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WEAK CONVERGENCE OF FULLY DISCRETE FINITE ELEMENT
APPROXIMATIONS OF SEMILINEAR HYPERBOLIC SPDE WITH
ADDITIVE NOISE

MiHALYy KovAcs!, ANNIKA LANG? AND ANDREAS PETERSSON?*

Abstract. The numerical approximation of the mild solution to a semilinear stochastic wave equation
driven by additive noise is considered. A standard finite element method is employed for the spatial
approximation and a a rational approximation of the exponential function for the temporal approxi-
mation. First, strong convergence of this approximation in both positive and negative order norms is
proven. With the help of Malliavin calculus techniques this result is then used to deduce weak conver-
gence rates for the class of twice continuously differentiable test functions with polynomially bounded
derivatives. Under appropriate assumptions on the parameters of the equation, the weak rate is found
to be essentially twice the strong rate. This extends earlier work by one of the authors to the semilinear
setting. Numerical simulations illustrate the theoretical results.
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1. INTRODUCTION

The stochastic wave equation is an evolutionary equation that can be used to model various time dependent
phenomena influenced by random forces. One example (see [13]) is the vertical displacement u : [0,7] x D — R
of a DNA string suspended in a liquid,

da(t) — Au(t) dt = —Qu(t) dt + dW (1) (1.1)

for t € (0, T], T < oo, where A is the Laplacian with suitable boundary conditions on a convex domain D C R?,
d =1,2,3. The first term on the right hand side of (1.1) models friction due to viscosity of the fluid, while the
Gaussian noise term dW(t) corresponds to random bombardment of the DNA string by the fluid’s molecules.
This noise is white in time with spatial correlation described by the linear operator @ on L?(D) = L*(D,R),
the same operator as in the friction term. Thus (1.1) can be treated as a stochastic partial differential equation
in the Ito sense, driven by a Wiener process W in L?(D).

Keywords and phrases. Stochastic partial differential equations, stochastic wave equations, stochastic hyperbolic equations,
weak convergence, finite element methods, Galerkin methods, rational approximations of semigroups, Crank—Nicolson method,
Malliavin calculus.

1 Faculty of Information Technology and Bionics, Pdzmany Péter Catholic University, PO Box 278, H-1444 Budapest, Hungary.

2 Department of Mathematical Sciences, Chalmers University of Technology & University of Gothenburg, S-412 96
Gothenburg, Sweden.
*Corresponding author: andreas.petersson@chalmers.se

Article published by EDP Sciences © EDP Sciences, SMAI 2020


https://doi.org/10.1051/m2an/2020012
https://www.esaim-m2an.org
mailto:andreas.petersson@chalmers.se
https://www.edpsciences.org

2200 M. KOVACS ET AL.

In this paper, we are concerned with the more general setting that the friction due to viscosity may depend
non-linearly on the displacement of the DNA string and that the intensity of the molecular bombardment may
vary in time. We thus consider the equation

di(t) — Au(t) dt = F(t,u(t)) dt + G(£) AW (¢), (1.2)

with the goal of analyzing errors stemming from the approximation of this equation by finite elements and
a rational approximation of the exponential function. The Laplacian A is assumed to satisfy zero Dirichlet
boundary conditions, i.e., u(t) = 0 on 9D for all times ¢ € (0,7], and the equation has initial conditions
u(0) = up and 4(0) = vo.

In general, (1.2) cannot be solved analytically. The question of how to find an approximation @ of u and
how to evaluate the quality of such an approximation a priori is therefore of great importance if one wants to
use this equation in practice. In order to implement an approximation on a computer, the equation is typically
discretized both in the spatial and temporal domain, in which case the resulting approximation # is said to be
fully discrete. In the literature, the quality of @ is in general evaluated by analyzing the rate of decay of the
strong error E[||u — 11||2L2(D)]1/2 (see [3,7-10,17-20,25,27-29]). Comparatively few results (see [10,16-20, 28])
exist on the rate for the weak error |E[¢(u) — ¢(@)]|, where ¢: L?(D) — R is a sufficiently smooth real-valued
test function. Of the results cited, only [16] provides a weak convergence result for a fully discrete approximation
of a semilinear stochastic wave equation. If ¢ is (locally) Lipschitz, the weak error can be bounded by the strong
error, but in analysis the rate of decay of the weak error as one considers finer and finer approximations is often
found to be twice the rate of the strong error.

The outline of our paper is the following. In Section 2, we analyze (1.2) in a more general, abstract, Hilbert
space setting and show spatial and temporal regularity results under mild assumptions on F'.

In Section 3 we deduce strong and weak error rates for the approximation of the so called mild solution u
of (1.2) by means of a finite element approximation (by piecewise linear or quadratic functions) in space and
a rational approximation of the exponential function in time, generalizing the result of [19] to the semilinear
setting. This approach sets the paper apart from several recent works (e.g., [3,8-10,28,29]) on the stochastic
wave equation that consider trigonometric integrators for the temporal approximation. There are situations when
such integrators could be better suited such as highly oscillatory data but for complicated domain geometries
the algorithms in the present article could be more advantageous from an implementation point of view, since
they do not require any knowledge of the eigenfunctions of A or its discrete counterpart.

For the analysis we take a similar approach as the author of [28], by using negative norm strong convergence
rates in our analysis of the weak error. However, instead of using Kolmogorov’s equation and the It6 formula,
we complete the analysis by means of Malliavin calculus. Our results are applicable under slightly more general
assumptions on F'(¢,-) compared to [28], specifically when F'(¢, -) is a Nemytskij operator, i.e., when F(t,u)(z) =
f(t,u(x)) for u € L?(D) and almost every x € D. Here f(t,-) is a real-valued function of at most linear growth,
with bounded and Lipschitz-continuous first derivative. The test function ¢ is assumed to be twice Gateaux
differentiable with polynomially bounded derivatives.

Section 4 finishes the main part of the paper with examples in which it is noted that when F' is a sufficiently
smooth Nemytskij operator, the derived weak convergence rates are essentially twice as big as the strong
convergence rates, provided that the initial value is smooth, for d = 1,2 when the covariance operator @) of W
is of trace-class, and d = 1 when ) = I. Numerical simulations in d = 1 illustrate our theoretical results.

In Appendix A, which completes the paper, it is shown that a sufficiently smooth Nemytskij operator fulfills
the assumptions of Section 3.

Throughout the paper, we adopt the notion of generic constants, which is to say that the symbol C' is used
to denote a positive and finite number which may vary from occurrence to occurrence and is independent of
any parameter of interest, such as spatial and temporal step sizes in a numerical method. We use the expression
a < b to denote the existence of a generic constant C' such that a < Cb.
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2. THE STOCHASTIC WAVE EQUATION

In this section the stochastic wave equation is presented along with necessary background material from
probability theory and functional analysis. We use the semigroup approach of [12] and refer to this monograph
for more details on the material covered here. The equation is treated in an abstract Hilbert space setting, while
in the next section we restrict ourselves to the setting in which the solution takes values in the Hilbert space
L?(D) where D C R?, d = 1,2, 3, denotes the underlying domain.

Let (H,{(-,) g, I-llz) and (U, (-, ) , [|-|lr) be real separable Hilbert spaces. We denote by (L(H,U), ||| z(m,v))
the space of bounded linear operators from H to U equipped with the usual operator norm and by (£, (H,U), || -
lei(m,vy) and (L2(H,U), () gy s |+ l2o(m,0)) the subsets of trace-class and Hilbert-Schmidt operators,
respectively. We use the shorthand notations £L(H) = L(H,H), £,(H) = L1(H,H) and Lo(H) = Lo(H, H).
Note that if (V,(-,-)y,, || - |lv) is another Hilbert space and if I'; € L(U,V), I'y € L;(H,U), i € {1,2}, then
I,y € El(I‘L V) and

T2l vy < T2llewn) Tl av)- (2.1)

Similarly, if T’y € £;(V, H), i € {1,2}, then I''T's € £;(U, H) and

[T1 g

ciwm) <l v Tl ewvy- (2.2)

The trace of I' € L1(H) is, for an orthonormal basis (e;)$2; of H, defined by Tr(I') = E;‘;l (Lej,ej)  and is
independent of the choice of basis. If I'y € £1(H,U) and I's € L(U, H) then

TF(F1P2) = Tr(P2F1). (23)

We will have reason to use spaces of Gateaux differentiable mappings, which we define in the same way as
the authors of [2]. By C(H,U) we denote the space of continuous mappings from H to U and by G'(H,U) C
C(H,U) the space of Gateaux differentiable mappings with strongly continuous derivatives, i.e., the space of all
continuous mappings ¢: H — U such that

1
¢ (u)o = lim = (p(u + €v) = p(u))
exists as a limit in U for all u,v € H, that ¢’'(u) € L(H,U) for all w € H and that the mapping H > u — ¢’ (u)v
is continuous for all v € H. If in addition ¢’ € C(H,L(H,U)), then ¢ € C'(H,U), the space of Fréchet
differentiable mappings. By G2(H,U) C G'(H,U) we denote the space of all mappings ¢ € G'(H,U) such that

¢ () (0,w) = Tim © (' (u+ cw)o — ' (u)v)

exists as a limit in U for all u,v,w € H, that ¢”(u): Hx H — U € LPI(H,U), the space of all bounded bilinear
mappings, for all u € H, that ¢”(u) is symmetric for all v € H, and that the mapping H 3> u — ¢”(u)(v, w)
is continuous for all v,w € H. For n = 1,2, we denote by G)(H,U) and GJ!(H,U) the sets of all ¢ € G"(H,U)
such that all derivatives of ¢ (but not necessarily ¢ itself) are bounded and polynomially bounded, respectively,
with C}(H,U) and C}(H,U) defined analogously. We use the shorthand notations G"(H) = G"(H, H), G{'(H) =
Gh(H,H) and Gy(H) = Gy (H, H), and similarly for the spaces of Fréchet differentiable mappings. For ¢ €
gg (H,U) and u,v € H the mean value theorem holds in U, i.e.,

1
Pl = o) = [ @0+ stu—v))(u—0)ds.

For 0 < T < oo, let (2, A, (Ft)tepo,1, P) be a complete filtered probability space satisfying the usual con-
ditions, which is to say that Fy contains all P-null sets and F; = Mg Fs for all ¢t € [0,T]. By LP(Q, H),
p € [1,00), we denote the space of all H-valued random variables X with norm || X||r».m) = (E[|X|%])!/?.
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Let W: Q x [0,T] — H be a Wiener process with a covariance operator @ € L(H) that is positive semidefinite
and self-adjoint, but not necessarily of trace-class.
As is usual in this setting, we write Hy = Q%(H ), which is a Hilbert space when equipped with the inner

product (-, )y = <Q_%-,Q_%->H, where Q% is the pseudo-inverse of Q2. Note that for I';,Ty € LY =
£2(H07H)7

‘<F17 I'2) g

whenever the right hand side is finite. Here and below the shorthand notation || - ||t = || - ||z, (z) is used. The

= [Tr([1QT3)] < [T QT3 |7 (2.4)

Wiener process allows us to handle It6 integrals fOT ®(t) dW (t), for predictable stochastic processes ®: [0, 7] x
Q — LY. The following Burkholder—Davis—Gundy type inequality turns out to be useful.

Lemma 2.1 ([11], Lem. 7.2). For any p € [1,00), there exists a constant C' > 0, such that for any predictable
stochastic process ®: [0, T] x Q — LY with 19| (@, 2(f0,77,£9) < 0

T
H/o ®(1) dW(t)HLp(&H) < O @[ Lr(,L2(j0,17,29))-

We are now ready to introduce the equation studied in this paper,

{ da(t) + Au(t)dt = F(t,u(t))dt + G(t)dW (¢), te€ (0,T],

U(O) = U, U(O) = 19. (25)

Here the solution process u and the Wiener process W take values in the Hilbert space H, @ denotes the
time derivative of u and F' and G are deterministic mappings. The operator A is a densely defined, linear,
unbounded positive self-adjoint operator with compact inverse, implying that it has an orthonormal eigenbasis
(ej);?‘;l spanning H with an increasing sequence (/\j);?';l of strictly positive eigenvalues, which are used to define
fractional powers A%, o € R (see [21], Appendix B). We adopt the notation H® for the Hilbert space D(A%)
and remark that H~* ~ (H®)* for a > 0, where (H®)* is the dual of H* with respect to (-,-) ;o and H°
is identified with (H°)* by the Riesz representation theorem. We have that H° = H and that H¢ ¢ H® for
a < ¢ € R, where the embedding is dense and continuous. By Lemma 2.1 of [6], for every ¢ € R, A% can
be uniquely extended to an operator in E(H CH ¢=@). We make no notational distinction between A% and its
extension.

In order to treat (2.5) in a semigroup framework, we define for a € R the Hilbert space H® = He® H*! with
inner product (v, w)e = (V1,W1) o + (V2, Wa) gra—s for v = [v1,va] T, w = [wy1,wa] " € H™. Writing H = H?, let
A:D(A)=H' - H,B: H' - H and ©% : H* — H,a € R, be given by

0 I 0 o AT 0
A:[A O]’B:[I] and @2:{0 Ag]

The third operator is used to relate the norms of H® and H via || - |1« = [|©% - ||5r. We also consider P!, the
projection onto the first coordinate of H, i.e., Plv = v for v = [v1,v5] T € H. Note that ©% B = BA% and that
therefore, the identities
a a—1
102 Bullz = A7 vl o = [[vll a1, (2.6)

with v € H“‘l, and ) )
HBHc(H—l,H) = ||BA§H5(H0,H) = H@§B||L(H0,H) =1, (2.7)
hold.
The operator —A is the generator of a Cy-semigroup (actually a group, see [22]) which, for ¢ € R, can be
written as ) . )
- cos(tAz) A~z sin(tA2)

ci)  Az8(t)
] B {—Aé sin(tA%) cos(tA%)

—AzS(t)  C(b)
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It fulfills
IE@lce <1 (2.8)

uniformly in ¢t € R. We note the commutative properties, with a € R,
O E()=E(-)0%

and
AZP'E()B = P'E(-)BA%, (2.9)

so that, for all @ € [0, 1] there exists by Lemma 4.4 of [19] a constant C' > 0 such that, for all ¢, s € [0, T,
1072 (B(t) = B(s)) | ey = | (E(t) = B(5) © |30y < Clt = 5[ (2.10)
and by (2.7) and an argument similar to (4.1) of [9], we have
o k3 a—1 —
A% PUB( — )Bl oy = | PV B(E — $)BAZ |, = 1816 = AT ooy < Cle— s ™ (210)

If we write X (t) = [X1(t), X2(t)]" = [u(t),q(t)]T for t € [0,T], then (2.5) can be written in the abstract Ito
form
dX(t) + AX(t)dt = BF(t, X1(t)) dt + BG(t) dW (t) (2.12)

with initial condition X (0) = zo = [ug,vo] . Under the following assumption, (2.12) has a mild solution given
by

¢ t
X(t) = E(t)xo + / E(t—s)BF(s,X1(s))ds + / E(t —s)BG(s)dW(s) (2.13)
0 0
for t € [0,T], the existence of which we show below.

Assumption 2.2. There exist parameters 3,1,0 > 0 and 0 < min(3,6,1) and a constant C > 0 such that the
data in (2.12) fulfills the following requirements.

(i) The mapping G: [0,T] — Lao(Ho, H?~') satisfies
1A (G(0) = G(t2)) lleg < Cltr ]

for all t1,t2 € [0,T] and HA%G(t)Hﬁg < C for some t € [0,T].
(ii) The function F: [0,T] x H® — H° satisfies

A= (F(t,u) — F(t,0)) || o < Cllu— ]| o
for allt € [0,T] and u,v € H,
IAZ Rt w)llgo < C (14 A% ull0)
for all t € [0,T], u € H* and o € {0,0} and
IA™Z (F(t,u) — F(s,u) [l 0 < C (1 + [Jull o) |t — s|"

for all s,t € [0,T) and u € HO.
(iii) The initial value xo € H° is deterministic.

The following theorem is very similar to, e.g., [28], but since the mappings F' and G depend on ¢, and the
assumptions on F are slightly different than those in [28], we include a proof of our own.
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Theorem 2.3. Let Assumption 2.2 be satisfied. Then (2.12) has a unique mild solution given by (2.13) and for
any r <min(8,6,140), p € [1,00),

sup || X (t)||e(0,mr) < 0o (2.14)
t€[0,T]

Proof. Let t € [0,T] be fixed. Using the fact that A= € L(H°) for any o > 0, we have by Assumption 2.2(ii)
and (2.6) that for any = = [z1,72] ",y = [y1,92] " € H,
IBE(t,21) = BE(t,y)lloe = [IA™2 (F(t,21) = F(t,30)) [l 70 S 12 = gl

Similarly, recalling also (2.1),
_1 _1
IBE(t, 1) |ln + | BG@)|| 2o (tr0, 1) = AT F(E, 1)l o + [[AT2G ()] 2
B-1
SIE@ ) o + 1077 G)lleg ST+ 2l o <14 (22

The existence and uniqueness of the mild solution (2.13) now follows from Theorem 7.2 of [12] (for p > 2 and
clearly also for p € [1,2) since (2, A, (Ft):efo, 1), P) is a probability space), which also guarantees that (2.14)
holds for r = 0. The case r < 0 follows immediately. To show (2.14) for 0 < r < min(g, J, 1), we first note that

IX ()| Le 0, = 102 X ()] Lo (0,20

t
< [|E(1)©2 2|2 +/ IE(t — 5)©% BF (s, X1(5))|| Lo (0,2) ds
0

+ ’ /Ot E(t — 5)0% BG(s) AW (s)

Lr(Q,H) .
For the first term, (2.8) and Assumption 2.2(iii) imply

IE®)©% o] < [lzolln- < 1.

~

Next, we first note that since r < 1, by (2.8), (2.6), Assumption 2.2(ii) and (2.14) with r = 0,

t
/ |E(t — s)©% BF (s, X1(s)|lzr(,myds <t s[up ] H@%BF(&X1(s))||Lp(97H)
0 se[0,T

r—1
=t sup [[A= F(s,X1(5))ll 1o, 10
s€[0,T)

S sup [[F(s, X1(9))ll 1o, 710
s€[0,T]

<14 sup ||X1(S)HLP(Q,H0)
SE[O,T]

<14 sup ||X(S)||LP(Q’H) 5 1. (215)
s€[0,T]

For the third term, by analogous arguments, Assumption 2.2(i) and Lemma 2.1 (note that the integrand below
is deterministic),

1
2

[ - 90t Bas aw s < ([ 18- 905 BGOIE, 20 )

1 r r—1
St2 osup [|[E(t —8)02BG(s)| ooy S sup [|[AZ G(s)|zg S 1.
s€[0,T] s€[0,T]

LP(QL,H)
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Altogether, this shows (2.14) for 0 < r < min(g, d,1). Finally, for the case r € (1, min(8,d, 1 + 0)] we repeat the
arguments above, replacing the calculation in (2.15) with

r-1 8
sup [|A F(Sle(s))HLP(Q,HU) < sup ||A2F(S7X1(S))||LP(Q’HO)

s€[0,T] s€[0,T]
6
ST+ sup [[A2X0(5)]10q o)
s€[0,7
min(g,8,1)
<14 sup |0 = X(s)|lr .m0,
s€[0,T
which is finite since we have shown that (2.14) holds with r = min(5,d,1) and by assumption
6 < min(g,4,1). 0

From here on we denote by r = min(8, d,1 + 6) the maximum spatial regularity of the solution to (2.12). A
temporal regularity result finishes this section of the paper.

Theorem 2.4. Let Assumption 2.2 be satisfied and let r = min(8,d,1 + 0). Then, for all « < r, p > 1, there
exists a positive constant C' such that for all s,t € [0,T],

X (1) = X ()| po(ey < Ot — s|mintr=oz), (2.16)

and .
1X1(8) = X1(5) | o ey < Clt = ™2 Cm0D), (2.17)

Proof. Fix 0 < s <t <T. We first note that
0% (X(t)— X(s)) =02 (E(t—s) —I)X(s) + /t O%E(t — r)BF(r, X1(r))dr + /t 0% E(t — r)BG(r) dW (r),
so that therefore

1X(t) = X (8)l|r(0,22) = [©F (X (1) = X(5)) |l o0, m)

< 0% (B(t — 5) = DX()ll oo + ‘ (2.18)

t
/ O%E(t —r)BF(r, X,(r)) dr
s LP(Q,H)

n ‘ /: 0% E(t — r)BG(r) dW (r)

Lp(QH)
By (2.10) and Theorem 2.3 the first term on the right hand side of (2.18) is bounded by
107 (B(t = 5) = Dl oo |0 X ()| Lriase S (8= 8)™rD.,

For the second term, we have, since « <r <146, by (2.6), (2.8), Assumption 2.2(ii) and Theorem 2.3,

t t
/ O3 E(t— r)BF(r, X (r)) dr < / |E(t — r)0% BF(r, X1 (1) | o dr

Lr(Q,H)
t
a—1
< [ 1B = DlleoollA™F FerXa(0)) ooy

A
S (t—s) sup ||[AzF(r, Xl(r))HLT’(Q,HU)
rel0,T]

< (1 + sup ||A2X1(T)|LP(Q,HO)> (t—s).
rel0,T]



2206 M. KOVACS ET AL.

Similarly, Lemma 2.1 yields that the third term on the right hand side of (2.18) is bounded by a constant times

2

t
( / |E<t—r)@330<r>||%mﬂ)dr) < (=} s [O3BC s
S re|0,

=(t—s)? sup AT G(r)llgg
rel0,T]

B—1
sup [[AZG(r)lleg S (= )7,
r€[0,T]

[ME
ol

S (t—s)

which completes the proof of (2.16). The proof of (2.17) is entirely similar, except for the analysis of the
stochastic term. By (2.11), it satisfies

1

2

14+

¢ 3 t )
(/ ||P1E(t_r)BA%G(r)|§gdr> :(/ |P*E(t — r)BA 25A62G(T)%gdr>

N

7 t | ;
sup AT Gy ([ (0t ar )
S

T€[0,T]
< (t B S)min(ﬁfa,1)+%

which combined with the previous estimates proves (2.17) and therefore finishes the proof of the theorem. O

3. APPROXIMATION AND CONVERGENCE

We now consider a more concrete setting by taking H = HO = 2 (D), where D denotes a convex polygonal
bounded domain in R%. Let A = —A be the Laplace operator on H with zero Dirichlet boundary conditions.
With this, the spaces (H%),ecr are related to classical Sobolev spaces by H® = L?(D), H' = H}(D) and
H? = D(A) = H%(D) N H)(D), where H™(D) denotes the Sobolev space of order n € N on D and H}(D)
is the subspace of functions in H'(D) that are zero on the boundary of D (see also Appendix A). Next, we
introduce our fully discrete approximation of the solution to (2.12). For the spatial discretization, a standard
continuous finite element method is employed and for the temporal discretization, a rational approximation of
the semigroup. This is the same approach as in Section 5 of [20] to which the reader is referred for further
details, but see also [18,19]. We then show a strong and a weak convergence result for this approximation.

To be precise, we take (Vy)ne(0,1) C H', k € {2,3}, to be a standard family of finite element function spaces
consisting of continuous piecewise polynomials of degree x — 1, with respect to a regular family of triangulations
of D with maximal mesh size h, that are zero on the boundary of D. They are equipped with the inner product
(-, ~>VhK, = (-,-) yo. On this space, let a discrete counterpart Aj: V) — V;* to A be defined by

1 1
(Anvn, un) o = <A2Uh,A2Uh>H0 = (Un, un)

for all vy, un € V. Fractional powers of A, are defined in the same way as for A. We define the generalized
orthogonal projector Pp: H=' — V/* by (Pyv,v) = goi(v,vp)n for all v € H! and v, € V/*, where
f—1(",) g denotes the dual pairing with respect to H®. Note that P, coincides with the usual orthogonal
projector when restricted to H. For our convergence results, we need the following assumption on (Vif ) he(o,1]-

Assumption 3.1. There exists a constant C > 0 such that, for all h € (0,1], the operators Ay and Py, satisfy

187 Pull 2 gizo) < Ch7, aelo02], (3.1)

)
1A Puol| 4o < CIAT 0| 40, ve H ae[-1,1]. (3.2)



WEAK CONVERGENCE FOR SEMILINEAR HYPERBOLIC SPDE WITH ADDITIVE NOISE 2207

In our setting, this assumption is fulfilled if the mesh underlying V) is quasi-uniform, see (3.28) of [26]
and (3.17) of [21]. The counterpart to this assumption, that there exists a constant C' > 0 such that

IAZvnl 0 < ClAF vkl o, vn € Vi€ [-1,1), (3.3)

holds without the assumption of quasi-uniformity. A combination of (3.1) and (3.2) yields, for v € H° and
a € [0,1],
1PaA ol o = A7 A7 2 PiAT o] o < O 185 F Pub T o < 0] o (3.4

~

where we have used the fact that ASv € H—.
Let
0 -1
be a discrete counterpart to A on the product space V;' = V" @V}, equipped with the same inner product as H.
With some abuse of notation, by the expression P,v, v = [v1,v2]" € H, we denote the element [P,vi, Povs] " €
Vi, The operator — Ay, similarly to —A, generates a Co-(semi)group Ep: R — L(Vf).
Let

s [AF 0
0 = h a ELV?
P= Ai] V)

and note that, as a straightforward consequence of (3.2) and (3.3), for every a € [0,1] there exists a constant
C > 0 such that for all h € (0,1], v, € V) and v € H®,

192 vh |3 < C|OF vn 4,

N . (3.5)
16 Prvllae < Cll©2 0|3,
and, using (3.4), one shows that there exists a constant C' > 0 such that for all h € (0,1] and v € H,
1P ©% o]l < Ch™|[v]3. (3.6)

For the temporal discretization, consider a uniform time grid ¢; = jAt = j(T//Nay), j = 0,..., Na¢. Let
R: C — C be a rational function such that |R(iy)] < 1 for all y € R and, for some p € N and C,b > 0,
|R(iy)—e~%| < Cly|P*! for all y € R with |y| < b, where i = /—1. Several classes of such functions are described
in Section 4 of [4]. They include certain Padé approximations of the exponential function, for example, the one
corresponding to the backward Euler scheme (R(z) = 1/(1 + z)) with order p = 1 and the one corresponding
to the Crank—Nicolson scheme (R(z) = (1 — 2/2)/(1 + 2/2)) with order p = 2. We write £} », = R(AtAy)" for

the rational approximation of the operator Fj(t,). The Crank—Nicolson approximation given by

1—L1AtA,

R(AtA,) = —2——2
(Atdn) = 17 LAtA,

is of particular importance for the wave equation as it preserves the energy. We define the interpolation

E:[0,T] — L(H) of the approximation by the step function

Nat
E(t) = X0y (6) P + Z X(tj—htj](t)El]z,AtPh’ (3.7)

j=1
for t € [0, T], where x denotes the indicator function. For this interpolation, the stability result
IE@)zo <1 (3.8)

for all ¢t € [0, 7] holds uniformly in h, At € (0, 1], see, e.g., [19]. Moreover, the following error estimate with
respect to its first component holds.
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Lemma 3.2 ([20], Lem. 5.2). Let o > 0 and assume that E is given by (3.7) for a rational approzimation Ej, a
of order p € N of E(At) for At < 1. Then there exists a constant C' > 0 such that, for all h, At € (0,1],

sup ([P (E(t) = B)OF || 1oy + A~ T PHE) = E@®)BAY ¥ 50,
te[0,T]

<C (hmin(a#,n) + Atmin(aﬁ,l)) )
. . . ] NAt .
We now define the fully discrete approximation (X 7 At) by the recursion scheme
At) o

Xh.ae = Ena (X}J;Alt + PyBF (tj—1, P X}y, )At + PhBG(tj—l)AWj) (3.9)

for j = 1,2,..., Nas, where AW = W (t;) — W(tj_1), with ngAt = Pyxq. In closed form it is given by the
discrete mild solution formulation

n—1 n—1

XPae = Ejf asmo + ALY B S, PuBF (tj, P'Xj At) + Y By PuBG(t) AWY
§=0 §=0
forn =0,1,..., Nas. This we extend to a continuous time process X:Qx [0,T] — Vy by
X(t)=E(t)xo + / E(t —s)BF (szAt,Xl(LSJAt)) ds + / E(t — s)BG([s] ar) dW (s), (3.10)
0 0

for t € [0,T]. Here X; = P'X and |-] o+ = |-/At]At, where |-| denotes the floor function. It is straightforward

to see that X (t;) = Xj o P-as forall j =0,1,..., Nag.

3.1. Strong convergence

Under Assumptions 2.2 and 3.1, we now deduce a strong convergence result, i.e., convergence measured in
b b b
-l L2(q, fr0)- For the weak convergence we shall also need strong convergence in a negative norm, for which we
,
need an additional assumption.

Assumption 3.3. In addition to the requirements of Assumption 2.2, there exist parameters [ € [0,2], v €
[max(p — 1,0), min(r, 1)] and a constant C > 0 such that for every t € [0,T], F(t,) € GL(H®, H~ min(p1)) gpd

[A=EF'(t,u)v]| o < C (14 [|AZu 50) |A™Z0]| o (3.11)
for allue H” andve H™.

Note that, as a consequence of the Lipschitz condition of Assumption 2.2(ii) and the fact that || - || ;. is
continuous on H~ ™11 we obtain that for all ¢ € [0,7] and u,v € H?,

1 g 1
APt o = Aty 2 (Fu o) = Ftw) |

HO
1
= lim = ||A=% (F(t,u + ev) — F(t,u)) H , (3.12)
e—0 € EHO
1
S lim =ellv]l go = [[oll 0,

which, since gé(HO, H—min(w1)) ¢ Qé(HO,H’l), implies that F(t,-) € GL(H, H™1).
We also need the following version of Gronwall’s lemma, see 2.2 (9) of [15].
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Lemma 3.4 (Gronwall’s lemma). Let C'> 0 and let (a;)52,, (b;)32; be nonnegative sequences. If

n—1

Qp, S C+ ijaj

Jj=1

for allm > 1 then

for allm > 1.

Note that we, for a real-valued sequence (aj)iip use the convention 2221 a; = 0. With this lemma in place,
we are ready to deduce a strong convergence result.

Theorem 3.5 (Strong convergence). Let X be the mild solution of the stochastic wave equation given by (2.13),
let X be the fully discrete approxzimation given by (3.10), let Assumptions 2.2 and 3.1 hold. Then, for all
a € [0,min(r,1)] and any p € [1,00),

sup 1X (tn) | Lo (@,00) < 00, (3.13)
ne{0,1,...,Na¢}
h,Ate(0,1]

and there exists a constant C' > 0 such that for all h, At € (0,1]

sup 1 X1 (tn) — X1(tn)ll Lo, froy < C(h"#H + Atmin(r”%l’n’l))' (3.14)
n€{0,1,...,.Na¢+} ’

If, in addition to this, Assumption 3.3 also holds, then for any p € [1,00), there exists a constant C > 0 such
that for all h, At € (0,1]

sup | X1 (tn) = X1 ()|l o vy < C (BT 751 4+ A0 FET 1)), (3.15)
ne{0,1,...,Na¢}

where ' = min(max(2v, §), max(2v,1 4 0),9).

Proof. We start by showing (3.13) using the representation (3.10). Take « € [0, min(r, 1)]. First note that since
©; commutes with E(t,) for all n € {0,1,..., Na;} and since a < 1, by (3.5) and (3.8),

10% Eta)ully < 107 Eta)ollse = |E(t2)OF Puvllr < 105 Prvllz < [0F 0]

for alln € {0,1,..., Na¢} and v € H®. Using this along with Lemma 2.1, (2.6) and finally Assumption 2.2, one
obtains for n = 1,2,..., Na; that

IX (tn) |l ooy = 1102 X7 aill o)

tn ~ ~
SIO% E(ta)zoln +/ 102 E(tn — s)BF(Ls]ae Xi([s]ae))lLrm) ds
0

M

tn ~
; ( [ 10 B~ 9B a0 ds)

ol

n—1 n—1

SO zolln + > At|©2 BF(t;, P X}, \)lery + | D AtIOF BGt) 2, (10 7
j=0 j=0
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Nl

n—1
= [lzollr F(t;, P! XiJLAt)"Lp(Q,HO)+ ()1l cg
7=0
n—1 n—1
< loollws + 8¢ 3 (14 A% PXhm||Lp(QHO))+f S+ A0S X () r@ e
j=0 7=0

An application of Lemma 3.4 now yields (3.13).
We prove (3.14) and (3.15) in tandem, with « € {0, v}, by first making the split

[ X1 (tn) — X1 (tn e, —oy = IIA7 2p (X(t")_X(t"))HLP(Q,HO)
<|[ATE PYE(tn) — E(tn))2oll 1o (0, 10)

tn
_|_ /
0

— E(tn — s)BF (s, X1(3)))

A5 pl (E(tn — 8)BF(|s)at, X1([s) at))

LP(Q,HO)

T3P (E(tn = 5)BG(Ls)a0) = B(ta — $)BG(s)) dW (s)

LP(2,HO)
=14 II 4 III,

for arbitrary n =1,2,..., Nas. For the first term, by Lemma 3.2 and Assumption 2.2(iii),
1= A2 PYE(t,) — B(t,))0 202 x| ;0

_a - _8 g
< A g g0y 1P (B(tn) — (600" 2 g 1oy 10220 5
hm1n(6K+1,n) +Atmin(6p—i1,1).

Before treating I, we consider the last term. Lemma 2.1 yields
tn ~
1 < / A= PY (Bt — 5)BG(|s) ar) — Bty — $)BO(s) ) [ ds
0

-5 [ I8P (B~ )BG(W) - B~ 9BG) Igas
—0 /1t

For the last integrand, we make the split

a

|~ P (B(tn — $)BG(L;) = B(tn = 5)BG(5)) lleg < I3 P! (B(ta = s) = E(ta — 5)) BG(t;)llcg
+ A5 P (B(t, — $)B(G(t;) = G(5)) oy
=IV+V.

For the first of these terms, by (2.1), (2.7) and Lemma 3.2, and since A~ % is a bounded operator, we get

2 B-1
V<A™ ||L(HO)HP1 ( (tn —s) — E( )) BA 2 ||£(H0)HA 2 G(tj)H[;g
5 HPl E n - - E S)) BA HU)
I B
_ P! (E — E(t s)) 0% BAY || i)
S HP1 ( (tn —s) — E(t s)) O™ | g0y < RO 4 ApminFFErL)
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Furthermore, Lemma 3.2 also implies that
|75 P (E(ty = 8) = Bt — 5)) BAZ | (o) = [A7E P (E(tn = 5) = Elta = 5)) BAZ | £

x|l

S h2o¢%_"_1 + Atmin(Qaﬂ—il?l)7

using also the fact that a < r < 3 and that a < 2 < k in the last inequality. Therefore

< hmin(max(Qa,ﬁ)%ﬂ,m) +Atmin(max(2a,,@)ﬁ,1).

Next, for V, by (2.1), (2.8), Assumption 2.2 and (2.7), we obtain

_atB 1, 8-1
V =[A7F PYE(t, — s)BAZA™= (G(t;) — G(s))ll z
,LH? 1 B-1
<A 2ol E(n = $)|l 2o | BAZ [ £ (g0 30 1A 7 (G(t5) — G(5)) || g
Sty — sl

As a consequence, we arrive at
I < (hmin(max(Za,ﬁ)ﬁ,n) _'_Atmin(max(Qa,B)P—_’:_l,n,l)) )

We now continue with II and note that

n—1 tit1 B ~
II = Z/ |A~2 P! (E(tn —s)BF(tj, X1(t;)) — E(t, — s)BF (s, Xl(s))) ”LP(Q,H") ds.
j=0"1
We split the integrand with

|A=% P! (E(tn = $)BF (t;, X1(t)) = Eltn — $)BF (5. X1(5)) ) | om0

< AE P! (B(tn = 5) = B(tn — 8)) BF(t;, K1)l o g, 10
+ NS PLE(t, — )B (F(ty, X1(t5)) = F(ty, X1(89))) o, 10,
+ A= PUE(t, — )B (P(t;, X1(t})) = F(t5, X1())) | o om0
+[A”2 P E(ty — 5)B (F(t;, X1(s)) — F(s, X1(5))) |l .o (. g0y = VI + VIT + VIIT +IX.

For the first of these terms, under Assumption 2.2, by Lemma 3.2 and (2.7), using the assumption that 6 <
min(s,0,1) < min(r, 1), we get

_a ad 9 9 it
VI < A7 o) |P* (Bt = 5) = Bt = 5) ) BAR | 20y IS F (1, X2 (8)] o i)
~ _ 146 1 8 5
SIP (Bt = ) = Blta = ) 07 F Il 230.10) | BA® | o 3y (1 4+ 188 X1t o )

< (h(1+9)ﬁ"_1 +Atmin((1+9)ﬁ,1)).

Since a <1 <14 0 < 2, similarly to term IV, Lemma 3.2 also implies that



2212 M. KOVACS ET AL.

VIS A2 P! (B(tn = 5) = Elta = 5)) BA'Z [ 250 1A F(ty, K)o .00,
-2 I l-a o ol
SIATEP! (Bltn = 5) = Bltn = ) BAZ | g0y A F (85 %0 (8)) | o o)

< (W 4 A eest D) (14 SR () g, o))

whence
VI ,S hmax(2a,1+9)%jrl + Atmin(nlax(Za,l-&-@);f_—l,l)) )

Term VII can be bounded using (2.9), (2.8) and (2.7), as
1, lta &
VIL= [P E(t, — ) BASA™F (F(t;, X1(t;) = F(t;, X1(85)) ) oo

(Pt Xa(t)) = Flts, X2(6))) | oo

<A

If only Assumption 2.2 holds, we directly obtain
VILS (1) — X1 () o o)

If also Assumption 3.3 holds with o« = v > u — 1, then, since g;(HO, A0+ g;(HO, H~H), we may use the
mean value theorem along with (3.11) to deduce that

1
_ 1ty S S
vILe [T (4s%a(n) + (1= 9X0(0) (B0(8) = Xi(6)) s oy 05
1 © ~ ~
S / IATEF (1,51 (8) + (1= 9)X1(8)) (Xa(ts) = X1(8)) 1 g, 10y s
S (1 A2 X1 ()] 1o (0, 10y + ||A%X1(tj)||LP(Q7H0)> IA~% (Xl(tj) *Xl(tj)> Il o (2, 110y
min(r,1) ~ min(r,1)
S (1+ I R0 | ooy + 145 X0 (1) 1))

X AE (Ra(t) = X2(t9)) ooy S IATF (R1lts) = X1()) oo ooy

where we also applied Theorem 2.3 and (3.13) in the last step. Similarly, we have
VI S || X1 (t5) = Xa(5)l| o o) S I8 — s/ Y
if we only consider Assumption 2.2, while if also Assumption 3.3 holds, then
VIIL S ||A_% (X1(t;) — X1(s)) ||Lp(Q,H0) St — 3|min(2y’1)a
using Theorems 2.3 and 2.4 in the last step. For the last term, by (2.9), (2.8) and (2.7),
IX £ JAE (F(t5, Xa(5) = Fls, X0 pacauioy S (14 1X0) oo ) 65— 17 < It = sl

where we have applied Theorem 2.3 and Assumption 2.2(ii) in the last inequality.
Collecting the bounds on terms VI, VII, VIII and IX, we have shown that under Assumption 2.2, with o = 0,

n—1
11 S A0 4 AP0 AL S K1) — X2 () o ooy
j=0
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Taking also into account the bound on term I and that
I g (hmmw )+ Amin(B5E 1>>
we obtain (3.14) by Lemma 3.4.

On the other hand, if Assumption 3.3 also holds, the bound on term I remains the same while with o = v,

n—1
II S hmin(max(2v,1+0)%ﬂ,/{) + Atmin(max(Zu,l—i—G)p—_’:_l,max(Zy,r),n,l) + At Z ||A—% (Xl (t]) o Xl(tj))”Lp(Q £19)-
=0

Taking also into account that

I < (hmin(max(2u,ﬁ)ﬁ,n) _’_Atmin(max(Qv,ﬁ)#,n,l)) ,

by another application of Lemma 3.4, we obtain

sup ||X1(tn) _Xl( )”LP(Q PERSS < B h+1 +Atm1n (max(2v,B) £+ S max(2v, 1+0) 5p+1 ,max(2v,r),n, 1) (316)
ne{0,1,....,Nas}

We now note that
min(max(2v, ), max(2v, 1 + 0),0) < max(2v, 1),

so, since p/(p+1) < 1, it holds that either max(2v,r) > max(2v, 8)p/(p + 1) or max(2v,r) > max(2v,1 +
Ap/(p+1) or max(2v,r) > dp/(p+1). No matter which of these three cases occur, the minimum in the
exponent of At in (3.16) is not attained at max(2v,r). In other words,

. P p
min | max(2v, max(2v,1 4 6 ,0—— ,max(2v,r),n,1
(1m0, 3) a2, 14-0)—2 0 (a1
= min | max(2v, ﬁ)L, max(2v,1+0)——, 6 —— £ ,1,1 ] = min r'i, n,1].
p+1 P + 1" p+1 p+1
With this, the proof is completed. O

3.2. Weak convergence and Malliavin calculus

To deduce a result on the weak convergence of the approximation (3.10) to the mild solution given by (2.13),
we use Malliavin calculus for which we briefly review some definitions and results from [2] (the authors therein
consider so called refined Sobolev-Malliavin spaces whereas we only need classical ones, hence the difference
in notation below). To avoid technicalities we assume from here on that the filtration (F;):co,7) is generated
by the Wiener process W. Let I(p fo ) for ¢ € L2([0,T],L2(Hp,R)) ~ L*([0,T)], Hy) and let
S denote the set of all cyhndrlcal random varlables of the form F = f(I(¢1),...,1(pn)) for f € CL(RY,R)
and a sequence (qﬁj);y:l C L%([0,T], Hy), N € N. The definition of the Malliavin derivative of F' € S is given
by D.F = Z;V:1 0if(I(p1),...,I(on))pi(-) € L*([0,T] x Q, Hp). For a given real separable Hilbert space
U we let S(U) be the space of all U-valued random variables of the form ¥ = Zjle Fjv; with F; € S
and v; € U for j = 1,2,...,M, and define DY = Zjle v; ® DF; € U ® L?([0,T] x €, Hp). Note that
U®L*([0,T] x Q, Hy) ~ L*([0,T] x , Lo(Ho,U)) =~ L*(2, L?([0,T], L2(Ho, U))). This definition of D does not
depend on the specific representation of Y. The operator D: S(U) C LP(Q,U) — LP(Q, L([0,T], L2(Ho, U)) is
closable for any p > 1 and we write D7 (U) for the closure of S(U) in LP(2,U) with respect to the norm

1
1l oy = (EUFIE) + BIDEIE 2 go.01 ,010.0)) -
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Next, we recall some of the basic properties of the Malliavin derivative. First of all, any deterministic element is
Malliavin differentiable with Malliavin derivative zero. For predictable processes ® € L2([0,T] x Q, Lo(Ho,U))
and any F € DY2(U), the following equality holds, sometimes referred to as Malliavin integration by parts,

T T
<F, /O @(t)dW(t)> - /0 (DyF,®(r)) 1oy (3.17)

L2(Q,U)

We also need to know how the Malliavin derivative acts on stochastic integrals, but restrict ourselves to the
case that the integrand ® € L*([0,T],L2(Ho,U)) is deterministic. Then, for all t € [0,T], it follows that
Ji ®(r)dW (r) € DP(U) for all p > 1 and

D / — X0 ()®(). (3.18)

For Lebesgue integrals of stochastic processes on the other hand, Malliavin differentiation and integration
simply commute (see [21], Prop. 4.8). If ®: [0,T] x Q — U fulfill & € DV?(L3([0,T],U)) for some p > 2, then

Ji @®(t)dt € D'?(U) and
D / t)dt = / Dd(t (3.19)

It is known (cf. [23], Sect. 1.3) that a sufficient condition for ® € D*P(L2([0,7T],U)) is that ®(t) € DV?P(U) for
all t € [0, 7] and that sup,cjo 7y [|DP ()| 2 (x (0,7, £0(Ho,v)) < 00- It is also worth mentioning that D commutes
with any bounded linear operator between Hilbert spaces. For nonlinear mappings ¢ € gé(U, V), where V is
another arbitrary real separable Hilbert space, a chain rule holds instead. If there is a ¢ > 1 and a constant
C > 0 such that ||¢(z)|y < C(1+ ||2|%) and [|¢'(2)]| vy < C(L+ ||z ") for all @ € U, then for all p > 1
and F € DYP9(U), it holds that ¢(F) € D?(V) and

Dy(F) = ¢/(F)DF. (3.20)

With these results in place, to be able to deduce a weak convergence result, we need to impose a stronger
condition on G in (2.12) and on the covariance operator @ of the Wiener process. We also take this opportunity
to specify our assumptions on the test function ¢: H® — R. We identify E(HO,R) with H° so that, for every
uwe HY ¢'(u) € HO.

Assumption 3.6. The following conditions hold:

(i) ¢ € G3(H,R),

(ii)) G(t) =1 for all t € [0,T], and either

(iii) ||A5_5QA 2|y < 00 or

(iv) Tr(Q) < oo and A=Y2¢" (u) = ¢"(u)A~'/2 for all u € HO.

The condition Assumption 3.6(iii), |A?~2QA~7 ||, < oo, implies the corresponding condition ||Aﬁ%1 g < o0
of Assumption 2.2(i). They are equivalent in the important case that @ = I or more generally when QA = AQ,
see Theorem 2.1 of [18]. We also have the following simple but useful lemma.

Lemma 3.7. Suppose that HAB*%QA*%HEr < 00. Then ﬁ(H’l,HO) C LY and forT € C(H’l,f{o) there exists
a constant C > 0 such that
1
ITllcy < ClITll zegr—1, 50y = CITAZ | £ g0y
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Proof. The claim is a consequence of (2.4), (2.3) and (2.1) via the calculation
ITlZg = |Tr (PQI™)| = |Tx (I"TQ)|
=T ((ra?) TAtA- AT EQAE))|
< ICA 2 oy 1A 0y 1473 QA
_ 1
= ||FH2(H—17H0)||A B”L(HO)”Aﬁ 2QAT |1y
O

The reason for including the alternative Assumption 3.6(iv) is that the condition ||[A®~2QA~2 ||y, < oo is
hard to interpret in the common (c¢f. [5], Cor. 4.9, where @ is trace-class and induced by a covariance kernel)
case that AQ # QA. Note that Assumption 3.6(iv) implies that ||Aﬁ%1 |2y < oo forall #<1.

As a first step towards our weak convergence result, we need the following regularity estimate for the Malliavin
derivatives of the first component of the mild solution given by (2.13) and its approximation.

Lemma 3.8. Let Assumptions 2.2 and 5.3 hold. Let X be the mild solution given by (2.13) of the stochastic
wave equation and let X be the fully discrete approzimation given by (3.10). Under Assumption 5.6(ii) and (iii),
Xi(t) e DYP(HO) for all p > 2,t € [0,T), and

1
sup [|DXy(0)AZ || 120,71 x 0, c10)) < O©- (3:21)
t€[0,T]

Furthermore, X1(t,) € ]D)LP(HO) forallp>2,ne{0,1,...,Nas}, and

5 1
sup IDX1(tn) A2 | 2o, x . 2(810)) < O©- (3:22)
nG{O,l,.H,NAt}
h,Ate(0,1]

If Assumption 3.6(iv) holds in place of Assumption 3.6(iii), similar statements hold with (3.21) replaced by

1
sup [[A2 DXy (D) 2o, 1yx 2,510y < 05 (3.23)
t€[0,7)
and (3.22) by
sup A2 DX (tn) | L2 (0,71 x 2, .(170)) < O©- (3.24)
ne{0,1,...,Na¢}
h,Ate(0,1]

Proof. We start by showing (3.21). Define the sequence (X7)°, by X{ = 0 and, for ¢t € [0, 7] and n > 0,
t t
X7 (t) = PYE(t)xo +/ P'E(t — s)BF (s, X7"(s)) ds +/ P'E(t — s)BdW(s). (3.25)
0 0

Since the existence result ([12], Thm. 7.2) that we cited in Theorem 2.3 is proven wia a fixed point argument
for this sequence, it follows that lim, X7(t) = X;(¢) in LP(Q, H°) for all t € [0,T] and p > 2. By (2.7), (2.9)
and (2.8), we have

sup |[|[PLE(t)B||p,(fra-1 fray < 00 (3.26)

te[0,T]

This implies, along with Assumption 3.3, that P'E(t — s)BF(t,-) € GL(H?, H'~™»(w:))  GL(H°, HO) for all
s,t € [0,T]. The chain rule for the Malliavin derivative is then applicable so that P'E(t — s)BF(t, X}(t)) €
DY2(HO) for all s,t € [0,T] as long as X7(t) € DM2(H°) for all t € [0,T], and that in this case
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DP'E(t — s)BF(t,X]'(t)) = P'E(t — s)BF'(t, X(t))DX?(t) for all s,t € [0,T]. Therefore, we may apply
D to both sides of (3.25) and hence, by the fact that the Malliavin derivative of a deterministic element is
zero, (3.18) and (3.19), we get

DX (t) = /0 P'E(t — r)BF'(r, X}"(r))DX{(r)dr + x (0,4 (-)P'E(t — )B

for all ¢ € [0,7]. Our aim is now to show that the sequence (DX7)5, has a limit in C([0,7], LP(Q2 x
[0,T], L(H~", H°))) for any p > 2. To this end, note first that the mapping [0,T] > t X(0,4(-)P*E(t —)B
is in this space by (3.26) with a = 0. Next, we show that there is an equivalent norm | - ||, on
C([0,T], LP(2 x [0,T], L(H~", H®))) such that the mapping

0,T] >t~ I[(X,Y); = /t P'E(t —r)BF'(r, X (r))Y (r) dr,
0

where X € L2(2 x [0,T], H°) and Y € C([0, T, LP(2 x [0, T], L(H~*, H°))), fulfills
(X, Y)]le < ofY]o (3.27)

for some o € [0,1) and all X € L3(Q x [0,T], H°). We choose, for ¢ > 0 to be determined, |V, =
supsefo, 7y € " 1Y (Ol 1o (ax 0,77, 2(77-1,f10y) and note that for ¢ € [0,T], by (2.8) and (3.12),

t
(X, Y)t||LF(Q><[0’T]’L‘,(H—1)HO)) < /0 ||P1E(t - T)HL(H,HO)”BF/(TaX(T))Y(T)||LP(Q><[O,T]7£(H—1,H)) dr

eat

1
Y[l

t t
< / 1Y ) Lo o, 1.0y) 47 < 1Y 1l / e dr =

This implies that ||[I(X,Y)|, < 07|V, so that (3.27) is fulfilled for sufficiently large o. By the Banach
fixed point theorem, therefore, (DX7)2%, has a limit ¥ in C([0,T], LP(Q x [0,T], L(H ™, HY))). In particular,
lim,, DXJ(t) = Y (t) in LP(Q x [0, T], L(H~*, H°)) for all ¢ € [0, T]. Thus, by Lemma 3.7, lim,, DX}(t) = Y (t)
in LP(Q x [0,T7],L£9) for all t € [0,T]. Since D is closed and since lim,, X?*(t) = X;(t) in LP(2, H) for all
t € [0, 7] this implies that X, (t) € DLP(HO) for all t € [0, 7], and that Y (t) = DX, (t) for all ¢ € [0,T]. With
this, we have deduced (3.21).

Next, we move on to the corresponding results for the approximation. Since P!'X? hat € D! p( ) for all

p > 2, a proof by induction using (3.9), (3.18) and (3.19) shows that PthAt = Xi(t,) € D'P(HO) for all
p>2,n€{0,1,...,Na:} and we have

n—1
DP'X} 5, = Athl h, h DB (t, PIX}JL At)DPth At ZX(th]( )P'E} ~PuB.
7=0

Therefore, (3.22) follows by Lemma 3.4 and we omit the details.
The results (3.23) and (3.24) are deduced in the same way, by noting that if Tr(Q) < oo, then L(H°, H') C
L(H®) c LY (cf [24], Lem. 2.3.7) and by using a = 1 instead of a = 0 in (3.26). O

The following error representation (c¢f. [21], Thm. 5.9) is a direct consequence of the mean value theo-
rem, (3.17), (3.20), and the facts that Dg¢(P*) = (P')*¢/(P'-) and DZ¢(P'-) = (P')*¢"(P')P', where Dg
denotes the Gateaux derivative and (P!)* the adjoint of P*.
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Proposition 3.9. Let Assumptions 2.2, 3.3 and 3.6 hold. Let X be the mild solution given by (2.13) of the

stochastic wave equation and let X be the fully discrete approzimation given by (3.10). Then, the weak error of
the approximation satisfies

B[ —oxam)] = [ B[( (X207 + s (1) - 21 P (B - ED) 20

HO] ds

+/TP1 (*( —r)BF(LrjAt,f(l(LrJAt))—E(T—r)BF(r,Xl(r))) dr><
/ / (1) + (%0 (1) = X2(1)) (L= 8)D, X (1) + 5D, K (1))
P! (E(T—r) E(T—r)) B>£0drds.

We are now equipped to show a weak convergence result.

Theorem 3.10 (Weak convergence). Let X be the mild solution given by (2.13) of the stochastic wave equation
and let X be the fully discrete approximation given by (3.10). Suppose that Assumptions 2.2, 3.1, 3.3 and 3.6
all hold and let v’ = min(max(2v, 8),1 + 6,0). Then, for u < 1, there exists a constant C > 0 such that, for all
h, At € (0,1],

B [6(x:(7) - (K1) | < (077 + At D),
If, on the other hand, 1 < p < 2, then there exists a constant C > 0 such that, for all h, At € (0,1],
[E [0 (1)) = (K (1)) | < © (75517 4t agmint s 0),
Proof. We first prove the theorem under Assumption 3.6(iii). Writing
b1(s) = ¢ (Xa(T) + (X (T) = X4 (1))

and
bals) = ¢ (X2(T) + s(X, (1) = X4 (1)),

we use Proposition 3.9 to split the weak error

[ o) - o] < [ & [[ (s, P (B - B o),

}ds

+ /01 IEH<<;A§1(S), /T PYE(T — 7)BF(|7] ae, X1(]7] at))

— PB(T — #)BF(r, X(r)) dr>H0 H ds

/ / )(1 — $)D, X, (T), P! (E‘(T )~ E(T - r)> B>£8 ] drds
/ / s)sDy X1 (T), P* (E(Tffr) fE(T—r)) B>£g } drds
_I+II+IH+IV.

First we note that as a consequence of (2.14), (3.13) and Assumption 3.6(i),

sup  [|¢1(8)|l 12 (0, froy < 00
s€[0,1]
h,Ate(0,1]
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Therefore, by Holder’s inequality, Lemma 3.2 and Assumption 2.2(iii),

" n -3 s min(d £ min (0 £~
LS w1610 I (BT) = BT e |0F ol S 105800 4 ApmOst .
s€(0,1
h,Ate(0,1]

By the same arguments, we obtain

s /0 IP*E(T —r)BF([r] ae, X1(Ir) ar)) = P*E(T = ) BF (r, X1(r)) | 2, oy dr

Nai—1 tit1 5 N
= Z / ||P1 (E(T—?“)BF(t],Xl(t])) —E(T—’I‘)BF(T,Xl(T))) HLP(Q,HO) d?“,
j=0 “ti

and we split the integrand as follows:
|P* (BT = )BF(t;, %1(t)) = BT = 1)BF (. X1(r) ) lpogen o)

< IPYE(T —1)B (F(ty, X1(t;)) = Ft5, X1(83))) ooy
+[|PYE(T = r)B (F(t;, X1(t;)) = F(r, X1(4))) | o a0, r0y
+[|PYE(T = r)B (F(r, X1(t;)) = F(r, X1(r)) | oo, 1oy
+||P! (E(T )~ B(T - r)) BF(r, X1 (r)|l (o, r0y = V + VI+ VII + VIIL
Next, by (3.8), the mean value theorem and (3.11), since v < min(r, 1), it follows that
V= |PLE(T =) PuB (F(ty, X1(t)) = F(ts, X1(3))) oo i)
NP E(T = 1) 2,10 | PRBAZ || £ 0 7y 1A% (F(tj,Xl(tj)) - F(tj,Xl(tj))) Il Lo (0, 110
1
S ||PhBA§||L(H0,H)/O [AT=F (tj,er(tj) +(1- T)Xl(tj)) (Xl(tj) - Xl(tj)) I o (0, 10y AT
S IPABAS | £ o IATE (Xa(t5) = X1(89)) oo oy
where we have also used Theorems 2.3 and 3.5. If ;4 < 1, then, by (2.7),

p—1

n 1
IPhBAZ || 2o 40y < IBAZ [l £egr0 20 1N 7 [l 270y S 1,

while if 1 < p <2, by (3.6) and (2.7), it follows that
s p=1 1 p=1 1 _
|P, BA® l2(rro ) = IP,©"7 BA> l2crrom) < 1,6 e IBAZ | g0 2y S hih,
Next, we similarly derive by (3.8) and (2.7), that
1
VIS A~ (B (L. X0 () — X000 ooy S (14 100 oo ) s — 717 S 1ty =7,

where we applied Theorem 2.3 and Assumption 2.2(ii) in the last inequality. Term VII is treated like V, and
thus, if p <1,

VII S (1 + A% X1 (8) | o 0y + HA%X1(7‘)HLP(Q,H0)) IA™% (X1 (t5) = X1(r) | o, oy S [t — ™30,
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using Theorem 2.3 with v < r and Theorem 2.4 in the last step. On the other hand, if 1 < pu < 2,
VIT < hH|t; — p[minnd),

Term VIII is handled by (2.7), Assumption 2.2(ii), Lemma 3.2 and Theorem 2.3 yielding the estimate, since
o<r,

~ _8 0
VIIL< [P (BT = r) = B(T =) BA™ | 20 A8 F(t5, X0 o oy

~ _ 140 )
< IPY (BT = 1) = BT = 1) 0% L2y 0 (1+ I8 X100 | o o))

S h(1+0)%+1 +Atmin((1+9)rf_171).

In summary, if 4 < 1, we get for II, using also Theorem 3.5,

Nai—1
11 S RO =T ApmntHOZE 20 ) L A N |IX () = X1 () | 2+
=0
g hT./ﬁ + Atmin(r'ﬁ,n,l).

For 1 < p < 2, we instead obtain
< hr'%“-i-l—u + hl—#Atmin(T’ﬁ,n,l).

We now continue with term III, which by (2.4), (2.3), (2.1) and (2.2) satisfies

111:/01/;114:[

) /01 /OT“ — S)E[|Tx (da(s) P (E(T 1) = B(T = 1)) BQ(D,X1(T))" )| drds

Te((1 = )P (B(T — ) — B(T 1)) BQ ((ﬁz(s)Der(T))* ) H drds

: /01 /OT]E{ 2600 (BT ) = BT 1)) BQ(DX:(T))")

]drds

Tr

Tr] drds.

1 T .
- / / E [Héz(s)*Pl (E(T —r) — BE(T - r)) O PBAIAP~EQAE (DTXl (T)A%)
o Jo
Tonelli’s theorem, Holder’s inequality and Jensen’s inequality imply

drds

Tr

1 T
111 < /0 /0 JE[|\¢2(8)*II£(HO)IIDTX1(T)A§ Hc(HO)} le (E(T —r)— BE(T - r)) O PBAIAP-EQA?

B P PR

1 T
~ « 1
< E / 163(5)" 1| i s / 1D Xy (T)A | g g0y

A

sup HPl (E(T —7)—E(T - 7-)) G_BBA%A‘?—%QA—%
7€[0,T]

Tr

X sup b2l p20,11x 0, 00 [P XL (T)A2 | 2 (0 1% 00, 20110
h,Ate(0,1]

sup HPl (B -7) - BT -7) 0 BAlA b~}
T€[0,T]

N

)
Tr
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where the final inequality follows from Lemma 3.8 and the fact that by (2.14), (3.13) and Assumption 3.6(i),

sup ||¢2HL2([0,1]xQ,£(H°)) < .
h,Ate(0,1]

For any s € [0,T], by (2.1) and (2.7),

|PH (B —7) - BT -n) 0 BAlATiQa~h||

1

<P (BT —7) = E(T = 7)) 0P oy oy [ A7~ QA3

)

Tr

and thus, by Lemma 3.2 and Assumption 3.6(iii),

K

III 5 hmin(ZﬁN T.) + Atmin(QB#,l).

In the exact same way, one deduces that

v 5 hmin(2ﬁﬁ+1,n) + Atmin(Qﬁp—j’_l,l)’

and since 26 > max(2v, 8) this finishes the proof in the case when Assumption 3.6(iii) is used.

If Assumption 3.6(iv) holds in place of Assumption 3.6(iii), terms I and IT are analyzed in the same way. For
III, we proceed similarly as before, except for that we use the commutativity condition on ¢” along with (2.3)
and Lemma 3.8 to deduce that

1 T . ~
11 < / / E{ H (A%Drxl(T)) da(s)* A~ P! (E(T —r) - BE(T - 7“)) BQ‘ } drds
0 0 Tr
< sup HA_%P1 (E(T —r)— E(T - r)) BQ‘
r€[0,T] Tr
< T(Q) sup HA*épl (E T—r)— E(T —r )BH o
( )re[o,T] ( ) ( ) L(H°)
Therefore, by Lemma 3.2,
I < AminCEsT) 4 A,
Finally, term IV is treated the same way as above, which finishes the proof. (I

4. EXAMPLES AND NUMERICAL SIMULATION

In this section we outline a few examples for which our theory yields weak convergence rates that are greater
than the available strong convergence rates. Continuing in the setting of the previous section, where H? = L?(D)
for a domain D € R, d = 1,2,3, we recall that G(t) = I for all ¢ € [0, T].

Below, we also only consider time-independent F', so that 1 can be chosen arbitrarily large. We take F' to be
a Nemytskij operator, which for u € HO are given by F(u)(z) = f(u(z)) for a.e. z € D. Here f: R — R is a
differentiable function such that, for a constant C' > 0, |f(z)] < C(1 + |z|), |f'(z)] < C and |f'(x) — f'(y)| <
C|z—y| for all ,y € R. In Appendix A, we show that with these conditions on f, Assumption 2.2(ii) is fulfilled
for all 6 € [0,1/2). If it also holds that f(0) = 0, then the assumption is also fulfilled for 6 € (1/2, 1]. Moreover,
we show that the derivative of F, given by (F'(u)v)(z) = f'(u(x))v(z) for v € H? and a.e. z € D, fulfills
Assumption 3.3 for all v € [0,1/2) U (1/2,1) and p such that x4 > max(v,d/2 + €) for an arbitrary small number
e>0.
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FIGURE 1. A sample of @ (left) and @ (right) for X = [, 9] computed with the parameters of
Section 4.1 and h = At =279,

4.1. The white noise case

Suppose that @ = I, so that we are considering space-time white noise. For Assumption 2.2(i) to be fulfilled
we then must have d = 1, and Assumption 3.6 is fulfilled for all 8 < 1/2, see Remark 4.6 of [19]. Suppose that
d = 1so that r = 8, and choose v = r maximal. For 0 < ¢ < 1/2 weset 4 = 1/d+¢ =1/2+¢ > v. Theorem 3.10
therefore yields the weak convergence result

[E [o(x(T) - o(X(1))] | < 0277 + a7,
In contrast, Theorem 3.5 ensures that
1X1(T) = X1 (D)l 12,70y S W77 + AP,

We note that since 23 < 1 + 6, the value of 6 has no influence on the convergence rate in this case.

Below we illustrate this case with D = (0,1),7 = 1. We choose uo(x) = zXx((0,1/2)(z) + (1 — 2)X[1/2,1)()
and vo(x) = X((0,1/2)(2), * € D. With these choices X = [ug,vo]" € H'. Moreover, we set f = cos(-) and use
piecewise linear finite elements (i.e., kK = 2) and the Crank—Nicolson method (i.e., p = 2) in our approximation.
See Figure 1 for a sample of X with these parameters.

Choosing ¢ = || - ||* we approximate our weak error by the Monte Carlo estimate
(@)
N, Nayr N, Nayr
B (1P XNRZ — 1P X2 I3 )| = |5 Z (1P X820 = 1P X280 10 )
where N is the number of iid samples (|| P* Xffitll - ||P1X,J§,AAt’t,||iIO) of ||P1X,J:]gt|| - ||P1X,11\,[’A&'t,|\§{0

The strong error is approximated by
N N !
(B [IP'0%, - PN 1))

A reference solution X ,leA“t,, R, At" € (0,1], replaces the analytical solution since this is not available. We set
At = h and compute errors for h = 271,272 ... 276 We use a reference solution with At' = b’ = 27% and use
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FIGURE 2. Monte Carlo estimates of strong and weak errors in the setting of Section 4.1: The
white noise case.

N = 2000 samples in our Monte Carlo simulation. As one can see from Figure 2, the behaviour of the strong
errors are consistent with our theoretical results while the weak errors appear to decay faster than expected.
This is in line with [28] where numerical convergence rates of 1 were reported for a Crank—Nicolson discretization
of the stochastic wave equation driven by white noise.

4.2. The trace-class noise case

If we assume that @ is of trace-class, Assumption 2.2(i) holds for all § < 1 but in general not for 8 > 1.
If AQ = QA, or if AQ # QA with ¢ as in Section 4.1, then Assumption 3.6(iii) or (iv) is fulfilled for § < 1,
respectively. Let us take 8 = 1 and suppose that min(1 + 6,6) > 2 (letting f(0) = 0 so that § = 1), which
ensures that » = @ = 1. For arbitrary 0 < ¢ < 1/2, we choose pr = max(d/2 +¢€,1). In d = 1 we choose
v=0-¢/2=1-¢/2 < psothat ' = 2v = 2 — € in Theorem 3.10. Our weak convergence result in that
theorem then states that

£ [o(xu(T) - (%, (1)) | £ nC-075 4 apminC-Iztn,

while Theorem 3.5 yields the (for sufficiently small €) slower strong convergence rate
- _r P
1X0(T) = X2 (D)l 2,0y S BT+ AL

In d = 2, we choose 8 and v as before and u = 1+ € > v. Our strong convergence result remains the same as
in d = 1 while the weak rate becomes

[E [o(X1(T)) = 6(Xa(T)]| S hEIFT¢ 4 hear.

Note that in both d = 1 and d = 2, the Crank—Nicolson scheme provides no essential benefit, in terms of the
weak convergence rate, over the backward Euler scheme in this setting. In either case we have a weak rate
that is essentially twice as big as the strong rate. In the case d = 3, however, we need to have p > 3/2, which
means that we get a factor of h=% in Theorem 3.10. Therefore, while Theorem 3.10 still yields greater spatial
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FIGURE 3. A sample of @ (left) and © (right) for X = [ii, 9]’ computed with the parameters of
Section 4.2 and h? = At = 2712,
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FI1GURE 4. Monte Carlo estimates of strong and weak errors in the setting of Section 4.2: The
trace-class noise case.

convergence rates compared to Theorem 3.5 for appropriate parameter configurations, the temporal convergence
rate will be significantly lower.

In d = 1, we now compute weak and strong errors numerically in the setting outlined above with the same
choices of D, T, p and k as in Section 4.1. Let @ be the integral operator defined by

(Qu, ) o = / o(z, y)u(z)o(y) dz dy

DxD
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for all u,v € HY. We choose, for 2,y € D, the exponential covariance kernel q(z,y) = q(x — y) = exp(—25|z —
y|)/16, f(z) = sin(x), and ug = vy = 0. See Figure 3 for a sample of X with these parameters.

The temporal step size is set to At = h2. With this choice, we expect to see a weak and strong convergence
rate of approximate order O(h*/3) and O(h?/3), respectively. We compute errors for h = 271,272, ... 275 and
use a reference solution with At = p/? = 2712 employing N = 500 samples in our Monte Carlo simulations.
As one can see from Figure 4, the decay of the errors is consistent with our theoretical results.

APPENDIX A. NEMYTSKIJ OPERATORS

Let H® = L?(D) for a convex bounded domain D in R%, d = 1,2,3. For m € Ny, we denote by H™ =
H™(D) = W™2(D) the classical Sobolev space of order m. For s = m + o, m € Ny, o € (0,1), we employ the
same notation for the fractional Sobolev space H® (see [14]) equipped with the Sobolev—Slobodeckij norm

1/2

dz dy ,

|[D*u(x) — Du(y)|”
|x— y|d+2o

el = { Jullzgm + 3 /

DxD
o=

where u € H®. The spaces (Hs)se[o)g] are related to (H?®)sco,2] by (see, e.g., [30], Thm. 4.5)

e Heif s€10,1/2),
H® = . (A1)
{ue H* :u=0 a.e. on 9D} if s € (1/2,3/2) U (3/2,2],
with norm equivalence. _
The aim of this appendix is to show some results on Nemytskij operators, i.e., operators F' that are for u € H°
given by F(u)(z) = f(u(z)) for almost every x € D, where f : R — R is a measurable function. We assume f
to be Lipschitz continuous, i.e., that there exists a constant C' > 0 such that

[f(z) = f(y)] < Clz —y| (A.2)
for all z,y € R, implying the existence of a constant C' > 0 such that
[f (@) < C(1 + |z]) (A.3)

for all x € R.

If f is also a once continuously differentiable function with a bounded first derivate, z.e., if f/ : R — R is
continuous and there exists a constant C' > 0 such that |f’(z)] < C for all # € R, then F € GL(H°) (sce e.g.,
[1], Thm. 2.7, Chap. 1) and the derivative of F' at u is given by

(F'(w)v)(2) = f'(u(z)v()

for all v € H and almost every = € D. )
We first show that F is Lipschitz continuous on H® and that it fulfills a linear growth condition.

Proposition A.1. Let f : R — R be a Lipschitz continuous function and let F' be the corresponding Nemytskij
operator. Then, there exists a constant C > 0 such that

1F(u) = F(0)ll gro < Cllu = vl o (A.4)
for all u,v € H° and
IE ()l go < C (14 [lull o) (A.5)

for allu e HY, 0 € 10,1/2). If also f(0) =0, then (A.5) holds for 6 € (1/2,1). If, in addition, f is continuously
differentiable with a bounded derivative f', then (A.5) holds for 6§ = 1.
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Proof. The inequality (A.4) is a direct consequence of (A.2) via

£ () = /If (v(z ))Izdx<02/ [u(z) — v(2)|* do = C*|lu — v]|%,

For (A.5) with 6 € [0,1/2) we also make use of (A.1) and (A.3) to see that

1@ S 1F @)
= | F ()%, + /D X 'f(uﬁ?)_ —ymwﬂ da dy

_ 2
St full,+ [ PR 4y
DxD

o — Y[

=1+ [lullfpe <1+ llull

The same argument is used for (A.5) when 6 € (1/2,1), noting that the condition f(0) = 0 causes F'(u) to
inherit the boundary condition of v € H?. For § = 1 we simply note that, due to the definition of || - | g1, the
chain rule for weak derivatives and the assumption that | f'(x)| < C for all z € R,

1P = [ 195@@)Pde = [ 1f @)PITu@)l de < Clulf,.
which completes the proof of the proposition. O

Next, we show that F’ fulfills a negative norm bound if f is Lipschitz continuous.

Proposition A.2. Let f be a continuously differentiable function of at most linear growth with bounded and
Lipschitz continuous derivative f' and let F' be the corresponding Nemytskij operator. Then, there exists a
constant C' > 0 such that

IF (vl go < Clloll o, (A.6)

for all u,v € HO, and

IF" (ol - < C A+l go) 0l -, (A7)
for allu € H” and v e H™" where e >0, v € [0,1/2) U (1/2,1) and p > max(d/2 + €,v). If, in addition, f is
differentiable with a bounded derivative f”, then (A.7) holds for v = 1.

Proof. The first result is a direct consequence of the assumption that there exists a constant C' > 0 such that
|f/(x)] < C for all x € R via the estimate

1P (w2, / | (u(z))o(@)]? da < C? / ()2 dz = C2 ]| o

for all u,v € H°. This also shows (A.7) for v = 0. For v > 0, we mimic the approach of Lemma 4.4 from [29].

Let u € H” and v € H*. Then (F (u)v)( ) = f'(u(z))v(xz) =0 for a.e. x € OD since v(x) =0 for a.e. x € 9D,
as a consequence of u > 1/2 and (A.1). We may therefore use (A.1) to obtain, if v € (0,1/2) U (1/2,1), that

JLCEECE IO
DxD

|z — yl|t+2v

1F" (w)ollh, S IF (wllz = [F (wylf, +
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By the Sobolev embedding theorem H* C L>°(D) continuously. Employing this fact along with (A.6), the
inequality (a + b)? < 2(a” + b?), a,b € R and the Lipschitz assumption on f’ yields

P00l S ol + [ D20 2,
"(u(z)) — f'(u v(y)|?
P W) e,

2 |(v(z) —v(y))?
§IIUI\H0+/DX dedy

u(z) — u(y)|?
+ 0] o / ——— dxd
[V[72 () o |7 — g Yy

S ol + 1ol Ee Gy, < ol (U+ lulZ,) -

If v =1 and f' is differentiable with f” bounded, we directly use the definition of H' to see that, by the same
arguments as above,

1P (ol = /D IV ( (ulz) (@) dz < /D | (u(@) Vo) da
4 /D | () V(o a)|? da

S vl + 10l yllull g < Mol (1 + llullf)-

In summary,

1A @)A1 0y = 1 () vy S 1 Tl

and thus, using that F”(u) is symmetric on H°, we obtain for v € H° that

IA™5 F'(w)ol o = sup ‘<A_%F’(u)v7w>
weH°
lwll gro=1
= sup ‘<A*%v,A%F'(u)A*%w>
weH°
lwll gro=1

< ol - 1A% F () A | g0

HO

HO

and since H° is dense in H 7, this implies that
L G2 v gy S L il

which is equivalent to (A.7). O
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