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NUMERICAL ALGORITHM FOR THE MODEL DESCRIBING ANOMALOUS
DIFFUSION IN EXPANDING MEDIA

DaxiN NIE, JING SUN AND WEIHUA DENG*

Abstract. We provide a numerical algorithm for the model characterizing anomalous diffusion in ex-
panding media, which is derived in Le Vot et al. [Phys. Rev. E 96 (2017) 032117]. The Sobolev regularity
for the equation with variable coefficient is first established. Then we use the finite element method to
discretize the Laplace operator and present error estimate of the spatial semi-discrete scheme based on
the regularity of the solution; the backward Euler convolution quadrature is developed to approximate
Riemann-Liouville fractional derivative and the error estimates for the fully discrete scheme are estab-
lished by using the continuity of solution. Finally, the numerical experiments verify the effectiveness of
the algorithm.
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1. INTRODUCTION

Currently, it is widely recognized that anomalous diffusions are ubiquitous in the natural world, and some
important models are built, including the continuous time random walk (CTRW) model, e.g., [3,4,20,21,30,32],
and the Langevin picture, e.g., [7]. Most of the CTRW models mimic anomalous diffusion processes in static
media, while expanding media are typical in biology and cosmology. Recently, Le Vot et al. [19] builds the
CTRW model for anomalous diffusion in expanding media, the Langevin picture of which is given in [8], and
derives the corresponding Fokker—Planck equation

OW (z,t) 1

ot~ mpl DT W@+ f@h), (@) €Qx(0.7)
W(z,0) = Wo(), T €Q, (1.1)
W(a,t) =0, (z,t) € 9Q x (0,7,
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where A stands for Laplace operator; f(x,t) is the source term; 2 C R is a bounded domain; T is a fixed
terminal time; oD}~ denotes the Riemann-Liouville fractional derivative, defined as [28]

o 1o [ w
oD} oW (t) = &OI?W“) = r(a)at/o i (5)_a d¢, 0<a<l,

and oI denotes the Riemann-Liouville fractional integral; a?(t) is the variable coefficient satisfying a%(t) #0
for t > 0 and

(0 azl(s) ‘ <Clt—s|, tsel0,T] (1.2)
with C' being a positive constant.

So far, numerical methods for fractional differential equations have gained widespread concerns [5,6,9,10,13—
16,22, 23,31, 33], and [17,27] also provide a complete numerical analysis for fractional differential equations
with variable coefficients. Compared with them, the non-commutativity of the Riemann—Liouville fractional
derivative and the variable coefficient, i.e., a%(t) oD} # QD%*aa%(t), brings new challenges in the priori
estimate and numerical analysis. To obtain the priori estimate of the solution W(z,t) of equation (1.1), the
regularity of ODtl_O‘W(x, t) is needed. As for the spatial discretization, we use finite element method to discretize
Laplace operator A and get the optimal-order convergence rates. And then we use backward Euler convolution
quadrature [24, 25] to discretize Riemann-Liouville fractional derivative and derive error estimates for fully
discrete scheme by using Holder continuity.

The rest of the paper is organized as follows. We first provide some preliminaries and then give some pri-
ori estimates for the solution of equation (1.1) in Section 2. In Section 3, we use the finite element method to
discretize the Laplace operator and get the error estimate of the spatial semi-discrete scheme. Section 4 approxi-
mates the Riemann—Liouville fractional derivative by backward Euler convolution quadrature and gives the error
estimates of the fully discrete scheme for the homogeneous and inhomogeneous problems. Section 5 verifies the
effectiveness of the algorithm by numerical experiments. In the last section, we summarize the conclusions.

2. PRELIMINARIES

We first give some preliminaries. For k > 0 and 7/2 < § < w, we define sectors ¥y and ¥ . in the complex
plane C as
So = {2 € C\ {0} |argz| <0}, To.={z€C:|e|>n|argz| <6},

and the contour I'y ,; is defined by

Io,={2€C:|z| =k,|argz| SQ}U{ZECZZ:TeiiGZTZH},
oriented with an increasing imaginary part, where i denotes the imaginary unit and i> = —1. We use | - || to
denote the operator norm from L?(Q) to L?(Q).

Then we introduce G(z,t) =oD; “W(x,t), A = —A with a zero Dirichlet boundary condition, and A(t) =
7a%(t)A with a zero Dirichlet boundary condition. For any r» > 0, let

A"v = Z (v, 95)
j=1
and denote the space H"(Q) = {v € L?(Q) : AZv € L?(Q)} with the norm [5]

”'UHQ' Q) Z A;(Uv @j)Q’
j=1
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where (A}, ;) are the eigenvalues ordered non-decreasingly and the corresponding eigenfunctions normalized in

the L2(Q) norm of operator A subject to the homogeneous Dirichlet boundary conditions on Q. Thus H(Q) =

L2(Q), HY(Q) = HY(Q), and H*(Q) = H*(Q)H}(Q), where H*(Q) with k = 1 or 2 is Sobolev space and

HL(Q) is the closure of C°(Q2) in HY(Q) [1]. For simplicity, we denote G(t), W (t), Wy, and f(t) as G(x,1),

W(x,t), Wo(x), and f(z,t) in the following. Throughout this paper, C' denotes a generic positive constant,

whose value may differ at each occurrence; C(T') is a generic positive constant depending on time 7.
According to (1.2), it holds

[(A(t) — A(s))ullr2(0) < Clt = s|l|ull g2 (2.1)
Taking any fixed ¢y € (0,7 and the Laplace transforms on both sides of equation (1.1), one has
(24 A(to)z' =)W = Wy + f + G, (2.2)

where W, f, and G are the Laplace transforms of W, f, and (A(tg) — A(t)) G, respectively. Thus, the inverse
Laplace transform of (2.2) leads to

W(t) = F(t,to)Wo + /0 F(t—s,t0)f(s)ds + /0 F(t — s,t0) (A(to) — A(s)) G(s) ds, (2.3)
where )
F(t,to) := 2 o et 2272 + Alto)) ' de. (2.4)

By means of the Laplace transform and the definition of G(t), we get

G(t) = Bt to)Wo + / E(t — s,t0) f(s) ds + / E(t — s,t0)(A(to) — A(s))G(s) ds, (2.5)
where .
Bltto) =5 | o™=+ Alto)) ™ (2.6)
1 Fe,n

As for the operators F'(t,tg) and E(t, 1), there are the following estimates.
Lemma 2.1 ([17]). The operators F(t,to) and E(t,to) defined in (2.4) and (2.6) satisfy
IE(t to)| < Ctot, |IF(tto)| < C, AP E(t to)|| < Ct*77H,
IAPE (L to)l| < Ct7°7, |ATOF (L. 1)|| < C277,
where F'(t,tg) denotes the first derivative about t and 8 € [0, 1].

Remark 2.2. The estimates in Lemma 2.1 are got by mainly using ||(z + A) || < C|z|7! for 2 € Xy. And the
last estimate can be obtained by using the fact 2%(2* + A)~! =T — A(2* + A)~!, where I denotes the identity
operator.

To get the priori estimate of W (t), we first provide some estimates of G(t).

Theorem 2.3. If W, € H”(Q), v € (0,2], f(0) € L*(Q) and fot If" ()|l 20 ds < oo with t € (0,T], then G(t)
satisfies

t
IG®)L2i) < CT)IHWollL2(o) + CT)F(0) 22 + C(T)/O 1/ ()2 () ds

and
t
G g2y < CTI>HWoll oy + CDFO) | 220) + C(T)/O 1" (8)l| 22 () ds.
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Proof. Applying A(to) on both sides of (2.5) and taking L? norm on both sides yield

()G (k) 112 < | A(t0) Eto, to)Woll ey + H [ atwB - s.w)s5)a

L2(Q)

+ ‘ / " Alto) Bty — 5. t0) (A(ts) — A())G(s) ds
0

L2(Q) .

According to Lemma 2.1, equation (2.1), and convolution properties, there holds
va/2—1
1A(t)G (to)ll 120y < CH"> M Wall oy + CILFO) 2200
t() t(J
€ [T IO ds +C [ 16G) gz ds. v e 0.2
0 0
Taking ¢ty = t and using Gronwall’s inequality [17,18] lead to
t
GO gr2(0) < C(T)tm/%lHWOHHU(Q) +C(M|f0) L2 + C(T)/O If'(s)lL2@yds, v e (0,2].

Similarly we have

IG®) L2y < T Woll L2y + CDF(O)22() + C(T)/O ()l L2 ds.

Next we give the regularity estimate of W(t).

Theorem 2.4. If Wy € H”(Q), v € (0,2], f(0) € L?*(R) and fot If'(s)llL2(q) ds < oo with t € (0,T], then the
solution W (t) of equation (1.1) satisfies

¢
WOl < COI Woll g + CDIF Oz + CT) [ 15y .
Proof. Applying A(to) on both sides of (2.3) and taking L? norm lead to

AW (1)1 < 1A Flt t0)Woll oy + [ [ At (00 = 3,100 ) s

12(0)
" Alto)Flto — 5, t0)(Ate) — A())G(s) ds

+!
0

()
According to (2.1), Lemma 2.1, and the fact T/(to — s) > 1, there is

[A(to)W (to)llL2(0) < Cty “[IWollL2(e)
to to
+ClFO) 2oy + € / 1)1z ds + € / (to — )"~ 1G(5) g2y .
Further combining Theorem 2.3 results in
to
(W (to)ll g2y < C(D)to “IWoll oy + C(DIf(0)lz2(0) + C(T)/O £/ (s)lL2yds, ve(0,2],

which leads to the desired result after taking to = t. O



NUMERICAL ALGORITHM FOR THE MODEL DESCRIBING ANOMALOUS DIFFUSION 2269

3. SPATIAL DISCRETIZATION AND ERROR ANALYSIS

In this section, we discretize Laplace operator by the finite element method and provide the error estimates
for the space semi-discrete scheme of equation (1.1). Let 7}, be a shape regular quasi-uniform partitions of the
domain €2, where h is the maximum diameter. Denote X} as piecewise linear finite element space

Xn = {’Uh S C(Q) : Uh|T S 'Pl, VT € 7y, ’Uh|aQ = 0} R

where P! denotes the set of piecewise polynomials of degree 1 over 7;,. Then we define the L?-orthogonal
projection Py, : L?*(2) — X}, and the Ritz projection Ry, : Hg(Q2) — X}, [5], respectively, by

(Phu,vh) = (u,vh) Yoy, € Xh,
(VRhU, Vﬂh) = (VU, V’Uh) Yoy € Xp,.

Lemma 3.1 ([5]). The projections Py and Ry, satisfy
|Pru = w20y + BV (Phu = u)|2() < ChYlull gorq)  for uw e HY(SQ), ¢=1,2,
|Rnt — ull gy + BV (Ra — 0|2y < Chull oy for we H9(Q), g = 1,2

Denote (-,-) as the Lo inner product and Ay is defined by (Apu,v) = (Vu, Vv). The semi-discrete Galerkin
scheme for equation (1.1) reads: For every ¢ € (0,7}, find W}, € X}, such that

oW, o —a
(8th7v> + (ODtl Ah(to)Wh,v> = (f,’l)) + ((Ah(to) - Ah(t)) thl Wh, U) for all v € X3, (3 1)
Whn(0) = Wo,n,
where
PhW(), WO c L2(Q),
o RhW07 WO € H2(Q),
and ]
(Ap(t)u,v) = aT(t)(vu’ Vo).
For convenience, we rewrite the spatial semi-discrete scheme as
oW, o —a
Tth + oDy Ap(to)Wn = fa + (An(to) — An(t)) oDy~ “Wh,

where fj, = P, f. By means of Laplace transform, the solution of equation (3.1) can be rewritten as

Wi(t) =Fn(t, to)Wo,n + /0 Fp(t — s,tg) fn(s)ds + /0 Fiu(t — s,t0)(Ap(to) — Ap(s)) o DLWy, (s) ds, (3.2)

where

1

Fy(t,to) := 2 Jy
0,k

2 (2% + Ap(to)) "t dz. (3.3)

Introducing G, (t) = oD}~ “Wj,(t), thus G (t) can be represented by

Gr(t) =En(t,to)Won +/0 En(t — s,t0) fu(s)ds +/0 En(t — s,t0)(An(to) — An(s))Gn(s)ds, (3.4)
where )
Ey(t,to) := o ) e™ (2% 4+ An(tp)) "t dz. (3.5)

Similar to Lemma 2.1, the following estimates about Ej and F} hold.
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Lemma 3.2 ([17]). The operators Fy(t,to) and Ey(t,to) defined in (3.3) and (3.5) satisfy

I1En(t to)|| < Ct=, [|Fu(tto)l| < C, ||, En(t,to)]| < CoP~
1Rt to)ll < O, AP Fy(t,t0)]| < CoP
where 8 € [0,1].
Next, we provide the following lemma which helps us for the error estimate.

Lemma 3.3 ([5]). Let ¢ € L?(Q), 2z € Xy, w = (2°T+ A) 1o, and wy, = (2°T+ Ap) "' Pro, where I denotes the
identity operator. Then there holds

lwn = wllz2() + AV (w0 = W)l 2@) < CR®[[0]|L2(0)-

To get the error estimate for the space semi-discrete scheme, we set ep(t) = P,W(t) — Wy(t). From (2.3)
and (3.2), there is

€h(t) = (PhF(t,to)WO — Fh(t,to)WQh) + A (PhF(t — S,to) — Fh(t — S,to)Ph)f(S) ds

+ A (PhF(t — S,to) — Fh(t - S,t(])Ph)(A(to) - A(S)) (]D;_QW(S) ds

(3.6)
+ /t Fi(t = s,t0) (PuA(to) — PhA(s)) 0Dy~ W (s) — (An(to) — An(s)) 0Dy~ *Wi(s)) ds
=1(¢) j—H(t) + TTI(t) + IV ().
Then we need to provide the bounds of I(¢), II(¢), ITI(¢), and IV(¢) in (3.6).
Lemma 3.4. If Wy € L?(Q), it holds
IL(t) | 220y < CE*R?([Woll 2 (-
Proof. According to Lemmas 3.1 and 3.3,
1) L2 ) < [(PaF'(t,t0) — Fu(t to) Pn)WollL2(a)

< (PuF(t,to) — F(t,t0))Wollr2(o) + [(F(t, to) — Fr(t,to)Pn)Wollr2(e)

< Ot *R?|[Wol 20,
which leads to the desired result. (]

Similarly, we have the following estimate of II(¢).

Lemma 3.5. If £(0) € L*(2) and fot ILf'(s)||2(q) ds < oo, then II(t) can be bounded by

t
[TL(t)|| 22 () < OB (IIf(O)LZ(Q) +/0 1" ()22 d5> :

As for III(¢), there is the estimate

Lemma 3.6. If W, € H”(Q2), v € (0,2], f(0) € L*(Q) and fot Ilf'(s)]lL2(0) ds < oo, then

t
mmmy@scﬁ@mmwmﬂmwm@+ﬁnﬂﬂm@@)



NUMERICAL ALGORITHM FOR THE MODEL DESCRIBING ANOMALOUS DIFFUSION

Proof. According to (2.1), Lemmas 3.1, 3.3, and Theorem 2.3, we have

to
T (20) ||l L2 (o) < / | PoF (to — s,t0) — F(to — s,t0) ||| (A(to) — A(s)) 0 Ds W (s)|| L2(e) ds
0
to
+ / [ F(to — s,to) — Fu(to — s,t0) Palll(A(to) — A(s)) oDy W ()| 2() ds
0
to
< on? / (to — )"~ o DLW (5) | 2y ds
0

to
< Ch? <||Wo||m(9) +[1£(0)] 2 +/0 1 ()] L2 (@) ds) , ve€(0,2].

Taking to = t leads to the desired result.

To estimate ||IV(t)||12(q), introducing vy, (t) = oD} %€y, results in

¢
’Uh(t) = (PhE(t7t())W() - Eh(t7t0)WO,h) + / (PhE(t - Sﬂf()) - Eh(t - S,to)Ph) f(S) ds
0
¢
+ / (PLE(t —s,to) — En(t — s,t0)Pr) (A(to) — A(s))G(s) ds
0
¢ 4
—|—/ En(t —s,to) (PhA(to) — PrA(s))G(s) — (An(to) — An(s))Ghr(s)) ds = Zvi,h(t).
0 i=1
Next, we consider the estimate of ||vp(t)|[z2(q), which helps to get the estimate of [[IV(t)[|z2(q).
Lemma 3.7. If Wy € HY(Q), v € (0,2], f(0) € L%(Q) and fg ILf'(s)ll22(q) ds < oo, then we have

t
v (@)l L2(0) < Ch2tm/271||W0||Hu(Q) + CR?|[ f(0) L2 (o) + Ch2/0 1" ()]l 2(e) ds.

Proof. According to Lemma 3.1, we have the estimates

Cth_luonLZ(Q), Wy € LQ(Q),

PLE(t,to) — E(t, o)W, < .
(LB o) = B o)) Wo Loy {Ch%alWolle(Q), Wy € 13(0).

If Wy € L?(Q), according to Lemma 3.3, the following estimate holds

[(E(t,to) — En(t,to) Pr)Woll12(q) <

/ e (2™ + A(to)) ™t — (2% + An(to)) * Pn)Wo dz

NS

L2(Q)
< CR*tH[Wollp2q)-

2271
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If Wy € H?(Q), then one has

||(E(ta tO) - Eh(ta tO)Rh)WOHL2(Q)

< / 2T (A(to) (2% + A(to)) ™" — An(to) (2™ + An(to)) ™' Rp)Wo dz
To.x L2()
+ / e*' 27 (I — Ry)Wydz
Fos L2(9)
< / ez (2% 4+ A(to)) ! — (2™ + An(to)) ' Pr) Alto) Wy dz
To,x

L2(Q)
+ CR Wl g2 gy
< Chzta71||WO||H2(Q)a

because of Lemma 3.3, the fact A,R, = P,A [5], and (2® + A)~! = 27*(I — A(2* + A)7!); and here I is the
identity operator. Thus we get

v (to)llzz) < [(PRE(, to) — E(t, t0))Woll p2(a)
+II(E(t,to) = En(t,to) Pa)Woll p2(q) < CR*t ™ |[Wol|12(q) for Wo € L*(Q)

and
lor,n(to)llL2(0) < (PhE(t to) — E(t, t0))Woll 2o
+[[(E(t, to) = En(t,to) Rn)Woll 2(q) < CR2H[Wol| 2oy for Wo € H? ().

Taking to = ¢ and using the interpolation property [1] lead to
[o1,n(B)l20) < CR2 YWl oy v €[0,2).
Similarly, one has
t
o2 (®)lz2(0) < CHIF(O) 2oy + CH? / 1/ (5) 20 s,

according to Lemmas 3.1, 3.3, and the convolution property f(¢t) = f(0)+ (1% f’)(¢). As for vs j,(t), Theorem 2.3
gives

to
[0z 1 (t0) || L2() < Ch? /0 IG ()l g2y ds < Ch?

to
Woll oy + CR21F(0)]| 2oy + Ch? / 17(3) ]2y ds.

Combining Lemma 3.2, assumption (1.2), and A, Rj, = P, A results in

e to)ll o < H / " En(to — 5, to) (An(to) — An(s))un(s) ds

L2(Q)

+ ’ /OtO Eh(tO - S,tO)Ah(tO)(l — a2(to)/a2(s))(Rh — Ph)G(S) ds

L2(Q)
to tO

SC/ [on ()l 22 d8+0h2/ 1G ()]l 772y ds-
0 0

Thus Growall’s inequality and Theorem 2.3 imply the desired result where we need to require v > 0.
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Lemma 3.8. If Wy € H”(Q), v € (0,2], f(0) € L*(2), and fot I.f' ()|l L2(q) ds < oo, then there holds

t
ITV(t) |2 () < CR? (WoHHu(Q) +1£ (O[22 +/0 1" ()]l 2 (e dé’) :

Proof. According to (3.6), one can divide IV (¢y) into two parts, i.e.,

IV (o)l ey < H / " Filto — s.10) (An(to) (B — Pa) — An(s)(Rn — P)) D' (s) ds

L2()

+ ‘/th(tO—s,to)(Ah@O)—Ah(s))OD;—%h(s)ds
0

L2()

By assumption (1.2), Lemma 2.1, and Theorem 2.3, one can derive
to
IVi(to) < / | Fr(to — s,t0)An(to)(1 — a®(to)/a”(s))(Rn — Pr) 0D~ “W ()|l 12(q) ds
0
to
<CR [ (to = 9o DE W) 2 ds
0

to
< Oh? (IIWolgum) +1£O0) 20 +/0 I ()l L2 ds>.

According to Lemmas 3.2, 3.7 and assumption (1.2), we have
to
IVy(to) < / [ A (to) Fn(to — s, to) |11 — a®(t0) /a® () (Il o D5~ “en(s) || 12 () ds
0
to
< [ to— oDt en ()l ds
0

to
<o (|Wo||m> IOl + [ 176 e ds) |

Then the desired result is obtained after taking ty = t.

<1V, (to) + 1V, (to).

2273

O

Combining Theorem 2.4, Lemmas 3.1, 3.4-3.6, and 3.8 leads to the error estimate of spatial semi-discrete scheme.

Theorem 3.9. Let W (t) and Wi,(t) be the solutions of equations (1.1) and (3.1), respectively. If Wy € H” (%),

v € (0,2], £(0) € L?(Q2), and fot IL.f' ()|l 2 (0) ds < oo, then there holds
t
W (t) = Wa ()l 20 < Ch? (t_“HWOHHu(Q) +1£O)z2 (2 +/0 [FRCIZI d8> :

4. TEMPORAL DISCRETIZATION AND ERROR ANALYSIS

In this section, we use backward Euler convolution quadrature [15,24-26] to discretize the time fractional
derivative and perform the error analyses of the fully discrete scheme for homogeneous and inhomogeneous
problems. First, let the time step size r=T/L, LEN, t; =ir,i=0,1,...,Land 0=ty <t; < --- <tp =T.

1=¢

Taking ¢,(¢) = — and using convolution quadrature for equation (3.1), we have the fully discrete scheme for

any fixed integer m € [0, L],

wpr— Wit & e = 0w
h —« n—i n —« n—i
e o Ay () ;d Wi = S+ (An(tm) — An(tn) Z;d Wi

0
Wh = WO,h7

(4.1)
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where

S d T =50 0<a<],
=0

and W} denotes the numerical solution of (3.1) at ¢ = t,,. Multiplying (" on both sides of (4.1) and summing
n from 1 to oo result in

0o n _ n—1 00 n—1 ] 00 e’} n—1 )
Z an + Z Ah(tm) Z dgl—a)W}:L—ﬁ(n _ Z e+ Z(Ah(tm) . Ah(tn)) Z dz(-l_a)W}:L_lcn§
n=1 n=1 =0 n=1 n=1 =0

after simple calculations, it holds

s} o) n—1
(8:(C) + An(tm)d-(0)' ) Z W™ =3+ D (An(t) — An(ta) S dl O WrTicn + %W;?-
n=1 n=1

=0

Thus, choosing &, = e~7("*1)_ one has

Wi =g [ 0 0" + At Z ficiac
+ % ¢TI (0-(O) + Anltm)) ! CWh d¢
T Je=le,]
o0 j—l
+ % =] CinildT(C)ail (5T(<)a + Ah(tm))_l Z(Ah(tm) — Ah(tj)) ngl_a)wg_icj dC
o J=1 i=0

(4.2)
Before providing the error estimates, we recall the following lemma.

Lemma 4.1 ([11]). Let 0 < a < 1 and 0 € (%,arccot (—2)) be given, where arccot means the inverse

function of cot, and let p € (0,1) be fized. Then, both 6,(e *7) and (6,(e”*7)* + A)~! are analytic
with respect to z in the region enclosed by I, = {z=—In(p)/r+iy:y€Rand |yl <n/r}, T, =
{z cCirn<z| £ 5 TSRy ,|argz| = 9} U{z € C:|z| =k, |argz| <0}, and the two lines R + ir/T whenever
0 < k <min(1/T,—1In(p)/7). Furthermore, there are the estimates

5o (7)€ 3 v €Ty,
Colz| < |6- (e7*7)| < Culz| VzeTly,,
|6- (e7°7) — 2| < C7lz|? VzeTly,,

|6~ (e*7)" — 2% < C7lz|*t! vz eTy,,
where the constants Cy, C1 and C are independent of T and x € (0, min(1/T, —1In(p)/7)).

Below we provide the error estimates of the homogeneous and inhomogeneous problems separately.

4.1. Error estimate for the inhomogeneous problem

In this subsection, we consider the error estimate between W}, (t,) and W} which are the solutions of equa-
tions (3.1) and (4.1) with the initial value Wy = 0. Denote e} = Wy (t,) — W. By (3.2) and (4.2), there holds

lerllrz(o) < I+11, (4.3)
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where
I<C /tnF(t — st )f()ds—L MO (8- ()™ + An( ZfC”dC
> 0 h\ln stm)Jh i =it T T h h )
L2(Q)
t’VL
II§C’/ Fiy(tn — 8,tm)(An(tm) — An(s)) o DLWy (s) ds
0

o [T 6O + Al (Z<Ah<tm> Ah(t]’))id?—a)wgié) o
L2(Q)

2mi ¢=l¢+1 j=1 i=0

Like the proof in [15,26], one can get the following estimates of I and II defined in (4.3).
Theorem 4.2. If f(0) € L?(Q2) and fo Ilf' ()|l z2(q) ds < oo, then there holds

t
1< Cr[f(0) 2y + Cr / 17 () 2y ds
0
As for II, we introduce

Z mC = 0:(0)* 7 (0-(O)* + Anltm)) "

where

n — 1
T i

J €T 00" A ¢

and &, = e~ 7"t Taking ¢ = e~*" and deforming the contour I” = {z =k + 14 1iy:y € R and |y| < 7/7} to
IG.= {z eC:k<|z < mﬂargd = G}U{z € C: |z| =k, |arg z| < 6}, one has

mn o 1 ZnT —zT\a—1 —2T\« -1
F””_Qn-i nge 0r(e7*7) (6-(e7*T)* + Ap(tm))  dz,

and simple calculations lead to

1

[An ) ol = || 5 / AN (tn)0r ()T (0T - An(t)) T d2|| S Clta +7) 7 (44)

2mi

To get the estimates of II, we divide it into four parts, i.e.,

n<c /0 " Bt — 5, 5) (An(tm) — An(s)) o D1 Wi(s) ds

_TZFn k( ) Ah tk Zd(l a)wk z>

=0

<Y (g + Mo + g + Ty ),
L2(Q) k=1
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where

M, <C

)

L2(Q)

tr
I, < C ‘ </ Fh(tn - S,tm) ds — TF.:f;Tk> ((Ah(tm) — Ah(tk)) thl_aWh(tk))
te—1

TE L (An(tm) — An(tr)) (Z AWk - thI“Wh(tk)>

)

L2 ()

I3, < c’ /tk Fiu(tn — 8,tm) (An(tm) — An(s)) — (An(tm) — An(tr))) oD~ Wi () ds

9

L2(Q)

tr
II4,k S C‘ / Fh(tn — S,tm)(Ah(tm) — Ah(s)) (ODtliaWh(S) — ODtliaWh(tk)) dS
tr—1

LQ(Q).

To get error estimates of IT, the following estimates of Gy, defined in (3.4) are also needed. Similar to Theorem 2.3,
we have the following results.

Theorem 4.3. If Wy € H”(Q2), v € (0,2], f(0) € L*(Q), and fo ILf'(8)|l2(q) ds < oo, then G(t) satisfies
IGR(B)l220) < Ct*H[Wollz2 () + ClLF(0)ll20) + C/O 1 ()l 20 ds
and ,
1G22y < 27 HIWoll gy + CIFO) 200y + C/O 17/ ()| 2 ds.
Theorem 4.4. Let Gp,(t) =oD} “Wy(t). Assume Wy =0, f(0) € L*(), and f'(s) € L=(0,T, L*(Q)). There
holds
H Gu(t) = G(t —7)

T

< Ct 7 (1)l L2y + 1F ()l Loe 0,7, 2 () -
L2(Q)

where v < 1+ a.
Proof. According to (3.4), one has

t) — t—
[G0-Ct=n)
7 L2(2)
where
S Bnt = s to) fuls) ds — [y 7T Bult — 7 — s,t) fu(s) ds
v = e )
L2(Q)
. I Bn(t — s,t0)(An(to) — Ap(s))Ga(s) ds — [y " En(t — 7 — s,t0)(An(to) — An(5))Gr(s)ds
, =
T

L2(Q)
As for vy, we split it into

I3 En(t — s,to)dsfa(0) — fo " Ey(t — 7 — s,t0)ds f(0)

v <C
T
L2(Q)
f(fiT (fot " En(r,to)dr — t " En(r, tO)dr> fals)ds
+C
T
L2(Q)
t s
Ep(r,to)drf,
+C ft T - ) h( ) S vt U2 v
T L2(Q)
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Using the fact ‘1_‘3;” ‘ < C|z|" on T'y 4, there is

T

v <C

/ eZti(zo‘ +Ah(t0))71271 dz fr(0)
To,n

T
L2(Q)
=C e[~ dz |l £ (0)l| 22y < CETF ()] L2(e)-
0,k
Similarly, we can bound vy 2 by
T z(t—s) L—e™?" @ —-1_-1 /
v12 <C e —— (2% + An(to)) 27 dzfy(s)ds
0 Lo m L2(Q)

t—7 t—1
<c / / 7|27 [ £4(5) | (e ds < C / (t = )17 ()] e ds,
0 Fg,,i 0

where v < 1 4 « is required to ensure vy 2 convergent. Similarly one has

v13<C

t
/ / =Y (2% £ Ay (to)) Ttz dzfy () ds
t—1 JTg x

L2(Q)

<C

1£n ()l Lo 0,722

1 — e 3T
/ eZTie(za + Ap(to))tz7tdz
T x

27

SC/ 12772 Az f1.(3)] L 0,7, p2(0)) < CE TN F (8) | 2oe 0, 7,22(02))
T x

where we take x = 1/t and require 7 < 1 4 « to ensure vy 3 convergent. Thus one has

vy < Gt (1 £0)|| 2y + 1/ ()| 0,7, 12(02)))

and v < 1 + «. Similarly, when ¢ = ¢y, one can split v into

Vg < ‘ OtOﬁ (En(to — s,t0) — En(to — 7 — s,t0)) (An(to) — An(s))Gr(s)ds
2 <
utl L2(Q)
t
°  En(to— s,to)(An(te) — An(s))Gn(s)ds
4 || o=z n(to 0)(An(to) n()Gn(s) < v2,1 + U2
T
L2(Q)

Using Lemma 3.2 and (2.1), one has

to—T to—T
L e el (A to) — A Gy s < [ (t0 = )7 NG )y .
0,k

IN

V2,1

to—T 1 — e 2T
/ / o107 ———— (2% + An(to)) ™" d2(An(to) — An(5))Gn(s) ds
0 To,n

L2(Q)

IN

Similarly, when v < 1, we have

fo Eh(to - S,to) ds

to—T

la— .
V2o < C g 1Gh ()l e 0,7, Fr20)) < Cto” © NGR(S) | oo (0,1, 772 0
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when v > 1, we obtain

to

tna < C to—r Enlto — s,t0) ds

-1

1Gr(s) HLoc(O,T,H?(Q))

o, 0TI (2 4 A (ko)) T dzds

<C e 1GR ()| Lo (0,7, 772(2))

1—e*" _
<c / (o Anlt0) 1 | G (5) e 1150

I, 1+a—
< C/F 12727 Q2| Gh(8)ll e (0,7 1202y < Clo NGRS e 0,1 2 (520
0,k
where we take r = 1/to and require v < 1+ o for the integral [;, [2[77?7|dz| to be convergent. Taking to = ¢
and using Theorem 4.3, the desired results can be obtained by the fact T/t > 1. O

Now we estimate II. First, we consider II;; defined in (4.5), which implies the difference between
Zf;ol dEl_a)W}’f_i and oD}~ W), (t;) needs to be obtained.

Lemma 4.5. Let Gy,(t) = oD} Wi (t) and GI' = Y r=d" W=t Assume Wy = 0, f(0) € L2(Q) and
f'(s) € L>=(0,T, L*(Q)). There is

G = Gu(ta)llL2) < Ot (1FO0) |20y + 11 () L o,7,L2(02)) ) -
Proof. From the definition of G} and equation (4.2), it has

oo oo n—1 oo
Z Gzcn — Z Z dz(l—a)Wi?fié-n _ 57‘(C)1_a Z W}:LCTL
n=1 n=1 i=0 n=1
= (6,(0)* + Ap(t th "+ C o Ap(tm)) "D (An Ap(t))GC™.

n=1

Considering the error between G}* and Gp(t.,), one has

2
IGL — Gr(tm)llz2Q) < ka,m

k=1
where
1 —m—1 « -1 - n s n b
a<Clg [ 0"+ Aute) ;fhc A= [ Bult = st () ds e
van<Cllom [ GO0 + At Z An(tn))GRC™ dC
27T1 CZIfT‘ n=1

_ /Ot En(tm — 5 tm)(An(tm) — An(s))Ga(s) ds

L2 (Q)

with & = e~ 7(**1)_ Similar to the proof in [15,26], the following estimate of v1,, can be got

t'f'l
v1,h < CTt,?;L_le<O)||L2(Q) + CT/ (tm — S)a_le/(S)HL2(Q) ds.
0
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As for vy p,, we introduce

Ty LG = (6:(0)% + Anltm) "
=0

where .
-1
n o _ znt (§ —2T A d
Bl =5 [ (o) Anlt) s
Thus
1 —ZT\& -1 -
| An () B2 | = 271/ " Ap(tm) (6- (=) + Ap(tm)) " dz|| < Ctn + )7L (4.6)
0,k
For convenience, we split vg 5, into the following forms
tm
V2. h < C TZEm k Ah Ah(tk))Gﬁ - / Eh(tm - S,tm)(Ah(tm) - Ah(s))Gh(S) ds
0
L2(Q)

<CZHTEM F(An(tm) — An(te))(GE — Gh(tr) [P

-+ CZ (TE:_T’Lmk — tk Eh(tm — S,tm) d8> (Ah(tm) - Ah(tk))Gh(tk)
k=1 ¢

k—1

L2(9)

ey /tk En(tr — ,tm)(An(ts) — An(s))dsGi(tr)

L2(Q)

+ Ci /tk Ep(tm — 5, tm)(An(tm) — An(s))(Gr(tr) — Gu(s))ds
k=1 |[Vtk-1

m 4
= § § V2.5.k,h-
k=1j5=1

L2(Q)
Assumption (1.2) and equation (4.6) lead to

m

Z'UQJ,kh <CZTHGk Gh(tk)”Lz

k=1 k=1
As for v 9 k.5, there is
tr

TETF — Ep(tm — s,tm) ds

te—1

tr
Bk — Ep(ty — s,tm) ds

tr—1

tr
—C/ / O (3T )z [ e e A s
tre—1 z FB,:{

/ / 2(tm—s (z + Ap(tm)) tdzds
te—1 YT, \T'G

/ / 2(tm 75) e(sfk'r)z) (67—( 727')04 +Ah( ))_1 dzds

o#(tm —s) T(e—”)a +AR(tm) T = (2 Ah(tm))_l) dzds
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ty
< CT/ (tm —5)* 2 ds.

tp—1

According to (2.1), it has

m m tr tm
D vaopn < CTZ/ (tm = 5)* 1 ds[|Gu(ti)ll 20y < CTIFO)ll220) + CT/ 1 ()l r2 (@) ds,
k=1 k=1 0

te—1

where the last inequality follows by Lemma 2.3. Combining Lemma 2.1 and (2.1), one obtains

m m tk trn
sz,s,k,h < CZT/ (tm — 8)a_1||Gh(tk)HH2(Q) ds < O f(0)|[z2(e) + CT/ 1" (8)]| 22 () ds.
k=1 k=1 0

tr—1

From Lemma 4.4, it holds

ds < C7 ([l £(0) |l L2(e) + 1F/ ()l oo (0,7, 22(2)) ) -

(?h(s) "(;h(tk)
T L2(Q)

g voakn < CT E /
k=1 k=1"tx

te—1

Since m € [0, L] is any fixed integer, taking m = n results in

IGh — Grta)llz2Q) < crtg! (I1F O 2y + 1/ () Lo 0,7, 22(02))) + CZTHGQ — Gu(tr)llz2(0)-
=1

Then the discrete Gronwall inequality [29] leads to the desired results.

Theorem 4.6. If Wy =0, f(0) € L?(Q2) and f'(s) € L>=(0,T, L?(2)), then there holds

IL< C7 ([[£(O)l 22y + I/ () Loe 0,7, 202))) »

where 11 is defined in (4.5).

Proof. According to Lemma 4.5 and equation (4.4), it has

D Mg <OTY (tm — 1) GE — Ga(th)ll 20
k=1 k

=1

< C7[I£(0)||L2(0) + OTIIf'(8) | o< 0,1, 22(2))-
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Next, consider the difference between TFff,;’“ and ftk ) — 8,ty,) ds, e,

tr
/ Fl%k — Fp(tm — 8,tm)ds
t

k—1

123
TF:LT,:]C — / Fy(ty — s,tm) ds
te—1

ez(m—k)r(ST(e—zq—)a—l (5 ( —zq—) +Ah( )) -1 dz

-

- / eltm=s)z 0= L Ay (,,)) "t dzds
Lo, x
tr
<C / / eltm=9)z 010 L Ay (t,,)) "t dzds
th—1 FB,N\FE,N

tr

_’_C‘/ / ez(tmfs)(l _e(sfk‘r)z)(;‘r(efzﬂ—)afl (5T( —zr)a +Ah( ))71 dzds
te—1
tr

z(tm 75) ( 727)04 (5T(efz7>a+Ah(tm))fl

_ el g Ah(tm))*l) dzds

'r

< C’T/ (tm — s)_1 ds,

th—1

where Lemma 4.1 is used. According to (2.1) and t,, — ty < t,, — s for s € [tg_1,tx], one has

m m tm
D Mo < C72 Y IGh () sr2(y < OTIFO)|22(0) + CT/ 1)l L2 ds.
0

k=1 k=1

Using Lemma 3.2, (2.1), and Theorem 4.3, one can get

tm
> it 2 03 [ 166 o< Ol SOl +C7 [ 17 i
th—1

Combining Lemma 3.2, (2.1), and Theorem 4.4 results in

ZIIM <CTZ/

te—1

Gh (8) — Gh (tk)

T

ds < C7[[£(0)]lL2(e) + CTIf ()| (0,7, 22(02)-
L2(2)

Thus taking m = n leads to
< Cr ([ £0) |22y + 11 () Los0,7,L2(02))) -

Combining Theorems 4.2 and 4.6, one gets the result.

Theorem 4.7. Let W), and W} be the solutions of equations (3.1) and (4.1), respectively. If Wy = 0, f(0) €
L2(Q) and f'(s) € L>(0,T,L*(Q2)), then there holds

Wi (tn) = WillL2) < CT (1F(0) I 22(0) + 1/ ()| Lo 0,7, 22(02)) ) - (4.7)
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4.2. Error estimate for the homogeneous problem

In this subsection, we consider the error between Wp(t,) and W}', which are the solutions of equa-

tions (3.1) and (4.1) with f = 0. Similarly, denote e} = Wj,(t,) —

llenllz2) < T+1I,

where
I < C Fh(tnat )WO h — 2L C_n_l(s‘r(g)a_l (6T(C)a + Ah(tm))71 7WIS dC
T Je=le-| T
n<c / Fi(tn — 8,tm) (An(tm) — An(s)) oD *Wi(s) ds

oo

- ¢ (0O + An(tm)) T [ D (An(tm) —

27T1 <=‘57| e

=0

)

L2(Q)

with & = e~ 7"+ Similar to the proof in [15,26], one can obtain the following estimates.

Theorem 4.8. If Wy € H”(Q) with v € (0,2], then we have

1< Ot | Woll g

As for II, when t,, = t,,, it has

tm

Ey,(ty, — s, tm)(Ah(tm) — Ah(s)) oD;_aWh(S) ds

tm) — An(ts)) Zd“ W )

=0

IISC’

0

—TZFT" k(

L2(Q)

=C H/o (i (Fn(tm — s, tm) (An(tm) — An(s))) oI Wh(s) ds

k—2

_TZ Fm k (Ap(tm) — Ap(tr)) (Zd W}]: : Zd( aWk 1=

=0

o

m

Z(Z (F7 (A (tm) = An(te) = F ¥ (An(tm) = An(tisn)

k=1

m
< Z:(IIL;f + 1o 5 + 15 1),
k=1

tm 8 )
/0 m (Fr(tm — 8, tm) (An(tm) — An(5))) oIdWh(s)ds

)

)ir)

k—

K2

1

i=0

L2()

AWl

K2

j—1
)Y d YW | d¢

L3(Q)

L2(Q)

(4.8)
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where

k—1 )

g < || (B 5 (An(tm) — An(te)) — F ¥ (A (tn) — An(tien))) <oI§; Win=>" dE“”WZf‘l> ,
i=0 L2(Q)

Tk 8
< - J— —_
HM_(Llwmﬁwwm&%MWMJMWNS
%H%mmwwAmm—w#*mwm—&mﬂm}ﬁml :
L2(Q)
tr 8
I3 < / ——— (Fa(tm — 5, tm) (An(tm) — An(s))) 0I$Wh —olf, W) ds
to_y Otm —3) L2(Q)

To estimate II; j, denote Up () =olf, Wp and U;f = Zi:ol dE_a)W,]f*i. By means of Laplace transform, Uy,
can be represented by

t
mwzmm%w%jEMF&wmmmﬂmmgw@m
0 S
and
n—1
no_ (—e)pym—i _ L —n—1 -1 a -1513/0
w—§¢ W = ) & 0O OO+ Anen)) TR AC
%% : K‘C‘”—Hx(o—lwr«da+—Ahuer* > (Antm) = Ant))(UL = U~ HE /7| d¢
=|&, j=1
where

1
Hy (b, ) = 5 /F 212 4 Ap(t)) " da.
0,k

Similar to the proof of Theorems 2.3 and 4.4, one can get the following estimates of Uy, (t).

Theorem 4.9. Assume f = 0. If Wy € L?(Q), then Uy(t) satisfies
[Un®)lr20) < ClWollrze), U]l g2y < ClIWoll22(0)-
And if Wy € H"(Q), n € [0,2], then it holds
1432 Un )l i72(0) < ClWol (e
Theorem 4.10. Let U, =oIPWy,(t) and f = 0. When Wy € L*(2), one has
H Un(t) = Un(t — 1)

< Ct [ Woll L2 (o),

T L2()

where v, < 1+ a. And when Wy € H(Q) with v € (0,2], one has
Up(t) — Up(t —7)

TV2

|4,

S Ctal//27'72 ||WO ||H”(Q)’
L2(Q)

where o < 1.
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Then we consider the difference between Uy, (t)) and UF.

Theorem 4.11. If Wy € L?(Q), f =0 and a%(t) € C?[0,T], then we have
1UR = Un(tn)ll2) < Cty~'7[[Woll L2 (-
Proof. Here, for n = m, we can split it into

1Un(tm) — Uyl 2(0) < vin + U2,n,

where
1 —m—1 —1 « —1 C 0
v, < C\[Hp(tms tim)Wo,n — o ¢ 0-(Q) 7 (0:(Q) + Ap(tm)) =Wy dC ,
T J¢=l¢.| T >
L2(Q)
tm ]
v < C [ Hult = 5.0 (00 (0) — (5) U5
0
1 —m— — @ — = ] j— j
o [ GO + Anlt)) (Z(Aham) - Anlt))U} - U] 1><J/T> d
¢=1¢-| Jj=1 L2()
Similar to the proof in [15,26], the following estimate can be got
U1,h S CTt%_1||W0HL2(Q).
To get the estimate of vy p, introduce
TZ Cl = 5 ) (6T(<)a + Ah(tm))il ,
where )
n —ZNT —ZT\— —ZT 1
H!,, = 3 . .e Sp(e )7t (57( )Y+ Ap(t )) dz.
The v2 ;, can be divided into the following parts, i.e.,
tm 8
van £ C|| [ 5 (it = 5yt)(An(t) — An(5))Un(s)ds
o Otm —s)
‘ ‘ 3 m
Z (H (An(tm) — An(ty) — HI 77 (Ap(tm) — An(ti))) Uj, =3 vk
L2 =lk=1
where
Vot kn < J[(HF(An(tn) — An(te)) — H (A (tm) — An(teg))) (Un(te) — UR) ||L2(Q) ;
" 9 A A
< — (Hp(tm — -
vaan < ([ G (= o) () = (5 s
(2 (Anltn) = An(8) = HEZ () = Anasn) O]
L2(Q)
tr 8
vran < | [ gy (Hult = 5:60)(Anlt) = A4(9) (U () = Un(t) s
te_1 m L2(Q)
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As for vy 1 k5, it has
VE (A () — An(t)) — HE 5 (An(t) — An(tis)]
< HEZF(An(tm) — An(te)) — HP 2 7 (An(tm) — An ()|
+ I H T (AR (t) = An(tre))]| < 01k + ook

Using Lemma 4.1, one can obtain

o1k < CT(tm — tr) / e<m*k>mix4h(tm)5f(e*”)*l(&(e*“)a + Ap(ty,))tdz|| < CT.
T T
0,k
Similarly,
oap < Cr / om=E=D)7= 4, (1 5 (6= 1(5,(e=2T) + An(ty)) "1 dz| < O,
79—,5
Thus

> vaikn <CTY_|Un(te) = Ul L2()-
k=1 k=1

As for vy 2 i p, one can divide it into four parts, i.e.,

/ k (Ap(tm) — An(s)) (a(taHh(tm = $,tm) — (HIF = HZOF /7') ds Up(t)

Voo kh < C
te—1 m S)

L2(Q)

v [ (Ans) = Anttun)) (HEH — HEF) frdsUite)

te—1

L2(Q)

tk
s / %Ah(s) (Hn(tm — s,tm) — H'2F) ds Un(ty)
tp—1

L2(Q)

tr _
e / <§8Ah(s) _ Anllien) Ah(t’“)) HF ds Ui ()
th—1

T

4
< Z Vi -
=

For the first part ¥; ;, using Lemma 4.1, one has the estimate of the difference between ﬁHh(tm — Sy tm)

and Hrm" —HTL

L2(Q

, t.e.,

9 Hp b — Hi !
—— Hp(ty — s, tm) — : ’
‘a(tm 5y Hnltm = 5:tm) -

/ 2 tm=9) (2% 4 A (t,)) "t dz — / e bm =) (5 (7)™ 4+ Ap(t)) "t d2
FG,»@

-
0,k

< C7(tm — 5)*72,

which yields

tp—1

m m tr
S Cr 3 [ (b= 9 UM ey
k=1 k=1

Similarly, one has

T, M

<C < Oty —5)*7 L.

/ ez(tm—tk—l)e_z”- ((57_ (e_ZT)a + Ah(tm))_l dz

T

m—k m—k—1
‘Hm - H
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Therefore one has
202 L < CTZ/t = ) U (1) g2
k-1
Moreover, according to Lemma 4.1, there is
[0t — 5, tm) = HE |

<C

/ ez(tmfs)zfl(za_FAh(tm))fl dZ—/ ez(tmftk.)(s‘r(efz‘r)fl(&_( 7z'r)oz+Ah( m)) 1dZ
FG»-;

-
0,k

< CT(ty — )71,

which leads to
tr

2193 B < CTZ — 5)* M| Un (t) | 2 ds-

tk1

On the other hand, accordlng to Lemma 4.1, one has

| < C < Ctm — tr)™.

/m o™ tm =G (e T) T (G, (7)™ + Ap(tn)) T  dz

0,k

Combining a%(f) € C?[0,T] leads to

S 00203 [ o 0 I oy (19)

tkl

The estimate (4.9) together with Theorem 4.9 yields that
tr

sz 2.0eh < CTZ = 8)* U (tR) |72 () ds < CTIWol 2

tp—1
Using the condition a%(t) € C?[0, T, one can bound v 3 5 by

[ nen) - 4605

te—1 (tm - S)

ty

V2.3 kh < c (Hh(tm - S,tm)) (Uh(s) - Uh(tk)) ds

L2(Q)

O [ Haltm .t 5 (Anltm) = A0(5)) (Ui(s) — Un(t)) ds

tr—1

< cf/t’“ Un(s) — Un(t)
th—1

-
According to Theorem 4.10, one has

L2(Q)

ds.
L2(Q)

m
Z Va3 kn < CT[[Woll2(0)
k=1

Thus using discrete Gronwall inequality and taking m = n result in

U = Un(tn)llL2() < Cto™'7[[Woll r2(q)-
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Next consider the estimate of II defined in (4.8).

Theorem 4.12. If Wy € L?(Q), f =0 and a%(t) € C2[0,T), then one has

ZHM < CO7[Woll 2
k=1
where I1y i is defined in (4.8).
Proof. By triangle inequality, we can divide it into two parts, i.e.,
IF7 e (An(tm) = An(tr)) = Fo ™ (An(tn) = An(tes)) |
S EDSF(An(tm) — An(te)) = F 7 (An(tm) — An(te) |
+ IER T (AR () — An(tes)) I < 01 + 02,0

The fact |¥| < Cz| and Lemma 4.1 show

01k < CT(tm — tr)

—2T _ 1
/ e(m_k?)TZeiAh(tm)5T(e_zT)a_l(5T(G_ZT)a + Ah(tm))_l dz
r

-
0,k

Similarly

o2, < CT < Oty — tg—1)” T

/ R Ay (1 )6, (€72 T) M (07 (e7TFT) + Ap(tm)) M dz
r

-
0,1

Thus

m

ZIIl,k S CT||W0HL2(Q)
k=1

Theorem 4.13. If Wy € H*(R2), v € (0,2], f =0 and a%(t) € C%[0,T], then one obtains

Z o, < CT[Wol v ()
k=1

where Iy 1, is defined in (4.8).

Proof. By triangle inequality, it holds

m_S)

thos <€ ([ 50 (il = 5. tm)(An(0) = An(5) dis

(EPE Ant) — An(t)) — FT P (A (f) — An(tien) )Uhofk)

L2(Q)

<c|[" nltn) - 44(5) <6(tth(tm 8, t) — (Fmek — Fmbe) /T> ds U (1)

te—1 m S)

L*(Q)

+C /tk (An(s) — Ap(tigr)) (FI 5 = FROF1) 7 ds Up(ty)

te—1

L2 ()
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tr 8
+C / 87Ah(s) (Fh(tm 7S,tm) 7F7Tr;k) dSUh(tk)
th-1 08 L2(2)
b An(ty) — A !
LC / (;SAh(S) _ n(tr) - h(tk+1)> F:Ln;k ds U (tr) < ng
tr—1 L2(Q) i=1

We can split ¢;  into two parts

bha<C / (Ah(tm)—Ah(s))/ o=t =5) A (£, 2 (22 4 Ap (b))~ d2 Ap(t)"/2Un (b) ds

tk—1 To,r

B / k (An(tm) — Ah(s))/T ™m0 A ()2 (67 (07FT) + An(tn)) ! dz Ap(tm)/2Un(tr) ds

th—1 0.5

/tt (A(tm) — A(s)) (/F A m =81 dz — /F

Simple calculations lead to

L2()

+C <liga+ Ok

L2(Q)

o (tm—t) T dz) ds U (tx)

-
0,1

bra<C

/ " (Altw) — A(5)) (8t — 8) — 8(ta — t0)/7) dsU(ts)

th—1

< Co(m = k)T(|U ()|l gr2 ()
L2()

where 8 denotes the Dirac function and

g(x):{l, =0,

0, otherwise.

From Lemma 3.2, one has

/ =) A (£,) 2 (2% + Ap(tm)) " Hdz — / e Em =) Ay (£,) 72 (8, (€ 7*T) + Ap(ty)) " dz
To x

-
L

/ ez(tmfs)Ah(tm)lfu/Q(Zoz +Ah(tm))71 dz
To\IG

<C

+C

/ ez(tmfs)(l _ ez(sftk))Ah(tm)lfu/2(57_(efzr)oz + Ah(tm))il dz

0,1

+C

[ ) G+ At = 6o ()

-
6,k

< C7(tm — 5)™/772,
which leads to
m m th
> i< CTZ/ (tm = )27 An ()P Un () 2 ) A5 + CTIU (Em)l| 72 -
k=1 k=1"1tk—1
Similarly,

Frt — Fr it
Ah(tm)fu/2 y y

<
-

/ ez(tmftk,l)eferh(tm)fu/26‘r(efz7)a(é}(efzr)a +Ah(tm))71 dz
N

-
0,k

< C(tm _ tk—l)au/2_1~
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Therefore Z?:l l 1, can be bounded as
tr
E b <CT E — 5) 2| Ay (t )V/QUh(tk)||H2(Q) ds.

tkl

On the other hand, one can get

tr
Ap(tm) ™2 Fy(tm — 8,tm) — Ap(ty) /2 Fm 7 ds
te_1
tr
<C / </ =) Ay (b)Y 22T (2 4 An(tm)) T d2
tr—1 To,n

,/ ez(tmftk)Ah(tm)lfu/Qé'T(efzr)fl(57_( I L A (t ))—1 dz> ds
L

tr
C / Ap(tm) V"2 </ e tm=s) ;71 —/ e tm=tk)§_(e=*7) 71 dz) ds
te—1 FH,N 0

0,r
tr
< CT/ (tm — s)”"’/g_1 ds,

te—1

which leads to

Zzgk <CTZ/

tkl

)2 An(tn)"PUn(80) | g2 () ds-
Next, using

[rpiem @ /F et =t)§ (e )T L(§, (€75 T)® + Ap(tm)) ' d2

0,k

<C,

one has

Zm <cTz/t 103 (8 72y .
k—1

Thus, by Lemma 4.9, it has

ZII“ <CTZ/

tk1

)21 A (¢ )V/2Uh(tk)HH2(Q) ds < C7[Woll g (-

Theorem 4.14. If Wy € H”(Q), v € (0,2], f =0 and a%(t) € C?[0,T), then it holds

m
D Mgk < CT[Wol g oy
k=1

where 113 1, is defined in (4.8).

2289
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Proof. According to Theorem 4.10, II3 ;, can be bounded as

My < /tk (Anltm) ~ An() 5 (ot — 5,tm)) (Un () — Un(t)) ds

te_1 (tm — )
/t k Fp(tm — S’tm)ﬁ(tma—s) (Ap(tm) — An(s)) (Un(s) — Up(tx)) ds

k—1

tr
SC’T/
te—1

L2(9)

+

L2(Q)
Uh(s) — Uh(tk)

T

ds
L2(Q)

Ah (tm)

tr
< CT/ L2 Wil 1 5.

tp—1
Summing k from 1 to n leads to the desired estimate. O
Thus the error estimate of the fully discrete scheme when f = 0 is obtained.

Theorem 4.15. Let W), and W} be the solutions of equations (3.1) and (4.1), respectively. If a%(t) € C?%0, 1],
Wo € H*(Q), v € (0,2], and f = 0, then there holds

[Wi(ta) = Witll < Crts > H[Woll o - (4.10)
According to Theorems 4.7 and 4.15, the following error estimate can be got.
Theorem 4.16. Let W, and W} be the solutions of equations (3.1) and (4.1), respectively. If a%(t) € C?o,T),
Wo € H*(R), v € (0,2], £(0) € L*(Q), and f'(s) € L(0,T, L*(Q)), then we have

W (ta) = Witll < Crte” 2 Wollju gy + CT (IF Ol 22(0) + 1 (8) | o= 0,7, 22(2))) -

Remark 4.17. The stability of the scheme (4.1) can be got by changing the initial condition and source term
as round-off errors of initial value and source term, respectively, in the proofs of Theorems 4.7 and 4.15.

5. NUMERICAL EXPERIMENTS

In this section, we first perform a numerical experiment with known explicit solution to verify the effectiveness
of our numerical scheme. Then three numerical experiments with unknown explicit solutions are presented to
show the convergence with nonsmooth initial values and source terms. At last, we apply our numerical scheme
to a specific physical model and calculate the second-order moment of the particles which are similar to the
results in [19].

For the known explicit solution, the spatial and temporal errors can be measured by

Ep =Wy = W(tn)lle2), Er =W =W(ta)llz2 o),

where W}' and W mean the numerical solution of W at time ¢, with mesh size h and time step size T,
respectively. As for the unknown explicit solutions, the spatial and temporal errors will be measured by

Ep =Wy = Winlrz@), Er =W = WsllL2a)-
The corresponding convergence rates can be calculated by
n(E, /. 2)

In(EL/E
:w and Rate = ———————- (5.1)

Rate n(2) m(2)
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TABLE 1. Temporal errors and convergence rates at T = 1.

a\L 50 100 200 400 800

0.3 2.288E-04 1.140E-04 5.675E-05 2.815E-05 1.387E-05
Rate 1.0049 1.0064 1.0112 1.0217

0.7 2.083E-04 1.040E-04 5.176E-05 2.565E-05 1.259E-05
Rate 1.0024 1.0062 1.0131 1.0268

TABLE 2. Spatial errors and convergence rates at 7' = 0.5.

o\h 1/4 1/8 1/16 1/32 1/64

0.3  6.403E-04 1.672E-04 4.117E-05 8.799E-06 2.152E-06
Rate 1.9369 2.0223 2.2260 2.0319

0.7 7271E-04 1.885E-04 4.628E-05 9.922E-06 2.194E-06
Rate 1.9476 2.0260 2.2218 2.1772

TABLE 3. Temporal errors and convergence rates for inhomogeneous problem at 7' = 1.

o\L 50 100 200 400 800

0.3 1.539E-04 7.809E-05 3.931E-05 1.972E-05 9.872E-06
Rate 0.9790 0.9904 0.9955 0.9979

0.7 5.5565E-05 2.816E-05 1.417E-05 7.105E-06 3.557E-06
Rate 0.9801 0.9909 0.9958 0.9980

Example 5.1. Here, in (1.1), we take

1 2—« _
aZp =t 5 8=,

Thus W(x,t) = tz(z — 1) solves (1.1). Table 1 shows the errors and convergence rates with 7= 1, h = 1/512,
a = 0.3 and 0.7, which agree with Theorem 4.7. Table 2 shows the errors and convergence rates with 7" = 0.5,
7 =1/4000, @ = 0.3 and 0.7, which validate Theorem 3.9.

Example 5.2. Here we consider temporal convergence rates for inhomogeneous problem (1.1), i.e., Theo-
rem 4.7. Let

= S = M, 2= 0.1)

where X[q,) denotes the characteristic function on [a, b]. To investigate the convergence in time and eliminate
the influence from spatial discretization, we set h = 1/128. Table 3 shows the errors and convergence rates at
terminal time 7" = 1 with o = 0.3 and 0.7. To verify that the constant C in estimate (4.7) is independent of the
terminal time 7', we also present the errors maxo<,<7/- [|Wh(tn) —W}'||12(q) and the corresponding convergence
rates when T'= 0.1, a = 0.1 and 0.9 in Table 4. The results shown in Tables 3 and 4 validate Theorem 4.7.
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TABLE 4. Maximum temporal errors and convergence rates for inhomogeneous problem at 7' = 0.1.

a\L 50 100 200 400 800

0.1 1.716E-06 8.595E-07 4.301E-07 2.151E-07 1.076E-07
Rate 0.9973 0.9988 0.9995 0.9998

0.9 1.289E-04 6.451E-05 3.226E-05 1.613E-05 8.067E-06
Rate 0.9990 0.9996 0.9998 0.9999

TABLE 5. Temporal errors and convergence rates for homogeneous problem at 7' = 1.

a\L 50 100 200 400 800

0.4 8.319E-03 4.193E-03 1.997E-03 9.421E-04 4.534E-04
Rate 0.9885 1.0705 1.0835 1.0552

0.6 3.802E-03 1.873E-03 9.194E-04 4.542E-04 2.256E-04
Rate 1.0217 1.0262 1.0172 1.0095

TABLE 6. Maximum errors and convergence rates for homogeneous problem at 7' = 0.1.

o\L 50 100 200 400 800

0.1 4.595E-04 1.639E-04 6.057E-05 2.461E-05 1.089E-05
Rate 1.4869 1.4363 1.2992 1.1762

0.9 8.986E-05 4.500E-05 2.252E-05 1.126E-05 5.634E-06
Rate 0.9976 0.9988 0.9994 0.9997

Example 5.3. Here we validate temporal convergence rates for homogeneous problem (1.1). To satisfy the
condition provided in Theorem 4.15, we take

1 _ t2401
a?(t) '
Set T=1,Q=(0,1) and
W()((E) = X(l/Q,l]' (52)

We take small spatial mesh size h = 1/128 so that the spatial discretization error is relatively negligible. The
corresponding results are shown in Table 5. According to (4.10) of Theorem 4.15, we have

b Wi (ta) = Wi < CT[Woll g (g

So, to verify that the constant C' in the above estimate is independent of the terminal time T, we choose
maX0§7LST/T(nT)17aV/2||Wh(tn) — W} |L2(q) to measure errors, where v = 1/2, T'= 0.1, « = 0.1 or a = 0.9.
According to (5.2), we have Wy € H'/?7¢(Q) with arbitrary small ¢ > 0. The numerical results are shown in
Table 6. All results in Tables 5 and 6 agree with the predictions of Theorem 4.15.

Example 5.4. Here, we take
1
a?(t)
to verify the spatial convergence rates. Here we choose T' = 2 and 7 = 1/1000. Table 7 shows the errors and
convergence rates, which agree with the predictions of Theorem 3.9.

= 10t1'017 Q=(0,1), Wy(x)= X(1/2,1] fz,t) = t0'1X[0,1/2]
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TABLE 7. Spatial errors and convergence rates at T = 2.

o\h  1/32 1/64 1/128 1/256 1/512

0.2 9.828E-04 2483E-04 6.224E-05 1.557E-05 3.893E-06
Rate 1.9848 1.9962 1.9990 1.9998

0.7 1.196B-04 3.341B-05 8.675B-06 2.192E-06 5.494E-07
Rate 1.8395 1.9453 1.9849 1.9961

0.6

Analytical results Analytical results

0.304 -
e Numerical results e Numerical results

0.5
0.25 4

0.4
0.20 4

0.15 0.3+

0.2

Second-order moment
Second-order moment

0.104

0.05 0.1+

0.00 T T T T T 0.0
0.0 0.2 0.4 0.6 0.8 1.0 0.0
Time Time

(a) (b)

FIGURE 1. Evolution of the second-order moment with time. (a) & = 0.3. (b) a = 0.7.

Example 5.5. Second-order moment is one of the most important statistical observables to measure the dif-
fusion velocity of particles. Here we simulate the time evolution of the second-moment of the stochastic process
given in [8] by solving its Fokker—Planck equation (1.1) with a = 0.3, 0.7, and

To ensure the accuracy of the simulation, we choose = (=5,5), 7 = 1/100, and h = 1/200. According to [19],
the second-order moment has the analytical form

2 t2+o¢

<x2(t)> =37a Ta)

: (5.3)
Both Figures 1a and 1b show that the simulation and analytical results are consistent.

6. CONCLUSIONS

The model describing anomalous diffusion in expanding media is with variable coeflicient. The finite element
method and backward Euler convolution quadrature are respectively used to approximate the Laplace operator
and Riemann-Liouville fractional derivative. We first derive the priori estimate of the solution, and then present
the error estimates of the space semi-discrete and the fully discrete schemes. The extensive numerical experiments
validate the effectiveness of the numerical schemes.
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