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ANALYSIS OF A HYBRIDIZABLE DISCONTINUOUS GALERKIN SCHEME
FOR THE TANGENTIAL CONTROL OF THE STOKES SYSTEM

WEI GoNG!, WEIWEI HU?, MARIANO MATEOS?, JOHN R. SINGLER** AND
YANGWEN ZHANG?®

Abstract. We consider an unconstrained tangential Dirichlet boundary control problem for the Stokes
equations with an L? penalty on the boundary control. The contribution of this paper is twofold. First,
we obtain well-posedness and regularity results for the tangential Dirichlet control problem on a convex
polygonal domain. The analysis contains new features not found in similar Dirichlet control problems
for the Poisson equation; an interesting result is that the optimal control has higher local regularity on
the individual edges of the domain compared to the global regularity on the entire boundary. Second, we
propose and analyze a hybridizable discontinuous Galerkin (HDG) method to approximate the solution.
For convex polygonal domains, our theoretical convergence rate for the control is optimal with respect
to the global regularity on the entire boundary. We present numerical experiments to demonstrate the
performance of the HDG method.
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1. INTRODUCTION

Let Q C R? be a convex domain with a polygonal boundary ' = 9. For a given target state y,, we consider
the following unconstrained Dirichlet boundary control problem for the Stokes equations:

. 1 0
min J(w), J(w) = |y, Yallzz o) + 5wl (1.1)

Keywords and phrases. Tangential Dirichlet boundary control, Stokes equations, hybridizable discontinuous Galerkin method.
1 NCMIS & LSEC, Institute of Computational Mathematics, Academy of Mathematics and Systems Science, Chinese Academy
of Sciences, Beijing 100190, P.R. China.

2 Department of Mathematics, University of Georgia, Athens, GA, USA.

3 Dpto. de Mateméticas. Universidad de Oviedo, Campus de Gijén, Gijén, Spain.

4 Department of Mathematics and Statistics, Missouri University of Science and Technology, Rolla, MO, USA.

5 Department of Mathematics Science, University of Delaware, Newark, DE, USA.
*Corresponding author: singlerj@mst.edu

Article published by EDP Sciences © EDP Sciences, SMAI 2020


https://doi.org/10.1051/m2an/2020015
https://www.esaim-m2an.org
mailto:singlerj@mst.edu
https://www.edpsciences.org

2230 W. GONG ET AL.

where y,, is the solution, in a sense to be defined later, of

—Ay+Vp=f in Q
V-y=0 in €,
y=u on I,

/Qp:O, (1.2)

U c L*(T) is the control space and v > 0 is a fixed constant.

Control of fluid flows modeled by the Stokes or Navier—-Stokes equations is an important and active area of
interest. After the pioneering works by Glowinski and Lions [34] and Gunzburger [33,43-48], many important
developments have been made both theoretically and computationally in the past decades. For an extensive
body of literature devoted to this subject we refer to, e.g., [4,5,9, 12,14, 30, 32, 49, 50, 59, 67, 74, 78, 83-85]
and the references therein. Despite the large amount of existing work on numerical methods for fluid flow
control problems, we are not aware of any contributions to the analysis and approximation of the tangential
Stokes Dirichlet boundary control problem. Work on this problem is an essential step towards the analysis and
approximation of similar Dirichlet boundary control problems for the Navier—Stokes equations and other fluid
flow models.

In this work, we focus on the case where the control acts tangentially along the boundary through a Dirichlet
boundary condition. This scenario has broad applications to optimal mixing and heat transfer problems. Omari
and Guer [31] conducted a numerical study of the effect of wall rotation on the enhancement of heat transport
in the whole fluid domain. Gouillart et al. [39-41,80] studied in detail this crucial effect of moving walls on
the mixing efficiency for the homogenization of concentration in a 2D closed flow environment. These problems
naturally lead to the study of tangential boundary control and optimization of fluid flows. Recently, Hu and Wu
[52-55] provided rigorous mathematical approaches for optimal mixing and heat transfer via an active control
of Stokes and Navier—Stokes flows through Navier slip boundary conditions. Other tangential boundary control
problems for fluid flows have been considered by Barbu, Lasiecka and Triggiani [6, 7,63, 64] and Osses [73].
However, the authors are not aware of any existing work on approximation and numerical analysis for these
problems.

Discontinuous Galerkin (DG) methods are widely used for fluid flow problems since they can capture shocks
and large gradients in solutions. However, most existing DG methods are commonly considered to have a major
drawback: the memory requirement and computational cost of DG methods are typically much larger than the
standard finite element method.

Hybridizable discontinuous Galerkin (HDG) methods were proposed by Cockburn et al. [24] as an improve-
ment of traditional DG methods. The HDG methods are based on a mixed formulation and utilize a numerical
flux and a numerical trace to approximate the flux and the trace of the solution. The approximate flux and solu-
tion variables can be eliminated element-by-element. This process leads to a global equation for the approximate
boundary traces only. As a result, HDG methods have significantly less globally coupled unknowns, memory
requirement, and computational cost compared to other DG methods. Furthermore, HDG methods have been
successfully applied to flow problems [17,23,25,71,77,81], distributed optimal control problems [19,57,86], and
Dirichlet boundary control problems [37,56,58].

For the Stokes tangential Dirichlet boundary control problem considered here, the Dirichlet boundary data
u € L*(T) takes the form u = ur, where u is the control and 7 is the unit tangential vector to the boundary.
Formally, the optimal control v € L?(T") and the optimal state y € L? (©2) minimizing the cost functional satisfy
the optimality system

—-Ay+Vp=Ff in €, (1.3a)
V.y=0 in Q (1.3b)
Y =ur on T, (1.3¢)
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—Az—-Vg=y—y; in (1.3d)
V-z=0 in Q, (1.3e)
z=0 on T, (1.3f)

Onz = yuTt on I. (1.3g)

We use an HDG method to approximate the solution of a mixed formulation of this optimality system. To
do this, we first analyze the control problem in Section 2. We give precise meaning to the state equation (1.3a)-
(1.3c) for Dirichlet boundary data in L?*(T), and prove well-posedness and regularity results for the optimality
system (1.3). The theoretical results for this problem share some similarities to results for Dirichlet boundary
control of the Poisson equation on a 2D convex polygonal domain [1]; however, there are new components to the
analysis due to the mixed formulation and the regularity results for Stokes equations on polygonal domains [27].
An interesting feature of our theoretical results is that the optimal control has higher local regularity (on each
boundary edge) than global regularity (on the entire boundary T'). This higher local regularity for the optimal
control is not present for Dirichlet boundary control of the Poisson equation; furthermore, as we discuss below,
this phenomenon may have an effect on the convergence rates of the approximate solution.

For the HDG method, we use polynomials of degree k£ + 1 to approximate the velocity y and dual velocity z,
and polynomials of degree k > 0 for the fluxes L. = Vy and G = Vz, pressure p and dual pressure q. Moreover,
we also use polynomials of degree k to approximate the numerical trace of the velocity and dual velocity on
the edges of the spatial mesh, which are the only globally coupled unknowns. We describe the HDG method in
Section 3 and its implementation can be found in the arXiv preprint of this paper [38].

In Section 4, we prove convergence results for the HDG method. Under certain assumptions on the largest
angle of the convex polygonal domain and the smoothness of the desired state y,, we prove the control converges
at a superlinear rate. Similar superlinear convergence results for Dirichlet boundary control of the Poisson
equation have been obtained in [2,13,35,37,56,58]. To give a specific example of our results, for a rectangular
domain, y, € HQ(Q), and k = 1, we obtain the following a priori error bounds for the velocity y, adjoint
velocity z, their fluxes L and G, pressure p and dual pressure ¢ and the optimal control wu:

ly = wuloe =0 (h*279),  IIL-Lulba =0 (1),
|z = znlloo =0 (hS/Q*E) . IG=Gullon=0 (h3/275) ’
Ip = prllo.c = O (h'7°), lla —anllo,e =0 (h3/2_6) ,

and

||u — uh\ or = O (h3/2_6) ,

for any € > 0. The rate of convergence for the control u is optimal in the sense of the maximal global regularity of
the control u € H3/ 2=¢(I"). However, the numerical results presented in Section 5 show higher convergence rates
than the rates predicted by our numerical analysis; we discuss this phenomenon in more detail in Section 5. The
numerical convergence rates observed here are different than typical numerical results for Dirichlet boundary
control of the Poisson equation.

We emphasize that the HDG method in this work is usually considered to be a superconvergent method.
Specifically, if polynomials of degree k& > 1 are used for the numerical trace and the solution of the PDEs
is smooth enough, then O (hk+2) error estimates can be obtained for the state variable; see, e.g., [57,76,77].
Hence, from the viewpoint of globally coupled degrees of freedom, this method achieves superconvergence for
the scalar variable. For Dirichlet boundary control problems, to obtain the superlinear convergence rate, one
usually needs a superconvergence mesh or higher order elements for the standard finite element method, see,
e.g., [2,29]. However, the HDG method considered here achieves the superlinear convergence rate without any
special considerations.
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2. ANALYSIS OF THE TANGENTIAL DIRICHLET CONTROL PROBLEM

To begin, we set notation and prove some fundamental results concerning the optimality system for the
control problem. In this section, we assume €2 is a convex polygonal domain and the forcing f in the Stokes
equations (1.2) is equal to zero; if the forcing is nonzero, then it can be eliminated using the technique in page
3623 of [1].

Throughout the paper, we use the standard notation H™(2) to denote the Sobolev space with norm || - ||, 0
and seminorm |- |, 0. Set H™ () = [H™(Q)]***, H™(Q) = [H™(Q)]* and H}(Q) = {v e H(Q): v =0o0nT}.
We denote the L2-inner products on L2(Q), L*(Q), L?>(Q) and L*(T") by

2 2
L,G)a = Z /QLijGija (y,2) :Z/Qyjzja
i=1

ij=1

(», 9o =/qu, (¥, 2)r :i:/ryjzj-

Define the space H(div, () as
H(div,Q) = {K e L*(Q): V- K € L*(Q)} .
Also, we define L2(Q) as
L3(Q) = {p € L*(Q) : (p.1)a =0}

Let (-, ) denote the inner product in L?(I') and let [-, -], denote the duality product between H~*(I') and H*(T")
for 0 < s < 3/2, where H*(T") denotes the space of traces of H*7/2(Q) for 0 < s < 3/2. (For 1/2 < 5 < 3/2 it is
the subspace of II'" ; H*(I';) satisfying certain compatibility conditions on the corners; see Thm. 1.5.2.8 of [42].
For s = 3/2, this definition would lead to ambiguities.) Following Section 2.1 of [79] we introduce the spaces

ViQ)={yeH(Q):V-y=0, [y -n,1], =0}, fors>0,
Vi) ={ye HQ):V-y=0, y=0o0nT}, for s > 1/2,
V(I)={uec HT): (u-n,1)p =0}, for 0 <s < 3/2.
For —3/2 < s < 0, V*(T') is the dual space of V" *(I'). For s < —1/2, V() is the dual space of V;*(2) and
for —1/2 < s <0, V?(Q) is the dual space of V%(Q).
Consider a target state y; € H, where H — VO(Q) is a function space that will be specified later, and a

Tykhonov regularization parameter v > 0. Consider also a space U — V°(I'). We are interested in the optimal
control problem

. 1 2
min J(w) = 51y, — yalld + 2l ()

where y,, € V°(Q) is the unique solution in the transposition sense of the Stokes system (see Def. 2.3)
—Ay+Vp=0 in
V-y=0 in
y=u on I,
Different choices of the spaces H and U appear in the related literature for Dirichlet control of Stokes and

Navier-Stokes equations. In the early reference [46], H = L*(Q) and U = V*(I"). The natural space for the
controls to obtain a variational solution of the state equation (2.1) is V''/2(T"). This is the choice in [28]. In that

(2.1)
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work, nevertheless, the Tykhonov regularization is done in the norm of L? (I"). To prove existence of solution,
the tracking is done in the space H = V(). In the reference [59], the authors work in a smooth domain with
H =V°Q) and U = V°(I'). This choice involves a harder analysis, but leads to an optimality system easier
to handle. In polygonal domains, this approach leads to optimal controls that are discontinuous at the corners.

We assume throughout this work that the tracking term for the state is measured in the L?(2) norm. We
investigate the case U = {ur :u € L*(T')}, which corresponds to tangential boundary control; see [6,7]. We
first precisely define the concept of solution for Dirichlet data in VO(F), prove precise regularity results, and
use them to introduce a mixed formulation of the problem adequate for HDG methods.

2.1. Regularity results

The definition of very weak solution for data in V°(I') was introduced in Appendix A of [26] and is valid
in convex polygonal domains; see also [65] and Definition 2.1 of [59] for a similar definition for the Navier—
Stokes equations and smooth domains. It is worthwhile to mention that the first numerical analysis work for
a Dirichlet problem with irregular boundary datum by using a very weak formulation was given in [8]. Also
in smooth domains, very weak solutions can be defined for data in V-2 (T); see Appendix A of [79]. We will
prove that the optimal regularity V*71/2 (Q) expected for the solution can be achieved. In [70], only suboptimal
regularity VY 272(Q) for all € > 0 is proved. We obtain a result comparable to the one given in Appendix A
of [79] for smooth domains.

Let w denote the greatest interior angle of I'. Following Theorem 5.5 of [27], we know there exists a number
& = &(w) € (0.5,4] that gives the maximal H*(Q) regularity for the problem (2.2). This means that for very
smooth f and h satisfying the compatibility condition (h,1), = 0 we can only expect that the variational
solution (2#5,qf.4) € Hy(Q) x L3(Q) of the compressible Stokes problem

—Az+Vg=Ff in Q
V-z=h in Q,
z=0 on T,

(¢, ) =0,

(2.2)

satisfies z € H*?75(Q) and ¢ € HY/25(Q) for s < £ — 1/2. This singular exponent ¢ is the smallest real part
of all of the roots A of the equation
sin?(A\w) — A%sin® w
A2(A=1)

=0, (2.3)

and satisfies that w — ¢ is strictly decreasing, £ > 7/w if w < 7w, and 0.5 < £ < 7/w if w > 7.
Let us denote

s* =min{¢ —1/2,1/2}.
If f € L*(Q) and h € H*(R) is such that (h,1), = 0, Theorem 5.5(a) of [27] states that for all
0<s<s" =min{{—-1/2,1/2}

the solution of (2.2) satisfies z¢ ), € H?*?*3(Q) and qg.n € HY?%3(Q). Moreover, we have that

V2 gnlzrorzseay + lagnll e aesym < C (I La12) + Wbl o2y z) - (2.4)

Notice that, although the pressure is uniquely determined as a function with the condition (g,1) = 0, the norm
must be taken modulo constant functions.
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Remark 2.1. Another remarkable fact is that this result holds for s < 1/2. This means, in particular, that in
convex domains one cannot expect in general to have H?> (Q) regularity of z. To obtain this H 2(Q) regularity,
an additional condition must be made on the divergence of z. If, e.g., h € H}(Q), (h,1)o = 0, then it follows
from Theorem 5.5(c) of [27] or the early reference [62] that the result also holds for s = s*. In particular, under
these assumptions, it is obtained that z € H?(Q) in convex domains. This fact was used both in [26] and in
[70] to define very weak solutions in convex polygonal domains using h € H}(2) as a test function. Although
the approach works to define the transposition solution, it leads only to suboptimal regularity results for the
solution of the Dirichlet problem.

For later reference, we state the regularity result for the case h = 0.

Theorem 2.2 ([27], Thm. 5.5(b)). Suppose f € H'"'(Q) for some 1 <t < &. Then, the unique solution of the
incompressible Stokes problem

—Az+Vg=Ff in Q

V-z=0 in

z=0 on T,

(Q7 1)Q =0
satisfies z € H'MH(Q), ¢ € HY(Q) and
2l zr+e ) + gl ze@)m < Ol e (0)-

Although we will pose our control problem for data in u € VO(I‘)7 the precise regularity results for the state
equation will follow by interpolation; therefore we need a definition of very weak solution for data in uw € V'~ °(T)

for 0 < s < s*. The elements of this space do not always satisfy a condition analogous to (u-n,1) =0, i.e.,
we may have [u,n]. # 0, and it is necessary to take this into account to define a solution in the transposition

sense. Following equation (2.2) of [79], we define for (z,q) € H*?*5(Q) x H'/2+5(Q), s > 0, the constant

C(zaQ) = T1| <q_anz'nal>1"- (26)

This constant satisfies the relation
[Onz — qn||L2(F)/R = [|Onz — qn + c(z, Q)"||L2(r)-

Using this fact, usual trace theory and (2.4), we have that for 0 < s < 1/2
0nz 0 — gzt clzgag il < C (1Fmesvs) + Dhlleesrzaye) (27)
The following definition makes sense:

Definition 2.3. Consider 0 < s < s* and u € V"*(I"). We say y,, € V°(Q), pu € (Hl(Q)/]R)/ is a solution in
the transposition sense of (2.1) if (Y, pu) satisfy

(Y, flg — [P, Mg = [w, =Onzgn + qpnn + (27 1, qp.0)0]p (2.8)

for all f € L*() and h € H'(Q)/R such that (h, 1)y, = 0, where (zf4,q¢.1) € Hy(Q) x L3(Q) is the unique
solution of (2.2) and ¢(z¢ 4, q¢,») is the constant given in (2.6).



ANALYSIS OF A HYBRIDIZABLE DISCONTINUOUS GALERKIN SCHEME 2235

Notice that if u € V(T'), equation (2.8) can be written as

(Y, fla — P, hlg = (w, —Onzygn + Qf,h">p- (2.9)

The definition follows integrating by parts twice the equation and once the null divergence condition. It can
be written as two separate equations, one tested with f and the other one with h, as in [59] or [79], or as single
equation, cf. [26] or [65].

Next, we state a regularity result analogous to Corollary A.1 of [79]. In that reference, a smooth domain is
taken into consideration and the limit cases s = —1/2 and s = 3/2 can be achieved; however, this is not possible
for polygonal domains so the cited result cannot be directly applied.

Theorem 2.4. Suppose u € V*(T') for —s* < s <min{l1/2 + &£, 3/2}. Then the solution of (2.1) satisfies

Hs=12(Q)/R if s>1/2
s+1/2 0 el ;
Yo € V) and pu € { (HY2-5(Q)/R) if s <1/2.

Moreover, the control-to-state mapping w — vy, is continuous from V*(T') to V*T1/2((Q).

Proof. The proof follows by interpolation. The technique of proof is the same as in Appendix A of [79] or
Section 2 of [1], so we will just give a sketch of the proof and check some of the details that are different from
those references.

We first do the regular case. Suppose 1/2 < s < min{1/2 + &£,3/2}. From the definition of V*(I') we know
that there exists Y € H**/2(Q) such that the boundary trace of Y equals u. So we have that F = —AY &
HS_3/2(Q) and H =V Y € H*'/2(Q). By linearity, we have that y,, — Y = zp g and p, = pr x, where
(zF,u,prF m) is the variational solution of (2.2) for data (F', H). From Theorem 5.5(a) of [27], and using that

s —1/2 < &, we have then that y, — Y € H*"/2(Q) and p, € H*"/2(Q)/R, and the result follows in a
straightforward way.

Consider now —s* < s < 0. Uniqueness follows testing (2.8) for the data v = 0 and the pairs (y,,,0) and
(0, h) for any h € H'(2) such that (h, 1)y = 0; compare to Theorem A.1(i) of [79] or Theorem 2.5 of [1].

Existence follows by density arguments. Take uw € V'*/2(T'), which is dense in V*(T'). Notice that —1/2 <
—5—1/2<0and 1/2 < 1/2—s < 1 and hence L*(Q) is dense in H~*~/2(Q) and H'(Q) is dense in H'/2-5(Q).
Therefore, we can consider

F={feL*@: Il =1}
and

H={heH(Q)/R: |h]gi/-@m=1}

to test the norms in H**/2(I') and (Hl/zfs(ﬂ)/R)/ respectively of the variational solution (y,,,p.) of (2.8).
We obtain, using estimate (2.7),

||yu||Hs+1/2(F) = sup [f’yu}H*5*1/2(9)7H5+1/2(Q) = sup (f, Yu)q
fer feF
= ;’uI})‘ [u7 _anzf,() + qf,om + C(zf,()a qf,O)n]Hs (D), H~*(T")
€
< ;Ul; lullzsmll = Onzpo0 + grom + (250, 45.0)7l -+ (r)
€

< O sup |[ullg=m) [ fllg—-1/2(0) = Cllullm= ).
fer
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and

Hpu” (Hl/2fs(Q)/]R), = 216171?[ [pu, h](Hl/Zfs(Q)/R)/,HI/Q—S(Q)/R

sup [pu, h /
$UD [Pus Bl a1 )y o0 (0
= }Slug [w, —Onzo,n + qo,nm + c(Zo0,n, QO,h)n}HS(F)/R,H—S(F)/R
c
< sup [[ul gyl = Onzo,n + go,nm + c(20,n, 90,0)7 || -+ (1)
heH

< Csup |lullgs @) |7l g12-20)r = Cllullm: ).
heH

The above proved estimates allow us to take a sequence u,, in V*/2(I") converging to w in V*(I') and obtain
Yo € VT2(Q) and p,, € (HY/?75(Q)/R)’ as the limits of the sequences Yo, and py,; cf. Theorem A.1(ii) of
[79] or Theorem 2.5 of [1].

Finally, the case 0 < s < 1/2 follows by interpolation. O

Remark 2.5. If u € V/2 (T), then the very weak solution and the variational solution are the same.

Next, we have to give some meaning to the mixed form. The main problem is that for data in u € V*(T'),
s < 1/2, the gradient of the state is not a function in L?((2).

We start with the regular compressible Stokes problem. Consider f € L*(Q) and h € H'(Q) such that
(h,1)q = 0 and denote z = z¢, and g = g¢  the (variational) solution of (2.2). If we denote G¢j, = Vzysp €
L2(Q), we have that the triplet (G, 2.1, qf.5) € L2(Q) x H(Q) x LE(Q) is the unique solution of the weak
formulation

(Ga T)Q + (Z7 \% T)Q =0, (2103.)
(G,Vv)g — (¢, V-v)g = (f,v)q, (2.10b)
- (Z, Vw)Q = (ha w)Q ) (210C)

(¢.1)g =0, (2.10d)

for all (T,v,w) € H(div, Q) x H}(Q) x H'(Q). Moreover, it is clear that the regularity results stated above for
(2.2) apply and Gy, € H*~1/2(Q) for 0 < s < s*. Notice also we can define analogously to (2.6)

1
Next we give a mixed formulation of problem (2.8) for Dirichlet data uw € V*(T") for —s* < s.
Definition 2.6. For —s* < s and u € V*(I'), we say y,, € V°(Q), L, = Vy,, € (H'(Q)), p. € (H'(Q)/R)’ is
a solution in the transposition sense of
—Ay+Vp=f in Q,
V.y=0 in €,

y=u on I
if (Yo, L, Do) sartisfy
L, Ty =—(y,V-T)g + [u,Tn]., (2.12a)
(Y, Flg — [P hlg = [u, =G rn + qp an + c(Gg oy g 0)Rp (2.12b)

for every f € L*(Q), h € H'(Q) such that (h,1), = 0 and T € HY(Q), where (G#.1, 251, q5.1) € L2(Q) x
H(Q) x LE(9) is the solution of (2.10a)-(2.10d) for data (f,h).
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The above definition simply incorporates an adequate definition for the gradient to the transposition solution
defined in Definition 2.3. Nevertheless, this formulation is still not appropriate to use together with (2.10a)-
(2.10d) in the context of hybridizable discontinuous Galerkin methods. Taking advantage of the regularity
results stated in Theorem 2.4, we have L,, € H*~1/2(Q) if 1/2 < s < min{1/2 4+ ¢,3/2} and L,, € (H/275(Q))’
if —s* <s<1/2.

So we have that if —s* < s < 1/2 and v € V?*(T'), then there exists a unique solution (L., Y, ,Pu) €
(HY/275(Q)) x V/2+5(Q) x (H/27(Q)/R)" of the problem

L, T + (y,V-T)g = [u, Tn], (2.13a)
[L, Gf,h]Q - [Pa h]g =y, (2.13b)
Vg ylg = [u, 5,01, (2.13¢)

for every f € L2(Q), h € H'Y(Q) such that (h,1)q = 0 and T € H'(Q), where (Gfn,zfn,qrn) €
Niesr HYZTHQ) x HP2TH(Q) x HY?H(Q)/R — HY275(Q) x HY?75(Q) x H'/>7*(Q)/R is the solution
of (2.10a)—(2.10d) for data (f,h).

Taking all this into account we can summarize our results in the following theorem.

Theorem 2.7. For every u € VO(T), there exists a unique solution

(L) € (H2(©)) % V() x (HY2(9)/R)

of
L, T+ (y,V-T), = (u, Tn)p, (2.14a)
[]La V’U]Q - [pv V- U]Q =0, (214b)
Vw,ylo = (u,wn)p, (2.14c)

for all (T,v,w) € H'(Q) x oo H*THQ) N HH(Q) x ;oo HY*T(Q). Moreover, if u € V(T), —1/2 <
5 < 5%, then (Ly, Yy, Pu) € (HY275(Q)) x V/2+3(Q) x (Hl/z_s(Q)/R)/. Finally, the control-to-state mapping
u > (Ly, Yy, Du) is continuous from
!
V) to (HY?5(Q)) x V/2H(Q) x (Hl/H(Q) /]R)
for —s* < s <min{1/2+¢,3/2}.
2.2. Well posedness and regularity of the tangential control problem

It is clear that U — L? (") and there is no ambiguity in denoting by u the elements of U. Hence the control-
to-state mapping u — y,, is continuous from U to vz (©), and there exists a unique solution of the control
problem

. 1 v
(Pr) min J(u) = §||yu - deiZ(Q) + 5”“”%2(1“),
where y,, is the solution of the state equation
L, T, + (y,V - T)g = (ur,Tn), (2.15a)
L, Vol — [p, V- vl = 0, (2.15D)
[Vw,yl, =0, (2.15¢)

for all (T, v, w) € HY(Q) x (.. H*TH(Q)NHE(Q) x N, HY*T(Q). Notice that (2.15a)(2.15¢) is the very
weak formulation (2.14a)—(2.14c) obtained in Theorem 2.7 for the Stokes problem (1.2) with Dirichlet datum
uT, where we have used that ur - wn = 0 for any pair of functions u,w in L?(T).
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Theorem 2.8. Suppose y, € H™™2(Q). Let u € L(T) be the solution of problem (Py). Then
u e H(T) (2.16)
for all 1/2 < s < min{3/2,& — 1/2} and there exists
e V2(Q), L eH™V23(Q), p e HV3(Q)n L3(Q),
zeVithi(Q), G eH(Q), q € H"(Q) N L§(Q),

for all 1 < r < min{3,&} such that

(L, Vv)g — (p, V- v)q =0, (2.17a)
(Vw,y)g =0, (2.17b)
(L, T) + (y,V-T)g = (ur,Tn), (2.17¢)
(G, Vo) + (¢, V- v)g = (¥ = ¥a,v)q, (2.17d)
—(2,Vw),, =0, (2.17¢)
(G, T, + (2,V-T), =0, (2.171)
(yur —Gn, pur) =0, (2.17g)
for all (T,v,w, ) € H(div,Q) x H(Q) x H'(Q) x L*(T"). Moreover,
u € ﬁHH/Q(Fi) forall 7 < min{3, £}. (2.18)

i=1
Proof. The optimality conditions follow in a standard way by computing the derivative of the functional with
the help of the chain rule, the integration by parts formula and Definition 2.3. The regularity follows from a
bootstrapping argument.

From Theorem 2.4 we have that y € v 2(Q). Using this and the regularity of the data Y4, we deduce from
Theorem 2.2 that z € V'™(Q) and ¢ € HY(Q) N L2(Q) for all t < 3/2 such that ¢t < &. From the trace theory,
it is clear that

Gn = dpz € T | H'Y/2(I;) for all ¢t < 3/2 such that ¢ < .

Since ¢ > 1, we notice that the gradient of the dual pressure ¢ is a function in H'=1(Q2) with ¢t — 1 > 0. So we
have that each component 2%, i = 1,2 of z, satisfies Az’ € H'~1(Q2) and 2° = 0 on I'. Therefore, we have that
Onzt(zj) =0, = 1,2, for every corner z; (cf. [15], Appendix A; [16], Sect. 4), and hence we also have (cf. [15],
Lem. A.2) that

Gn = dpz € H™Y2(T) for all ¢ < 3/2 such that ¢ < .

Next, using that the pressure does not appear in the optimality condition (2.17g), we can write
yur = Gn = 0y 2,

and therefore the Dirichlet datum of the state equation is also in the space H'~/2(T") for all ¢ < 3/2 such that
t<E.
Repeating the argument, we obtain in a first step from Theorem 2.4 that y € V*(T') for all ¢ < 3/2 such that
t < &, which leads, together with the maybe higher regularity of y,; and Theorem 2.2, to z € y /2t (Q) for
ta < 5/2, ta < £ The normal trace argument leads to ut € H;’;lHt"’_l/Q(I‘i), but when we paste together the
pieces with the help of the zero value at the corners, we cannot go further for the Dirichlet datum of the state
equation than
ur € V(T) for s < 3/2, s <& —1/2. (2.19)

The claimed regularity for the optimal control follows from the previous relation.
Taking the same argument for a third time, we obtain the regularity of the other involved variables. (]
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Notice that a higher regularity of the target state would not lead to a higher regularity of the solution, since
it is mainly bounded by the singularities that appear due to the corners. Low regularity of the target would
nevertheless lead to a low regularity solution. Suppose for instance that £ > 2 (w > 0.77) and y,; € H%(Q)), with
a < 2. If a < 1, then the gradient of the dual pressure would not be a function, and the argument of the proof
would not lead to any conclusion. If 1 < « < 3/2, then the argument would stop in the first step, obtaining
regularity for the control u € H""l/Q(l"). If 3/2 < a < 2, then the argument would finish in the second step
obtaining again u € H*~Y/2(T").

We use the following reformulation of the optimality system in our analysis of the HDG method:

Corollary 2.9. Lety, € Hmi“{2’5}(ﬂ). Then the solution of the optimality system (2.17a)—(2.17g) also satisfies
the following well-posed problem: find

we HYA(I), yeVi(Q), Lel?Q), peclLi(), zeViQ), Gel*Q), qelLiQ),

such that L. — pI, G + ¢ € H(div, Q) and

L, T)g+ (3, V- T)g = (ur,Tn), (2.20a)
— (V- (L —pl),v), =0, (2.20Db)
(V- y,w)e =0, (2.20c)

(G, Mg, + (2,V-T), =0, (2.20d)
= (V- (G+dl),v)g = (¥ — Y4, v)q (2.20e)
(V-z,w)y =0, (2.20f)

(vur — Gn, pur) =0, (2.20g)

for all (T, v, w, u) € H(div, Q) x L*(Q) x LZ(Q) x HY*(T).

3. HDG FORMULATION

Before we introduce the HDG method, we first define some notation. Let 7;, be a conforming and quasi-
uniform collection of disjoint elements that partition 2. We denote by 07, the set {0K : K € 7,}. For an
element K of the collection 73, e = 0K NT is the boundary face if the Lebesgue measure of e is non-zero. For
two elements K+ and K~ of the collection 7, e = 0K T NOK ~ is the interior face between K+ and K~ if the
Lebesgue measure of e is non-zero. Let €j and 6‘2 denote the set of interior and boundary faces, respectively.
We denote by ¢, the union of €7 and 52. We introduce various inner products for our finite element spaces. We
write

0,07 = >, 0.0, 0o, = Y 1o

KeTy, KeTy,
2 2
(77’ C)Th - Z(mv Ci)Th’ (]La G)Th - Z (Lij’ Gij)Tm
i=1 ij=1

2

<naC>B’Th = Z <77i7Ci>6’Th )
i=1

where (-, )k and (-, ), denote the standard L? inner products on the domains K C R? and K C R.
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Let P*¥(D) denote the set of polynomials of degree at most k& on a domain D. We introduce the following
discontinuous finite element spaces

b= {L e LX) Lix € [PH(K)]?, VK € T}, (3.1)
Vi i={v e L(Q) solx € [PFUE)], VE € Ti), (3.2)
Wy, = {w € L*(Q) : w|K € PH(K), VK € T.,}, (3.3)
My = {u e L*(en) : ple € [PH(e)]”, Ve € el (3.4)
My, = {p € L*(e}) : :U'|e € P¥(e), Ve €]}, (3.5)

for the flux variables, velocity, pressure, boundary trace variables, and boundary control, respectively. Note that
the polynomial degree for the velocity variables is one order higher than the polynomial degree for the flux
variables and numerical traces. This combination of spaces has been used for the Navier-Stokes equations in
[77]. The boundary trace variables will be used to eliminate the state and flux variables from the coupled global
equations, thus substantially reducing the number of degrees of freedom.

Let M, (0) denote the space defined in the same way as M}, but with e, replaced by €. Note that M,
consists of functions which are continuous inside the faces (or edges) e € ¢, and discontinuous at their borders.
In addition, spatial derivatives of any functions in the finite element spaces are taken piecewise on each element
K € 7y, Finally, we define

WP = {we L*(Q) : w|x € P¥(K), VK € T, and (w,1)q = 0} .

To approximate the solution of the mixed weak form (2.20a)—(2.20g) of the optimality system, the HDG
method seeks approximate fluxes Ly, Gy, € Ky, states y,,, 2z, € Vi, pressures pp,qn € W}?, interior element
boundary traces yj, 2z, € Mp(0), and boundary control u;, € M), satisfying

(Lns T1) 7, + Yy, V-T1) g, — <§27T1n>67’h\58 = <uh-r,11‘1n>52 ) (3.6a)
(L Vor)g, = 0.V - o1)g, = (Cn—palmowr) = (Fv1)s, . (3.6b)
— (yp, Vi), + (Y, - n,wl)aTh\E =0, (3.6¢)
for all (Tq,v1,w1) € Kp x Vi, X W,?,
(Gn, T2) g, + (21, V- T2) 7, — (25, Tam) oz, 0 =0, (3.6d)
(Cn. V2)g, + (@0 V- v2), — (@t aulmva) =~ Yarv2)s, - (3.6¢)
— (zn, Vwa) g, + (2 - m, w2>aTh\s;§‘ =0, (3.6f)
for all (Ta, va, w2) € Kj, x Vi x WP,
(T —piDnops) =0, (3.68)
for all g, € My(0),
<(@h + quD)n, u2>8m€2 —0, (3.6h)
for all puy, € Mp(0),
<@hn — 'yuhr,u37'> , =0 (3.61)

€h
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for all ug € My, In contrast to Section 2, here we assume the forcing f may be nonzero.
The numerical traces on 97}, are defined as

Lyn=Lyn—h Y (Pyy, — ;) on 9T\, (3.6j)
Lyn =Lyn — h~ (Pyy, —upt) on &), (3.6k)
Gun=Gun—h ' (Pyz,—2)) on 0T,\el, (3.61)
@hn =Gpn —h 'Pyzp on 5‘2, (3.6m)

where P, denotes the standard edge-wise L2-orthogonal projection from L?(e) onto P*(e). This completes the
formulation of the HDG method. It is straightforward to see that the system (3.6) is consistent, i.e., the exact

solution satisfies the system. Furthermore, its implementation can be found in the arXiv preprint of this paper
[38].

4. ERROR ANALYSIS

In this section, we perform a convergence analysis of the HDG method for the tangential Dirichlet boundary
control for Stokes equations.

4.1. Main result
We assume throughout that there exists a unique solution of the optimality system (2.20a)—(2.20g) satisfying

the following regularity condition:
LeH™(Q), yeH™ ), peH™(Q),
GeH™(Q), ze H™=(), ge H(Q),

where

ry >1, 1,>2, rp=r,>0 rg>1 ry>1 L—pleH(div,Q). (4.1)

This regularity condition is guaranteed to hold when the polygonal domain is convex; see Corollary 4.2 below.
In (4.1), the regularity for L and p can be very low; in particular, L and p are not guaranteed to have an
L? boundary trace. This causes difficulty for the numerical analysis of the HDG method. For the convection
diffusion equation, we used a special interpolation operator to deal with this difficulty in [21,37]. Later, in [20],
we used a special trace inequality in the numerical analysis of related embedded DG methods; we also use an
improved trace inequality in this work, but the analysis is different since the spaces are not the same as in [20].
Our main result is below:

Theorem 4.1. Let
sy, = min{ry, k + 1}, Sy = min{ry, k + 2}, sp = min{ry,, k + 1},
sg = min{rg, k + 1}, Sz = min{ry, k + 2}, sq = min{ry, k + 1},
M = h* Ll + % [pllgo + 2 Iyl g
N =1 |Glle g+ llall g + 1= 2]l g -

Then for k > 0, we have

_1
lw —unlloo + ly = ynllg, + G = Gullg, + Iz = zullg, +lla = anllg, Sh72(ARM+N).
Moreover, if k > 1, then

IL = L, +llp = pallg, S 07 (RM +N).
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Corollary 4.2. Let w € [r/3,m) be the largest interior angle of T' and let & be the smallest real part of all of
the roots A\ of the equation

sin?(A\w) — A%sin’ w

(A1) =0
Suppose f =0, y, € Hmin{lg}(Q), Define rq by
. [3 1
rq = min {2,5 — 2} €(1/2,3/2].

Then the regularity condition (4.1) is satisfied.
If k =1, then for any r < rq we have

HL - ]Lh”Th, f, hr—1/2’ ”y - thTh 5 hrv ”p - thTh Sj hr_1/2a

”G_Gh”Th Shr7 ||z_zh||Th Shra ||q_qh||Th, Shra
Ju—unllg S B

If k =0, then for any r < rq we have

Hy*yh”’fh §h1/2, ”G*GhHTh §h1/27
Iz = znll7 SBY2 llg = anlls S Y2

~

1/2
lu —unllp < B2

Theorem 2.8 gives u € H"(I"), and so the convergence rate for the control is optimal for £ = 1 with respect
to this global regularity result. However, Theorem 2.8 also gives the higher local regularity result (2.18) for
the control: w € H"(T';) for each boundary segment I';, where x < min{3,{} — 1/2. Our numerical results in
Section 5 indicate that the actual convergence rate for £ = 1 may indeed be restricted by the local regularity
result instead of the global regularity result. A completely different method of proof is likely required to establish
a sharper convergence rate for the control with respect to the local regularity result.

Also, Theorem 2.8 only yields global regularity results for the other variables. Our convergence rates for the
flux L and pressure p are optimal for £ = 1, but suboptimal for the other variables.

4.2. Preliminary material

We begin by defining the standard L? projections Iy : L2(Q) — K, Iy : L*(Q) — V,, and My, : L2(Q) —
W, satisfying

(ML, T)x = (L, T)x VT € [P*(K)]*"?, (4.2a)
(Myy,v)x = (y,0)x Yo € [PFE)], (4.2b)
(Mwp,w)x = (p,w)x  Yw € P*(K). (4.2¢)

For all faces e of the simplex K, we also need the edge-wise L2-orthogonal projections that map into P¥(e) and
[P (e)] ?  respectively:

(Ppru—u,py, =0, V€ Ph(e), (4.3a)
(Pry —y.p), =0, Ype [PHe)”. (4.3)
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In the analysis, we use the following classical results:

[T — L7, S 2% [Ls.0, Mvy —yllz, <Pyl (4.4a)
_1 _1

[1Pyu—ulloz, S A 2 yls,.0  Mvy —ylloz, <A™ 2(ylls, .0, (4.4D)
_1

Mwp —pliz, < b7 plls, .0 1Pyy —ylloz, S h™ 2 ylls, .0 (4.4c)

Similar projection error bounds hold for G, z and q.
Define the HDG operator Z : K, x Vi, x WP x My, x K, x Vi, x W x M, — R by

‘@(H"hayhapha@Z;Tlvvlvwhu’l)
= (LmTl)Th + (yp, V- Tl)Th — (Yn, T1”>aTh\gg
+ (L, Vo), — (pn, V- 01) 7, — (Lpn — pan — hilP]Vtha'U1>aTh (4.5)
- <h_1§2’v1>87’h\5g - (yh7 vwl)’]’h + <@;’L : n7w1>6’]’h\s§

+{Lan — prn — h™ Y (Pary;, — 37), H1>37h\52 ~

This definition allows us to rewrite the HDG formulation of the optimality system (3.6): find (Ly, Gy, yy,, 25,
PhyQhy Uy 21, un) € Ky X Kpy x Vi x Vi x W2 x WP x My(0) x Mp(0) x My, satisfying

%(Lh,yh,ph,@Z;Thvl,'LUhul) = <uhT7T1n + h71’1)1>5g + (f?vl)'z’h ) (46&)
B (Gh, 2h, —qn, 2 T2, V2, wa, o) = (Y, — Ya, v2) 7, (4.6b)
(Gpn — K™ 'Pyyzy, M3T>Eg =7 (un, M3>gg ) (4.6¢)

for all (Tq, Ty, v1, V2, W1, Wa, fhy, o, 3) € Kp X Ky X Vi X Vi X Wi x Wi x Mp(0) X Mp(0) x M. Also, in
the error analysis we frequently use the following identity, which is established by applying integration by parts
to (4.5):

B (L Yp, Phs U T1, 01, w1, )
= Ln,To)g, + Wn, V- T1) g, = @ Tim) g\ c0
= (V-Lyp,v1)5, + (Vpn,v1)g, + <h_1PMyhvv1>aTh (4.7)
—(h'55, Ul>an\ei = (Yn, Vwn)g, + (U nwi)pr, o
+ (Lpn —pun — h™ (Puyy, — 1), H1>37—h\52 :
The detailed proofs of the following three lemmas can be found in the arXiv preprint of this paper; see [38].
Lemma 4.3. For any (Tp,vp, wn, pp,) € K x Vi x WP x My, we have
B(Tr,vp, wh, wp,; Thy, Vp, W, 1y,)
= (Tp, Th) 7, + <h71(PM’Uh — ), Pyop — “h>67’h\a;? + <h71PM'Uh, PM’Uh>8;? .
Next, we give another property of the HDG operator £ that is fundamental to our analysis.

Lemma 4.4. For all (Lh,Gh,yh,zh,ph,qh,@Z,EZ) eKy xKp x Vi x Vi x W}? X W]? X Mh(O) X Mh(O), we
have

t@(]Lh?yhapha @27 _Gha zh7Qha£Z) + t%((G’ha Zh, _th/z\z;Lha —YnsPh, _@Z) = 0.

Lemma 4.5. There exists a unique solution of the HDG discretized optimality system (4.6).
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4.3. Proof of the main result

In our proof of the main result, we use the following auxiliary HDG problem: for the optimal control u fixed,
find

(]Lh(u)7Gh(u)?yh(u)?zh(u)7ph(u)7qh(u)5@z(u)ﬂ/z\z(u))
ERKL XKy x Vi x Vi x W2 x WP x Mp,(0) x My (o)

such that
B (L (w), yy, (w), pr(w), 77 (w); Tr, w1, wi, py) = (F,01) 7, + (Payur, b oy +T1n>52, (4.8a)
B (Gp(u), zn(w), —qn(u), 2j (w); T2, v2, wa, a) = (Yp(w) =Yg, v2) 7, (4.8b)

for all (Tl,TQ,Ul,UQ,wl,wQ,Nl,u2) ceKy xKyp xVy, xVy x W}? X W}(L) X Mh(o) X Mh(O).

We split the proof of the main result, Theorem 4.1, into eleven steps. We first consider the solution of the
mixed form (2.20a)—(2.20f) of the optimality system, and the solution of the auxiliary problem. We estimate
the errors using L? projections. Define

o =L — TIgL, e = gL — Ly, (u),
§Y =y —Iyy, ep = vy — y,,(u),
6 =p—wp, ey = wp — pn(u), (4.9)
§Y =y — Py, €£:P1v1y*@h(u)7

81 = 6bn — 6Pn — h~ 1Py 0Y,

where ¥, (v) = Y5 (u) on €% and gy, (u) = Pyrur on £, which gives 52 =0on &f.

4.8.1. Step 1: The error equation for part 1 of the auziliary problem (4.8a).
Lemma 4.6. We have

L N ~ ~
% (Eh78275}€75z;’]r1uvlawluul) = <617U1>87h - <61’H1>3Th\58 . (410)

h

Proof. Using the definition of & (4.5) gives
% (gL, Iy y, Hwp, Prvy; T, v, w1, py)
= (gL, T1)z, + (Ivy,V-T1), — (Puy, Tin) sy, \eo T (kL Vo) 7,
— (Owp,V - v1); — (Hgln — ypn — h ™' PyIlyy, V1)or
—(h~ 1PMy7'01>aTh\€2 — (MMyy, Vur)g, + (Puy - m,wi)og oo
+ (Tgln — wpn — b Pa(Tlvy — ), i) o -
By properties of L? projections, we have
% (IkL, vy, Mwp, Prey; To, v1, wi, py)
=L, T)g, + (@, V-Ti)g — (y,T1n>aTh\Eg + (L, Vv1) 1,
(p, V- v1)r, — (Ln —pn — hilPMy,v1>aT
+ < n—6Pn— h~tPydY v1>37h - <h_1PMy’vl>aTh\s<'h?
—(y le)Th (y n, w1>8Th\s‘Z + (Ln — pn, H1>aTh\e§
(n

—1 L
+ P, oY ’“’1>8Th\s§ — <(5 n — 6n, “’1>BT;L\6§ .
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The exact solution (L, y, p) satisfies

(L, T1)g, + (v, V-T1)g, — <va1">aTh\s§ = <UTaT1n>s§ )
(vavl)'fh - (V- ’Ul)Th —(Ln _pn7vl>87h = (f,v1),
— (v, le)Th + (y - n, w1>37h\5g =0,
(Ln —pn, M1>aTh\aQ =0,

for all (Ty, vy, w1, puq) € Ky x Vi, x Wy, x Mp(0). Therefore,

B (HK]Lv HVy7 HWp7 PMy7 Tla Vi, W1, /‘l’l)

= <UT7T1’I’1>62 +(f,v1) g, + <5Ln —0Pn — h™'Py6Y, 171>m—h

T Pa )+ (P ) g ()

_ -1 S S
- (fvvl)'fh + <(PMU)th v+ T1n>gg + <61’vl>87—h, - <61,H1>8Th\si .

Subtracting part 1 of the auxiliary problem (4.8a) gives the result. (I

4.8.2. Step 2: Estimate for EH,;.

The proof of the following lemma is also given in the arXiv preprint of this paper, see [38].
Lemma 4.7. We have
_1 i _1 -
IVeRllz +h2llel = eRllom < llekllz + R 2P uel — €illoz,- (4.11)

Next, we introduce the improved trace inequality.

2
Lemma 4.8. Let e be a face of K € T,. If L — pll € H*(Q) NH(div, Q) with s > 0, then for all p € [Pk(e)} ,
we have

(L=ph)n,p), S B2 plle (1L = pllix + AV - (L = pD)||x). (4.12)

The proof of this lemma can be found in Lemma 2.4 of [11] for the vector case; the proof of the tensor case is
similar.

Lemma 4.9. For M = h*t ||[L|| . o + 22 [Pl o + 2 Y]l o, we have
_1 g
lei |z +h™2 | Puef = eillom, < M.
Proof. First, since sg =0 on 52, the energy identity for & in Lemma 4.3 gives

B (el elichoctehoel) = Ikl + 1 Puet — <3y,
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Then taking (Tq,v1, w1, iy) = (sﬂﬁ,sz,sﬁ,sg) in the error equation (4.10) gives

. B )
ekl +h™HIPwmey — €313,
= <6175};’ - EQ>

= <6H‘n —0Pn — h™ P yoY, e} — 5g>

0Ty

0Ty

= <5H‘n —6Pn, e — £Z>6T - <h_1(5y,PMsg - sz>

h 9Ty,

< Ch™ 2l — elllom, (18" — 0¥, + BV - (6%~ 6T) [,
+ Ch= 40 lom, ™ H 1P el - efllom,
< Ch™2|e¥ — oz, (1657, + 1167117,
+ OB~ el = eflloz, (RIIV - (L= pI) 1, + B[V - (M (L = p1)) |1,
+ Ch™2|6Y] oz, h ™ 2| Pase? — ¥ o,
< Ch_%”ez - €Z| T, (||5LHTh +16%117:,)
+Ch72 ¥ — e¥|log, hlIV - (L — pl) ||,
+Ch#le¥ — elllom, AV - (Tl (L — pI)) = ¥ - (T1, (L — pI) |z,

_1 _1 i
+Ch72[6% oz, b 2 [|Puey — efllom.,

where HH% is the L? projection into the space of piecewise constant functions and we used Lemma 4.8. Finally,
we use Young’s inequality, 0 < s1.,s, < 1, the fact that L — pll € H(div,2) implies that ||V - (L — pl)||5, is
bounded independent of h, and Lemma 4.7 to obtain
ek I, +h™ 1 Parel — eXll3,
_1 g
6%z + 187 |7:,) + h™2 ||} — eXllaz |V - (L — pD)]
1 g _1 _1 y
+h72|lel — efllom, [Tk (L — pl) — T (L — pL)||7;, + k™ 2(|6% o5, 2 || Pael — €} llom,
2 2 - 2
S 6%, + 16717, + P2V - (L = pD|17, + [Mx(L = pI) = T (L — pD)|17, + 2" (16Y] 54,
s 2 s 2 Say— 2

S L o + 227 Il o + P2 2 yllu g -

Th

Sh2|e¥ — e¥ o (

4.3.3. Step 3: Estimate for e}
Lemma 4.10. We have ||e¥||7, < M, where M is defined in Lemma 4.9.

Proof. We utilize an inf-sup proof strategy for the pressure; cf. Proposition 3.4 of [25], Lemma 5.3 of [77]. We
know from [10] that for any function ¥ € L?() such that (¢9,1)q = 0, we have

%,V v
Wle< sup OV va

—_ . (4.13)
veH{(Q)\{0} HvHHl(Q)

Since
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we can take ¥ := e} in (4.13). Then we have

EPV~UQ
oS sup  Cm Vv

veHL(Q)\{0} HUHHl(Q) ’

and
(€5, V- v)o = =(Vep, Iy v)g, + (g],,v - n)yy -

Next, taking (Tq,v1, w1, pq) = (0,IIy,0,0) in Lemma 4.6 and using (4.7) give

(Véz, 1_.[\/’0)77L = (V . 6%, HV’U)T;L - <h71(P]yj€z - 62),va>8Th + <$1, va>67h ,

where we used ¥ =0 on Eg. The above two equalities give

(e, V-v)g=—(V e, yv)g, + <h*1(PMsg - sg), va>8T

h

. -
+{eh v N)yr — <61,va>aTh

= —(V-er,v)r, + <h_1(PM5§L’ — e}, va>87’

h

+ <—5H,;n + e, PMv>3T — <31, va>

0Ty h 0Ty

v-n —<3,H v>
+<h >8'Th 1 \4 oT,

= (h, Vo)1, + <h_1(PM€Z - 52), va>
Next, we take (T, v1,wr, p;) = (0,0,0, Pyv) in Lemma 4.6. Since v € H}(Q) we have

<6H,;n —ehm, PMU>67’L = <h*1(PM5}L’ - 5%), PMv> - <31, PMv>

T, ot

This implies

(eh, V. -v)o = (sH,;, Vo), + <h_1(PM5?,fb — 5%), IIyv — PMv>a - <gl, IIyv — PMv>

h 0T .

For the above equality, the first two terms can be easily handled by Cauchy—Schwarz inequality. For the last

term — <31, IIyv — PMv>aT , we can use the same technique as in the proof of Lemma 4.9 to get
h

— <31,Hv’lj — PM’U>
o7}

h

< Ch™3 | Hyv — Pywlog, (1617, + 1167]17,)

+Ch™ % |Iyv — Parvon, bV - (L~ pl)ll7,
+ Ol |[Tyv — Pasofjog, |k (L — pI) — T (L — pI) |7,
+ Ol 26 loz, h™ % [Ty v — Parvlor,.
Applying the Cauchy—Schwarz inequality and using Lemma 4.9 give the desired result. O

4.3.4. Step 4: Estimate for &} by a duality argument
For any © € L*(Q), the dual problem is given by

A-V®=0 in €,

—-V-A-VV =0 in €
. (4.14)

V-&=0 in €,

® =0 on Of.
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Since the domain €2 is convex, we have the following regularity estimate

[AlL + 1@z + W] < CllO]|o-

In the proof of the next lemma for estimating ¥, we use the following notation:

A=A -TIgA, 6= _TIy®, 6Y=U_TuyVv, *=&_ Py®.

Lemma 4.11. Let M be defined as in Lemma 4.9. Then we have
lenllz, < AM.

(4.15)

(4.16)

(4.17)

Proof. We consider the dual problem (4.14) with © = ¢¥. In the definition of £ in (4.5) and (4.7), we take
(T1,v1,w1, py) = (—HgA, Iy @, Iy ¥, Py ®). Since ® = 0on ef, e = 0onef, V-® = 0, by using integration

by parts we have

B(ex, el b &V TxA, Ty ®, Ty U, Pp®)

(e eA)g, = (1, V - Tigh), + (. Thn)  — (V- Ty ®)7,

T
+ <€Z" +h N (Pye! - 52), HV<I>>8T
h

+ <5],I;n —ePn — W (Ppe? — &), PM‘I>>6T
h

— (&Y, VIIy O) 7, + <e§1 -n,HW\II>

= 7(5%7A)Th + (dfa V- 5A)Th - (5!}{7 V-A)g, — <€£,6An>8’2’h - <€%na q)>6T

+ (e, V®) 7, + (eh, V- 6%) g, + <€ﬁn +h (Pl — 52), <I>>87
h
ehnt b Pyl —f).0%)  — (& V)7, + (2, V),

_ /.0 5\1/> <]L_p_h—1P y_yq)>
<€h n, GT;L+ EpMm —ELn (Parey —€3), o7

= —(8%7A—V‘I>)Th +(€?}i’v'6A)Th - (6227VA+V\I’) <6h75A >BT (‘Sh?v 5{))71
h

— <€Zn + hil(PMé‘g — 5%), 6q>>a

Th

_ /Y. o
+ (¥, VoY) 7, <5h n,0 >8Th
= 1.V -7, + 5, — (e o*n) 4 (.Y 0%,

— <*€Z" +h N (Pye? — &Y, (5‘1’>6T + (¥, VoY), — <5?}{ - n,5W>8Th )

h

- (827 V- HV(})T;I

0Th

Here we used E% = 0 on 52, A + VI € H(div, ), and <5’g7 (A + \IIH)n> = 0, which holds since 5?,3 is a

h
single-valued function on interior edges and £} = 0 on g

9.
Next, integrate by parts to obtain
(¥, V- 5A)Th =— (VE%(SA)T}% <5h75A > <Eh,(5A )

o7y,
(eh, V- 54))7,1 = —(Veh,6%)7, + <€h75<I> : >37 (e 7 0% >07h
(6%, Vé‘p)Th = <5g ~n,5q'>m,h - (V . 5%,5\1’) < Yon 5ql>aTh

Then

7, (a%, €Y el e _TIxA Ty &, Ty U, PM<I>)

= ¥, = (h (Pusct —<8) 0%) & (e — b6 n +67n)

(4.18)
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On the other hand, using ® = 0 on 52 and the error equation (4.10) gives

B (sﬂg,sﬁ,sﬁ,sg; —TIgA, HV@,HW\I’,PM@) = <31,HV‘I’ - PM‘I’> (4.19)

ot
Next, we split the proof into three cases.

(1) When si, = s, > 1/2, we note that

<S1, PM‘I>>67 = (—MgLn + ypn + ' Py (Iyy — y), PM‘I)>aTh +(Ln —pn, Py ®) 57,

h

= (—MgLn + Iypn+ ' Py (Iyy — y), (I’>aTh + (Ln —pn, ®) 7.

- <31,<1>>8Th .

Here we used the fact (Ln —pn, ®),- = 0 and (Ln — pn, Py ®),, = 0 since L — pl € H(div, Q) and
® =0onc¢e.
Compare equations (4.18) and (4.19) to obtain

£l = = (< —ehdbn b a¥n) = (30.0%) o+ (b7 (Pae —]).0%)
_1 i 1 < _1 i _1
Sh7z ¥ — 2)lom 2 (|6%|oz, + 18¥ 07.) + 181 ll07:, 116% lozs, +h ™2 [ Pare¥ — ¥ lom b2 6% |lo,

< 0000000000000 (A IL] g + 5 [Pl + 5 1YL ) 1Y 1

where in the last step we used Lemmas 4.7 and 4.9, the standard projection error estimates (4.4) and the
a priori estimate (4.15) for the dual problem.

(2) When 0 < s, = s, < 1/2, the quantity |[(L — pI)n| sz, is not well defined and the analysis in (1) is not
applicable. We need to refine the analysis.

(i) If k£ > 1, compare equations (4.18) and (4.19), and use the same technique as in the proof of Lemma 4.9
to obtain

. ~ ) :
le¥]|% = — <s}; — eV 5hn 4 5%>Mh + <51,nvq> - qu>>8Th + <h L(Pye¥ — &), 5‘I>>8Th

= —<6Z —52,§An+5‘1'n> +<5Ln—5pn,Hv<I>—PM<I>>8T}

0Ty

— (K PyY Ty ® — Py ®),, + <h_1(PM5’,{ _ &Y, 5‘1’>Mh

ShE el — ¥ llom b2 (|6, + 16 [lo7,)
+ [y ® — Py o, ([8%|7, + 167]l7, + AV - (L - pD)7,)
+ [Ty @ — Py ®||o7, |k (L — pl) — (L — pI)||7,
+h7H[PydYlor, [Ty @ — Py ® oz, + b2 || Pl — f oz 2 0% oz,
S (P Lo + 25 bl + 1% 1yl 0 ) I 7,

(ii) If & = 0, we note that

</(§17 PM‘I)> <—HK]LTL + prn + h_IPM(HVy - y), PM(I)>8Th + <]L’I’L —pn, PM¢>8T;,,

Th

<_HKLn + Han + h_l-PM(HVy - y)7 (I)>8Th + <L’I’L —pn, @>8Th

<31’(I)>afh '
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Here we used the fact (Ln — pn, ®),,, = 0 and (Ln — pn, Py ®),, = 0 since L — pll € H(div, Q) and

® =0 on &f.
Compare equations (4.18) and (4.19) to obtain

Ieflf = = (et —efobtn+an) = (80.6%) 4 (0! (Purel —ef).6%)

ey — 5’,3 i+ (5\I'n>67h — <5]Ln — 6Pn, 5‘I>>8Th

{
+ (AT P Y, 6%) (R (Pl — ), 6%)
{

( or,
h

(T Pp6Y,6%) (R (Pasel — e, 0%
h

(

Th

+
9Ty
- <5y — ¥ 5t o+ 5‘I’n>87 — (8% — 671, V6®) g, — (V- (L — pI),6%)7,

+ (BT PuEY, %) + (R Pyl — ), 5‘1>>8Th

< (W MLl g + 10 bl + 5% o) €817

0Ty Ty, 9Ty,

eV el shn 5%> (8 — 6PL V%) g, — (V- (68 — 671),0%) 7,

O

Lemmas 4.9-4.11 and the triangle inequality yield optimal convergence rates for ||L — Ly (u)||z,, llp — pn(w)|| T,

and ||y — yy,(u)| 7,:
Lemma 4.12. Let M be defined as in Lemma 4.9. Then we have
AL = La(u)llz, + hllp — pr(w)ll7, + Iy — yu(u)lz, S M.

4.3.5. Step 5: The error equation for part 2 of the auziliary problem (4.8b)

We continue to focus on the solution of the auxiliary problem and the solution of the mixed formula-
tion (2.20a)—(2.20f) of the optimality system. Next, we consider the dual variables, i.e., G, z and q. We estimate

the errors using L? projections, and we use the following notation.

6¢ = G — TIkG, ¥ = kG — Gy (u),
0% = z — Iy z, ef =yz — zp(u),
0% = q—1Ilwgq, &, = wq — qn(u),

6* =z - Pyz, e = Pyz — 2(u),

82 = 0%n + 8% — h™ P67,
where 2y (u) = 2}, (u) on €9 and 2, (u) = 0 on £, which gives ¥ = 0 on 9.
The proof of the following result is similar to the proof of Lemma 4.6, and is omitted.

Lemma 4.13. We have

& (5%752a _€Z7Ei;T2702aw27l~’l’2) = <32a’02>{ - <32ap‘2> + (y - yh(u)7’02)7’h .

T, OTi\e?

4.5.6. Step 6: Estimate for €% and €3

To estimate €%, we use the following discrete Poincaré inequality from Proposition A.2 of [17].

(4.20)

(4.21)
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Lemma 4.14. We have
el < CUIVeRllz + h™2 e — eillom,).
Lemma 4.15. Let M be defined as in Lemma 4.9. Then we have

. .
ek lls, + h™2 [ Paref; = eillo, + leillz, S M+ N,

where N' = h%¢

Gl +h* llgllge 0+ 2% 2]l 4 g
Proof. The inequality in Lemma 4.7 holds with (L, y, y) replaced by (G, z, Zz), which gives
_1 S 1 o
IVeillz +h™2llek —eillor. S llekllz +h™2|Pumef — eflloz.-
Next, since £¥ = 0 on 52, the energy identity for £ in Lemma 4.3 gives
# (E%,Ei, _5(}11’5}%1;5%’ Ezv _Sl}]w Ei) = HE(E”%L + h_1||PM5}zz - Ei”(%’fh'
Using (T, va, wa, py) = (5%5@52, E‘Z) in the error equation (4.21) gives
I, + h 1Pk~ <E i, = (Bauch = k), + (= e,
=: T1 + TQ.

For T}, use (4.23) and Young’s inequality:

2251

(4.22)

(4.23)

(4.24)

< 3 1 1 2 _1 _1 2
T = (3o,ci — i), < Oh (16%om, +110%lo.) b3 lef = e oz + Ch 8 6% lom k™3| Pasef = lom,
h

1

_ 1
< Ch (1635, + 16°13, ) + Ch =107 35, + 51815, + 77 |

|Purei; = i3, -
For the term T3, apply Lemma 4.14 and (4.23) to obtain

T2 = (y — yu(w) i)y, < ly = (W)l lF Iz,
z -1 =z z
< Clly = g W)llz, (IVeillz + b ¥ ek — ekllom, )

_1 2
< Clly = ya(@lz (I Iz + 2Py — ko)

1, g 1 5
< Clly - g7, + el + i 1P arer, — eil3r,-
These estimates and Lemma 4.14 give our desired result.

4.3.7. Step 7: Estimate for e}

Lemma 4.16. Let M and N be defined as in Lemmas 4.11 and 4.15, respectively. Then we have

lehlle S AM +N.

Proof. By the same argument as in Lemma 4.10, we have

(e1,V -v)
lefllo S sup 2

veH}(Q)\{0} HUHHl(Q) ’

(4.25)
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and
(€ V-v)g == (Ve Iyv) . + (€}, v - n)yp, -
Next, taking (Ts, va, ws, y) = (0,IIyv,0,0) in Lemma 4.13 and using (4.7) give
(Veh Tyv) g, = = (Ve Ivo) .+ (B (Puef; = 7)) Ty o)

- <52, HVU>M —(y —yp(u), Iyv), .

3
These equalities give
(e}, V-v),= (V- s‘E’,va)Th — (' (Puef — si) ’HVU>aTh
vy + (80 Tvo) 4 (g =y (). Tvo),,
= (V- €% v)Th — (™' (Puef — si) ,vav>87h
+(ehven)yp, + (02 Tve)  + (y—yu(u), Thyo)y,

h

= (€. V0)y, (7 (Pasci — 28) v,

+ <5(,§’n +eln, PM'U>8Th + <32, va>67 + (y — y,,(u), va)Th .
} h
Next, using (Ty, v, wa, ty) = (0,0,0, Pyv) in Lemma 4.13 and v € H{(Q) gives

(ehn+ ein,PM'u>aTh = (K™Y (Puef - Ei),PM'v>aTh - <32’PMU>BT, )

This implies
(e}, V- v)g = —(cf, V)3, — (b (Puyef — e7), Iyv — Pyv)

+ <327HVU - PMU>8'T + (y - yh(u)v HVU)Th,'

h

0T

Applying the Cauchy—Schwarz inequality, we obtain
_1 5
(€], V - v)al S llekllz I Vollz, + k™2 | Pusi — eilloz, Vol 7,
P
+h2|[82lo7 VY7 + ly — yiu (W73 [Vl -
Sincev e H (1)(9), the Poincaré inequality yields our final result. O

Lemmas 4.15, 4.16, and the triangle inequality give optimal convergence rates for |G—Gp (u)|| 7., [|g—an (W) || 7, ,
and ||z — zp(u)||7,:

Lemma 4.17. Let M and N be defined as in Lemmas 4.11 and 4.15, respectively. Then we have
IG = Gr(wllz, +llg = qn(w)llz, + 112 = 2z (u)ll7, S M+ N.

4.8.8. Step 8: Estimate for |lu —upl|.o and |ly — yall7,

Next, we consider the solution of the auxiliary problem and the solution of the HDG discretization of the
optimality system (4.6). Our main result follows from bounding the errors between these solutions as well as
Lemmas 4.12 and 4.17.
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Define

(L=DLn(w) —Lp, G =y =y, (p=pn(u)—pn,
(e =Gh(u) —Gp, ¢ =2znu)—2zn ¢ =aqn(u)—q,

and

Cy =Yn(u) =7y on &7, (y= Pyur —upT on e,

C:=20(u)—2) on €2, (=0 on &),

Subtracting the auxiliary problem (4.8) and the HDG problem (4.6) yields the error equations

'%(C]LaCy,Cp7<@;T17vlawlay‘1) = <(PMU - uh)thilvl + T1n>88 ) (426&)

h

'@(QG)CZ7 —Cq,Cé;Tz,U%wz,ﬂz) = (Cy,v2)7h 5 (426b)
for all (Tl,Tg,vl,'vg,wl,wg,ul,MQ) ceKy xKp xVy xVy x W}? X W}(L) X Mh(o) X Mh(O).
Lemma 4.18. We have

vllu — UhH?g + ||<y||2Th = <7u7- —Gp(uw)n +h Pz (u), (u — Uh)T>a;’§ (4.27)
— <,yuh.r7Ghn+h71PMzh7(’U,*Uh)T>€2 : |

Proof. First,
(yur — Gp(u)n + h™ ' Pz (u), (u— uh)7'>5g — (yurT — Gpn+ h™ ' Pyzp, (u— uh)7'>Eg
=7u— uh||§g +(—Cn+h'PyC, (u— uh)T>5§ ~
Next, Lemma 4.4 gives
B (CLy Cy» Cps €5 =€ €z Cgs C2) + B(CB» Czr —Cgs €25 CLy —Cys Gpy —Cg) = 0.

However, taklng (Tlu U1, Wy, IJ’1) = (_CGa <Z7 Cq7 C%) and (T27 V2, W2, lj’2) = (<L7 _Cy> Cp? _ij) in the error equa-
tions (4.26) yield

‘%(Cﬂn ny Cpa C‘Q? 7<Ga CZ7 CZUC%) + ‘@(C(Gﬂ <Za 7((15 C%a C]In 7Cya Cpa 7(’!;!)
= _(Cya C'y)Th + <PM(U - uh)Ta —(en + h71<z>€i)

= —(Cys Cy) 7 + ((u—up)T, —Com + hilPM<z>€;9 ,
Comparing these equalities gives

(Cyv Cy)Th = <(’LL - uh)Tv _CGn + hilPMCz>62 .

Theorem 4.19. Let M and N be defined as in Lemmas 4.11 and 4.15, respectively. Then we have

_1
lu —unll.o + 1y = ynllg, S A2 (RM+N).
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Proof. The optimality condition (2.20g) gives (yur — Gn, (u — Uh)7'>52 = 0. Also,
{(yupT = G+ h ' Pz, (u — uh)7'>€g = (yupT — Gpn + K™ 'Pyz,, (Pru — uh)7->€g =0,
where we used the HDG optimality condition (3.6i) and (3.6m). Using these equalities in (4.27) from Lemma 4.18
gives
Y llu — Uh||§g +I¢ll7, = (yur — Gr(uyn + h™ Pz (u), (u— Uh)"’>Eg
= <(G —Gpu))n+h Pz (u), (u — uh)‘r>€’8 .

First, by the estimation of the standard L? projection in (4.4) and the trace inequality we have

(G = Gr(u))nl.o <G = Gu(u)llor, <G —HkGlloz, + TG — Gn(u)|oz,

S h*73||G e g + b7 2 |HkG — Gy (u)]| 7, (4.28)
Sﬁ,l _1
She72|Glle g+ P72 ek, -

1ol

Next, since Z5(u) = z = 0 on ¢, we have
[Przn(u)llco = [[Przn(u) = Pyllyz + Pyllyz — Pyz + Pyz — Zi(u)|l0
< [|1Puef; — eqlloz, + Ty z — z|l.o.
This yields
lu = wnllep + Gy ll7 S hF e8]l5 + 1o F €l g + A | Pasef — hllom, + ™" [Ty 2 — 2].0.
Lemma 4.15 and properties of the L? projection give the desired result. O

Remark 4.20. The application of a trace theorem to estimate the normal derivatives of the adjoint state
in (4.28) yields suboptimal results only. In the case of the Poisson equation, and using standard finite element
methods, optimal error estimates for the so called variational normal derivative can be found in [51, 75, 82].
However, proving sharp convergence rates for normal derivatives requires regularity results in weighted W*>°(Q)
spaces and non-standard duality arguments. Unfortunately, establishing sharp convergence rates for normal
derivatives using the HDG methods is unclear to us; we leave this interesting project to be explored in future
work.

4.8.9. Step 9: Estimates for ||G — Gy||7, and ||z — zn||7,

Lemma 4.21. Let M and N be defined as in Lemmas 4.11 and 4.15, respectively. Then we have
_1
I¢cll7, + 1G]l S A2 (ARM + N).

Proof. Using the energy identity for % as in Lemma 4.3, the error equation (4.26b), (s = 0 on 52, and the
discrete Poincaré inequality in Lemmas 4.7 and 4.14 gives

‘%(CGM Cza _Cq7 C27 C:Gm Cza _an Cﬁ)
= ((6:Ce) + b Pale — Gll3r,
= (Cya Cz)Th
< ¢yll7,
Syl (197 + 3G = Galom, )

_1
S lcullz, (IGslln, + A 2P = Gllom )

Cz”Th,
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This implies
ICellz;, +h ™21 PuCe = Gllom, S B2 (hM+N).

Using the discrete Poincaré inequality again yields

¢z S IVEllg, +h™ICe — Cllom,
< lI¢ellz, +h72 [ Parce — Cellom,
<h 2 (hM+N).
This finishes the proof. ([

The above lemma, the triangle inequality, and Lemmas 4.12 and 4.17 give the following result:
Theorem 4.22. Let M and N be defined in Lemmas 4.11 and 4.15, respectively. Then we have

IG = Gullg, + 1z = zall, S A7 (RM+N).
4.8.10. Step 10: Estimate for ||q — g7,
Lemma 4.23. Let M and N be defined in Lemmas 4.11 and 4.15, respectively. Then we have

ol S h™ 3 (hM + N).

Proof. By the same argument as in Lemma 4.10, we have

C 7V * V)¢
HC(I”Q ,f, Sup (|q || ) 27
veH§(\{0} [IVllEY (2

and
((q: V- v)o = =(V(g, IIvv)7, +((g, v 1)y -
Next, taking (Tq, v, wa, tty) = (0,IIyv,0,0) in the error equation (4.26b), using (4.7) and (s = 0 on £ give
(Vi yv) 7, = —(V - (e, Ty )7, + (W H( Py — (), HV'U>aTh — (Cy, My v)7,.
The above two equalities give
(V- v)o = (V- (o, yv)y, — (W (Pl — Cz),ﬂvv>87—h +{Cgv M) yr + (G Iy o),
(5 et (b (Pt ). o), + (Cov-nhyr + (G Ty,
—(Ce: Vo)z;, = (W (ParCe = G2) Ty w) o+ (Gom+ G Puv) oo + Gy )7,
Next, take (Ty, v, w2, ty) = (0,0,0, Pav) in (4.26b) and use v € H(S2) to obtain
(Cen + (gn, Puv)yg o = (W (PaCe — C2), PM'U>87—h .
This implies
(V- v)o = —(Ce, V)75, — (W (PuCe — (), My — PM'U>37—h + (Cy, V)75, 5
and therefore
(¢, V - 0)al S Iellm | Voll7, + b2 [PuG = Gllon Vol + 16yl 7 10ll7
Since v € H(S2), the Poincaré inequality gives the desired result. (]
The above lemma, the triangle inequality, and Lemma 4.17 give the following error bound:
Theorem 4.24. Let M and N be defined as in Lemmas 4.11 and 4.15, respectively. Then we have
la = anllzm, £ 75 (RM +N).



2256 W. GONG ET AL.

4.3.11. Step 11: Estimates for ||p — pu|1, and ||L —Ly||7,
Lemma 4.25. For k > 1, we have

_1 _1 1
ISplle S llcLliz, +h72[1Puy — Ggllog o + A2 [[Payllco + A7 2 || Paru — ual|o.

Proof. As in the proof of Lemma 4.10, we have

IGles  sp @Yt
very@\o} 1Vlle o)

)

and
(va V- U)Q = _(VCZH HVU)Th + <vav : n>3']‘h .
Use (Ty,v1,wy, py) = (0, Ty v,0,0) in (4.26a) and (4.7), and v € Hy(2) to obtain
(VCINHV’U)T)I = (v : CL)HVU)'T;L - <h_1(PMCy - C@)7HVv>aTh\€§
— <h_1PMCy7HV'U>Ei) + <(P]\/[’u — uh)T, h_lﬂv’u>€‘2 .
This gives
(<p> V- 'U)Q = _<v : CL7HVU)T)LL + <h_1(PM<’y - C’Q)’va>aTh\s‘2 + <Cp7 v- n>BTh
+ <h—1Png,HVv>E(2 — ((Pyu— up)T, h‘lﬂvv>sf
= —(V . QL,U)’Th + <h71(PM<'y — CQ)’HV/U>8'T;L\82 + <Cp,/l) . n>aTh
+ <h71PMCy7HV’U>8;3 — <(PMU — uh)'r, hill__[v’l)>8}a
= (C]lnvv)'fh + <h71(PMCy - C’Q)?HVU>87—h\€2 + <h71PMCy7HV’U>€2
+(=n + Gn, Pyuv) oy o = ((Pyu — up)T, ffll'IV'u>E;3 .

Next, take (T, v1,wy, p;) = (0,0,0, Pyov) in (4.26a) and use v € H(Q) to give
(QLn — Cpn, PM’U)@T;L\EQ = <h_1(PM<y — C@), PM’U>8Th,\E§ .
This implies

(C,ZN % ’U)Q = (C]La vv)'fh + <h_1(PMCy - C’Q)?HVU - PA/[,U>8'Th\E‘2
+ <h—1Png,va>6{ha —{(Pyu— uh)r7h—1ﬂvv>5§

=+ h71 <PMCy, IIyv — ’U>E§ —p! <(PM’LL — Uh)T,H\/’U — 'l)>6?1 .

‘We obtain

_1
Gy V- v)al S ICLllz [IVollz, +h72[[Puly = Collonne2 1 Vollz,
_1 _1
+ W2 [Pyl [Vollz, + b7 2 | Parw — unllp [ Vol

and the result follows.
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Lemma 4.26. Let M and N be defined as in Lemmas 4.11 and 4.15, respectively. If k > 1 holds, then
ICLll7, + 1Cpll7, S M +RTIN.

Proof. By Lemma 4.3 and the error equation (4.26a), we have

'%(CHnCyvgpagﬂ;C]La<ya<p7<’g)
= (CILaC]L)Th + <h_1 (PMCy - C@) 7<y - C@>37—h\52 + <h_1PMCy7PM<y>E§
= ((Pau—un) 7, Gom 07 Gy)
= ((u—up) 7T, L N+ hilPMCng

S llw—unllg (ILllg + P 1PasGyl.s )
<h =l (1Glg, + 2% 1Pyl
which gives
I6Lllz, + P72 1Pty — Collozi\eo + h=2 1P rrCylleo S M+RTIN.
This bound together with Lemma 4.25 gives the final result. (]

The above lemma, the triangle inequality, and Lemma 4.12 complete the proof of the main result:

Theorem 4.27. Let M and N be defined in Lemmas 4.11 and 4.15, respectively. If k > 1 holds, then

lp = pallz, + L =Ll S M+hTIN.

5. NUMERICAL EXPERIMENTS

In order to emphasize the dependance of the order of convergence with respect to the regularity of the optimal
control, we consider one example in a square domain and another one in a non-square domain.

Example 5.1. In this example, we consider the domain = [0,1/8] x [0,1/8] and set f = 0, v = 1. We take
as target state the large vortex described in [60]

Yy, = 200 x 8° [x% (1 —8z1)% 25 (1 — 825) (1 — 16) ; —x1 (1 — 821) (1 — 1621) 22 (1 — 822)° | .

For illustration, we show in Figure 1 a plot of y, rescaled to [0,1] x [0, 1] (left), and the computed optimal
control on a relatively coarse mesh, i.e., h = v/2/64 (right).

For a square domain, the singular exponent is £ &~ 2.74 (c¢f. [27]). Corollary 4.2 yields directly an order of
convergence for the control variable of 0.5 for £ = 0 and (almost) 1.5 for k = 1.

Nevertheless, for this example, we notice in Figure 1 that not only is the optimal control equal to zero on the
corners, but also the derivative of the control is zero. If we assume that the derivative of the optimal control is
exactly zero at the corners, we can improve the global regularity u € H*(T") for all s < 3/2 given in (2.16) using
the local regularity u € H*(T';) for all t < 2.24 given in (2.18). Since the derivative of u is zero at the corners,
we have that u € HY(T') for all £ < 2.24. The same argument can be used to improve the global regularity of
the Dirichlet data ur € V*(I') given in (2.19) to obtain ur € V/(T) for all ¢ < 2.24. This leads to a higher
regularity of the optimal state: although Theorem 2.4 is not directly applicable, since each component of ur
has zero derivative at the corners, there is an extra compatibility condition satisfied and we can apply the
trace theorem Theorem 1.5.2.8 of [42] to obtain ry ~ 2.74. For the other variables now we have r, ~ 3.74,
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FIGURE 1. Example 5.1: left is the desired state y,; and right is the Dirichlet boundary control w.

TABLE 1. Example 5.1, k = 0: errors, observed convergence orders, and expected order (EO)
for the control u, pressure p, dual pressure ¢, state y, adjoint state z, and their fluxes I and

G.
h/\/2 1/16 1/32 1/64 1/128 1/256 EO
|G — Gullz, 1.66E-03 8.76E-04 4.62E-04 2.38E-04 1.20E-04
Order - 0.92 0.92 0.96 0.99 0.5
lv—wy,llz, 6.20E-04 3.27E-04 1.74E-04 6.83E-05 2.04E-05
Order - 0.93 0.91 1.35 1.75 0.5
lz—znllz, 6.89E-05 1.83E-05 4.85E-06 1.26E-06 3.21E-07
Order - 1.90 1.92 1.94 1.98 0.5
la—anll;, 561E-04 372E-04 1.92E-04 931E-05 4.52E-05
Order - 0.59 0.96 1.04 1.04 0.5
lu—unll,o  6.34E-03  3.13E-03 1.67E-03 7.88E-04 3.73E-04
Order - 1.02 0.910 1.08 1.08 0.5

rL=1p =rg— 1 =1y — 1~ 1.74. With this regularity, a direct application of Theorem 4.1 yields also an order
of convergence for the control variable of 2.24 for k = 2.

The numerical results are shown in Table 1 for £ = 0, Table 2 for k = 1 and Table 3 for k£ = 2. Since we
do not have an explicit expression for the exact solution, we solved the problem numerically for a triangulation
with 524 288 elements, i.e., h = /2 /212, and compared this reference solution against other solutions computed
on meshes with larger h.

Example 5.2. In this example, we choose the same data as in Example 5.1, but the domain is the convex hull
of the points {(0,0), (v/3/8,0), (v/3/4,1/8),(0,1/8)}; see Figure 2. Since the largest angle is 57/6, then (2.3)
yields ¢ =~ 1.53. Corollary 4.2 yields an order of convergence 0.5 for k¥ = 0 and approximately 1.03 for k£ = 1.
In this case, we cannot improve the global regularity u € H*(T') for all s < 1.03. For illustration, we plot the
computed optimal control in Figure 2.

The numerical results are shown in Table 4 for £ = 0 and Table 5 for k£ = 1. Since we do not have an explicit
expression for the exact solution, we solved the problem numerically for a triangulation with 327 680 elements,
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TABLE 2. Example 5.1, k = 1: errors, observed convergence orders, and expected order (EQO)
for the control u, pressure p, dual pressure ¢, state y, adjoint state z, and their fluxes I and

G.

h/\?2 1/16 1/32 1/64 1/128 1/256 EO
IL—Lxnl|7, 3.38E-02 1.61E-02 6.51E-03 2.23E-03 7.35E-04
Order - 1.07 1.31 1.55 1.60 1
G —Gnllz, 6.65E-04 2.02E-04 590E-05 1.58E-05 4.06E-06
Order - 1.72 1.77 1.90 1.96 1.5
lv—v,lz, 274E-04 8.39E-05 1.72E-05 2.67E-06 4.16E-07
Order - 1.71 2.28 2.69 2.68 1.5
lz—znllz, 1.82E-05 2.86E-06 3.78E-07 4.80E-08 6.03E-09
Order - 2.67 2.92 2.98 2.99 1.5
[p—pnll;, 286E-02 120E-02 440E-03 1.28E-03 3.69E-04
Order - 1.25 1.45 1.78 1.79 1
lg—anly, 274E-04 BT70E-05 254E-05 6.67E-06 1.67E-06
Order - 1.66 1.77 1.93 2.00 1.5
[u—unlp  2I3E-03 B8.60E-04 254E-04 7.02E-05 1.90E-05
Order - 1.31 1.76 1.86 1.89 1.5

TABLE 3. Example 5.1, £ = 2: errors, observed convergence orders,
for the control u, pressure p, dual pressure ¢, state y, adjoint state

and expected order (EQO)
z, and their fluxes I and

G.

h/V2 1/16 1/32 1/64 1/128 1/256 EO
L —Lnlz, 1.87E-02 6.42E-03 1.82E-03 5.08E-04 1.53E-04

Order - 1.54 1.81 1.84 1.72 1.74
G —Gnllz, 1.96E-04 4.76E-05 8.02E-06 1.18E-06 1.69E-07

Order - 2.04 2.57 2.76 2.80 2.24
ly—wnllz, 1.07E-04 1.79E-05 2.56B-06 3.38E-07 5.26E-08

Order - 2.58 2.80 2.92 2.68 2.24
lz—znllz, 6.93E-06 5.63E-07 3.83E-08 2.47E-09 1.57E-10

Order - 3.62 3.87 3.95 3.97 2.24
lp—pnll;, 1A49E-02 4.80E-03 1.29E-03 3.58E-04 1.14E-04

Order - 1.64 1.88 1.85 1.64 1.74
lg—anly,  949E-05 232E-05 436E-06 6.39E-07 9.30E-08

Order - 2.02 2.41 2.77 2.78 2.24
lu=unlp  1.OSE-03 2.63E-04 557E-05 L.I9E-05 2.55E-06

Order - 2.00 2.23 2.23 2.22 2.24

2259

i.e., h = 5.9146 x 10~%, and compared this reference solution against other solutions computed on meshes with
larger h. As in the previous example, the experimental orders of convergence are higher than the expected

orders.

As noticed in Remark 4.20, experimental orders of convergence for the control variable are about 0.5 higher
than predicted by Theorem 4.1. The obtention of higher experimental orders of convergence than the ones pre-
dicted by the theory in the control variable is common in numerical experiments for Dirichlet control problems;
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FIGURE 2. Example 5.2: the computed Dirichlet boundary control u.

TABLE 4. Example 5.2, k = 0: errors, observed convergence orders, and expected order (EQO)
for the control u, pressure p, dual pressure ¢, state y, adjoint state z, and their fluxes I and

G.
h/\/2 1/16 1/32 1/64 1/128 1/256 EO
|G - Ghllz, 3.76E-01 2.97E-01 2.31E-01 1.51E-01 8.53E-02
order - 0.34 0.35 0.61 0.82 0.5
ly—y,llz, 3.71E-01 2.49E-01 1.39E-01 6.01E-02 2.16E-02
Order - 0.57 0.83 1.21 1.47 0.5
lz=zull7, 2.94E-02 1.00E-02 3.85E-03 1.35E-03 4.01E-04
Order - 1.55 1.37 1.51 1.75 0.5
la—qnll;, — 1.44 1.07 7.48E-01 3.86E-01 1.52E-01
Order - 0.41 0.52 0.95 1.34 0.5
u—wunlo 312 2.57 1.84 1.01 4.18E-01
Order - 0.27 0.48 0.86 1.27 0.5

see e.g., [13,16,18,36,66,68]. In the case of Poisson equation and using standard Lagrange P; elements, it has
taken several years to get optimal error estimates; see [29] for smooth domains or [2, 3] for polygonal domains.
One of the key points for this improvement is the use of weighted W#°°(Q) norms for the adjoint state and
not-standard duality arguments to obtain estimates for the variational normal derivative; see also [51,75,82].
We are not aware of any similar study for HDG discretization.

For the state and the adjoint state, the experimental orders are much higher, as often happens in numerical
experiments for control problems; see [69] for an approach to this problem using superconvergence properties
of the optimal controls at the barycenters of the elements or [68] for a duality approach, using improved error
convergence rates in Sobolev norms of negative exponent.
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TABLE 5. Example 5.2, k = 1: errors, observed convergence orders, and expected order (EQO)
for the control u, pressure p, dual pressure ¢, state y, adjoint state z, and their fluxes I and

G.
h/V?2 1/16 1/32 1/64 1/128 1/256 EO
L —Lullz, 5.67 2.99 1.67 9.14E-01  4.12E-01
Order - 0.92 0.84 0.86 1.14 0.53
IG—Gnllz, 1.02E-01 5.26B-02 240E-02 846E-03 2.37E-03
Order - 0.95 1.13 1.50 1.83 1.03
Ty —y,llz, 6.60E-02 1.71E-02 4.48E-03 1.31E-03 3.09E-04
Order - 1.94 1.93 1.76 2.09 1.03
[z —znllz, 7.56E-03 1.28E-03 2.15E-04 3.42E-05 4.67E-06
Order - 2.55 2.57 2.65 2.87 1.03
[p—pnll;,  1.82E+01 3.97E4+00 1.75E+0 9.77E-01 3.99E-01
Order - 2.20 1.18 0.84 1.28 0.53
lg—anll;, 258E-01 5.62E-02 1.60E-02 4.83E-03 1.29E-03
Order - 2.19 1.80 1.73 1.89 1.03
lu=unllp  7I2E-0L 255E-01 L.I2E-0L 4.86E-02 L.58E-02
Order - 1.48 1.17 1.21 1.61 1.03

6. CONCLUSION

In this work, we considered a tangential Dirichlet boundary control problem for the Stokes equations. First,
we established well-posedness and regularity results for the optimal control problem based on a weak mixed
formulation of the PDE on polygonal domains. Next, we used an existing superconvergent HDG method to
approximate the solution of the optimality system and established optimal convergence rates for the control
under certain assumptions on the domain € and the desired state y,. However, the numerical experiments
show higher convergence rates than our theoretical results; this may be due to the higher local regularity of
the control on individual edges of the domain. This phenomenon is not present in Dirichlet boundary control
problems for the Poisson equation.

As far as we are aware, this is the first work to explore the analysis of this tangential Dirichlet control problem
for Stokes equations and the numerical analysis of a computational method for this problem. There are a number
of topics that can be explored in the future, including using standard conforming finite elements for this problem,
using an energy space for the control (see [22,61,72] for the Poisson equation), devising divergence free and
pressure robust HDG schemes, and considering more complicated PDEs, such as the Oseen and Navier—Stokes
equations.
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