦⃦
𝜔(𝑙)

𝑣

⃦⃦⃦
. ℎ2𝑘. (A.38)

We note that ∫︁
𝐼𝑗

𝑒𝑢 d𝑥 =
∫︁

𝐼𝑗

𝑢ℎ − 𝑃 ⋆
ℎ𝑢+

𝑙∑︁
𝑖=1

𝜔(𝑖)
𝑢 d𝑥

=
∫︁

𝐼𝑗

𝑢ℎ − 𝑢d𝑥, (A.39)

since 𝜔(𝑖)
𝑢 ⊥ P0 (𝐼𝑗), 1 ≤ 𝑖 ≤ 𝑙. Then summing over 𝑗, and by (A.18)∫︁

Ω

𝑒𝑢 =
∫︁

Ω

𝑢ℎ − 𝑢d𝑥 = 0. (A.40)

Therefore, by applying the discrete Poincaré inequalities [4], we have

‖𝑒𝑢‖ . ‖ (𝑒𝑢)𝑥 ‖+ ℎ−
1
2

⎛⎝ 𝑁∑︁
𝑗=1

⃒⃒⃒
[𝑒𝑢]𝑗− 1

2

⃒⃒⃒2⎞⎠ 1
2

. ℎ2𝑘. (A.41)

This finishes our proof. �

A.3. Proof of Theorem 3.5

Proof. We take the test functions 𝜙 = 𝑒𝑢, 𝜓 = 𝑒𝑣 in (2.22). Summing over 𝑗 and using periodic boundary
condition we have

𝑎 (𝑒𝑢, 𝑒𝑣; 𝑒𝑢) + 𝑏 (𝑒𝑣, 𝑒𝑢; 𝑒𝑣) = 𝑎 (𝜖𝑢, 𝜖𝑣; 𝑒𝑢) + 𝑏 (𝜖𝑣, 𝜖𝑢; 𝑒𝑣) . (A.42)

From Lemma 2.1 and Corollary 3.2, we have

1
2

d
d𝑡
‖𝑒𝑢‖2 + ‖𝑒𝑣‖2 . ℎ𝑘+1+2⌊ 𝑘−1

2 ⌋ (‖𝑒𝑢‖+ ‖𝑒𝑣‖) . (A.43)

Applying Gronwall’s inequality, we obtain

‖𝑒𝑢‖(𝑡) . ℎ𝑘+1+2⌊ 𝑘−1
2 ⌋. (A.44)

�

Remark A.1. We note that, here, we use Gronwall’s inequality to obtain the error bound for the error grows
exponentially in time. In fact, we can obtain the error bound for the error grows linearly in time. From (A.43),
we have

1
2

d
d𝑡
‖𝑒𝑢‖2 ≤ 𝐶1ℎ

𝑘+1+2⌊ 𝑘−1
2 ⌋

(︁
‖𝑒𝑢‖+ ℎ𝑘+1+2⌊ 𝑘−1

2 ⌋
)︁
, (A.45)

where 𝐶1 is a constant depend on sup𝑡∈[0,𝑇 ] ‖𝑢‖𝑘+5+2⌊ 𝑘−1
2 ⌋. Set 𝐷 = ‖𝑒𝑢‖

ℎ
𝑘+1+2⌊ 𝑘−1

2 ⌋
, then

𝐷
d
d𝑡
𝐷 ≤ 𝐶1(𝐷 + 1). (A.46)

Then we refer to the proof of Theorem 2.2 in [29] and obtain

‖𝑒𝑢(·, 𝑡)‖ ≤ (𝐶2 + 𝐶3𝑡)ℎ𝑘+1+2⌊ 𝑘−1
2 ⌋, (A.47)

where 𝐶2 is a constant of the error bound of the initial data in (A.41) and 𝐶3 = 𝐶1𝐶2
𝐺(𝐶2)

, and 𝐺(𝑠) = 𝑠− ln(𝑠+1).
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Then, by the same arguments in Remark 2.2, we also obtain

‖𝑒𝑣‖(𝑡) . ℎ𝑘+1+2⌊ 𝑘−1
2 ⌋. (A.48)

Taking time derivatives in (2.22) and with the special initial discretizations (A.26), we can obtain

‖ (𝑒𝑢)𝑡 ‖(𝑡) . ℎ
𝑘+1+2⌊ 𝑘−1

2 ⌋. (A.49)

If 𝑘 is odd, then 𝑘 + 1 + 2
⌊︀

𝑘−1
2

⌋︀
= 2𝑘. From Lemma 3.3, we have

‖(𝑒𝑢)𝑥𝑥‖𝐼𝑗
+ ℎ−

1
2

⃒⃒⃒
[(𝑒𝑢)𝑥]

𝑗− 1
2

⃒⃒⃒
+ ℎ−

3
2

⃒⃒⃒
[(𝑒𝑢)]𝑗+ 1

2

⃒⃒⃒
.
⃦⃦⃦
𝑒𝑣 − 𝜔(𝑙)

𝑣

⃦⃦⃦
𝐼𝑗

, (A.50)

‖(𝑒𝑣)𝑥𝑥‖𝐼𝑗
+ ℎ−

1
2

⃒⃒⃒
[(𝑒𝑣)𝑥]

𝑗− 1
2

⃒⃒⃒
+ ℎ−

3
2

⃒⃒⃒
[(𝑒𝑣)]𝑗+ 1

2

⃒⃒⃒
.
⃦⃦⃦(︁
𝜔(𝑙)

𝑢

)︁
𝑡
− (𝑒𝑢)𝑡

⃦⃦⃦
𝐼𝑗

, ∀𝑗 ∈ Z𝑁 . (A.51)

By using the discrete Poincaré inequalities [4], we have

‖(𝑒𝑢)𝑥‖ ≤
⃦⃦⃦⃦

(𝑒𝑢)𝑥 −
∫︁

Ω

(𝑒𝑢)𝑥 d𝑥
⃦⃦⃦⃦

+
⃒⃒⃒⃒∫︁

Ω

(𝑒𝑢)𝑥 d𝑥
⃒⃒⃒⃒

. ‖(𝑒𝑢)𝑥𝑥‖+ ℎ−
1
2

⎛⎝ 𝑁∑︁
𝑗=1

⃒⃒⃒
[(𝑒𝑢)𝑥]

𝑗− 1
2

⃒⃒⃒2⎞⎠ 1
2

+ ℎ−
1
2

⎛⎝ 𝑁∑︁
𝑗=1

⃒⃒⃒
[(𝑒𝑢)]𝑗− 1

2

⃒⃒⃒2⎞⎠ 1
2

(A.52)

with (A.50),
‖ (𝑒𝑢)𝑥 ‖ . ℎ

2𝑘. (A.53)

By the same arguments for ‖ (𝑒𝑣)𝑥 ‖, we also have

‖ (𝑒𝑣)𝑥 ‖ . ℎ
2𝑘. (A.54)

If 𝑘 is even, then 𝑘 + 1 + 2
⌊︀

𝑘−1
2

⌋︀
= 2𝑘 − 1. We need to improve the estimation as following. First, we have

𝑎𝑗 (𝜖𝑢, 𝜖𝑣;𝜙) = 𝑎𝑗 (𝑒𝑢, 𝑒𝑣;𝜙) =
∫︁

𝐼𝑗

(𝑒𝑢)𝑡 𝜙d𝑥+𝐴𝑗 (𝑒𝑣, 𝜙) =
∫︁

𝐼𝑗

(︁
𝜔(𝑙)

𝑢

)︁
𝑡
𝜙d𝑥, (A.55)

𝑏𝑗 (𝜖𝑣, 𝜖𝑢;𝜓) = 𝑏𝑗 (𝑒𝑣, 𝑒𝑢;𝜓) =
∫︁

𝐼𝑗

𝑒𝑣𝜓 d𝑥−𝐵𝑗 (𝑒𝑢, 𝜓) =
∫︁

𝐼𝑗

𝜔(𝑙)
𝑣 𝜓 d𝑥, ∀𝑗 ∈ Z𝑁 , ∀(𝜙,𝜓) ∈

[︀
𝑉 𝑘

ℎ

]︀2
. (A.56)

Since 𝑙 = 𝑘−2
2 , and

(︀
𝜔𝑙

𝑢

)︀
𝑡
, 𝜔

(𝑙)
𝑣 ⊥ P0, thus 𝐷−1

(︀
𝜔𝑙

𝑢

)︀
𝑡

(︁
𝑥∓

𝑗± 1
2

)︁
= 𝐷−1𝜔

(𝑙)
𝑣

(︁
𝑥∓

𝑗± 1
2

)︁
= 0. By using the integration

by parts on the right hand sides of (A.55) and (A.56), we have

𝐴𝑗 (𝑒𝑣, 𝜙) =
∫︁

𝐼𝑗

−ℎ̄𝑗𝐷
−1
(︀
𝜔𝑙

𝑢

)︀
𝑡
𝜙𝑥 d𝑥−

∫︁
𝐼𝑗

(𝑒𝑢)𝑡 𝜙d𝑥, (A.57)

𝐵𝑗 (𝑒𝑢, 𝜓) =
∫︁

𝐼𝑗

ℎ̄𝑗𝐷
−1𝜔(𝑙)

𝑣 𝜓𝑥 d𝑥+
∫︁

𝐼𝑗

𝑒𝑣𝜓 d𝑥. (A.58)

By the similar arguments in the proof of Lemma 3.4, we take

𝜙|𝐼𝑗
= 𝜓|𝐼𝑗

=
(−1)𝑘+1ℎ𝑗

2𝑘2
(𝐿𝑗,𝑘(𝑥)− 𝐿𝑗,𝑘−1(𝑥)) ,

in (A.57) and (A.58) respectively, then

| [𝑒𝑣]𝑗− 1
2
| ≤ ‖ℎ̄𝑗𝐷

−1
(︀
𝜔𝑙

𝑢

)︀
𝑡
‖𝐼𝑗
ℎ

1
2 + ‖ (𝑒𝑢)𝑡 ‖𝐼𝑗

ℎ
3
2 ,

| [𝑒𝑢]𝑗− 1
2
| ≤ ‖ℎ̄𝑗𝐷

−1𝜔𝑙
𝑣‖𝐼𝑗ℎ

1
2 + ‖𝑒𝑣‖𝐼𝑗ℎ

3
2 ,
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and

ℎ−
1
2

𝑁∑︁
𝑗=1

(︁
| [𝑒𝑣]𝑗− 1

2
|2
)︁ 1

2
. ℎ2𝑘, (A.59)

ℎ−
1
2

𝑁∑︁
𝑗=1

(︁
| [𝑒𝑢]𝑗− 1

2
|2
)︁ 1

2
. ℎ2𝑘. (A.60)

Then, we take 𝜙 = 𝜓 = 1 in (A.57) and (A.58) and sum over 𝑗,∫︁
Ω

(𝑒𝑢)𝑡 d𝑥 = 0,
∫︁

Ω

𝑒𝑣 d𝑥 = 0. (A.61)

Then, we take 𝜙 = −𝑒𝑣 in (A.57) and 𝜓 = − (𝑒𝑢)𝑡 in (A.58) to obtain

‖ (𝑒𝑣)𝑥 ‖
2 =

𝑁∑︁
𝑗=1

∫︁
𝐼𝑗

−ℎ̄𝑗𝐷
−1
(︀
𝜔𝑙

𝑢

)︀
𝑡
(𝑒𝑣)𝑥 d𝑥− 2

𝑁∑︁
𝑗=1

(𝑒𝑣)+𝑥

⃒⃒⃒⃒
⃒
𝑗− 1

2

[𝑒𝑣]𝑗− 1
2

+
𝑁∑︁

𝑗=1

∫︁
𝐼𝑗

(𝑒𝑢)𝑡 𝑒𝑣 d𝑥, (A.62)

1
2

d
d𝑡
‖ (𝑒𝑢)𝑥 ‖

2 +
𝑁∑︁

𝑗=1

d
d𝑡

(︁
[𝑒𝑢] (𝑒𝑢)+𝑥

⃒⃒
𝑗− 1

2

)︁
=

𝑁∑︁
𝑗=1

∫︁
𝐼𝑗

−ℎ̄𝑗𝐷
−1𝜔(𝑙)

𝑣 (𝑒𝑢)𝑡𝑥 d𝑥−
𝑁∑︁

𝑗=1

∫︁
𝐼𝑗

𝑒𝑣 (𝑒𝑢)𝑡 d𝑥.

=
𝑁∑︁

𝑗=1

d
d𝑡

∫︁
𝐼𝑗

−ℎ̄𝑗𝐷
−1𝜔(𝑙)

𝑣 (𝑒𝑢)𝑥 d𝑥+
𝑁∑︁

𝑗=1

∫︁
𝐼𝑗

ℎ̄𝑗

(︁
𝐷−1𝜔(𝑙)

𝑣

)︁
𝑡
(𝑒𝑢)𝑥 d𝑥

−
𝑁∑︁

𝑗=1

∫︁
𝐼𝑗

𝑒𝑣 (𝑒𝑢)𝑡 d𝑥. (A.63)

We add (A.62) and (A.63) to obtain

1
2

d
d𝑡
‖ (𝑒𝑢)𝑥 ‖

2 +
𝑁∑︁

𝑗=1

d
d𝑡

(︁
[𝑒𝑢] (𝑒𝑢)+𝑥

⃒⃒
𝑗− 1

2

)︁
+

𝑁∑︁
𝑗=1

d
d𝑡

∫︁
𝐼𝑗

ℎ̄𝑗𝐷
−1𝜔(𝑙)

𝑣 (𝑒𝑢)𝑥 d𝑥+ ‖ (𝑒𝑣)𝑥 ‖
2 (A.64)

. ℎ2𝑘 (‖ (𝑒𝑢)𝑥 ‖+ ‖ (𝑒𝑣)𝑥 ‖) ,

where we have used (A.59) and the inverse inequality. Furthermore, we have

1
2

d
d𝑡
‖ (𝑒𝑢)𝑥 ‖

2 +
𝑁∑︁

𝑗=1

d
d𝑡

(︁
[𝑒𝑢] (𝑒𝑢)+𝑥 |𝑗− 1

2

)︁
+

𝑁∑︁
𝑗=1

d
d𝑡

∫︁
𝐼𝑗

ℎ̄𝑗𝐷
−1𝜔(𝑙)

𝑣 (𝑒𝑢)𝑥 d𝑥

. ℎ2𝑘‖ (𝑒𝑢)𝑥 ‖+ ℎ4𝑘. (A.65)

Suppose ‖ (𝑒𝑢)𝑥 ‖ (𝑡⋆) := sup𝑡∈[0,𝑇 ] ‖ (𝑒𝑢)𝑥 ‖(𝑡), then integrate (A.65) over [0, 𝑡⋆] and using (A.60), the special
initial solutions and inverse inequality, we have

‖ (𝑒𝑢)𝑥 ‖ . ℎ
2𝑘. (A.66)

Thus, using the same arguments as in Remark 2.2, we can also obtain

‖ (𝑒𝑣)𝑥 ‖ . ℎ
2𝑘. (A.67)
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Finally, together with (A.60) and (A.59), and using the discrete Poincaré inequalities [4], we have

‖𝑒𝑢‖+ ‖𝑒𝑣‖ . ℎ2𝑘. (A.68)

This finishes the proof of (3.15) and (3.16). Especially, if 𝑘 = 2, then 𝑞ℎ − 𝑃 ⋆
ℎ𝑞 = 𝑒𝑞, 𝑞 = 𝑢, 𝑣,

thus (3.17) and (3.18) hold true. If 𝑘 ≥ 3, then we set 𝑙 = 1,

‖𝑢ℎ − 𝑃 ⋆
ℎ𝑢‖ ≤ ‖𝑒𝑢‖+ ‖𝜔(1)

𝑢 ‖ . ℎ𝑘+3, (A.69)

‖ (𝑢ℎ − 𝑃 ⋆
ℎ𝑢)𝑥 ‖ ≤ ‖ (𝑒𝑢)𝑥 ‖+ ‖

(︁
𝜔(1)

𝑢

)︁
𝑥
‖ . ℎ𝑘+2. (A.70)

Here we have used the inverse inequality for the last inequality. By the same steps as before, we can obtain the
estimates for 𝑣ℎ. This finishes our proof.

A.4. Proof of Theorem 3.7

Proof. By (3.1) and the definition of 𝑃 ⋆
ℎ , we have 𝑢− 𝑢−ℎ |𝑗+ 1

2
= −𝑒−𝑢 |𝑗+ 1

2
and 𝑢𝑥 − (𝑢ℎ)+𝑥 |𝑗+ 1

2
= − (𝑒𝑢)+𝑥 |𝑗+ 1

2
.

Therefore, by the inverse inequality and (3.15) and (3.16), we have

𝑒𝑢,𝑓 . ‖𝑒𝑢‖ . ℎ2𝑘, (A.71)

𝑒𝑢,𝑓𝑥
. ‖ (𝑒𝑢)𝑥 ‖ . ℎ

2𝑘. (A.72)

Next, we give the estimates for 𝑒𝑢,𝑐. If 𝑘 is odd, then
∫︀

𝐼𝑗
𝜔

(𝑖)
𝑢 d𝑥 = 0, 1 ≤ 𝑖 ≤ 𝑘−3

2 , thus,

∫︁
𝐼𝑗

𝑢− 𝑢ℎ d𝑥 =
∫︁

𝐼𝑗

𝑢− 𝑃 ⋆
ℎ𝑢+

⌊ 𝑘−1
2 ⌋∑︁

𝑖=1

𝜔(𝑖)
𝑢 − 𝑒𝑢 d𝑥 =

∫︁
𝐼𝑗

𝜔
(⌊ 𝑘−1

2 ⌋)
𝑢 −

∫︁
𝐼𝑗

𝑒𝑢 d𝑥. (A.73)

Using the Cauchy–Schwartz inequality, we have

𝑒𝑢,𝑐 .

(︂
‖𝑒𝑢‖2 + ‖𝜔(⌊ 𝑘−1

2 ⌋)
𝑢 ‖2

)︂ 1
2

. ℎ2𝑘. (A.74)

If 𝑘 is even, then
∫︀

𝐼𝑗
𝜔

(𝑖)
𝑢 d𝑥 = 0, 1 ≤ 𝑖 ≤ 𝑘−2

2 , thus, by similar arguments as before, we have∫︁
𝐼𝑗

𝑢− 𝑢ℎ d𝑥 =
∫︁

𝐼𝑗

𝑒𝑢 d𝑥, 𝑒𝑢,𝑐 . ‖𝑒𝑢‖ . ℎ2𝑘. (A.75)

Clearly, by the same steps as before, we can obtain the desired estimates for 𝑒𝑣,𝑓 , 𝑒𝑣,𝑓𝑥 and 𝑒𝑣,𝑐. �

A.5. Proof of Theorem 3.8

Proof. By the standard approximation of the projection 𝑃 ⋆
ℎ [13], we have

max
𝑥∈𝐷0

|𝑢− 𝑃 ⋆
ℎ𝑢| . ℎ𝑘+2, max

𝑥∈𝐷1
| (𝑢− 𝑃 ⋆

ℎ𝑢)𝑥 | . ℎ
𝑘+1. (A.76)

By Theorem 3.5 and the inverse inequality, we have

𝑒𝑢,𝑢 . max
𝑥∈𝐷0

|𝑢− 𝑃 ⋆
ℎ𝑢|+ ‖𝑃 ⋆

ℎ𝑢− 𝑢ℎ‖∞ . ℎ𝑘+2‖𝑢‖𝑘+5,∞. (A.77)

The estimates for 𝑒𝑢,𝑢𝑥
, 𝑒𝑣,𝑣 and 𝑒𝑣,𝑣𝑥

can be proven following the same lines. �
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