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A MODEL FOR SUSPENSION OF CLUSTERS OF PARTICLE PAIRS

AMINA MECHERBET!?*

Abstract. In this paper, we consider N clusters of pairs of particles sedimenting in a viscous fluid.
The particles are assumed to be rigid spheres and inertia of both particles and fluid are neglected.
The distance between each two particles forming the cluster is comparable to their radii % while the
minimal distance between the pairs is of order N~Y2_ We show that, at the mesoscopic level, the
dynamics are modelled using a transport-Stokes equation describing the time evolution of the position
x and orientation £ of the clusters. Under the additional assumption that the minimal distance is of
order N~V 3, we investigate the case where the orientation of each cluster is initially correlated to its
position. In this case, a local existence and uniqueness result for the limit model is provided.
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1. INTRODUCTION

We consider the problem of NV rigid particles sedimenting in a viscous fluid under gravitational force. The
inertia of both fluid and particles is neglected. At the microscopic level, the fluid velocity and the pressure satisfy
a Stokes equation on a perforated domain. The mathematical derivation of models for suspensions in Stokes flow
interested a lot of researches. One of the most investigated question is the effective computations of quantities
such as the viscosity or the average sedimentation velocity, see for instance [2,7,8,10,12,13,19,30,33,35,36] and
all the references therein. Regarding the analysis of the associated homogenization problem, it has been proved
that the interaction between particles leads to the appearance of a Brinkman force in the fluid equation. This
Brinkman force depends on the dilution of the cloud but also the geometry of the particles, see [1,3,5,8,18,20,34].
In the dynamic case, the justification of a mesoscopic model using a coupled transport-Stokes equation has been
proved in [24] where authors show that the interaction between particles is negligible in the dilute case i.e. when
the minimal distance between particles is larger than ﬁ In [21, 32] the justification has been extended to
regimes that are not so dilute but where the minimal distance between particles is still large compared to the
particles radii. The coupled equations derived are:

Op + div((kg +u)p) =0
—Au + Vp = b6mrokgp, (1.1)
div(u) = 0.
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1598 A. MECHERBET

Here u is the fluid velocity, p its associated pressure, p is the density of the cloud. rg = RN, where R is the
particles radii, g the gravity vector. The velocity kg = %R2 (pp — py)g represents the fall speed of a sedimenting
single particle under gravitational force. The derivation of this model is a consequence of the method of reflections
which consists in approaching the flow around several particles as the superposition of the flows associated to
one particle at time, see [37], Chapter 8 of [27], [31], Section 4 of [11], [23,28] for more details.

In this paper, we are interested in the case where the cloud is made up of clusters i.e. the case where the
minimal distance between the particles is proportional to the particles radii R. The main motivation is to show
the influence of the clusters configuration on the mean velocity fall. A first investigation in this direction is
to consider clusters of pairs of particles where the minimal distance between the particles forming the pair is
comparable to their radii. The cluster configuration is determined by the center x and the orientation & of the
pair. Starting from the microscopic model and assuming the propagation in time of the dilution regime, the
first result of this paper is the derivation of a fluid-kinetic model describing the sedimentation of the suspension
at a mesoscopic scaling. The fluid-kinetic model obtained couples a Stokes equation for the fluid velocity and
pressure (u,p) with a transport equation for the function u(t, x, ) representing the density of clusters centered
in x and having orientation £ at time ¢, see Theorem 1.2. The mean velocity fall of clusters is formulated through
the Stokes resistance matrices while the variation of its orientation involves the gradient of the fluid velocity. In
particular, the presence of the gradient of the fluid velocity suggests a similarity with the model of suspension of
rod-like particles where the density function depends on the center of the rods = and there orientations n € S2,
see [6,16,17] and the references therein.

Note that one can reproduce the same arguments for a cloud of clusters constituted of k > 2 identical
particles by considering the center of mass of the cluster z = %Z’;:lxp and k — 1 orientations §; = w‘”;g Ta
qg=1,---,k— 1. Extending the assumptions for the general case k > 2, the limit density p and the kinetic
equation would depend on k variables. However, the relevance of such model can be discussed, in particular
with comparison to the models of suspension of polymeric fluids where each polymer is represented by beads
connected along a chain. The total number of beads k, also called degree of polymerization, can reach for
instance 2000 in the case of ductile materials such as plastic films. Hence, in practice, a fine description of a
polymer chain is not suitable and it is more convenient to deal with a coarse model where k = 2, see dumbbell
model [6,29].

The second result of this paper corresponds to the case where the orientation of the cluster is correlated to
its center i.e. £ = F(t,x). Under additional assumptions, see Theorem 1.5, the derived model is a transport
equation for p coupled to a Stokes equations for the fluid velocity and pressure (u,p) and a hyperbolic equation
for the function describing the evolution of the cluster orientation F. A local existence and uniqueness result
for the former system is also presented, see Theorem 1.6.

The starting point is a microscopic model representing sedimentation of N € N* particle pairs in a uniform
gravitational field. The pairs are defined as

B':= B(z},R)UB(z5,R),1<i<N,

where x%, x} are the centers of the ith pair and R the radius. We define (uN pN ) as the unique solution to the
following Stokes problem:
N
—AuN +VplN =0, =t
{ divgN:O, on R*\ | JB', (1.2)
i=1

completed with the no-slip boundary conditions:

uN =Uj on 0B(z%, R),
uN =Us on 0B(z%, R), (1.3)
lim |ul(z)| =0,

|z|— o0
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where (Uf,Ul) € R® x R3, 1 <i < N are the linear velocities. In this model, the angular velocity is neglected
and we complete the PDE with the motion equation for each couple of particles:

i = Ui,
{ i = UL, (1.4)
Newton law yields the following equations where inertia is neglected:
A myg
F3 mg

where m is the mass of the identical particle adjusted for buoyancy, g the gravitational acceleration, F{, Fi are
the drag forces applied by the fluid on the ith particle:

Ff:/ »(u™, pM)ndo FQZ:/ Y™, pV)ndo,

OB(z%,R) OB(z%,R)

with n the unit outer normal and L(u,p™) = (Vu¥ + (Vu¥) ") — pMT the stress tensor.
In order to formulate our results we introduce the main assumptions on the cloud.

1.1. Assumptions and main results

We assume that the radius is given by R = 5%-. In this paper we use the following notations, given a pair of
particles B(x1, R) and B(z2, R):

1
Ty = i(ml +x2), zo = 1(z1 —x2), £i= =

Let T > 0 be fixed. We introduce the empirical density u¥ € P([0,T] x R? x R3):

GERIE 25 (0,60 (@ €);

and set p" its first marginal:
1
) = NZ%;@) (@). (1.6)
i
We denote by dpnin the minimal distance between the centers x@

dmin(t) := min {d;;(t) := \xi(t) — xi(t)|, i£ g}
We assume that there exists two constants M; > My > 1 independent of N such that:
My <|&| <My ,i=1,---,N Vtel[0,T]. (1.7)

We assume that pV converges in the sense of measures to u i.e. for all test function ¢ € Cy([0, 7] x R3 x R?)
we have:

/OT/RS R3¢(t’$’§ N(t,dx, dg)dt N / /R stta:,g) w(t, z, &)dz d dt. (1.8)

We assume that the first marginal of p denoted by p is a probability measure such that p € L>(R3) N L*(R3).
We introduce Wy (t) := Wao (pN (¢, -), p(t,-)) the infinite-Wasserstein distance between p" and p, see (1.19) for
a definition. We assume that

sup Weo(t) — 0. (1.9)
te[0,T) N—oo
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For the first result, we assume that there exists a positive constant £ > 0 such that:

W2 (1)
sup sup —5——x

<&, 1.10
tef0,1] Nen~ ding, () ' N

Regarding the second result, we assume in addition that there exists a positive constant £ > 0 such that:

W3 (t)
sup  sup == < &. 1.11)
tefo,r] Nen+ da i (1) (

Remark 1.1. Since p € L>(0; 7T, L°(R?)), this yields a lower bound for the infinite Wasserstein distance for
all t € (0,7) and all N € N*:

1 PN (t, Bz, Wao (1))
N0 < =(OT,L () 1.12
NWLE) ~ SR 1B, Walt)] |~ Pl @7 @) (1.12)

On the other hand, the definition of the infinite Wasserstein distance ensures that

Weo(t) > dmin(t)/2, (1.13)
which yields according to (1.9)
sup dmin(t) — 0. (1.14)
te[0,T) N—oo0

Assumption (1.11) is only needed for the second Theorem 1.5. Precisely, under assumption (1.10), the minimal

distance is at least of order \/% and R < dpiy. Indeed using (1.12), (1.10) we have for all N € N*

VN

Whereas under the additional assumption (1.11), the threshold for the minimal distance is of order

1/2 /
< lelL/oc(O;T)Loc(RB)) g2dmin(t)-

c
N1/3 .
Our main results read:
Theorem 1.2. Let g € L1 (R3 x R3) N L>°(R3 x R3) a probability measure. Assume that (1.7)~(1.10) are satis-

1/3 2/3 . . .
fied. If ro max (|| pl| Loo (0,720 (R3)) 5 ||p||L/oo(07T;LOO(R3)), Hp||L/x(07T;LOC(R3))) is small enough, p satisfies the following

transport equation:

Opp + divy [(A(E)) kg + w)p] + dive[Vu - €] = 0, on [0,T] x R? x R3,
—Au+ Vp = 6mrokpg, on [0,7T] x R3, 115
div(u) = 0, on [0,7] x R3, (1.15)
(0, +) = puo, on R? x R?.

Remark 1.3. The matrix A is defined as A := A; + A5 where A; and A, are the resistance matrices associated
to the sedimentation of a couple of identical spheres, see Section 2.1 for the definition. The term (A) kg

represents the mean velocity of a couple of identical particles sedimenting under gravitational field. We assume
herein that A=, Ay, Ay € L=(R?).

Remark 1.4. In the case where pg is compactly supported with respect to the second variable £ uniformly in
the first variable x, local existence and uniqueness of the above coupled system can be shown following the result
of Chapter 8 from [22] for the model of suspension of rod-like particles. In particular, the L' norm of the spatial
density p is conserved in time while the L> norm of p(t,-) is bounded by sup,cps|supp(u(t, z, -)|||p(t, -, )| oc-
This ensures existence and uniqueness for a small time 7" and ||p|| (0,7, (r3)) is controlled by ||pol/cc and
sup,cgs| supp(po(, -)|-
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The second result concerns the case where the vectors along the line of centers &; are correlated to the
positions of centers xi
Theorem 1.5. Assume now that p € WH°(R3) N WHEHR3), A=t € W2>°(R3) and consider the additional
assumption (1.11). Assume that there exists a function Fy € Whee(R?) such that §;(0) = Fo(z%.(0)) for all
1 < i < N. There exists T < T independent of N and unique FN € L>=(0,T; WH*(R?)) such that for all
t €[0,T] we have:

N =pN @ py and FN(0,-) = Fp.

Moreover, the sequence (FN)y admits a limit F € L°°(0,T; W1>°(R3)). The limit measure p is of the form
w=pQdr and the triplet (p, F,u) satisfies the following system

OF +VF - (A(F) kg +u)=Vu-F, on][0,T]xR3

Oip + div((A(F) kg +u)p) = 0, on [0, 7] x R3,
—Au + Vp = 6mrokgp, on R3,
divu = 0, on R3, (1.16)
p(07> = po, on RSa
F(0,-) = Fy on R3.

We finish with a local existence and uniqueness result for the limit model.

Theorem 1.6. Let p > 3, Fy € W2P(R3) and po € WHP(R3) compactly supported. There exists T > 0 and
unique triplet (p, F,u) € L>=(0,T; WHP(R3)) x L>=(0,T; W2P(R3)) x L°(0,T; W3P(R3)) satisfying (1.16).

As in [32], the idea of proof of Theorems 1.2 and 1.5 is to provide a derivation of the kinetic equation satisfied
weakly by p. This is done by computing the first order terms of the velocities of each pair:
i, ~ (A&) Mhg + 5520 (. — 27 )ng,
| . (1.17)
&~ <6’;’;°zv<1><xi - xwg) €.
J#i
The interaction force ® is the Oseen tensor, see formula (1.18). This development is a corollary of the method
of reflections which consists in approaching the solution u” of 2NV separated particles by the superposition of
fields produced by the isolated 2V particle solutions. We refer to [31,37], Chapter 8 of [27] and Section 4 of [11],
[28] for an introduction to the topic. We also refer to [23] where a converging method of reflections is developed
and is used in [21]. In this paper we reproduce the same method of reflections developed in Section 3 of [32].
However this method is no longer valid in the case where the minimal distance is comparable to the particle
radii. The idea is then to approach the velocity field ¥ by the superposition of fields produced by the isolated
N couple of particles B = B(z%, R) U B(x}, R). This requires an analysis of the solution of the Stokes equation
past a pair of particles. In particular, we need to show that these special solutions have the same decay rate as
the Stokeslets, see Section 2.1 of [32]. Precisely, in Section 2, we prove that the solution of the Stokes equation
past a pair of particles can be approached by the Oseen tensor at first order.
The convergence of the method of reflections is ensured under the condition that the minimal distance din
between the centers m@ satisfies

w3 w3
dmin " dr2nin <

and that the distance |x{ — | for each pair satisfies formula (1.7).

In this paper, we focus only on the derivation of the mesoscopic model. Precisely, we do not tackle the
propagation in time of the dilution regime and the mean field approximation. We provide in Propositions B.4
and B.1 some estimates showing that the control on the minimal distance d.,;, depends on the control on the
infinite Wasserstein distance W, (p?, p). However, the gradient of the Oseen tensor appearing in equation (1.17)
leads to a log term in the estimates involving the control of Wu.(p", p), see Proposition B.3. This prevents us
from performing a Gronwall argument in order to prove the mean field approximation in the spirit of [14,15].
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1.2. Outline of the paper

The remaining sections of this paper are organized as follows. In Section 2 we present an analysis of the
particular solution of two translating spheres in a Stokes flow. The main result of this section is the justification
of the approximation of this particular solution using the Oseen tensor and proving some decay properties
similar to the Stokeslets. In Section 3 we present and prove the convergence of the method of reflections using
the estimate of Appendix A. We also present two particular cases of the application of this method which are
useful later. In Section 4 we compute the particle velocities (ﬂbi,éi)lgig ~ using the estimates provided in the
previous section.

Section 5 is devoted to the proof of the first Theorem 1.2. Precisely, we prove that the discrete density u”
satisfies weakly a transport equation (5.4) which can be seen as a discrete version of the limit equation (1.15). In
particular, equation (5.4) is formulated using a discrete convolution operator XN p™ ~ ® % p™V defined rigorously
in Section 5. The convergence proof is obtained by showing that KV p converges to the continuous convolution
operator Kp = ® * p. Convergence estimates of X~ p" — Kp are provided in the Appendix B.

Section 6 is devoted to the proof of Theorems 1.5 and 1.6. The first step is to prove local existence and
uniqueness results for the correlation function FV solution of (6.1) and also for F the solution of the hyperbolic
equation (6.7). The idea is to apply a fixed-point argument using some stability estimates provided in the last
Appendix C. The last part of Section 6 concerns the convergence of the microscopic model to the mesoscopic
model. This convergence result is obtained by showing that the sequence FV converges is some sense to F.

1.3. Notations

In this paper, n always refers to the unit outer normal to a surface and do denotes the measure integration
on the surface of the particles.

We recall the definition of the Green’s function for the Stokes problem (U, P) where U is also called the Oseen
tensor, See Formula (IV.2.1) of [9] or Section 2.4.1 of [27].

7i £ TR . 1 =z
O(x) = (|x + EE ),P( ) (1.18)

= rEE

Given two probability measures vy, v, we define the infinite Wasserstein distance as
W (v1,12) := inf{ﬂ — esssup|z — y| , m € (v, 1/2)},

where I1(v1,v5) is the set of all probability measures on R? x R3 with first marginal v; and second marginal vs.
In the case where 17 is absolutely continuous with respect to the Lebesgue measure, then according to [4] the
following definition holds true

W (v1,12) i= inf{m —esssup|T(x) — x|, T :supp v — R® vy = T#Vl}7 (1.19)

In particular, this distance is well adapted to the estimates of the discrete convolution operator KN pY defined
in (5.1). Precisely, the infinite Wasserstein distance allows to localise the singularity of the Oseen tensor and is
closely related to the minimal distance dpyi,. We refer also to [4, 14,15, 32] for more details.

Given a couple of velocities (Uy,Uz) € R? x R? we use the following notations

7U1+U2
2

UL - U

U, :
+ 2

U
Finally, in the whole paper we use the symbol < to express an inequality with a multiplicative constant inde-
pendent of N and depending only on 7o, ||p||ec(0,7;55(r3)), €1, €2 and eventually on x|g| which is uniformly
bounded, see [32].



A MODEL FOR SUSPENSION OF CLUSTERS OF PARTICLE PAIRS 1603

2. TWO TRANSLATING SPHERES IN A STOKES FLOW

In this section, we focus on the analysis of the Stokes problem in R? past a pair of particles. Given 1,z € R3
and Ry, Ry > 0, such that |z; — 25| > Ry + Ra, we consider two spheres B, := B(z4, Ro) @ = 1,2 and focus on
the following Stokes problem:

—-A Vp =0, = =
{ T R\ ByUBs, (2.1)
completed with the no-slip boundary conditions:
u="U,, ondB,, a=12,
lim |u(z)| =0, (22)
|| — o0

where U, € R? for a = 1,2. Classical results on the Steady Stokes equations for exterior domains (see [9],
Chapt. V for more details) ensure the existence and uniqueness of equations (2.1) and (2.2). In this section, we
aim to describe the velocity field u in terms of the force applied by the fluid on the particles defined as:

F, ::/ S(u,p)ndo , a=1,2.
9B,

We refer to the paper [25] for the following statements. Neglecting angular velocities and torque we emphasize
that there exists a linear mapping called resistance matrix satisfying:

F A A\ (Uh
= -3n(Ry + R 2.3
(F2> m(R1 + Ry) (A21 Aoy Us | (2.3)
where A,3, 1 < a,8 < 2, are 3 x 3 matrices depending only on the non-dimensionalized centre-to-centre
separation s and the ratio of the spheres’ radii \:

T1 — X Ry
s = 9 = 5
R+ R» R

each of these matrices is of the form:
S® s
Aap = ga,8(|8[, NI+ ha (][, A)

s

where I is the 3 x 3 identity matrix and g,,g, ha,s are scalar functions. We refer to the paper of Jeffrey and
Onishi [25] where the authors provide a development formulas for g, g and hq, g given by a convergent power
series of |s| 1. Note that the matrices satisfy

Aga(s,A) = A11(s,A71),

A12 (8, )\) = A21(S, )\)7 (25)
Alg(S, )\) = Alg(s, )\_1).

(2.4)

Inversly, there exists also a linear mapping called mobility matrix such that

Ul :_; arl a1 Fl (26)
Uy 3m(R1+ Ro) \a21  az) \F2)’ ’

The matrices aq s depend on the same parameters as matrices A, g and satisfy a formula analogous to (2.4).
They are also symmetric in the sense of formula (2.5).
The resistance and mobility matrices satisfy the following formula:

A A (e a2 _ (I 0
<A21 A22> (a21 a22><0 H>' 27)

Again, we refer to [25] for more details.
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2.1. Restriction to the case of two identical spheres

We simplify the study by assuming that Ry = Ry = R i.e. A = 1. This means that the resistance matrix
depends only on the parameter s which becomes:

T — T2
:7:2
iy R &

and we have:
1422(87 ].) = All(s, 1)

Hence we reformulate the resistance matrix as follows:

()-8 49) )

(02) =6 (29 =) (7)- 29

Formula (2.7) yields the following relations

and the mobility matrix:

{ Aiaq + Asas =1, (210)

Ajag + Azar = 0.

We are interested in providing a formula for the velocity v and showing some decay properties. In this paper
we use the notation (U[Uy, Us], P([Uy, Us]) for the unique solution to

{ —AU[UL DL+ VPIUL, Ua) =0, psy 3,
=0, ’

diV U[U 1 UQ]
completed with the no-slip boundary conditions:

{ UlU1, Uzl = Uy, on 0By, a=1,2,

lim [U[Uy, Us](a)]

|z|— 00

Note that there is no ambiguity regarding the dependence of the solution U[U;, Us] with respect to x4 and &.
Indeed, in this paper, since we consider the solutions U[U%, UZ] associated to each cluster B; with some velocities
U?, U, the dependence with respect to the centers acfF and orientations &; is implicitly given by the dependence
of the velocities with respect to ¢. The main result of the section is the following

Proposition 2.1. Denote by & := % Assume that there exists My > 1 such that || < My. There exists a
vector field R[Uy,Us] depending on Uy, Us, &, x4 such that for all |z — x| > 4M1 R we have

U[Ul,UQKIZZ) = 7@(3)4’_ — l‘)(Fl + FZ) +R[U1, UQ](IL‘) (211)

Moreover, there exists a positive constant independent of U1,Us, &,z and depending only on M; such that for
all |z — x4 | > 4M1 R we have

R2 |Ui| + |Us]

3

|VIR[UL, Uz](2)| < C (M)
The unique solution (U[Uq,Us], P[Uy, Us]) satisfies the following decay property with C (M) independent of x4,
f, U1 and UQ.

|Up| + |Us|
o=z [T

|Uy| + |Us|

3

|VPU[UL, Us)(z)| < C(M:)R |VPP[UL, Us)(z)| < C(M1)R
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Proof. We consider the case where zy = 0 and R = 1, the generalization to arbitrary z and R can be obtained
by scaling arguments. In what follows we use the short cut (u,p) := (U[Uy,Us], P[U1,Uz]) and extend u by
U, on B(xy,1), @ = 1,2 and we have v € H'(R3). We consider a regular truncation function y = 0 on
B(0,2M;) D B(z1,1) U B(x2,1) and x = 1 on “B(0,3M;) and we set

IS

= ux — Bowm, 3m, [uVx],
= DX,

3

where Bopy, 3n, is the Bogovskii operator on the annulus B(0,3M;7) \ B(0,2M;), see Appendix A, Lemma 18
of [18] for instance, and satisfies

div (Bonr, 3um, [UVX]) = uVy,
[R:EIVAEIVE [UVX]||L2(B(073M1)\B(072M1)) < C(M)|uVx r2(B(0,30)\B(0,2M1)) -
Using Stokes regularity results, see Theorem IV.4.1 of [9], combined with some Sobolev embeddings we have

@ € C*(R3) and satisfies a Stokes equation on R3 with a source term f = —divX(u, p) having support in
B(0,3M7) \ B(0,2M)). Hence we can apply the convolution formula with the Green function ® and write

ia) = [ ®a =iy

Note that « = @ on °B(0,3M7). We may then apply a Taylor expansion of ®(- — y) for |z| > 3M; and get

u(a) = ate) = ) [ way= [ [ 1= 090 = s dyr

An integration by parts for the first term yields

R3 B(0,3M1)\B(0,2M;))

= —/ Y(u,p)ndo,
dB(0,3M;)

= 7/ E(u,p)ndUJr/ Y(u,p)ndo,
8B(w1,1) 83((122,1)
= _Fl - FQ;

we recall that in the above computations the unit normal vector n is pointing outward. It remains to estimate
the error term, we recall that using the Bogovskii properties and the embedding H*(R?) C L2 (R®) we have

loc

11 -1 (Bo,samnB0200)) = 8l 1 (B0,300 )\ B(0,2010)
< C(Ml)(||u||H1(R3) + ||U||L2(B(O,3M1)\B(0,2M1))) < C(Ml)HUHHl(Rs), (2.14)

on the other hand, an integration by parts together with (2.8) yields
IVl Z2@o\ (B 1yUB@s 2) = —F1 - U = F2- Us < (|A1(€)] + [A2())* (10| + [U2])*.

For the remaining term we introduce G(z,y)

Gz, y) == (y) / (1 - 1)[Vo(x — ty)yldt,
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where ¢ =0 on °B(0,7/2M;) and ¢ = 1 on B(0,3M;). With this construction and since supp f € B(0,3M1) \
B(0,2M;) we have

1
[, [ a-ovee - wuiw = [ w6y dy
rs Jo RS
Moreover, we have for all ¢ € [0,1], |z| > 4My > 7/2M; > |y| > 2M;
1
o —tyl = Jz| = tly| = | ly| = glal,

this yields using the decay property of the Oseen tensor for all |z| > 4M; and y € B(0,7/2M;) \ B(0,2M;)

IGC by < S
Hence
- f(y)G(z,y) dy’ <Nl g1 @) GGy ) 2 (B0,7/2000)\ B(0,2011 )
<o) (J41(6) + A2(i)|£)(|U1 + |U2|),
we conclude by using the fact that |£] < M; and the uniform bounds on A;, Ag, see Remark 1.3. O

3. THE METHOD OF REFLECTIONS

In this section, we aim to show that the method of reflections holds true in the special case where the minimal
distance and the radius R are of the same order. The idea is to approach the velocity field u™ by the particular
solutions developed in the section above. We recall that u” is the unique solution to the following Stokes
problem:

N
—AulN + VpN =0, -t
{2 Tl me UB
’ i=1

completed with the no-slip boundary conditions:
uN = U{, on GB(;zc’i,R)7
u = Ui, on OB(x%, R),
Jim oV (@) =0,

where (Uf,US) € R3 x R3, 1 <i < N are such that:

Fi mg
== , V1<i<N.
E5 mg

Thanks to the superposition principle, the sum of the N solutions Zfil U[Uj,Ud] satisfies a Stokes equation
on R*\ |~ B’, but does not match the boundary conditions. Hence, we define the error term:

N
U] = u =Y UUL, U3,

=1
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which satisfies a Stokes equation on R? '\ Uﬁlgi completed with the following boundary conditions for all
1<i<N,a=1,2and z € B(z!, R):

1 i 7T
WM (@) = =S UL, Ui ().
J#£i
We set then for a = 1,2 and 1 <i < N:
U0 = ) ),

and reproduce the same approximation to obtain:

U[ug)] =u— i (U (U1, 03] +U [U?(l)’ Ué’(l)D ’

=1

which satisfies a Stokes equation with the following boundary conditions for all 1 < i < N, a = 1,2 and
x € B(z%, R):

P (2) = ul (@) - V() - U [0, 050 @),
J#i

By iterating the process, one can show that for all £ > 1 we have:

u =

Z U [U{n(m, U;V‘”)} LU [uﬁf””} :

k
p=0 i=1

where for alla =1,2, 1 <i< N and p > 0:

uierl)(m) _ uip)(a:) - ugp) (xfx) _ Z U [UI’(p), U;(p)} (2),
J#i

N
0 . ,
ul? = ZUf 1p@i,r) + Us 1B Ry

i=1
Ua® = ul (),
U — i | (3.1)

The convergence is analogous to the convergence proof in Section 3.1 of [32]. We begin by the following estimates
that are needed in the computations.

Lemma 3.1. Under assumptions (1.7), (1.10) we have for all1 <i#j< N,1<3<2:

i TR j
|x+fx%|z§|x+—zﬂ_\. (3.2)

The first step is to show that the sequence maxi(max(\Uli’(p ) l, |U2i’(p )|)) converges when p goes to infinity.

Lemma 3.2. Under assumptions (1.7), (1.8), (1.10) and the assumption that r0|\p||1L/o§(0 i1 (ray) 1S small
enough, there exists a positive constant K < 1/2 satisfying for all1 <i < N, p>0

max(max(|U T, [Uy T))) < Kmax(max(Uy ™, [0y 7)),

for N large enough.
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Proof. According to formulas (2.13) and Lemma 3.1, we have for all « = 1,2 and 1 <14 < N:

U < |3 U [P, P @)
j#i

C’“o ®)| (774-(p)
UJ P U P ,
JE# ao | max (] I | )

w3
< Cro { llpllze=(o,r; Lw(RS))T + HP”Loc(o T;L> (R3))

where we used Lemma A.1 for k = 1. Hence, the first term in the right-hand side vanishes according to (1.10)
and (1.14). Finally, if we assume that 7”0||P||i/£(0 .10 (r3)) 18 small enough, we obtain the existence of a positive
constant K < 1/2 such that:

max(max(|U7 Y, [Uy 7)) < Kmax(max((vy @), [0y 7).

We have the following result.

Proposition 3.3. Under the same assumptions as Lemma 3.2, we have for N large enough:

lim ||VU [uih+1} lo < R max |UZ].
k—oo 1<i<N
a=1,2

Proof. The proof is analogous to the convergence proof of Proposition 3.4 from [32]. This is due to the fact that
the particular solutions have the same decay rate as the Oseen-tensor, see (2.13). ]

3.1. Two particular cases

3.1.1. First case

Given W € R3 we consider in this part w the unique solution to the Stokes equation (1.2) completed with
the following boundary conditions:

W on B(z},R),
w={ —W on B(z},R), _ (3.3)
0 on B(z},R)UB(z5, R), i # 1.

We denote by W(i;(p), a=1,2,1<i <N, pe N the velocities obtained from the method of reflections applied
to the velocity field w. In other words:

w— ZZU [ He) Ap)} LU [wikﬂ)} _

p=0 1

We aim to show that, in this special case, the sequence of velocities WE () and the error term U [wfkk)] are much

smaller than before. This is due to the initial vanishing boundary conditions for ¢ # 1. Indeed we have:
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Proposition 3.4. There exists two positive constants C' > 0 and L = L({|p|| o= (0,1;°¢(®3))) such that for N
large enough:

R 1
mase WG] < (20 L) — 02

—_—  # 1 >
a=1,2 |£L’+ x+|2|W|7Z7é 7p_07

max|)/\/1 P < 02P~ Y (1rgCL)P |zt |

Wi, p>1,

Hlll’l

max| W5 | + max)Wl M| =0, i # 1.

Proof. We show that the statement holds true for p = 0 then we prove it for all p > 1 by induction. According
to formula (3.1) we have for p = 0:
WL O = Wi, — Wi,

and for i # 1, o = 1,2, U2®) = 0. Using (2.11), this yields for i # 1, a = 1,2:
Wi =uwy @ wy ) al),
= —®(z} — 2l )(F} + Fy) + RW, = W](a),
where:
Fl = —6mR(A;(s") — Ay(s'))W, Ff = —6mR(Aa(s) — A1(s'))W.
Hence, F} = —F} we have then using Lemma 3.1 and the decay rate (2.12) for R[W, —W]

‘Wz(l)‘<R2| |<R|x1|7

zl

where we used the fact that the radius R is comparable to |z! | thanks to (1.7). Thus, we denote by C > 0 the
maximum between the global constant appearing in (2.13) and the one in the above estimate.

This shows that the first statement holds true for p = 0. For the second estimate we have |W§/(1)| =0 and
for p = 1 we have using the decay rate (2.13)

Wy @] = > o wy Oy

Jj#1
< CZ—maX(\WJ’(l)\ Wy,

J#1

CR?|z! |

< CZ <d3 W,

J#1 L

[zL|R
< C OTO(£1HP||LOC(0 T;L>(R3)) + HPHLoo(o T: LW(RB))) |W|

mm

where we used Lemma A.1 for k£ = 2 and assumption (1.10). We define then the constant L > 0 as the constant
satisfying:

1 1 1 1 1
e (32 ()~ 2 (v )

J#L

S 51||P||L°°(0 T;L°(R3)) T ”p”Loo(o T Lo (R3)) + ”p”Loo(o T;Loo(R3)) *— L. (3~4)
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Now for all p > 1, i # 1 we have using again (2.13)

|W};(p+1)| — ZU[W{',@)’W%(Z))](QUD 7
j#i
< CZ—InaX(D/V] @) Wi @),
J#i
R|x! |
dz;

R
<c| > —c@crLy!
(];ﬁz ldij

+

£R|x1_|
d

y CQ”_2(TOCL)”_1> W,
1 min

1 1 1
using the fact that < — < + d) we obtain

ijQkj dig, d’Lj kj
R|x! 1
|Wz,(p+1)‘ <C |x7|C(2CT0L)p_1 Z £+£ + Z 12%
d’il d1i4 X i dlj - 1
J#i,1 j#i,1
R R|z!|
=l oop—2 L
dil dmin ¢ ( ¢ ) |W|’
R|x! L
< Bl (c(Qc o L[|~ (7"0 )
dil dli

+ }?02P—2(rOCL)P—1> W,
|z |

R .
dﬁ_ <(CroL)”2”‘1 2
il

min

<C

C2p_2(TOCL)”_1> W

Since % < 1oL, the second term can be bounded by (CroL)P 2P~2 which yields the expected result because
2p—1 4 2P=2 < 2P 'We prove now the second estimate. Let p > 1, using the decay rate (2.13):

IR S AR C1
J#1
< C’Z—max(ﬂ/vj /() l, \W] (p)|)
i i
R|a:1 |

<C Z C2C’OL

J#l 13

W,

< CQOnLp oLt || S | Wl

j#1 Y

< C2P~Y(CroL)? Lwl.

min
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According to these estimates and the definition of L (3.4), if we assume that ro max(|[p|| e 0,715 r3)),

Hp||Loo 0.7 Lo (R?))? ||pHLm(0 - LOQ(R3))) is small enough to have 2LC7ry < 1 then the following result holds true:

Corollary 3.5. Under the assumption that mo max(|p|ze (0, 1;5° (®3))> ||,0||1L/oo 07515 (B2)) Hp||i/j(0 T LOC(R;;))) is

small enough we have for N large enough

ad R|zl | )
max (WP | ———— W[, i #1,
Ta=12 |zl — x|
oo
R|x
max [WhP)| < |7||W|
10/ 1,2 min
p=

This result shows that we can obtain a better estimate for the error term of the method of reflections in this
particular case:

Proposition 3.6. We set np:=2CLrg < 1 the constant introduced in Proposition 3.4. For all i # 1 we have up
to a constant depending on ||p|| L (0, 1;15 (R3))

R|zY|

k

IVl e ) € =5 IW,
il

k+1 k
ke oy S RIVER om0 + Ly,
And for i =1 we have:

R w2
196 ey 5 et | (= + lHog Wl ) 1

min

R
—— |zl "W,

dmin

k+1 k
||w>(k )”LOO(Bl) IS RHVU’£ )”L‘X’(Bl) +

Proof. Estimate for ||Vwik)||oo.
Let x € B(2¢,, R), with a = 1,2 and i # 1, formula (3.1) yields:

k k i (k i (k
Vel @) < [Vl @) + I [ Wi @)

J#i
k
<SSO P (@)
p=0j#i
k ] ) k
<SS U O W] @) + 3 Ivo P wp @] (@)
p=0j#4,1 p=1

+ VU 0wy @ (@),



1612 A. MECHERBET

We estimate the first term applying Corollary 3.5 and the same arguments as before

k
{ » PV2 —5 | Mmax
Z Z VU [W +(p) W],(P):| ) < CZ Z < ) (W),

p=0j#i,1 p=0j#i,1 oah?
R R|x1 |
<y ( Wi
J#i,1 ”
R\xl |
S+
12 j#i,1 7,] 1j
R|z |
1i

We reproduce the same for the second term applying Corollary 3.5:

k

ST ke W] (@ i(

p=1

e )max(Wl @,y @),
+
R

“T}i- |2 dmm

2 |[W].

For the last term, according to (2.11) we have:
v WO Wy @) (@) = —vel - a)(F + B + VR WOy O (@),

as (1/\/11’(0),1/\/1 (O)) (W, —W) we have:

{Fll = —6mR(AL (&)W — Ay (61)W),
F21 = —67TR(A2(§1)W — A1 w

Thus F} = —F! and we obtain using the decay rate of R (2.12) together with the fact that |x! | is comparable
to R thanks to assumption (1.7):

R| 1| .
‘VU O,y ] (x)‘ < W vae B(zi, R),i # 1.

Gathering all the inequalities we have for i # 1:

Rlal |
k
V0™ || oo (8 S "

‘3| B
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Analogously for ¢ = 1 we apply Lemma A.1 for £k = 3 and obtain up to a constant depending on
1ol Lo (0,70 (%3)):

k k i (k i (k
Vel @) < [Vl @) + v [ Wi @)

J#1

k
<SSO P wE ] (@)

pfojil
< OZZ ( >max (IWJ’ (W2 <p>|)

p=0j#1 L
<Z<R R|x |>|W

J#1

< Bl +|1 W) W
S o d3 o8 '

min

Estimate for ||w>(kk)||oo Let # € B(z!,R), « = 1,2, i # 1. We have according to formula (3.1):

|w§<k+1)( )| = w(k)( ) — (k) ZU [Wy (k) W” (k)]( 1B
JFi
k) i (k
< R|Vui® |Im+Z\U Wi ® W] (@),
J#i
< RV | + CZcT max ( w8, |Wg,(k)|> 7
j#i

k R R R R
SRV e 32 o e T g YL
j#i,1 ©j min

where n = 2Cr¢gL < 1 is the constant appearing in Proposition 3.4. Reproducing the same computations as
before yields:

k+1 k R _
[ () S RIVOL oo+ -l " W],
1%

In the case i = 1 we have:

[l ()] = |0 (@) - )= > W w W] @),

Jj#i
< RITw®l + O3 max (WL )

J#1 dj
R R
<R||Vwik>\\oo+§j U |x1 W,
< RIVul oo + d—,uun’f-www.
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Thanks to these estimates we have the following convergence rate:

Proposition 3.7.
Jim [ VU [w ] 3 S Rlz W],

Proof. Reproducing exactly the same proof as in Proposition 3.4 of [32], the main difference appears in the last
estimate where we apply Proposition 3.6:

2
kt+1 k+1 1 (k1
VORI € RS (1908 )+ 0l

. R2 1
3 IR
w3 (G - ar)

i£1
R (W3 ? _
b (G g Wl )+ PVt P,

R4 R? W,
< (d3 + n2(k_1)> <d3 + |log W ) 2t |2|W |2

min dmln min

HED L P W

R® (W3 2
et PP (= + oWl )+

min

d2

min

Taking the limit when k& goes to infinity we get:

i R? (W3 R (W3 2
||VU[w£“>1|%sR2|x1|2W|2{d3 (= low Wil ) + 7 (= + llog il ) .

min min min min

The term inside brackets is bounded as follows:

R: (W3 R} (W3 2
( + | log Weo |> ( + | log Weo |>

B\ B te |\ &
R W3 R [ R W3 ?
SE E. + R|log Weo | + o (dmm e + R logWoo|>
< o] Wee according to (1.12) O
= 2 l1Plleogz | e

3.1.2. Second case

Given W € R3 we consider in this part w the unique solution to the Stokes equation (1.2) completed with
the following boundary conditions:

W on B(z1,R),

w=<¢ W on Bz R), ' (3.5)
0 on B(z},R)UB(24, R), i # 1.

Denote by Wy L) ,a=1,21<i< N, pée N the velocities obtained from the method of reflections applied to
the velocity field w. In other words:

w =33 Wi®|+ o(R).

p=0 1

We aim to show that, in this special case, the sequence of velocities Wi ) are also smaller than the general

case. This is due to the initial boundary conditions which vanish for i # 1. Indeed we have:
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Proposition 3.8. There exists two positive constants C > 0 and L = L({|p|| o (0,1; ®3))) such that:

__B
|z} — 4|
max|WhPHD| < 0P~ (ryCLYPR|W|, p > 1,

max WL+ | < C(207r,L)? W|,i#1, p>0,

max| WL V| =0,
for N large enough.
Proof. The proof is analogous to the one of Proposition 3.4. O

According to these estimates, if we assume that 7o max(||pl| zoc (0,7 (R3))> ”leL/Oi(O,T;LOO(Rf‘))’
I p||i/£(0 T LW(RS))) is small enough to have 2LCry < 1 then the following result holds true:

Corollary 3.9. We have for N large enough:

= R
> max WP €
k=0 " 73

Wi A
— k|

Zmax\Wé’(p+1)| S R|W.
k=0
4. EXTRACTION OF THE FIRST ORDER TERMS FOR THE VELOCITIES

This section is devoted to the computation of the velocities Ui, U? for 1 < i < N. The idea of proof is to
apply the method of reflections to the velocity field u” as presented above and we set:

o0
YU Ui 1<a<2,1<i<N,
p=0

we also use the following notations for the forces associated to the solutions U[U;}">°, Us™]:

Fy™ = =67 R (A1(&)UL™ + A2(6)U5™)

Fy> = =67 R (A2(6)U7™ + A1(6)U5™) (4.1)
4.1. Preliminary estimates

o 1/3 2/3 .
Proposition 4.1. If 7o||pl| Lo (0,7 (r3)) ||p||L/°°(O,T;L°°(]R3))’ Hp||L/x(07T;LM(R3))) is small enough and assump-

tions (1.7), (1.8), (1.10) hold true we have for N large enough and for all1 <i < N

Ui+ U . -1 m 1 jyo0 rriec] (i 3,00 775,00 | (i
SR (16 + As(6) T g+ 2; (v [v=, 03] @) + U [vi=, 03] (5))
j#i
+ O(VR) max |UZ|.
1<i<N
a=1,2
Up>® + Uy B 1m i
- = (A1(&) + A2(&)) 7R’ + 0(\/§)1r§rl%>§lea\-

a=1,2
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Proof. We prove the formula for i = 1 and the same holds true for all 1 <47 < N. We set w the unique solution
to the Stokes equation (1.2) completed with the following boundary conditions:

W on B(z},R),
w=<¢ W on Bz R), ‘ (4.2)
0 on B(z},R)UB(z4, R), i # 1,

with W an arbitrary vector of R3. We use the method of reflections to obtain:
2mg-W:2/D(uN):Vw
= —(F° 4+ F>) W+ hm Z/D UH—U ) : V.
For the last term we apply again the method of reflections to the velocity field w, see Section 3.1.2. We set:

k N N
w =33 U WP ] =S e wi]

p=0i=1 i=1
with
We obtain:
/D (kH ) Vw—Q/VU (kH) : D (un +2/D (kH ) s V(w —wy).

Thanks to the method of reflections, the second term on the right hand side can be bounded by R? |W|1r<na<>§v |U¢ |
_1_

a=1,2
(see Prop. 3.3). For the first term, direct computations using (2.8) show that

HVUHHLQ(RS\E) < Z HVU |:Wi1°°7W;voo:| ‘

L2(R%\B;)

S B (AR B Rt ER R Pk
= Z(MR (Al(&)Wf’“’ + Ag(gi)W;»OO) Vi

‘ ‘ , 1/2
o (A < A i)
< OVEY (W] + ).

Using Corollary 3.9 we get that [|Vw: | . gs\ g, < CV/R|W|. Finally, we have:

2mg - W = —(F™ + F)™) . W+0(R\/E)\W|11<n%v|U;\.
a=1,2

)

This being true for all W € R3 it yields:
_ 1,00 1,00 4
2mg = —(F,"" + F, )+O(RVR)1I§?§V|U"‘|'

a=1,2
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Using the definitions of F"*° and F, >, see (4.1), this becomes:

2mg = 61R(A1(&1) + A2(6:)) (U™ + Uy ™) + O(RVR) max |Ug].

a=1,2

Recall that A;(&) and A3(€) are of the form hq (|€]) I+ h2(|§|)%. Moreover, according to formulas (2.10) A; + A

(resp. A1 — Ay) is invertible and its inverse is (a1 + a2) (resp. a1 — az). Thus:

U™ 4+ Uy™ = 2(A1(&) + A2(&1)) ' —=g tes (A1(§1) + A2(&)) ' O(VR) max |UZ|. (4.3)

6R 1<i<N
a=1,2

We use the fact that ||(A1(£1) + A2(&1)) 7Y is uniformly bounded independently of the particles and N to get

U™ 4+ US> =2(A1(&1) + Az(€1)) ﬁg + O(\f)lmax Ual-
a=1,2

On the other hand, as (U;" (0 Uy (0)) (U}, U}) we rewrite formula (4.3) as

(oo}

Ut +U3 ;wﬁ‘”+U§’<”>>+<A1<sl>+A2<sl>> GmR +2—<A1<gl>+A2<§1>> O(VR) max U
- a=1,2

Using again formula (3.1) this yields:

0+ 03 =330 [0, 00 4 U [0, 0] o),

p=1j#1
-1 _m i -1
+2(A1(&1) + A2(&1)) oy + o (A1(&) + A2(&)) O(\/ﬁ)1r<nax U],
a=1,2
j,00 },00 i 00 i 00 .m
=2 (U [Uf’ Uy ] (x1) +U [Uf’ Uy ] (xé)) +2(A1(6) + A2(6) g 50
J#1 U
1
+ @(Al(fl) + A2(§1))710(\/§)1r<na>§V|U |.
a=1,2
We conclude by recalling that ||(A; + A2) 7} leo = [[A7Y| is uniformly bounded. 0

Applying the same ideas we obtain the following result:
Proposition 4.2. for all1 <i < N we have:

Ul -0 =3 (U [, 08 (21) - UIUF>, U3 (23) ) + O(VRJa'|) max |U4.

J#i a:1,2

U™ = Uy™ = O(VRZ"|), max |Ug]
a:1,2

Proof. The proof is analogous to the one of Proposition 4.1. The idea is to consider this time w the unique
solution to the Stokes equation (1.2) completed with the following boundary conditions:

W on B(z},R),

w=4¢ =W on B(z},R), 4 (4.4)
0 on B(z},R)UB(zy,R), i # 1,
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with W an arbitrary vector of R3. Using the method of reflections, Propositions 3.7 and 3.3 we obtain the
desired result. 0

4.2. Estimates for :13:_
Propositions 4.1 and 4.2 yields the following result:
Corollary 4.3. For all 1 <i < N we have:

= (A(&))~ 67”40 Z(I) 1)Eg 4 O(dmin),
J#i

where A = A; + As.

Proof. First of all, from Propositions 4.1 and 4.2 we can show that the velocities U¢ are uniformly bounded
with respect to N for all 1 <i < N and a = 1,2. Indeed, using formula (3.1) together with the decay properties
(2.13) and Propositions 4.1 and 4.2 we have:

max |UL| < max (|UL| + |U]),
a=1,2 1<i<N
1<i<N
<1+ max ([US®|+|U|) + O(VR) max |UZ],
1<i<N a=1,2
1<i<N

<1+ O(VR) max |Ug].

1<i<N

This allows us to bound the terms max |UZ| by a constant independent of N in the estimates of Propositions
a=1,

1<i<N
4.1 and 4.2. From Proposition 4.2 we have

Uy = (A1(&) + A2(&)) ' =g + Z (U107, U3)(@h) + U™ + U3 ™)(a})) + O(VER).
J#Z
We recall that using (2.11) we have
UI0P™,U3%)(21) + UIUP>, U3~ (2h) = —(@(w) — o) + @(a, — 20)) (B> + F™)
+R[UT™, Uy ™) (zy) + R[UT™, Uy ™) ()
recall that F_{_’oo = —mg + O(RV/'R), see proof of Propositions 4.2 and 4.1. Hence, we replace FY + F] = 2F_{_’°°

by —2mg with 6m Rkg = mg and bound the error terms using the decay properties of the Oseen tensor ® and
the field R, see (2.12)

> ‘@ —2%) 4+ ®(a), — x5)| O(RVR) + |R[UT >, U™ (a}) + R[UP>,U§>|(2%)| < CVR+ CR.
J#i

Now it remains to replace both terms <I>(acfF — i), <I>(acj+ — xb) by ®(z?, — ac+) Direct computations show that
for all 1 < a < 2 we have |a:Jr —x |z¢ |, which yields for all 1 < o, < 2:

oc| -
>_1(h - ap) — @(ah —at)[6mRlkg| 27
i i

which is comparable to R according to assumption (1.7). Gathering all the estimates, the error term is of order
V'R which is of order dyin according to assumption (1.10) and Remark 1.1. O
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4.3. Estimates for &*
Analogously, Propositions 4.1 and 4.2 yields the following result:
Corollary 4.4. For all1 <i # N we have:

Ui — Ui _ 67rg qu) _ er 2t 10 (|a:i,|dmin) .
J#i

Proof. The first formula of Proposition 4.2 together with the uniform bound on the velocities (Uj_, U'), see
proof of Corollary 4.3, yields:

Uf = Uy = Y U7, U3%](1) = UUP™, U3~ (w3) + O(VRIaL ).
J#
We want to estimate the first term, we have using (2.11)
U U, U3 (a) - U (07, 04 (ah)
= (o — ) (™ + F™) + Bl — o) (F™ + ™),
= —4 [V, —2}) 2t | FE
1 ' o
— 2/ > (@) DPd(ah — oy + tal )FLTdt
0 —
181=2
4 [V, — o)l | FP el el

Now recall that, from the proof of Proposition 4.1 we have:
F_{_’OO = —mg + O(R?).
Thus, we get the following formula:
UIUL™, U3 ](a}) = UV, U3 ™) (23) = 2[Ve(aly — o) - al]mg + €} + € + &7,

with ' 4 4 '
55’." = —4[v<1>(:cz - xi) 2" |(F1°° + myg).

16

We recall that mg = 6mRrg = 3

Ui-Us 6 ; T 1 ; ‘
% = ZOZ[VQ(SC:_ —ah)-xl|kg + 525;]. + &L+ &+ O(WRJ2™)).
j#i J#i
It remains to bound the error terms. We begin by the first one:
%ﬂ<2< sup Qv@@i—w0>ww%fﬁﬂ»
y€lzf,a}]

We emphasize that for all y € 2}, x3]:

ly — @il 2 |21 — 2| = o) =yl > foy —ai [ =22l | = 2|2l — a3,
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where we used the fact that
and
This yields:

R R )
SleL <O rlat PRelgl < Clat |7 [ S | < Ot |2 < Clualat |
j#i j#i i W G i
For the second error term we have:
£, = =2[Vo(zh — 2),) — VO(a', — )] -2’ - FL™,

where

: 1 1 .
V(s —x+) Ve (2! — )| SC’( — s T < 3) |z |.
|y — 2 | oy — oy

Since |27 | ~ R ~ |2% | the second error term is bounded by:

D IS <CY o 3|$ *Reilg],

J#i i1 i

which yields the same estimate as for the first error term. Finally, the last error term gives:

STIEL| < 2V, — o) 3t | [FE + mg| < CR2.
J#i
where we used the fact that Fi’oo = —mg+ O(R?) and |z | ~ R. O

5. PROOF OF THEOREM 1.2

In order to derive the transport-Stokes equation satisfied at the limit, the idea is to show that the discrete
density p satisfies weakly a transport equation. We introduce the following notations. Given a density p, we
define the operator Kp as:

Kp(z) := 6mrg /3 O(z — y)kg p(dy).
R
The operator is well defined and is Lipschitz in the case where p € L' N L>. Moreover, note that Kp satisfies
the Stokes equation
—AK(p) + Vp = 6mrokgp,

on R3. Analogously, we define KV pV as

KN pN (2) := 671 / x®(z — y)rg pN (dy), (5.1)
RJ

where x®(-) = x ( ) ®(-), x is a truncation function such that x = 0 on B(0,1/4) and x =1 on “B(0,1/2).

dmin
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5.1. Derivation of the transport-Stokes equation

The transport equation satisfied by !V is obtained directly using the ODE system derived for each couple
(2., &). We recall that:

Ui = (A(&) " thg + KN pN (@) + O(dumin),
[;{i = VKN pN(2%) - & + O (dmin) -

Following the idea of Section 5.2 from [32] and using the fact that the centers 2, do not collide thanks to our
assumptions, one can show that we can construct two divergence-free velocity fields EV and EV such that:

UL = (A(&) thg + KN pN (ah) + BN (o), (5.2)
U kN 6 B (i),

and there exists a positive constant independent of N such that
1B [loo = O(dmin), 1EN oo = O (dmin) s IVE [loo + [VEY||oo < C. (5:3)
This construction yields the following result
Proposition 5.1. u satisfies weakly the transport equation:
O™ + div, [(A(€)) M rgu™ + KN pN (@)™ + EN pN] + dive VKN pN (2) - 6p™ + EN (2)pN] = 0. (5.4)
We can prove now Theorem 1.2.

5.2. Proof of Theorem 1.2

The proof is a corollary of Proposition 5.1. Indeed, we want to show that for all ¢ € C2°(R?) we have:

T
/o /R Rg{at¢(tv 2,6) + Vath(t, 2,€) - [(A(€) ™ hg + Kp()))]
+ Veib(t, ,€) - [VKp() - f}}u(t, da, d€) dt = 0. (5.5)

which is obtained directly by passing through the limit in each term of formula (5.4). Indeed we recall that we
have the following estimates:

1N oY = Kplloo S Woe,
HVICNPN - v’CPHOO S Weo(1 4+ [log WOOD7

||EN||00 :O(dmin)7 ||EN||OO :O(dmin)~

6. PROOF OF THEOREMS 1.5 AND 1.6

This section is devoted to the proof of Theorems 1.5 and 1.6. The Lipschitz-like estimates proved in Propo-
sition B.4 suggests a correlation between the vectors along the line of centers & and the centers xj_ In this
section, we show in particular that this correlation is well propagated in time.
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6.1. Derivation of the transport-Stokes equation

We assume now that there exists a lipschitz function Fj such that
&(0) = Fo(%(0)), 1<i <N,

which means that p2" = p}" ® 6p,. In order to propagate this correlation we search for a function FN(¢,-) €
W1ee(R3) such that for all ¢ € [0,7] we have

&(t) = FY(t, 2 (t), 1<i<N.
According to the ODE satisfied by &;, see (5.2), FN must satisfy the following equation

OWFN + VFN . (A(FN)"lkg + KNpN + EN) = VKNpN . FN + EN,
FN(0,.) = F,.

The following proposition shows the existence and uniqueness of FV.

Proposition 6.1. There exists T >0 such that for all N € N*, there exists a unique (local) solution FN ¢
L*(0,T; W (R3)) of the following equation

{&FN + VEN C(A(FN) g + KNpN + EN) = VENpN - FN + BN, (6.1)

FN(0,") = Fy.
Proof. The idea is to apply a fixed-point argument. We define the mapping A which associates to any F' €
L*(0, T; W°°(R3)) the unique solution A(F) = F to the transport equation

{@F + VF (A(F)_lﬁg + ICNPN + EN) - VICNPN -F + ENy (6 2)

F(0,-) = Fp.
We define X* as the characteristic flow satisfying:

Ds XN (s,t,x) = A(F(s, XN (s,t,2))) " hg + KN pN (s, XV (s,t,2)) + EN (5, XN (s,t,2)).
XN(t,t,x) =z

The Lipschitz property of A=', F, KN p and EV ensures the existence, uniqueness and regularity of such a
flow, see Proposition B.1 and formula (5.3). Moreover, direct estimates show that for all 0 < s < ¢:

VX" (5,1, ) loo < exp([IKgII VAT oo ||l o (0,msw 10 m3y) + KN o™ + EN || Loo (0,001 00 Ry ] (£ = 5)). (6.3)

Hence, we can write
t
F(t,x) = Fo(XN(0,t,2)) + / VENpN (s, XN (s,t,2)) - F(s, XN (s,t,2)) + E(S,XN(s,t,ac)) ds.
0

Direct computations yield
JA(F)| Lo (0,7522 R2)) < 1 Follos 4+ TIVEN 0N oc (075200 o)) |1 F || Lo (0,750 (R2)) + BN || L0 (0,7 1% (2

and

VA Lo 0,7:L5 @) < |[Foll1,00 +T{||V’CNPN||L°°(0,T;W1=°°(R3))

+ ”ENHLOO(O,T;WLOC(R?’))}HFHLx(O,T;Wl’OO(R?')) VXN (-t ) Lo 0,752 (R2)) -
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Gathering all the estimates and using Proposition B.1 and the uniform bounds (5.3), there exists some constants
independent of N such that:

IACE) || o 0,msw oo ®3)) < ([Follwoe w3y + TCr + TCol|F|| oo (0,151, (m3y)) €7 (6.4)

On the other hand, given Fy, Fy € L°°(0,T; W1 (R3)) we set X; the associated characteristic flow and we
have

[A(F)(t, ) — A(F2)(t, ) leo < <||VF0Hoo + | Py || o o, mw 00 o) IKCN 0 (| oo (0,75 w72.00 (R2))
BN o 0w e oy 1K1 (0,8, 2) = X2 (0,1,
+ t||V’CNpN||Loo(07T;Loo(R3)) ||F1 — F2||LOQ(O’T;LOO(R3)).

The characteristic flows satisfies

[ X1(s,t,2) — Xa(s,t,2)] < [VA™ | /St 1F1(7, ) = B2 (7, ) lloo + ([[F1ll oo 0,752.) | K]
+ 2| VKN pN + VEN||L°°(O,T;L°°))|X1 (1,t,2) — Xo(7,t,x)|dr,
hence .
1669 = Xals. 0l < ([ VA i) = Fatr )l dr ) 009
This yields (
[A(F1) — A(F2)| Lo 0,132 ®3)) < C([|F1llzoe0,m3wtoe ®s))) T 1 F1 — FallLoo 0,150 (r3)) - (6.5)
We construct the following sequence (F)gen C L*(0,T; WH°(R?)) defined as

FkL = A(F*)k € N,
F'=F.

For T small enough and independent of N, using estimates (6.4) and (6.5), the sequence (F*); is bounded in
L0, T; W (R3)) and is a Cauchy sequence in the Banach space L>°(0,T; L>°(R?)). There exists a limit F €

L>(0,T; WH(R3)) such that F¥ — F in L°°(0,T, L>°(R3)) and VF* — VF weakly-* in L°°(0, T, L>°(R3)).
It remains to show that F = A(F). The weak formulation of the transport equation writes

[ @ o7 g+ B = [ (T BV

for all 1 € C((0,T) x R?). Using the strong convergence of F* to F we get

[ ] o a mg kM4 ) = [ (O8N BY)

Uniqueness of the fixed-point is ensured thanks to estimate (6.5). O

Proposition 6.1 and formula (5.2) yield the following result

Corollary 6.2. There exists a unique solution of (6.1) FN € L*>(0,T;WL>(R3)) such that pu~ =
(id, FN)#pN and pV satisfies weakly

OppN + div [(A(FN)) g+ KN ((2) + EV) pN} = 0. (6.6)
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6.2. Proof of Theorem 1.5 and 1.6
In the previous part we showed the existence of a unique function FV such that:
& = FN(a}).
In order to provide the limit behaviour of the system, we need to extract the limit equation satisfied by
F = A}i_r)nooFN and to estimate and specify the convergence. It is straightforward that the limit function F
should satisfy the following equation:

{&F + VF - (A(F)"'kg + Kp) = VKp- F, on [0,T] x R3,

F0,) = Fp. (6.7)

We begin with the proof of local existence and uniqueness of the solution to system (1.16).

Proof of Theorem 1.6. Let p > 3, Fy € W2P(R3), py € W1P(R?) having compact support. The idea is to apply
a fixed-point argument. We define the operator A which associates to each u € L>(0,T; W3P(R3)) the following
divergence free velocity

w s F(u) s plu) - Afu),

where F(u) € L*(0,T; W*P(R?)) is the unique solution, see Proposition C.1, to the following equation

WF +VF-(A"Y(F)kg+u) =Vu-F, on[0,T] xR3,
F(0,") = Fy, on R?.

p(u) € L>=(0,T; WHP(R3)) is the unique solution, see Proposition C.2, to the transport equation

{ Oep + div((AY(F(u))kg + u)p) = 0, on [0, 7] x R3,
p(0,+) = pp, on R3.

and A(u) = Kp(u) = 67rg® * (kp(u)g). The mapping is well-defined, indeed, since py € WHP(R3) we have
p € L>=(0,T; WHP(R3)), see Proposition C.2. Consequently, applying Theorem IV.2.1 of [9] shows that V3 A(u),
V2A(u) € LP(R?) and we have

IV2A@)p < CIVpu)lp, [V2A@)llp < Cllp(u)],-

On the other hand, since p(t,-) € LP(R3) and is compactly supported, see Remark C.3, we have in particular
p(t,) € L9 (R3) N L%(R3) with

/2

3p
= €]3/2,3[, ¢2 = €1, 3/2].
315 328 e J1.3/2]

3+2p

q1

We apply again Theorem IV.2.1 of [9] for ¢ = q; (resp. ¢ = q2) to get VA(u) € LP(R3) (resp. A(u) € LP(R3))
and we have according to Formula IV.2.22 of [9] (resp. [9], Formula IV.2.23)

IVAQ)[lp < Cllp(w)llgs AW < Cllp(w)]lg, -

Hence, since g1, g2 < 3 < p, Holder’s inequality yields
IVA@W)llp + AW, S (ﬁ)ugl supp p(u)(t,)|"/* + [SOU%\ supp p(u)(t, ‘)|2/3> lo(w)llp,

where supg 7 | supp p(u)(t, )| depends on T', A=, |F| o< 0,75w2.p(r3)) and ||| o< (0,752 » (r3)) according to
Remark C.3
diam(supp(p(u) (t7 )) < C(po, T, ||/U/||LOQ(O’T;W2,I)(R3)), ||FHLoc (O,T;W2,p(R3))). (68)
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Finally we have

| A(u)|| Lo 0,730 ®sy) < C(L+ M(T))|lp(w)ll Lo 0,75w1p (R3)) (6.9)
AW Lo (0,720 (r3)) < C(L+ M(T))||p(w)|| Lo~ 0,710 (S)) (6.10)

M(T) = [Suglsuppp( u)(t, )|1/3(1+[Sou7§>]\suppp(U)(tw)ll/3)-

We recall the following bounds, see Propositions C.2 and C.1

lo(u) | Lo o, 7w e ®2)) < Nlpoll1peTs C = C(|[F(u)ll oo 0, 75wz (R2)) [16l] Loo (0,750 (R2)))- (6.11)

According to Proposition C.1, for a small time interval we have for a fixed A > 1
[E(w)ll2p < M Foll2,p- (6.12)

On the other hand, gathering the stability estimates of Propositions C.2 and C.1 and (6.10) we get for u; €
W3P(R3),i=1,2

| A(ur) — A(uz)l Lo 0,7;w2»®3))

(

(1 + M (ur,u2)(T)llp(ur) — p(u2)l|Loe 0,110 (r3))

(14 M (uy, ug)(T))T (|| F(ur) — F(uz)| Lo o,rsw @y + lur =zl Lo o,msw e msy)) €7
(

C
C
C(1+ M(ul, UQ)(T))T(l + T)||’LL1 - u2||LOO(O7T;W2,;U(]R3))€CIT,

ININIA

where C' depends on [|u;|| oo (o, 7;ws.p(r3))s [|F (i)l Loo (0,7;w20®3))s ||0(wi) || oo 0,710 (r3)) and

M (u1,us)(T) = sup| supp(p(u1)) U supp(p(uz))[/* (1 + sup| supp (p(u)) Usupp (p<uQ>|1/3)> ,
[0,77] [0,7]

S O(T (|uil| oo (0,75w2.0 ®3)) s | Fill oo (0,7;w2 2 (R3)) » SUPP(P0) ) -

We consider the following sequence

ubtt = A(uk), k € N,
u® = Kpo .

We set F¥ := A(u¥), p*¥ := p(u¥). Previous estimates show that the sequences (u)ren, (Fk)ren, (Px)ren are uni-
formly bounded in L>(0,T; W3P(R3)), L>=(0,T; W2P(R3)), L (0, T; WP (R3)), respectively, and are Cauchy
sequences in L% (0, T; W2P(R3)), L*(0,T; WP(R?)), L>(0,T; LP(R?)), respectively for T small enough. Con-
sequently, there exists (u, F, p) such that

ub —uin L0, T; WHP(R3)),
F¥ — F  in L™®(0, T; WHP(R?)),
p¥ —p  in L*®(0,T; LP(R?)).

This allows to pass through the limit in the weak formulations of u* and p*. In addition, we use the fact that
V F}, converges weakly-* in L°°(0,T; L>(R?)) in order to pass through the limit in the weak formulation of F*.
Hence, the triplet (u, p, F') satisfies equation (1.16). We recover the regularity of each term using the a priori
bounds. Uniqueness is a consequence of the previous stability estimates. (Il
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6.3. Proof of Theorem 1.5

Proof of Theorem 1.5. We recall that Wo.(pV, p) — 0 according to (1.9). We want to show that the triplet

(pN, FN, KN pN) converges to (p, F, Kp) the unique solution of equation (1.16). From Proposition B.3 and using

the same arguments as in Proposition C.1 we have

W2 (s)
d2

min

IFN(t, ) = F(t, )]s < 0/ Woo(s) (1 + [log Weo (s)]) + ) + 1B oo + 1BV |oos
0

where Woo (5) := Wao (p™ (s,), p(s,+)). Hence FN converges to F in L>(0,T; L°>°(R?)) and KN pV converges to
Kpin L>=(0,T; W1>°(R?)) if the Wasserstein distance is preserved in finite time. This allows us to pass through
the limit in the weak formulation of p™

t
| [ (04 Vo (A (FYrg + K7 ) o =0
0 JR3

APPENDIX A. SOME PRELIMINARY ESTIMATES

This section is devoted to the proof of the following lemma which is analogous to Lemma 2.1 of [24]. We drop
the dependence with respect to time in what follows.

Lemma A.1. There exists a positive constant C' such that for k € [0,2] and N large enough

w3
¥ = € (Il = + 10l

YE) ZJ min
w3

¥ < Cloles (= + 10w (Io1LWec) 141)
i 1] min

Proof. We introduce a radial truncation function x such that x =0 on B(0,1/2) and x =1 on °B(0,3/4). We

have for all £ > 0:
Ti— 1 N
p (¢, dy),
;dfj /]R3 < diin > |lzi —yl*

= /R3 X (% ;mjl;(y)> = ;(y)‘kp(t, dy),

T — T(y)) 1
= + / X ( p(t, dy).
(/B(zi,BW(x,) CB(xi,3Woo)> dmin lzi — T(y)|*

Recall that Wae > dinin/2. Since x (”0 2Tl >) 0if |2; — T(y)| < dinin/2, the first term yields:

X — T(y)> 1 w2
X t, dy) < C||pllec .
Lo ¥ () et 4 < Cllol =

For the second term, we have |z; — T'(y)| > |x; —y| — |y — T(y)| > %m and we get for k € [0, 2]:

T, — Y 1
X p(t, dy
1B(azi,3Woc) ( dimin ) lzi — T(y)I* ( )

A 1 Lk
< lpllo ——5 dr + A7"||pllL1,
3We T

oo

< [lplloo A’ + AT,



A MODEL FOR SUSPENSION OF CLUSTERS OF PARTICLE PAIRS 1627

for all constant A > 3W, and one can show that the optimal constant is A = || ,0||;o1/ % which yields the desired
result. We proceed analogously for & = 3. O

APPENDIX B. ESTIMATES ON K¥p", Kp AND CONTROL OF THE MINIMAL DISTANCE

In this part we present some estimates for the convergence of the velocity field KV p and its gradient towards
KCp and its gradient. We estimate the oo norm of the error using the infinite Wasserstein distance between pv
and p in the spirit of [14,15].

We recall that, according to Theorem 5.6 of [4], at fixed time ¢ > 0, there exists a (unique) optimal transport
map T satisfying:

Wio 1= Wao(plt, ), 0 (1)) = p - esssup |T() — ],

with p™V(¢,-) = T#p(t,-). This allows us to write KV p" as follows

KN pN (2) = 677 / x®(x —T(y))p(y) dy.

This important property allows us to show the following results.

Proposition B.1 (Boundedness). Under the assumption that p € WHH(R3)NW1°(R3), there exists a positive
constant C' > 0 independent of N such that:

wE o WR WS
1KY p [lw20e < C (1 + + 72 + pE > ol w.co (r3)AW 2.1 (RS,

dmm min min

where
Wao 1= Wao(p(t,-), 5V (t,-)) = p - esssup |Ty(z) — .

3
Remark B.2. The term o= appears only for the second derivative of KN pY which is needed for the proof of

d?nin
Theorem 1.5.

Proof. Let x € R3, we have:

(KN N ()] < C/ IX®(z — T (y)ply) dy| ,

smmu/
B(z,3Ws)

oo

mwx—ﬂwﬂ+[m1y)uﬂx—ﬂwmmmmy

Recall that for all y € B(x,3W,) such that | — T(y)| < dmin/2 we have x®(z — T'(y)) = 0. Hence in all cases
we have the following bound for all y € B(z,3W.):

Ix®(z —T(y))| <

dmin ’
this yields the following bound
WS

dmin

/‘ @z — T(y))| < C
B(z,3Wso)

For all y °B(x,Ws) we have that |z — T'(y)| > |z —y| — |T(y) — y| > 2Ws > dmin. This ensures that
Xx®(z —T(y)) = ®(x — T(y)) on °B(x, Ws ). Moreover we have

1
Ix—T(y)Ile—y\—szglx—yl,
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which yields

dy
/ @@ — TW)) o) dy < Cllplloe / lllees
¢B(z,Ws)

¢B(x,Woo)NB(x,1) |z —yl

S C”p”Ll(R?»)nLoo(RS).

Analogously we obtain a similar bound for VA~ . We focus now on the bound for V2K p¥. We have

V2N pN ()| < Cllpll / |V2x®(z — T(y))| dy + / V2x®(z — T(y))p(y) dy| -
B( ) ¢B(z,Wso)

‘/L,V oo

3
We use the same estimates as before to bound the first term by || pHOOZZ—‘” For the second term we write

<

/ V2x®(z — T(y))p(y) dy / V2P(z — y)ply) dy

¢B(z,Ws) cB(z,Woo)

4 / V2@ (x — T(y) — V20(x — )| [p(y)| dy.  (B.1)
CB(17WOO)

Using an integration by parts for the first term in the right hand side of (B.1) we get

<

/ V20 (x — y)p(y) dy / Vo(x — y)Vply) dy
¢B(x,Wao) ¢B(z,Wso)

w [ vee gl pldet),
OB(z,Ws)
< ClIVollo geynnee ) + 1ol

Finally, for the second term in the right hand side of (B.1) we have

[ e Tw) - Ve - ) o)y
°B(z,Ws)

1 1
< +
[B(x,WOQ) (Iw —ylt e =Ty

< Ollpllprrs)nrpe= (r2)-

) ly — T(w)|o(w) | dy

The following convergence estimates are used in the proof of Theorem 1.5.

Proposition B.3 (Convergence estimates). The following estimates hold true:

Wao(pN, p)?
1KY 0¥~ Kopllze < 1ollocWeo(p™ ) (1 + Welo TPy

min

d2

min

W (0, p)?
T N e

Proof. We use in the proof the shortcut W, := W (", p). Let x € R?, we have

KN N (2) — Kp(a)| < 677 / X®(z — T(y)) — @z — )| p(y) dy.

supp p
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We split the integral into two disjoint domains J := {y € supp p, | — y| < 3W,} and its complementary. Note
that on J, according to the definition of the truncation function y, we have x®(z —T(y)) = 0 for all y € J such
that |z — T(y)| < %2>, We can then bound directly the first integral as follows

/ B — T(y)) — B — )| p(y) dy < / X®(x — T(y))] ply) dy + / B(x — )] ply) dy
J J J

4 1
S el <|B($73Woo)|d. +/B( awo) 12— 4] dy) .

Direct computations yields

WL s
[ xwte = 1)~ ot - I S ol (5= 4 W)

We focus now on the remaining term, note that for all y € ¢J := *B(z,3W) we have
[z =T)| = v =yl = [T(y) =yl = 2Weo = drnin,

which yields that x®(z — T'(y)) = ®(z — T(y)) on °J. Moreover, we have |z — T(y)| > 3|z — y| on ¢J. We have
then

/|xq><x—T<y>>—<b<x—y>|=/ B — T(y)) - Bz )|,
CJ CJ

1 1
= KA, (|x “TWE o= y|2> ly = T(y)lp(y) dy,

1
< Waol0lloc / L,
eJ |$ - y|
< Wl

In the last line we use the fact that ﬁ is integrable on °B(x,3W,). The proof for the second estimate is
analogous to the first one. The main difference occurs for the last estimate where the log term appears. This is
due to the fact that we integrate —-— on “B(z,3W,). (]

lz—y[*

We present now an estimate for the conservation of the particle configuration. This estimate combined with
Proposition B.1 shows that the dilution regime is conserved provided that we have a control on the infinite
Wasserstein distance.

Proposition B.4. For all1 <i < N and j # i we have

il S IIVEN oMo [€i] + O (dinin) 4

', — i | SIVEN Voo 2y — 29| + [& — & + O(R),

€= &5| S IVEY 0V o I — &1+ 926N 0V oo

xf‘_ — xﬂ_‘ + O (dwmin) -

We remark that the conservation of the infinite Wasserstein distance, which is initially of order ﬁ, ensures
the control of the particle distance. Unfortunately, due to the log term appearing in Proposition B.3 we are not
able to prove the conservation in time of the infinite Wasserstein distance.
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APPENDIX C. EXISTENCE, UNIQUENESS AND SOME STABILITY PROPERTIES

In this section we present some existence, uniqueness and stability estimates.

Proposition C.1. Let p > 3. Given Fy € W*P(R3) and u € L*(0,T; W3P(R?)), there exists a time T > 0
such that F € L*(0,T; W?P(R3)) is the unique local solution of

{@F +VF - (A" (F)kg +u) = Vu- F, on [0,T] x R?, (C.1)

F(0,-) = Fo, on R3.
We have the following stability estimates

| Fy = Foll oo 0, mswrn(rey) < CrT|[ug — ual| poo o, mw2r vy €7

with Cl and CQ depending on ||A_ ||Ui||Loc(0’T;W3,p(R3)); ||Fi||Loo(O’T;W2,p(R3)).

Proof. Since p > 3, we have Fy € W2P(R3) — Wh(R3) and u € W?>°(R3). We can apply the existence proof
analogous to the existence proof of Proposition 6.1 to get a unique solution F' € L (0, T; W1>°(R?)) for a given
T > 0. It remains to show that F' € L°(0,T; W?P(R?)) for a finite time interval. We have for o = 0, 1,2

O D*F +VD*F (A" (F)kg +u) = —=VF - D* (A" (F)kg + u) + (D*Vu)F + (Vu)D*F.
Multiplying by |[DF[P~! and integrating by parts the second term using the fact that div(u) = 0, we get
/ |D*F|P = /|DO‘F|p div (A™Y(F)) + VF - |D*F|P~" (D* [A™Y(F)] kg + D*u)

DO‘Vu)F|Da [P~ + (Vu)DF|D*F|P~ !,
by (VAT ool F 11,00 + I Vulloo)

D PP (IAT 2000 + 1) (IVFIOO {IVFlp + IVFlclVElp + V2 Fllp + [ D%ull, }

n ||F|W|Davu||p>.

Since || F|l1.00 S 1Fll2.p, [6ll1.00 S | Fl2,p, we get up to a constant depending on ||A™Y||o,

d o o
ZIIP°FI5 S IDFIE (1|2 + lulls.p) + [D*FI;~ | F

20 ([1Fll2p + llulls.p) -

Applying Young’s inequality and summing over av = 0, 1,2 we get

1
1P || Lo 0,7w2m R3)) S 1 Fo|2,pe C@IFll2,pllulls,po 1A 12,00)T

which shows that F' € L°°(0,T; W?P?(R3)) for a finite time T' > 0. Now consider two divergence free velocity
fields uy,us € L°°(0,T; W3P(R?)) and denote by F; the solution to (C.1). We have

O(Fy — Fy) + (VF — VFE) (AT (F1)kg + up)
= VFQ (Ail(Fl) - Ail(Fz) +’LL1 — UQ) + (Vu1 — VUQ)Fl + (Fl — FQ)VUQ.

Multiplying by |Fy — F»|P~! and integrating by parts the second term in the left hand side using the divergence
free property of u, we get

d _
Frie BP S IF = FB|L (IVA oo (IVFillso + IV E2llso) + | V|l )
+ [|1Fr = Bol5Hluy — usll2p(IVEL o + [ VF2|loo)-
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For the derivative we have

O(VF, —VE) +V(VF, — VE)(A Y (F)kg + uy)
= —(VF, — VE) (VA (F)VFikg + V) + V2E (AN (F) — AN E) +up — uo)
+ VE ({[VA™Y(F) = VAT (F)] VF + VAT () (VF — VE) } kg + Vuy — V)
+ (V2uy — VZ2u2)Fy + (Vuy — Vu)VF + Vuy(VE, — VE) + Vius(F) — F).

Using the same estimates as previously, we obtain

d -1
Fril B|f, <CillFy = Bollf , + Co||[Fy — Fo|I7 ) [Jur — uzll2,p,

where Cy, Cy depend on [|A™Y 2,00, [|will3,ps || Fill2,p- We conclude by integrating with respect to time and apply
Gronwall’s inequality. O

Proposition C.2. Let T > 0, p > 3. We consider pg € WYP(R3), u € L>®(0,T;W3P(R3)) and F €
L0, T; W2P(R3)). There exists a unique solution p € L>=(0,T; WHP(R3)) to the transport equation

Opp + div((A~H(F)kg +u)p) = 0,
{ p(0,-) = po, (©-2)

for all T > 0. p satisfies

lp(t, ) Lo (0,7 wrey < llpoll1.pe ",

where C' depends on p, [|A7|2 00, 1 F | o< 0, 75w2.0(R3)) s |4l oo 0,75w2.0(r3)) - In addition, we have the following
stability estimate

lp1 = p2llL(o,rLr@s)) < C1T (Jlua — uzl Lo, mswrr@s)) + |11 = FallLeo.rsw e @s))) €27,

with constants depending on ||A™ |1 0o, |23l Loc 0, 7;w10 (3)) s | i || oo (0, 1;w19 (3 -

Remark C.3. If we assume in addition that py is compactly supported then classical transport theory ensures
that p(t,-) is compactly supported and using the characteristic flow, which is well defined since F, u € W,

one can show that
Ct

diam(supp(p(t, -))) < diam(supp(po))e™",
with C' = C(|VA™ oo, IVl oo 0,655 83)) V| Loo (0,810 (R3))) -
Proof. Since g = —|gles, we have the following formula
div(A™}(F)kg) = ~VAT(F) - VFxlg,
where Az !'is the third column of A~'. Note that since p > 3, we have the following Sobolev embedding

1E1,00 S 1 ll2.5 [1ll1,00 S Mlullzps llolloe S Mol p- (C.3)

The idea is to apply a fixed point argument. We define the operator A which maps any p € L>(0,T; WP) to
the unique density A(p) solution of

01 A(p) + VA(p) - (AN (F)rg +u) = (VAZ ' (F) - VFr|g]) p. (C4)
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Thanks to (C.3), u € WH°(R3) and F € W1 (R?), hence DiPerna-Lions renormalization theory ensures the
existence of A(p) € L°°(0,T; LP(R3)). Multiplying (C.4) by |A(p)|P~!, integrating by parts and using Young’s
inequality we get

1 1

AP = Zleolly + /HA MEIA™ oo IV Flloo + /IIA o IVEllssllpll | AR5
1 —
Ellpoll”+0/ (IIA )5+ IIPII” , IIA(/))HS),

1
<~ lolly + € / IAG)E + el 1
with C' = C([[A™ oo, [V F|| Lo (0,7; 15 (r2))). Hence, Gronwall’s inequality yields
1Al < (lpolly + TCllpllp)e

Moreover, we have
BV A(p) + V(VA(p)) - (A~ (F)rg + )
= —VA(p)V(A Y (F)kg +u) + VA3 (F)k|g|VFVFp
+ VA; Y (F)k|g|V?Fp + VA (F) - VFk|g|Vp.
Multiplying by |[VA(p)|P~! and reproducing the same computations as before we get
VAW < (IVpolly + TC1llpll1,p)e ™",

where we used (C.3). The constants Cy, Cy depend onl|ul| Lo (o, 7w 20 (®2))s | F || Lo (0,13w20®3))s [|AT]2,00, p and
lpll Lo (0,7;w 1. (r3))- Gathering the two estimates we obtain

1A 2o 0,7w 1) < (llpollp + TCrllpllp)e”* (C.5)

Given py, p2, since equation (C.4) is linear, A(p;) — A(p2) satisfies the same equation with py = 0. Consequently,
for T' > 0 small enough, estimate (C.5) shows that the mapping A is a contraction and hence there exists a
unique fixed point. Estimate (C.5) shows also global existence.

Let u; € L°°(0, T, W3P(R3)) and F; € L*°(0,T, W*P(R3)) for i = 1,2. Denote by p; the unique solution to
equation (C.2). We have

A(p1— p2) + V(p1 — p2) - (A7 (F1)kg + 1)
=—Vpo - ([AY(F)) — A7 (F)]kg + u1 — ua)
+ (p1 — p2) VAS  (F1)Elg]
+p1 ([(VA;(F1) — VA; 1 (F))] VFL + VA (F) (VP — VE)) klg].

Multiplying by |p1 — p2[P~! and integrating we get
||P1 = 2|l S Cillpr = pallb + Co (lur = w2lloo + [|1F1 = Bl + [VFL = VE2||,) o1 = p2llb~,

with constants depending on ||A™Y|1.00, [|0:]l1.p, /| F3[|1,p- We conclude using again the embedding ||Fy — F||s0 <
C||Fy — F||1,, and analogously for ||u1 — ug||ec- O
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