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LOCALITY OF INTERATOMIC FORCES IN TIGHT BINDING MODELS FOR
INSULATORS

CHRISTOPH ORTNER!, JACK THOMAS'* AND HUAJIE CHEN?

Abstract. The tight binding model is a minimalistic electronic structure model for predicting prop-
erties of materials and molecules. For insulators at zero Fermi-temperature we show that the potential
energy surface of this model can be decomposed into exponentially localised site energy contributions,
thus providing qualitatively sharp estimates on the interatomic interaction range which justifies a range
of multi-scale models. For insulators at finite Fermi-temperature we obtain locality estimates that are
uniform in the zero-temperature limit. A particular feature of all our results is that they depend only
weakly on the point spectrum. Numerical tests confirm our analytical results. This work extends Chen
and Ortner [Multiscale Model. Simul. 14 (2016) 232-264] and Chen et al. [Arch. Ration. Mech. Anal.
230 (2018) 701-733] to the case of zero Fermi-temperature as well as strengthening the results proved
therein.

Mathematics Subject Classification. 74E15, 74G65.

Received August 17, 2019. Accepted March 24, 2020.

1. INTRODUCTION

A wide range of electronic, optical and magnetic properties of solids are determined by electronic structure.
Computational methods, such as density functional theory, have been used successfully to model electronic
structure and thus allowed the investigation and prediction of properties of materials [19,26]. The tight binding
model is a simple quantum mechanical model lying, both in terms of computational cost and accuracy, between
empirical interatomic potential methods and expensive ab initio calculations. Nevertheless, due to the underlying
eigenvalue problem, a naive implementation of tight binding models requires O(N?3) computational cost, where
N denotes the number of particles in the simulation. A possible route to alleviate this cost are linear scaling
algorithms [7,20,25,28], which rely on the “nearsightedness” of the density matrix.

If the quantities of interest in a simulation are mechanical properties, then it may be advantageous to entirely
bypass the electronic structure model and replace it with an interatomic potential (IP). The recent transfer of
machine learning technology into this domain has made it possible to “fit” high-accuracy IP models [4-6,34],
which makes this approach particularly attractive. A starting assumption in most IP models for materials is
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that the potential energy surface can be decomposed into site energies, i.e. contributions from individual atoms
that depend only on a small neighbourhood.

A partial justification for this assumption was given in [9,11], for a linear tight binding model at finite Fermi-
temperature. For nuclei positions y = {y,}, it was shown that there is a decomposition of the total potential
energy into site energies

Gy) = ZGz(y), where ‘6?(3})‘ < e nlye—ynl (1.1)
¢

~ )
Yn

for some 7 > 0. Similar estimates are also shown for higher derivatives.

The exponent 7 in (1.1) measures the interatomic interaction range. Classical IPs are typically fairly short-
ranged (using a cut-off on the order of 2-3 interatomic distances), which is only justified if 7 is not too small.
Similarly, in QM/MM multi-scale schemes the exponent 7 determines the size of the QM region that must be
imposed [9,10,15] as well as the interaction range of the coarse-grained MM model. We emphasize that results
such as (1.1) do not follow from the classical near-sightedness of the density matrix. Indeed, in general, as
pointed out in [15], exponential off-diagonal decay of the density matrix is not sufficient to validate multi-scale
and hybrid models.

Unfortunately, one expects (and we make this precise in the present paper) that, in general,

n~p",

where 3 is the inverse Fermi-temperature. This means that, for moderate to low temperature regimes, the
practical value of (1.1) is limited.

The main purpose of the present paper is to demonstrate that for insulators the presence of a spectral gap
significantly improves the estimate. Specifically, we consider a linear tight-binding model at either zero or finite-
Fermi temperature, with electrons in a grand-canonical ensemble. In this setting we prove that (1.1) holds with
7 independent of 3, but instead 7 is linear in the spectral gap. Moreover, we demonstrate that “pollution” of the
spectral gap by a point spectrum caused, for example, by local defects in the crystal, affects only the prefactors,
but not the exponent 7 in (1.1). The present paper therefore significantly strengthens the estimates of [9,11] to
the case of insulating multi-lattice materials in the presence of point defects as well as extending the results to
zero Fermi-temperature models.

Related results, such as the near-sightedness of the density matrix (e.g. [1-3, 18]), exist in the context of
random Schrodinger operators. These papers use some similar techniques, such as resolvent calculus and low
rank perturbation identities, however, unlike in the aforementioned papers, not only do we show that localisation
still occurs for the perturbed Hamiltonian but also that this perturbation does not affect the exponents of the
locality estimates. Moreover, our primary concern are potential energies and forces rather than the density
matrix.

In addition to supporting the justification of interatomic potentials and QM/MM multi-scale models, our
results also allow for an extension of the thermodynamic limit models for crystalline defects [9,12,17] to the
zero-temperature case and an investigation of the (non-trivial) relationship between zero and finite-temperature
models, which we will pursue in a forthcoming paper [30].

Outline

In Section 2, we state the main results of this paper. In order to do this, we introduce a simple two-centre
linear tight binding model (Sect. 2.1) and show that, at both finite and zero Fermi-temperature, the total
energy of the system can be decomposed into exponentially localised site energy contributions (Sect. 2.2). We
then discuss how these results can be improved upon in the case of a point defect embedded into a reference
configuration (Sect. 2.2), showing that the resulting point spectrum does not affect the exponent. In Section 3 we
provide numerical tests confirming our analytical results. The main conclusions of this work are then discussed
in Section 4 and all of the proofs are collected into Section 5.
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Notation

The Frobenius norm will be denoted by || - | while || - || and | - | will denote the 2 and Euclidean norms,
respectively. We write b+ A = {b+ a: a € A} and similarly for A — b. Moreover, for A C C and b € C, the
distance between b and A is defined by dist(b, A) := inf4 |b — -|. For a subset A C R and § > 0, we denote
the ball of radius § about A by Bs(A) := {r € R: dist(r, A) < 0}. For two subsets A, B C R, the Hausdorff
distance between A and B is denoted by dist(A4, B) = max{sup,¢ 4 dist(a, B), sup,c g dist(b, A)}. For a finite
set A, we denote by #A the cardinality of A. The set of strictly positive real numbers will be denoted by
Ry ={reR:r>0}.

For an operator T, let us denote by oqisc(7T'), the discrete spectrum of T' (that is, the set of isolated eigenvalues
of T with finite multiplicity) and oess(T) == o(T) \ daisc(T), the essential spectrum of T.

The symbol C will denote a generic positive constant that may change from one line to the next. In calcula-
tions, C' will always be independent of Fermi-temperature. The dependencies of C' will normally be clear from
context or stated explicitly.

2. RESULTS

2.1. Tight binding model

We consider a locally finite reference A C R? and configuration y: A — R? satisfying the following uniform
non-interpenetration condition:

(L). There exists m > 0 such that |y(¢) — y(k)| > m for all £,k € A.

We consider IV}, atomic orbitals per atom, indexed by 1 < a,b < Ny,. For a given admissible configuration y,
we define the following two-centre tight binding Hamiltonian [13, 19, 35]:

(TB). For £,k € A and 1 < a,b < Ny, we suppose that the Hamiltonian take the form

Hy)ir = hix(y(0) — y(k)) (2.1)

where hgf: R? — R are v times continuously differentiable for some v > 1. Further, we assume that
there exist b := (ho,...,h), ¥ = (0, .-, ) € (Ry)” " such that, for each 1 < j < v,

|hR()| < hoe @Kl and  |0“hgE(€)| < hje ¢l we e R? (2.2)

for all multi-indices o € N¢ with |a| = j. Finally, we suppose that h¢f (&) = h}% (=€) for all £ € R? and
1<a,b< Ny, 0 keA.

It is important to emphasise that the constants h,y € (R1)**! in (2.2) are chosen to be independent of the
atomic sites £, k € A.

The condition in (2.2) with j = 0 is satisfied for most common linear tight binding models. In fact, in most
tight binding models, a finite cut-off radius is used and so Hamiltonian entries are zero for atoms beyond a finite
interaction range. For j = 1, (2.2) states that there are no long-range interactions. That is, the dependence
of the Hamiltonian entry H(y)2 on site m decays exponentially to zero in |y(¢) — y(m)| + |y(m) — y(k)|. In
particular, we are assuming that the Coulomb interactions have been screened, which is typical in practical
tight binding models [13,27,32].

Since the h%j depend on the atomic sites, we allow for multi-lattice reference configurations with possibly
multiple atomic species. While the assumptions are motivated by the lattice setting, we do not define exactly
what we mean by A and thus the presentation is kept abstract and the mathematical results are more general.

Under (TB), H(y) is Hermitian and so the spectrum is real. Moreover, o(H(y)) C [o,7] where o,7 only
depend on m,d, hg, v and are independent of system size and configuration y satisfying (L) with the constant
m. A proof of this fact is an application of the Gershgorin circle theorem ([9], Lem. 4).
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In practice, the Hamiltonian satisfies further symmetry properties [35] which are derived in Appendix A of
[9].

While nuclei are treated as classical particles, we assume that electrons are described by a grand canonical
potential model. That is, the Fermi-temperature, volume and chemical potential, i, are fixed model parameters.

We first let A be a finite system. In this case, after diagonalising the Hamiltonian,

H(y)ws = As¢s where Hd)s” =1, (2.3)

(where the dependence of the eigenpair (As,1s) on y has been omitted) the potential energy surface is given by

Zg Asi 1) (2.4)

Here, 3 is the inverse Fermi-temperature given by 7' = (kg3)~! where kg is the Boltzmann constant and 7" the
Fermi-temperature. We consider 8 < co (as defined in [11,16]) and 8 = oo:
B . 2 00 .
87 (2 p) = 3 log(1—fg(z—p)) and g% (z5p) =2(2 — p)X(~o0m) (2)
where fz = (14 exp(B-))~! is the Fermi-Dirac distribution which describes the occupation numbers for the
electronic states. The factor of 2 accounts for the spin. The zero Fermi-temperature energy is simply given by
the point-wise limit as § — oo.

Remark 2.1. Our analysis requires G*°(y) to be a differentiable function of the configuration (that is, the
derivative with respect to [y(m)]; exists for all m € A and 1 < ¢ < d) and so we will usually impose the
condition that u & o(H(y)). Justification for considering this zero Fermi-temperature grand potential is given
in [11] and a forthcoming paper [30] where we formulate the geometry relaxation problem for the grand potential
(2.4) at zero Fermi-temperature as a variational problem and show that this is consistent with taking Fermi-
temperature to zero.

2.2. Site energy decomposition

For a given configuration, y: A — R¢ with A finite, we can distribute the total energy of the system into site

energy contributions. Since ||| = 1, we can decompose G”(y) into
= G/(y) where =20 0w LIl (2.5)
LeA a

where [1s]¢, denotes the (fa)—entry of 5. Using resolvent calculus, the site energies defined in (2.5) can be
extended to the case where A is infinite: By Lemma 5.1, g%( - ; 1) extends to a holomorphic function defined on
the set C\ {u +ir: r € R,|r| > 73~ 1}. Therefore, we may write

Gl ) =~ Z f (¥) = 2)grgad2 (2.6)

where % is a simple closed contour contained within the region of holomorphicity of g (z; i) and encircling the
spectrum o(H(y)); see Figure 1. We may choose 63 such that

dist(z,0(H(y)) U{u+ir:r eR,|r| > 7B7"}) > % for all z € €5. (2.7)

Since the resolvent operator, (H(y) — z) ", is a well defined bounded linear operator for all z € C\ o(H(y)), the
definition in (2.6) is valid for countable A. Obtaining a site energy on the infinite domain can also be derived
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by taking an appropriate sequence of finite domains Ar and considering the thermodynamic limit of the site
energies along this sequence ([11], Lem. 3.1). This resolvent calculus approach for the tight binding model has
been widely used [9,11,21, 36].

For finite Fermi-temperature, the site energies defined in (2.6) are exponentially localised [9,11] in the sense
of Proposition 2.2. The only difference between Proposition 2.2 and Lemma 7 of [9] or Lemma 2.1 of [11] is that
we explicitly track the g-dependent constants in the estimates.

Proposition 2.2 (Finite Fermi-temperature locality for metals).

(i) Suppose y: A — RY and H(y) satisfy (L) and (TB), respectively. Then, for 1 < j < v, there exist positive
constants C; = C;(B8) and n; = n;(B8) such that

G} (y)
Aly(ma)li, - .- Oly(my)];,
forany €,mq,....mj; € Aand 1 <iq,...,4; <d.
(ii) For all sufficiently large B, C;(8) = CB* where C > 0 depends only on Ny, h,m and o > 0 depends only
on j and d. Further, n;(3) = cmin{1, 37!} for some ¢ > 0 depending only on j, h,~v,m and d.

< Cjem Sy [y —y(ma)] (2.8)

Sketch of the proof. The 3-dependence in the estimate (2.8) comes from the fact that the distance between the
contour and the spectrum can, in general, only be bounded below by a constant multiple of 37! as in (2.7). We
summarise the main ideas in Section 5.2. O

For the case of insulators (where p lies in a spectral gap), Proposition 2.2 can both be improved and extended
to zero Fermi-temperature. In this case, the following constants are strictly positive

d(y) = dist(p, o(H(y))) and (2.9)
g(y) == inf(o(H(y)) N (1, +-00)) — sup(o(H(y)) N (=00, u)). (2.10)
Using (2.10), and the fact that z — 2(z — u) is analytic, means that the expression (2.6) holds for zero Fermi-

temperature with a simple closed contour %, encircling o(H(y)) N (—oo, ) and avoiding o(H(y)) N (u, 00); see
Figure 1. Further, we may suppose that

dist(z,0(H(y))) = 1g(y) Yz € €. (2.11)
In this case, we obtain the following locality results that are uniform in Fermi-temperature:

Proposition 2.3 (Locality estimates for insulators).

(i) Suppose y: A — R? and H(y) satisfy (L) and (TB), respectively. Further, we assume that u & o(H(y)).
Then, for 1 < j < v, there exist positive constants Cj,n;, such that

PG (y)
Aly(ma)ls, - Oly(my)l;,

forany €,mq,....m; € A and 1 <iq,...,4; <d.

(ii) For B < oo, the constants C; and n; depend on d = d(y) from (2.9). For all sufficiently small d, C;(d) =
Cd® where C > 0 depends only on Ny, h,m and a > 0 depends only on j and d. Further, n;(d) = cmin{1,d}
for some ¢ > 0 depending only on j, h,~v,m and d.

(ili) For B = oo, the constants C; and n; depend on g = g(y) from (2.10). For all sufficiently small g, C;(g) =
Cg® where C > 0 depends only on Ny, h,m and o > 0 depends only on j and d. Further, n;(g) = cmin{1, g}
for some ¢ > 0 depending only on j, h,v,m and d.

<Cje ™ Sy [y —y(ma)]| (2.12)

Sketch of the proof. This result follows from the same arguments as in the proof of Proposition 2.2. In this case,
the pre-factors and exponents are $-independent because the constants (2.9) and (2.10) are. Again, the main
ideas are summarised in Section 5.2. O
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FIGURE 1. Cartoon depicting an approximation of o(H(y)) for y € Adm(A) (in black on the
real axis), see Lemma 2.5, and the contours 63 (in red) and %, (in blue). The positive constants
d(y),d™!, g(y) and g*! are also displayed. By (5.3), the finite Fermi-temperature contours avoid
the balls of radius b3~! (grey dashed circles) about y4-imr3~! (shown with black crosses). The
spectrum pictured in Figure 1 is qualitatively similar to that resulting from point defects in
lattice structures.

2.3. Point defects

We suppose that a given reference configuration has a spectral gap and that the chemical potential is fixed
within the gap. Then we show that point defect configurations introduce additional “defect states” into the
system and also perturb the essential spectrum. The main result of this paper is that, within this setting, the
locality results discussed in Section 2.2 are independent of discrete spectra inside the band gap in the sense of
Theorems 2.7 and 2.9.

2.3.1. Reference configurations
In preparation for this result, we consider the Hamiltonian on a fixed reference configuration, A™, given by

(Hmf)z;: = ha(¢ — k) for £,k € A* and 1 < a,b < Ny,. In order to keep the presentation abstract and the

mathematical results general we will not explicitly define A™f, but we will always be thinking of a multi-lattice.
For the remainder of this paper, we make the following assumption:

(GAP). There exists a band gap in o(H™) and the chemical potential, 1, lies in the interior of this band gap.

Under (GAP), we may introduce the following positive constants that will determine the interaction range
in the improved locality estimates:

drf = dist (1, o(H™"))  and (2.13)
gl = inf(a(’HrCf) N (p, +00)) — sup(a(Hmf) N (—o0,1)). (2.14)

Remark 2.4. In the case where A™f is a multi-lattice formed by taking the union of finitely many copies of a
Bravais lattice, L, we may apply Bloch’s theorem [24] to diagonalise H™f and write the spectrum as the union
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of finitely many continuous energy bands:
o(H™) = J{e*(k): k € BZ} (2.15)

where €*: BZ — R are continuous functions on the (closure of the) Brillouin zone.

2.8.2. Point defect reference configurations

From now on, we shall assume that A is a point defect reference configuration:

(P). Given a reference configuration A*" ¢ RY, we suppose A C R? is such that there exists a positive constant
Ryer with Aref \ Br,. = A \ Br,. and #(‘BRdef N A) < 0.

We now introduce energy spaces of displacements which restricts the class of admissible configurations. Given
¢ e A and p € A —{, we define the finite difference D,u(f) := u(¢ + p) — u(¢). The full (infinite) finite difference
stencil is then defined to be Du(f) := (Dpu(()) ,cp _,- For T > 0, the 2 semi-norm on the full interaction stencil

is given by
1/2

IDullz = | > > e PD,u(0)?

leN peA—2L

All of the semi-norms [|D - ||,z for 7" > 0 are equivalent [12] and so we fix an exponent 7" > 0 for the remainder
of this paper and define the following function space of finite energy displacements:

#2(A) = {u: A —R?: || Dulz < oo}
We hence define the space of admissible configurations by
Adm(A) = {y €+ #12(A): y satisfies (L)}

where x: A — A denotes the identity configuration.
For y € Adm(A), the spectrum, o(H(y)), can be related to o(H™!):

Lemma 2.5 (Decomposition of the spectrum). Fizy € Adm(A). Then, for all § > 0, there exists Rs > 0 such
that # (o (H(y)) \ Bs(o(H™™"))) < Rs.

Sketch of the proof. This result is slightly stronger than Weyl’s theorem on the stability of the essential spectrum
under compact perturbations. See Section 5.3 for a full proof. O

Remark 2.6. In the case that A™ is a multi-lattice, o(H™) is banded in the sense of (2.15). This means
Lemma 2.5 states that point defects give rise to a finite number of “defect states” located away from the
spectral bands as depicted in Figure 1.

2.8.3. Locality of site energies

Lemma 2.5, together with a locality result for the spectral projection (see Lem. 5.3) corresponding to the
finitely many eigenvalues bounded away from the spectral bands, allows us to approximate (H(y)—z)~! in terms
of the reference resolvent, (Href —2)~ 1. This means we can apply the existing locality estimates of Proposition 2.3
on the reference spectrum. The approximation does not affect the exponent in the estimates and only increases
the constant pre-factor. We show that the pre-factor may be chosen to depend on the atomic sites and this
converges exponentially to the corresponding pre-factor in the defect-free case, as we send the atomic sites away
from the defect core. That is, away from the defect, the locality estimates resemble the corresponding estimates
for the reference configuration.
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Theorem 2.7 (Improved finite Fermi-temperature locality).

(i) Fizy € Adm(A). Then, for L <j<v,Le A, m=(my,...,mj) €N and 1 <iy,...,i; < d, there exists
a positive constant Cg; = Cgj(€, m) such that

PG ()

< Cgie 5 Sioa Iy —y(m)] (2.16)
Ay(m)i, - dly(my)l;, | =%

ref .

where ;= cmin{l, d*f} and c > 0 depends only on j, h,~,m and d.

(ii) Cg;(¢, m) is uniformly bounded independently of ¢ and m. Let C’é‘;f = Cp; when A = A* and y = z. If
l,my,...,mj € Bg(§) for some R >0, then Cg;j({,m) — ngf as |&| — oo, with an exponential rate.

(iil) If p & o(H(y)), then Cgj can be chosen to be B-independent. On the other hand, if p € o(H(y)), then
Cpj = CB~1 for some C > 0 depending only on j,h,~, Ny, m and d.

Remark 2.8. By (iii), if 4 € 0(H(y)), then the first derivatives of the site energies are uniformly bounded in
(B despite the fact that the zero Fermi-temperature site energies are not differentiable. In fact, the point-wise
limit of the first derivatives as 8 — oo exist.

We have the following analogous zero Fermi-temperature result:

Theorem 2.9 (Improved zero Fermi-temperature locality).

(i) Fiz y € Adm(A) with p € o(H(y)). Then, for 1 < j < v, L € A,m = (my,...,m;) € A, and 1 <

i1,...,4; < d, there exists a positive constant Coo; (¢, m) such that
J (YOO .
>GEy) < Cooj (£, m) e~ Moy iy () =y (m)] (2.17)

Ay(m)ls, - -~ Oly(my ),

where n°t = cmin{1, g*'} and ¢ > 0 depends only on j, h,~v,m and d.

o]

(ii) Cxo;(¢, m) is uniformly bounded independently of £ and m. Let C;gg = Cooj when A =A™ and y = z. If
,mq,...,m; € Br(§) for some R >0, then C; (¢, m) — C;gg as |&| — oo, with an exponential rate.

Remark 2.10. In the case j = 1, Theorem 2.7 part (ii) takes the form

C(6,m) — C| S oM (O +]y(m) |~ ly(O) —y(m)])

Similarly for Theorem 2.9 with 8 = co and the exponent nggfl. For higher derivatives, the relationship between
£ and m is more complicated.

3. NUMERICAL TESTS

In this section, we present numerical simulations to support our analytical results. We use a practical tight
binding model, the NRL model [13,27,31], to test the force-locality in bulk carbon and silicon, both with and
without an interstitial defect. Since we are unaware of established codes that compute site energies and their
derivatives, we implemented these models in the Julia package SKTB.jl [§].

3.1. The NRL tight binding model

The NRL tight binding model, developed by Cohen, Mehl, and Papaconstantopoulos [13], is slightly more
general than our formulation in Section 2. It is non-orthogonal, which means that the energy levels are now
determined by the generalised eigenvalue problem

H(y)s = AsM(y)hs  where I M(y)vs =1, (3.1)
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which has an additional overlap matrix M(y) compared with (2.3). Furthermore, the NRL hamiltonian and
overlap matrices are construct both from hopping elements as in (2.1) as well as on-site matrix elements as a
function of the local environment. For carbon and silicon they are parameterised as follows (for other elements
the parameterisation is similar):

To define the on-site terms, each atom ¢ is assigned a pseudo-atomic density

2
Pe = Zei)\ Tekfc('r'ék)v
k

where the sum is over all of the atoms k within the cutoff R. of atom ¢, A is a fitting parameter, f. is a cutoff
function

B O(R. — )
~ 1+exp ((r—Re)/le + Lc)’

fe(r)

with 6 the step function, and the parameters [, = 0.5, L. = 5.0 for most elements. Although, in principle, the
on-site terms should have off-diagonal elements, the NRL model follows traditional practice and only include
the diagonal terms. Then, the on-site terms for each atomic site ¢ are given by

VU 2/3 4/3
M5 = ap +bopy”* +copy” + dup?, (3.2)

where v = s, p, or d is the index for angular-momentum-dependent atomic orbitals and (a, ), (b,), (¢v), (d,,) are
fitting parameters. The on-site elements for the overlap matrix are simply taken to be the identity matrix.

The off-diagonal NRL Hamiltonian entries follow the formalism of Slater and Koster who showed in [35] that
all two-centre (spd) hopping integrals can be constructed from ten independent “bond integral” parameters
Ry, where

(vv'p) = ssa, spo, ppo, ppr, sdo, pdo, pdr, ddo, ddr, and ddd.
The NRL bond integrals are given by

hvv’#(r) = (evv’# + fovpr + gvv’#r2)6_hm’/'ﬁfc(r) (3.3)
with fitting parameters eyv/ i, foou, oo’ s Pow - The matrix elements ’H(y)%’, are constructed from the hy,qr,, (1)
by a standard procedure [35].
The analogous bond integral parameterisation of the overlap matrix is given by

mvv’u(r) = (61)11’ + Pov it + qU'U/uT2 + TUU’MTB)eisU'”/“TfC (T) (34)

with the fitting parameters (pyop); (quorp)s (Fvwp), (Svorn) and dy, the Kronecker delta function.

The fitting parameters in the foregoing expressions are determined by fitting to some high-symmetry first-
principle calculations: In the NRL method, a database of eigenvalues (band structures) and total energies were
constructed for several crystal structures at several volumes. Then the parameters are chosen such that the
eigenvalues and energies in the database are reproduced. For practical simulations, the parameters for different
elements can be found in [31].

3.2. Test systems

Our two test systems are diamond cubic bulk carbon and bulk silicon, which provide ideal test cases of our
theory due to their clearly defined band gaps. Since carbon has a much larger band gap than silicon we will also
be able to test how this affects locality of interaction.

For both elements, we simulate a supercell model (i.e. using periodic boundary conditions) consisting of
5 x 5 x b diamond cubic unit cells, containing 1000 atoms in total. First, we use the NRL tight binding model
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FIGURE 2. Band structure of C; spectrum of the homogeneous lattice (supercell approximation)
and defective system.
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FIGURE 3. Band structure of Si, spectrum of the homogeneous lattice (supercell approximation)
and defective system.

to relax the cells to their ground states (this only rescales the cells but does not change their shape). We then
compute the band structures which are, respectively, shown in Figures 2 and 3. We verified our implementation
by comparing the band structure for the silicon model against that published in [32]. The Fermi energy is chosen
to be the mid point between the highest occupied state and the lowest unoccupied state of the homogeneous 1000-

atom system. For both systems we observe clearly defined band gaps around the Fermi energy, approximately
0.98¢V for Si and 3.83eV for C.

Next, we create a self-interstitial near the origin, and observe (Figs. 2 and 3) the expected pollution of the
band gap in the defected system. By tweaking the position of the interstitial we are able to create configurations
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FIGURE 4. Carbon: locality of site energies in homogeneous lattice and defective system.
(a) Decay of site energy derivatives. (b) Decay of site energy hessians.
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FIGURE 5. Silicon: locality of site energies in homogeneous lattice and defective system.
(a) Decay of site energy derivatives. (b) Decay of site energy hessians.

where an eigenvalue is arbitrarily close to the Fermi-energy in order to provide a challenging situation to confirm
the result of Theorem 2.9.

3.3. Site energy locality

To test the locality of interatomic interaction we evaluate all first and second site energy derivatives Gy ; =
Or,;G¢ and Gy ;j = Or,0r,;G¢ in both the homogeneous and defective system, and plot the data points

(rejs|Geyl) and  (rei + 75, |Geigl)

in Figures 4 and 5. For the homogeneous systems all sites are equivalent, hence we only plot the site energy
derivatives for a single site. For the defective systems we plot the data points for the interstitial site itself (“|y,|
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FIGURE 6. The decay of force derivatives in homogeneous lattice and defective system.
(a) Carbon. (b) Silicon.

small”) as well as for the site in the computational cell that has the largest distance to the interstitial atom
(“lye| large”).

We clearly observe the exponential decay of interaction strength as predicted in Theorem 2.9. Moreover, we
also observe that for sites ¢ far from the defect the site derivative decay perfectly matches that of the bulk
system.

Two additional observations were unexpected for us: (1) the decay of site derivatives for “near-defect sites”
does not exhibit the increased prefactor that we predicted; however we do see this increase in the second
derivatives. (2) the decay of interaction in the silicon system is nearly identical (after rescaling by the lattice
constants) to the carbon system even though silicon has a much smaller band gap.

These observations suggest that there are further effects leading to improved locality of interaction that our
analysis does not fully capture. While a possible explanation is that the locality of the bond integral functions
dominates the locality of the resolvents, this does not explain the excellent locality of the Si systems which have
a fairly small band gap.

3.4. Force locality

Finally, we compare the decay of site energy derivatives to the decay of force derivatives. The reason for this
additional test is that our definition of a site-energy is somewhat arbitrary. Indeed, there are infinitely many
possible decompositions of total energy into site energies and each choice may lead to a different rate of decay
of the interaction. Forces, on the other hand, are uniquely defined. Their locality is therefore “canonical” and
provides a limit for the locality of site energies.

In Figure 6, we compare the decay of site energy derivatives and force derivatives. We evaluate the force
derivatives fy; = Or, fr, where the force is defined by the (negative) derivative of the total energy f, = —0g,G,
and plot the data points

(rej [ fegl) and  (rei 4745, 1Geij))

in Figure 6. We observe that the site energy locality matches force locality very closely, which suggests that our
choice of site energies leads to near-optimal locality of interaction.
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4. CONCLUSIONS

We have extended the results of [9] to the zero Fermi-temperature case under the assumption that the
chemical potential is not an eigenvalue of the Hamiltonian. We have described a site energy decomposition for
a zero Fermi-temperature linear tight binding model and shown that the site contributions are exponentially
localised. Most importantly, we have shown that the exponents in these estimates are independent of the discrete
spectrum inside the band gap caused by point defects, and even the pre-factors converge to the pre-factors that
would result from using the homogeneous site energy in the estimates, as the distance of a site to the defect
increases. Our numerical results in Section 3 strongly support our analysis, but also point to possible further
extensions in particular in the limit of small band gaps where our results may not yet be sharp.

The same analysis was also applied to the Helmholtz free energy in the canonical ensemble under the assump-
tion that the Fermi level is fixed. In particular, this improves the locality results of [9] for insulators. Moreover,
the analysis carries over to other quantities of interest as in [11].

The results of this paper allow us to formulate zero Fermi-temperature lattice relaxation as a variational
problem on the energy space of displacements. In particular, for y € Adm(A), we can define

G=(y) =Y (G(y) — G(x))

14

where z: A — A is the identity configuration. This grand potential difference functional is well defined if
& o(H(y)). This can be shown by applying results of [12] together with the locality estimates of this paper.
We can then consider the zero Fermi-temperature limit problem:

y € argmin{G>(y): y € Adm(A), dist(p, o (H(y))) > 0} (4.1)

where “arg min” denotes the set of local minimisers. The locality results presented in this paper allow us to show
that the site energies and their derivatives converge exponentially quickly in the zero Fermi-temperature limit.
This observation allows us to prove that (4.1) is indeed the limiting model of analogous finite Fermi-temperature
models. Rigorous results are presented in a forthcoming paper [30].

5. PROOFS OF THE MAIN RESULTS

5.1. Definition of the site energies

Before we begin the proof of the locality estimates, we need to show that the definition of the finite Fermi-
temperature site energy is valid. That is, we need g°(-;u) to extend to a holomorphic function on some open
neighbourhood of the spectrum and we need to consider appropriate contours €3, €.

Lemma 5.1 (Analytic continuation of g°(z;u)). Fiz 3 € (0,00). Then, z +— g°(z; 1) can be analytically con-
tinued to the set C\ {u+ir: r € R,|r| > mp~1}.

Proof. Extending g®(-; ) into the complex plane amounts to choosing a branch cut of the complex logarithm.
For each n € N, we define,

() = %[logu — falz — )| +iArg, (1 — fo(z — )] where

Arg, (2) = Arg(z) (mod2r) and Arg,(z) € ((n— 1), (n+ 1)x]. (5.1)

Choosing the principal branch of the complex logarithm, we get gg which agrees with g on the real axis.

To simplify notation, and without loss of generality, we suppose u = 0.

It is clear that the Fermi-Dirac distribution has isolated singularities at i(2k + 1)73~! for all k € Z (that is,
when e¢#? = —1) and is holomorphic away from these singularities. Therefore, g2(-;0) is holomorphic on the
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set that avoids the branch cut of the complex logarithm and the non-analyticity of 1 — f. That is, g3(-;0) is
holomorphic on

{z€C:1— fg(z) & (—00,0]} \ {%}kez for n even,

{z€C: 1 fs(2) gz[o,oo)}\{%}kez for n odd.
Rewriting 1 — fg we obtain,
o5 P (14 %) fRe)
1— _ _ — ( i3 Im(z) ﬁRe(z)) ) 92
folz) 1+ eP? |1+ ef=]? IEERN e (5:2)

The factor, e”Re()|1 + €9%|72  is real and positive and so 1 — fz(z) avoids the branch cut if and only if
h(z) = eP1m(z) ¢ eFRe(2) does. Now, h(z) € (—oc,0] if and only if Re(z) < 0 and SIm(z) = (2k 4 1)7 for some
k € Z. On the other hand h(z) € [0, 00) if and only if §Im(z) = 2kn for some k € Z. We can therefore conclude
that gg (+3;0) is holomorphic on

AY = {z € C: Re(z) > 0} U {z e C: fIm(z) € (—7r,7r)}
and that g2(-;0) (for n # 0) is holomorphic on the set
Afy = {z € C: Re(z) <0, BIm(z) € ((n — 1)m, (n+ 1)71')}.
Since Aj5 N AZH ={z€C: Re(z) <0, fIm(z) € (nm, (n+ 1)m)}, and by (5.2), we have that

Arg, (1= f5(2)) = Arg, i1 (1= f5(2)) € (n7, (n + 7]

for all z € AN A%, That is, gi(-;0) = g ..(+;0) on Apn AT
We may therefore consider the analytic continuation of g2( -;0) to AU AZH. We do this for each n € Z and
conclude since (J,, 5 A% = C\ {ir: |r| > 747"} O

From now on, we denote the analytic continuation by z +— g%(z; ). We need conditions on the family of
contours, {%3} 3, to ensure that g°(z; i) remains uniformly bounded for z € €3 and 8 > 0. We suppose there
exists some [-independent constant 0 < b < 7 such that

dist(z, {u £ irf'}) > bB™! Vz€ € and

(5.3)
JA C C bounded s.t. €3 C A
for all g > 0.

Lemma 5.2. Fiz y € Adm(A). Suppose that {63} is a family of simple closed contours encircling o(H(y))
and satisfying (5.3). Then, for By > 0,

sup sup |g°(z; )| < oo.
B2Po z€6

Proof. Since A is bounded, we can find a strip of width r > 0 about the real axis containing A. This means
that for fixed 8 > 0, the number branches of the complex logarithm that we must consider, as in (5.1), in order
to have extended g?(-; ) to the whole of A is at most a constant multiple of % This means that

[Arg, (1 - fe(z = p))| < (n+ 7w < Crp3
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for all n such that AN{z € C: fIm(2) € ((n—1)m, (n+1)m)} # 0 and 2 € Af. Therefore, for z € A and 3 > 0,
we have that Im(gﬁ (z; u)) is bounded on A independently of (.

Fix 3 > . Now we show that, away from the singularities, Re(g’(-;x)) is uniformly bounded. We know
that Re(g”(2; 1)) = 2Re(z — p) — %10g|1 + eﬁ(z_“)| and 2(z — p) is uniformly bounded on A. Moreover,

1061+ )| < 10g(1-+ exp(Bup | Rele) ) ) < ©
z€EA

for some C' > 0 depending only on A and 3y. Therefore, all that is left to show is that |1 4 e?*~#)| is uniformly
bounded below by a positive constant. If Re(z — u1) < —c3~! for some ¢ > 0 then |1 +efE=H| > 1 —-e7¢ >0
and if Re(z — p1) > ¢87! then [1 4 ¢?*=#)| > ¢¢ — 1 > 0. On the other hand, if |#Im(z — p) — 7| > 6 for all
r € R such that |r| > 7, then |1 + e#=#)| > tan(9) > 0. O

5.2. Proof of Propositions 2.2 and 2.3: locality estimates

We now briefly sketch the main ideas in the proof of Propositions 2.2 and 2.3. We mainly do this so that
we can track the §-dependent constants in the proof. A key ingredient is the following Combes—Thomas type
estimate on the resolvent [14]:

Lemma 5.3 (Combes—Thomas). Fiz y € Adm(A) and z € C such that dist(z,0(H(y))) = 0 for some d > 0.

Then,

“| < 2emrer@IuO-y(0)]

ok 0

[ttt - 7]

where yor(0) = cmin{1,0} for some ¢ > 0 depending only on hy,vo,m and d.

Proof. This follows the proof of Lemma 6 from [9] and the main ideas of [36]. The claimed d dependence in the
exponent can be obtained by replacing (34) in Lemma 6 of [9] with the following sharper estimate: there exists
a C' > 0 such that

sup 3 hge 0O vk (6vole(l)*y(k)\ _ 1) < Cror (5.4)

LeA keA
for all 0 < vor < %*yo. To conclude, we note that in the proof of Lemma 6 from [9], ycr > 0 must be chosen
sufficiently small such that the right hand side of (5.4) is less than %0. g
To simplify notation, we shall write ry(y) = |y(¢) — y(k)| for the distance between two atomic sites and

Z.(y) = (H(y)—z)~* for the resolvent operator corresponding to H(y). We will drop the argument (y) in 74 (y),
the resolvent and Hamiltonian when the dependence on y is clear from context. Moreover, we shall use the
following shorthand for derivatives of the Hamiltonian: for m = (myq,...,m;) € A7 and 4 = (i1,...,i;) € (Rd)J,
define '

— I H(y)

Hm]; = .
" By (ma)]i, - Oly(my)]i,
Often, to simplify notation further, we will drop the Euclidean coordinate in this notation.

Before we prove the locality estimates of Propositions 2.2 and 2.3, we shall derive general bounds for the first
and second derivatives of the resolvent. We choose z € C such that

dist(z,0(H(y))) =0 (5.5)

for some ? > 0. Moreover, we let ycr = vcr(9) > 0 be the corresponding Combes—Thomas exponent from
Lemma 5.3 and define 9; := min{~v,...,7;,7cr} for each j. By applying the Combes-Thomas estimate and
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using the regularity of the Hamiltonian, we have

AW | S g ',

a[y(m)]l £1,09€A
1<b,e< Ny,
< 4N]§h10_2 Z e—’YCTTzlee—’Yl(Tzlm-i-Tng)e—’YCT?"zz/z
L1,2€A (56)
2
< Co~? < Z eal(reelJrrelm))
lLEN
g CD_QOIZdG_OINm )
Similarly, for the second derivatives,
82 % y aa aa
M = t%z/’_[,mlt%z,’_[,my%z - %zH,mlmy%z + %szf%szl%Z . (57)
dy(m1)dy(ms) 12
Each of the terms in (5.7) can be bounded separately:
|[%-H i, B H oy Ry
< 8N§h§0_3 Z e voT (reey +7reyeq +Tz4z)e*"/1 (reymy +Tmyey +Tegmy +Tmoey)
L1,€2,63,L4€A
< 007301_4(167%01(”’"1+”""2); and
| [ H i ma ]y
< 4Nb2h20_2 Z e—'YCT(Tul +7"22/z)€—’72(7“21m1 701 mg T eomy Tgms )
217226/\
2
< 00_2 (Z e~ YCTTeey e*Wz(wlml +Tz1m2)> < 00—2052d67%02(wm1+sz2).
VARTLY
Therefore, we obtain the following bound:
62 % aa
‘(M% < Co ¥ max {a;4d, aa;“} e 202(remy Hrems ) (5.8)
In particular, for ? sufficiently small, we have
aa 2 aa
'8[%2 (y)]u S 072(d+1) e~ YCTTem  and ‘ 0 [ﬂz(y)]ﬂ 5 Df(4d+3) e*%WCT(Mml +7‘1{m2). (59)
dy(m) dy(m1)dy(ma)

It should be clear that, for higher derivatives, the same arguments can be made and similar estimates hold.

Proof of Proposition 2.2: Finite temperature locality for metals. We will only consider the case where j € {1,2}.
For j > 2, similar arguments can be made but is omitted as the notation becomes tedious and no new ideas are
used. Since for all z € €3,

dist (z, U(H(y))) > 25’
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we may use (5.6) and (5.8) with ycr = yer(55). First, we consider j =1 and write:

N CX0
fiﬁg S e

d N
< CN[5| max|a” ()| 2 min{ 1, yor(55) } e aeT@h e,
OB

)
Ji

=

an (y
dly(m)

By (5.3) and Lemma 5.2, g?(-;u) is uniformly bounded along % independently of 3. We can thus conclude
with 71 := min{y1, vcr(35)}-
Similarly, for j = 2, we may apply (5.8) together with

2% (y)5p
dy(m1)dy(ma) |

< CNy|6s| max  sup
\“<sz€<(”ﬁ

9%G) ()
ly(m1)]i, Oly(ma)ls, |

to conclude with 7, = 7m1n{71, Y2, 7cT (55 )} The fact that, for sufficiently large 5 > 0, the pre-factor is C/5¢
for some o = a(yj, d) > 0 should be clear from (5.9) and Lemma 5.3. O

In the case of an insulator, the separation between the spectrum and the contour can be chosen to be (-
independent and equal to d(y) as in (2.9). In the zero temperature case, this constant may be chosen to be
38(y) where g(y) is the constant from (2.10).

Proof of Proposition 2.3: locality estimates for insulators. The proof follows in the exact same way as Proposi-
tion 2.2 with yor = ycr(d(y)) for finite Fermi-temperature. In the case of zero Fermi-temperature, we use the
proof of Proposition 2.2 with ycr = ver(3g(y)) and the fact that [2(z — )| is uniformly bounded along the
contour .. O

5.3. Decomposition of the spectrum

We need to show that the defective Hamiltonian can be written in terms of the reference Hamiltonian.
However, we are considering a point defect reference configuration, A, for which A N Bger # A™ N Bge in
general. This means that the defective and reference Hamiltonians may be defined on different spaces. We shall
extend the definitions to A U A™f: for y € Adm(A) and £,k € A U A™, let us define

~ ”(y)ab ifl ke A ~ [”ref]ab if £,k € A
ab Lk ’ refiab Lk ’
H = d [H = 5.10

ol {O otherwise and [ Ji 0 otherwise. ( )

This only changes the spectrum by introducing additional zero eigenvalues. We shall shift the spectrum away
from {0} so that we can replace H(y) and H™ with H(y) and H"f, respectively. This does not lead to any
problems as we will now see: fix 5 € (0,00] and an appropriate contour €. Choosing zy € C such that the
contour & + zo does not encircle {0}, we have

) FUCTIEROIEE
o Z ﬁ{ﬁ+z0 (2 = z0; 1) [(H(y) —(z— ZO))_l}Z:dZ

“omi Z j{iﬂo (z; 1+ 20) [((H(y) + zo)AUAref — z)l] dz

124
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where (H(y) —|—ZO)AUAref is the extension of H(y)+ 2o to AUA™ as in (5.10). Therefore, by considering H(y) + 2o,
we can shift the spectrum away from {0} and this does not affect the site energies as long as we also shift the
chemical potential and the contour by zg.

We now show that the Hamiltonian may be decomposed into three terms: the reference Hamiltonian and two
perturbations that are small in the sense of rank and Frobenius norm, respectively.

Lemma 5.4 (Decomposition of the Hamiltonian). Fiz y € Adm(A). For each § > 0 there exists Rs > 0 and
operators Py (y), Pa(y) such that

H(y) = H* + Pi(y) + Pa(y), (5.11)
I1P1(y)|lFr <9 and Pa(y )ék =0 for all (¢,k) ¢ Br, X Bp,.

Proof. To simplify notation, we let u := y — x. Firstly, since u € 7/172(A) and y satisfies (L), there exists an
accumulation parameter 0 < m < 1 such that |y(¢) — y(k)| = m|¢ — k| for all £,k € A [29]. Moreover, since the

semi-norm defined by
Dyu(l
|Dul|g= = sup sup 1Dyu®)]
LEA pEA—L ‘P‘

is equivalent to ||D - ||,z [12], we may choose R > Rqer sufficiently large such that
|D;€,eu(£)| <m\€—k| Vi, k EA\BR. (5.12)

By applying Taylor’s theorem we have: for all £,k € A\ Bg and atomic orbitals 1 < a,b < N,

7

= |[H(y) - H@)];,

— ab - lu - U
= VA (&) - [u(k) —u(0)] (5.13)

< hle—vl\£\|Dk_w(g)|
where £ = (1 — 0)(y(¢) — y(k)) + 0(£ — k) for some 6 = 6(a,b, ¢, k) € [0,1]. Now, by (5.12), we necessarily have
that |¢| > ?mw — k|. In particular, by (5.13), we obtain

< hy e EmmIR Dy (o) (5.14)

for all ¢,k € A\ Bg.
The off-diagonal Hamiltonian entries decay exponentially and so we obtain: for R’ > 0,

2
ab
f 72 l—k
> )DNED DRI R I IR ED DD Dl
1<a,b< Ny Le(AUATf) NBR kEAMBR Le(AUAref) NBR kE€A\BR
el B SR ( T emki> R (5.15)
< CR/ i e—2ygm|r\dr < CRp(Rl)e—nyomR
»
|r|>R’

where p(R') is a polynomial (of degree d — 1) in R’. We let P;(y) be the operator (depending on R and R’)
defined by

[H(y) — Href] o if ¢,k € A\ Bg
Pi(y)g = [’F[(y) - Href} " if ¢ — k| > R and (¢ € Bg, k ¢ Bgr or vice versa) (5.16)
0 otherwise
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for £,k € AU A™. We then define Py(y) to be the finite rank operator such that (5.11) is satisfied. Py(y) is
local in the sense that Pa(y)¢ = 0 if (¢,k) & Brr x By for some R” (depending on R and R'). To conclude,
we simply use (5.14) and (5.15) to bound || P1(y)| :

1Pz = Y IO Y P

1<a,b<Ny, \ £,keA\Br LE(AUAf)NBRr kEA\BR
[e—k|>R'

< CHDUH??T(A\BR) + Crp(R)e20mr,

Since this expression can be made arbitrarily small by choosing R and then R’ sufficiently large, this completes
the proof. O

We now use Lemma 5.4 to show that 7‘~l(y) is a compact perturbation of H*f and thus prove that the spectrum
can be decomposed as in Lemma 2.5:

Proof of Lemma, 2.5: Decomposition of the spectrum. By Lemma 5.4, H(y) — H™ is the || - ||;2_¢2—limit of a
sequence of finite rank operators and is thus compact [33]. Indeed, for 6 > 0, we choose P;(y) and P»(y) as in
Lemma 5.4 and write:

IH(y) = " = Pa@) ez = [ PL )]l ez < [PL(y)l| P < 6.

Here, we have used the fact that the operator norm is bounded above by the Frobenius norm which is a simple
application of the Cauchy-Schwarz inequality. Therefore by Weyl’s theorem [23], Gess(H () = Tess(H™F) and
so,

o(H(y)) \ Bs(o(H™")) C a(H(y)) \ Bs(0ess(H™"))
= 0disc(H(Y)) \ Bs(0ess(H(y)))-

We can therefore conclude that o(H(y)) \ Bs(o(H™)) is both compact and discrete and therefore finite. [

5.4. Proof of Theorems 2.7 and 2.9: Improved locality estimates

We will now prove general estimates for the resolvent operators which will be useful in the proof of the
improved locality results. Firstly, we shift H(y) and H**! by the same constant multiple of the identity so that
the spectrum of these operators is bounded below by a positive constant. We also fix z € C in a bounded set
such that

dist(z,a(ﬁ(y))) >0 and dist(z,a(’ljlmf» > oot (5.17)

for positive constants 9,0, In the following, we use the notation, yor(?) and yor (07¢f), for the Combes-Thomas
exponents from Lemma 5.3. Further, we fix ¢ > 0 sufficiently small such that the finite rank perturbation Ps(y),
from Lemma 5.4 with the constant &, is such that H™ + P,(y) — z is invertible. This can be done since (5.17) is
satisfied and P;(y), also from Lemma 5.4 with the constant §, only perturbs the spectrum by at most ¢ in the
following sense [23]: dist(a(H(y)), o(H™" + Py(y))) < 0.

Applying the Woodbury identity [22] with (’F[ref + Py(y) — 2)7! and Zf = (H™f — 2)~1 yields

~ 1
(T + Paly) = 2) = 225 — B (I + Po(y)22) 7 Pa(y) 2 (5.18)
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Here, I + Py(y) 7" = (H™ + Py(y) — 2)%:° is invertible since H™ + Py(y) — z and Z*°f are both invertible.
For k & Bg,, we have [(I + Pg(y)ﬁgef)_ng(y)]Z: = 0. On the other hand, if £ € Br, N A, we have

ab

‘ 1+ B2 " P

ab

) e -

Lk

- ’ {(ﬁmf —2) ((ﬁf + Pofy) - 2)

(5.19)

_ -1 _ _ _
< C’max{b 17 (Dref) E e~ M(reey +re ey +Tesk) + |z| § ’ e~ (reey +7eyk) + |Z‘26 Tk
Ly,l2€A l1EA

_1 _1 _
< Come 4Tk < Come (€= Rs)

where 7 := min{~o, mycr(0), yor (0*")}. Here, we write ¢, for rox(z) = |¢ — k| where x: A — A is the identity
configuration. It is important to note that, since we are considering z contained in a bounded set, the prefactor,
Com, is bounded independently of z (in the bounded set).
Now we may bound the additional contribution in (5.18):
[0+ Po) ) Po) | < Ceom (@) 7 XD een@ i)
£1EAL2EANBR, (5.20)

< Clogm (07) "2e=ex @)A1 418

Combining (5.20) and (5.18) results in the following improved Combes—Thomas type estimate:

ab
ref
<0Zke—’YCT(° )Tk where,

' {(ﬁf + Po(y) — z) 1]

Co = C{(afef)’1 + Com (aref)*%—m(ar“f)(\aﬂm—w)},

k (5.21)

Since, adding P;(y) only perturbs the spectrum by § as in Lemma 2.5, the same estimates hold with exponent
ver (0 — §) when (H™ + Py(y) — 2)~! is replaced by Z.(y).

Finally, we show that the estimate (5.21) implies improved estimates for derivatives of the resolvent. Moreover,
we will show that the pre-factor decays away from the defect. To simplify notation further, we let D;ef =
min{vy1,...,v;,vcr(0)} for each j. In place of (5.6), we now have

'0[%(2/)]?5
Ay(m)li

2
<C ( Z Cop, e (reny +%m)>

L1EN

2
< C (Dref)*2 (Dgef)*zdefbrf’fwm + cgm (Dref)4<z earld(|e|+|el|+”‘£1m)> (522)
lLeEN

< C(Dlief _2d((aref)_2 + c%m (Dref)_4e—D§ef(|€H—|7n|—7'[,”))6—D§ef7'gm

__aref
= C(f,m)e %1 Tem,

The pre-factor, C'(¢,m), in (5.22) converges to the corresponding pre-factor for the reference resolvent, i.e. to
C @5 7 (07 7 as €] + [m| — rem — oo
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We will now do the same calculation for the second order derivatives of the resolvent. In this case, (5.8) now
takes the form

[ H s B H s 7213

< § : Cezl022530245677CT(aref)(7‘£21+""£2£3+7‘E414)67'Yl(7"1{17nl+7'm11{2+7’£3m,2+rm2£4)
£1,€2,03,L4€A

=C Z {(aref)_36—’YCT(Dref)(rul+w2z3 +r/z4z)

£1,82,03,L4€A

+ Com (Dref) —4 (e—’YcT(Dref)(IfH-lel|+7"2243+7’z4e) + e—’YCT(aref)<7"/zzl+\52\+|€3|+7’e42)
+ e*'ycT(arEf)(Tul+7‘z2z3+|54|+|£|))
+c2 (oref)*a”(ewm(afef)(reel+le2|+|es|+\z4\+\e\) 1 oo @ D) ([ Fregey 1l +el)
m

n e—’YcT(Dref)(VH-Ifl\+|€2|+\€3|+W42))

-6/ _ ref _
+ 3 (07°F) (6 Yo (d )<e+|e1+|e2|+es|+e4+|e>)}e V1 (reymy FTm o FTegma FTmsey)

< C(Dﬁef) —4d{ (aref) -3
+ Com (oref)—‘*(e—%aie‘(\e\+lm1|—mm1) 1 e 30N (Imal+lma)) | e—%vie‘(|e|+|m2\—wm2))
v (Dref)—f) (e—aicf(wﬂma—rm) 1 e 30T (2l malHmal=rem, ~remy )
4 e (| =rem, ))
+C§m (Oref) —6e_a§cf(25|+m1|+|m2|—r,5m1—rem2)}e_éa;cf(”mlmm)
= C (f,mhmg)e_%aid(”ml"'”mﬁ. (5.23)

Again, the pre-factor converges to the reference pre-factor, i.e. to C (D{ef) 1 (Oref) _3, exponentially as |£| +
|mi| — rem, and |[¢| + |ma| — T4m, — oo. Similarly,

ref
‘ [‘@ZH m1m2%Z]ZZ <C § Cs, Cez)ee—’YCT(D ° )(7“2131 +7“z2z)e—’vz(7“elml 70y my T eymy Teyms )

Ly,02€N
o 3 { et it
£1,82€A
4 com (071) 3 (e R 1416 7). e ) 521)
2 (07°F) THem e @ LTI eI+ 1K) }evz (revmy +7erma FTeam Tezms )
< C(Dgef) —2d (Oref) -2 {1 + Com (Dref)f e*%Dgef(Z\l\Jr\ml|+\m2|*7”5m1 *Tng)] 2@*%05“(7“27“ +Tomy)
=: Cy(L,mq, mz)e_%aicf(”ml +Wm2)_
Therefore, by using (5.7), we have
Ok ) o
RN | < max{Cy (¢ C, (¢ —50y (Teml +7“2m2) 5.25
‘6y(m1)ay(m2) \m X{ 1( 7m17m2)7 1( 7m1)m2)}e ( )
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ref
z

C’(D“Ef)f3 max{ (Dﬁef)%d, pref (agef)*”}, as we send £, m; and my away from the defect core together. Again,

we omit the arguments for j > 2.

where the pre-factor converges to the pre-factor arising if Z,(y) is replaced with % i.e. it converges to

Proof of Theorem 2.9: Improved zero temperature locality. We directly apply (5.22) and (5.25) with o™f = %gref
and 0 = 2g. We again use the fact that |2(z — )| is uniformly bounded along the contour %x.. O

If u & 0(H(y)), similar arguments can be made for the finite temperature case. However, if u € o(H(y)),
another contribution to the site energy must be considered:

Proof of Theorem 2.7: Improved finite temperature locality. In the case that u & o(H(y)), we can directly apply
(5.22) and (5.25) with 2*f = d™f and o = d(y). Here we again use the fact that the analytic continuation of
g% (2; ) is uniformly bounded along .

In the case that u € o(H(y)), we may split € into three simple closed contours ¢ ~, ¢+ and 4, such that
¢~ and € are contained in C\ (4 + iR) and encircle o(H(y)) N[, ) and o(H(y)) N (i, 7], respectively, and
%o encircles {u} and avoids the rest of the spectrum. Now the finite temperature site energy is of the form:

a3 ALK CIOICUEERE =) Sy S ACICR OIS
2mz ;{ﬁ (25 ). ()8

The first two expressions of (5.26) can be treated in the exact same way as in the case where pu & o(H(y)). The
additional term is

(5.26)

m(p)
S Y ol = Sos(; )Z Z (5.27)

where m(u) is the multiplicity of u as an eigenvalue of H(y), {¢s} is basis for the eigenspace of p and e4(y)
are the eigenvalues at p written as functions of the configuration. We wish to show that (5.27) has the same
locality properties as the first two terms of (5.26).

For j =1, we have

<Zg Mh) =2 <2fﬁ(€s(y) — ) ags(y; (5]t + 8° (es(y)i 1) %[ws}z)a>
_ Oes () 112 2100y sl
= 3 (Gl 5 ost2) g

S 1 PO CORVEE ) I8 m)
= (

1 2 % ()it
o L L (o - 2oy i
2mi ‘fo( 1= 5 los(2) Ay(m)
Now, because z — z—pu — % log(2) is analytic, there is no 3-dependent restriction on the contour %p. This again
allows us to apply the Woodbury identity and the Combes—Thomas type estimate on the reference resolvent to
obtain improved locality results.
For j = 2, we have

_ ! 1 2 2 %% (y)ye
3y(m1 By(ma) (Zg esly %}m) = b, (—zﬁ(z —witz-p—3 log(2)) 3y(m1)6y(f§2)dz'
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Again, we see that z — —iﬁ(z — )2+ z—p— %log(2) is analytic and so we may use the improved resolvent
estimates on a temperature independent contour. This results in improved locality estimates with temperature
independent exponents but pre-factors of the form Cf.

For higher derivatives, the same arguments can be made which gives rise to S-independent exponents but
pre-factors that are of the form C 371, O
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