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T-JUNCTION OF FERROELECTRIC WIRES

LuciaANO CARBONE!, ANTONIO GAUDIELLOY* AND PEDRO HERNANDEZ-LLANOS?

Abstract. In this paper, starting from a non-convex and nonlocal 3D variational mathematical model
for the electric polarization in a ferroelectric material, and using an asymptotic process based on di-
mensional reduction, we analyze junction phenomena for two orthogonal joined ferroelectric wires.
Depending on the initial boundary conditions, we get several different limit problems, sometimes un-
coupled. We point out that all the limit problems remain non-convex, but the nonlocality disappears.

Mathematics Subject Classification. 35Q61, 78A25, 49J20.

Received December 2, 2019. Accepted December 23, 2019.

1. INTRODUCTION

In this paper, starting from a non-convex and nonlocal 3D variational mathematical model for the electric
polarization in a ferroelectric material, and using an asymptotic process based on dimensional reduction, we
analyze junction phenomena, from an energetic point of view, for two T-joined ferroelectric wires. Depending
on the initial boundary conditions, we get several limit problems. We refer to [4,12,16,28,29,32,33] (see also the
introduction in [7]) about general history, applications, and mathematical modeling of the electric polarization
in ferroelectric structures.

Let {hn}nen CJ0, 1] be a sequence such that

lim h,, = 0.
n
For every n € N, set (see Fig. 1)

. 11[? . 11 11 W
Qn_hn]_272|: X[Oal[v Qn_:|_272|:><hn(:|_27Q|:X]_170[>7 Qn_QnUQn

The multidomain 2,, models a ferroelectric structure consisting of two joined orthogonal parallelepipeds Q%
and QY. The first parallelepiped has constant height along the direction w3, the second one has constant height

along the direction 1, while both of them have a small cross section of area h? and are joined by the small
11

surface hy, ] —353 [2 x {0}. Several energetic approaches can be considered. We begin with a standard choice
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FIGURE 1. The set Q,,.

for the functional representing the energy. Precisely, consider the following non-convex and non-local energy
associated with €,

3

En P e (H' (M) — / <|D P?+a (P> - 1)2 + |Dep|® + F,, - P) du, (1.1)
Qn

where « is a positive constant, F,, € (LQ(QTL))37 D denotes the gradient, - denotes the inner product in R?, and
pp is the unique solution, up to an additive constant, to

min{/ﬂn <;|Dg0|2 —P~Dgo> dr: € Hl(Qn)}, (1.2)

or alternatively ¢p is the unique solution to the following problem
1
min {/ <2|Dg0|2 -P. D(p) dr: € H&(Qn)} : (1.3)
Qp

Note that in (1.2) and in (1.3) the vacuum permeability constant is assumed equal to 1.
The direct method of Calculus of Variations ensures that the following problems

min {5n(P) Pe (Hl(Qn))3}7 (1.4)

3

min{é’n(P):Pe(Hl(Qn)) P-v=0 on agn}, (1.5)

and
min{é’n(P):Pe(Hl(Qn))g,P//eg on agn}, (1.6)
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admit solutions, where v denotes the unit outer normal on 9, es = (0,0, 1), and // is the symbol of parallelism.
Note that (1.4)—(1.6) are optimal control problems.
With respect to the conditions on ¢p, we note that considering minimization problem (1.2) provides

div (—=Dyp +P) =0, in  Q,,

(1.7)
(=Dyp +P)-v =0, on 0Q,,
and so the classical boundary flow balance condition, while minimization problem (1.3) provides
div (=Dyp +P) =0, in Q,
(1.8)

wp =0, on 09,,

and so the classical boundary condition of “grounded domain”.

We precise that our modeling is restricted to the cases where the external field F,, is weak with respect to the
intensity of the intrinsic polarization P. So, in our choice of energetic functional, we can omit to take into account
formation of Weiss domains and walls, but we admit only transition regions. Moreover, considering minimization
problem (1.5) entails the action of a very weak external field F,, on a body which was not previously polarized
(see also introduction in [7]). Considering minimization problem (1.6) entails the action of an external field F,,
on a body previously polarized along an assigned direction. The external field is not strong enough to change
the orientation of the polarization on the boundary. Eventually, considering minimization problem (1.4) entails
the action of a stronger electric field F,,.

The goal of this paper is to study the asymptotic behavior, as n diverges, of these problems. To this aim, the
external field F,, is rescaled on

QU = (]; % r x]o,1[> U G f%, % [2 x] — 1,0[)

(see (2.2)) and the rescaled field is assumed to converge to (f?,f°) weakly in (L? (Qa))3 x (L? (Qb))3
(see (2.14)). Moreover, let

a2

A s [*(]dg
E®:q" € (H'(]0,1]) H/O <‘dx3
1
AL
3
wede (m(]-o])) -/ (f;
,% 1
0
b b
+/—§ </]—§,§[><]—1,0[f dzo dxs q) dxq,

1 s 3 dg® ?
Ebl b Hl - _)/ R
vate (i (Jo) - [ (165
+/2 (/] » [fbd$2d$3'qb> dzy,
0 —1.3[x]-1,0

+a(lgP =10 +n(lg +1a5?) + Iq§2> dz;

, fedxy dao -qa> dxs,

1

2
+a(lgP? =1)" +1g}2 +n (Ig5[> + |5 2)) dz

and

+a (g =17 + 17 +n (e + qul2)> dz
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where 7 is the constant defined by
n:/ _|Dr?dydz, (1.9)
2.4
r being the unique solution to a suitable variational problem (see (3.1)).
As the first problem with condition (1.2) is concerned, we prove that

n

im | min 1 : ! 3 zlmin (g bigb b(g) :
i (i { -6, (P) < P € ((2,))° ) = G {°(0°) + BV ") + B2(e) o

(a®.a") € (H(0.1D)" x (H' (]-.3))", ¢"(0) = ¢*(0)} .

More precisely, (see Thm. 5.1) we study the asymptotic behavior of the rescaled polarization. On the vertical
wire we obtain a limit polarization p® = (p{,p%,p3) independent of (z1,22). On the horizontal wire we obtain
a limit polarization p® = (p4, p%, p}), independent of (2, x3). Moreover,

p*(0) = p(0)

and (p®,pP) is a solution to the 1-dimensional vector valued problem in the right-hand side of (1.10).
As the second problem with condition (1.2) is concerned, we prove that

lim (min {mlné’n(P) Pe(H'() :P-v=0on 8Qn})

n

_ %min{E“(0,0,qg) L q§ € HE(10,1])} (1.11)

1 1
+ §min{Elb(ql1’,O,O) : q11> € Hé (}—%70[)}4-5 min {Eg(qzlj70a0) : qllj € H(% (]05%[)}

More precisely, (see Thm. 6.1) on the vertical wire we obtain a limit polarization (0, 0, p§) where p§ is independent
of (z1,z2) and is a solution to the first 1-dimensional scalar problem in the right-hand side of (1.11). On the
first half of the horizontal wire we obtain a limit polarization (pll”l,O, 0) where pl{’l is independent of (x3,x3)
and it is a solution to the second 1-dimensional scalar problem in the right-hand side of (1.11). On the second
half of the horizontal wire we obtain a limit polarization (pll’yr, 0,0) where pll’,r is independent of (x2,x3) and
is a solution to the third 1-dimensional scalar problem in the right-hand side of (1.11). Then, in this case we
obtain three uncoupled problems.
As the third problem with condition (1.2) is concerned, we prove that

n

lim <min{|91n|5n(P):P€(Hl(Qn))S:P//eg on agn}>

1 1.12
= 5 min {E°(0,0,45) + E{(0,0,43) + £7(0,0,65) : (142

(45,43) € H'(10,1) x H' (]=3,3[) , 45(0) = 43(0)} .

More precisely, (see Thm. 7.1) on the vertical wire we obtain a limit polarization (0, 0, p§) where p§ is independent
of (z1,2). On the horizontal wire we obtain a limit polarization (0,0, p}) where p} is independent of (w2, z3).
Moreover, p%(0) = p5(0) and the couple (p%, p}) is a solution to the 1-dimensional scalar problem in the right-
hand side of (1.12).
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We point out that all the limit problems remained non-convex, but the nonlocal behavior disappeared, i.e.
the limit problem is not longer an optimal control problem. Indeed, the nonlocal control term

/ |Dpp|* dz (1.13)

n

produces the following weights in the limit minimization problems

1
jg (7 (1g21 + 12 1%) + g212) das,

0 ;
/ (P 40 (la3 + 1451%)) daa, /0 (Ii1* +n (1g3° + 451%)) dars.
2
We just notice that the asymptotic behavior of problem (1.4) under the boundary condition P //(1,0,0) or
P //(0,1,0) on 99, can be treated similarly to the asymptotic behavior of problem (1.6). This easy task is left
to an interested reader.
If we associate problems (1.4)—(1.6) with condition (1.3), we prove that nonlocal term (1.13) does not give
any contribution to the limit problem.
Another very significant choice for an energetic approach consists in explicitly considering the energetic
contribution for the polarization field given by the divergence term and the curl term. Consider the following
non-convex and non-local energy associated with €2,

S, :Pe (HY(,))" —

, (1.14)

/ (ﬁ\rot P> +|divP]*+a(|P|*—1)" + |Dyp|* + F,, - P) de,
Q

n

where o and (§ are two positive constant, rot denotes the curl, and ¢p is a solution to (1.2) or alternatively
to (1.3). For sake of simplicity, we limit ourselves to the cases where there is an equivalence between the term
|\DP||?L2(QH))9 and the term ||rot PH%L%QW))?’ + ||divP||2Lz(Qn). This equivalence is assured by the boundary
conditions on 052,

P-v=0or PAv=0,

with A denoting the cross product in R? (for instance, see [15]). Then, the direct method of Calculus of Variations
ensures that also the following problem

3

min {S,(P): P& (H'(2,))", P-v=0 on 00,} (1.15)

admits solution. In the case where ¢p is a solution to (1.2), in Theorem 8.1 we obtain the identity result

lim(min{mlnSn(P):Pe(Hl(Qn))?’:P-y:O on aan})

n

Zm@ﬁ@ﬁ®mam%ﬁpw0msz o

n
where the limit is given by (1.11). Moreover, (1.16) is true when ¢p is the solution to (1.3), too.
By considering this kind of results, we can explicitly note that the energetic curl term does not give any
contribution to the limit problem and the constant § weighting this energetic term does not appear in the limit
problem.
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If in problems (1.5) and (1.15) the boundary condition P - v = 0 is replaced by P Av = 0 on 91, it is easily
seen that the limit of the energy is zero (for instance, compare [25]).

The paper is organized in the following way. In Section 2, previous problems are rescaled on a fixed domain
independent of n. Section 3 is devoted to introduce the constant 1 defined in (1.9) which appears in the limit
of the nonlocal term. Section 4 is the heart of the paper. According to the several boundary conditions on the
polarization, different limit behaviors of the polarization are expected, and consequently also different behaviors
of the nonlocal term could be produced. Indeed, in Proposition 4.2 we prove that if the potential generating
the nonlocal term is solution to problem (1.2), then really the limit of the nonlocal term depends on boundary
conditions on the polarization and we give a very general formula for the limit of the nonlocal term which covers
all the possible cases coming from several boundary conditions on the polarization. If the potential generating
the nonlocal term is the solution to problem (1.3), in Proposition 4.3 we prove that the limit of the nonlocal term
is independent of the boundary conditions on the polarization and, precisely, it is always zero. Finally, using
the main ideas of the I'-convergence method introduced in [18] (see also [5,8,17]), in Sections 5-8 we study the
asymptotic behavior of problems (1.4), (1.5), (1.6), and (1.15), respectively, obtaining L2-strong convergences
on the rescaled polarization p,, on the rescaled potential ¢, , and on their rescaled gradients. In Section 9 we
just sketch what happens when the potential generating the nonlocal term is the solution to problem (1.3).

Ferroelectric thin films and wires were studied in [24] and [25], respectively. The junction of ferroelectric thin
films was examined in [7].

The 3D model of ferromagnetic microstructures is close to our model. For the limit behavior of ferromagnetic
problems in thin structures involving wires we refer to [2,3,9,10,20,21,23,26,30,31], and the references therein.
For other optimal control problems on a network of half-lines sharing an endpoint, we refer to [1] and the
references therein. For other recent problems in a thin T-like shaped structure, we refer to [6,19], and the
references therein.

2. THE RESCALED PROBLEMS

In the sequel, suvently we omit the symbol - to denote the inner product in R3.
As in [14], Problems (1.4)—(1.6), and (1.15) are reformulated on a fixed domain through the maps

z = (z1,22,23) € Q= | -1, [2 x]0, 1[— (hpz1, hpxo, x3) € Int(Q2), 2.1)
| .
2

1
2
= (z1,20,73) € Q0 = ]f %[2 % |=1,0[ = (z1, hnza, hnrs) € Qb

where Int(2%) denotes the interior of Q2. Precisely, for every n € N set

i@pa i@pa dp®
hn 81'1,}11” 8x2’8x3
bob Lok, (9P 1 op° 1 0p° 200y 3"
DY :p®e (H'(QY) <8x1’hn8x2’hn8x3 € (L*(Q"), ke{1,3},
1 0py 1 0p5 = Op§ 9
— =2+ 2 [F(O*
hn (91‘1 + hn 81‘2 + 8x3 € ( )7
Opy  1.0p3 1 9p;
axl hnaxz hn 8$3
1 0p§  Op% Op8 1 0p% 1 Op§ 1 Op§ 3
t4 2 p® = (p@. po. p@ HlQa 3 it i B Nt 10 S 1 Bt 1 R 10 LQQG
ro n p (p17p27p3) € ( ( )) - (hn 833‘2 8.1‘3, 8373 hn 6%‘1’ hn 8.731 hn 8.132 € ( ( )) 9
1 Oph 1 0p5 1 opt  oph Oph 1 opt 3
b b — (b b b H1(Q)? L opg 1 0opy 1 Opy Opsg Opy 1 Opyp L2(QP
w0ty P = Phpeps) € () = | = g T s Dy 01 ) & L)

Do pt e (HY Q)" - ( ) e (2™, ke{1,3},
dive : p* = (p%,p%.p%) € (H'(29)” —

. 3
divy, : p* = (9}, 05, p%) € (H'(2"))" — c L3(QY),
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and
{ 2 x = (21, 22,23) € Q* — Fp(hpz1, hyxo, T3), (2.2)
72 = (!El,(EQ,JJg) € Qb - Fn(‘rlyhnx%hnx?y)a
and define the sets
Py ={("p") € (H(@)" x (H'(@")" : p"(@1,22.0) = g (o1, 22,0) on | =53}
B - {(pa,pb) e (H@M)" x (H'9)": - v* =0 on 90\ (]=1. 4 x {0})
P’ -’ =0o0n 00\ (}—%,%[2 X {O}),
ps=0on (J-3,3[\]-% %) x]-5, 5[ x {0},
p ((El,.’L'Q,O) =p (hn,’El,Q?Q,O) on }_%7%[2 }7
P = {0t € (100 s (@D g7 ey on 000 (15,3 ).
p’//es on 9O\ (]—%7%[2 X {0}),
pi=p3=0o0n (J-3,3[\]-% 5 [) x]-3 5[ x {0},
pa(xlax%O) :pb(hnxlax%O) on }_%7%[2 }7
Un = {(¢>a,¢b) e HY(Q) x HY(QY) : ¢ (a1, 22,0) = ¢°(hn1,22,0) on ]—%,%[2}, (2.3)
and
0o — {(¢a,¢b) € HI(@) x HY(@) : ¢ =0 on 000\ (13,3 x {0}).
¢ =0on 00"\ (]-4, 5" x {0}),
(2.4)

¢a(x1>x270) = (rbb(hnxhx%o) on ]7%3%[2 }7

where v and ©® denote the unit outer normals on 9% and 92°, respectively. Then &, and S,,, defined in (1.1)
and (1.14), respectively, are rescaled by

¢ ap® @ 2 a ha a,a
Fos o 7pb) c hi/ <|an ‘2 ta (|p ‘2 - 1) + IDn¢(pa,pb)|2 +/nP ) dz
Qa
2
+h2 /Qb <|D2pb|2 ta(pt-1)7+ |be¢l(’pa,pb)‘2 + fﬁpb> dz, (2.5)
and

a a a :..a a a 2 a Ja a, a
S (p%p") € Po — hi/ (5Ir0tnp 2+ divy p? 2+ a (112 = 1) + [Djélpe | + fip ) dz

a

. 2
[ (Bt P+ it o+ (9 = 1)+ 1Dl P+ 1) da (26)
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respectively, where (d)‘(‘pa o) ¢l(’pa pb)) is the unique solution to
a b a —
(‘f’(pa,pb)’ ¢(pa,pb)> € Un, /Q Ppa,pvy Az =0,

a a a a ja b b b b b _ 2.7
[ r iy A T

V(9% ¢") € Un,

which rescales the weak formulation of (1.7), i.e.

op € H'Y(Q,), /Q ppdz =0, / (~Dyp +P)Dpdx =0, VYo HY(Q,). (2.8)

n

The Lax—Milgram Theorem provides that (2.8) admits solutions and it is unique.
The main goal of this paper becomes to study the asymptotic behavior, as n diverges, of the following
problems

min { £, ((p",9")) : (0,9") € Pu} (2.9)

min { B,((0*, ") : (0°,0") € Pa } (2.10)

min { E,((p",p")) : (p*.p") € Py}, (2.11)
and

min {S.((p%,5) : (0", 8") € P} (2.12)

Moreover, we also study the asymptotic behavior, as n diverges, of previous problems when in (2.5) and in
(2.6) ((b‘(lpa’pb), qbl(’pa’pb)) is the unique solution to

(¢?p“7pb)’ ¢?P“,pb)) € Un,

/a (_Dfrll(b((lpamb) +pa> D?LQ‘)“ de + /Qb (_ngsl()pavpb) +pb) Dfl b de = O, (213)

V(¢ ¢b) € UY,

which rescales the weak formulation of (1.8), i.e.
op € H®), [ (~Dpp+P)Dpd=0, Vo€ Hi(®).
Qn

In the sequel, we assume
f&— o weakly in (L2(Q9))°,
, (2.14)
fo — fb weakly in (L2(20))°.
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3. PRELIMINARIES

Let (y, z) denote the coordinates in R2. Obviously, each one of the following problems

11
1 - - fr—
reH G 2,2{>, /]_ll[zrdydz 0,
272
(3.1)
11[
/ DrDz;dedz:/ D¢ dydz, Voe H | |—=, = ,
=540 33l 22
2
11
1 - - =
seH (] 2,2{>, /]_ll[zsdydz 0,
272
(3.2)
2
11
/ 2Dquﬁdydz:/ 2chzﬁdydz, Vo € H! (}—2,2[>,
-4.4 -4
11
1 _ - =
tc.e H G 2,2[>, /_;1 tcdydz =0,
272
(3.3)
11[
/ Dt.D¢ dydz:/ cD¢dydz, Voe H [ |—=,=| |,
=34 34 22
with ¢ = (c1, ¢2) € R?, admits a unique solution.
Note that (compare also [11])
11
S(y,Z) = T(Z,—y), a.e. in :|_2a 2|: )
consequently
2
Ds(12) = (~(Dar) e =) (D) 9)) e | 5,5
from which one obtains
|Ds|?dydz = |Dr|?dydz and DrDsdydz = 0. (3.4)
-4 ~3.40 -440
Then, we set
n= |Ds|?dydz = |Dr|? dy dz. (3.5)
-4.40 ~3.4P

In the sequel, we shall use the following result.

Lemma 3.1. Let r and s be the unique solutions to (3.1) and (3.2), respectively. Then, for every ¢ = (c1,¢2)
in R?, the unique solution t. to (3.3) is given by

te = c17 + c28.
We recall the Poincaré Lemma in an open bounded set (for instance, see [13], Thm. 6.17-4)

2
Lemma 3.2. Let & € (L2 (]—%, % [2>) such that rot € = 0. Then, there exists w € H' (]—%, % [2) such that

& = Dw. Moreover, w is unique up to an additive constant.
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4. TWO CONVERGENCE RESULTS FOR THE NONLOCAL TERM

This section is devoted to studying the asymptotic behavior of the nonlocal term generated by the potential
solution to problem (2.7) or to problem (2.13).

Let
U= {("v") € H'(0,1) x H'(]-3,5]) : v*(0) = ¢"(0)} (4.1)
and

D)

[\J‘H

{wa ¥ € C1(0.1]) x O 4,
Plpn €500, Wy €O w0 =0},

Proposition 4.1. Let U and U,eg be defined in (4.1) and (4.2) respectively. Then Useg is dense in U.

Proof. Let (1%,9°) € U. The goal is to find a sequence {(12,%%)},en C Ureg such that
(W2, p2) — (%) strongly in  H'(]0,1[) x H' G 5 % D (4.3)

To this end, split ©® = ¥ +1° in the even part and in the odd part with respect to z; (compare [22] and [27]).
Note that ¢ and ¥° belong to Hl(] 5% D, and

¥e(0) = "(0) = $°(0), ¥°(0) =0.
Consequently, a convolution argument allows us to build three sequences {(%}nen C C*(]0,1]), {¢S}nen C
C(]_%» ED and {¢; nen C Cm(]—g, 3 [) such that

{Glsaf _ co=(=3.0,
{¢iloa} _ co=(0.3),
G —w strongly in H'(0,1]),

C¢ — ¢ strongly in H'(]—3,3[), ¢5—¢° stronglyin H'(]— 3,3,

n

Gr(0) = (0), ¢3(0)=0, VneN.
This implies (4.3), setting ¥@ = ¢¢ and 2 = (¢ + (2. O

Proposition 4.2. Let  {(¢%,¢%)}nen C (Lz(Q“))3 x (L2223, and let (g% ¢") =
((¢%,9%,4%), (¢4, 45, 45%)) € (LQ(Q‘I))3 X (LQ(QI’))3 be such that q is independent of (x1,x2), q° is inde-
pendent of (x2,x3) and

(4%, ) — (¢ q") strongly in  (L3(Q%)° x (L3(2))%. (4.5)

Moreover, for n € N let ((b . ,qb(q o ) be the unique solution to

(Vs - Sasary) € U /Q Vg 42 =0,

—D%p% a) Daghaq Db Db b =0, (46)
/a ( n(b(qn)q?l) +qn> nd) Z + /Qb ( ¢ + qn) ¢ T =

V(9% ") € U,
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where Uy, is defined in (2.3). Then,

3 1 T3
Blga qry = / g5 (t) dt —/ (/ q5(t) dt) dxs strongly in ~ (H*(Q)),
0 0 0

1 1 T3
(bl()q%,qi;) _>/1 qil)(w dt_/o </0 qg(t)dt) dzs

6
—/ ¢t (t) dt strongly in ~ (H*(Q")),
-1 (4.7
1 a¢a a b 1 a¢a a b
(h (a(lgiqn) " (;S;n) — ¢iDr +¢3Ds strongly in (L*(2))*
1 a(rbb a b 1 a¢b a b
(h (aq;;q") . gi;;’q") — D7 + ¢4 D3 strongly in (L2(Qb))2 ,
n n

and

2
lim </ ‘D?L¢?qa qb) diL’)
n Qa n’in

1 1
= 77/ (lg2 P + a5 %) des +/ lg§]” da (4.8)
0 0

1 1
[ Jatf a7 (b + Jabf7) don
-2 -2

where r and s are the unique solutions to (5.1) and (3.2), respectively, 7 and 3 are defined by

7= +1 5= +1 i L 0.1
r=7Tr|{x2, T3 B s S=S8| T2,T3 B s a.e. 1 2,2 , 1,

and n is defined in (3.5).

2
de + ’Dg b
/Qb Plaz.at)

Proof. In this proof, C denotes any positive constant independent of n € N.

Choosing (¢%, #*) = ( ?q%7qz), ¢l(’q%7qz)> as test function in (4.6), applying Young inequality, and using (4.5)

give
||Dz¢((lqg“q2)”(L2(Qu))3 <C, ||D,Z¢Z()q%’q2)”(L2(szb))3 <C, VneN. (4.9)
The first estimate in (4.9) implies
16{qa .t 1 (00) <€, VneN, (4.10)

since / qb?qa ) dz = 0 and the Poincaré—Wirtinger inequality holds.
Qa niin

The next step is devoted to proving

||¢I()qﬁ,q2)||H1(Qb) <C, VneNlN (4.11)
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The junction condition in (2.3) gives

2
B qpy (1 72,0)| e dry

¢[()q;§,’Q$’L) (hn1, 22, 0)

2
‘ d.%‘l dLL'Q (4.12)

2
gb‘(‘q%’qz)(zl,xg, 0)’ dml dIQ, Vn € N.

- /];,;[2

Then, (4.12), (4.10) and the trace theorem provide
||¢(qn’qn HLQ(]_}Ln 7h7n[><]_%7%[><{0}> <Vh,C, Vne€N,

which implies
b
[190s a0 [l (|- 2 [x] - 3 [x1-10) S @ VR €N, (4.13)

by virtue of the second estimates in (4.9). Consequently, by virtue of trace theorem,
b
16¢as )|z (103 x]- 3.2 [x1-10p) S € VR €N,
which combined again with the second estimates in (4.9) proves (4.11). Estimates (4.9)—(4.11) ensure the
existence of a subsequence of N, still denotes by {n} and (in possible dependence on the subsequence) (7¢,7%) € U

defined in (4.1), (£€%,¢%) € (L?(29))% and (¢°,¢?) € (L%(Q°))? such that

(¢(qn,qn ’d)(qn,q )) — (1%, 7%) weakly in H'(Q%) x H'(Q), (4.14)

1 aqﬁ(q ay) 1 aqs(qﬂ ab)
hn 81‘1 ’ hn 81‘2

— (&%, ¢") weakly in (LQ(Qa)) (4.15)

hn (’)332 ’ h 8333

O
(1 (45,45 i (q"’q" ) %) weakly in (L2(Qb)) (4.16)

and

7%dxs = 0. (4.17)
Note that the junction condition 7%(0) = can be obtained arguing as in [20], while (4.17) follows from
an (o gy dz=0.

The next step is devoted to identify (7%,7%). To this end, for every couple (% 1) € Uyeq where Uyeq is
defined in (4.2), consider a sequence {fi, }nen C H'(Q2%) (depending on (1%, %)) such that

(stn0%) € Un, n €N,

P strongly in  L*(Q), (4.18)

i(?,un ia'u” % 0.0 M
hn 8$1 ’ hn (9562’ 8133 T dllig

) strongly in (LQ(Q“))S .
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For instance, setting

a . 2
1/’ (1'3) if x:($1,$2,£€3) 6]7%7%[ X]hnvl[,
fin(@) = N . 2 (4.19)
wa(hn)h— —i—z/Jb(hna:l) nh if z=(r1,29,23) E]—%é[ x [0, hy),
the first two properties in (4.18) can be immediately verified by the properties of Useg, while the last ones follows
from
1 opn |? g 2
/ Lol g, = [ ) (1= 72| aa
1=4,312xJ0,hn[ | fin 01 1=4,312x]0,h,[ | 421 o
2 h 2
_ d¢b n 23 b2
_/]_;”é[2 Tm(hnxl) dxldsz <1_hn dxgg H’¢ ||W11w(]7%’%[)hn, VHEN,
1 O |?

dr =0, VneN,

/—%;Px]o,hn[ I Oz

2
dx :/
1= %,5[2x]0,hn[

272

2

w%hn)i - wb(hnxl)% de

Opn
axS /’I’TL

/]_1=é[2><]07hn[

~ [ L) - e = [

1
2

L) = 9 (0) + 920) — 9 ()|

1
2

<2 (18I oy + 190 e_y 3p ) s ¥R EN,

303
where again the properties of Ues played a crucial role.

Now, fixing (4%, 1) € Uyeg, choosing (pi,,,%°) as test function in (4.6) with u, satisfying (4.18), passing to
the limit as n diverges, and using (4.5), (4.14)—(4.16), one obtains

L/ dre g 5 art g
- ¢ d ———t ¢} ) ——dz; =0. 4.20
/0 < dxs + q3> dxs st /; < dxy —|—q1> dxy o (4:20)

By virtue of Proposition 4.1, equation (4.20) holds true also with any test function in U. The uniqueness of the
solution of this problem is ensured by (4.17) and the junction condition 72(0) = 7°(0). Consequently, (7%, 7°)

is given by
x3 1 x3
o= [Cgwa- | (/ q;:(t)dt) das,
0 0 0
xr1 1 T3 0
o= [Cawa- [ qgu)dt) ars - [
-1 0 0 -1

2

which combined with (4.14) proves that

T3 1 x3
ey — /O ga(t) dt — /O ( /O q§(t)dt> des  weakly in  (H'(Q)),

x1 1 x3
a 4.21
(;Sl(yq%q’;) _\/ a3 (t) dt—/ (/ qs(t) dt) ds (4.21)
— 0 0

—/ ¢ (t)dt weakly in (Hl(Qb)).
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Let us identify (£%,¢%). To this aim, starting from the following evident relation

0 1 5¢(q 0 1 8¢(q ) . o
3x2<n8xl = 9z, \ h, Oxo in D'(Q%), VneN,

and using (4.15), one obtains that

ga _ / 9% 4a. Ve o). (4.22)
Q 3£E1

(9172

By taking ¢(x) = ¢(z1,x2)x(x3) with ¢ € C§° (] f%, % [2> and x € C§°(]0, 1]) and recalling that C§° (] f%, % [2)
is separable, it follows from (4.22) that

for z3 a.e. in ]0, 1], / £ (x1, xa, xg)a—(b(xl, x9) dxy dao
]_ 2 8%2

11
272

2
/(];’éD2Ca(xl’m’%)aajl(th)dmldx% Vo € CF° (];,;[)

Consequently, by virtue of the Poincaré Lemma recalled in Lemma 3.2, it results that

for x3 a.e. in ]0,1[, Fw(:,-,x3) € H' G—%, 3 [2) :

/];7;[2 w(x1, T2, x3) day dze = 0, (4.23)
a 6wa('7'7x3) a 8wa('7'7x3) . 2

3 (',',$3)=T7 ¢ (',',553):87@7 a.c. 1m }_%a%[ :

Passing to the limit in (4.6) with (¢%, ¢°) = (hnex,0) where ¢ € H* (]—%,%[2> and x € C§°(]0,1[), and
using (4.5), (4.21) and (4.15) give

' a ra 830 8@
) </}—;7;[2(€ < (%’axz> o d“) xdes
1 P P
:/0 ((q‘f,qg)/]éé[ <8ai 8;’;) d$1d$2>xd1’3, (4.24)

1
Hl - -
Vo € G 5

Consequently, since H* (] —%, % [2) is separable, one obtains that

N | =

[ > . ¥x € C5°(]0, 1]).

for z3 a.e. in ]0, 1],

u a dp Oy
‘/]_3)%[2(5 (xlvaa‘r3)7C ($1,x2,$3)) (6371 8332) dxl dl’z (425)

oo 0 ’
= (¢} (z3),q5(x3)) /]_1 1[2 (az 55) dxy dze, V¢ € H! <:| ;,;[ ) )
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from which, by virtue of (4.25), it follows that for 3 a.e. in ]0, 1[, w®(, -, x3) solves the following problem

we(-, -, x3) € H! (]—%,%[2) ,

/] 2’wa($1,(E2,.’IJ3) dridas =0,

out gwt (D Do\ 4 (426)
§ Ox1’ Oxy O0x1’ Oxs P

) g 2 Op (1oL
_(q1(x3),qQ(:c3))/]_%7H2<8x1,8x2> drydzy, Vo€ H (]—2,2[ .

Then, by virtue of Lemma 3.1, it results that, for 3 a.e. in |0, 1],

2
w(-, -, x3) = qf (x3)r(-,+) + ¢5(x3)s(+, ), a.e. in } —%, % [ , (4.27)

with 7 (resp. s) the unique solution to (3.1) (resp. (3.2)).
Finally, since Tonelli theorem assures that ¢¢Dr; + ¢$Dss belong to (L?(2%))?, using Fubini theorem with
(4.25) and (4.27) one entails that

| ecrpar= [ </] [2 (5“,<a)sodx1dxz> s

: (¢¢Dr + ¢5Ds) pday dx2> dxs

:/ (¢f Dr 4+ g3 Ds) pdx, Ve € C3°(Q7),

that is
(&%,¢%) = ¢f(x3)Dr(x1,x2) + ¢5(x3)Ds(x1,22), a.e. in Q°. (4.28)

Then, combining (4.15) with (4.28) provides

1 8¢? &4 1 8¢? a5 a a : ay)2
<hn aq;;lq") e aq:;zq") — ¢{'Dr + ¢3Ds weakly in (L*(Q%))". (4.29)
Now, limits (4.5), (4.21), (4.29) imply
1
i [ Dot yatde = [ @@ Dr+asDoat o) de+ [ lagf® das (4.30)
n a e a 0

On the other side, using equation (4.26) with test function ¢f(z3)r(-,-) + ¢5(x3)s(-,-), for z3 a.e. in ]0, 1], and
taking into account (4.27), (3.4), and (3.5) give

1
| e gpoatan = [ e vagstar =g [ (gl +1gP) do s
a a 0
Then, combining (4.30) and (4.31) provides

1 1
im [ Doty gyiide =n [ (1t +103) doa+ [ g o (432)
n a nin 0 0
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Similarly, to identify (£°,¢%) one has

11 11
i B (-, - (== = _ .
for z; a.e. m] 2,2{, Mw’(xq-,-) € H <] 2,2[X] 1,0[>.

/ w’ (w1, w3, w3) dwg das = 0, (4.33)
]_%’%[X]_lvo[
owb(xy, -, - owb(zq, -, - .
e(xy,-,) = %, C(xy,-,) = %, a.e. in ]—%,%[X] —1,0][.
Passing to the limit in (4.6) with (¢%,¢") = (0,h,px) where ¢ € H'(]—%,3[x]—1,0[) and x €
Cg° (]—%,0[U]0,1[) (note that (0, hypx) € U, for n large enough), and using (4.5), (4.21) and (4.16) give
/2 / (fbaCb) (330)%) dzgdzs | x dzy
—3 \Jl=53[x0-100 Oy Oy
1
:/z (qg,qg)/ <5<P,5</’> dey dis | v o, (4.34)
-3 —4.4[x1-100 \O72 I3
11 1 1
1 - = _ 0o - -
e (|- x-na). weer (|-Loo]od])
Consequently, since H* (] f%, % [ x] —1, O[) is separable, one obtains that
for z1 a.e. in ]—%7%[,
Jp 0
/ (fbacb) <907L)0) d.’ﬂg de
]-4.3[x]-1.0[ Oxy’ O3
(4.35)
Jdp Oy
= (¢5(x1), ¢(z / (,)dxdx,
(g2(21), g5(21)) =33 [x1-10] Oy Ors 2dx3

Vo e H' (]-4,3[ %] —1,0),

from which, by virtue of (4.33), it follows that for z; a.e. in |—%, 1[, w®(z1-,-) solves the following problem

wh(zy-,) € H (-4, [ x] —1,0]),

/ wb(xl, Z9,23) dze dzg = 0,
]_%’%[X]_LO[

/ (W’ W) (3@ 3@) iy de
]7%’%[X],170[ 65(:2 ’ 8$3 (91‘27 63:3 2 3

dp O 11
:(qg(xl),qg(an))/] o (a:i’&i) deodzs, Vo€ H (]_2,2{><]_1,0[>,
—33 | XI—L

Then, by virtue of Lemma 3.1, it results that, for x; a.e. in ]—%, % [,

wb(ml"") :q(ll(xl)F('a')+qg(x1)§('v')a a.e. in :|_;7;|:X} _]-ao[v
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- 1\ = 1
where 7 =1r (352,963 + 5), S=35 (3:2,963 + 5).
Then, arguing as above, one obtains

1 8(;51()4“ a) 1 8qal()q“ qab) b 2
t fadn) 2 ) |\ s b DF 4+ * D3 kly i L2(Qb 4.36
(hn (i) LMD )y D5 wealdy in (£2(92) (4.36)
and )
. u 2 _ _
hrrln/ﬂb DquS(q%’q%)qz dz = /,; |ql1’| dxzq +/Qb |5 D7 + ¢4 D3| da
’ (4.37)
B 2 H 2 2
— [kl o [ (1l |) o
-3 -3
Passing to the limit in (4.6) with (¢¢,¢") = ((b((lqg,qg)v (b’(’q%,qz)) and using (4.32) and (4.37) one obtains the
convergence of the energies
1 </‘D¢ *a /Dqsb 2d>
im 207 . x+ ‘ D x
n Qe (a3.4%) b (a%,9%)
- h}ln </Q Dg(b((lq%q%)qz der/Q DZ¢?Q%7q%)qz dx)
2 Lo : b2 b b g2
:/Q lgf Dr + q5 Ds| dx—i—/ lg5] dxg—i—/ |q1| dxl—i-/m|q2D?+q3D§| dz (4.38)
a 0 7%
! 2 2 Lo
=n/ (\Q‘fl + lg5| ) dx3+/ lg5|” das
0 0
3 3
2 2 2
+/ || dx1+n/ (IQS| + |3 ) dz;.
-3 -3
Finally, (4.7) and (4.8) follow from (4.21), (4.29), (4.36), and(4.38). O

Proposition 4.3. Let  {(¢%, ¢®)}nen  C (£2(Q%)°  x (LX),  and let  (¢°¢)) =
((¢%,4%,4%), (¢4, 45, 4%)) € (LQ(Q“))3 X (LQ(Qb))3 be such that q® is independent of (x1,x2), ¢° is inde-
pendent of (xa,x3) and

a a : a 3
(¢2,4%) — (¢%,q") strongly in  (L*(Q%))” x (L*(Q°))3. (4.39)
Moreover, forn € N let (¢E‘qa ) qb?qn, qb)) be the unique solution to

a b 0
( (Q%,qﬁ)’qb(q%,qi)) € Un,

/ ) (—Di‘iaﬁ‘(’qg,qg) + qiﬁ) Dy ¢® dx (4.40)

- /Q (—Di’laﬁ’zqm) + qz) Dy ¢’ dx =0, V(¢ ¢") € U,
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where UL is defined in (2.4). Then,

P(ga qpy — 0 strongly in  (H'(Q%)),
(bl()qa’qb) -0 strongly in ~ (H'(Q")),
1 00 oy 1 090, o . 2 4.41
(h ggiq”) T (;;j“) — (0,0) strongly in ~ (L2(Q%))", (4.41)
1 09, 1 09,
(h (3(1;;;%) Vo (3(1;:%) — (0,0) strongly in (L2(Qb))2 )
n n

and

2
lim (/ ’Dngﬁa a
P e (a2.4%)

Proof. In this proof, C' denotes any positive constant independent of n € N.

2
de + / ]ngs’ga . d:c) — 0. (4.42)
Qb n n

Choosing (¢, ¢*) = ( (a2 qt ) ¢(q qb)) as test function in (4.40), applying Young inequality, and using (4.39)
give
||Dfrlz¢?qg,qz)”(142(9a))3 <, ||Db b )H L2(Qb))3 <C, VneN. (443)

(q2,45

Consequently, taking into account the boundary conditions satisfied by (¢ ) and the trace theo-

(q8,4%)’ ¢ (q8,db
rem, one derives that

(St Dy ) — (0,0) weakly in H'(Q) x H'(@), (4.44)
and the existence of a subsequence of N, still denotes by {n} and (in possible dependence on the subsequence)

(€%,¢%) € (L2(Q%))% and (€%, ¢P) € (L2(Q"))? such that

1 9y 1 9%
hn 8.1‘1 ’ hn 8.1‘2

) — (€%,¢%) weakly in (L2(Q%))7, (4.45)

b b
(1 0% (qs.a2) 1 0% (qs.a2)

b Ors ' h.  Oms ) — (£°,¢") weakly in (LQ(Qb))2. (4.46)

Let us prove that
€% da =0, / ¢ dx =0, / ebgbdr =0, / ¢tgbdz =o0. (4.47)
Qa Qa Qb Qb

Indeed, let

i
n’

Z(n/n )th[ [(x3)> xz a.e.in  ]0,1], VYneN.

(2

It is well known that
gn — ¢7  strongly in LQ(]O, 1)),

as n diverges. Consequently, taking also into account (4.45), one has
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1 aqb((lq;‘;,q’,i)
e hn 3.231

n—1 itl a
_hmz / )dt—/ M(m)dx
i ]_%,%[QX]%71+1[ 0x1

n

£%qf da = lim (2)gn(zs) dx
Qe n

and the last integrals are zero due to the boundary condition on qS“qa @) It is so proved the first equality in
(4.47). Similarly, one proves the other ones. '
Now (4.45), (4.46), and a l.s.c. argument provide

lim (/ ’ ? da:—l—/ ‘D dx)
n Qa
(4.48)
z/ jeo? dx+/ Ica)? dz+/ Ik dx+/ ¢ da, (4.49)
Qa Qa Qb Qb

while choosing (¢(q b ,qb (as.ab »y) as test functions in (4.40) and using (4.39), (4.44), (4.45), (4.46), and (4.47)
provide
2
/m ‘Dz(b((lq%,qz)

[ Dot e+ [ Dot s —o.

as n diverges. Finally combining (4.49) and (4.50) implies

dx =

2
a b
dz + /Q ‘Dn‘i’(qz,qz)
(4.50)

£€49=¢*=0in Q% and ¢ =¢* =0in Q°,
and convergences (4.44), (4.45), and (4.46) are strong. Note that also convergences in (4.45) and (4.46) hold
true for the whole sequence, since the limits are uniquely identified.
5. THE ASYMPTOTIC BEHAVIOR OF PROBLEM (1.4)
5.1. The main result
Let

E: (¢ ¢") = (a8, 48, 4%), (¥, b, a)) € (H'(10,1]))” x (Hl @_;;DY -

/1 ‘dqa
0 d$3

2

+a (P =10+ (6P + g5 + Q§I2> dz;

: feday deq“> dz (5.1)

ta(=1) 182 +n () + Iq§2)> da,
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where f¢ and f are defined in (2.14), and 7 in (3.5). Moreover, let
P=1{("q" e (H'(0,1))" x (H' (-1, 1]))": ¢*(0) = ¢*(0 5.2
(a*,q") € (H'(10,1]))" x (H'(]=5.3[))" : ¢"(0) = ¢°(0) ¢ - (5:2)
The main result of this section is the following one.

Theorem 5.1. For every n € N, let (p%,p?) be a solution to (2.9), and let ( (Pn»l)n)’gb(m»pn ) be the unique

solution to (2.7) with (p®,p°) = (p%,pt). Moreover, let E and P be defined by (5.1) and (5.2), respectively.
Assume (2.14). Then, there exist an increasing sequence of positive integer numbers {n;};en and (in possible
dependence on the subsequence) (p®,p®) € P such that

. — p° strongly in (Hl(Qa))j and strongly in (L4(Qa))3 ,

(5.3)
ph —p° strongly in (Hl(Qb))3 and strongly in (L4(Qb))3 ,
1 1
(h gﬁ«? W ‘;’;D —(0,0)  stromglyin  (L2(Q9))* x (L2(Q%))°,
(5.4)
1 op 1 oph
<hng§;;’ Mgf;;) — (0,0) strongly in (LQ(QZ’))3 X (LQ(QZ’))S,
T3 1 T3
Dlpa oo )—>/ p5(t) dt—/ </ p5(t) dt) dzs strongly in  H1(Q%),
maTm 0 0 0
z3
(Pn #5) —>/ o (t dt—/ </ 5 (t) dt) dxs
-1 0 0
7/ po(t)dt strongly in ~ H'(QY),
1
T2 (5.5)
O¢? O¢?
1 "% s, ph,) 1 77 (s, .ph) a a . a2
<hn dr1 h. O > — p{Dr + p§Ds strongly in  (L?(Q%))",
1 09 A
(p5,p5h,) 1 77 (s, o) _ _ . 2
H Tl i v — ph DT + p§ D3 strongly in (L2 (Qb)) ,
where r and s are the unique solutions to (5.1) and (3.2), respectively, T and 3 are defined by
7= . 5= . n [—= L <01
r=rlene g ), s=s|ana3+5 ), ae in 57 1,
and (p®,p®) solves
E(p®,p") = min{E((¢*,¢")) : (¢*,¢") € P}. (5.6)
Moreover
. En((pf, P, @
tim D) ), (5.7

n h2

n
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5.2. A priori estimates on polarization

Proposition 5.2. Assume (2.14). For every n € N, let (p2,pl) be a solution to (2.9). Then, there erists a
constant c, independent of n € N, such that

1Pl agaeys < e IPhllpagaeys < 6 Vn €N, (5.8)
DDl r2 ey < 6 1IDLDAlp2yye < ¢ VneN. (5.9)
Proof. Function 0 belonging to P, gives

| (D20t + o (a1 =202 ) + D20t ) o
+ [ (IDEohP -+ a (b1t = 2hP) + Dol ) do (5.10)

1 1
sf/ (Lf31? + Ip%l?) d“f/ (ILF2P + Ipb)?) dz, VneN.
2 Jqa 2 Jab

Estimates (5.10) implies

1 1
Lot (24 o iR aos [ o (it (24 50 ) 1P ) as
Qa e} Qb 0}

1 1
Sf/ If::\de+f/ |f22dz, VneN,
2 Joa 2 Jab

1\)? 1\)?
/ a(|pfl|2— <1+)> dx—i—/ a<|pl;|2— <1+>> dx
Qe 40[ Qb 40{

2
1 1 1
<17m9b7“df/b2d\¢N.
—O‘(Ma) (191 +1 |)+2/m|fn| vy | Malde, ¥ne

Then the estimates in (5.8) follow from (5.11) and (2.14). The estimatess in (5.9) follow from (5.10), (2.14),
(5.8), and the continuous embedding of L* into L2. O
By arguing as in [20], Proposition 5.2 provides the following result.

Corollary 5.3. Assume (2.14). For every n € N, let (p%,p>) be a solution to (2.9). Let P be defined in (5.2).
Then there exist a subsequence of N, still denoted by {n}, and (in possible dependence on the subsequence)
(p®,p®) € P such that

which gives

(5.11)

p2 — p®  weakly in (Hl(Q“))3 and strongly in (L4(Qa))3 ,
[ [ (5.12)
p% —p®  weakly in (HI(QI’))‘3 and strongly in (L4(Qb))‘3 :
5.3. The proof of Theorem 5.1

Proposition 5.2 and Corollary 5.3 assert that there exist a subsequence of N, still denoted by {n}, and (in
possible dependence on the subsequence) (p%,p®) € P and (2%, 2%) € (L%(Q%))% x (L3(Q%))8 satisfying (5.12)
and

1 0p% 1 Op . 9 6
. n . n _\ a kl L Qa
(hnaxl’hnaxg) 2 weakly i (L2(Q9))°,

(5.13)

Loph 1aph\ : 2(b))6
<hnaxQ,hnax3 z Weakly m (L (Q )) .
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Limits in (5.5) follow from (5.12), thanks to Proposition 4.2.

Let (g%, q%) € P be such that for each i = 1,2,3 (g%, q°) € Uyeg, where Uy is defined in (4.2). As in (4.18)
and (4.19), working on each couple (¢%,q?), one can build a sequence {(¢2,q%)}nen, with (¢%,¢%) € P,, such
that, thanks also to (2.14) and Proposition 4.2,

En a b
g B (45, 4))

1 i = ().

Consequently, recalling that (p?,p?) is a solution to (2.9) an using Proposition 4.1, one has

E, ((p2,p"
1imsupw <E((¢",¢"), Y(*.¢") eP. (5.14)

On the other side, (2.14), (5.12), (5.13), a Ls.c. argument, and Proposition 4.2 ensure that

E, ((p%, 1%
/ |22 dw + / |2°12dz + E ((p*,p")) < liminf M (5.15)
Qe Qb n hi,
Combining (5.15) and (5.14) with (¢%,¢%) = (p®,p®) provides
2% =0ae. in Q% 2’=0ae in Q. (5.16)

Then, (5.6) and (5.7) follow again from (5.14) to (5.16).
To obtain (5.3) and (5.4), it remain to prove that convergences in (5.12) and (5.13) are strong. At first note
that (5.7), (5.12), Proposition 4.2, and (2.14) give

: a a2 b, b2 dpa ? dpb ?
lim |Depl|* da + |D,p,|“dx | = dz + —| dz,
n Qa Opb Qa d.’Eg Qb d.Tl
which implies (5.4) and
op:  dp® opd dp®
81;2 — dilx)g strongly in  L?(Q%), 8%;? — d—il strongly in  L?(QP), (5.17)

thanks to (5.12), (5.13), and (5.16). Eventually, (5.3) follows from (5.4), (5.12), and (5.17).

6. THE ASYMPTOTIC BEHAVIOR OF PROBLEM (1.5)

6.1. The main result

Set

P={(q5.4}) € H'(J0,1]) x H* (]—3,3[) : ¢5(1) =0, &} (£3) =0,

g5(0) = ¢1(0) = 0}.

The main result of this section is the following one.

(6.1)

Theorem 6.1. For every n € N, let (p@,pl) be a solution to (2.10), and let (q&‘(’pa by qb?pa pb)> be the unique
solution to (2.7) with (p®,p®) = (p®,pb). Moreover, let E and P be defined by (5.1) and (6.1), respectively.
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Assume (2.14). Then there exist an increasing sequence of positive integer numbers {n;},cny and (in possible
dependence on the subsequence) (p%,p}) € P such that

Py — (0,0, p3) strongly in (HI(Q‘I))3 and strongly in (L4(Qa))3 ,

(6.2)
ph, — (1},0,0) strongly in (Hl(Qb))3 and strongly in (L4(Qb))3 ,
a 1 a
<hlng?1l’ MZZZ) — (0,0) strongly in (L2(Q“))3 X (L2(Q“))3,
(6.3)
1 519% 1 8??; . 3 3
<h8x2’ hors) (0,0)  strongly in  (L*("))" x (L3(Q"))
1
(b(p” o / pe(t)dt — < ) dxs strongly in ~ H'(Q%),
0
1 0
¢(Pn ob )—>/ ot dt— (/ > dxs —/ po(t)dt strongly in ~ H'(Q),
0o \Jo 1
8(/5 ol .
<hn g;;p" , L (pn o ) — strongly in (L2(Q“))2,
0Pl . d¢}
hin (g';;p"i) , ! (p"“p" strongly in (Lz(Qb))2 ,
where (p%,pb) solves
E(((0,0,55), (6},0,0))) = min { E(((0,0,48), (a},0,0))) : (45, 4}) € P}, (6.4)
Moreover )
. En '77,7 n a
tim 2P Pa)) — ((0,0,95). (01,0.0))). (65

6.2. A priori estimates on polarization
Arguing as in the proof of Proposition 5.2 gives the following estimate result.
Proposition 6.2. Assume (2.1]). For every n € N, let (p2,pt) be a solution to (2.10). Then, there exists a
constant ¢, independent of n, such that
Pl zaens <o IPhlpaanys < 6 Vn €N, (6.6)
DDl r20eyy < 6 1IDSDAl L2y S ¢ Vn €N (6.7)

Corollary 6.3. Assume (2.14). For everyn € N, let (p%,pb) be a solution to (2.10). Let P be defined in (6.1).
Then there exist a subsequence of N, still denoted by {n}, and (in possible dependence on the subsequence)

(p%,p?) € P such that
p2 — (0,0,p%) weakly in (Hl(Qa))3 and strongly in (L4(Qa))3 ,
(6.8)
. — (p%,0,0) weakly in (Hl(Qb))S and strongly in (L4(Qb))3 .



1452 L. CARBONE ET AL.

Proof. Proposition 6.2 ensures that there exist a subsequence of N, still denoted by {n}, and (in possible
dependence on the subsequence) (p§, ps, p%) € (Hl(Q“))3 independent of z; and x9, and (p}, p5, p}) € (Hl(Qb))3
independent of x5 and x3 such that

p¢ — (p§,p%,p5) weakly in (Hl(Q“))3 and strongly in (L4(Q“))3 ,
(6.9)
pfl — (pl{,pg,pg) weakly in (Hl(Qb))3 and strongly in (L4(Qb))3,

and (p§,pg, p§)v* = 0 on 9N*\ (] — %, %[2><{0}), (p’{,pg,pg)ub =0on 9N\ (] — %, %[2><{0}). In particular, this
implies

pf=p5=0 in Q% (6.10)
p5(1) =0,
py=p5=0 in @ (6.11)
pi (+3) =0.

By arguing as in [20], one proves that
(#1(0), p5(0), p5(0)) = (p1(0), p3(0), P5(0)) -
Consequently, by virtue of (6.10) and (6.11), one has

p5(0) = 0 =p}(0). (6.12)

6.3. A convergence result for problem (4.6)
Proposition 4.2 provides the following result.

Proposition 6.4. Let {(¢%,¢%)}nen C (L2(Q“))3 x (L2(2%))3, and let (¢3,¢}) € L?(Q%) x L?(Q°) be such that
q% is independent of (z1,72), ¢ is independent of (o, 3) and

(4%, 4%) — ((0,0,4%), (¢},0,0)) strongly in  (L3(Q%)” x (L*(Q1))®. (6.13)

Moreover, for n € N let ( (qa.a5)> (bl(’w q’b)) be the unique solution to (4.6). Then,

xs3 1 T3
Py qry = / qs5(t) dt — / </ q5(t) dt) dxs strongly in  (H'(Q%)),
0 0 0

b 1 b 1 T3
Plag.a2) —’/1 q/(t) dt—/ </ qg(t)dt) das
) 0 0
i

_/ Q) dt strongly in ~ (H*(Q")),
-1 (6.14)

1 ad)t(lq“ ¢t 1 agb?cz“ ) 5
i nrin - noin t 1 . L2 Qa
(hn dx, ' hn Oty — (0,0) strongly in ( ( )) ,

1 a(j)b a b 1 a(j)b a gb . 2
(h (8‘1;:") . g;:") — (0,0) strongly in (Lz(Qb)) .
n n
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6.4. The proof of Theorem 6.1

Before proving Theorem 6.1, let us recall an evident result. Let
Preg = Cy (10,1]) x C (] = 3,0U]0, 3[) (6.15)
Then the following result holds true.

Proposition 6.5. Let P and P,y be defined in (6.1) and (6.15), respectively. Then P,y is dense in P.

Now we have all tools to prove Theorem 6.1. In what follows, py ; (resp. pfm) denotes the ith component,
i=1,2,3, of p2 (resp. p’). Proposition 6.2 and Corollary 6.3 assert that there exist a subsequence of N, still
denoted by {n}, and (in possible dependence on the subsequence) (p%,p}) € P satisfying (6.8) and (2%, 2%) €

(L2(029))8 x (L2(Q°))¢ satisfying
1 9py 1 9py
hn 8x1 ’ hn (9562

) — 2% weakly in  (L*(Q%))S,
(6.16)
1 aph 1 9ph

— ) b Kly i L2 ().
(hnaxg’hnax;;) z” weakly in  (L*(Q))

The next step is devoted to identifying p§, p%, 2%, and zb. To this end, let
(0,0,¢4%), in Q%
(¢4,0,0), in QP

with (¢%,¢%) € Pieg. Then v belongs to P, for n large enough. Consequently,

1 a 1 a
h—%En ((pn,pfl)) < h—%En (((0,0,q ), (qb,0,0))) , for n large enough. (6.17)

Then, passing to the limit in (6.17), as n diverges, and using (2.14), (6.8), (6.16), Proposition 6.4, and a l.s.c.

argument imply
a2 dp§ 2 ! a2 2 a2 !
2P+ | ) det [ (adpsl = 1) + [p5°) das +
a T3 0 0 ]_
b2 dplf ? : b2 2 b2 2
~1 _ _

3.3 [x
E, (p%,p" E, ((p2, 1% En (((0,0,4%), (¢},0,0
- ((1}9; %)) < limsup ((122 %)) - (((0,0,48), (¢%,0,0)))
n n n n n

= E(((0,0,4%), (¢},0,0))).

Then, by virtue of Proposition 6.5,

) f3 day dag p§> dxs

fPdas das pl{) dxy
0]

E», a’ b
/ |z“|2dx+/ |zb|2d:£+E(((O,O,p§),(pl{,0,0)))gliminfw
Qa Qb n n

. En ((p3, 15 . .
<timsup 2 BP) < g (0,0,68). (d1,0.0)) . Vi € P (618)

which implies that 2¢ = 0, 2° = 0, (p4,p}) solves (6.4), convergence (6.5) holds true, and convergences in (6.8)
and (6.16) are strong. O
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7. THE ASYMPTOTIC BEHAVIOR OF PROBLEM (1.6)

7.1. The main result

Set

P ={(¢5.q3) € H'(0,1) x H'(]—3.3[) : ¢5(0) = 43(0) } - (7.1)
The main result of this section is the following one.

Theorem 7.1. For every n € N, let (p%,p?) be a solution to (2.11), and let (¢‘(1pa pb),¢’(’pa pb)> be the unique

solution to (2.7) with (p®,p®) = (p%,pl). Moreover, let E and P* be defined by (5.1) and (7.1), respectively.
Assume (2.14). Then there exist an increasing sequence of positive integer numbers {n;},en and (in possible
dependence on the subsequence) (p%,ps) € P* such that

pe. — (0,0,p%) strongly in (Hl(Q“))3 and strongly in (L4(Q“))3 ,

(7.2)
ph, — (0,0,p8) strongly in (Hl(Qb))3 and strongly in (L4(Qb))3 ,
1 9p% 1 Op? . 3 3
—_ =t =" 0,0 t 1 L2(Qe L2(Q°
(hnaxl’hn8z2> ~ (0,00  stronglyin  (£2(@%)° x (£2(@%)°
(7.3)
1 op% 1 oph
(mﬁ’m&) — (0,00 strongly in  (L2(2%))" x (£2(0h))%,
x3 1 x3
((lpzﬂpzi) —)/0 5 (t) dt—/o (/o ps(t) dt) dzs strongly in ~ H'(Q2),
1 xr3
¢€p%i7pzi) — —/0 </0 p5(t) dt) dxs strongly in ~ H'(Q?),
1 agb((lp“ ph,) 1 3(1)((113“ »h,) 2 (74)
o ngng 7 ngng 1 s L2 Qa
™ oo T Dy — (0,0) strongly in ( ( )) ,
¢’ O¢?
1 %% s, ph,) 1 77 (s, ph) _ . 2
[ TR e v — piD3 strongly in (L2 (Qb)) ,
where s is the unique solutions to (3.2), s is defined by
_ 1 . 11
S=s <x2,x3 + 2) , a.e.in }—2, 3 [ x10, 1],
and (p%,ph) solves
E(((0,0,p3), (0,0,p5))) = min { E(((0,0,45), (0,0,43))) : (45, 45) € P}, (7.5)
Moreover
B, ((p%, v}
tim 2] (0,0,95), (0,0.18))). (7.6

n h2
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7.2. A priori estimates on polarization

Arguing as in Proposition 5.2 provides that

Proposition 7.2. Assume (2.14). For every n € N, let (p2,pt) be a solution to (2.11). Then, there exists a
constant ¢ such that

1P5 I zaays < ¢ IPh I Lagary)s < ¢ vn €N, (7.7)
|1 Dapnll (L2 (@ayye < ¢ ||DZPZ||(L2(Qb))9 <¢ Vnel (7.8)
Corollary 7.3. Assume (2.1}). For every n € N, let (p%,p2) be a solution to (2.11). Let P* be defined in

(7.1). Then there exist a subsequence of N, still denoted by {n}, and (in possible dependence on the subsequence)
(p§,p4) € P* such that

p¢ — (0,0,p%) weakly in (HI(Q“))3 and strongly in (L4(Qa))3 ,
(7.9)
P8 — (0,0,p%) weakly in (Hl(Qb))3 and strongly in (L4(Qb))3 .

Proof. Proposition 7.2 ensures that there exist a subsequence of N, still denoted by {n}, and (in possible

dependence on the subsequence) (p{,p3,p3) € (H* (Q“))3 independent of z; and x, and (p}, p},p}) € (H' (Qb))3
independent of x5 and x3 such that

p¢ — (p§,p%,p5) weakly in (Hl(Q“))3 and strongly in (L4(Qa))3 ,
(7.10)
pfl — (pl{,pg,pg) weakly in (Hl(Qb))3 and strongly in (L4(Qb))3,

and (p§,p5,p%)//es on OQ* \ (] — %, %[2><{()})7 (ps,p5,p8) // es on 0N\ (] — %, %[2><{()}). In particular, this
implies

By arguing as in [20], one proves that

(1$(0), p3(0),p3(0)) = (p}(0), p3(0),p5(0)) .

Consequently, one has
p5(0) = p5(0). (7.13)

7.3. A convergence result for problem (2.7)

Proposition 4.2 provides the following result.

Proposition 7.4. Let {(¢%,¢%)}nen C (LQ(Q"))3 x (L2(2%))3, and let (¢3,45) € L?(Q%) x L*(Q°) be such that
q% is independent of (z1,%2), q5 is independent of (o, 3) and

(g2, a5) = ((0,0,45), (0,0,48))  strongly in (L*(%))" x (L*(2"))?. (7.14)
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Moreover, for n € N let (gzﬁ‘(lqa ) qS’(’qa qb)) be the unique solution to (4.6) Then,

xs3 1 T3
‘b{(lqg,qg) — / g5 (t) dt — / </ q5(t) dt) dzxs strongly in ~ (H*(Q)),
0 0 0

1 T3
¢l(’q%’q%) — 7/ (/ a5 (t) dt> dxs strongly in (Hl(Qb)) ,
0 0
(7.15)
1 06,0 1 06,
(h (aq;;tzﬁ) - g;;g) — (0,0) strongly in (LQ(Q“))2 ,

1
h, Oxo ’ E 0z3

1 ol ol
( (451.45) (@ian) | _, ¢ D3 strongly in (LQ(Slb))2 ,
and

2 1 9 % b 2
dm) :/ lg5] dx3+77/ lg5]” das. (7.16)
0 _

1
2

2
. aa apb
1171;11 </Qa ’Dn(ﬁ(qg’qt;’) dx—’—‘/ﬂb ‘anb(q‘,i,qg)

where s is the unique solutions to (3.2), 5 is defined by

1 ) 11
S=3s <x27x3 + 2) , a.e. in ]—2, 3 { x]0, 1],
and n is defined in (3.5).
7.4. Proof of Theorem 7.1

We sketch the proof.
Proposition 7.2 and Corollary 7.3 assert that there exist a subsequence of N, still denoted by {n}, and (in
possible dependence on the subsequence) (p%,p3) € P* and (2¢,2°) € (L?(02%))8 x (L2(Q2°))¢ satisfying (7.9)

and
1 9p; 1 Op;,
hn 8.’E1 ’ hn 61'2

) — ¢ weakly in  (L?(Q%))5,

(7.17)
1 9p) 1 9p),

— ) pb kly i L2(0%))8.
<hnax2’hnax3) z weakly in  (L*(Q2°))

Let Ueg be defined in (4.2) and let (¢§,¢5) € Ureg- As in (4.18) and (4.19), one can build a sequence
{(¢%,¢%) }nen, with ((0,0,¢2),(0,0,¢%)) € P,, for each n € N, such that, thanks also to (2.14) and Proposi-
tion 7.4,

: E, (((0,0,43),(0,0,45)) o
lim sup ( 2 ) = E(((0,0,¢5), (0,0, qg))) .

n

Consequently, by virtue of Proposition 4.1, one has

B, (o .
tmsup 2 PP g ((0,0,42),0,0,42)) . V(gh.at) € P (7.18)

On the other side, (2.14), (7.9), (7.17), a L.s.c. argument, and Proposition 7.4 ensure that

En a7 b
/ |2%|? dw/ \zb|2 de + F (((0, 0,p%), (0, O,pg))) < liminf 7((]9” p”)) )
Qa Qv n hZ

Finally, combining (7.18) and (7.19) completes the proof, as ususual. O

(7.19)
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8. THE ASYMPTOTIC BEHAVIOR OF PROBLEM (1.15)

8.1. The main result
Theorem 8.1. For every n € N, let (p%,pl) be a solution to (2.12), and let ((ﬁ?pa p?,),¢l(’pa p,b)) be the unique

solution to (2.7) with (p*,p®) = (p%,pl). Moreover, let (5.1) and P be defined by (5.1) and (6.1), respectively.
Assume (2.14). Then there exist an increasing sequence of positive integer numbers {n;}ien and (in possible
dependence on the subsequence) (pg,pl{) € P such that

py. — (0,0,p%) strongly in (HI(Q‘I))3 and strongly in (L4(Q“))3 ,

(8.1)
ph. — (p},0,0) strongly in (Hl(Qb))3 and strongly in (L4(Qb))3 ,
1 op% 1 op? . ay)\3 ay)3
<hn axf’hnax;l) — (0,0) strongly in  (L?(Q%))” x (L*(Q%))",
(8.2)
1 b1 b
<mg§; hgf;;) —(0,0)  strongly in  (L2(92?))” x (L2(Q))°,
I / ps(t)dt — / ( /O ps( ) dzz  strongly in  H'(Q%),
b o
I P / (/o ps( ) dzs
20
— po(t)dt strongly in ~ H'(QP),
1
2 (8.3)
o, o,
1 "%(pa,ph,) 1 775, .05) . a2
<hn 0r. ' h. o ) — (0,0) strongly in ~ (L*(Q%))",
leH 9P} 0
1 (e..p5.) 1 (p%,ph,) 2
- noPny) 1 ni Pn; v i L2(QP
W Or  h. On — (0,0) strongly in  (L2(Q))",
where (pg,pt) solves (6.4). Moreover
- Sa((pr, P, a
tin S P)) g (0,0,15), 01,0,0))) (5.4
8.2. A priori estimates on polarization
At first note that (for instance see [15] and also Lem. 2.1 in [25])
||DPH (L2(Q2,.))° — HrOtPH%Lz(Qn))S + ||diVPH%2(Qn), (8 )
B3}

VP € (Hl(Qn))3 :P-v=0o0n0Q,,
which by rescalings in (2.1) is transformed into

|[Dyp H (L2 Qa))9+”D p H(Lz Qv))° HrOtgpa”?m(m))B+HdiV HL2(Qa +||1“0t nP ||(L2(Qb 3+||d1Vnp ||L2 Qby
(8 6)
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for all (p2,p®) € P, and all n € N.
We note that to our aim it is enough to have just an equivalence between the term ||DP||%L2(Q )9 and the

term ||rot PH?L2(Q,L))3 + HdiVP||2L2(Qn) with a constant independent of n.

Proposition 8.2. Assume (2.1}). For every n € N, let (p%,p%) be a solution to (2.12). Then, there ezists a
constant ¢ such that

15l agaeys S e IPhllpagaeys < 6 Vn €N, (8.7)
HDZPZH(LQ(Q“))Q <c ||D2p2||(L2(Qb))9 <¢, Vnel. (8.8)

Proof. Function 0 belonging to P, gives

/;2 (ﬂ|r0 a |2 + |dlv7lpn|2 + & (‘pn‘4 - 2|pn| ) +| a (]) pn)| )

+ /m (ﬂrotﬁpZIQ + [divy, ph,[* + a (|ph]* = 2[ph [*) + IDflé?pgl,pg)IZ) da (8.9)

1
Sg/ﬁ (IF217 + pl) dz + 5 /(| o2+ 1ph)?) dz, WneN.

Estimates (8.9) implies
/ ol — (24 o= ) g2 dw+/ bl = (24 = ) 1)) da
w n 2a n n 2 n
1 2 12
§2 |fn\ da:—|— | 1*dx, VneN,

which gives

1Y\)? 1\)\?
2 - 2 _
/Qa (|pn| <1+4a)> da:—i—/ (lpn| (1+4a>> dz
1)’ a b 1 2 P2
oY 1+E (10 +1Q°)) + 3 |fn|d + \ |7de, VneN.

Then the estimates in (8.7) follow from (8.10) and (2.14). The estimates in (8.8) follow from (8.9), (2.14), (8.7),
the continuous embedding of L* into L?, and (8.6). O
Proposition 8.2 with the same argument used in the proof of Corollary 6.3 provides the following result.

(8.10)

Corollary 8.3. Assume (2.14). For everyn € N, let (p%,pb) be a solution to (2.12). Let P be defined in (6.1).
Then there exist a subsequence of N, still denoted by {n}, and (in possible dependence on the subsequence)
(pg,ph) € P such that

p% — (0,0,p%) weakly in (Hl(Q"))3 and strongly in (L4(Q“))3 ,
(8.11)
2 — (p4,0,0)  weakly in (Hl(Qb))3 and strongly in (L4(Qb))3 .
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8.3. The proof of Theorem 8.1

In what follows, p& ; (resp. pf, ;) denotes the ith component, i = 1,2,3, of p% (resp. p},). Proposition 8.2 and
Corollary 8.3 assert that there exist a subsequence of N, still denoted by {n}, and (in possible dependence on
the subsequence) (p%,p%) € P satisfying (8.11) and (29, 2%) € (L?(029))3*2 x (L?(Q°))3*? satisfying

1 0p} ;
( p > 2% weakly in (L2(Q)3%2,
i=1,2,3,5=1,2

h7n (9.Tj
(8.12)
1 0pb,
= n, —2b weakly in  (L?(Q%))%*2.
hn 8zj . .
1=1,2,3,7=1,2
The next step is devoted to identifying p4, p%, 2%, and z°. To this end, let
(0,0,¢%), in Q2
v =
(¢%,0,0), in Q°
with (¢4, %) € Preg defined in (6.15). Then v belongs to ]Sn, for n large enough. Consequently,
1 a b 1 a b
F%STL ((pn’pn)) < ESH (((Oa 0, QS)a (q17070))) ) for n la'rge enough' (813)

Then, passing to the limit in (8.13), as n diverges, and using (2.14), (8.11), (8.12), Proposition 6.4, and a l.s.c.

argument imply
2 2 2 2
/ <ﬂ(|z;:,2| |2l + 1250 - o5l )+( )) dr
Qa
1 1
+/ (a(lpg|2 _ 1)2+|p§‘2) d$3+/ </] [2 fgdxl dxzp%) d.Z‘S
0 0 -
2
)) dz
(8.14)
[ @t = 1+ 1) do

2 2 2 dpb
+/ (ﬁ (’332 _33,3‘ + ‘zzfs‘ + ’2?2’ )+ (’dl +Zg,2+2’§,3
Qb T
1
2 b b
/ fildzadzspy | day
—1 \J]-4.4[x[-1,0]

a

dp§
dx 3

a a
211+ 230+

11
272

a b a b
< timint S ((I;Lg,pn)) < timsup S ((I;Lg,pn))
Sn (((0,0,45),(¢5,0,0)))

= E'(((O7 0, q§)> (qll)a 0, O)))

< lim
n

h3;

Now let us prove that

a

dp dp}
/ (Z%)]_ + Zg)z) dl'?; dl' = 07 /s;b (ZIQ),Q + Zg’?)) dixll dx = O (815)
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Indeed, let

1 a (1+1) _ a (i
<p3( n ) b3 (n)X[;)#l[(zg)), T3 a.e. in ]0,1[, Vn € N.

dp§ P .
T is the average of dp3 on } o % [, one easily has
n

dpg
In = g

strongly in  L?(]0, 1[),

as n diverges. Consequently, taking also into account (8.12), one has

o o oy dP§ : 1 9py, 1 9ps,
/a (271 +255) dixg;; dz = hrlln /Qa (hn 83311 (z) — o 8x22 ($)> gn(z3)da

n—1 a (1 a (1 a a
= lirrln Z <p3 (Tl)li P3 (Z) 1 : ((9pn,1 (z) — OPhz ($)) dx)

hy |-1,1[x] 4,1 0x1 0xo

n

and the last integrals are zero due to the boundary condition on p2. It is so proved the first equality in (8.15)
Similarly, one proves the second one.

The properties of pg, p% and (8.15) give

2

dpa 1 dpa 2 2
/ 2i1+ 259+ dm?; dx:/o dix?;, dx3+/g 211 + 25| da,
(8.16)
" 2 1 b |2 2
LIt arm [ e ]
Qb dlL’l _% d L @

Then, inserting (8.16) in (8.14) provides

[ 818l + 138, + 1280 = atal?) + |ofs + 28] o
Qu

+/Qb (81252 — Bal* +12bal” + |2al") + 282 + 24al] e

(8.17)
Sn a7 b Sn a7 b
+B(((0,0,p8), (4},0,0))) < limin w < limsup w

< E(((0,0,43),(¢%,0,0))), ¥(q5,q}) € Preg.-
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By virtue of Proposition 6.5, inequality (8.17) also true for any (¢4, q%) € P. Consequently, choosing (¢%,4%) =
(p%,p?) in (8.17) one has

b

251 —215=0 ae in Q°

2{1+250=0 ae in Q°

259=25,=0 ae in Q%
(8.18)
zi’,3 = Ziz =0 ae. in Q°

2372 —25,=0 ae in Q°

9

B,+255=0 aein Q

Consequently, inserting (8.18) in (8.17), one obtains that (pg,p}) solves (6.4) and convergence (8.4) holds.
We remark that convergence in (8.4) holds true for the whole sequence since the limit is uniquely identified.
Moreover, (8.3) follows from (8.11) and Proposition 6.4.

The last step is devoted to proving (8.2) and that convergences in (8.11) are strong. To this aim, combining
(8.4) with (2.14), (8.3) and (8.11) provides

i ([ (Blrottpnf? + i) ao+ [ (Aottib? + ot ) a)

e P - ) (8.19)
:/0 s d:vg—&—/_é dixll dz;.
Moreover, from (8.11), (8.12) and (8.18) it follows that
rot2p? — (0,0,0) = rot (0,0,p4)  weakly in  (L2(Q%))°,
rot 2p® — (0,0, 0) = rot (p},0,0) weakly in (LQ(QZ’))3 ,
divape — %33 = div (0,0, p%) weakly in  L2(Q¢), (8:20)
divbpt — (ﬁl = div (p},0,0) weakly in  L2(QP).
Consequently, combining convergence of the energies (8.19) with (8.20), one derives that
rot #p% — rot (0,0, p%) strongly in (L2(Q“))3 ,
rot 2 pb — rot (p?,0,0) strongly in (L2(Qb))3 ,
(8.21)

divep? — div (0,0, p%) strongly in ~ L%(Q9),

divbpl — div (p%,0,0) strongly in  L2(QY).
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Finally, taking into account that
D(0,0,p%) = D%(0,0,p%), rot (0,0,p3) = rot? (0,0,p%), div (0,0, p%) = dive (0,0,p%), in Q2
D(p},0,0) = D5,(5},0,0), rot (p},0,0) = rot!, (5},0,0), div (p},0,0) = div, (p},0,0), in ©°,
from (8.6) and (8.21) one deduces that

Dep¢ — D(0,0,p%) strongly in (LQ(Q“))9 ,

Diph, — D(p},0,0)  strongly in  (L(0"))°,

n.

i.e. (8.2) and that convergences in (8.11) are strong. We remark that convergences in (8.2) hold true for the
whole sequence since the limits are uniquely identified. (Il

9. THE ASYMPTOTIC BEHAVIOR OF ALL PREVIOUS PROBLEMS WHEN THE CONTROL ¢p
SATISFIES (1.8)

If ((b‘(lpa o) ¢l(’pa pb)) is the unique solution to (2.13), thanks to Proposition 4.3, in the limit process there is

no contribution of the nonlocal term. So, the limit functionals are obtained just eliminating the parts coming
from the nonlocal term in the previous limit functionals and all previous convergences on the polarization hold
true, while the potentials converge to zero.
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