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ANALYSIS OF CELL SIZE EFFECTS IN ATOMISTIC CRACK PROPAGATION

MAcIEJ Buzge!?*, THOMAS HUDSON! AND CHRISTOPH ORTNER!

Abstract. We consider crack propagation in a crystalline material in terms of bifurcation analysis.
We provide evidence that the stress intensity factor is a natural bifurcation parameter, and that the
resulting bifurcation diagram is a periodic “snaking curve”. We then prove qualitative properties of the
equilibria and convergence rates of finite-cell approximations to the “exact” bifurcation diagram.
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1. INTRODUCTION

A fundamental task of materials modelling is to understand the process of failure, which is often facilitated by
crack propagation. Cracks (and other defects) initiate and propagate via atomistic mechanisms, which renders
the task of creating accurate and efficient simulations of this phenomenon on a large scale particularly difficult
[5]. In addition, many of the simulation techniques in operation today rely on simplifying assumptions which are
often phenomenological; for example, it is generally unclear under which conditions continuum models become
invalid [19].

There is thus a need for a robust mathematical theory of crack propagation at an atomistic scale, providing a
rigorous grounding for a subsequent study of bottom-up multiscale and coarse-grained models. In [11] we began
to lay the foundation of such a theory by formulating the equilibration problem on a lattice in the presence
of a crack as a variational problem on an appropriate discrete Sobolev space, and establishing existence, local
uniqueness and stability of equilibrium displacements for small loading parameters. Crucially, we also established
decay properties of the lattice Green’s function in crack geometry, which enabled us to prove qualitatively sharp
far-field decay estimates of the atomistic core contribution to the equilibrium fields in order to quantify the
“range” of atomistic effects. This work relied on and extended the recent rigorously formalised atomistic theory
of single localised defects in crystalline structures [8,15,23].

The purpose of the present work is to go beyond the small-loading regime and introduce a key component
missing in [11], demonstrating that crack propagation, facilitated by bond-breaking events, can be described in
the framework of [11]. The mathematical tools we exploit to do so are taken from bifurcation theory in Banach
spaces [13]. While this idea has already been explored numerically in [30,31], a key new conceptual insight is that
the stress intensity factor (SIF), which acts as a measure of stability in continuum fracture can be interpreted as
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the “loading parameter” on the atomistic crack through the far-field boundary condition allowing us to obtain
rigorous results about cell size effects.

More specifically, we model the equilibration of an atomistic crack embedded in an infinite homogeneous
crystal as a variational problem with the continuum linearised elasticity (CLE) solution as the far-field boundary
condition. The SIF enters the model as a scaling parameter multiplying the CLE solution, and so varying this
naturally leads to a bifurcation diagram. Moreover, the fact that the CLE crack equilibrium displacement does
not belong to the energy space suggests that the bifurcation diagram consists solely of regular points and
quadratic fold points, at which the equilibria found transition from being linearly stable to linearly unstable (or
vice versa).

This observation and the numerical evidence we obtain together motivate structural assumptions on the
bifurcation diagram: we assume (and confirm numerically) that it is a “snaking curve” [40] with the stability
of solutions changing at each bifurcation point. In particular, under our assumptions, a jump from one stable
segment to another captures the propagation of the crack through one lattice cell, with the unstable segment
that is crossed in that jump being a corresponding saddle point, which represents the energetic barrier which
must be overcome for crack propagation to occur at a given value of the SIF. This allows us to capture the
phenomenon of “lattice trapping” [20,41], a term which refers to the idea that in discrete models of fracture
there can exist a range of values of SIF for which the crack remains locally stable despite being above or below
the critical Griffith stress.

As in [11], we avoid significant technicalities by restricting the analysis to a two-dimensional square lattice
with nearest neighbour pair interaction. The notable difference in the models considered is that in [11], in order
to prove that the variational problem is well-posed, the bonds crossing the crack were explicitly removed from
the interaction; by contrast, in the present paper they are included in the interaction range, and instead, the
fact that they are effectively broken is encoded in the interatomic potential. This gives rise to a physically
realistic periodic bifurcation diagram, for which we subsequently prove regularity results both in terms of its
smoothness as a submanifold of an appropriate space, as well as uniform spatial regularity of the equilibria
along the corresponding solution path.

Our results for the infinite lattice model naturally lead to an investigation of the numerical approximation
of these solutions on a finite-domain, and we use the technical tools established in [11] to establish sharp
convergence rates as the domain radius tends to infinity. A notable novelty is that our results apply uniformly
to finite segments of the bifurcation diagram; moreover, we establish a superconvergence result for the critical
values of the SIF at which fold points occur. Since the unstable segments of the bifurcation diagram correspond
to index-1 saddle points of the energy, our work in this regard also extends the convergence results of [6] for
saddle point configurations of point defects and suggests possible future extensions to a full transition state
analysis [3,7,16,21,42].

Outline

In Section 2 we provide a detailed motivation for our work, introducing the model for crack propagation
in the anti-plane setup, describing the underlying assumptions, and providing a statement of the main results
about the model and its numerical approximation. In Section 2.1 we give a brief overview of the continuum
mechanics context and describe how it motivates our work, and in Section 2.2 we discuss the discrete kinematics
of the atomistic model. Then, in Section 2.3 the key assumptions are presented and discussed, and the novel
components of the theory, in particular the role of the stress intensity factor, are highlighted. The main results of
the paper are also stated. Section 2.4 is dedicated to the finite-domain approximation of the problem, with sharp
convergence results stated, including the superconvergence result for the critical values of the stress intensity
factor. In Section 2.5 we present a numerical setup employed to compute bifurcation paths, enabling us to
numerically verify the sharpness of our results with respect to regularity and rate of convergence. Section 3
then provides a discussion about the significance of our results, and the proofs of the main results are given in
Section 4.
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2. MAIN RESULTS

2.1. Motivation

The principal motivation for our work stems from the following limitation of the continuum elasticity
approaches to static crack problems. Consider a domain D C R2, representing a cross-section of a three-
dimensional elastic body, with a crack set I'p C D. Given a material-specific strain energy density function
W : R?*k — RU {+oc} (where k € {1,2,3} depending on the loading mode), cf. [27], one can hope to find
a non-trivial equilibrium displacement u : D — R* accommodating the presence of a crack by minimising the
continuum energy given by

E(u) := W (Vu) dz,
D\I'p
over a suitable function space. In line with CLE, one can approximate W by its expansion around zero to second
order and obtain the associated equilibrium equation

—div(C:Vu)=0 in D\TIp, (2.1)
(C:Vu)r=0 onTp,

supplied with a suitable boundary condition coupling to the bulk [17]. Here C is the elasticity tensor with entries
ClL) = DiagsW(0).

It is well-known that regardless of the details of the geometry of D and I'p, near the crack tip, the gradients
of solutions to (2.1) and (2.2) exhibit a persistent 1/+/r behaviour, where r is the distance from the crack
tip, ¢f. [35]. The singularity at the crack tip implies the failure of CLE to accurately describe a small region
around it where atomistic (nonlinear and discrete) effects dominate. This near-tip nonlinear zone is argued to
exhibit autonomy [10,17], meaning that the state of the system in the vicinity of the singular field is determined
uniquely by the value of the SIF, and therefore systems with the same SIF but different geometries will behave
similarly within the near-tip nonlinear zone.

In order to better understand the microscopic features of this zone, we may exploit the spatial invariance of
elasticity and zoom in on the region near the crack tip by performing a spatial rescaling Ru(xz/R), which leads
to a simplified geometry of an infinite domain with a half-infinite straight crack line, as illustrated in Figure 1.

In what follows we focus on Mode III cracks, restricting to anti-plane displacements u : R? — R. Under natural
assumptions on the stored energy density W which result from coupling it with a corresponding interatomic
potential, as discussed in [11], the set of equations (2.1) and (2.2) reduces in the simplified geometry to

~Au=0 inR*\Ty, (2.3)
Vu-v=0 onlTy,

where

FO = {(171, 0) |ZZ?1 S 0} (25)

This PDE has a canonical solution, as discussed in e.g. [39], given by
an(z) = k/rsing, (2.6)

with (r, 0) representing standard cylindrical polar coordinates centred at the crack tip. The scalar parameter k
corresponds to the (rescaled) stress intensity factor (SIF) [29].

As we increase the spatial rescaling parameter R, we eventually approach the atomic lengthscale at which the
hypothesis that the material behaves as a continuum breaks down. We must thus speak of atomic displacements
and finite differences rather than differential operators, and consider an atomistic model supplied with the
function 4 as a far-field boundary condition. As such, in the model we describe below, the function uy will act
as a CLE “predictor”, representing the behaviour of the material in the far field away from the crack tip.
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FIGURE 1. A schematic illustration of the setup. A domain D with the crack set I'p = I'; UT's.
The autonomy of the crack implies we can zoom in on each crack tip to obtain a simplified
geometry of a ball of radius R. In the limit R — oo of the spatial rescaling we obtain a domain
R? and a half-infinite crack T.

2.2. Discrete kinematics

The atomistic setup is similar to the one introduced in [11]; here, we recall it in detail and highlight new
concepts. Let A denote the shifted two dimensional square lattice defined as

A= {i-(43) [1ez2).

We consider a crack opening along I'y defined in (2.5), and distinguish the lines that include lattice points
directly above and below I'y. These are defined as

Iy := {m€A|m1<0 and mo = +1}

and we refer to Figure 2 for a visualisation of the setup.
For the purposes of our analysis, it is helpful to consider two notions of interaction neighbourhood for lattice
points. First, the nearest neighbour (NN) directions of the homogeneous square lattice are given by

R = {:I:el, :‘:62} .

Second, we modify these interaction neighbourhoods by disregarding the directions across the crack, as these
bonds are effectively already broken; for any m € A, we therefore define

= _JR for m¢g T UT_),
R(m) := {R\ {Fea} for me F: 27)

For an anti-plane displacement defined on the lattice u: A — R, we define the finite difference operator as
D,u(x) := u(x+ p) — u(x) and introduce two notions of the discrete gradient, denoted by Du(m), Du(m) € R®
and defined as

(Du(m))p := D,u(m) and (f)u(m))p = {é)pu(m) i Z ; EEZ;’ (2.8)
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FIGURE 2. The geometry of the problem with and without the bonds across the crack. The
(predicted) crack tip depicted by a red dot. In (b) the crack cut Ty from (2.5) is shown as a
dashed black line and the lattice points on I'y and I'_ are highlighted.

We note that since |R| = 4, R” is a 4-dimensional space indexed by each member of R. It therefore follows
from (2.8) that Du corresponds to homogeneous NN interactions, whereas Du reflects a defective lattice, as
when m € ', the components of Du(m) which correspond to erased lattice directions are always zero.

The removal of NN bonds and subsequent introduction of the discrete gradient operator D allows us to define
the appropriate discrete energy space (discrete Sobolev space) for handling arbitrarily large differences in the
far-field displacements across the crack,

H? ::{u: A—>R|l~7u€€2andu(%,%):0}7

1/2
which has associated norm [ull 1 := || Dullgz = (Z |Du(m)|2> (2.9)
meA
and inner product (U, )3 = Z Du(m) - Dv(m).
meA
The choice to restrict u (%, %) = 0 ensures that only one constant displacement lies in the space, making || - [/,

a norm.
It is also helpful to introduce the space of compactly supported displacements,

H :={u : A — R| supp(Du) is compact}.

Remark 2.1. To avoid future confusion, we note that compared to [11] the definitions of D and D have been
swapped to accommodate the differing nature of the two papers. In [11] the interactions across the crack are
always explicitly excluded, leaving little need for this explicit distinction. In the present work the distinction is
crucial and we opted for D to denote the usual intuitive notion of the discrete gradient. Furthermore, a similar
change in notation occurs for R and R. Note, however, that in both papers the definition of H! remains the
same.
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2.3. Analysis of the model

We modify the theory developed in [11] for a small-load anti-plane crack to frame it in the context of
bifurcation theory. We consider the energy difference functional £ : H' x R — R supplied with CLE solution
as a far-field boundary condition:

= Y V(Diy(m) + Du(m)) — V(D (m)). (2.10)

meA

Here V : R® — R is a suitable interatomic site potential and 4 : A — R is the CLE predictor, introduced in
(2.6). The function u € H' is a core correction, thus the total displacement is given by @y + w.
We assume the site potential to be a NN pair-potential of the form

=3 6(Dyu(m)), (2.11)

PER

with ¢ € C*(R) for a > 5. Assuming that the lattice is reflection symmetric in the anti-plane direction, we
assume without loss of generality that

¢(0)=0, ¢'(0)=0, ¢"(0)=1, and ¢"(0)=0.

The first and third assumptions may be made by subtracting an appropriate constant and rescaling the potential,
while the second and fourth follow from the assumption of anti-plane symmetry, as discussed in [11].

Note that we employ the homogeneous discrete gradient operator Du in the definition of £, while the “crack-
aware” gradient Du is used to define the space H*. This is helpful in the context of capturing crack propagation,
since it enables us to consider displacements with arbitrarily large strains across the crack, but raises the issue
that for any m € I'x and p ¢ R(m) crossing the crack surface, we have D,ti(m) ~ |m|*/2. Thus, in order for
such £ to be well-defined on H' x R, we further assume that the pair-potential satisfies

there exists Ry > 0 such that ¢/(r) =0 Vr with |r| > R,. (2.12)

Such an assumption is sufficient and simplifies the exposition, but is by no means a necessary condition and
can be easily replaced by an appropriate decay property (e.g. exponential or sufficiently high algebraic decay).
In particular, under this assumption, we firstly prove the following result.

Theorem 2.2. The energy difference functional £ expressed in (2.10) is well-defined on H' xR and is a-times
continuously differentiable.

The proof is given in Section 4.2 and mostly relies on the analogous result in [11], with the extra work needed
to handle the now-included bonds across the crack.

The inclusion of the stress intensity factor k as a variable in the definition of £ allows us to employ bifurcation
analysis to describe the propagation of the crack as a series of bifurcations, which we view as corresponding to
bond-breaking events.

The primary task of our analysis is to characterise the set of critical points of the energy, S, defined as

S = {(u,k) € H* x R|8,E(u, k) =0€ (H')*}, (2.13)
where 6,€ : H! xR — (Hl)* is the partial Fréchet derivative given by

(6uE(u, k), v) = > 6V (Di(m) + Du(m)) - Dv(m).

meA

For future reference, we summarize our notation for linear and multi-linear forms, in particular defining the
meaning of (§,&(u, k), v). For any n-linear form L, we write L[vy,...,v,] to denote its evaluation at vy, ..., v,
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and if m < n, then L[vy, ..., vy] is the (n —m)-linear form (w1, ..., Wp_m) — L[v1, ..., Um, W1, ..., Wy_m]. For
the sake of readability and only when there is no risk of confusion, we often write (L, v1) for linear forms and
(Lyv1, va) as well as Lyvy = Lq[v1] for bilinear forms.

It is of particular interest to compute continuous paths contained in S, as it allows to characterise the
response of the model to variations in SIF. This is often possible if we are able to identify one particular pair,
say (o, ko) € S and it can be further shown that it is a regular point, by which we mean

Hy := 62,& (g, ko) : H' — (HY)* is an isomorphism. (2.14)

In this case, a standard application of the Implicit Function Theorem [28] yields existence of a locally unique
path of solutions (s, ks) in the vicinity of (g, ko) which we will assume to be parametrised with an index
s € R; exactly this strategy was used in [11] to show existence of solutions in a static crack problem with crack
bonds removed from the definition of £, for k small enough. We will set

H, =62 ,E(ts, ks) : HY — (HY)*. (2.15)

As we will see in the numerical examples of Section 2.5, beyond some critical value of k, bifurcations of the
following type begin to occur.

Definition 2.3. A (simple quadratic) fold point occurs at (ty, k) € S if there exists 7y, € H! such that
Ker(Hy) = span{v},

8o, € (1o, ) [0, 1] # 0, (2.16)
53uu£(ﬂbv Eb) [’7177 Vb FYb] 7£ Oa (217)

with formulae for these variations of energy given in (4.12) and (4.13), respectively.

A schematic representation of the idea behind Definition 2.3 is shown in Figure 3a. As already discussed
in the introduction, the fact that 45 ¢ H! is key to (2.16) holding true, and suggests that a full bifurcation
diagram is an infinite non-self-intersecting snaking curve [40], consisting solely of regular and fold points as
shown in Figure 3b. Our functional setup is well-suited to considering an arbitrary finite segment of it, so we
begin with the following set of assumptions. We emphasise that all our subsequent results rely on the validity of
these assumptions which are natural (see discussion below) but likely difficult to prove rigorously. Moreover, it
is not guaranteed that Assumption 2.4 in particular is generic, but different potentials and loading geometries
may indeed give rise to qualitatively different bifurcation diagrams.

Assumption 2.4. There exists a bifurcation diagram in the form of an injective continuous path B : 0,1 —
H! x R given by
B(s) := (s, ks), (2.18)

where Im(B) C S (defined in (2.13)) is compact and for each s € [0,1], B(s) is either a regular point, as in
(2.14), or a fold point, as in Definition 2.3. We further assume that there are finitely many fold points occuring
at s € {by,...,bar} C (0,1). In particular, this implies that Im(B) is a non-self-intersecting curve.

For future reference, if f : B — X, where X is a Banach space, is differentiable, then we write f, := % fs-
Assumption 2.5. There exists ¢ > 0 such that for each s € [0, 1] there exists a subspace Uy of H! of codimen-
sion at most 1 for which it holds that

(Hsv, v) > cllv (2.19)

12,1
for allv € Us.
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FIGURE 3. (a) An illustration of typical behaviour near quadratic fold point (depicted as a blue
dot). Solid (respectively dashed) lines represent stable (resp. unstable) solutions. A change in
stability at such points as shown in Proposition 2.8 is guaranteed by (2.17), which ensures
that the smallest eigenvalue passes through zero with nonzero “velocity”. (b) A schematic
representation of a snaking curve with dots representing bifurcation points. The sets of solutions
Bpos and Bpg defined in (2.21) are represented in blue and red, respectively. Note that By
includes the entirety of the unstable segments, as well as bifurcation points and small parts of
the stable segments.

The fact that a succession of fold points occurs is assumed to be an inherent feature of the lattice and
the potential in place, much as the existence of a solution to a static dislocation problem is assumed in [15].
Assumption 2.5 ensures that each B(s) = (us, ks) represents either a bifurcation point, a stable solution or an
unstable solution which is an index-1 saddle point. This assumption is motivated by the fact that the anti-plane
setup and lattice symmetry naturally binds the crack propagation to the x-axis, leaving little room for any more
involved bifurcating behaviour. Moreover, this is also supported by numerical evidence presented in Section 2.5,
in particular with Figure 5 clearly exhibiting the snaking curve structure of the bifurcation diagram. We also
refer to Section 3.2 for a discussion about the periodicity of the bifurcation diagram which further justifies
Assumptions 2.4 and 2.5. Finally we note that in [30] a similar numerical evidence is presented for a vectorial
Mode I fracture model posed on a triangular lattice under Lennard-Jones potential.

As will be shown in Proposition 2.8, requiring that (2.17) holds ensures that a change in the stability of the
solution occurs at each fold point. This implies that near bifurcation points and on the unstable segments the
infimum of the spectrum of H is an eigenvalue, which motivates the following decomposition of the parametrisa-
tion interval [0, 1]: since we look at a finite segment of the full bifurcation diagram, we will assume for notational
convenience that it starts on a stable segment and the number of fold points M lying in Im(B) is even and

define sets
M/2

Too = |J I € [0,1] and Zpoe :=1[0,1]\ Zyy, (2.20)
k=1
where Iy, := (bogp—1 — &, bog + &) with £ > 0 small enough. The cases where M is odd or we start on an unstable
segment can be handled in an entirely analogous way. We refer to

By = B(Zp1) and Bpos = B(Zpos) (2.21)

as the collection of segments of the bifurcation diagram with o,(H,) # 0 (non-empty point spectrum) and
o(Hs) C [e,00) (positive spectrum, ¢ from Assumption 2.5), respectively. We note that both the unstable
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segments and neighbourhoods of the bifurcation points belong to By, thus the constant ¢ in Assumption 2.5
can be chosen to be small enough so that

5 € Tpos = Uy =M (2.22)
We now establish some initial results about the model. First, a regularity result.
Proposition 2.6 (Regularity of the diagram). The set Im(B) C H' x R is a one-dimensional C*~' manifold.

This result will be proven in Section 4.2 and in particular entails that, without loss of generality, we may
make the following assumption concerning the parametrisation B.

Assumption 2.7. The function B : [0,1] — H X R is a constant speed, C*~' parametrisation of the manifold
Im(B) C H! x R.

We next prove a result concerning the existence of linearly unstable directions and corresponding negative
eigenvalues for some sections of the bifurcation diagram.

Proposition 2.8 (Existence of an eigen-pair). Under Assumptions 2.4, 2.5 and 2.7, there exist C*~2 functions
vt ot — H and p : Iy — R such that
Hyys = psJ s, (223)

where Hs was defined in (2.15) and J represents the Riesz mapping [38], i.e. an isometric isomorphism between
HY and (HY)*, thus we can equivalently say that

<Hs'757 U> = Ms(’)’mv)?{l forall v e Hl.

Furthermore, for j = 1,..., M, we have uy, = 0 with the corresponding eigenvector vy, introduced in Defini-
tion 2.3 and also uéj # 0, implying that a change of stability occurs at s = b;.

This will be proven in Section 4.2.

We subsequently establish the following decay and regularity results for the atomistic core corrector, which
rely on the precise characterisation of the lattice Green’s function for the anti-plane crack geometry developed
in [11].

Theorem 2.9 (Decay properties of solutions and eigenvectors). For any s € [0,1] and | € A with |l| large
enough it holds that for any § > 0 the atomistic correction us satisfies

|Dug(1)] < C|I|=3/2+2. (2.24)
If s € Iy, then the eigenvector vs € H from Proposition 2.8 satisfies

| Dy, (1)] < CJ|=3/2+. (2.25)
In both cases C' is a generic constant independent of s.

As in the case of Theorem 2.2, we note that (2.24) can be proven as in [11], except for an extra dificulty
arising from the fact that bonds across the crack are now included. The estimate in (2.25) follows from a two-step
argument that is similar in nature. Both these estimates will be proven in Section 4.2.

Remark 2.10. The arbitrarily small 6 > 0 in Theorem 2.9 appears due to a technical limitation of the method
employed in [11] to estimate the mixed second discrete derivative of the lattice Green’s function in the anti-
plane crack geometry. We expect the result to hold for § = 0 too, but this cannot be achieved with the current
bootstrapping argument, which saturates at the known decay rate of the corresponding continuum Green’s
function.
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2.4. Approximation

As numerical simulations are naturally restricted to a computational domain of finite size, we now consider
and analyse a finite-dimensional scheme that approximates the solution path B defined in (2.18) and establish
rigorous convergence results.

The starting point is a computational domain Qg with B N A C Qr C A (where Bpg is a ball of radius R
centred at the origin) and the boundary condition prescribed as @& on A\ Qg. The approximation to (2.13) can
thus be stated as a Galerkin approximation, that is we seek to characterise

Sk = {(u® k) € H% x R|,£(u" k) =0 € (H})"}, (2.26)

where
HE ={v: A —=R|lv=0in A\ Qp}.

We prove the following.

Theorem 2.11. Under Assumptions 2.4, 2.5 and 2.7, there exists Rg > 0, such that for all R > Ry, there
exists a C*~1 approzimate bifurcation path B : [0,1] — H% x R given by
Bg(s) == (@, k),

s§77s

where Im(Br) C Sg, such that for any 5 >0

@l = sl g + [BE — ks S RV2HP (2.27)
and ) .
£l k) — E(ug, k)| S R7MP, (2.28)

where B(s) = (us, ks) as in (2.18).

For the proof of this result, we refer to Section 4.3.

While the estimate in (2.27) appears to be almost sharp (our numerical results in Sect. 2.5 indicate that
this estimate holds with 8 = 0), more can be said about the approximation of the critical values of the stress
intensity factor for which fold points occur.

Theorem 2.12. For R suffiently large, the approzimate bifurcation path Br from Theorem 2.11 contains M
fold points in the sense of Definition 2.3 occuring at s € {b%,... bl } C (0,1), and for each of these we have

|/%5}, — Ebj‘ <R for any 4> 0.
J

For the proof, we again refer to Section 4.3.
This superconvergence result is well-known in bifurcation theory [13], and is observed numerically in our tests
in Section 2.5.

2.5. Numerical investigation

In this section we present results of numerical tests that confirm the rate of decay of |Di| and |D~s|
established in Theorem 2.9, as well as the convergence rates from Theorems 2.11 and 2.12. The computational
setup is similar to the one described in Section 3 of [8], with A and R as specified in Section 2.2 and the
pair-potential given by

o(r) = é(1 — exp(—3r?)). (2.29)

We employ a pseudo-arclength numerical continuation scheme to approximate Bg [4]. To compute equilibria we
employ a standard Newton scheme, terminating at an £>°-residual of 1078,
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FIGURE 4. The decay of Dus and D+, for a domain with radius R = 256. Transparent dots
denote data points (|I|, [Dus(1)]), solid curves their envelopes. We observe the expected rate of
|1|=3/2. The z-axis stopping near |I| = 128 ensures we do not observe any boundary effects.

0.46 0.48
k
FIGURE 5. The bifurcation paths By for R = 32, ..., 256, that is for R = 2"/* forn = 20, ..., 32.

Solid lines denote stables segments, dashed lines unstable segments and dots the bifurcation
points.

Theorem 2.9 suggests that |Dis(1)| < |I|73/2 and | Dy (1)| < |I]73/2. This is verified in Figure 4. Theorem 2.11
suggests that in the supercell approximation of B in (2.18) we expect [[af — 4| + [kE — k| ~ O(R71/2),
where R is the size of the domain. To verify this numerically, we first compute Bgr for R = 32,...,256 via a
pseudo-arclength continuation scheme. The results are shown in Figure 5, with stable segments plotted as solid
lines and unstable segments as dashed lines. To measure the distance between the segments of the bifurcation
diagram, we compute the Hausdorff distance [37] with respect to || - ||;:-norm between the critical points on Bg
(for R =32,...,90.51) and on Bg,, where R, = 256. The result is shown in Figure 6a.

Finally, we test the superconvergence result for the bifurcation points from Theorem 2.12, which predicts that
|l§% — k| ~ O(R™"). To this end we accelerate the convergence of the sequence {l_cﬁa} (for R =32,...,256) by
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FIGURE 6. (a) The approximate rate of convergence of the supercell approximation of B, mea-
sured by the Hausdorff distance with respect to || - ||,;:-norm, compared against the domain
with R = 256. (b) The convergence rate of the values of stress intensity factor at which bifurca-
tions occur. The approximate limit values as predicted by Richardson extrapolation are given
in the legend entries. The fact that all unstable-to-stable (and separately stable-to-unstable)
fold points occur at the same values indicates that in the limit the bifurcation path is exactly
vertical.

employing Richardson extrapolation [36], thus giving us an approximate limit value for Ebj. The values of the
approximate limits, as well as the R~! convergence is exhibited in Figure 6b.

Remark 2.13. The pair-potential ¢ defined in (2.29) does not satisfy the strong assumption of compact support
of ¢ introduced in (2.12), but has the slightly weaker property of exponential decay in first derivative. It thus
emphasises the already discussed point that (2.29) is by no means a necessary condition. It also emphasises
the point that our results are of more practical applicability, despite the severe non-convexity of the energy
landscape forcing us to introduce structural assumptions on the bifurcation diagram as opposed to proving
them.

3. CONCLUSION AND DISCUSSION

The results obtained here, in tandem with those of our previous paper [11], introduce a mathematical frame-
work in which a rigorous formulation and study of atomistic models of cracks and their propagation is possible.
In particular, we have shown how the theory of atomistic modelling of defects developed in [8,15,23] can be
combined with classical results from bifurcation theory [9,26] to study this problem, and a key insight is the
identification of the stress intensity factor as a suitable bifurcation parameter which allows us to explore the
energy landscape. While our results are of conditional nature in that they rely on assumptions that are rea-
sonably justified and numerically verified, our analysis nonetheless sets earlier numerical work of [30,31] into a
rigorous framework and provides a comprehensive explanation as to why the bifurcation diagram is a snaking
curve.

While further work is needed to extend our analytical results to more general models (and particularly to
the case of other crack modes), from a numerical perspective several aspects of our theory are of universal
applicability. We therefore conclude by pointing out a series of interesting conclusions which arise from our
analysis.
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3.1. Applicability of the results to other crack models

Due to reasons explored in the concluding section of [11], at present we do not see an easy way of rigorously
extending our results beyond a 2D model for scalar Mode III crack with nearest neighbours pair interactions
on a square lattice. On a practical level, however, it can be numerically verified that our theory is entirely
applicable to any 2D model for scalar Mode III crack with arbitrary finite range interactions under an arbitrary
feasible interatomic potential and the resulting bifurcation diagrams is indeed a snaking curve.

For vectorial models of other modes of crack the numerical method described is still feasible, but depending on
the potential employed, numerical tests indicate that one can expect a more complicated bifurcating behaviour,
not least because of surface relaxation effects. The numerical evidence in [30] in particular indicates that the
structure of the bifurcation diagram described in this paper does apply to some vectorial models. We hope to
investigate this in greater detail in the future.

3.2. Periodicity of the bifurcation diagram

In an infinite lattice, shifting the crack tip by one lattice spacing results in a physically identical configuration.
Therefore, it is reasonable to conjecture that Br in the limit as R — oo generates a bifurcation diagram in which
the critical points exist for values of the SIF k within a fixed finite interval of admissible values. In Section 2.5
we have exploited the superconvergence result in Theorem 2.12 to test this hypothesis numerically and the
results summarised in Figure 6 confirm this intuition, as the extrapolated limit values of SIF as R — oo for
every second bifurcation point are numerically identical, occuring at

k =0.45903, k =0.46234, £k =0.45905, k =0.46231, Kk = 0.45905.

A translation invariance in the critical points further implies that, if we denote the centre of the CLE predictor
by
xy = (), 0) (3.1)

for some A € Z, and define £, : H' x R — R by

Ex(@, k) = > V(Dig(m — xx) + Du(m)) — V(Dig(m — ),
meA

then assuming B(s) = (&s, ks) € H' x R is a parametrisation as described in Section 2.3, we naturally have
(5ug,\(ﬂs(' —xy), E‘S) =0. (3.2)
We further notice for any s € [0, 1] the total displacement ys = tg_+ %, can be rewritten as ys(m) = az_(m —

) + ws x(m), where A € Z and
w \(m) = (g, (m) — dg, (m — zy)) + s (m).
Crucially, '
|Diig (1) — Dig(l — )| S |I|7%? = w, ) € H! (3.3)
and for any choice of A € Z

5,u8,\(w57>\, ];Jé) = 6u5(ﬂs, E‘é) =0. (34)

In other words, no matter which x) we choose to centre the crack predictor 4 at, the same configuration

Yys = Uj, + Us always remains an equilibrium and ws  exactly captures the resulting changes to the atomistic
correction. ) )

To be precise, let us fix some s € [0, 1] thus giving us a pair B(s) = (s, ks), let K := k4 and further consider

I = {s € [0,1]| ks = K}.
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Equations (3.2) and (3.4) indicate that for any s’ € Ix for which @ is a solution of the same type as @, (either
stable, or unstable or a bifurcation point), we can find a unique A € Z such that @y = w; .

In particular we note that the above strongly suggests that in some cases one may be able to prove results
about periodicity and boundedness in k of the bifurcation diagram, which would also have the additional
benefit of proving that Assumptions 2.4 and 2.5 hold true. The particular difficulty, however, lies in the fact
that without these structural assumptions we cannot easily conclude that @y = w, ) for some unique A € Z.
This can potentially be proven under suitable (prohibitively restrictive) technical asssumptions on the potential,
as explored for anti-plane screw dislocations in [24]. We hope to investigate this in future work.

3.3. Interplay between the stress intensity factor and the domain size and its effect on
lattice trapping.

The tilt of bifurcation diagrams seen in Figure 5 indicates that the size of the domain heavily impacts the
shape of the corresponding solution curve. Notably, each successive bond-breaking event has a different interval
of admissible values of SIF associated to it and the corresponding unstable segments are much shorter than
stable ones for small domain sizes. The fact that the influence of such finite-domain effects can still be observed
for a fairly large R can be explained by the very slow rate of convergence in Theorem 2.12.

In practice, one hopes to investigate crack propagation and associated energy barriers for a fixed value of SIF
and subsequently compare it against other admissible choices of SIF to measure the strength of lattice trapping
[20,41], measured by the relative height of the energy barrier. Our work indicates that such investigations are
particularly challenging due to the extent to which finite-size effects dominate, an effect we observe to be strong
even in the simple model considered here. Only a very large choice of truncation radius R ensures that the
resulting solution paths are close to the periodic results one expects in the full lattice case. It may be possible
to overcome such difficulties by prescribing a more accurate predictor describing the far-field behaviour, in line
with the idea of development of solutions introduced in [8]: this is a clear direction for future investigation.

3.4. Identification of the correct bifurcation parameter.

It is interesting to note that varying the intuitively natural bifurcation parameter A introduced in (3.1)
to reflect the crack tip at which the continuum prediction is centred in fact fails to capture the bifurcation
phenomenon. This can be seen by considering £ : H! x R — R given by

ZV (Do (m) + Du(m)) — V(Do (m)),

where 0y = g (- — x) for some fixed SIF K > 0. This fundamentally differs from the energy defined in (2.10),
as in that case we have linear dependence of the displacement on k, Diy(m) = kD41 (m), which in turn leads
to a particular form of derivatives with respect to k; in particular, this ensures we have quadratic fold points.
In &, however, the dependence is inside ¥y, thus the crucial derivative with respect \ is given by

SAE(W, N[w, h] = b 82V (Ddx(m) + Dv(m))D fr(m) - Dw(m),

where fi(m) = Viig(mi1 — A, mz) - e1. In this case, as in (3.3), we can conclude f) € H'. This implies that a
fold point cannot occur, as that would require that there exists v € H! such that

(62, (v, A\, v 252 (m) + Dv(m))Dv(m) - Dw(m) = 0
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for all w € H!, which further implies that
TAE(w, Ny, 1 Z 5V ) + Dv(m)) D fx(m) - Dy(m)

= Z 5V ) + Dv(m)) Dy(m) - D fr(m) = 0,

since fy € H!. This breaches the defining property of a fold point given in Definition 2.3; in fact, it is not
possible to drive a bifurcation in this way precisely because of the observation made in (3.3) and the resulting
periodicity.

3.5. Parameter-driven analysis for other models and defects

An overarching idea of this paper is that a careful analysis of a crucial parameter involved in the model
can reveal the energy landscape of the problem, and this can be particularly fruitful in the study of defect
migration. In the case of a crack, using the SIF as a driving parameter naturally generalises to more complex
fracture models, though in general there may be multiple SIF's.

It would be interesting to undertake future study to see whether such an analysis is applicable more widely
to other defects. In the particular case of dislocations, nucleation and motion have been studied in the atomistic
context in a number of recent studies, including [1,2,12,18,22]. Since these defects are the carriers of plastic
deformation, the study of their mobility is important, and natural candidates for the parameters in this case
are the shear modulus and externally-applied stress [27].

4. PROOFS

4.1. Preliminaries

Our approach is based on two classic results from bifurcation analysis on Banach spaces, ¢f. [13], which we
state in this section for convenience. The first result is known as “ABCD Lemma” and is adapted from [26].

Lemma 4.1 (ABCD Lemma). Let H be a Hilbert space with the dual H* and consider the linear operator
M : HxR— H* xR of the form
A b
M =
|:(Ca )H d:| ’
where A : H — H* is self-adjoint in the sense that (Av, w) = (Aw, v) for allv,w € H, b € H*\{0}, c € H\{0}
and d € R. Then

(i) if A is an isomorphism from H to H*, then M is an isomorphism between H X R and H* x R if and only
if d— (¢, A=) g # 0; and

(ii) of dimKer(A) = codim Range(A) = 1 with Ker(A) = span{y}, then M is an isomorphism if and only if
(b, v) # 0 and (¢,vy)m # 0.

To state the second result we introduce the following setup: let X, Y and Z be real Banach spaces and
F € C*(U x Y;Z) for some k > 1, where U is a bounded open subset of X. The total derivative of F at
(z,y) € X xY is denoted DF (z,y) € L(X x Y, Z), with partial derivatives denoted D, F(x,y) € £(X, Z) and
DyF(z,y) € L(Y, Z). We now state a version of Theorem 1 from [9] tailored to our setting.

Theorem 4.2. Suppose a function y : U — Y is Lipschitz continuous with Lipschitz constant co, and there
exist constants cy and c¢1 and a monotonically increasing function L : R — R such that the following hypotheses
are satisfied:
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(i) for any xo € U, DyF(xo,y(xo)) is an isomorphism of Y onto Z with

sup HDyF(xmy(:ro))le < cp; (4.1)
zo€eU
(ii) we have the uniform bound
sup. | D F (20, y(20)) || < s (4.2)
To€

(iii) for any xo € U and all (z,y) satisfying ||z — zo| + ||y — y(zo)|| <&, we have

IDF(z,y) — DF (0, y(zo)|| < L1(&)(Ilz — ol + [ly — y(wo)|l)-

It then follows that there exist constants a,d > 0 depending only on cg,c1,co and Ly so that whenever it holds
that

sup ||F(J’J0,y(l’0))” < d7
xo€U

then there exists a unique function g defined from |
Y such that

wocr B(®o,a) (union of balls centered at x of radius a) to

F(z,g9(z)) =0.

Moreover, g is a C* function on its domain of definition, and for all zo € U and all x € B(zq,a)

lg() = y(@o)ll < Ko(lle = o]l + || F (w0, y(wo) ) (4.3)

where Ky > 0 depends only on the constants ¢y and cy.

For future reference we note that a suitable choice a is given by

a b
a:min{g,%z}—e (4.4)

where @ = 72—, b is such that bL;(b) < 5t-, M = max{cg, 1 +coc1 } and € > 0 is sufficiently small to ensure that

a is positive.

4.2. Proofs about the model

We begin with a technical lemma that is required to prove Theorem 2.2.
Lemma 4.3. If v € H', then, for any | € Ty,
(D] S (vl (1 +log i) (4.5)

Proof. The argument in Proposition 12(ii) of [32] proves the result for the case without a crack present. In that
setting, the proof follows directly from Theorem 2.2 of [33]. In a crack geometry the constructions has to avoid
crossing the crack I'g, hence we modify the argument. We distinguish two cases, depending on whether [ € T'.
or I € T_. We recall that # = (3, 3) and that by definition v € H' = v(%) = 0.

Case 1. Let | € I'y, which implies that (I—%)-e; = 0. We consider a sequence of squares (Q;)¥., C R?\(Dr UT)),
where Dr denotes the continuum region enclosed by I';. and I'_. The squares are aligned in the direction es,
which is possible due to the assumption on [, and defined as follows. Q¢ and @y are unit squares corresponding
to sites & and [, defined in such a way that & (respectively !) is the midpoint of the side of Qq (resp. Q) which
borders I' ;. The squares @1, ...,Qn—1 are defined to fill the space between & and ! in such a way that they
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FIGURE 7. An example of construction of squares. The white dot represents &, the green dot
is a, the purple dot a lattice site in Case 1 of Lemma 4.3 and the orange dot is a lattice site in
Case 2.

have disjoint interiors and are such that their side-lengths differ by at most a factor of 2, with one side of the
smaller square contained in one side of the larger square. It is easy to see that there is at most

N < (2+log|l—2]) <1+]logll]

squares in the sequence. See Figure 7.
For any two neighbouring squares @}, @;+1 it follows from a special case of Lemma 2 from [25] that

[(0)Q; 11 = (W, S IVIvlL2@a\ro) S [0l (4.6)

where
1

(W), = @ o,

and I denotes the crack domain P1 interpolation operator employed in Theorem 2.3 of [11]. The final inequality
in (4.6) follows from the fact that both components of VIv are piecewise constant and each corresponds to
D,v(l) for some bond (m,m + p).

As a result

Tv(x) dz

M=

(W — (u)qol [(w)q; = (Wa, | (4.7)

1

<.
Il

S 2 IVIvliz@erg) = Nlvllgn S (2 +log [2])[|v]l5-

M=

1

<.
Il

Furthermore, it is naturally true that
[(V)@o —v(@)| < [[VllL(qe) and [v(l) = (V)on| < [[VUllL(qu) (4.8)
and since on each @);, the piecewise linear interpolant v belongs to a finite-dimensional space, we obtain
IVIv]| () S IVIV][L2(0)) S IVOllL2@are) S vl (4.9)

where the first inequality follows from the equivalence of norms for finite-dimensional spaces and the second
from extending the domain from Q; to the whole of R? \ T.
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With (4.7) and (4.8), (4.9) in hand, we obtain

@] = [v(l) = v(@)] < o(l) = (V)| +W)on = (V)@ | + (V) — v(2)] (4.10)
S (W +log il

which concludes the proof for [ € I';.

Case 2. Let [ € I'_. The fact that [ is on the other side of the crack relative to & deems the previous argument
invalid, as we can no longer define the sequence of squares aligned with & and [ which will be a subset of

R2\ (Dr UTy). Thus we first “jump” to the other side, that is we a = (%, —%) and conclude that

[v(l) = v(@)] < [v(l) —v(@)] + [v(@) — v(2)|
S il (1 +log |1 —al))
S vl (1 4 log 1),
where the second inequality follows from applying (4.10) to a sequence of squares between [ and a (in fact there

are only two such squares) and the fact that a bound on |v(d) — v(&)| can be incorporated into the general
form. d

We now show that the model is well-defined, with the particular emphasis on two new elements of the analysis
that are distinct from previous arguments of this kind, e.g. [11,15].

Proof of Theorem 2.2. We can decompose the energy into a bulk part and a crack surface part by writing
E(u, k) = Evpuk(u, k) + Er(u, k),
where
Evuik (u, k) == Z Z ¢(D,ti(m) + Dyu(m)) — ¢(Dpig(m)),
mEA peR(m)

Er(u, k) = Z Z ¢(D,yt(m) + Dyu(m)) — ¢(Dpig(m)).

mel+ peR\R(m)

We notice that &y excludes the bonds across the crack and thus is well-defined on H x R, as shown in the
first part of Theorem 2.3 in [11].
To establish the same for the &, we note that we have the symmetry

(1) =tk (ly, —l2);
using this observation, for m € I'y and p € R\ R(m) we have
| Dyt (m)| = | — 2ug(m)| ~ |m|'?  as |m| — oo. (4.11)

Furthermore, it follows from Lemma 4.3 that v € H' implies that | Du(m)| < log |m/|, which in particular implies
that
| Dt (m) + Dyu(m)| > Colm|'/? — Cy log |m],

for suitable constants Cp,C;. Therefore, using assumption (2.12), it follows that for any m € 'y with |m]
sufficiently large,

¢(Dytx(m) + Dyu(m)) — ¢(D iy (m)) = 0;
this entails that for each u € H' we effectively only sum over a finite domain, and implies that &p is indeed
well-defined over H! x R.
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The differentiability properties of the functional follow from a standard argument, see [34]; here we simply
provide formulae for derivatives of relevance to our subsequent arguments. In particular, we have

(0rE(u, k), A) = ZA(VV(Dﬁk(m) + Du(m)) = VV(Dii(m)) - (ADig(m)),

(0uE (u, k), E VV (Diig(m) + Du(m)) - Dv(m),
62.E(u, k)[v, A = miAv? V(D (m) + Du(m))[ADag(m)] - Dv(m), (4.12)
(62, & (u, k)v, w) mz:::VQ m) 4+ Du(m))Dv(m) - Dw(m),

E(u, kv, w, 2] Z V3V m) + Du(m))[Dv(m), Dw(m), Dz(m)]. (4.13)

meA

63

uuu

As stated, the foregoing expressions are valid for v € H®. To define them for v € H! one requires an extension
argument relying on showing that §,£(0) € (H')*, which is proven in Theorem 2.3 of [11], and analogous results
for the remaining terms. O

We now turn to the analysis of the bifurcation path B.

Proof of Proposition 2.6. This is a standard result and follows from the fact that £ is a C'* functional, so we
may apply the local uniqueness of the function g whose existence was asserted in Theorem 4.2. We therefore
only outline the proof. Define sets corresponding to neighbourhoods of fold points

M

Te= i - &b +€)  and B = B(I),

i=1

Since Im(B) is compact, then so is Im(B) \ By, thus the latter can be covered with a finite collection of neigh-
bourhoods of points {(@s,, ks,) }i=1.... n. It will be shown in the proof of Theorem 2.11 that Hy, = 62, (us, , ks,)
at each such point is an isomorphism, thus rendering Theorem 4.2 applicable to 6, (s, , ks, ), glvmg us a locally
unique C*~1 graph of critical points k +— wu(k), which by its uniqueness together with injectivity of B has to
coincide with (s, ks), thus Im(B) \ B; is a piecewise C*~! manifold. To establish the same in B, for each fold
point b;, one considers an extended system F' : (H! xR) xR given by F(u, k,t) = (5u5(u, k), (u—1p,, Vo, )y ft),
where 7, was introduced in Definition 2.3. The ABCD Lemma is applicable to this extended system evalu-
ated at (up,, ks, , b;), thus ensuring that Theorem 4.2 is also applicable, giving us a locally unique C*~! graph
t— (u(t), k(t)) where in particular k(0) = kp,. Again, due to uniqueness this must coincide with (s, k), and
hence this finishes the argument. ]

Likewise, the existence of an eigen-pair can be established.

Proof of Proposition 2.8. In what follows we always consider a system G : B xY — Z where B C [0,1],
Y =H! xR and Z = (H')* x R, given by

G(s,v, 1) := (Hey — pJv, (¢,7)5n — 1), (4.14)

where ¢ € H* will be chosen appropriately. We consider two subsets of B, seperately.
Throughout this proof we endow the product spaces with their canonical norms, for example, ||(u, k)| ;1 =
lully + [K]-
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(a)

Vicinity of a bifurcation point: we let ¢ = 73, and, in order to simplify the notation for derivatives of G, we
introduce y := (v, 1) and observe that

PR —
DyG(bi”ybﬁubi) = Dy(bi7y)y:(7bwl"bi) - < %C,)iﬁ gb ) .

Thus, Lemma 4.1 and Theorem 4.2 together imply that, for s € (b; — &, b; + &), where £ > 0 is small enough
(cf. (2.20)), there exists an eigen-pair (us,vs). To show that ul := d(f; # 0 at s = b;, we differentiate both

sides of (2.23) with respect to s to obtain

6iuu5(ﬂ57 /%Q[ﬂ;, 'YS] + (flukg(us, ES)[QS, Tffq] + H; ['7@] = M;Jh’s] + MsJ[’Y;]~ (4~15)

By definition, at a fold point we have kb = 0 and since we can differentiate 0, (s, ks) = 0 with respect
to s to get Hu!, + k.by, = 0, it follows that w, = ay, for some o # 0 (constant speed of parametrisation).
Testing (4.15) at s = b; with 7, and simplifying, we obtain

:u;)i = a<63uu8(abu ];;bi)[’ybi’ ,Yb'i]7 7bi> 7é 0, (416)

which is nonzero by Assumption (2.17). This completes case (a).
Unstable segment away from bifurcations: we assume without loss of generality that at the bifurcation point
b; we switch from a stable segment to an unstable segment. The result in (a) establishes existence of an
elgenvector for s € (b; —&,b; + &), so we let t1 :=b; + & — ¢, where 0 < € < £ and thus are able to set ¢ = 74,
n (4.14). A subsequent application of Theorem 4.2 to system G with this newly chosen ¢ yields existence
of a new interval (t; — &1,t1 + &) C Zpy for which the premise of the theorem is true. This procedure can
be iterated, for example by incrementing to := t; + &1 /2 and repeating the argument. To cover the entire
unstable segment in this way we need to bound ¢; from below, independently of ¢;.

Due to (4.16) we know that p; < 0, which implies that the subspace U; from Assumption 2.5 can be
characterised as

U, = {v e H | (v, 1) = 0} . (4.17)

With this in hand we consider any (u, k) € H' x R, decompose u as u = ay; + v, where a € R and v € Uy,
and aim to uniformly bound

Dy G (t, e, o) [u, K| = ||Htu — peJu — kJ%H + |('7t7u)7—'{1’

from below.
To do so, we observe that

<(Ht - /JJtJ) — kJy, ||7JH 1 > = <(Ht - /J“tJ)’Uv W> > (C - Mt)”v”}'{lv (4'18)
<(Ht — tJ)U — kJ’Yt, —’Yt> = <(Ht — /J,tJ)Ol’Yt — kJ’Yt, —’}/t> = k (419)

Together, (4.18) and (4.19) imply that

|Hiu — peJu — kJvy|| = sup [(Hyu — ppJu — kJy, 0)]

ceH!
HvH 1
> max (|e — e [|v]l 1, k])
> Lmin (Je — pel, 1) (JJoll g + |K])- (4.20)

Moreover, we trivially have
|(ves wpgn | = el = [leyell- (4.21)
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Let &(s)™' =min {1(c— ), 2} >min{i(c),1} =: ¢;’", then combining (4.20) and (4.21) yields
1Dy G (¢, e, p1e) [, K[| > o ()| (u, k).
In a similar vein, we observe that
1DsG (vt s )| < N0 (s el + 1 60n (e, Ke)ll| k| = €1(t) < e,

where ¢; := maxyez,, ¢1(t), which is guaranteed to exist due to & being a C“ functional and that B is a
C*~! function of s, where o > 5 by assumption.
It is also evident that Condition (iii) from Theorem 4.2 is satisfied with

Li(§) == sup ID*G(s, )],
(5,9)€S(8,75,15,8)

where 5(557§aM§7€) = {(5777/1’) €Rx Hl xR: |S - §| + ||7775H + |,U,*,UJ§‘ < g}
Guided by (4.4), we define M := max{co, 1 + coc1 }, choose b such that bLi(b) > 55, let @ = ;5 and recall

from (4.4) that £ = min %, ﬁ} — ¢ with sufficiently small € > 0 is an admissible choice for & which is in

particular independent of ¢.
This completes the proof of part (b).

(c) Regularity: it remains to establish the C*~?-regularity of s — (15, 7s), 8 € Zpt. To that end, we note that G
is a smooth function of v and p and C“~2 function with respect to s, thus uniqueness and regularity parts
of Theorem 4.2 immediately imply that v and p are C*~2(Z) functions.

O
We are now in a position to prove the spatial regularity of us and ~;.

Proof of Theorem 2.9. We begin by defining
v(m) := Da.G(m, 1) := G(m,l + 1) — G(m, 1),

where 7 € R(I) and G is the lattice Green’s function for the anti-plane crack geometry, as introduced in
Theorem 2.6 of [11] and proven to satisfy decay property

|D1D27G(m, )] < (1+ lw(m)| lw(D)] [w(m) — w()P~*) 7, (4.22)
where w is the complex square root mapping defined in polar coordinates as
w(l) := 1% (cos(8/2),sin(6/2)), 6 € (—m,m)

and § > 0 is arbitrarily small. Here, and throughout this proof, < should be read as < Cs where Cj is a constant
that may depend on §.

Proof of Theorem 2.9: estimate (2.24): We first prove the decay estimate for @s. We can write

D.i,(1) = Y Diig(m) - Dv(m)

meEA

=Y Y. (Dpus(m) = ¢'(Dyity, (m) + Dyiis(m))) D,yv(m) (4.23)
meA peR (m)
+ 3 > (D, (m) + D,tis(m))) Dyv(m). (4.24)

melx peR\R(m)
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The term (4.23) can be estimated by |I|~%/2*% due to the argument given in Theorem 2.4 of [11]; that is,

S S (Dyaalm) — ¢/ (D (m) + Dyits(m)) Dyo(m)| < 1|7/,

mEA peR (m)

The additional term (4.24) appears because we define the energy with the homogeneous discrete gradient
operator and concerns the bonds crossing the crack surface. The estimate in (4.22) thus does not apply, but this
term can be estimated as follows. Using (4.11) we see that we only sum over at most 2R3 lattice sites in (4.24)
and thus we can decompose D,v(m) into a sum of finite differences along bonds that go around the crack. There
will be at most 2R3 many of them and each separately decays like |D1,Da,G(m,1)| < |1]73/2%9 thus ensuring
that (4.24) can be bounded by

’ (=¢'(Dyig, (m) + Dytas(m))) Dyv(m)| S Cli|~>/2+,
mel'y pE’R\R(m)
where C' < 4R2 (though an optimal C' is much smaller). This concludes the proof of (2.24).

Proof of Theorem 2.9: estimate (2.25): To estimate s we employ an analogous argument. We begin by writing

Drys(1 Z Drys(m) - Do(m)

= Z Z Dyys(m (b”(DpaEé, (m) + Dy (m))D/ﬁs (m))Dpv(m) (4.25)
MEA peR (m)
+ Z Z (_d)//(DPﬁ’ES (m) + Dptis(m))Dpvys(m))Dyv(m). (4.26)

melx peR\R(m)

Using precisely the same argument as for (4.24) we can bound (4.26) by [1|=3/2+9,
To estimate (4.25) we Taylor-expand ¢ around 0 and, noting that we assume that ¢”(0) = 1, we observe
that

S S (Dylm) — ¢ (Dyig, (m) + Dyine(m)) Dyya(m)) Dyo(m) (4.27)

mEA peR (m)

1/2
S sl (Z |R(m)[*| Do(m)| > ;

meA

where |R(m)| < |m|™! is the remainder of the expansion. This readily implies that |D,vs(I)] < |I|7!. Thus
looking again at (4.27), instead of applying Cauchy-Schwarz inequality, we directly observe that

Z Z Dyys(m _¢II(DP Uf, (m )+ Dyt (m ))Dp'YS(m))Dpv(m)
meAPE'R(m)
< 7 [R(m) || Dy, (m) || Do(m)| < 1732,
meA

since |R(m)||Dvs(m)| < |m|~2. As before, § > 0 is arbitrarily small. This completes the proof of the second
bound (2.25). O

Remark 4.4. It is interesting to note that while the model includes a full interaction between nearest-neighbour
atoms, even across the crack, it is nonetheless the lattice Green’s function for the fractured domain that is
employed to estimate the atomistic solutions. The homogeneous lattice Green’s function fails because the finite
differences of 7, (m) across the crack grow like ~ |m|*/2.
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4.3. Convergence proofs

In tandem with the results from bifurcation theory stated in Section 4.1, in order to prove the results from
Section 2.4 we rely on the following auxiliary result from [15] that was adapted to domain with cracks in [11].

Lemma 4.5. There exists a truncation operator Tg : HY — ’H% such that Trv = 0 in A\ Br and which
satisfies
1/2
TR — v|[zn S ||v\|H1(A\BR/2) = Z | Duv(m)|? Vo € H. (4.28)
mEA\Bpg/2

We can now prove the main result of this section.

Proof of Theorem 2.11. We consider an extended system F : B x Y — Z where B = [0,1], Y = H% x R and
Z = (H%)* x R given by
F(S7 y) = (671«5(“21’ ky)» (Uy — Us, ﬁl@)?—[l) ) (429)

where @, = and y = (uy, ky). We further introduce a mapping yr : B — Y given by yr(s) = (Trls, ks).
We shall now show that, with the help of ABCD Lemma, F' satisfies the conditions of Theorem 4.2.
One can easily obtain that

82,E(Tris ks)  02,E(TRis, ks AF b
D F(sy(e)) = (P {Tie o) STt b)) . (A 0.

du(s)
ds

We further define A; := H; = 62,E(us, k) (renamed to keep intuitive notation) and by := §2,& (s, ks) and
observe that n .
_ As bs AP — Ay b —Dbs\ _ a1 2
DyF(s,yr(s)) = ((ﬁls,,)ﬁl 0) + ( 0 0 ) = M!+ M2
Here, we treat A, as a restriction to H(];i and bs as an element of (H(I):C)*. Since Trus — us as R — oo strongly
in H' (a consequence of (4.28), the decay estimate from Theorem 2.9 and £ € C%),

1A — ASHL(HI,(Hl)*) + [[bfF — bs”(?{l)* —0 (4.30)

as R — oo. Our strategy will therefore be to apply the ABCD Lemma to M}, interpreted as an operator from
H! x R to (H!)* x R, and show that M2 is a small perturbation.

To carry out this strategy we begin by differentiating 8, (us, ks) = 0 with respect to s to obtain
Astil, + klbs =0 (4.31)

along the bifurcation path B. At a fold point, when s = b;, due to (2.16), we have k’, = 0, thus revealing that
ag = a7y, for some non-zero o € R. For s # b;, the operator A, is invertible and thus

al, = —kL(Ag) "1, (4.32)

We can now show that M} satisfies the conditions of ABCD Lemma.
Case 1. s € Z,0s: Suppose that s € Zjos from (2.20). In this case A, is an isomorphism due to (2.19) and (2.22).
Thus, to apply ABCD Lemma to M., we have to check that (), (As) ™ bs)s # 0, which is true since

(ﬂ;, (AS)_le)Hl = —E;(’H;,’&;)Hl 7& 0,

since by definition at a regular point we have k/ # 0 and a’, # 0.
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Case 2. s € I,:: Now suppose s € Zy but s # b; Vi € {1,...,M}. Tt can be shown that A, remains
an isomorphism as follows. Proposition 2.8 tells us that we have an eigen-pair (i, 7s) satisfying (2.23). Any
v € H! can be decomposed into v = ays + w, where w € Uy with U, given by (4.17) and o € R. Thus,

140 = sup (A, B)] > = (|<A v, 1) + (Ao, 121)
e

and we can further estimate

Agv, vs)| = | Asyss vs) + (Asw, 'Ys>| = |aps|,
‘< sU, Hw\|>| lo(Agys, |\”~UH> (Asw, ﬁ” > HwH ||w||2 = cf[w],

where c is the stability constant from Assumption 2.5. This, together with the fact that ||v|| < |a| + ||w]| readily
implies that we can set ¢ := § min{|u;,c} and conclude that for all v € H!

[Asv]] = élv]].

Thus, as in the case s € T,0s, (4.32) ensures that we can apply the ABCD lemma and deduce again that A, is
an isomorphism.

Case 3. s = b;: Finally, suppose s = b; for some i € {1,..., M}. Due to Assumption 2.5 we know that the
kernel of A, is one-dimensional at a fold point and thanks to Proposition 2.8 we know that it is spanned by ~s,
which means that (4.31) implies that @, = 75. By Definition 2.3 we know that (bs, vs) # 0, which implies that
the ABCD Lemma is again applicable.

Uniform stability of M}: We have shown so far that, for all s € [0,1], M} is an isomorphism from H! x R to
(H')* x R. In particular, this implies that for any = = (ug, k;) € H' X R we have

1Ml > &llll,

where ¢, > 0.

Since s — M} is continuous in operator-norm due to smoothness of £ established in Theorem 2.2 and
smoothness of s — (s, k) established in Proposition 2.6, it follows that the infimum inf & is attained on [0, 1]
and must therefore be positive. In summary, we have established the existence of ¢ > 0 such that

Mz > élzl|  Vse[0,1], zeHy xR

Uniform stability: Next, using the definition of M2 we can bound

IDyF (s, yr(s)zll = | Mzl — | MIzl| > éllz]| — A — Aslllluall — 165 — byl

v

C
§H$||7

for R large enough, thus ensuring that D,F(s,yr(s)) is an isomorphism from H{ x R to (H{)* x R, thus
satisfying condition (i) from Theorem 4.2, with uniform bound

IDyE (s, yn()all = Sllell Vs € [0,1],€ € 1 x R,
that is co from (4.1) is given by ¢y = 2.
Conclusion: So far we have confirmed ‘condition (i) of Theorem 4.2. To conclude the proof, we now need to also
check conditions (ii) and (iii).
It can be readily checked that |[DsF(s,yr(s))|| = | — 1 + (Trus — us, u) )5, | < 2 for R large enough. Thus
the condition (ii) in Theorem 4.2 is satisfied with ¢; in (4.2) given by ¢; = 2.
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The condition (iii) from Theorem 4.2 is satisfied with

Li(§) := sup ID*F (s, ),
(S*’y*)GS(S’yR(s)vg)

where (s, yr(s),€) = {(s0, 40) € R x (HE X R) : |s — so| + [ Trity — || + [, — ky| < €}
Finally, we observe that

sup [|F'(s,yr(s))l = sup ([10uE(TrUs, ks)ll + [(Tris — s, 7s5)) — 0,
86[071] 86[0,1]

as R — oo, which implies that no matter how large constants cg, ¢c; and ¢y were and how badly behaved L; was,
we would still fall within the regime where the result of Theorem 4.2 was applicable for R large enough.

We can thus conclude that there exists Br : [0,1] — HE x R given by Bg(s) := (af, k), such that
F(s, (uf*, k) = 0, which in particular implies 6, (a%, k%) = 0. Furthermore, using (4.3) we can conclude that

1 = Tritsllgn + [k = k| < KollF(s,yr(9)l S 1Trus — sl S B2,

for arbitrarily small § > 0. Crucially, Ky depends only on ¢y and ¢, which are independent of s and the last
inequality follows from Lemma 4.28 and the regularity estimate from Theorem 2.9. This concludes the result,
since trivially [|aff — @]l < [|alf — Tris|zn + | TrGE — |50

Finally, we note that (2.28) follows as an immediate collorary, arguing exactly as in the proof of Theorem 2.4
from [14]. O

To prove our final result, the superconvergence of critical values of SIF, we first need to quote two intermediate
technical steps. The first lemma, which highlights the origin of this superconvergence, is taken from Theorem 4.1
of [13], restated in our notation for the sake of convenience.

Lemma 4.6. Let (@, ky,) € B be a simple quadratic fold point. Under Assumptions 2.4— 2.7, for R large
enough, the approzimate bifurcation diagram Bgr has a quadratic fold point at s = bf, where |bZR —b;| = 0 as
R — oo. Furthermore,

Rr(b) = Kb)| < a(b:) 0 (6:) [0 + |Fa(vi) = ' (0)]”
+ lar(b:) — w3, + |kr(bs) — k(bo)]?

+ inf ||’U — Vb
veHE

2
HL

To exploit the inequality from Lemma 4.6, we adapt Theorem 2 of [9], which is a follow-up result to Theo-
rem 4.2 for derivatives.

Lemma 4.7. Assume the hypotheses of Theorem 4.2 and in addition that

sup [[DF(z0,y(x0))| < c1.
xo€U

Then there exists a continuous function K : Ry — Ry, which depends only on ¢y, c1, L1 such that for all xg € U
and all © € B(xg,a) it holds that

[1Dg(x) — Dy(xo)|| < K(I\Dy(xo)ll)<llr — zol| + [[F (0, y(x0)) |

+ |IDF (w0, y(x0)), Dy(zo)]]).
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Proof of Theorem 2.12. Lemma 4.6 implies that, for domain radius R large enough, we have exactly M approxi-
mate fold points bf” — b; as R — o0. By assumption, b; € (0,1) and hence also bf € (0,1). Arguing analogously
as in the proof of Theorem 2.11, it is not difficult to show that F' defined in (4.29) satisfies the conditions of
Lemma 4.7, thus

@5 (bs) — @ (b:)]| + |F(bi) = K (b:)] S R™V/2HP,
for arbitrary small 8 > 0. Furthermore,

§, R’”HB,

inf [v—". 10 < TrYs. — Y,
veH?H Yo, I3 < NI TRY: — Yo

with the first inequality following from the obvious fact that Tgrvy,, € H% and the second from the regularity
result for ~,, in Theorem 2.9.
Applying Lemma 4.6 we therefore obtain the desired result that

lkr(DF) — k(b)) S R7MHA.

O
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