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A BANACH SPACES-BASED ANALYSIS OF A NEW FULLY-MIXED FINITE
ELEMENT METHOD FOR THE BOUSSINESQ PROBLEM

ELIGI0 COLMENARES!, GABRIEL N. GATICA%* AND SEBASTIAN MORAGA??

Abstract. In this paper we propose and analyze, utilizing mainly tools and abstract results from
Banach spaces rather than from Hilbert ones, a new fully-mixed finite element method for the station-
ary Boussinesq problem with temperature-dependent viscosity. More precisely, following an idea that
has already been applied to the Navier—Stokes equations and to the fluid part only of our model of
interest, we first incorporate the velocity gradient and the associated Bernoulli stress tensor as auxiliary
unknowns. Additionally, and differently from earlier works in which either the primal or the classical
dual-mixed method is employed for the heat equation, we consider here an analogue of the approach
for the fluid, which consists of introducing as further variables the gradient of temperature and a vector
version of the Bernoulli tensor. The resulting mixed variational formulation, which involves the afore-
mentioned four unknowns together with the original variables given by the velocity and temperature of
the fluid, is then reformulated as a fixed point equation. Next, we utilize the well-known Banach and
Brouwer theorems, combined with the application of the Babuska-Brezzi theory to each independent
equation, to prove, under suitable small data assumptions, the existence of a unique solution to the
continuous scheme, and the existence of solution to the associated Galerkin system for a feasible choice
of the corresponding finite element subspaces. Finally, we derive optimal a priori error estimates and
provide several numerical results illustrating the performance of the fully-mixed scheme and confirming
the theoretical rates of convergence.
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1. INTRODUCTION

The development of accurate and efficient new finite element methods for the Boussinesq problem, based on
primal, dual-mixed, and augmented variational formulations, has been profusely addressed by the community of
numerical analysts of partial differential equations in the last few decades. As it is well-known, this model arises
from diverse phenomena in engineering sciences, and it mainly deals with the fluid motion generated by density
differences due to temperature gradients. Mathematically, it consists of the Navier—Stokes equations with a

Keywords and phrases. Boussinesq equations, fully-mixed formulation, fixed point theory, finite element methods, a priori error
analysis.

I Departamento de Ciencias Bésicas, Facultad de Ciencias, Universidad del Bio-Bio, Campus Fernando May, Chillan, Chile.

2 CI2MA and Departamento de Ingenieria Matemética, Universidad de Concepcién, Casilla 160-C, Concepcién, Chile.

3 Present address: Department of Mathematics, Simon Fraser University, 8888 University Drive, Burnaby BC V5A 156, Canada.
*Corresponding author: ggatica@ci2ma.udec.cl, ggatica@ing-mat.udec.cl

Article published by EDP Sciences © EDP Sciences, SMAI 2020


https://doi.org/10.1051/m2an/2020007
https://www.esaim-m2an.org
mailto:ggatica@ci2ma.udec.cl, ggatica@ing-mat.udec.cl
https://www.edpsciences.org

1526 E. COLMENARES ET AL.

buoyancy term depending on the temperature, coupled to the heat equation with a convective term depending
on the velocity of the fluid, and assuming suitable boundary conditions. In addition, the corresponding viscosity
of the fluid might eventually depend on the temperature as well. A subset of the most representative contributions
in the above described direction, which consider either constant or variable viscosity, and even time-dependent
models, can be found in [2-5,8, 11, 18-20, 26, 27, 34, 36, 37, 41], and the references therein, some of which are
described in the following paragraphs.

In particular, Bernardi et al. [8] constitutes one of the first works employing the primal method in both
Navier—Stokes and heat equations, thus yielding a conforming finite element method for the Boussinesq equations
with the velocity, the pressure, and the temperature of the fluid as the main unknowns of the system. Other
finite element methods based on primal formulations of the Boussinesq system, using the primitive variables
and incorporating the normal heat flux through the boundary as an additional unknown, respectively, are also
proposed in [36,37] for the case of viscosity and thermal conductivity depending on the temperature. In turn,
a dual-mixed approach for the respective two-dimensional model, in which the gradients of both the velocity
and the temperature are also introduced as further unknowns, has been proposed in [26]. More recently, the
approach from [15], which introduces a modified nonlinear pseudostress tensor involving the gradient of the
velocity, the convective term and the pressure, for defining a dual-mixed formulation of the Navier—Stokes
equations, is extended in [18] to derive an augmented mixed-primal variational formulation for the stationary
Boussinesq model. In other words, the augmented scheme for the fluid flow is coupled with a primal scheme
for the convection-diffusion equation, thus yielding the aforementioned nonlinear pseudostress, the velocity, the
temperature and the normal derivative of the latter on the boundary, as the main unknowns. A fixed-point
setting resembling the approach first applied in [6] is then utilized to study the well-posedness of the continuous
and discrete schemes in [18]. Later on, the tools from [18] are extended in [19] to propose and analyze a new
augmented fully-mixed finite element method for the stationary Boussinesq problem.

Furthermore, and concerning other methods for models with variable viscosity, we begin by referring to [4],
where a mixed-primal formulation as in [18] was considered for the case of a temperature-dependent viscosity
in a pseudostress-velocity-vorticity formulation of the Boussinesq model. Nevertheless, the results in [4] are
restricted to the 2D case only since the use of Sobolev embeddings into smaller LP spaces becomes crucial for
the corresponding analysis. This drawback has been recently overcomed in [5] by defining the rate of strain
tensor as a new variable, thanks to which more flexibility in the reasoning is achieved, and thus a mixed-primal
formulation for the n-dimensional case can be considered. The analysis and results from [5], but considering now
both the viscosity and the thermal conductivity of the fluid as temperature-dependent functions, were extended
in [3] to the case of an augmented fully-mixed formulation of the n-dimensional model. This means that, in
addition to the same approach from [5] for the Navier—Stokes equations, a mixed formulation for the energy
model is also employed. For this purpose, the temperature gradient and a pseudoheat vector are introduced as
additional variables, which together with the temperature, rate of strain, pseudostress, velocity and vorticity
comprise all the unknowns of the problem.

On the other hand, and going back to dual-mixed formulations for the stationary Boussinesq model with
constant viscosity, we now refer to [20], where two mixed approaches, based on a dual-mixed method developed
in [32,33] for the Navier-Stokes equations, are proposed and analyzed. Thus, the main novelty here is in the
fluid part, where, besides the velocity gradient, the authors introduce the Bernoulli stress tensor as a primary
variable, which can be seen as an incomplete version of the usual stress tensor whose divergence yields the full
equilibrium equation. The methods in [20] are completed with both the primal and mixed-primal approaches
for the heat equation. In particular, the latter incorporates the normal component of the temperature gradient
on the Dirichlet boundary as a suitable Lagrange multiplier. Both formulations mix the unknowns coming from
each equation, that is they are not decoupled into fluid and heat parts, and they exhibit the same classical
structure of the Navier—Stokes equations. In addition, the aforementioned detail on the Bernoulli tensor yields
the necessity of a weak continuity property for some terms forming part of the main bilinear form involved.
Existence of continuous and discrete solutions are derived in [20], and uniqueness as well as optimal error
estimates are obtained under the assumption of sufficiently small data.
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According to the above discussion, the objective of the present paper is to complement the theory developed
so far and to keep contributing to the design of new finite element methods to solve the stationary n-dimensional
Boussinesq equations. More precisely, we are particularly interested in the development of fully-mixed formu-
lations not involving any augmentation procedure (as done, e.g. in [3,19]). To this end, we now extend the
applicability of the approach employed in [20] for the fluid part of our model, to the energy equation of it. In
fact, instead of using the primal or the dual-mixed method, we now employ a modified mixed formulation in the
heat equation, which consists of introducing the gradient of temperature and a vector version of the Bernouilli
tensor as further unknowns. In this way, and besides eliminating the pressure, which can be approximated later
on via postprocessing, the resulting mixed variational formulation does not need to incorporate any augmented
term, and it yields basically the same Banach saddle-point structure for both equations. This feature consti-
tutes a clear advantage of the method proposed here, from both the theoretical and computational point of
view, since the corresponding continuous and discrete analyses for the fluid and heat models can be carried out
separately and very similarly. Moreover, this might very well imply the use of the same kind of finite element
subspaces to approximate the unknowns from the fluid and energy equations. In particular, we are able to show
that Raviart-Thomas spaces of order & > n — 1 for the Bernoulli tensor and its vector version, and piecewise
polynomials of degree < k for the velocity, the temperature, and both gradients, constitute a feasible choice.

1.1. Outline

We have organized the contents of the paper as follows. The remainder of this section describes some standard
notations and functional spaces. In Section 2 we introduce the model problem, define all the auxiliary variables
to be employed in the setting of the fully-mixed formulation, and eliminate the pressure unknown, which,
however, can be recovered later on wvia a postprocessing formula. The continuous formulation is derived first in
Section 3, and then, by decoupling the fluid and heat equations, it is rewritten as a fixed-point operator equation.
The corresponding solvability analysis, which finally concludes, under small data assumptions, the existence of
a unique solution, is performed by employing some tools from linear and nonlinear functional analysis, such
as the Banach version of the classical Babuska-Brezzi theory, and the Banach fixed-point theorem. Next, in
Section 4 we define the Galerkin scheme with arbitrary finite element subspaces of the continuous spaces, and
analyze its solvability under suitable assumptions on these discrete spaces, and following basically the same
techniques employed in Section 3. In this case, sufficiently small data guarantees the existence of solution,
but not the uniqueness, except in the case of constant viscosity. In Section 5 we employ diverse tools from
functional analysis to derive specific finite element subspaces satisfying the assumptions stipulated in Section 4.
Indeed, our analysis makes use of equivalence and sufficiency results for inf-sup conditions holding on products
of reflexive Banach spaces. In addition, the derivation is based on the availability of suitable pairs of finite
element subspaces yielding stable Galerkin schemes for the usual primal formulation of the Stokes problem. As
a particular example we define the explicit subspaces arising from the Scott-Vogelius pair. Some results on the
Raviart—Thomas elements in Banach spaces are also recalled here since they are needed to complete the discrete
analysis. This section ends with the corresponding approximation properties for the aforementioned example. In
Section 6 we derive an a priori error estimate for our Galerkin scheme with arbitrary finite element subspaces
verifying the hypotheses from Section 4. Finally, some numerical examples illustrating the performance of our
fully-mixed formulation with the specific finite elements subspaces derived in Section 5, are reported in Section 7.

1.2. Preliminary notations

Let  C R", n € {2,3}, be a given bounded domain with polyhedral boundary T', and let v be the outward
unit normal vector on I'. Standard notation will be adopted for Lebesgue spaces LP(£2) and Sobolev spaces
W#P(Q), with s € R and p > 1, whose corresponding norms, either for the scalar, vectorial, or tensorial case,
are denoted by | - |o.p.0 and || - ||s.p.0, respectively. In particular, given a non-negative integer m, W™?2(Q) is
also denoted by H™(2), and the notations of its norm and seminorm are simplified to || - ||m.o and | - |m.q,
respectively. In addition, H'/2(T) is the space of traces of functions of H!(€2) and H='/2(T) is its dual. On the
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other hand, given any generic scalar functional space M, we let M and M be the corresponding vectorial and
tensorial counterparts, whereas || -||, with no subscripts, will be employed for the norm of any element or operator
whenever there is no confusion about the space to which they belong. Furthermore, as usual I stands for the
identity tensor in R™*™, and | - | denotes the Euclidean norm in R™. Also, for any vector fields v = (v;)i=1,n
and w = (w;);=1,n, we define the tensor product between them as v ® w := (v;w;); j=1,n, and denote by
Vv and div(v) the gradient and divergence of v, respectively. In turn, for any tensor fields 7 = (7i;)i j=1.n
and ¢ = (Gij)i,j=1,n, We let div(T) be the divergence operator div acting along the rows of 7, and define the
transpose, the trace, the tensor inner product, and the deviatoric tensor, respectively, as

C ()i T a._,_ L
T° = (Tji)ij=1,n, t0(T) = ;Tu, 7:¢ = mZ:lTZJQJ, and 1% =171 ntr(r) I.
Next, given p > 1, we introduce the Banach spaces
H(div,; Q) := {T cL2(Q): div(r) € LP(Q)},
H(div,; Q) == {7’ cL2(Q): div(r) € LP(Q)}, (-0
provided with the natural norms
[Tllaiv,:e = I7lloe + [div(T)llope and |7llaiv,:0 = [[Tlo.e + [[div(T)]o.pq-

Throughout the rest of the paper we will consider the above definitions for p = 4/3.

2. THE MODEL PROBLEM

The stationary Boussinesq problem consists of a system of equations where the incompressible Navier—Stokes
equation is coupled with the heat equation through a convective term and a buoyancy term typically acting in
opposite direction to gravity. More precisely, given a fluid occupying the region 2, an external force per unit
mass g € L>(Q), and data up € HY?(T') and pp € H/?(T), the model of interest (without dimensionless
numbers for readability purposes) reads: Find a velocity field u, a pressure field p and a temperature field ¢

such that
—div(2u(e)e(w)) + (Vuu+Vp =pg i ©,

diva =0 in £,
—div(KVyp)+u-Vyp =0 in €, (2.1)

u=up in T,

p=¢p in T,

where e(u) := 2{Vu + (Vu)*} is the symmetric part of the velocity gradient Vu, also known as the strain
2

rate tensor, and K € L.°°() is a uniformly positive tensor describing the thermal conductivity of the fluid, thus
allowing the possibility of anisotropy (cf. [35]). In turn, u : R — R is the temperature dependent viscosity,
which is assumed to be a Lipschitz-continuous and bounded from above and below function, which means that
there exist constants L, > 0 and py, yp > 0, such that

n(s) —p()] < Lyls—t, Vs teR, (2.2)

and
w < pls) < po, Vs € R. (2.3)

We observe here that, because of the incompressibility of the fluid (¢f. second Eq. of (2.1)) and the Dirichlet
boundary condition (cf. fourth Eq. of (2.1)), up must satisfy the compatibility condition [rup -v = 0. In
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addition, due to the first equation of (2.1), and in order to guarantee uniqueness of the pressure, this unknown
will be sought in the space

L2() = {qeL2(Q): /Qq - o}.

Next, in order to derive a fully-mixed formulation for (2.1), in which the Dirichlet boundary conditions will
become natural ones, and as suggested by similar approaches in several previous papers (see e.g. [3,5,19,20]),
we now introduce the velocity gradient and the Bernoulli stress tensor as further unknowns, that is

1
t:=Vu and o = 2u(p)teym — i(u ®u) — pl, (2.4)

1
where tgym, := i{t +t*} is the symmetric part of t, so that the second equation of (2.4) is considered from now

on as the constitutive law of the fluid. Then, noting thanks to the incompressibility condition that div(u®u) =
(Vu)u = tu, we find that the first equation of (2.1) is rewritten as

1
—divo + itu — g = 0.

In addition, applying the matrix trace to the aforementioned constitutive equation and using that tr(tsym) =
divu = 0, we deduce that

1
p=— —2ntr(20' +u®u), (2.5)
which yields

o = 2(P)fogm — (D) (2.6)

Conversely, starting from (2.5) and (2.6) we readily recover the incompressibility condition and the second
equation of (2.4), whence these pair of equations are actually equivalent. Furthermore, for the heat equation we
define the temperature gradient and a vector version of o as auxiliary unknowns, that is

~ - ~ 1
t:=Vyp and o := Kt— Z¥u, (2.7)
thanks to which the third equation of (2.1) becomes
~ 1 -
—dive + §u~t = 0.

According to the above discussion, our model problem (2.1) is re-stated as follows: Find (u,ha,g@ﬁ o) in
suitable spaces to be defined below such that

Vu=t in Q,
1
—divo + itu — g =0 in Q,
1
2p(p)tsym — §(u uf=0¢ in Q
Vo=t in Q,
~ 1 - 2.8
Kt — §<pu =0 in Q, (28)
—div&+§u-’E=0 in Q,
u=up and ¢=¢p on I

/tr(20+u®u) =0.
Q

At this point we remark that, as suggested by (2.5), p is eliminated from the present formulation and computed
afterwards in terms of o and u by using that identity. This fact justifies the introduction of the last equation
in (2.8), which aims to ensure that the resulting p does belong to L3(2).
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3. THE CONTINUOUS PROBLEM

In this section we introduce and analyze the continuous formulation of (2.8). More precisely, we first derive
the associated fully-mixed scheme, and then, by decoupling the fluid and the heat equations, we rewrite it as a
fixed-point operator equation. Finally, the corresponding solvability analysis is performed by employing several
tools from linear and nonlinear functional analysis.

3.1. The fully-mixed formulation

We begin with the first equation of (2.8). In fact, performing inner product with 7 € H(div,/s; Q2), integrating
by parts (according to (3.3) below), and using the Dirichlet condition for u, we find that

/T tt+ / u-div(T) = (Tv,up)r V1 € H(divy,s;Q), (3.1)
Q Q

where (-,-)r stands from now on for the duality pairing between H~/2(T") and H'/?(T"). Note here that the
continuous injection i : H'(Q) — L*(Q) guarantees that Tv is well defined and belongs to H~'/2(T") when
T € H(divy/3; ), which, together with the consequent derivation of the integration by parts formula employed
in (3.1), are explained in what follows. Indeed, proceeding as in equation (1.43), Section 1.3.4 of [29], we define
v :HY?(T) — R as

e = [ V3 e) + [ A7 e)-divir) Ve e HVAD), (32)
where 5! : HY/2(I') — H}(Q)1L is the right inverse of the usual trace operator ~, : H (Q) — HY2(T"). It

follows that Tv is clearly linear, and using the Cauchy—Schwarz and Hoélder inequalities, the boundedness of i,
and the fact that |35 " ()] 1,0 = ll¢llij2.r (¢f. [29], Lem. 1.3, Sect. 1.3.2), we find from (3.2) that

~—1

(rv, @)l < [Tl Ao (@)le + 130 (@) o.ae [div(T)llo.a/z0
. . ~—1
< {lIrlog + il ldiv(m)los/s0 } 175" (@)l
< max {1, [li} [|llasvs 0 @l jor Ve € HYA(TD),

which shows that 7v is bounded, that is 7v € H™/2(T"), with |[7v|_1/or < max {1, |[il|} 7 |aiv, ;0 for all

T € H(divy/s; Q). Moreover, similarly as in Lemma 1.4, Section 1.3.4 of [29], one can prove that (Tv,@)r can
be defined in (3.2) not only with 75 ' (¢), but with any v € H!(Q) such that vo(v) = ¢, which yields

(Tv,v)r = / T:Vv + / v - div(T) VveH' (Q), VreH(divys; Q). (3.3)
Q Q

In addition, we also remark that (3.1) makes sense for t € L?(Q) and u € L*(9), but due to the incompress-
ibility condition we plan to look for t in IL2(£2), where

L2() = {seL%(Q): t(s) = 0}.
In turn, the second equation of (2.8) can be rewritten as
1
7/v~div(0')+f/tu~vf/<pg~v:0 Vv e LY(Q), (3.4)
Q 2 Ja Q

whereas the properties of the deviatoric tensors allow to test the third equation of (2.8) as follows

1 2
/Q2M(<P)tsym 'S — §/Q(u®u) '8 = /Qa | S Vs e L2 (). (3.5)
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On the other hand, concerning the heat equation, we easily realize that, proceeding similarly to (3.1), (3.4), and
(3.5), the corresponding testing of the fourth, fifth, and sixth equation of (2.8) is given by

/% T+ / pdiv(F) = (F-vipp)r VT € Hdivas: Q), (3.6)
/wdw + 5/Qwu-fz 0 V¢ eliQ), (3.7)

and o
/QKt%—i/ngu%: /Q&.g Vs e L*(9), (3.8)

where, certainly, the Dirichlet boundary condition for ¢ has been employed in the derivation of (3.6). In
connection with the above, we now notice that if we had mixed boundary conditions, say for simplicity ¢ = 0
onTp and 6 -v = oy on 'y, where I'p and I'y are disjoint parts of I such that T'p UT'x =T, then we would
need to introduce the further unknown & := —¢|r, € HééQ (Tx) and assume that the Neumann datum &y lies

in Hy, 1/ (Tw), where Hééz(FN) = {’(/J|FN : Y eHYQ), ¥ =0o0n FD} and Hoo/ (T'w) is its dual. In this case,
denoting by (-, -)r, the duality pairing between H501/2 (Tn) and HOO (T'w), we obtain instead of (3.6)

/?~¥ + / ediv(T) + (T -v,&)ry =0 V7 € H(divyys;Q), (3.9)
Q Q
whereas the Neumann boundary condition is imposed weakly as

(G vy = @xomiry V1€ Hyp (Dw)- (3.10)

Note that the boundary terms on the left hand sides of (3.9) and (3.10) are symmetric to each other, thus
preserving the structure of the whole formulation (see (3.17) below). In turn, the case of mixed boundary
conditions for the Navier—Stokes part would be handled similarly as for the heat one.

In this way, conveniently gathering all the equations (3.1) up to (3.8) we arrive at first glance to the following
weak variational formulation of (2.8): Find (u,t,o,¢,t,5) € L1(Q) x L2 () x H(divy/3; Q) x L*(Q) x L2(Q) x

H(div,/3;2) such that / tr(20 +u®u) =0 and

Q
—/v~div(0')+1/tu~v—/apg-v:0 Vv e LY(Q),
Q 2 Ja . Q

20(p)tsym 1S — f/(u®u):s:/0':s Vs e LZ(Q),

Q 2 Q

u div(T) = (tv,up)r V1 € H(divy,s;Q),
(3.11)

/1/Jd1v /wu t=0 Vi € LY(Q),

/]Kt s—f/gpu s-/ Vs e L3(Q),

/ 7t + / pdiv(T) = (T -v,0p)r VT € H(divys;9Q).
Q Q
We now consider the descomposition (cf., e.g. [29,38] for the Hilbert case)

where

Ho (divy/s; Q) = {c € H(divy/s; Q) : /Qtr(C) :o}, (3.13)
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and observe, in particular, that the unknown o can be uniquely decomposed, according to (3.12) and the mean
value condition [, tr(26 + u®u) =0, as

1
o =09+ ¢l with oo € Ho(divy/3;Q) and ¢ := — ] / tr(u®u). (3.14)
n Q

In this way, and similarly as for the pressure, the constant ¢y can be computed once the velocity is known, and
hence it only remains to obtain . In this regard, we notice that the first two equations of (3.11), that is those
involving o, remain unchanged if o is replaced by og. In addition, thanks to the compatibility condition satisfied
by the datum up and the fact that t is sought in L2 (Q), we realize that testing the third equation of (3.11)
against T € H(div,/3;2) is equivalent to doing it against 7 € Hy(divy/3; Q). Consequently, from now we denote
o as simply o € Ho(div,/s;2), and instead of (3.11) consider the modified, though still equivalent formulation,
given by: Find (u,t, 0, ¢,t,5) € L4(Q) x L2, (Q) x Ho(divy/3; ) x L*(Q) x L2(9) x H(div,/3; ) such that the six
equations of (3.11) hold for all (v,s,7,9,8,7) € L*(Q) x LZ.(Q) x Ho(divy,3; Q) x L*(Q) x L2(Q) x H(divy/3; Q).

Next, in order to write the above formulation in a more suitable way for the analysis to be developed below,
we now set the notations

—

u = (w,t), v := (v,s), up = (up, to) € L4(Q) for(Q),

and
- -

P = (08), ¥ = (,8) € LY(Q) x L),

with corresponding norms given by

lall = ()| = l[ulloas + Itloe  Vue L () x LE(Q), (3.15)

and
el = @, 0l = llglloan + lltloe Ve €LY Q) x L2(Q). (3.16)

Then, the fully-mixed formulation for our stationary Boussinesq problem can be stated as: Find (H,a) €
(L4(Q) x L2.(2)) x Ho(divy/s; Q) and (p,0) € (L*(€2) x L2(2)) x H(divy3; Q) such that

)= F(v) Vve(L4YQ) xL(Q),
) =G(T) V1 € Ho(divy/s; ),
)=0 W e (L4(Q) x L3(Q)),
) =G(F) VT € H(divys;Q),

a,(0,v) +c(w;u,v) +b

q

(3.17)

S
NN

W(3.0) + 2@, 0) +b

=
Sl=1z1<l
N N

where, given arbitrary (w,¢) € L*(Q) x L*(Q), the forms ag, b, c¢(w;-,-), a, E, and ¢y, and the functionals Fy,
G, and G, are defined by

S
=
£

<

[

/Qzu(qs)tsym:& b(v,T) = — /QT:S - /Qv-div(r), (3.18)

c(w;a,v) : ;{/Qtw-v—/ﬂ(u(@w):s}, (3.19)

for all U = (u,t), v := (v,s) € LY(Q) x LZ(Q), for all 7 € Ho(divy/3; ),

~—

WP, 0) = /QK{'S: W, 7) = — A%.g— /Qz/)div(?), (3.20)
Gu(39) = ;{/ﬂwwfjgsow-g}, (3.21)
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—

for all v := (¢,t), ¥ == (¢,8) € LY(Q) x L*(Q), for all 7 € H(divy/3; ), and
F¢(V) = /Q¢g~v7 G(t) := = (tv,up)r, GT):=—(T-v,¢op)r, (3.22)

for all v := (v,s) € L*(Q) x L2.(Q), for all T € Ho(divy)3; ), for all 7 € H(divys;).

In what follows we proceed similarly as in [18] (see also [6,19]) and utilize a fixed point strategy to prove
that problem (3.17) is well posed. More precisely, we first rewrite (3.17) in Section 3.2 as an equivalent fixed
point equation in terms of an operator 7. Then, in Section 3.3 we show that T is well defined, and finally in
Section 3.4 we apply the classical Banach theorem to conclude that T has a unique fixed point.

3.2. The fixed point approach
We first let S : L*(Q) x L*(Q) — L*(Q) x L2.(Q2) be the operator defined by

S(w,0) = (S1(w, ), $>(w,9)) =u ¥ (w,¢) € L}(Q) x L(Q),
where (u, o) € (L4(Q) x LZ.(Q)) x Ho(divy/s; Q) is the unique solution (to be confirmed below) of the problem:

ag(4, V) + c(wiu, V) + b(V,0) = Fy(v) Vv e LY(Q) x L,(9),
b(u,7)=G(r) Vre Ho(divy/3; Q).

In turn, we let S : L*(Q) — L4(Q) x L2(Q2) be the operator given by

(3.23)

S(w) = (S1(w),Sa(w)) = ¢ VweLYQ),

where (p,5) € (LA(€2) x L*(2)) x H(divy/3;€2) is the unique solution (to be confirmed below) of the problem:

W5 0) + 2@ 0) +0(1,8) =0 Vi e L(Q) x L(Q), (3.24)
b(p.7) =G(F) VT e H(divys; Q).
Having introduced the mappings S and S, we now set T': L*(Q) x L4(Q) — L4(Q) x L*(Q) as
T(w,0) == (S1(w,6).51(S1(w,0)))  ¥(w,¢) € L) x LX), (3.25)

and realize that solving (3.17) is equivalent to seeking a fixed point of T, that is: Find (u, ) € L*(Q) x L*(Q)
such that

T(u,¢) = (u,9). (3.26)
3.3. Well-definedness of the fixed point operator

In what follows we show that T is well defined, which reduces to prove that the uncoupled problems (3.23)
and (3.24) defining S and S, respectively, are well posed. To this end, we now recall the Banach version of the
Babuska-Brezzi theorem in Hilbert spaces. More precisely, we have the following result (¢f. [24], Thm. 2.34).

Theorem 3.1. Let H and Q be reflexive Banach spaces, and let a : HXx H — R and b: Hx Q — R be
bounded bilinear forms with induced operators A € L(H,H') and B € L(H,Q'), respectively. In addition, let V
be the null space of B, and assume that

(i) there exists a > 0 such that
a(u,v)
sup

veEV ||'UHH

> o|lulla VueV, (3.27)
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(ii) there holds

sup a(u,v) > 0 YveV, v#0, (3.28)
ueV
(iil) there exists 8 such that
b(v
sup (v, 7) > Bllrllo VT eaqQ. (3.29)
ver [vllu

Then, there exists a unique (u,c) € H X Q such that

a(u,v) + b(v,0) = F(v) Vv eH,

bo,7) = G(r)  Vreq (3:30)

and the following a priori estimates hold:
||A||
Jull < % IF1+ 5 (1+ )11,
HAII 1Al Al
ol < 5 (1+ 21PN + 25 (1+ 220

We remark here that if the bilinear form a is elliptic on V, that is if there exists o > 0 such that

(3.31)

a(v,v) > alv|? Yo eV,

then the inequalities (3.27) and (3.28) are clearly fulfilled. Obviously, the above remains true if the ellipticity
of a holds on the whole space H. _
Next, in order to apply Theorem 3.1 to problems (3.23) and (3.24), we let V and V be the kernels of the

operators induced by the bilinear forms b and 57 that is

V= {; = (v,s) e LY(Q) x L2(Q) : / T:8 —l—/ v-div(t)=0 V1€ Ho(div4/3;Q)}, (3.32)
Q Q
and
V= {Z = (1,8) € LY() x L3(Q) : / 7 .§+/ Ydiv(T) =0 V7€ H(diu/g;ﬂ)} (3.33)
Q Q
which easily yields
V= {V = (v,s) e LYQ) xL2(Q): Vv=s and ve Hg(Q)}, (3.34)
and .
V= {u) = (,3) €LY Q) xL2(Q): Vip=5 and o€ H})(Q)}. (3.35)

In particular, we stress that for the derivation of (3.34) we make use of the fact that the identity defining V
is equivalent to testing it against 7 € H(div,/3;€2). In fact, it suffices to observe that, given v = (v,s) €
L4(Q) x LZ(Q), c € R, and T = cl € R1, there holds

b(v,T) ::—/Q’r:s—/ﬂv~div(7'):—c/ﬁtr(s)—c/gv~div(11):07

which says that the aforementioned identity is trivially satisfied for 7 € R1I, and hence, thanks to the decom-
position (3.12), the space V (¢f. (3.32)) can be redefined, equivalently, as

V= {7 = (v,s) e LY(Q) x L2(Q) : /Q'r 'S +/Qv div(t) =0 V1€ H(div4/3;Q)} . (3.36)
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Thus, given v = (v,s) € V, we take an arbitrary 7 € C§°(Q2) := [C5°(€2)]"*™ in (3.36) (note that this choice of
T was not possible with the original definition (3.32)), and realize in this case that the expression [, v -div(r)
corresponds to the evaluation of the tensorial distribution —Vv in the tensorial test function 7. It follows from
(3.36) that Vv = s in the distributional sense, which gives v € H(£2). In addition, knowing the above, and
using (3.3) to integrate by parts [, v - div(7) in (3.36), we arrive at (Tv,v)p = 0 for all 7 € H(divy/3;Q),
which, using the surjectivity of the normal trace from H(div,/s;2) onto H~Y/2(T) (proved similarly as [29],
Thm. 1.7, Sect. 1.3.4), readily yields v =0 on I, and therefore v € H}(£2). This proves that V is contained in
the space defined on the right hand side of (3.34), and since the converse is straightforward, we conclude the
identity (3.34). The proof of (3.35) proceeds analogously, and therefore the respective details are omitted.

Then, we introduce the spaces H := L4(Q) x LZ(Q) and H := L4(Q) x L2(Q), with norms given by (3.15)
and (3.16), respectively, and readily establish the boundedness of a4, b, @, and E, by using the Cauchy—Schwarz
inequality, and the bounds for p (¢f. (2.3)) and K. More precisely, there hold

ap(,v) < 2u || ||v]] VéeLQ), Vu,veH, (3.37)
o(v,7) < [IVI[[ITllaive, 0 YV EH, V7 €Hy(divys;Q), (3.38)
@($.9) < [Kleonlollwl  ¥6, ¢ eH, (3.39)
and
b, 7) < [0 [Fllawao Yo €H, ¥F € H(divys; Q). (3.40)

The following lemma establishes the ellipticity of the bilinear forms a, and a.
Lemma 3.2. There exist positive constants o and o such that
ap(v,v) > a||v|? Veéeli(Q), VveV, (3.41)

and L . o
a(v,v) > ally|> V¢ eVv. (3.42)

Proof. Given v = (v,s) € V and ¢ € L*(Q), we know from (3.34) that Vv = s and v € H}(Q). Hence, applying
the lower bound of u (cf. (2.3)), the Korn inequality in H}(€2), the continuous injection i : H!(Q2) — L*(Q),
and the Friedrichs—Poincaré inequality with constant c,, we obtain

ag(V,Vv) = /Q 20(#)Ssym : Ssym = 2411 [[Ssymll5.0 = 201 [le(V)[[5 o
M1 M1 mic H1
> mlviia = G Ve + GlslBa = St IVIEaa + 5 sl o,

which gives (3.41) with o depending on pq, ¢p, and |i||. The proof of (3.42), being very similar to the one of
(3.41) and using that K is a uniformly positive definite tensor, is omitted. (I

We now prove that b and b (cf. (3.18) and (3.20)) verify the inf-sup condition (3.29) from Theorem 3.1.
To this end, we first notice that a well known estimate (see e.g. [29], Lem. 2.3) that is valid for tensors in
the space Hoy(div;Q) = Hy(diva; ) (cf. (1.1)), can be easily extended to Ho(div,/s;2). More precisely, a
slight modification of the proof of Lemma 2.3 from [29] allows to show the existence of a positive constant ¢q,
depending only on €2, such that

1 ||7'||8,Q < H"'ng,Q + HdiVT”gA/S;Q V1 € Hy(divyys; Q). (3.43)

Then, we have the following lemma establishing the aforementioned inf-sup conditions.
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Lemma 3.3. There exist positive constants 3 and E such that

b \_1),7' .
sup Q >f HTHdiV4/3;Q V1 € Ho(divy,s; Q), (3.44)
AN
v #0
and .
b(v, T) ~ ~ .
sup ——=— > BT llaiv, 20 VT € H(divy,3;Q). (3.45)
ver ¢
P #0

Proof. Given T € Ho(divy/3; ), we denote by S(7) the supremum on the left hand side of (3.44). Then, taking
in particular v = (v,s) = (0, —7%) € H, we find that

b((0,-79),7) 750

S(r) = = = [0, (3.46)
(0, 79| [ IS '

In turn, denoting by 7; the j-th row of 7 ¥j = T,n, we now set v = (v,0) € H, with v := (vj) =17 and

v; = —div(7;)}/? € L(Q) Vj=T,n. Then, it follows that

. 4/3

b((v,0), T ||d1V(7')||04 3.0 .
s(r) = AEGD) = ST div(r) s (3.47)
’ ”le(T)”oA/s;Q

which, together with (3.46) and (3.43) imply (3.44) and complete the proof. In turn, given 7 € H(div,/3;),

the proof of (3.45) follows analogously by simply taking now E = (1,5) = (0,7) € H and J = (¢,8) =
(div(F)'/3,0) € H. Further details are not described. O

Some boundedness properties of the forms ¢(w;-,-) and ¢, are established next.

Lemma 3.4. The bilinear forms c(w;-,-) : Hx H — R and ¢y : H x H — R are bounded for each w € L*(Q)
with boundedness constants given in both cases by |wW|o,a.0, and there hold the following additional properties:

c(w;v,v) =0 and Cw(p,p)=0 VwelQ), VveH, VygeH, (3.48)

le(wid, v) — c(z;u, v)| < |w—2z]ouelul V] Vw,zeLYQ), Vu,veH, (3.49)
ew(9.9) — ewl(e, )| < Iwlogelle —¢lllvl  YweL(Q), Vo, veH, (3.50)
Cw(0.%) — E(e.¥)| < lw—zlloaallollllv] Yw,zeLY(Q), Ve, ycH, (3.51)

Proof. The boundedness of the forms ¢(w;-,-) and ¢y follows directly from their definitions (¢f. (3.19) and
(3.21)) by applying Cauchy—Schwarz inequality. Similarly, the null properties from (3.48) are consequence of
(3.19), (3.21), and simple algebraic computations. In particular, the one for ¢(w; -, -) uses the identity (v ®@ w) :
= sw - v, which is valid for all v, w € L*(Q), and for all s € L2(f2). Next, given w, z € L*(Q) and

s
u = (u,t), v = (v,s) € H, we obtain

|e(w; u,v) — oz H,V)‘

S [ovve [@ows - i [wve [wen) s}

s{Iw = zlosa [tlog IVosa + Iw = zllo.sq lullo.se lslos |

INIA

— —
W = z[lo,s;0 [[ul[[[v]],
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which proves (3.49). The inequalities (3.50) and (3.51) are derived similarly, and hence we omit the corresponding
details. 0

We are now in position to confirm that the operator S is well-defined.

Lemma 3.5. For each (w,¢) € LA(Q) x L4(Q), problem (3.23) has a unique solution (u,o) € H x
Ho(divy/3; Q). Moreover, there exists a positive constant Cs, independent of (w,$), such that

IS(w,9)|l := lull < Cs {llglloasllglecse + (1 + [Iwlose) lupllyzr} - (3.52)

Proof. Given (w,¢) € L*(Q) x L*(Q), we introduce the bilinear form Ay, : H x H — R defined by

— — — — — — —

Aw.o(U, V) = ay(u,v) + c¢(w; u,v) Yu, veH, (3.53)

whence problem (3.23) can be reformulated as: Find (u, o) € H x Hj (divy/s;€2) such that

Aws(U,v) + b(v,0) = Fy(v) Vv eH, (3.54)
b(u,7) = G(1) V1 € Ho(divy,s; Q). ’
It follows from (3.37) and Lemma 3.4 that there holds
[Awo (0. V)| < (2p2 + [Wlloae) W[ VI v, v eH. (3.55)

In addition, it is clear from (3.41) (¢f. Lem. 3.2) and (3.48) (cf. Lem. 3.4) that Ay, 4 is V-elliptic with the same
constant « from (3.41). In turn, we know from (3.44) (¢f. Lem. 3.3) that our bilinear form b satisfies the inf-sup
condition required by Theorem 3.1. On the other hand, simple computations show (cf. (3.22)) that

IEsl < 121" [ ¢llo,00 Iglleen and |Gl < [[upll1/ar- (3.56)

Hence, a straightforward application of Theorem 3.1 implies the unique solvability of (3.54) and the a priori
estimate (cf. first inequality in (3.31))

- 1 1 | Aw ||
S(w = < —|IF 14 G
1Stw, o)l := llufl < —| ¢|+ﬁ< +—_ )Gl
which, together with (3.55) and (3.56), yield (3.52) with C's depending on Q, us, o and 5. O

For later use in the paper we note here that, applying the second inequality from (3.31), and employing the
bounds given by (3.55) and (3.56) for || Aw, 4|, and for Fy and G, respectively, the a priori estimate for the
second component of the solution to the problem defining S (c¢f. (3.23) or (3.54)), reduces to

20 + [wlloge\ [192]'? 22 + [[Wllo,a:0
o] < <1+ o 3 18llo,4:2 9]l + THUDHUM : (3.57)

The following lemma proves the well-posedness of (3.24), or equivalently, that S is well-defined.

Lemma 3.6. For cach w € L*(Q), problem (3.24) has a unique solution (p,&) € H x H(div,/3; ). Moreover,
there exists a positive constant Cg, independent of w, such that

IS =121 < C5{(1 + IKlloo) llenlljor + IWloa lnlliar - (3.58)
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Proof. It proceeds similarly to the proof of Lemma 3.5 by using now that problem (3.24) can be reformulated
as: Find (¢,5) € H x H(div,/3; ) such that

Au($0) +b($,5)=0 Vo eH, (3.59)
b, 7)=G(F) VTe H(divy,3; ),

where, given w € L4*(Q), Ay, : H x H — R is the bilinear form defined as

—

A(@,0) = @3, 0) + 2w(@,9) Ve, el

We omit further details and refer to Lemma 3.6 of [17]. O

4>

Similarly as for the derivation of (3.57), we now notice that, applying again the second inequality from (3.31),
and employing the aforementioned bounds for | Aw]|| and ||G||, the a priori estimate for the second component
of the solution to the problem defining S (¢f. (3.24) or (3.59)), reduces to

~ Klloo.0 + ||[Wll0.4: Klloo.0 + ||[W|l0.4:
Ho_” < (” || ,Q 52“ ||0,4,Q> {1+ || || ,Q 62“ ||0,4,Q} ||<,0D||1/271" (360)

3.4. Solvability analysis of the fixed-point equation

Having proved the well-posedness of (3.23) and (3.24), thus ensuring that operators S, g, and hence T, are
well-defined, we now aim to establish the existence of a unique fixed-point of the operator 7. We begin by
providing suitable conditions under which 7" maps a ball into itself.

Lemma 3.7. Given r > 0, let W be the closed ball in L*(2) x L4(Q) with center at the origin and radius r,
and assume that the data satisfy

{(+1lenllar) (lgllees + [unllir) + (1+1Klw) lenlzr} (3.61)

<
where C(r) := Cs max {1, Cg} (r+1) + Cg, and Cs and Cgz are the constants specified in Lemmas 3.5 and 3.6,
respectively. Then, there holds T(W) C W.

Proof. Given (w,¢) € W, from the definition of T' (cf. (3.25)) and the a priori estimate for S (cf. (3.58)), we
first obtain

(S1(w,6), SL(S1(w, o))l = [S1(w, &) + [51(S1(w, ¢))l|

1T (w, o)l = |l
(1+Csllepliyzr) 151w, ¢) 5 (14 [Kllwg) l¢nll1/2,r-

IA

Then, bounding ||S1(w, @)||0.4;0 in the foregoing inequality according to the estimate (3.52), noting that both
lwllo,4;0 and ||@]o,4;0 are bounded by 7, and performing some minor algebraic manipulations, we arrive at

IT(w, )|l < C(r) {(1 +llenllizr) (Igle.e + luplizr) + (14 [Klxg) ||90D||1/2,r},
which, thanks to the assumption (3.61), yields || T(w, ¢)|| < r and ends the proof. O

We now aim to prove that the operator T is Lipschitz continuous, for which, according to (3.25), it suffices
to show that both S and S satisfy this property. We begin next with the corresponding result for S, for which
we need to assume further regularity on the solution of the problem defining this operator. More precisely, we
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suppose that up € HY/2+¢(T") for some € € [1/2,

) (when n = 2) or € € [3/4,1) (when n = 3), and that for each
(w, ¢) € LY(Q) x L) there holds S(w, ¢) := u =

1
W (u,t) € W4(Q) x (LZ(Q) NH(Q)) and

(

with a positive constant cg independent of the given (w, ¢). We notice that the reason of the indicated range
for € will be clarified in the proof of the following lemma.

lulleaa + ltleo < s { 49) [upllizser }, (3.62)

Lemma 3.8. Assume the regularity assumption (3.62). Then there exists a positive constant Lg, depending on
L,, a, €, n, and |Q|, such that
||S(W7 ¢) - S(Za 1)[})”

< Ls {Iw ~zlloan1S@ )| + 16— tloan (gl + [S:(zv)0)} (363)

for all (w, ), (z,7v) € LYQ) x LY(Q).

Proof. Given (w, ), (z,7) € L4(€) x L4(Q), we let u = (u,t) := S(w, ) and Uy = (up, to) := S(z, %) be the
respective solutions of (3.23). It is clear from the corresponding second equations of (3.23) that u — ug € V
(¢f. (3.34)), and then the V-ellipticity of ae (c¢f. (3.41)) and the first equation of (3.23) applied to both S(w, ¢)
and S(z,1), yield

a||a —Goﬂz < ag(u,u —ug) — a¢(ﬁo,ﬁ

- (3.64)

I
<
[
|
el
s
I
=

We now estimate the right hand side of (3.64) by separating it into three suitable terms. Inded, we first observe
that

| Fo(u — o) — Fy(u — uo)| = [Fy—y(u —to)| < |2 |6 —¢]lo.a [lglloce [0 — to]- (3.65)

Then, using from (3.48) that c(w; u-—ugu-— Ho) = 0, and applying (3.49), we find that

— — — — — —
|c(z; up, u — ug) — ¢(w; u, u — up)|
— = — — = —
c(z;up,u — uo) —c¢(w;ug,u — uo)‘ (3.66)

—

< |lw —zfo.s0 [[Wo]| [0 — dol-

Next, employing the Lipschitz continuity of u (¢f. (2.2)), and the Cauchy—Schwarz and Holder inequalities, we
deduce that

|a¢(1_1)07 1_1) - l—1)0) - CL¢(HO, 1—{ - H0)| = ‘2/52 (HW) - :u(gb))to,sym : (t - tO)
< 2L, || - ¢) u

(3.67)

14

1 1
where p,q € [1,00) are such that — + — = 1. In this way, bearing in mind the further regularity (3.62), we

p q
recall that the Sobolev embedding theorem (¢f. [1], Thm. 4.12, [24], Cor. B.43, [38], Thm. 1.3.4) establishes the

if n =2,
continuous injection i, : HY(Q) — L*(Q), where ¢* = { '€ " . Thus, choosing p such that 2p = €*,
o5 ifn =

there holds to € L% (Q) and [tolo,2p:0 < |lic|| [[to]]e.o- Moreover, with this choice of 2p, we obtain that 2¢g = n/e,




1540 E. COLMENARES ET AL.

and hence, using that for the specified ranges of € there holds ||ty — ¢[/o.n/e:0 < c(€,n,(Q|) || — @llo,4;0, With a
positive constant c(e,n, |Q2]) depending on €, n, and ||, (3.67) becomes

—  — —

|ay (W0, u — wo) — ag (o, u — w)| < 2L, [lic] cle,n, [Q]) [ — Bllo.se [[tolleg [0 — ol (3.68)

Finally, replacing (3.65), (3.66), and (3.68) back into (3.64), and then simplifying by ||u — uol|, we get (3.63)
with Lg 1= a™! maX{l, Q2 2L, ||ic| c(e,m, |Q|)} |

We find it important to stress at this point that in the particular, though very frequent situation in applica-
tions, in which the viscosity p is constant, the regularity assumption (3.62) is not needed anymore. In this case,
the Lipschitz-continuity estimate (3.63) reduces to

18(w,6) = S| < Ls {Iw = zloaa 5@ )] + 16 = vllo.snlglen | (3.69)

for all (w, @), (z,v) € L*(Q) x L*(Q), with Lg = a™!.
We now establish the Lipschitz-continuity of S.
Lemma 3.9. There exists a positive constant Lg, depending on a and Cg (cf. Lem. 3.6), such that
1S(w) — S(=)]|

3.70
< Lglle - whoan { (14 1Klc.0) loplhsr + lalloso lenlar (370

for all w, z € L*(Q).

Proof. We proceed analogously to the proof of Lemma 3.8. We refer to Lemma 3.9 from [17] for further
details. (]

As a consequence of the previous lemmas, we establish now the Lipschitz-continuity of 7.

Lemma 3.10. Assume the reqularity assumption (3.62). Then there exists a positive constant L, depending
on Ls, Lz, Cs, and cg, such that

< Lp {1+ (141K w0 + [¥lo.10 Igloe + 1+ I2lo.40) lupll o) lenlyer} @)
% (14100 (Ighen +luplzer) Iw.é) = (2,0)]

for all (w, $), (z,7) € L4(Q) x L*(Q).

Proof. According to the definition of T' (cf. (3.25)) and the Lipschitz-continuity of S (cf. (3.70)), we first obtain
that

IT(w,¢) = Tz, )| = [1S1(w, ) = Si(z, %) + 191 (S1(w,8)) — 51 (Si (=, )]l

3.72
< {1+ Ls(1+ [Klos) lenlh 2 + LelSi(@ ) [onlh o } ISi(w.0) - i@l O
In turn, the Lipschitz-continuity of S (¢f. (3.63)) gives
||S (W7¢) -5 (Z7¢)“
' ' (3.73)

< L {lIw = zllo.se 15 0)ll + 16 = vlosa (llglen + 15:02,9)llee) },

whereas the a priori estimate of S (c¢f. (3.52)) establishes

150l < Cs {I¥loaalglen + (1 + l2los0) luplr b, (3.74)
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and the regularity assumption (3.62) yields

ISa(z.)leq < es {[¥llosn lglen + (1 + lzlone) luplyzier (3.75)

In this way, employing (3.74) and (3.75) in (3.73), replacing the resulting estimate in (3.72), bounding |[up||1 /2,0
by [lupll1/2+er, and performing several algebraic manipulations aiming to simplify the whole writting, we are
lead to (3.71) with Ly := Lg max {1, Lz,CsLg} max {2Cg,2cg,1}. O

We are now in a position to establish sufficient conditions for the existence and uniqueness of a fixed-point of
T (equivalently, the well posedness of the coupled problem (3.17)). In this regard, we stress here that the lack
of compactness in the Lipschitz-continuity estimate provided by T' (¢f. (3.71) in Lem. 3.10) stop us of using the
classical Schauder theorem to conclude only existence of a fixed point of this operator. This is the reason why
in what follows we simply apply the Banach theorem by imposing T to be a contraction. More precisely, we
have the following result.

Theorem 3.11. Given r > 0, let W be the closed ball in L*(Q2) x L4(Q) with center at the origin and radius r,
and assume that the data satisfy (3.61), that is

{@+Ienlar) (gl + uplyer) + (4 1Klxo) leplyar} < g (3.76)
where the constant C(r) is specified in Lemma 3.7. In addition, define
C(K,g,up,¢p) i= {1+ (1+ Kt + gl + [0nlli2r) lenll1/or}, (3.77)
assume the regularity assumption (3.62), and suppose that
Ly (1+1)? C(K. g.up, ¢p) (gl + [uplzecr) < L. (3.78)

Then, the operator T has a unique fized point (u,p) € W. Equivalently, the coupled problem (3.17) has a unique
solution (u, o) € H x Ho(divy/3; Q) and (p,6) € Hx H(divy3; ), with (u,p) € W. Moreover, there hold the
following a priori estimates

Il < Cs {rlgleg + (1+7) [upljzr - (3.79)
130 < G5 {1+ Kl + 7} lgn Iz, (3.80)
2o + 7 R 2410 + 7
fot < (14 2250) {8 fglc + 222 o} (351
" K] I
~ 00, QT T QT
& < (é’) {1+5’f’} leplliy2,r- (3.82)

Proof. We first recall from Lemma 3.7 that, under the assumption (3.76), T' maps the ball W into itself. In
addition, given (w, @), (z,%) € W, ||(z,¢)||, ||z]|, and ||| are certainly bounded by r, and hence the estimate
(3.71) yields

||T(W, ¢) - T(Z, ?/J)”
< Ly (14+7)*C(K,g,up, ¢p) (”gHooQ + ||uD||1/2+e,F> [(w,¢) — (z,9)]l

for all (w, @), (z,¢) € W. In this way, (3.78), the foregoing inequality, and the classical Banach theorem imply
the existence of a unique fixed point (u, @) € W of T. Thus, defining u := S(u, ¢) and ¢ := S(u), and letting
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o and o be the second components of the solutions to (3.23) and (3.24) (or (3.54) and (3.59)), respectively,
with (w, ) = (u, ), we conclude that (H, o) € H x Ho(divy/s; Q) and (5,5’) € H x H(div,/3; 2) constitute a
unique solution of (3.17) with (u, ) € W. Consequently, the estimates (3.79), (3.80), (3.81), and (3.82) follow
straightforwardly from (3.52), (3.58), (3.57), and (3.60), respectively, by bounding ||w| = ||lu|| and ||¢|| = ||¢]|
by r. a

4. THE GALERKIN SCHEME

In this section we introduce and analyze the corresponding Galerking scheme for the fully-mixed formulation
(3.17). The solvability of this scheme is addressed following basically the same techniques employed throughout
Section 3.

4.1. Preliminaries

Consider arbitrary finite dimensional subspaces Hj C L*(2), Hf, C LZ.(Q), HY C Ho(divy/3;Q), Hf € L*(),
H{ C L*(Q), and H C H(div,/3;2), whose specific choices will be described later on Section 5. Hereafter, h

stands for the size of a regular triangulation 7;, of Q made up of triangles K (when n = 2) or tetrahedra K
(when n = 3) of diameter h, that is h := max {hK K e Th}, and denote

uy, = (up, tp), Vo= (Vh,sh), Ho,h = (up,h, to,n),

as elements of Hy, := H}! x Hf, and

S_éh = (Sohafgh)7 Jh = (¢h7§h>7

as elements of Hj, := HY x H,E In addition, from now on we denote the symmetric and skew-symmetric part of
each sy, € HZ by Sh.sym and sp siw, respectively. Then, the Galerkin scheme associated with (3.17) reads: Find

Up, o) € Hy, x H? and (¢, ,6, € Hj, x H? such that
H, x H? and (), H, x H? such th

a%(ﬁ'h,vh) + C(uh;l_l)h,;h) + b(\_;h,dh) = Faph(‘_;h) V;’)h € Hy,
b(uh,‘rh):G‘rh) V‘l’hEHg, (4 1)

(@, ¥n) + Can (P 1) + (¥ on) =0 Vi € Hp,

b(p, Th) = G(Th) V7, € HY.

In order to analyze (4.1), we now follow a discrete analogue of the fixed point approach developed in Section 3.2.
To this end, we first introduce the operator Sy, : Hj x Hf — H), defined by

Sh(Why 1) = (S1.0(Wh, dn), So.n(Wh,dn)) = p ¥ (wp,op) € HY x HY,
where (u,0,) € Hy x HY is the unique solution (to be confirmed below) of the problem

a¢h(1_1>h,\_/>h) + C(Wh;l_l)h,;h) =+ b(\_/:h,a'h) = Fq&;;(‘—;h) V;h c Hh,

b(ﬁh,‘rh) = G(Tp) VT, € HY. (42)
In turn, we also let §h Hy — ﬁh be the operator given by
Sp(wp) = (§1,h(wh)>§2,h(wh)) =9, Vwy, € H},
where (g,,,65) € Hy x HY¢ is the unique solution (to be confirmed below) of the problem
G 0n) + B () + D5 =0 Ve € H, (43)

b(pn,7h) = G(Tr) V7T, €HT.
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Hence, by introducing the operator T}, : H}! x Hf — HJ! x HY as

Th(Wh, on) = (Sl,h(Wm¢h)7§1,h(51,h(wha¢h))> Y (wn,¢n) € Hj x HY, (4.4)

we realize that solving (4.1) is equivalent to seeking a fixed point of T}, that is: Find (uy, ¢5) € H}f x H} such
that
Th(up, n) = (ap, @n)- (4.5)

4.2. Solvability analysis

We now aim to establish the well-posedness of problem (4.1) by analyzing the equivalent fixed-point equation
(4.5). More precisely, we will apply the well-known Brouwer fixed-point theorem (c¢f. [16], Thm. 9.9-2).

According to the above, and exactly as we did for the continuous case in Section 3.4, we begin by showing
that the operators Sy, and S, (and hence T},) are well defined. For this purpose, we need to introduce general
hypotheses on the discrete spaces employed in (4.1). In this regard, we stress that later on we will provide
specific examples satisfying these conditions. We begin with the following assumptions:

Assumption 4.1. There exists a positive constant 34 > 0, independent of h, such that

b Vh Th
sup BVBTH 5 g e Y € HE (4.6)
“hen, ||Vl
V5, #0

Assumption 4.2. Let Vy, be the discrete kernel of b, that is

V= {\_f)h = (vp,sp) € Hy : / Th:Sp + / vy -div(Ty) = 0 VT, € Hz} (4.7)
Q Q
Then, there exists a positive constant Cyq, independent of h, such that
Ish.symllo.e > Call(Vasshaa)ll ¥V Vi i= (vVi,sn) € V. (4.8)
Then, the discrete analogue of Lemma 3.5 is as follows.

Lemma 4.3. For each (wp, ¢p) € Hj} xH} | problem (4.2) has a unique solution (un, o) € Hy xHY . Moreover

there exists a positive constant C'g 4, independent of h and (Wy,, ¢p), such that

10w &)l = [nll < Csa{llénloallglen + (1+ IWalloa) [unlor - (49)

Proof. Given (wy, ¢p) € H} x HY, we let Aw, 4, : Hy x Hy — R be the bilinear form defined by

— —

Aw o (W, Vi) 1= ag, (W, Vi) + c(wps Up, Vi) Vup, v € Hy x Hy,
and observe that problem (4.2) can be reformulated as: Find (Hh, o) € Hy, x HY such that

Awnon (W, Vi) + b(Vi, o) = Fy, (Vi) Vv, € Hy,

v (4.10)
b(uh,T}L) ZG(Th) VT}L EHZ.

We already know from (3.53) and (3.55) that Ay, ¢, is bounded with |[|Aw, .|| < (212 + |[Whllo,4:2). Then,

given v, 1= (Vi, 1) € Vi, we employ (4.8) (¢f. Assumption 4.2) and find that

— =

060 (s ¥8) = [ 20(00) Sty St = 201 [3hmlF
Q

v

mllsnymlEe + mCE {llsnaolia + VAl a0}

V

i min {1,C2} Va2,
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which, together with the fact that c(wh;vh,vh) = 0, yields the Vj-ellipticty of both ay, and Ay, 4, with
constant ag = 1 min {1, C’g}. In turn, it is clear from Assumption 4.1 that b satisfies the corresponding inf-
sup condition required by Theorem 3.1. In this way, a straightforward application of this theorem implies the
unique solvability of (4.10). Moreover, recalling from (3.56) that there hold ||y, || < |22 ||¢nll0.a:0 |9]lc.0
and ||G|| < [luplli/2,r, and applying the a priori estimate given by the first inequality in (3.31), we deduce
that

1 202 + [|Whl0,4:0
E (1 + adH> HuD”l/Q,Fa

which yields (4.9) with Cg 4 depending on Q, ug, aq and . O

— 1
1Sn(wn, o)l = [lunll < Ojdlﬂ\l/2 19nllo.a2 gl +

We remark here that, proceeding similarly to the derivation of (3.57), we obtain that

2415 + ||Wh||o,4;n> { Q)72 249 + ||wallo.a:0
Ba 65,

Next, for the well-posedness of problem (4.3), we need the following assumptions:

| én

loull < (1+ 040 gl + ||uD||1/2,r}. (4.11)

Qg

Assumption 4.4. There exists a positive constant Bd > 0, independent of h, such that

B, 7 _ o
sup M 2 BalTrllaivy g0 V7Tr € HE. (4.12)
zheﬁh ”wh”
¥, #0

Assumption 4.5. Let \N/'h be the discrete kernel ofg, that is
{/h = {’L/Jh = (whagh)Eﬁhi /?h'gh + /whdiv(?h) =0 V;hEHg}. (4.13)
Q Q
Then, there exists a positive constant E'd, independent of h, such that

Brllo.e > Callvnlloan Y4y, == (¥n,8n) € V. (4.14)

The following lemma constitutes the discrete analogue of Lemma 3.6.

Lemma 4.6. For each wy, € H}!, problem (4.3) has a unique solution (zh,bv'h) € Hy, x H;': Moreover there

exists a positive constant Cg 4, independent of h and wy,, such that

1Sh(wi)ll = [[@nll < Cg,d{(l + [Kllso.2) lenlli/zr + [Walloan ||<pD||1/2,r}. (4.15)

Proof. This proof is analogous to that of Lemma 4.3. Indeed, given w;, € H}}, we let ./Twh :H, x H, — R be
the bilinear form defined as

Aw, (00, 01) = @D, ) + Cwn(@ns ) Vop. ¥y € Hy,

so that problem (4.3) can be reformulated as: Find (5}“ o) € H; x H? such that

~ ~

A (Fns ) + By 30) = 0 V4, € Ha, (4.16)

b(¢p,Th) = G(Tn) Y7, € HY.
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As in the proof of Lemma 3.6, we observe from (3.39) and Lemma 3.4 that .th is bounded with H.thH <
|IKl|0o,2 + [Wr||0,4;02- In turn, denoting by x > 0 the smallest eigenvalue of the uniformly positive tensor K, and

employing (4.14) (¢f. Assumption 4.5), we find that for each Zh = (¢Yn,sp) € V), there holds

a(Pp, vy) = | Ksp-8p > kSulgq
2 K ~

5 ||Sh||g,sz + 5 Ci ||1/Jh\|3,4;9

K . ~ -

5 mm{LC’f} Hwh”2ﬂ

v

v

which, together with the fact that ¢y, (¢, ¥5) = 0, proves the \N/'h—ellipticity of both @ and .Z(Wh with constant
Qq = g min {1, 5’3} Thus, bearing in mind the discrete inf-sup condition satisfied by b (¢f. (4.12) in Assump-
tion 4.4), another application of Theorem 3.1 confirms the unique solvability of (4.16). In addition, recalling

from (3.22) that |G| < l¢plli/2,r, and applying the a priori estimate given by the first inequality in (3.31),

we find that K| i
1 Q1 [[Whrllo,4,0
= (1 + —~ f ) ||<PD||1/2,F,
d

1Su(will == [lenll < =
which shows (4.15) with C'z , depending on ag and Bd. O

d

We now notice that, following the same arguments yielding (3.60), we are able to show that

— Klloo,0 + [[Whl0,4:0 Koo, + [[Whll0,4:0
ol < (Kleent o] 14 oo +lwnfose oy (4.17)
6d Qq

The discrete analogue of Lemma 3.7 is stated next. Its proof, being a simple adaptation of the arguments
proving that lemma, is omitted.

Lemma 4.7. Given r > 0, let W), be the closed ball in H}} x H} with center at the origin and radius r, and
assume that the data satisfy

r

Ca(r)’

{(t+1lenlar) (Iglsos + upl/zr) + (1+ 1Klso) lenlhjar} < (4.18)
where Cyq(r) := Cgamax{1,C5,}(r+1) + Cg,, and Csq and Cg, are the constants specified in Lem-
mas 4.3 and 4.6, respectively. Then, there holds Tp(Wy) C W),.

We now address the Lipschitz continuity of T}, which, analogously to the continuous case, is consequence of
the fact that both Sj and S}y, satisfy this property. Indeed, in what follows we state the discrete analogues of
Lemmas 3.8 and 3.9.

Lemma 4.8. There exists a positive constant Lgq, independent of h, and depending on L,, and aq, such that

lSh(Wh, n) — Sh(Zn, ¥n) |l

4.19
< Lsa {Iwn — mlose 5@, o)l + 16— valoso (lgleo + 1S2nnon)lose) 419

for all (wh, én), (zn,vn) € Hy x Hy.
Proof. Given (wp, ¢1), (zn,%n) € HY x HY | we let = (up, tn) = Sp(Wh, ¢n) and ugp = (o, ton) ==
)

Sh(zn,¥n) be the respective solutions of (4.2) (equivalently (4.10)). Then, the proof of (4.19), starting now
from the V,-ellipticity of a,, with constant ag (cf. proof of Lem. 4.3), is very similar to the one for Lemma 3.8.
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However, since a regularity assumption such as (3.62) is not available in the present discrete setting, we estimate
y,, — Gy, by using an L* — L* — L? argument. In this way, instead of proceeding as in (3.67), we simply obtain

— — —

|ay, (Won, W — Won) — ag, (Won, Wp — Won)| < 2L, [n = dnlloase [[tonlloae |Wn — don

L (4.20)

The rest of the estimates are similar to those in the proof of Lemma 3.8, and hence further details are
omitted. O

We remark here that, differently from the continuous case, in which ||S2(z, )| .o (c¢f Lem. 3.8) can be
bounded by data thanks to the regularity assumption (3.62), the discrete analogue term ||S2 5 (2, ¥n)l0,4:0
on the right hand side of (4.19) just remains as it is, and hence its eventual boundedness independently of h
can not be insured. Nevertheless, similarly as noticed after Lemma 3.8 (c¢f. (3.69)), we also stress that when
the viscosity u is constant, the expression on the left hand side of (4.20) vanishes, so that the aforementioned
L* — L* — L2 argument is not required anymore, and hence the Lipschitz-continuity estimate (4.19) becomes

1Sk (W, &n) — Sh(zn, ¥n)|| < Lsa {||Wh —znllo,a:0 [1S(zn, Yr)|| + |60 — ¥nllo,a0 ||g||oo,n} (4.21)

for all (W, én), (zn,¥n) € Hjf x HY .
In turn, the result for the operator S}, is established as follows

Lemma 4.9. There erists a positive constant Lz ,, independent of h, and depending on agq and Cg, (cf.
Lem. 4.6), such that

1Sh(Wn) — Sh(zn)||
< Lg,d th — Wp

(4.22)

040 { 0+ IKll.0) llenlly/er + Iz llosa lnl/zr |
for all wy,, z, € H}.

Proof. Tt follows very closely the arguments from the proof of Lemma 3.9. We refer to Lemma 4.6 from [17] for
further details. O

As a straightforward consequence of the previous two lemmas, we now establish the continuity of the operator
Ty,.

Lemma 4.10. There exists a positive constant Lt 4, depending on Ls g4, Lg,, and Cs 4, such that

| Th(Wh, &1) — Th(zn, ¥n) |l
< Lra {14 (14 [Klwo0 + [¥nllo.40 Iglloc.0 + (1 + [2nllo.60) [unlh2r) lenlliyar (4.23)

(14 @n vn)l)) (lglloos + Ianlljzr + 1820 ) lo.se ) 1(Was 6n) = (2, n) |

for all (Wp, ¢n), (zn,¥n) € Hjf x HY .
Proof. Tt follows analogously to the proof of Lemma 3.10. See Lemma 4.7 of [17] for details. (]

We are now in position of applying the Brower fixed point theorem to establish a solvability result for the
coupled problem (4.1).

Theorem 4.11. Given r > 0, let Wy, be the closed ball in H}! x H} with center at the origin and radius v, and
assume that the data satisfy (4.18). In addition, suppose that the Assumptions 4.1, 4.2, 4.4, and 4.5 hold.



A FULLY-MIXED FEM FOR BOUSSINESQ 1547

Then, the operator Ty, has a fized point (up,on) € Wy. Equivalently, the coupled problem (4.1) has at least
a solution (ﬁh,ah) € H, x HY and (zh,&h) € H;, x H‘g, with (up, pp) € Wy. Moreover, there hold the
following a priori estimates

Junl < Csa{rligloca + (14+7) upljzr}, (4.24)
18l < Cs0 {1 + Kllaos2 + 7} ln ]l /2.r, (4.25)
2o + 1 0|1/2 Qo + 1
lonll < (1+ ) {' | rlglleen + 22 upllijor b (4.26)
e%} Ba B4
and
~ Klloo.o + 7 Koo+
&l < <”|B> {1 Bt o), (1.27)
Proof. Tt follows similarly to the proof of Theorem 3.11. See Theorem 4.8 of [17] for details. (]

We end this section by stressing that, in the particular case of a constant viscosity, the estimate (4.21)
and the Banach fixed-point theorem can be applied to improve the foregoing result by proving both existence
and uniqueness of solution of (4.1). Indeed, in this case the term ||Sz 1, (25, ¥n)|lo,4:0 in (4.23) does not appear
anymore, whence all the terms multiplying ||(wp,, ¢n) — (zn,%r)|| there can be bounded by data, which then
allows to impose a condition on them insuring that T} is a contraction.

5. SPECIFIC FINITE ELEMENT SUBSPACES

In this section we employ some tools from functional analysis to derive specific finite element subspaces
H} C L4(Q), HY C L2.(Q), HY C Ho(divys;Q), HY € L*(Q), H C L*(Q), and HY C H(divy,3;Q), satisfying
the crucial discrete inf-sup conditions given by Assumptions 4.1, 4.2, 4.4, and 4.5. In what follows, given a
positive integer ¢ and a set O C R™, P;(O) stands for the space of polynomials of degree < ¢ defined on O, with
vector and tensorial versions denoted by Py(O) := [P,(O)]™ and Py(O) := [Py(O)]™*", respectively. We begin
the analysis with a section providing a couple of abstract results on inf-sup conditions.

5.1. Preliminary results on inf-sup conditions

In what follows, given X and Y reflexive Banach spaces and a bounded bilinear form b : X x Y — R, we
let B: X — Y’ and B’ : Y — X’ be the bounded linear operator and its modified adjoint induced by b,
respectively, which are defined by

B(z)(y) := b(z,y) and B'(y)(z) := b(z,y) V(z,y) € X x Y.

Note that the concept modified adjoint employed here refers to the fact that, while the adjoint of B should
actually act from Y to X', the reflexivity of Y allows to redefine it as stated.
Then, we have the following result.

Lemma 5.1. Let X, Y, Y1, Ys, and Z be reflexive Banach spaces with Y1 and Yy being closed subspaces of
Y such that Y = Y] @& Yy, and assume that the norm of Y can be redefined, equivalently, but with constants
independent of Y1 and Yz, as ||yl == llpall + llv2ll Yy=w1 +y2 €Y, withy; € Y; for j € {1,2}. In addition,
letb: (X xY) x Z — R be a bounded bilinear form with boundedness constant denoted by ||b|, and define the
following subspaces:

V= {(x,y) eXxY: b((x,y),z) =0 Vze Z}, (5.1)

and
Zy = {z €Z: b((z,y2),2) =0 V(z,52) € X x YQ} (5.2)

Then, the following statements are equivalent:
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(1) there exist positive constants 1 and B such that

b((x,y), 2)

sup > Bzl VzeZ, (5.3)
@wexxy (@, y)ll
(w,y)#0
and
lyill = B2 ll(z,y2)ll V(z,y) €V, with y=y1+y €Y1 0Ys=Y. (5.4)
(2) there exist positive constants B3 and B4 such that
b((x,y2), 2
p O el e e xxm 55)
270
and
b((0,91),
sup M > B4 7]] Vze Z. (5.6)
y1€Y] ”yl ”
y170

Proof. We refer to Lemma 5.1 of [17] for the full details of this proof. The main tools employed include the
introduction of the bounded linear operators induced by each one of the bilinear forms involved, and the
application of related results from linear operator theory. In particular, the characterization of an injective
operator with closed range and its equivalence with the surjectivity of the respective adjoint operator play key
roles here. O

We now provide sufficient conditions for the inf-sup condition (5.5).

Lemma 5.2. In addition to the notations and assumptions from Lemma 5.1, we now introduce the subspace
7y = {ZGZ: b((z,0),2) =0 VxEX}, (5.7)

and assume that there exist positive constants (85 and Bg such that

b((x,O),z)

sup > Gsflall  VaeX, (5.8)
ez |2l
27#0
and
b((0,y2), 2
sup b((0.1),2) > Belly2ll  Vyo € Ya. (5.9)
cezy  IZl
z#0

Then, the inf-sup condition (5.5) is satisfied.

Proof. The proof of this lemma, whose complete details can be found in Lemma 5.2 of [17], hinges on simple
algebraic implications of the inf-sup conditions (5.8) and (5.9), which allow to find two vectors in Z and Z;,
respectively, satisfying corresponding inequalities involving b. Then, a suitable linear combination of them is
chosen to bound below the supremum in (5.5), which yields this inf-sup condition. O

Furthermore, we remark that a particular case of the equivalence between the statements (1) and (3) in
Theorem 3.1 of [31] would imply that actually (5.5) and the pair (5.8) and (5.9) are equivalent. However, the
necessity of (5.9) requires additionally that the kernel of the bilinear form b((0,-),-) : Y2 x Z; — R be the null
space, that is that

{meva: b((0,0).2) =0 vzez} = {o}, (5.10)

which is not included in the statement of Theorem 3.1 from [31]. In any case, and though (5.10) clearly follows
from (5.9), for our analysis below we do not need neither such equivalence nor (5.10) as such, but only the
sufficiency provided by Lemma 5.2.
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5.2. The subspaces H}, H%v and Hf

We now aim to derive specific finite element subspaces H}!, H , and HY satisfying the Assumptions 4.1 and 4.2.
To this end, we first split Ht as Hf = H} © Hf > where

hsym
HE o = {sh eHt: sf = sh}, (5.11)

and
HY, gow = {sh eHt: sb = - sh}, (5.12)
and observe, due to the orthogonality between Hj, . and Hf ., that for each s, = sp sym +Shskw € HJ i ©

H} i = HJ, there holds

1
ﬁ {Hsh,sym

Then, applying Lemmas 5.1 and 5.2 (particularly the fact that (5.3) and (5.4) follow from (5.6), (5.8), and (5.9))
to the setting given by the spaces

0.0 + ||Sh,skw||O,Q} < Isnllo,o < lsh,symllo,0 + [|Sh,skwllo,0-

X = Hza Y1 = H%z,sym’ Yy = H;L,skwv Y = H;m Z = HZ,

and our bilinear form b (¢f. (3.18)), we conclude that, in order to verify Assumptions 4.1 and 4.2, we just need
to show the corresponding inf-sup conditions given by (5.6), (5.8), and (5.9). In other words, we need to prove
that there exist positive constants (4, B5, and 8¢, independent of h, such that

b (0 Sh, ) Th / Th : Shsym
sup ( H; synﬁ ) ) _ sup SHQS*” > 0Oy ||Tthiv4/3;Q Y15, € Z())h, (5.13)
Shosym €5, o h,sym /0,92 Shosym€H o h,sym {0,
Sh,sym 70 Sh,sym 70
~div(Tp)
b (Vh 0) Th /Vh
om0mn) _ o do ™ T e e Vv e, (5.14)
reng | Tollaivese  -pene 1 Thllaivy 0
Th;éo Th;éo
and
- Sh,skw
b (0 Sh,sk ) Th /Th ?
Sup ( » Sh,skw ), ) = sup e 000 > B ||Sh7SkW||07Q V'Sh skw € H}L,Skw7 (5.15)
ThEZY ||Th||diV4/3;Q ThEZ1,n HTh||diV4/3;Q
Tr7#0 Th#0

where, according to (5.2) and (5.7), we have

ZO,h = {Th S Hg : b((Vh, Sh,skw)vTh) =0 V(Vh, Sh,SkW) € HE X H}:L,skw}
= {Th € HY : / v -div(Ty) =0 Vv, € Hp (5.16)
Q
and Th ' Shskw = 0 vsh,skw S Hz,skw}a
Q

and

(5.17)

Zl,h = {Th S HZ : b((Vh,O),Th) =0 Vv,e€ HZ}

Tr € HY : /Vh'diV(Th):O VvheHz}.
Q
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Throughout the rest of this section we address the verification of (5.15), for which we concentrate on the 2D
case. As a result of this analysis we will be able to propose specific finite element subspaces H}, Hf , and HY,
which will then be considered in Section 5.3 to prove the remaining inf-sup conditions (5.13) and (5.14).

In order to deal with (5.15), we now proceed as in [9,25] (see also [10], Prop. 9.3.2 and [29], Sect. 4.5), and
let Uj, and Q, be arbitrary finite element subspaces of H}(2) and L2(€2), respectively, such that Py(€2) € Qp,
and so that U, and Qp = @h N L2(Q) yield stability of the Galerkin scheme associated with the primal
formulation of the Stokes problem. This means that, for each pair (f,g) € H§(Q)" x LZ(Q)’, there exists a
unique (zp,pr) € Uy X Qn, with zj, := (25,1, 2n,2)%, such that

/ Vz, : Vwy, + /ph diV(Wh) = f(Wh) Vwy €Uy,
Q Q (5.18)
andiv(za) = g(gn)  Van € Qn,

Q

and

o < Co{IfI + lgll}, (5.19)

with a positive constant Cj independent of h and the subspaces U and @h. In particular, from now on we

1zl + pn

consider f as the null functional and g as the functional induced by a given g, € Qp, that is 9(qn) == / qn qn
Q
Vqn € Q. In this way, assuming that P1(Q2) C Uy, and taking wy(x) 1= (—x2,21)" Vx := (z1,22)* € Q, the

first equation of (5.18) gives
Ozn1 | Oz
_ : ’ = 0. 5.20
/Q{ 8.’172 * 81‘1 } ( )

In turn, we let ]ﬁlg be a finite element subspace of H(div,/3;€2) such that Py(Q2) C ﬁg, and set Hf :=

]ﬁlg N Hy(divy/s; 2). Then we assume that Hj and }ﬁlg are chosen such that div(]I/-]\IZ) C H}, whence (5.17)
yields

Zl,h = {Th S HZ : diV(Th) =0 in Q} (521)

Next, we set
Ozp1 Ozna

)

cp = 1 / an curl(zy) := O &l
1 Jo ™ _Ozpp Oz |
&rz 8(E1
and define the tensor 0 1
T = curl(zy) + ¢ ( ) ,
0 0

which is obviously divergence free. In addition, we see from (5.20) that [, tr(7,) = 0, and assuming that

curl(Uh) +Py(R2) C ]ﬁlg, we realize that 7, € Z1 5. Then, we notice that g, — ¢, € Qp, and observe, thanks
to the divergence theorem, the fact that z;, vanishes on T', and the second equation of (5.18), that

[ andive) = [ @ - ) divm) = [ @) = l@lia - 101
Q Q Q
In this way, considering the particular choice sp gw = (_Oah qél ), we find that

N . ~ 1
[ Fnishaon = [ Gudivian) + 190t = [0 = 5 lsnan B0, (5.22)
Q Q
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whereas the stability estimate (5.19) and the definition of ¢, give

0.0 < Collgn

N _ C
IThllaivase = ITwlloe < lznlia + lleal 0.0 = 7% [[8h,skw 0,25 (5.23)

with a constant Cy depending on Cy and ||, and hence we conclude from (5.22) and (5.23) that

/ Th * Shskw / Th * Shskw
sup £ > 20

ThEZL p ||7-h||div4/3§Q - H?thiV4/3§Q
‘rhyéO

> B6 ||Sh,skwllo,0;

with g = v2/(2Cy).

Summarizing, our previous analysis has shown the inf-sup condition (5.15) under the hypotheses

Po(Q) € Qn,  Pi(Q) S Un,  PBo(Q) C HY, (5.24)
div(H7) C H}, curl(Uy) +Po(Q) C HY, '
and assuming that Hj . is defined as
H';L kw ‘= 9 Sh,skw ‘= OA Z]\h : ah S @h . (525)
s ’ —qn 0

In addition, it is not difficult to see that the three-dimensional case follows analogously, by suitably modifying
the definition of curl and the right-hand side of the second equation of (5.18), thus concluding (5.24) and the
3D version of (5.25) as well. We omit further details and refer to Proposition 9.3.2 of [10].

In what follows, we consider the particular example of spaces U, and @}, given by the Scott-Vogelius pair,
which, being usually employed to approximate the solutions of the Navier-Stokes equations, has also been
shown to be stable for the Stokes problem with optimal approximation properties (see e.g. [39,40,42-44]). More
precisely, given a regular triangulation 7;, of  made up of triangles (in R?) or tetrahedra (in R®) , we denote
by 7} the corresponding barycentric refinement of 7;,. In addition, letting hx be the diameter of each K € T,
we also denote by h the meshsize of 7)?, that is h := max {hK . Ke T}f} In turn, for each K € 7,> we let

px be the diameter of the largest ball contained in K. Then, for each integer k such that k + 1 > n, we define
the Scott-Vogelius spaces as

Up = {wh €C(Q): walx € Pryi(K) YKET?, wp=0 on r}, (5.26)

On = {ah €LXQ): Gk € Pu(EK) VK € T:} and Q= Qp N L2(Q). (5.27)

According to the above, we observe that the first two inclusions in (5.24) are clearly satisfied. Next, it is
straightforward to see that

curl(Uy) + Po() € {7y € H(divi®): ilx € P(K) VK TP},
and therefore, letting RTy(K) := Py(K) & Pr(K)x be the local Raviart—Thomas space of order k for each
K € TP, where x denotes a generic vector in Q, we deduce that, in order to satisfy the third and fifth inclusions

of (5.24), it suffices to define

Hy = {7y € Hdiviys;0):  c'ilic € RTy(K) VeeR", VKeTr), (5.28)
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and thus
HY = {Th eHo(div4/3;Q): c*1hlxk € RT(K) VeeR", VK E’T,f’}. (5.29)

Morever, it is straightforward to see that, setting
HY = {vh cLYQ): wvilx € Pu(K) VK e Thb} (5.30)
the fourth inclusion in (5.24) is also verified, whereas (5.25) and (5.27) suggest to introduce

HE = {sh e L2(Q):  sulx € Pu(K) VKeﬁ’}. (5.31)

According to the above choices of the finite element subspaces HTHZ7 H}', and H, and particularly noting
that actually there holds div([ﬁlg) = Hj}, we find it important to stress here that, even if the regularity
of u increased from L2(Q2) to L*(Q), and the one of dive decreased from L2(Q2) to L*/3(), the respective
discrete approximations lie in the same finite element subspace of piecewise vector polynomials of degree < k.
In other words, the corresponding optimal balance of error is achieved by equal order interpolations. The same
observation is valid for the finite element subspaces to be employed in the heat equation (see (5.67) and (5.69)
below).

In turn, we remark that while (5.24) and (5.25) constitute sufficient conditions (on the spaces involved)
guaranteeing the derivation of finite element subspaces ﬁg, H}', and H} satisfying (5.15), it is not clear that
any other pair (U, @h) of stable finite element subspaces for the primal formulation of the Stokes problem will
lead to feasible choices. Moreover, assuming that such subspaces have been derived, it is still necessary to see
whether (5.13) and (5.14) also hold. Alternatively, instead of proceeding as in the present section, that is, as in
[9,25], one could try a different way of performing the respective analysis. In particular, it would be interesting
to find out if BDM or other mixed finite elements satisfy the required discrete inf-sup conditions. In any case,
all these issues will be discussed in a separate work.

In the next section we recall and provide several useful results on Raviart—-Thomas spaces within the Banach
framework given by the Sobolev spaces W™ P, and then, on purpose of the previous remark, in Section 5.4 we
employ the specific finite element subspaces given by (5.29), (5.30), and (5.31), and the aforementioned results,
to prove the remaining inf-sup conditions (5.13) and (5.14).

5.3. Some useful results on Raviart—Thomas spaces

2
We begin by defining for each p > n_.
n—+2
H, i= {7 € H(div,;Q): 7l € W7(K) VK eTP}, (5.32)
and
Y = {r € H(div,;Q): 7|k € RTy(K) VK € T,?} (5.33)

In addition, we let Hﬁ H, — fIZ be the Raviart—-Thomas interpolation operator, which is characterized for
each 7 € H, by the identities (see e.g. [24], Sect. 1.2.7):

/(HZ(T) v)§ = /(T ‘v)€ V¢ e Pr(e), Vedge or face e of 7,2,

and
/H§(7)~¢=/T~w Vi ePr 1 (K) VK eTP (ifk>1).
K K
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In turn, given ¢ > 1 such that % + % =1, we let
Hp = {velu@): ok €Py(K) VK €T}, (5.34)
and recall from Lemma 1.41 of [24] that there holds
div(If (1)) = Pr(div(r)) VT eH,, (5.35)

where PF : LP(2) — HY is the usual orthogonal projector with respect to the L2(Q)-inner product, which
satisfies the following error estimate (see [24], Prop. 1.135): there exists a positive constant Cy, independent of
h, such that for 0 <! < k+ 1 and 1 < p < oo there holds

lw = Pr(w)llope < Cob' wllipe  Ywe WHP(Q). (5.36)

In addition, we stress that PF(w)|x = Pr(w|x) Yw € LP(Q), where P : LP(K) — P (K) is the corresponding
local orthogonal projector. Moreover, using the W™? version of the Deny-Lions Lemma (c¢f. [24], B.67) and the
associated scaling estimates (cf. [24], Lem. 1.101), one can show the following approximation property of the
projectors Pk there exists a positive constant Cy, independent of h, such that for 0 <1 <k, 0 <m <[+1
and p > 1, and for each K € 7,?, there hold

I+1
lw — Pf((w)‘m,p;K <0 £ |w|l+1,p;K Vwe WHLP(K)- (5.37)

m
K

In turn, the local approximation properties of HZ are established as in Section 3.4.4 of [29], by using again
B.67 of [24] and Lemma 1.101 of [24], but employing also (5.35) and (5.37). The corresponding statement is as
follows.

2
Lemma 5.3. Given p > 7”, there ezist positive constants Cy and Cs, independent of h, such that for
n

+ 2
0<I<kand0<m<Il+1, andforeachKe’];lb, there hold

1+2
T — HZ(T”m,p;K < Gy mL.H T li+1,p5 (5.38)
K
for all T € WHLP(K), and
hl+1
|div(T) —div(Hﬁ(7’))|m7p;K < C4 plfn |div(T)1+1,p: K (5.39)
K

for all T € WYP(K) with div(T) € WHLP(K).
Next, applying the regularity of the meshes together with the estimates (5.38) (for m = 0 and p = 2) and

) ~ ~
. orm =0 and p > o to each K € 7, we deduce the existence of positive constants Co and Cs,
5.39) (f 0 and 5 I
n
independent of A, such that for 0 <[ < k there hold

|7 =TI ()00 < Coh ™ Tlip0 V7 e HYYQ),
and
[div(T) — div (I} (7)) [lope < Cs B div(T) 14100 V7T € WHP(Q) with  div(T) € WHHL2(Q),

respectively, which yield the existence of a positive constant 54, independent of h, such that for 0 <[ < k there
hold

I =T (a0 < Cab ™ {rhsno + ldiv(m)lisipe ) (5.40)
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for all 7 € H*1(Q) with div(r) € WHLP(Q).
Furthermore, we have the following additional estimate concerning I1§, which will be employed below in the
proof of Lemma 5.5 for the particular case p = 4/3.

Lemma 5.4. Assume that1 <p<n and p<2< n"—_’;). Then, there exists a positive constant C, independent
of h, such that for 0 <1 <k there holds

|7 = TIE(T)|lo.g < Cs hHInE=P/2P |1 g VT e WiThr(Q). (5.41)

Proof. We first observe that the assumptions on p and the Sobolev embedding Theorem (c¢f. [1], Thm. 4.12,
[24], Cor. B.43, [38], Thm. 1.3.4) guarantee the continuous injection of W1?(QO) into L?(O) for each open set
O with Lipschitz-continuous boundary (cf. [24], Thm. B.37). In particular, and denoting by K the reference
triangle (or tetrahedron in R?) for TP, the above implies the existence of a positive constant ¢, depending only

on K, such that
||w||0f< < EHw”Lp;f( Vw e WHP(K). (5.42)

Next, given K € T;?, we let Fi : K — K be the bijective affine mapping defined by Fg(X) :== Bgx + bg
Vx € K, with B € R™™" invertible and bg € R™. Then, using ~ to denote composition with Fg, we obtain
from the usual scaling estimates (cf. [24], Lem. 1.101) and (5.42) that

I =105 (7) lo,ic < |det B |2 |7 =115 (7)[lp g < €ldet Bie|"? |7 =T ()], .z
< ¢|det Bg|'/? {\? 15Tz + 17— H';(T)Il,p;z?} (5.43)

IN

Eldet Bie| ==/ {7 — TPl + 1Bicl 7 = T(7) 1 i }-

Now, employing again the regularity of the meshes together with the estimate (5.38) for m =0 and m = 1, we
find a positive constant C5, independent of h, such that

T =T (Popix < Cohif |Tlipipx and |7 —TF(T)lupx < Co bl [Tlis1 ik (5.44)

for all 7 € W!TLP(K). In this way, replacing (5.44) back into (5.43), and recalling that |det Bx| = O(h%) and
|Bk| = O(hk), we readily deduce that

I =T (P)llo.xc < 280 i " e Y e WHIP(E),

from which, taking square, and then summing up over all K € 7;°, we arrive at (5.41) and conclude the
proof. O

We now let H, be the tensorial version of H, (¢f. (5.32)) and observe that ]ﬁlg (cf. (5.28)) and H} (cf. (5.30))
are the tensorial and vector versions of IA{Z (cf. (5.33)) and H} (cf (5.34)), respectively, for p = 4/3. Then,
we let H’fb cH, — ]I?Hg be the corresponding Raviart—Thomas interpolation operator, which is defined row-wise
by ¥, and let P} : LP(2) — HY be the corresponding orthogonal projector with respect to the L?()-inner
product, which is defined component-wise by P,’f. We end this section by highlighting that Hﬁ and ’P}f satisfy
the analogue of all the properties described above for HZ and P,’f.

5.4. The remaining inf-sup conditions for H}, Hz, and Hf

We first establish the discrete inf-sup condition (5.14).
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Lemma 5.5. There exists a positive constant Bs, independent of h, such that

/ v, - div(Ty)
sup

T, EHT ||7-h||dliv4/3;Q
Th;ﬁo

> Bs [[val

0,4;0 Vv, € Hy. (5.45)

Proof. The proof begins similarly to Lemma 4.4 of [13] (see also [14], Lem. 3.3). Indeed, given v, € Hj}, we let
O be a convex bounded domain containing 2, and define

. vi|?vh, in Q, -
g '—{ 0 in O\Q (5.46)

It is easy to see that g € L*/3(0) with

||g||0,4/3;o = ||g||0,4/3:,ﬂ = | |Vh|2Vh|0,4/3;Q = ||Vh|g,4;Q- (5.47)

It follows that there exists a unique z € W24/3(0) n Wé’4/ ?(0) solution to the Dirichlet boundary value
problem
Az =g in O, z =0 on 090, (5.48)

and the corresponding regularity estimate (see e.g. [28]) guarantees the existence of a positive constant Creg,
depending only on O, such that

||Z||2,4/3;0 < Creg ||Q||0,4/3;Q = Cregth”gA;Q' (5.49)
Next, we set ¢ := Vz|o € WH4/3(Q), and observe from (5.48) and (5.49) that
div(¢) = g = |vu]*vi, in Q, (5.50)

and

2,4/3,0 < Chreg ||Vh||g,4;Q~ (5.51)

Furthermore, applying (5.41) to ¢, with [ = 0 and p = 4/3 (which satisfy the assumptions required by Lem. 5.4),
we find that

1€ll1,a/3:0 < [z

1€ - T (Ol < Csh ™4 Casz0 < Cs Cliasza < Cs Creg [Vallh s (5.52)

with a positive constant 55, independent of h. Thus, defining ¢;, € Hf and ¢, € Ho(divy/3;2) as the
Ho(divy/3; Q2)-components of 15 (¢) and ¢, respectively, that is

1 1
G = Q) — i [ (@) T and G = ¢ = e [ (o)1

and using (5.51), (5.52), and the continuous injection of W'4/3(Q) into L?(Q) with boundedness constant ¢,
we obtain

oo < 11Ch = Collo.e + I¢olloe < ITTE(C) = Clloa + <]
< ITEC) = Clloe + coll¢lltaze < (Cs 4 co) Creg [IVallS 40 (5.53)

||Ch

0,0

In addition, it is clear from (5.35) and (5.50) that

div(¢,) = div(IT;(¢)) = Py (div(¢)) = Py (Ival® va), (5.54)
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and hence, utilizing the triangle inequality, (5.50), and (5.47), we get
[div(¢p)llo.a/ze < [ldiv(¢) — div(l'[ﬁ(())||0’4/3;ﬂ + 1div(¢)llo,4/3:0
= [|div(¢) — div(IT; () lo,arz0 + Valld 40- (5.55)

In turn, applying (5.39) with m = [ = 0 to each K € 7;°, and then employing a local inverse inequality for
the polynomial div(¢)|x = |vu|? vi|x, which follows from the usual scaling estimates and the fact that all the
norms in any polynomial space defined on K are equivalent, we deduce that

[div(¢) — div(TTE () o436 < Cs b [div(C)|i,a/3.x
< Cs1div(¢)loazix = CslIValld 4k (5.56)

with a positive constant C3, independent of h. In this way, taking the above inequality to the power 4/3, and
then summing up over all K € T;?, we easily arrive at

I1div(¢) — div (T () o4z < Cs Ivall§ o
which, replaced back into (5.55), yields
1div(¢i)lloasze < (1+Cs) [IVallg 4.0, (5.57)
and hence, (5.53) and (5.57) imply

1€ lldiv,,s50 < {1 +C3 4 (C5 + co) Creg} HVh||8,4;Q- (5.58)

Finally, using (5.54) and the orthogonality property of PF, we obtain

/th ~div(Ty) /th -div(¢y,) /th . P;’f(\vhﬁ Vh)

4
A% .
sup > _ || h||0,4,Q

T EHY ||7-h||div4/3;Q B HCthiV4/3§Q HCthiV4/3§Q B ||Ch||div4/3§Q,
Th;éo

_ _ -1
which, combined with the estimate (5.58), gives (5.45) with 05 = {1 +C5+ (05 + co) Creg} , thus concluding
the proof. O

We now aim to prove the discrete inf-sup condition (5.13), that is the existence of a positive constant [y,
independent of h, such that
/ Th - Sh,sym
Q

sup > BallTnlldiv, 0 VTn € Zop, (5.59)
s i o
S}L,synJ?éo
where (cf. (5.11), (5.12), (5.16))
= {sn€H: sk =sn}, Hiay = {sn€H: s =—si}, (5.60)

Zop = {Th € HY : / vy -div(Ty) =0 Vv, € HY
Q (5.61)
and / Th :Shskw =0 V' Sh skw € H}L’Skw},
Q
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and the specific finite element subspaces HY, H}!, and HY, are defined by (5.29), (5.30), and (5.31), respectively.
In particular, according to (5.29) and (5.30), and as observed before, we get

Zop = {Th ceHy : div(ry)=0in, and / Th  Shekw =0 VSpekw € Hgyskw}. (5.62)
Q

In turn, proceeding exactly as in part of the proof of Theorem 3.3, Section 3.3 of [29], it is easy to show that if
T, € HY is such that div(7,) =0 in Q, then necessarily 7|k € Px(K) VK € T,°. Moreover, once knowing
the above for a given 7y, € Zy 5, we realize that the second identity in (5.62) together with the definition of H}
and Hh <ws imply that 7, = 7%, which yields 7¢ € H sym* On the other hand, we also recall from Lemma 2.3
of [29] that there exists a positive constant c¢;, depending only on €2, such that

alrlfe < 1750 + Idiv(T)lfe V7 € Ho(div; Q). (5.63)
According to the previous discussion, we conclude that for each T, € Z j, there holds

. . -d
/Th-sh,sym /Th.Th
Q Q

[shsymllo.e = [I7hllo.0

o2

sup = Irhlloo > ITnlloe = e’ [ Thlldive s

t
Sh,sym €1} ym

Sh,sym #0

which proves (5.59), that is (5.13), with 8; = ¢}/*.

5.5. The finite element subspaces H(‘,f, HE, and H‘E

In this section we specify finite element subspaces H, HE, and Hg satisfying the Assumptions 4.4 and 4.5.
To this end, we now apply Lemma 5.1 to the setting given by the spaces

and our bilinear form b (¢f. (3.20)). In this way, we conclude that verifying the aforementioned assumptions is
equivalent to showing the corresponding inf-sup conditions given by (5.5) and (5.6). This means that we just
need to prove that there exist positive constants B3 and 34, such that

= ~ div(7h)
b (’(/}h70)77-h /wh ~
sup Q > B3 llYnlloae Vu € Hy, (5.64)
;FhGH‘;’:' HTh” .,.heHo- |Th||le4/3 :Q
:Fh;éo -rh;éO
and
b((0,34), 7 SheTh L
sup M = sup = > B ||Tallaivaso VTR € Zon, (5.65)
5, cHt [l s, ent [Skllo,0
§IL750L g;L#OL

where, according to (5.2), we have
Zo}h = {%h S Hg : g((’(ﬂ}“O),?h) =0 V’(/Jh S Hf}

= {;hEHg : Awhdiv(%h)zo Y p GHf} (566)
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In virtue of the above discussion, and bearing in mind the analysis already developed in Sections 5.2-5.4, in
particular realizing the similarities between the pairs of discrete inf-sup conditions given by (5.13), (5.14) and

(5.64), (5.65), we propose now to define Hf, Hf, and HY as follows

HY = {wh eLYQ): nlx €PR(K) VK e T,}’} (5.67)
Hf, = {5, € 12(Q): Silk ePu(K) VK e}, (5.68)

and ~
HY = {?h € H(divy/3;Q): 7ilx € RTW(K) VK € Thb} (5.69)

It is clear from (5.67) and (5.69) that div(HZ) C HY, and hence (5.66) becomes
Zo’h = {?h S Hg : diV(;h) =0 in Q}

Moreover, proceeding again as in part of the proof of Theorem 3.3, Section 3.3 of [29], we can show that
if 7, € Zo,p, then necessarily 75|k € Pi(K) VK € 7P, and hence Zy;, C HE. It follows that for each

Th € Zo,h there holds
/'sTh -Th / Th-Th
Q s Jo

Sulloe = lI7alloe

sup = |I7x
s, eHt |
Sh#0

0,2 = H;h”divysﬁ)’

which shows (5.65) with 34 = 1.

In turn, due to the definitions of HY and HZ (cf. (5.67) and (5.69)), the inf-sup condition (5.64) corresponds
essentially to the vector version of (5.45), and hence its proof is almost verbatim to the one of Lemma 5.5. The
only difference lies on the fact that in this case the supremum on the left hand side of (5.64) is bounded below
by choosing simply Eh = 11} (Vz|q) € HY, where, taking O as before, z € W24/3(0) N W(I)A/S(O) is the unique
solution of the scalar version of (5.48), that is, given 1, € H}, z solves:

_ o [lnPYr inQ _
Azg.{ 0 n 0\Q° z=0 on 00.

We omit further details and refer to the proof of Lemma 5.5.

We end this section by recalling that the approximation properties of the finite element subspaces H}!, HY
HY, HY, H}, and Hf basically follow from interpolation estimates of Sobolev spaces, and the approximation
properties provided by the projectors P¥ and P (cf. (5.36)), and the interpolation operators I} and ITf (cf.

(5.40)) (see, also [10,12,14,29] for details).

6. A PRIORI ERROR ANALYSIS

In this section we derive an a priori error estimate for our Galerkin scheme with arbitrary finite element
subspaces satisfying the hypothesis stated in Section 4.2. More precisely, according to what was established by
Theorems 3.11 and 4.11, we let (u,0) € H x Ho(divy/3; Q) and (¢,5) € H x H(divy/3;Q), with (u, ) € W,
be the unique solution of the coupled problem (3.17), and let (Hh, o) € Hy x HY and (Eh, o) € H), x H?,
with (up, ) € Wy, be a solution of the discrete coupled problem (4.1), respectively. Then, we are interested
in obtaining a Cea estimate for the error

I(u,0) = (un, o)l + (. 8) = (¢, a0l
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To this end, we establish next an ad-hoc Strang-type estimate for saddle point problems. In what follows, given

a subspace X}, of a generic Banach space (X, Il - HX), we set for each v € X
dist(z, X3,) = inf |lz — .
e, X0) =i e anlx

Lemma 6.1. Let H and Q be reflexive Banach spaces, and let a : HXH — R and b : H x Q — R be bounded
bilinear forms with induced operators A € L(H,H') and B € L(H,Q’), respectively, such that a and b satisfy
the hypotheses of Theorem 3.1. Furthermore, let {Hh}h>0 and {Qh}h>0 be sequences of finite dimensional
subspaces of H and Q, respectively, and for each h > 0 consider a bounded bilinear form ay, : H x H — R with
induced operator Ay € L(H,H'), such that ap|m, xm, and blm, xq, satisfy the hypotheses of Theorem 3.1 as well,
with constants a and B, both independent of h. In turn, given F' € H', G € @', and a sequence of functionals
{Fh}h>0’ with Fy, € H} for each h > 0, we let (u,0) € H x Q and (up, 0n) € Hy x Qp, be the unique solutions,
respectively, to the problems

a(u,v) + b(v,0) = F(v) Vv eH,

b(u,7) = G(T) V1 eQqQ, (6.1)
and
an(un,vn) + b(vn,on) = Fi(vp) Vup, € Hp, (6.2)
b(un, ) = G(4) V7h € Q. ’
Then, there holds
lu—up|| + [|o — on|| < Csqdist(u, Hy) + Cs2dist(o, Qn)
+ Css {IF = Full, + lla(u, ) = an(u, )l } (6.3)

where Cs;, i € {1,2,3}, are positive constants depending only on «, B, lAll, |Arll, and ||B]|, whose explicit
expressions are available in equation (6.4) of [17].

Proof. Tt is basically a simple modification of the proof of Theorem 2.6 of [29]. We refer to Lemma 6.1 of [17]
for further details. O

In order to apply Lemma 6.1, we rewrite (3.17) and (4.1) as suggested in the proofs of Lemmas 3.5, 3.6, 4.3,
and 4.6, that is

Auwo(u,v) + b(v,0) = F,(v) VYveH, (6.4)
b(u,7) =G(1T) VT € Hy(divys;Q), ’
Au(p,¥) +b(v,5) =0 V¢ eH, (6.5)
b(p,7) = G(F) V7€ H(divys;Q),
Auh,cph (H}La ‘_;h) + b(‘_;h)o-h) = F‘Ph(‘—;h) v‘_;h E th (66)
b(uh,rh) ZG(Th) VTh EH‘Z,
and . - -
Au, (@, Y1) + Q(qﬁm&h) =0 Vb, € Hp, (6.7)
b((ph,;h) ZG(;h) V;h EHZ.
where
Ao (W, V) = ap(w, V) + c(u;w, V) Vw, v eH, (6.8)
Au(d,0) = a6, %) + Culd, ) V¢, v € H, (6.9)

Avpion Wiy V3) = ag, (Wh, Vi) + c(un; wp, Vi) Ywh, vi, € Hy x Hy, (6.10)
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and
thwhﬂﬁh) = a(bp, ¥p) + Cu, (D, ¥p) Vo, ¥, € H),. (6.11)

We begin by collecting several useful properties of the foregoing bilinear forms to be employed in what follows.
First we recall from the proofs of Lemmas 3.5, 3.6, 4.3, and 4.6, and the estimates (3.38) and (3.40), that they
are all bounded with

lMugll < 2u2 + laloae)s  [upenl
IMall < (IKlloo + lalloge)s I Au,
bl <1, and [B] < 1.

(2M2 + [|up |0,4;Q),

<
< (1Ko, + [anllo.4:2), (6.12)

Next, proceeding as for the derivation of (3.68), and then employing the regularity estimate (3.62) and the fact
that the norms of both u and ¢ are bounded by the radius r of the ball W (¢f. Thm. 3.11), we readily obtain
for each v, € Hy,
’a’sp(av Vh) — Qg (Hv 7h)|

< 2L, |licl (e, [20) o — enllowa [Itleo [IVal (6.13)

< ci(g,up) le — enlloaa [IVal,
with

cr(g,up) = 2L, [licl (e 2D es {rllglloce + (1 + 7) [uplli/zter -

whereas (3.49) and the a priori estimate (3.79) (¢f. Thm. 3.11) guarantee that

— —

(s, vi) = c(upsu, via)| < Jlu—uplloge [ull[Vhll < e2(g,up) Ju—unlosellval, (6.14)

with

es(gup) == Cs {rllgllocc + (1+7) [unlijar }-
In this way, the definitions of Ay, (cf. (6.8)) and Ay, ., (cf (6.10)), together with (6.13) and (6.14), imply
that for each v, € Hj, there holds

— — — —

Ao (0, ¥0) = Auy o, (6, V0)] < {er(gup) I = on]

o0+ 2(g,up) [u = wnllo.sa } [Vl
which yields
Ao (6, 9) = Ay (8, ) g, < {er(g,u0) llp = enllose + ca(g.up) u — wnlosa ). (6.15)

Similarly, according to the definitions of Ay (cf. (6.9)) and Ay, (cf. (6.11)), the inequality (3.51), and the a
priori estimate (3.80) (¢f. Thm. 3.11), we find that for each 1, € Hy, there holds

@, 61) = A (7, 00)| = [5al@,00) = T (B 0|

< u—wlloae lelll¥nll < es(ep) [u—unlloaq ¥4,

with
eslep) = Cg {1 + Kl + 7} lenll1 /2.1

which yields B B
[Au(e,) = Au, (0. )llg; < cs(ep) [u— unlloae- (6.16)

Furthermore, it readily follows from (3.56) (see also (3.65)) that

1Fy = Fo,llm, < ca(g) [l — ¢nllo.ae, (6.17)
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with
ca(g) = [Q1? [lg]loc.0-
Having established the above, we now recall from Sections 3.3 and 4.2 that the pairs of bilinear forms (ALW, b)
and (.Auh,%, b) do satisfy the hypotheses of Lemma 6.1 on H x Hg(div,/3; ) and Hjy x Hf, respectively, the
latter with constants aqg (cf. proof of Lem. 4.3) and 4 (cf. Assumption 4.1). Hence, applying the aforementioned

lemma to the context given by problems (6.4) and (6.6), and bearing in mind the consistency estimates (6.15)
and (6.17), we deduce that

(4, o) — (up,o)|| < Csidist(u,Hy) + Csodist(o, HY)
+ Cs3 {(01(97 up) +ca(9)) lle — enlloaa + c2(g,up) [lu— uh||0,4;sz}, (6.18)

where the constants C’S 1, C’S 9, and C'S 3, depending on ps, 7, ag, and (4, are computed according to equa-
tion (6.4) of [17] after using (6.12) to bound both || Ay,| and H.Au,“% by (2u2 + 7")

In turn, we also recall from Sections 3.3 and 4.2 that the palrs of bilinear forms (Au, b) and (Auh,~) satisfy

the hypotheses of Lemma 6.1 as well on H x H(div,/3; ) and H), x H¢, respectively, the latter with constants

a (¢f. proof of Lem. 4.6) and B3 (c¢f. Assumption 4.4). Therefore, applying again the aforementioned lemma
to the context given now by problems (6.5) and (6.7), and bearing in mind the consistency estimate (6.16), we
arrive at

1(¢,8) — (pn,0n)| < Csadist(g,Hy) + Csodist(a,HZ) + Cszes(on) | (6.19)

where, similarly as before, the constants 5511, 6572, and 65,3, depending on ||K|| e, 7, &4, and Ed, are computed
according to equation (6.4) of [17],

after using (6.12) to bound both || Ay and || Ay, || by (1Ko, + 7).

The required Cea estimate will now follow from (6.18) and (6.19). In fact, bounding ||¢ — ¢nllo,4.0 in (6.18)
by the right hand side of (6.19), we obtain

(4, o) — (up,o4)|| < Csidist(u,Hy) + Csodist(o, HY)
+ Cs3Cs (c1(g,up) + ca(g)) dist (p, Hy,)
)) dist (&7, HY)
+ Csp3 {Cs,s (c1(g,up) + ca(g)) es(ep) + C2(gqu)}Hu —unllo,4:0, (6.20)

+ ngng(cl(g,uD +C4 g)) dist

from which, imposing the constant multiplying ||u — upjo,4;0 in (6.20) to be sufficiently small, say < 1/2, we
derive the a priori error estimate for ||(u, o) — (up, op)||, which, employed then to bound the third term on

the right hand side of (6.19), provides the corresponding upper bound for ||(g,&) — (p,,4)||. More precisely,
we have thus demostrated the following result.

Theorem 6.2. Assume that the data g, up, and pp satisfy

(6.21)

DN | =

Cs:{Csa (e1(g.up) + ca(9)) eslp) + calg.up) | <

Then, there exists a positive constant C, independent of h, but depending on pg, [|K|co.0, 7, 0, B4, &4, Bd, and
the data g, up, and pp, such that

(0, 0) = (an, o)l + [I(¢.8) = (24,6l

< O{dist(H,Hh) + dist(o, HY) + dist(p, Hy,) + dist(&,Hg)}_ (6.22)
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We are now able to provide the rates of convergence of the Galerkin Scheme (4.1) when the finite element
subspaces specified in Sections 5.2 and 5.5 are employed.

Theorem 6.3. Assume that there exists | € [0,k + 1] such that u € WH(Q), t € H/(Q) NL2(Q), o €
HY(Q) N Hy(divy/s;Q), div(e) € WH/3(Q), o € WH(Q), t € H(Q), ¢ € H(Q) N H(divy/3;Q), and
div(a) € WH4/3(Q). Then, there exists C > 0, independent of h, such that

I(a,0) = (up,an)ll + [[(2,6) = (¢n. o)l < CH {IIUI|1,4;Q+ It + oo

. N _ o (6.23)
+ [|div(o)l1,4/3.0 + lellnae + e + oo + (div(a)]

1,4/3;9}-

Proof. Tt follows straightforwardly from (6.22) and the approximation properties of the finite element subspaces
employed. ([

We end this section with the postprocessing of the pressure. Indeed, the identity (2.5) and the decomposition
for the pseudostress tensor provided by (3.14) (recall that o) € HY C Hy(divys;2)), suggest to define the
discrete pressure as

1 1
pp o= — %tr(%'h +2¢ ]+ u, ®@uy), with ¢ = — 20 /Qtr(uh ® uy).

In turn, since o € Hy(div,/3; ), the modified equation for the continuous pressure becomes
1 . 1
p=— %tr(20+2cﬂ+u®u), with ¢ = — m/ﬂtf(u@u).
Then, it is easy to prove that there exists a positive constant C, independent of h, such that
Ip —prlloo < C {||U — plldivy 0 + lu— uh||0,4;Q}7
whence the rate of convergence of py, is the same one provided by the rest of the variables (cf. (6.23)).

7. NUMERICAL RESULTS

This section presents a few numerical examples in 2D to illustrate the performance of our fully-mixed for-
mulation (4.1) and to support the respective convergence theoretical results with the specific finite element
subspaces derived in Section 5. Accordingly, as required for the stability of the Scott-Vogelius pair, the compu-
tations are performed on barycenter refined meshes 7,° created from regular triangulations 7j, of the domain .
So, for k > n — 1 = 1, the discrete spaces approximating u, t, o, ¢, t, and & are then given, respectively, by
(5.29)—(5.31) and (5.67)—(5.69).

The computational implementation is based on a FreeFem++ code (cf. [30]). A Newton algorithm was used
for the resolution of the nonlinear problem (4.1), with initial guess (u, ) = (0,0), and the iterative method is
finished when the relative error between two consecutive iterations of the complete coefficient vector, namely
coeff™ ™! and coeff™, is sufficiently small, that is,

||coeff™ ! — coeff™ ||
||coeff™ |2

< tol,

where tol is a specified tolerance and || - ||¢> is the standard #2—norm in RY with N denoting the total number

of degrees of freedom defined by the finite element family (H};,HZ,HZ,Hf,Hﬁ,H‘;’). At each iteration, the
resulting linear systems were solved by means of the direct linear solver UMFPACK (cf. [22]) and the trace
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condition on the stress o is enforced through a penalization strategy. As usual, the individual errors associated
to the main unknowns are computed as

e(u) = lu—wlloga, e(t) = [t —tulloo e(o) := lo—onlaiv,0
e(p) == llo—pn

0a,  €(t) = [t —tulloq, €(@) = & = Fnllaiv, ui0:

and the error associated to the postprocessed pressure as

€(p) = Hp—ph||o,9~

In turn, for all x € {u,t, o, o, t, o,p}, we let r(%) be the experimental convergence rate given by

ey o LoB(el)/ )
' log(h/h')

where h and k' denote two consecutive mesh sizes with errors e(x) and e’(x), respectively.

7.1. Example 1: Accuracy assessment

In our first example, we study the accuracy of the approximations by manufacturing an exact solution of
the nonlinear problem (2.1) defined in the square € := (—1,1)2. We then consider the data defined for each
x 1= (21,22)"* € Q as

- 10
p=1, K(X> = [;2/10 J;l—/fcz :| , and g(x) = (07 _l)ta

and the terms at the right-hand sides are adjusted in such a way that the exact solutions are given by the
smooth functions

and

whereas the Dirichlet data up and ¢p are imposed according to the exact solutions.

Values of errors and corresponding convergence rates associated to the approximations with the finite element
family P; —IP; — RT; — P; — Py — RT; are summarized in Table 1. There, we observe that the convergence rates
are quadratic with respect to h for all the unknowns in their respective norms. These findings are in agreement
with the theoretical error bounds from Section 6 (cf. estimate (6.23)). We mention that 4 Newton steps were
required to reach a tolerance tol = 1E-08.

7.2. Example 2: Non-convex domain and temperature-dependent viscosity

In this example, we set the problem (2.1) on an “U” shaped non-convex domain, that is, we set  :=
Ql U QQ U Qg, where

Q= {x = (21,22)": —1<x1 <05, —sin(z1) <wy < 0},

1
Qo = {x = (21,22)" 1 —05<x <05, —sin(r) <xp < ~3 sin(a:l)},
Q3 = {x = (21,22)": 05 <z <1, —sin(x) <z2 < O},

and test the performance of our fully-mixed technique considering the temperature-dependent viscosity, thermal
conductivity and body force given by

plp)=e %, K(x)=e"*21, and g(x)=(1,0)".
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TABLE 1. Example 1: Convergence history and Newton iteration count for the fully-mixed
P, — Py — RT; — Py — Py — RT; approximation.

Finite Element Family: P; — Py — RT; — P; — P; — RT:

N h e(u) r(u) e(t) r(t) e(o) r(o)

7536 0.5000 1.0046e-01 — 5.8517e-01 — 1.9043e00 —

30048 0.2500 2.7087e-02 1.8953 1.5853e-01 1.8884 4.8726e-01 1.9710
120000 0.1250 6.9415e-03 1.9665 3.9956e-02 1.9906 1.2253e-01 1.9938
479616 0.06250 1.7467e-03 1.9917 1.0027e-02 1.9956 3.0724e-02  1.9969
1917696 0.03125 4.3739e-04 1.9982 2.5141e-03 1.9963 7.6952e¢-03 1.9979

e(y) r(¢) e(t) r(t) e(o) r(o)  e(p) r(p) It.
7.8148e-03 — 3.2988e-02 — 1.0277e-01 - 4.6875e-01 -

1.9960e-03  1.9736 9.5172e-03 1.7974 2.7264e-02 1.9188 1.1722e-01  2.0041
4.9931e-04  2.0014 2.5139%e-03  1.9228 6.9473e-03 1.9747 2.8878e-02  2.0235
1.2481e-04  2.0013 6.4399e-04 1.9659 1.7496e-03 1.9905 7.1529e-03 2.0145
3.1202e-05  2.0006 1.6283e-04 1.9841 4.3876e-04 1.9961 1.7796e-03 2.0075

IS RN

Notes. Here, N stands for the number of degrees of freedom associated to each barycenter refined mesh 7;°.

TABLE 2. Example 2: Convergence history and Newton iteration count for the fully-mixed
Py —Py; —RTy — Py — P, — RT5 approximation on a non-convex domain and with temperature-
dependent viscosity.

Finite Element Family: P2 — P — RT2 — P2 — P2 — RT

DOF h e(u) r(u) e(t) r(t) e(o) r(o)

8208 0.3943 1.4610e-03 — 2.8051e-02 — 1.6080e-02 —

36216 0.1957 2.0810e-04  2.6258 6.2386e-03  2.0254 2.8834e-03  2.3155
159966 0.10299 1.6248e-05 3.4333 7.7387e-04 2.8100 3.5436e-04 2.8225
600885 0.04973 1.4079e-06 3.6962 9.0125e-05 3.2494 4.0883e-05 3.2636
2524257 0.02682  1.8288e-07 3.4512 1.2541e-05 2.7480 5.4697e-06 2.8028

e(p) () e(t) rt)  e(o) r(@)  elp) rip) It
1.3278e-04 - 3.9332e-03 - 3.1475e-03 - 5.5932e-03 -

9.5052e-06  3.5528 5.1895e-04 2.7289 3.8306e-04 2.8358 8.5282e-04  2.5340
6.8654e-07  3.5382 6.8708e-05 2.7223 4.4652e-05 2.8956  9.5312e-05  2.9504
5.0659e-08  3.9390 8.0110e-06  3.2476 5.5112e-06 3.1616 1.1564e-05 3.1875
4.7396e-09  3.3012 1.0029e-06 2.8953  6.8055e-07 2.9145 1.4522e-06 2.8911

AR S Ot

Notes. Here, N stands for the number of degrees of freedom associated to each barycenter refined mesh 7,°.

Again, the right-hand sides and the boundary Dirichlet data are adjusted in terms of the manufactured exact
solutions

(23 —
2

(22 —

u(x) = ( Az (a? — 1{

—4aq (23 %)) . p(x) =sin(ziz2), and ¢(x) = cos(xix) + 1.

2
)
In Table 2 we present the errors and the convergence rates associated to the approximations with the finite
element family Py — Py — RTy — Py — Py — RTy (k = 2). Once again, in concordance with the theoretical error
bounds predicted in Section 6, we find that the errors associated to all the unknowns are of order O(h3), as
expected. A total of 4 Newton iterations, in average, were required to reach a tolerance tol = 1E-08. In Figure 1,
we display the velocity magnitude, the pressure and the temperature versus the corresponding approximations
driven by our fully-mixed technique on a barycenter refined mesh with N = 600 885 degrees of freedom.
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Velocity Magnitude(Exact) Velocity Magnitude (Approximated)
2,936e-02 0.4 0,78 116 1,540e+00 2.936e-02 041 0,78 116 1,540e+00
| AR / ’ | NI RN NN I
- - W

1 090607 -06 0504 0302 01 "G" 01 02 03 04 05 0 07 06 09 1 -1 090807 -06-05-04-03-02 01 8" 01 02 03 04 05 06 07 08 09 1

§ o do dr do ds dds do 00 Oh 08 o ol 05 o o7 oo o

Pressure (Approximated)

-4,723e-01 -024 -1.2e-6 024 4,723e-01 -4,761e-01 024 5,8e-6 024 4,761e-01
3 I |

41 090807 -06-05-04-03-02-01 0 0102 03 04 05 06 07 08 09 1

(L 708 2706 0504 43 02 1 “o‘" 01 02 03 04 05 05 0708 05 1
: :

01
02
031

04l

v dr ot dedodz a1 g o 02 o o o o b o 1
Temperature (Exact) Temperature (Approximated)

1,879e+00 191 194 197 2,000e+00 1.879e+00 191 194 197 2,000e+00
L | LLLLLL " L .

1 09-08-07-06-05-04-03-02-01 0 0102 0304 0506070809 1 P
. 41 09080706 -05-04-03-02-01 0 0102 0304 050607 08 09 1
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1

o o2 als 04 o5 06 07 08 0 Lok e
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FIGURE 1. Example 2: Exact (first column) and approximated (second column) velocity mag-
nitude, pressure and temperature, with £ = 2 and number of degrees of freedom N = 600885.

7.3. Example 3: Natural convection in a square cavity

In this last example, we consider the natural convection of a fluid in a square cavity with different heat
walls. This phenomenon has been widely studied with different types of boundary conditions (see [7,21,23], for
instance). Such as in [4], we consider the problem (2.1) with dimensionless numbers: Find (u, p, ¢) such that

—Prdiv(2u(p)e(u)) + (Vu)u+Vp=Ra g in €,
divu =0 in Q, (7.1)
—div(KVy)+u-Ve =0 in  Q,

where Pr and Ra are the Prandtl and Raileigh numbers, defined respectively as the ratio of momentum diffusiv-
ity to thermal diffusivity, and the ratio of buoyancy forces to viscosity forces times the Prandtl number. Hence,
we model the cavity as 2 = (0,1)? and consider Prandtl and Raileigh numbers, viscosity, thermal conductivity
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Gradient of temperature vorticity X
1116e-05 025 049 074 985801 -3.370e+01 -17 0,15 17 3,340e+01
L | |

Dt — —

0 01 02 03 04 05 06 07 08 09 1

XAxs
9 o1 02 03 04 05 06 07 08 09 I

01 02 03 04 05 06 07 08 09
X

Velocity Magnitude(Approximated)
9.674e-05 0,88 18 2,6 3517e+00

06 07 08 09 1

FiGURE 2. Example 3: Natural convection in a square cavity, with £ = 1, DOF = 1132 626.

and body force given by
Pr=0.5, Ra=2000, u(p)=exp(—p), Kx)=I and g(x)=(0,1)".
In addition, as in [4], the system (7.1) is completed with the boundary conditions

up(x) =0, and ¢p(x)= %(1 - cos(27rxl)) (1 - $2) on T.

The last condition results in the left, top and right walls with zero-temperature, and describes a sinusoidal profile
in the bottom wall, with a peak of temperature ¢ = 1 at x = 0.5. In Figure 2, we display the approximation of
the temperature gradient, the z-component of the vorticity tensor of the fluid (which is computed as a direct
postprocessing of the velocity gradient, that is %(th — t',“l)), and the velocity magnitude. Our results are in
concordance with those obtained in [4] and what is expected to be observed from the physical point of view, in
accordance to [21].

We end the paper by remarking that the numerical results reported in this section illustrate the capability of
the proposed method to provide accurate direct approximations of both primary and physically relevant further
variables of the model. Its computational cost is certainly a bit higher than expected because of the utilization
of barycentric refined meshes, which yields a total number of DOF at local level given by 8dimPy(K) +
3dim RT,(K) when n = 2 or 15dim Py (K) + 4dim RT;(K) when n = 3, for each K € 7;?. Nevertheless, the
above is clearly compensated by the fact that, differently from previous works, augmentation procedures are
not utilized here, thus avoiding the incorporation of additional bilinear forms and the consequent appearing of
stiffness matrices that are much fuller and much more complex to handle.
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