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ANALYSIS OF OPTIMAL SUPERCONVERGENCE OF AN
ULTRAWEAK-LOCAL DISCONTINUOUS GALERKIN METHOD FOR A TIME
DEPENDENT FOURTH-ORDER EQUATION

Yone Livt, Q1 Tao! aAND CHI-WANG SHU**

Abstract. In this paper, we study superconvergence properties of the ultraweak-local discontinuous
Galerkin (UWLDG) method in Tao et al. [To appear in Math. Comput. DOI: https://doi.org/10.
1090/mcom/3562 (2020).] for an one-dimensional linear fourth-order equation. With special initial dis-
cretizations, we prove the numerical solution of the semi-discrete UWLDG scheme superconverges to a
special projection of the exact solution. The order of this superconvergence is proved to be k+min(3, k)
when piecewise P* polynomials with k& > 2 are used. We also prove a 2k-th order superconvergence
rate for the cell averages and for the function values and derivatives of the UWLDG approximation at
cell boundaries. Moreover, we prove superconvergence of (k 4+ 2)-th and (k + 1)-th order of the function
values and the first order derivatives of the UWLDG solution at a class of special quadrature points,
respectively. Our proof is valid for arbitrary non-uniform regular meshes and for arbitrary & > 2.
Numerical experiments verify that all theoretical findings are sharp.
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1. INTRODUCTION

Recently, Tao et al. [33] developed a new class of discontinuous Galerkin (DG) methods, termed ultraweak-
local DG (UWLDG), for solving time dependent high order equations. In particular, for even order equations,
Tao et al. [33] proved the UWLDG scheme achieves energy conserving stability without penalty terms, in
comparison with the traditional ultra-weak DG method in [15] which would need penalty terms for stability. In
this paper, we study the superconvergence properties of the UWLDG method in [33] for the linear fourth-order
equation as follows,

Ut + Ugzar =0, (x,t) € Q x (0,77, (1.1)

where (Q is an interval. For simplicity, we assume the boundary condition is periodic. Other types of boundary
conditions can also be considered along the same lines for our analysis. The fourth order model has wide appli-
cations, such as thin beams and plates, strain gradient elasticity, and phase separation in binary mixtures [26].
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The DG methods are a class of finite element methods devised to solve hyperbolic conservation laws and
related equations, e.g. [18-20,22, 23], using discontinuous piecewise polynomial function space for the test and
trial functions in the spatial variables. For equations with higher-order spatial derivatives, such as the convection-
diffusion equation, KdV equation etc., the DG method cannot be directly applied, due to the discontinuous finite
element space which is not regular enough to handle higher order derivatives. There are several ways to solve
this problem, including, for example, the local discontinuous Galerkin (LDG) method [21, 24, 27,36-39], the
interior penalty (IP) method [25,31], and the ultra-weak DG (UWDG) methods [15]. We focus on a new class of
DG methods which combines the advantages of LDG and UWDG methodologies, to solve fourth-order partial
differential equations (PDEs) [33]. It rewrites the fourth-order equation into a second order system and then
applies the ultra-weak DG discretization to each of the second order equations. The key features of the UWLDG
scheme are that they avoid too many auxiliary variables as in LDG to make the scheme more efficient, and they
achieve energy stability without interior penalty terms for even-order equations.

It is important to study superconvergence, because a posteriori error estimates can be derived for designing
trouble cell indicators in adaptive algorithms such as the KXRCF trouble cell indicator [28]. In the past few
years, there have been many superconvergence results of the DG methods in the literature. We refer to [1,2] for
ordinary differential equations, and to [14,16,40] for one-dimensional time dependent hyperbolic conservation
laws and convection-diffusion equations. In [7], Cao et al. introduced an approach to study the superconvergence
of the DG methods for linear hyperbolic equations by constructing a locally suitable correction function. They
proved the (2k + 1)-th order superconvergence rate for the cell averages and the DG numerical fluxes when
piecewise polynomials of degree k are used. Later, Cao et al. extended this technique to study upwind-biased
numerical fluxes, degenerate variable coefficients, nonlinear hyperbolic conservation laws and two-dimensional
hyperbolic equations [8,9,11,12]. The correction function techniques also work well on other types of DG
methods such as the ALE DG [32], the energy-conserving DG [30] etc. For higher-order equations, Cao et al.
studied the superconvergence properties of the direct DG method for convection-diffusion equations in [10]. Cao
and Huang gave a unified framework to study superconvergence results of the LDG method in [6]. More recently,
Chen et al. studied the superconvergence of the ultra-weak DG methods for linear Schrédinger equations by
using the correction function technique in [13].

In this paper, we continue to apply the correction function technique to design a special interpolation function
to obtain superconvergence results for the UWLDG schemes in [33] for fourth order equations. For high-order
equations, the current state of the art on using the correction function approach would lead to sub-optimal
estimates of superconvergence in comparison with numerical results in certain cases. For example, for the DDG
and UWDG methods for the second-order equations, the proof of the superconvergence rates will lose one order
when k is even, as pointed out in [10,13]. Thus, in order to obtain the optimal superconvergence estimates, we
would need to introduce additional techniques. In [10], the authors improved the superconvergence estimates
thanks to the diffusion terms in the DDG spatial operators. Chen et al. [13] used the superconvergence properties
of the difference of projections in neighboring cells for uniform meshes in [3] to obtain the optimal superconver-
gence on uniform meshes. In this paper, our analysis of optimal superconvergence is valid for arbitrary regular
nonuniform meshes. We use the important properties of the LDG operators, namely the derivative and the cell
interface jump of the approximate solution can be bounded by the auxiliary variable [34,35]. In [33], Tao et
al. also proved similar properties of the second-order derivative DG operators. We first obtain estimates, for
the derivative and the element interface jump, of the error between the special interpolation and the numerical
solution by taking special test functions in the schemes. Then, under suitable conditions, the discrete Poincaré
inequality [4,5] implies that its own L? norm can be bounded by its derivative and the element interface jump.
Thus, the desired superconvergence estimates can be obtained. The superconvergence of both the numerical
solution and the auxiliary variable in the infinity norm in time can be obtained thanks to the special initial
discretization.

The outline of this paper is as follows. We first recall the UWLDG method for the linear fourth-order equations
in Section 2. Then we construct the special interpolation function and the superconvergence results are provided
in Section 3. Numerical examples are provided to verify our theoretical findings in Section 4. The concluding
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remarks and plans for ongoing work are presented in Section 5. Finally, some technical proofs of the lemmas
and theorems are collected in the appendix.

2. Tue UWLDG SCHEMES
We consider the following one dimensional fourth-order equation

{ut + Uzzzer = 07 ({E7 t) € [Oa 1] X (07 T}

u(z,0) = ug(z), = €l0,1] (2.1)

with the periodic boundary condition. We first introduce the usual notation of the DG method. For a given
interval Q = [0, 1] and the index set Zy = {1,2,..., N}, the usual DG mesh Zy is defined as:

0=z <23 <...<ay1 =1 (2.2)
We denote 1
I; = (xjf§7xj+%) , T=5 (33];% +:vj+%) , (2.3)
and
h]:xﬂ_%ij_%, h_j:%, h:mjaxhj, jEZn. (2.4)

We also assume the mesh is regular, i.e. the ratio between the maximum and minimum mesh sizes shall stay
bounded during mesh refinements. We define the finite element space as

Vi ={on s () |, €PF (1), 5 =1,...,N}. (2.5)
;+%
and (vh);_% to refer to the value of v;, at Tjy1 form the left cell I; and the right cell I;;, respectively. We

Here P* (I;) denotes the set of all polynomials of degree at most k on I;. For a function vj, € Vi, we use (vp,)

use [vp] = v) —v;, and {v,} = 3 (v, + ;) to denote the jump and the average of vj, at element interfaces.
The standard Sobolev space notations are introduced. For any integer m > 0, we let W™P(D) be the standard

Sobolev spaces on the sub-domain D C Q equipped with the norm || - ||, »,p and the semi-norm | - |, p. If
p =2, we set W™P(D)=H"™(D), || lmp,p = |- lm,p, and |- |;m p.0 = |- |m,p and we omit the index D, when
D=qQ.

To construct the UWLDG scheme for (2.1), we rewrite (2.1) into a second order system
Ut + Vg =0, V= Uyy. (2.6)

The semi-discrete UWLDG scheme formulated in [33] is to find up, vy, € th such that for all ¢, ¢ € V,f,

aj (un,vp; @) =0, (2.7a)
bj (v, uns¥) =0, Vj € Zn, (2.7b)
where
aj (uhavh; 90) = ((uh)t ) 410)] + A] (Uha QO) 5
bj (vn, un; ¥) = (vn,¥); — Bj (un,¥) (2.9)
with
Ay (0n,9) = (Vhs @aa); + 000 |1y — On)a0*lj—s — T0s |y + T |1y, (2.10)

—_~—

By (un) = (s ne); + ()t |y — (wn)y 1oy — Gty gy + Gntd |y (2.11)
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being the UWDG spatial discretizations for the second order derivative terms. (u,v); = fIv uv dz, v*|j+% and
J

v+|j+% denote the left and right limits of v at the point x;, 1, respectively, and un, (un),, On, (vp), are the
numerical fluxes. To ensure the stability and the local solvability of the intermediate variable vy, we defined
these four fluxes as follows:

T ={unt +on [up] + B [(un),], 1,5 €R, (2.12)
(un)y = {(un),} + a2 [(un),] + Bz [un], a2, Bz € R, (2.13)
T = {vn} — az [vn] + Bi[(vn), ), (2.14)
(Wn)y = {(vn),} — a1 [(vn),] + Bz [vn] (2.15)

where o, as, 81, F2 can be chosen as follows:
— central flux, a1 = as = §1 = B2 = 0;
— alternating flux, a; = i%,ag = i%,ﬁl =06 =0;
— IPDG like flux, oy = oo = 31 = 0, B2 = Boh ™
— DDG like flux, oy = ay, a3 = @y, 1 = 0,02 = 52}171;
— more generally, any scale invariant flux, a1 = di, as = da, 51 = Bih, B2 = foh ™1

where @, ds, 31, 62 are prescribed constants independent of the mesh size. For simplicity, in this paper we will

only consider the alternating flux choices, a; = 2, = 2,61 B2 =0, i.e.
=~ _ - _ + o~ _ = N +
up =wuy, (un), = (un)y » vh=2v,, (vn),=(va), - (2.16)
We now introduce
N N
a(uhaUhHP) :Za] (uh7vh;¢)a b Uh,’LLh, Zb] Uhauhv 3 (217)
Jj=1 j=1
N N o
Ao un) =3 A; (on,un) :/ 43 (@ )] — o o) | (2.18)
4_ (9] — j"rj
j=1 Jj=1
N N N
B (up,vp) = Z Bj (up,vp) = / T+ Z (Uh = (un), [%]) ‘ e (2.19)
j=1 Q i=1 its

By the same arguments as in [13], we have the following lemma.
Lemma 2.1. For up, v, € Vi¥ satisfying periodic boundary condition, we have A (v, up) = B (up,vp).

In [33], it was proved that the semi-discrete scheme is energy-conserving stable for the alternating flux, which
is a direct result of the lemma above:

1d
0= a o ) b (0 ) = 3 < |2+ 2 (220)
Here and below, an unmarked norm || - || denotes the L? norm. Obviously, the exact solution u,v of (2.6) also
satisfies )
aj(u,v;9) = 0, bj(v,u;9) =0, V(p,9) € [ (2.21)

Subtracting (2.7) from (2.21), we obtain the error equations

2
aj (u—up,v—op;0) =0, b (v—uvp,u—up)=0, Y(p)e [th] . (2.22)



ANALYSIS OF OPTIMAL SUPERCONVERGENCE 1801
In [33], for the error estimates, the special projection Pju € th of u has been defined by
(Pru,p); = (u, ), Vo € PF72(I;)  and (2.23a)
Piu (xj_Jr%) =u (zﬂ_%) . (Ppu), (x;;%) = Uy (:cj_%) . (2.23b)
For this projection, the following inequality holds [33]:
ot |+ Bl oo + B3 llr, < CRF [l (2.24)
where w® = Pfw — w, I';, denotes the set of boundary points of all elements I;, [w®|r,

2 2\ 2
(Z;V_1 w® (:1:;_%) + w* (ac;r+%) ) , and the constant C' depends on k.

We also need the following basic facts. For any function wy, € Vh’“, the following inequalities hold [17]:
) (wn), | < Ch7wall,
(i) Jwnlr, < Ch™* wal, (2.25)

(iil)  [Jwnlloo < Ch™2 [Jwp].

We denote
N =u— Pju, & =up— Plu, (2.26)
N =v—Pv, & =uvp— Pyuv. (2.27)
Due to (2.22), we have
a (&u, o3 §u) + b (§o, €ui &) = @ (Mus o3 §u) + b (Mo; M €o) - (2.28)

By using the definitions of a(-,-) and b(-,-) and Cauchy—Schwartz inequality we obtain

@ (s 03 €a) b (s 13 €0) | = [ () s €a) + (10, &) | S BEF(€ull + €011 -

then

1

|@uo+(4mmmm2w)25h“% (2.29)

here and in the following, A < B denotes that A can be bounded by B multiplied by a constant independent
of the mesh size h. However, this estimate is not optimal and far from our superconvergence goal. We need to

improve the analysis through constructing a series of correction functions (wi(f),wq(,i)) € [th]Q, 1<i < L%J
such that

l l l l
. <m LY O+ zw,@;@) b (m LY+ waf);w>
=1 =1 i=1

SRl + (1l

i=1

V() € [V 1<1< V;lJ , (2.30)

where | k]| denotes the maximal integer no more than k. When £ is even, { == | = 5=, which leads to one order

lower than the optimal estimates. We will improve the estimates in such situation in the next subsections.

@J k-2
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Remark 2.2. We note that the estimate of ||, in (2.29) is in the L? norm of time. In fact, we can take time
derivative for b; in the error equation (2.22), then take test functions ¢ = (&,),, ¥ = &, to obtain

a (§us §o3 (u)y) +0((€o)y s (u)360) = @ (1us Mo3 (§u)y) + 0 ((10) 5 ()5 60) - (2.31)
Thus, by Lemma 2.1, we obtain
d
el 4 (€, 17 S (€, ) + el (2:32)

Then, by Gronwall’s inequality, we have

€GOS N1€0 (5 0) + AFFE (2.33)

3. CONSTRUCTION OF A SPECIAL INTERPOLATION FUNCTION

The correction functions wq(f) and wq(,i), 1< < Lk_lj are defined as follows. If we denote w&o) =u— Pu,

wf,o) = v — PJv, then N
(@0spaa) = (0870,0) | Ve e P (1), W (a7, ) =0, () (vF,) =0 (D
(), == (), ), B, () -0 (), (1) -0 0

In [13], the authors defined similar correction functions for UWDG. By similar arguments, we have the following
estimate for w and wq(f), 1<i< L%J

Lemma 3.1. For any k > 3, the functions w and wq()i), 1<i< {%J are defined by (3.1) and (3.2). Then
W= > pLim, WP, = > di,Lim, (3.3)

m=k—1-21 m=k—1-2%

where cé)m and dé’m are some bounded constants, and L; ., are the standard Legendre polynomials with degree

m on interval I;. Furthermore, if u € H*342 there holds forn = 0,1 and ¢ = u,v
||a?wz(;i)|| S P00 gy 142 (3.4)

Proof. We provide the proof of this lemma in the Appendix A.1. From Lemma 3.1, we can obtain the corollary
as follows. O

Corollary 3.2. For any k > 3, if the exact solution of the equation (2.1), u € HF+5+2 ] , then

l l l l
R0 SRS ¥ LE R (5 LR SX 1)
=1 =1 =1

=1

SRl + (111

v (pw) e [V, 1< < V;lJ : (3.5)

Before studying the superconvergence properties of the UWLDG scheme, we need some lemmas which are
also mentioned in [33].
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Lemma 3.3. Suppose w € L? and € € V}f satisfy

Aj (ga 77) = (U}, 77);‘» V77 € thv (36)
or
Bj(&m) = (w,m);, VneVy, (3.7)
then ) \
1) llr; +h72[[(E)a] [j1 + A2 1[E]lj—1 S lwllo,;- (3-8)
Proof. This proof is the same as Lemma 4.2 in [33]. We omit it here. O

Next, we shall study the superconvergence properties of the UWLDG solution, including superconvergence
between a special interpolation of the exact solution and the numerical solution, the superconvergence of the
cell averages, and the function and derivative values at some special quadrature points respectively.

3.1. Superconvergence of the interpolation

With (3.1) and (3.2), we define

! !
(WatyWo 1) = (Z wl(f)7Zw7gi)> ) (3.9)
i=1

i=1
1 * * k-1
(uf,vf) = (Piu— wug, Piv —wyy), 1<1< — | (3.10)
and we let
e=q—an=a—q — (an—d}) =eq— &, q=u,v. (3.11)

As we know, the approximations of the initial condition are of great significance for superconvergence. In order
to obtain our superconvergence rate, the initial error should be small enough to reach the same superconvergence
rate. We have the following lemma.

Lemma 3.4. For any k > 2, suppose the exact solution of the equation (2.1), u € grrsr2 55t If the initial
data is taken such that
v (2,0) = Pfvg — wy i (,0),  vg = 02uy, (3.12)

where wy; is defined by (3.9), | = L%J Then

(lewll + lle. 1) (0) < r2", (3.13)
(I )y I+ 11 (@), D) (0) S B2F. (3.14)
Proof. The choice of the initial data wup(z,0) and this proof are given in the Appendix A.2. O

With this initial solution, we have the following optimal superconvergence estimates which are stated as a
theorem.

Theorem 3.5. Suppose up and vy, are the approximate solutions of the semi-discrete scheme (2.7) with the
initial data satisfying (3.12). Let u, v be the exact solutions of the system (2.6) satisfying u € H*5T2 and

(uh,0h) € [V,ﬂ2 is defined in (3.10), where | = | 552 |. For any k > 2, we have

(lewll + llel) () < B2, (3.15)
(I Eu)y I+ 11 @), D) (2) S B2F. (3.16)
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Especially, if | =0, or 1, we get

2k if k=2,
1P unll 4 1R = ol S { s 4S5 (317)
and
I (P —up), || + | (Pyo —on), || S B*F2 (3.18)
Proof. We give the proof of this theorem in the Appendix A.3. a

Remark 3.6. We note that when k = 2, the L? norm and H' semi-norm of the error between the numerical
solutions and the special projections of the exact solution both have 2k-th order superconvergence. Actually,
thanks to (3.16), we obtain the optimal superconvergence rates of the derivative of the error between the special
interpolation functions and approximate solutions. Numerical examples also verify this result in Section 4.

3.2. Superconvergence for the numerical fluxes and the cell averages

With Theorem 3.5, we can obtain the following superconvergence results.

Theorem 3.7. We let

ol
Nl

Z\H

Cq.f =

N ) | X o )
Z a=a) (v5) | o eare= w2 (= @)) (apst) |+ 319)
j=1 j=1

1

2

2
1
€q,c = N Z ( / q—4hn dx) y 4=u,, (320)

be the errors of the two numerical fluzes and the cell averages, respectively. Suppose the exact solutions u €
H?*4and the initial discretizations satisfy (3.12). For k > 2, Vt € [0,T)] then

€q.f S h2k7 €q,fr S <SR k €qe S h%, (3.21)

where ¢ = u,v.
Proof. The proof of this theorem can be found in the Appendix A.4. O

3.3. Superconvergence at special quadrature points

We firstly denote D3, s = 0,1, as the the roots of dL;Rj’k+17 D? = Ujv:l D5. Here Rj 11 = Ljk+1—FPp Ljkt1-
We study the superconvergence rates at these points and state the results as a theorem.

Theorem 3.8. If D*, s = 0,1 are not empty sets. Let

- - 7t ) - at ) =u,v, 3.22

€qq = mAX | (¢ = qn) (#,8)],  eqq. = max|(gz = (an),) (&), ¢ =u,v (3.22)

be the maximum point value error for the numerical solution, and for the derivative of the solution at the

corresponding sets of points. If the exact solution of equation (2.1) u € WK+ and the initial data is given
satisfying (3.12), then the DG solutions of (2.7), (un,vr), have

< k2 SK g=uw, VE>2. (3.23)

€q,q > €q,q: ~

Proof. The proof of this theorem can be found in the Appendix A.5. O
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TABLE 1. Errors ey, €y p, €u,f, €u,fe and e, for k =2,3,4, T =1 on uniform mesh.

1805

k N ey Order ey, Order ey f Order ey, fa Order ey, Order
10 2.13E-03 - 6.156E-04 - 2.50E-04 - 1.24E-04 - 2.43E-04 -

9 20 2.52E-04 3.08 3.94E-05 3.97 1.58E-05  3.99 7.88E-06  3.98 1.57E-05  3.95
40 3.10E-05 3.02 2.48E-06  3.99 9.89E-07  4.00 4.94E-07  3.99 9.87E-07  3.99
80 3.86E-06 3.01 1.55E-07  4.00 6.19E-08  4.00 3.09E-08 4.00 6.18E-08  4.00
10 5.50E-05 - 1.41E-06 — 2.76E-07 - 2.85E-07 - 5.54E-07 -

3 20 3.44E-06 4.00 2.23E-08 5.98 4.39E-09 5.98 4.42E-09 6.01 8.78E-09  5.98
40 2.15E-07 4.00 3.49E-10 6.00 6.88E-11  5.99 6.90E-11  6.00 1.38E-10  5.99
80 1.35E-08 4.00 5.45E-12  6.00 1.08E-12  6.00 1.08E-12  6.00 2.15E-12  6.00
10 1.45E-06 - 6.12E-09 — 3.93E-10 - 3.46E-12 — 3.74E-10 -

4 20 4.54E-08 5.00 4.63E-11  7.05 1.52E-12 8.01 3.20E-15 10.08 1.50E-12 7.96
40 1.42E-09 5.00 3.59E-13 7.01 5.94E-15 8.00 3.08E-18 10.02 5.92E-15 7.99
80 4.44E-11 5.00 2.80E-15 7.00 2.32E-17  8.00 3.00E-21 10.01 2.32E-17 8.00

4. NUMERICAL EXAMPLES

We provide some numerical experiments to confirm our theoretical results. Let us recall the definitions of the
various errors as mentioned in previous sections.

Qh”»

(

N

D

Jj=1
q

(

eq = llg —

1

€q,fx = N
€q,q = _gel&gg |

where ¢ = u,v.

Example 4.1.

Az
q

eqp = llan — Prdll,

n) (1)),

{ Ut + Ugzeer = 0,
u(z,0) = sin(x),

@) (e )
t

M

zeD?

1
N

€q.q. = Max | (¢z — (qn),) (v, t

-

j=1

J=1

We consider the following linear fourth-order equation

(x,t) € [0,27] x (0,7

with periodic boundary condition. The exact solution is

u(z,t) = e "sin(z),

x € [0, 27]

2
EN 1/q qn dx
7 — 4h
; hjjj

v(x,t) = %u(x,t) = —e 'sin(z).

2

2
(=) (2j2p0t) |

M

, eqpe = || (an — Pia), I,

(4.5)

We separately use the uniform mesh and nonuniform mesh with 10% random perturbation of N cells on
[0, 2], since after the UWLDG spatial discretization, we obtain a linear ODE system with constant matrix. We
can exactly solve the this ODE system to reduce the temporal error. The initial discretization is taken to satisfy
(3.12) and the numerical flux is the alternating flux (2.16). We set the terminal time 7' = 1.0 and T = 10. and
calculate various errors and numerical orders of convergence for P* elements with 2 < k < 4 both on uniform
and nonuniform meshes. The numerical results are listed in Tables 1-16. We find that all our theoretical results
are optimal both on uniform and nonuniform meshes.
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TABLE 2. Errors ey u, €yu, and ey p, for k =2,3,4, T = 1 on uniform mesh.

kN euu Order ey, Order ey pe Order
10  5.64E-04 - 5.64E-04 - 5.29E-04 -
9 20 3.73E-05 3.92 5.82E-05 3.28 3.37E-05 3.97
40  2.35E-06  3.99 6.84E-06  3.09 2.12E-06  3.99
80 1.47E-07 4.00 8.40E-07 3.02 1.33E-07  4.00
10 1.34E-06 - 1.60E-05 — 2.90E-06 -
3 20 3.60E-08 5.22 1.01E-06  3.98 8.64E-08  5.07
40 1.06E-09 5.08 6.35E-08  4.00 2.66E-09 5.02
80 3.26E-11 5.02 3.97E-09 4.00 8.30E-11  5.00
10  4.93E-08 - 4.83E-07 - 4.93E-08 —
4 20 7.71E-10 6.00 1.50E-08 5.01 7.65E-10 6.01
40 1.22E-11  5.98 4.72E-10  4.99 1.19E-11  6.00
80 1.91E-13 6.00 1.48E-11  5.00 1.86E-13  6.00

TABLE 3. Errors ey, €yp, €u,f, €u,fo and e, for k =2,3,4, T = 1 on uniform mesh.

N ey, Order ey,p Order ey, Order ey, fa Order ey,c Order
10 2.01E-03 - 3.08E-04 - 1.28E-04 — 1.33E-06 - 1.22E-04 -

20 2.48E-04 3.02 1.97E-05 3.97 7.94E-06 4.01 2.15E-08 5.95 7.84E-06 3.96
40 3.09E-05 3.01 1.24E-06  3.99 4.95E-07  4.00 3.38E-10 5.99 4.94E-07 3.99
80 3.85E-06 3.00 7.75E-08  4.00 3.09E-08 4.00 5.30E-12  6.00 3.09E-08 4.00
10 5.49E-05 - 7.33E-07 - 1.22E-09 - 9.65E-09 — 2.81E-07 -

20 3.44E-06 4.00 1.15E-08 5.99 4.25E-12  8.17 5.30E-11  7.51 4.40E-09 5.99
40 2.15E-07 4.00 1.80E-10  6.00 1.61E-14 8.04 3.59E-13 7.21 6.89E-11  6.00
80 1.35E-08 4.00 2.81E-12  6.00 6.24E-17 8.01 2.68E-15 7.06 1.08E-12 6.00
10 1.45E-06 — 5.89E-09 - 1.06E-11 - 3.88E-10 - 3.40E-12 -

20 4.54E-08 5.00 4.59E-11 7.01 1.31E-14 9.65 1.52E-12  8.00 3.19E-15 10.06
40 1.42E-09 5.00 3.58E-13  7.00 2.06E-17 9.32 5.93E-15 8.00 3.08E-18 10.02
80 4.44E-11 5.00 2.80E-15 7.00 3.74E-20 9.11 2.32E-17  8.00 3.00E-21 10.00

TABLE 4. Errors ey 4, €y, and e, p, for k= 2,3,4, T =1 on uniform mesh.

kN ey Order ey, Order ey pa Order
10 4.12E-04 - 4.42E-04 - 2.43E-04 -
9 20  2.62E-05 3.97 5.43E-05 3.02 1.53E-05 3.99
40 1.65E-06 3.99 6.71E-06  3.02 9.55E-07  4.00
80 1.03E-07 4.00 8.36E-07  3.00 5.97E-08 4.00
10 1.14E-06 - 1.57E-05 - 2.71E-06 —
3 20 3.38E-08 5.08 1.01E-06 3.96 8.48E-08 5.00
40 1.04E-09 5.02 6.34E-08  3.99 2.65E-09 5.00
80 3.24E-11 5.01 3.97E-09  4.00 8.29E-11  5.00
10 4.98E-08 - 4.83E-07 - 491E-08 -
4 20 T7.73E-10 6.01 1.50E-08 5.01 7.64E-10 6.01
40  1.22E-11  5.99 4.72E-10 4.99 1.19E-11  6.00
80 1.91E-13 6.00 1.48E-11 5.00 1.86E-13  6.00




TABLE 5. Errors ey, €y p; €u,f; €u,fo and e, for k =2,3,4, T = 1 on nonuniform mesh.
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N ey Order ey, Order ey f Order ey, fa Order ey, Order
10 2.13E-03 - 6.15E-04 — 2.50E-04 - 1.24E-04 - 2.42E-04 -
20 2.55E-04 3.06 3.99E-05 3.94 1.60E-05 3.96 7.98E-06 3.96 1.59E-05 3.93
40 3.14E-05 3.02 2.51E-06 3.99 1.00E-06 4.00 5.01E-07 3.99 9.99E-07 3.99
80 3.94E-06 3.00 1.58E-07 3.99 6.32E-08  3.99 3.16E-08 3.99 6.31E-08 3.98
10 5.53E-05 - 1.42E-06 — 2.78E-07 - 2.88E-07 - 5.58E-07 -
20 3.53E-06 3.97 2.31E-08 5.95 4.51E-09 5.95 4.55E-09 5.98 9.05E-09 5.95
40 2.19E-07 4.01 3.59E-10 6.01 7.04E-11 6.00 7.05E-11 6.01 1.41E-10 6.00
80 1.37E-08 4.00 5.62E-12  6.00 1.10E-12  6.00 1.10E-12  6.00 2.21E-12  6.00
10 1.56E-06 — 6.88E-09 - 4.42E-10 - 3.57E-11 - 4.19E-10 -
20 4.88E-08 5.00 5.28E-11  7.02 1.68E-12 8.04 3.91E-14 9.84 1.66E-12 7.98
40 1.47E-09 5.06 3.79E-13 7.12 6.20E-15  8.08 6.74E-17 9.18 6.18E-15 8.07
80 4.58E-11 5.00 2.97E-15 7.00 2.41E-17 8.01 1.82E-19 8.53 2.41E-17 8.00
TABLE 6. Errors e, y, €y, and e, p, for k =2,3,4, T =1 on nonuniform mesh.
kN ey Order ey, u, Order  eu,ps Order
10 6.28E-04 - 5.79E-04 - 5.30E-04 -
9 20 4.21E-05 3.90 6.93E-05 3.06 3.42E-05 3.95
40 2.51E-06 4.07 7.77TE-06 3.16 2.15E-06 3.99
80 1.67E-07 3.91 1.03E-06 2.92 1.36E-07 3.99
10 1.57E-06 - 1.74E-05 - 2.94E-06 —
3 20 4.30E-08 5.19 1.19E-06 3.87 8.99E-08 5.03
40 1.59E-09 4.76 8.34E-08 3.84 2.75E-09  5.03
80 5.04E-11 4.98 5.64E-09 3.89 8.56E-11  5.00
10 4.99E-08 - 4.87TE-07 - 5.41E-08 -
4 20 1.05E-09 5.57 1.93E-08 4.66 8.45E-10 6.00
40 1.74E-11 5.92 6.30E-10 4.94 1.25E-11  6.08
80 2.93E-13 5.89 2.10E-11  4.91 1.95E-13 6.00
TABLE 7. Errors ey, €y.p, €y,f, €y,fz and e, for k =2,3,4, T'= 1 on nonuniform mesh.
N ey Order  ey,p Order ey, Order ey, fa Order ey,c Order
10 2.02E-03 - 3.08E-04 - 1.28E-04 — 2.84E-06 - 1.22E-04 -
20 2.51E-04 3.01 2.00E-05 3.95 8.06E-06 3.99 1.48E-07 4.26 7.96E-06 3.94
40 3.13E-05 3.00 1.25E-06  3.99 5.01E-07 4.01 2.27TE-09 6.03 5.00E-07 3.99
80 3.94E-06 2.99 7.91E-08 3.99 3.16E-08 3.99 6.82E-11  5.06 3.16E-08 3.98
10 5.53E-05 — 7.46E-07 — 3.80E-09 — 1.78E-08 — 2.85E-07 —
20 3.53E-06 3.97 1.22E-08 5.93 9.64E-11  5.30 2.96E-10 5.91 4.63E-09 5.94
40 2.19E-07 4.01 1.88E-10 6.02 3.55E-13  8.08 1.68E-12 7.46 7.15E-11  6.02
80 1.37E-08 4.00 2.94E-12 6.00 7.25E-15  5.62 1.40E-14 6.90 1.12E-12  6.00
10 1.56E-06 — 6.62E-09 — 5.06E-11 — 4.31E-10 - 3.30E-11 -
20 4.88E-08 5.00 5.23E-11 6.98 1.27E-13 8.64 1.67E-12 8.01 7.18E-14 8.84
40 1.47E-09 5.06 3.79E-13 7.11 2.03E-16 9.28 6.18E-15  8.08 1.64E-16 8.77
80 4.58E-11 5.00 2.97E-15 6.99 4.84E-19 8.71 2.41E-17 8.00 4.00E-19 8.68
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TABLE 8. Errors ey, €y, and e, p, for k =2,3,4, T = 1 on nonuniform mesh.

kN ey Order ey, Order ey pe Order
10 4.82E-04 - 5.17E-04 — 2.46E-04 —
9 20 3.09E-05 3.96 6.68E-05 2.95 1.56E-05 3.98
40 1.81E-06 4.09 7.58E-06 3.14 9.80E-07 3.99
80 1.24E-07 3.87 1.04E-06 2.87 6.18E-08  3.99
10 1.28E-06 - 1.71E-05 - 2.75E-06 —
3 20 4.14E-08 4.95 1.18E-06 3.85 8.83E-08 4.96
40 1.55E-09 4.74 8.33E-08 3.83 2.73E-09 5.01
80 5.03E-11 4.94 5.64E-09 3.88 8.55E-11  5.00
10 5.05E-08 - 4.87E-07 - 5.39E-08 -
4 20 1.06E-09 5.58 1.93E-08 4.66 8.44E-10 6.00
40 1.74E-11 5.92 6.30E-10 4.94 1.24E-11 6.08
80 2.93E-13 5.89 2.10E-11 4.91 1.95E-13  6.00
TABLE 9. Errors ey, €y p; €u,f; €u,fo and e, for k =2,3,4, T = 10 on uniform mesh.
N ey, Order ey Order ey, ¢ Order ey, fe Order ey, Order
10 8.28E-07 — 7.56E-07 — 3.02E-07 - 2.87E-07 — 297E-07 -
20 5.93E-08 3.80 4.86E-08  3.96 1.94E-08 3.96 1.84E-08 3.96 1.93E-08 3.94
40 4.97E-09 3.58 3.06E-09 3.99 1.22E-09 3.99 1.16E-09 3.99 1.22E-09 3.99
80 5.16E-10 3.27 1.91E-10 4.00 7.63E-11  4.00 7.25E-11  4.00 7.63E-11  4.00
10 7.01E-09 - 1.72E-09 — 6.50E-10 - 6.52E-10 - 6.75E-10 -
20 4.26E-10 4.04 2.72E-11  5.98 1.03E-11  5.98 1.03E-11  5.98 1.08E-11 5.97
40 2.66E-11 4.00 4.26E-13  6.00 1.61E-13  6.00 1.61E-13  6.00 1.70E-13  5.99
80 1.66E-12 4.00 6.66E-15  6.00 2.52E-15 6.00 2.52E-15  6.00 2.66E-15  6.00
10 1.79E-10 - 2.48E-12 - 9.02E-13 - 8.53E-13 - 8.85E-13 —
20 5.61E-12 5.00 1.09E-14 7.83 3.55E-15  7.99 3.36E-15  7.99 3.53E-15 7.97
40 1.75E-13  5.00 5.74E-17 7.57 1.39E-17 8.00 1.32E-17 8.00 1.39E-17 7.99
80 5.48E-15 5.00 3.74E-19 7.26 5.43E-20 8.00 5.15E-20  8.00 5.43E-20 8.00

TABLE 10. Errors ey y, €y,u, and ey p, for K =2,3,4, T'= 10 on uniform mesh.

kN ey Order  ey,u, Order  ey,px Order
10 4.47E-07 - 4.36E-07 — 7.38E-07 —

9 20 2.92E-08 3.94 2.83E-08 3.95 4.77TE-08  3.95
40 1.84E-09 3.99 1.93E-09 3.87 3.00E-09 3.99
80 1.15E-10 4.00 1.50E-10 3.68 1.88E-10 4.00
10 9.70E-10 - 2.81E-09 - 1.72E-09 -

3 20 1.60E-11 5.92 1.39E-10 4.34 2.86E-11 5.91
40 2.77E-13 5.85 8.05E-12 4.11 5.30E-13 5.75
80 5.55E-15 5.64 4.94E-13  4.03 1.21E-14 5.45
10 4.96E-12 - 597E-11 - 6.97E-12 —

4 20 9.07E-14 5.77 1.85E-12 5.01 9.69E-14 6.17
40 1.49E-15 5.93 5.82E-14  4.99 1.48E-15 6.03
80 2.35E-17 5.98 1.82E-15 5.00 2.30E-17 6.01




TABLE 11. Errors ey, €yp, €u,f, €u,fz a0d €, for k =2,3,4, T = 10 on uniform mesh.
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N ey Order ey, Order e, Order ey, fo Order ey, Order
10  7.92E-07 - 7.18E-07 - 2.87E-07 — 2.72E-07 - 2.82E-07 -
20 5.72E-08 3.79 4.62E-08 3.96 1.84E-08 3.96 1.74E-08 3.96 1.83E-08 3.94
40 4.87TE-09 3.55 2.90E-09 3.99 1.16E-09 3.99 1.10E-09 3.99 1.16E-09 3.99
80 5.12E-10 3.25 1.82E-10 4.00 7.25E-11  4.00 6.87E-11  4.00 7.25E-11  4.00
10 6.99E-09 - 1.63E-09 - 6.16E-10 - 6.17E-10 - 6.41E-10 -
20 4.26E-10 4.04 2.58E-11 5.98 9.76E-12 5.98 9.76E-12  5.98 1.03E-11  5.97
40 2.66E-11 4.00 4.05E-13  6.00 1.53E-13  6.00 1.53E-13  6.00 1.61E-13 5.99
80 1.66E-12 4.00 6.33E-15  6.00 2.39E-15 6.00 2.39E-15 6.00 2.52E-15 6.00
10 1.79E-10 - 2.37E-12 - 8.54E-13 - 8.05E-13 - 8.39E-13 -
20 5.61E-12 5.00 1.05E-14 7.81 3.36E-15  7.99 3.18E-15  7.99 3.35E-15  7.97
40 1.75E-13 5.00 5.62E-17 7.55 1.32E-17 8.00 1.24E-17  8.00 1.32E-17 7.99
80 5.48E-15 5.00 3.71E-19 7.24 5.15E-20  8.00 4.86E-20 8.00 5.14E-20  8.00
TABLE 12. Errors ey, €y, and e, p, for £ =2,3,4, T'= 10 on uniform mesh.

kN ey Order ey, Order ey px Order
10 4.26E-07 - 4.15E-07 - 7.01E-07 -

9 20 2.78E-08 3.94 2.70E-08 3.95 4.53E-08 3.95
40 1.75E-09 3.99 1.86E-09 3.86 2.85E-09  3.99
80 1.10E-10 4.00 1.47E-10 3.66 1.79E-10 4.00
10 9.22E-10 - 2.7T7TE-09 — 1.63E-09 -

3 20 1.53E-11 5.91 1.38E-10 4.33 2.74E-11  5.90
40 2.67E-13 5.84 8.04E-12 4.10 5.14E-13 5.73
80 5.42E-15 5.62 4.93E-13  4.03 1.20E-14 5.43
10 5.02E-12 - 5.97E-11 - 6.91E-12 -

4 20 9.09E-14 5.79 1.85E-12 5.01 9.67E-14 6.16
40 1.49E-15 5.93 5.82E-14 4.99 1.48E-15 6.03
80 2.35E-17 5.98 1.82E-15 5.00 2.30E-17 6.01

TABLE 13. Errors ey, €y p, €u,f, €u,fz and e, . for k =2,3,4, T = 10

on nonuniform mesh.

N ey Order  eq,p Order ey Order ey, fo Order ey, Order
10 8.52E-07 - T7TE-07 - 3.12E-07 - 2.94E-07 - 3.06E-07 -
20 6.02E-08 3.82 4.93E-08 3.98 1.96E-08 3.99 1.87TE-08 3.97 1.95E-08 3.97
40 5.06E-09 3.57 3.11E-09 3.99 1.24E-09 3.98 1.18E-09 3.99 1.24E-09 3.98
80 5.27E-10 3.26 1.95E-10 4.00 7.78E-11  4.00 7.39E-11  3.99 7.78E-11  3.99
10 7.78E-09 - 1.98E-09 - 7.43E-10 - 7.60E-10 - 7.72E-10 -
20 4.35E-10 4.16 2.78E-11 6.16 1.05E-11 6.14 1.05E-11  6.17 1.11E-11  6.12
40 2.78E-11 3.97 4.51E-13 5.95 1.71E-13 5.95 1.71E-13 5.95 1.79E-13 5.95
80 1.70E-12 4.04 6.84E-15 6.04 2.59E-15 6.04 2.59E-15 6.04 2.72E-15 6.04
10 1.77E-10 - 2.41E-12 - 8.69E-13 — 8.30E-13 — 8.53E-13 -
20 5.79E-12 4.93 1.15E-14 7.72 3.71E-15  7.87 3.51E-15 7.89 3.69E-15 7.85
40 1.79E-13 5.01 5.97E-17 7.59 1.43E-17 8.02 1.36E-17 8.01 1.43E-17 8.01
80 5.70E-15 4.98 4.00E-19 7.22 5.72E-20 7.97 5.42E-20 7.97 5.72E-20 7.97
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and ey pg for k =2,3,4, T' = 10 on nonuniform mesh.

kN euu Order ey, Order ey pe Order
10 4.68E-07 - 4.48E-07 7.60E-07 -

9 20 3.00E-08 3.97 2.98E-08 3.91 4.84E-08 3.97
40 1.87E-09 4.00 2.04E-09 3.87 3.06E-09  3.98
80 1.20E-10 3.97 1.69E-10  3.59 1.92E-10  3.99
10 1.13E-09 - 3.09E-09 - 1.98E-09 -

3 20 1.68E-11 6.08 1.82E-10 4.08 2.93E-11  6.08
40 3.27E-13  5.68 1.10E-11  4.05 5.65E-13  5.70
80 6.70E-15 5.61 6.74E-13  4.03 1.25E-14  5.50
10 6.35E-12 - 7.03E-11 - 6.88E-12 —

4 20 1.56E-13 5.35 2.84E-12  4.63 1.01E-13 6.09
40 2.46E-15 5.99 8.84E-14 5.01 1.53E-15 6.05
80 2.91E-17 6.41 2.17E-15 5.35 2.43E-17  5.98

TABLE 15. Errors ey, €y p, €v,f, o, o and e, . for

k =2,3,4, T = 10 on nonuniform mesh.

N ey, Order ey,p Order ey, Order ey, fa Order ey,c Order
10 8.15E-07 - 7.39E-07 - 2.96E-07 - 2.79E-07 - 2.91E-07 -
20 5.81E-08 3.81 4.68E-08 3.98 1.87E-08 3.99 1.77TE-08 3.97 1.86E-08 3.97
40 4.96E-09 3.55 2.96E-09 3.99 1.18E-09 3.98 1.12E-09 3.99 1.18E-09 3.98
80 5.23E-10 3.25 1.85E-10  4.00 7.39E-11  4.00 7.00E-11 3.99 7.39E-11  3.99
10 7.75E-09 - 1.88E-09 - 7.04E-10 - 7.20E-10 - 7.33E-10 -

20 4.35E-10 4.16 2.64E-11 6.16 9.99E-12 6.14 9.98E-12 6.17 1.05E-11 6.13
40 2.78E-11 3.97 4.28E-13  5.95 1.62E-13 5.95 1.62E-13 5.95 1.70E-13 5.95
80 1.70E-12 4.04 6.49E-15 6.04 2.45E-15 6.04 2.45E-15 6.04 2.59E-15 6.04
10 1.77E-10 - 2.30E-12 - 8.23E-13 - 7.84E-13 - 8.08E-13 -
20 5.79E-12 4.93 1.10E-14 7.70 3.51E-15 7.87 3.31E-15 7.89 3.50E-15 7.85
40 1.79E-13 5.01 5.85E-17 7.56 1.36E-17 8.02 1.28E-17 8.01 1.36E-17 8.01
80 5.70E-15 4.98 3.98E-19 7.20 5.42E-20 7.97 5.12E-20 7.97 5.42E-20 7.97

TABLE 16. Errors

€y,vs €v,v, aNd €y pe for k =2,3,4, T = 10 on nonuniform mesh.

kN ey Order ey, Order ey pa Order
10 4.47E-07 - 4.27E-07  — 7.21E-07 —

9 20 2.86E-08 3.97 2.86E-08 3.90 4.59E-08 3.97
40 1.79E-09 4.00 1.96E-09 3.87 2.90E-09 3.98
80 1.14E-10 3.97 1.67E-10 3.56 1.82E-10  3.99
10 1.08E-09 - 3.03E-09 - 1.88E-09 -

3 20 1.60E-11 6.07 1.81E-10 4.07 2.80E-11  6.07
40 3.16E-13  5.67 1.10E-11 4.04 5.47E-13  5.68
80 6.58E-15 5.58 6.73E-13  4.03 1.23E-14  5.47
10 6.41E-12 - 7.03E-11 - 6.82E-12 -

4 20 1.56E-13 5.36 2.84E-12 4.63 1.01E-13  6.08
40 2.46E-15 5.99 8.84E-14 5.01 1.53E-15 6.05
80 2.91E-17 6.41 2.17E-15 5.35 2.43E-17  5.98
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5. CONCLUDING REMARKS

We have studied the superconvergence properties of the UWLDG methods with alternating fluxes for linear
fourth order derivatives equation in one dimension. Under suitable initial approximation, the error of the cell
averages and the numerical fluxes of the function values and the derivatives converge with the rate of (2k)-th
order when k > 2. Especially, for the superconvergence of the numerical fluxes of the derivatives, we obtain the
optimal estimates which are confirmed by the numerical examples. Other superconvergence properties such as the
numerical solution towards the special projection of the truth solution, the function values and first derivatives
at a class of special quadrature points are also studied. A new technique in this paper leads to an improved
estimate of superconvergence by using discrete Poincaré inequality when k is even. The superconvergence study
of the UWLDG method for higher order equations is very interesting and challenging, when optimal estimates
are desired. It is also intriguing to generalize our analysis to multi-dimensions and non-linear equations. These
will be explored in the future.

APPENDIX A. PROOF OF A FEW TECHNICAL LEMMAS AND THEOREMS

The proofs of some of the technical lemmas and theorems are provided in this appendix.

A.1. Proof of Lemma 3.1

Proof. We use induction to prove this lemma. Since w,go) 1 P*=2(1;), ¢ = u,v, from (3.1) to (3.2), we obtain

wél) LRI, q=u,v. (A1)
Thus, we have
(1) ‘ 1 (1) . 1 2(z — )
Wy |Ij = Z Cj,ij,m(£)> Wy |Ij = Z d‘,ij,m(§)7 £= T € [_17 1]' (A2)
m=k—3 m=k—3

Then, we define an integral operator D~! by

w(z)de = /S r(s)ds, ze€lj, (A.3)

-1

where s = (z — 2;) /h; € [-1,1]. We denote D~! = D=1 (D~(=Y) 1 > 2. Taking ¢ = D~2L; ,, m = k—3,k—2
respectively in (3.1), by Cauchy—Schwartz inequality, we have

L= Op=2r;,.,.d
hj2m+1c“” /I.w“ d.m G

< NN 1D Lyl

1
SRS s 1 -

Thus,
|C;,m| §hk+%||qu+3,1j, m=k-3k—2. (A.4)

By the same arguments, we have

|d;,m‘ 5hk+g||”||k+3,1j, m=k—3,k—2. (A.5)
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Next, we estimate the ¢}, and d},,, m = k — 1, k. We obtain from (3.1) to (3.2),

J,m?
k k—2
Z Lm(l)Cim = — Z Lm(l)cim, (A.6)
m=k—1 m=k—3
k k—2
Yo Ln(Dem=— > Ln(=1ecjn, (A7)
m=k—1 m=k—3

where L, denote the standard Legendre polynomial of degree m on the interval [—1,1]. Thus we have

AZ=1b, (A.8)
where
T ) 49
= _\k+1 1k ,
CU Tk +1) Sk —1)k
k=2 k—2 T

b= (‘ Y L)~ Lin(—l)c]{m) : (A.10)

m=k—3 m=k—3
= T
&= (i 1) - (A.11)

We have used the following facts

1(il)m+1m(m +1). (A.12)

(1) = ()", L, (1) =5

The determinate of A, Det(A) = (—1)*k% # 0 for k > 1. Therefore,
2
(chm)” S PP |ullss. (A.13)

Thus

[N

N k
oD ~ (Z > k()

j=1m 3
< P fullgs. (A.14)

Taking time derivative on the both sides of (3.1), the three identities still hold. Then following the same

arguments as what we did for wﬁl), we get

10O S B Dy (A.15)
By the same arguments, we have
gVl S B2 ollkgs, 0wVl S B2 1000l . (A.16)

By the recursion formula, (3.4) holds for all 1 <i < [%J and n = 0, 1. This finishes our proof. O
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A.2. Proof of Lemma 3.4

Proof. The initial discretization up(-,0) is the solution of the following equations,

(vn,); = Bj (un, ), for VjeZn, Vpe ik, (A.17)

/uhdm:/uodx. (A.18)
Q Q

As we know, up, + ¢ also satisfies (A.17), here ¢ is any constant. If there are two solutions wup; and ups satisfy-
ing (A.17) and (A.18), then we denote wy, = up1 — up2 € V,"fC to obtain

and it also satisfies

B; (wp, ) =0, / wpdr =0, Vje€Zy, VYpecVpr (A.19)
Q

Applying Lemma 3.3, we have

(Wn)ge [1; =0, [wa];_1 =0, [(wn),];_1 =0, Vje€Zn. (A.20)
Together with wy, € V}{“, we have wy, is a constant function, and (A.19) implies w;, = 0. Finally, we have proved

up, is well-defined. Since &,(z,0) = 0 and (2.22),

a; (éuv €} 90) = aj (€u7€v§ 30) = / (wff)) pdz, (A'Ql)
I; t
bj (Ev,€u; ) = bj (€v, €u; ) = / wPode VjeZy, VoeVk (A.22)
I;
Thus,
— _ l)
(@), 0).0); = (), ©0).%) (A.23)
B; (eu(0),9) = | —w(0)pde VjeZy, VpeVy. (A.24)
I;
Therefore,
3 — (w®
@), (0) = («) (), (A.25)
which implies,
I 20), ()] S AF+1+2 (A.26)

And by Lemma 3.3, we have

2

(B

N N
_ 1 B 2 _3 _ 2
GRS (NP I B 1S (C P I R (O R i )
j=1 j=1
By using the discrete Poincaré inequalities [4], we have
el < @), = [ @, dsl+| [ (@), da
Q Q
1 1
N 9 2 N 5 2
_ _1 _ _1 _
STTCAINE Rl S (CH T ) Bl S ()P
j=1 j=1

< phrira (A.28)
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If k£ is odd, then k& + 1 + 2] = 2k. We have,

!
/Iéudx:/ uhfP,:quZwT(f)dx

J J =1

:/ uh—udx+/ w® dz, (A.29)
I I

J J

since w() 1 PO (I;), 1 <i <1 —1. Then summing over j, and by (A.18)

/éu :/’U,hfudl’#*/ wq(j) dx:/wl(f) dz. (A.30)
Q Q Q Q

We apply the discrete Poincaré inequalities to obtain,

éuf/éudx + /éudx
Q Q

S (@), |l + A2 Z\

5 th.

leull <

Nl

+ (A.31)

/ w® da
Q

w\»—A

=2 we need to improve the estimates. From the conclusion of Lemma 3.1, wf,l) 1 IP’O thus

If k is even, | = & 5

D! ,(Jl) ( il) = 0. Using the integration by parts on the right hand side of (A.24), we have
Bj (éy, ) = / hyD WP, dz, VYo e VE. (A.32)
I
We take the test function
(=D"h;
ol = 5 Lik(@) = Ljn-1(2)), (A.33)
such that
@ (w;%) =0,¢s (xj_%) =1, and o(z)|;, LP"2(1;). (A.34)
Thus,
| [éu]jfé | = / ﬁjD_1w£l)‘Pw da (A.35)
I
< ;D w1, b2 (A.36)
Then, we take ¢ = —é,, in (A.32), after the integration by parts and using inverse inequality, we have
N N
_ 2 7o _ _ _
@), |1 = Z/ B (@), dz—23 (e el
j=1"1j j=1 -1
1
N 2
HhD Wl A ENCAN Z‘ (A.37)
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Together with (A.36), we have

[CAN S i lea,os| | snled| sn (A.38)

We note that

1

since w L PP (I;), 1 <4 <I. Then summing over j, and by (A.18)

/ €y = / up, —udz = 0. (A.40)
Q Q

Therefore, by applying the discrete Poincaré inequalities [4], we have

Nl=

2
< h?*. (A.41)

N
_ _ _1 _
el S @)+ | [leul,-y
j=1
This finishes our proof. (]

A.3. Proof of Theorem 3.5

Proof. We take the test functions ¢ = &,, ¥ = &, in (2.22). Summing over j and using periodic boundary
condition we have

a (Ey,€p;€y) + b(€y, 845 8y) = a(€y, €3 Ey) + b (€, €45 8p) . (A.42)
From Lemma 2.1 and Corollary 3.2, we have
1d,_ _ k=1 _
s qleal? + el < w2l gl + el - (A.43)
Applying Gronwall’s inequality, we obtain
lewll(t) < BFH12LE (A.44)
O

Remark A.1. We note that, here, we use Gronwall’s inequality to obtain the error bound for the error grows
exponentially in time. In fact, we can obtain the error bound for the error grows linearly in time. From (A.43),
we have

é%néuw < R (e |+ pR Rl ), (A.45)
where C1 is a constant depend on sup,¢o, 7 ||qu+5+2L%J. Set D = ;ﬁlliﬁ’ then
d
D&D <Ci(D+1). (A.46)
Then we refer to the proof of Theorem 2.2 in [29] and obtain
leu(- 0l < (Co + Caty w1215, (A.47)

where Cy is a constant of the error bound of the initial data in (A.41) and C5 = %, and G(s) = s—In(s+1).
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Then, by the same arguments in Remark 2.2, we also obtain
e li(e) < wrrels ),
Taking time derivatives in (2.22) and with the special initial discretizations (A.26), we can obtain
| @), NIt S wreels),

If k£ is odd, then &+ 1 + 2 L%J = 2k. From Lemma 3.3, we have

_ _1 _ _3 _ _
I(@u)aally, + A (@] |+ E [0y | S flev =)
_ _1 _ _3 _ _ .
@)ool + 8 [0,y |+ A7 @]y S (), — €], o Vi ez
By using the discrete Poincaré inequalities [4], we have
el < @), = [ @, de|+| [ (@), da
Q Q
1 1
1 N 2 ’ 1 N 2 ’
SlEaall+ a4 [ Y]] |+ | ]y
j=1 j=1

ith (A.50),
e | (eu), I S h?*.

By the same arguments for || (€,), ||, we also have

I(ev), II < h2 .

(A.48)

(A.49)

(A.50)

(A.51)

(A.52)

(A.53)

(A.54)

If k is even, then k£ + 1+ 2 L%J = 2k — 1. We need to improve the estimation as following. First, we have

0 (eweri) = 4 i) = [ @)oo+ 4y @) = [ () oo
J J

(A.55)

bj (€vs €03 ) = by (By, B3 1) = /1 ey dz — Bj (€y,1) = /I wOipde, VjeZn, Vip,w) e [VF]. (A56)

J 3J

Since | = 252 and , W L PO thus D~ ) = D! (27F 1 ) = 0. By using the integration
2 t t \"jE3 VES

by parts on the rlght hand sides of (A.55) and (A.56)7 we have
(€y, / h D~ Prdr — / (€u), pdx,
I;

B; (éu,zp):/ BjD—lwf,”zpwder/ e, de.

I; I;
By the similar arguments in the proof of Lemma 3.4, we take

-1 k+1h.
elr, = vl = T (@) — L (e)).

in (A.57) and (A.58) respectively, then
_ T — 1 _ 3
|[eo];—s | < |h;D7 (wi)t 2,72 + 1| @)y 2,727
|[eul;—1 | < Iy D 7 whll h? + [leullr k2,

(A.57)

(A.58)
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and
1 N 3
—= _ 2
DY (I [eu;_1 |2) < hP, (A.59)
j=1
N 1
-1 _ 2
Ry (e, y 12)7 S 0 (A.60)
j=1
Then, we take ¢ =1 =1 in (A.57) and (A.58) and sum over 7,
/ (€u), dz =0, / é,dz =0. (A.61)
Q Q
Then, we take ¢ = —€, in (A.57) and ¢ = — (€,), in (A.58) to obtain
N ) N
[P =3 [ =D (W), @) de 20 @)F | [,y
Jj=1 I j=1 ]_%
N
+y / (eu), & dz, (A.62)
j=1"1%
N N
||2 _|_Z n ( }j,l) = Z . —thflwq(jl) (éu)tw dz — Z/I €y (eu)t dx
j=1v43 j=1v74J
Y d
:Zd—/ ~h; D71 (2,), dx—l—Z/ D—1 ”) (é ), dz
j=1
N
- Z/ & (€4), d (A.63)
j=1"1i
We add (A.62) and (A.63) to obtain
4
2 _ o+ L N _ 2
+ €ul (€u), |, + /hD wy’ (Eu), dz + | (€y), A.64
YT Zdt( i) 2w, @), dot] @), I (A6
SR (1@ 1+ 11 @), 1D
where we have used (A.59) and the inverse inequality. Furthermore, we have
Al Y4 .
T TCANE 3 g (e la) v g | e @), o
= j=1 i
< 2| (éu)m |+ nE (A.65)

Suppose || (eu),, || (t*) := sup,ejo.77 [l (€w), [|(), then integrate (A.65) over [0,¢*] and using (A.60), the special
initial solutions and inverse inequality, we have

(8w, | S P2 . (A.66)
Thus, using the same arguments as in Remark 2.2, we can also obtain

I(ev), II S h?. (A.67)
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Finally, together with (A.60) and (A.59), and using the discrete Poincaré inequalities [4], we have
leull + llewll S A" (A.68)

This finishes the proof of (3.15) and (3.16). Especially, if k¥ = 2, then ¢, — Pjq = &;, ¢ = u,v,
thus (3.17) and (3.18) hold true. If k > 3, then we set [ =1,

lun — Pl < leull + oDl S A5+, (A.69)
I (an = Piw), 1| < @), + 1 (2) IS BEF2. (A.70)

Here we have used the inverse inequality for the last inequality. By the same steps as before, we can obtain the
estimates for vy. This finishes our proof.

A.4. Proof of Theorem 3.7

Proof. By (3.1) and the definition of P}, we have u — u,:\j+% = —é;|j+% and u, — (up); ljr1 = — (Eu) |j+%.
Therefore, by the inverse inequality and (3.15) and (3.16), we have
eus S el S B2, (A.71)
Cufe S I(8u), I S R (A.72)

Next, we give the estimates for e, .. If k is odd, then fl_ wi(f) dr=0,1<:< ’“2;3, thus,
J

J

J

L] -
u—uhdx:/ u— Pru+ Z wq(j)—éudx:/ wgt 2 J)—/ €y dz. (A.73)
1 i=1 I

i I;
Using the Cauchy—Schwartz inequality, we have

o1 3
e < (eu||2 n ||w£““||2) < B, (A74)

If k£ is even, then fI' wq(f) dr=0,1<:i< %, thus, by similar arguments as before, we have
J

/ u—upde = / eudz, ey S|l S R (A.75)
I; I;
Clearly, by the same steps as before, we can obtain the desired estimates for e, ¢, €, sz and e, c. O

A.5. Proof of Theorem 3.8
Proof. By the standard approximation of the projection P} [13], we have

ax |u — Pru| < hF+2 a — Pru) | < hRHL A.76
max |u— Pyl ST, max | (u— Pu), [ S (A.76)

By Theorem 3.5 and the inverse inequality, we have

Cuu S WX [u = Prul + [Pl —unlec < B2 ulli5,00- (A.77)
x

The estimates for ey, , €y, and e, ,, can be proven following the same lines. O
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