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NONLINEAR ITERATION ACCELERATION SOLUTION FOR EQUILIBRIUM
RADIATION DIFFUSION EQUATION

YANMEI ZHANG!, X1A CUI? AND GUANGWEI YUAN?*

Abstract. This paper discusses accelerating iterative methods for solving the fully implicit (FI) scheme
of equilibrium radiation diffusion problem. Together with the FI Picard factorization (PF) iteration
method, three new nonlinear iterative methods, namely, the FI Picard-Newton factorization (PNF),
FI Picard-Newton (PN) and derivative free Picard-Newton factorization (DFPNF) iteration methods
are studied, in which the resulting linear equations can preserve the parabolic feature of the original
PDE. By using the induction reasoning technique to deal with the strong nonlinearity of the problem,
rigorous theoretical analysis is performed on the fundamental properties of the four iteration methods.
It shows that they all have first-order time and second-order space convergence, and moreover, can
preserve the positivity of solutions. It is also proved that the iterative sequences of the PF iteration
method and the three Newton-type iteration methods converge to the solution of the FI scheme with
a linear and a quadratic speed respectively. Numerical tests are presented to confirm the theoretical
results and highlight the high performance of these Newton acceleration methods.
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1. INTRODUCTION

Radiation hydrodynamics problems appear in inertial confinement fusion, magnetic confinement fusion, astro-
physics, combustion and many other fields. Radiation diffusion plays an important role in radiation hydrody-
namics [2,20,23]. When the radiation field is in local thermodynamic equilibrium with the material, the system
is referred to as equilibrium radiation diffusion, see [4,6, 7,14, 21,23, 35]. In this case, for the radiant energy
density F and material temperature T, there holds E = aT*, where a is the radiation constant.

Much work has been done on numerical methods for solving radiation diffusion equations. In terms of spatial
discretization, finite volume, finite difference and finite element methods have been studied [16, 19, 20, 24, 25,
27,29,33,34,36]. In terms of temporal discretization, due to the nonlinearity of the problem, fully implicit (FI)
schemes with nonlinear iterations have been widely applied in practice [2,13,22,32]. For example, Knoll et al.
[12,14,17] discussed various time-discrete methods and nonlinear iterative methods. Kang [10] constructed a
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nonconforming finite element method on unstructured grids, and then solved the discrete nonlinear equations
with Picard iteration and inexact Newton iteration.

To solve the implicit scheme of nonlinear PDE, iterative methods are used which adopt the inner-outer
iteration mode. The outer iteration, namely, the nonlinear iteration, refers to the algorithm to linearize the
nonlinear PDE to a linear PDE, or a nonlinear discrete scheme to a system of linear algebraic equations (SLAE).
For example, a Picard iteration or a Newton iteration is designed to derive an SLAE A(U®)UGTD) = b(),
where s is the index of iterations. The inner iteration, refers to the algorithm employed to solve the SLAE,
e.g., a GMRES solver, etc. To a great extent, the nonlinear iteration determines the performance (including the
accuracy, the efficiency, and so on) of the entire solution procedure.

A key point in constructing an efficient nonlinear iteration is to preserve the characteristics of the original
problem during the linearization procedure. An iteration method that preserves such characteristics during the
iteration process is more valuable than that possesses them only at the end of the iteration procedure, not to
mention those do not preserve them at all. Radiation diffusion equations are essentially parabolic equations
with positivity solution. A lot of computational experiments tell us that keeping the positivity and parabolic
features in the iterative procedure is not only a foundation of correct simulation of the physical problem, but
also helpful for ensuring the efficiency of the computation [28].

Among the nonlinear iterative methods for radiation diffusion problems, Picard iteration is the most often
used one. It retains the parabolic property and then is positivity-preserving or discrete-maximum-principle-
satisfying, yet only has a linear convergence ratio. To accelerate the iteration convergence, Newton-like iterations
are developed. Some earlier applications of Newton methods to radiative hydrodynamics can be found in [26],
etc. For example, In [12,13, 18], Newton—Krylov methods and Jacobian-free Newton—Krylov (JFNK) methods
were developed and applied to non-equilibrium radiation diffusion problems. In [23], multigrid Newton-Krylov
method was studied for equilibrium radiation diffusion simulation. In [1], Newton—Krylov methods were applied
to the equilibrium radiation diffusion in low-energy-density regime.

This paper aims to design efficient iteration methods to accelerate the solution of equilibrium radiation
diffusion problem as well as provide their rigorous theoretical analysis and demonstrate their good performance
in convergence speed, accuracy and positivity.

For equilibrium radiation diffusion problem, the governing equation is the energy conservation equation. It is
highly nonlinear due to the fourth-power dependence of the radiation energy density on temperature, and the
radiation diffusion coefficient is nonlinearly dependent on the radiation temperature. So it is very difficult to
design efficient iteration algorithms and analyze their fundamental properties.

First, we will derive some new Newton-type nonlinear iteration methods for equilibrium radiation diffusion,
namely, the FI Picard-Newton factorization (PNF), FI Picard-Newton (PN) and derivative free Picard-Newton
factorization (DFPNF) iteration methods. Instead of directly applying the Newton method or JFNK method to
linearize the nonlinear system of algebraic equations given by the FI discrete scheme (namely, in a “discretization-
linearization” way), we get these iterations in a “linearization-discretization” procedure [5,28,31]: first linearize
the temporal discrete scheme of the original PDE, then carry out spatial discretization of the derived linear
equation to get a linear system of algebraic equations. With such a strategy, the Newton iteration can be viewed
as adding a small-quantity accelerative term on a Picard iteration, and is called a “Picard-Newton” iteration.
For example, the PNF iteration can be viewed as established on the basis of the FI Picard factorization (PF)
method [35]. And that makes it more convenient to acquire Newton acceleration based on existing Picard codes
in practice. Moreover, with derivatives replaced by corresponding difference quotient approximations, a DFPNF
iteration is put forward to handle the very likely case in applications wherein the diffusion coefficient is evaluated
in tabular form and no analytic derivative formula is available. We’d like to mention that our PNF, PN and
DFPNTF iterations designed through such a way converge quadratically, which differs from the JENK methods
[11,18] that usually have super-linear instead of quadratic convergence speed due to their outer inexact Newton
iterations.

Furthermore, in contrast to many studies on time evolution focusing on demonstrating the accuracy and
efficiency properties of the discrete or iterative algorithms by numerical tests, we will analyze theoretically the
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properties of these iterative methods. The positivity, convergence accuracy and convergence speed of the PF,
PN, PNF and DFPNF iterations will be studied. This is accomplished by developing the discrete functional
analysis techniques for diffusion equations [8,9,37]. There are some theoretical proofs on the convergence speed
of Picard and PN iterations for diffusion problems, and less works on their detailed convergence accuracy
analysis [5,28]. It is well-known that Picard iteration is positivity-preserving. However the positivity of Newton-
type iterations is seldom revealed. In this work, by performing thorough deduction of the terms concerning
the temporal difference quotients and developing induction reasoning techniques, we overcome the difficulties
caused by the strong nonlinearity of the problem, and prove the convergence accuracy and convergence speed
of the iterative methods and get the positivity at the same time.

The paper is organized as follows. First, some nonlinear iterative methods are put forward in Section 2,
which include the PF, PN, PNF and DFPNF iteration methods. Then in Section 3 the convergence accuracy
and positivity of the nonlinear iterations are proved. Their convergence speeds are verified in Section 4. In
Section 5, numerical results are presented to show the performance of the methods. Finally, conclusions are
made in Section 6.

2. CONSTRUCTION OF ITERATION SEQUENCES

2.1. Problem and notations

Consider the one-dimensional equilibrium radiation diffusion problem as follows:

Oe(u) 0 Ju .
— _ R = < N .
5 o <A(x,t7u)ax) , in Qp {O<1‘<L,O<t_T}, (2 1)

u(0,t) = o(t), u(L,t) =1n(t), 0<t<T; (2.2)
u(z,0) = p(x), 0<z<L;

where the diffusion coefficient A(z,t,u), boundary conditions to(t), %1 (t) and initial function ¢(x) are given
functions, e(u) = u + g(u), g(u)= |ul>u.
The study goes along under the following assumptions:

Assumption 2.1. There exists a positive constant o such that for all (x,t,p) € Qr x R, there is A(x,t,p) > 0.

Assumption 2.2. The partial derivatives Agqzy, Aps, Apr and Ap, are continuous with respect to (z,t,p) €
QT X R+.

Assumption 2.3. The initial-boundary values vy, V1 and ¢ have positive lower bound m and upper bound M .
Assumption 2.4. Problems (2.1)-(2.3) has a unique smooth solution satisfying u € C*2(Qr).

Remark 2.5. A(x,t,p) only makes sense for p > 0. So we need prove the solution positivity in various levels,
including the continuum solution of original nonlinear PDE (2.1)—(2.3), the discrete solution of nonlinear discrete
scheme and the iterative solutions of linearized schemes at each nonlinear iteration step. Thus, in the following
we will prove Propositions 2.6, 2.9, 3.1, Theorems 3.4 and 3.5. It follows that g(u) = |u|?>u = u* for u > 0.

Applying the maximum principle (see [15]), we can derive the following proposition and then g(u) = u*

provided that u = u(x,t) is the solution of (2.1)—(2.3).

Proposition 2.6. Under the Assumptions 2.1-2.4, the solution of problem (2.1)—(2.3) is positive and bounded,
namely

0<m <u(z,t) <M, Y(z,t) € Qr.
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Divide Qr by using parallel lines . = z;(j =0,1,...,J) and t =t"(n =0, 1,...,N), where z; = jh,t" = nr,
and Jh= L, N7 =T, J and N are positive integers, h and 7 are the space and time step-lengths respectively.
Denote Ti1 = %(ij.‘.l + z;), qﬁ;ﬁ:g — %((z);lj_rll + ¢?+1)’ 5¢j+% = %(¢j+1 — ¢;), and dyg" T = %(¢n+1 —¢m).

For function ¢, define

n+1 _ n+1 n+1
A+2(¢)_A(]+17t 7¢j+1>7

AT =4 (0071 ).

+1(s) +1(
A/;l+2 s (¢) :A;( 4L tn+1’¢n S))’
and so forth. Here and below, we will omit the superscript n + 1 and use ¢®) to represent ¢"*1() when no
confusion occurs. Furthermore for functions ¢ and ®, denote

1

B(A(9)5®); = 1 [Aj%(gb)(scbﬁ - Aj,%(qs)a@j,é} . (2.4)

1
2
Throughout the article, we refer to a point z; as a boundary point if j = 0 or j = J, as an interior point (IP)
otherwise. Interior points and boundary points construct all points (APs).
Denote the following discrete LP, L and H' spatial norms:

=

J
lollr = lloll, = | D_lesPh ]

J=0

19l =l = max ;.

N

-1
]l = 1160) = | D 166,41 [°h
§=0

Denote ||¢|| = ||¢||z2. And define the discrete time-space norms:
[@llzoo 2y = —max "],
[@llpoo(poey = max |6 |,

6llzmiy = _max 156"

0,1,.

N 3
lellz2(r2) = (TZ ||¢”||2>
n=0

In the following, we take abbreviations g = g7 (U) = ((U“)"‘)3 Up, et =e(U) = U} + g7, and so forth.

We need some lemmas as follows:

Lemma 2.7 (The discrete Sobolev inequality [37]). For any discrete function ¢ = {¢;]j =0,1,...,J} (Jh =
L), the following assertions hold.

(i) For all e > 0, there is
C
615 < elldall* + Zlell*,

where C is a constant depending on L, and independent of €, h and ¢;
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(ii) If po = ¢5 =0, then

Il < Lilog|,
[l < 116112 [|]1 2.

Lemma 2.8 (Recursive inequality [30]). Suppose {xs} is a nonnegative sequence, and satisfies
Xst1 < A1x? + Aaxaxst1 + Az, Vs >0,
where A; (i = 1,2,3) are nonnegative constants, then when 4A3(A; + A2) <1 and xo < 2As, there is
Xs < 243, Vs> 1.

2.2. Fully implicit scheme (FIS)

A classical difference scheme for problem (2.1)—(2.3) is the following nonlinear fully implicit scheme

67_1+1 _on
4 - S(AU)SU)T*,  IPs; (2.5)
U6L+1 _ (7)H_1a U;H—l _ ¢11+1, 0<n<N-1; (2.6)

U]Q =j, APs; (2.7)
where Y1 = go(t 1), I = b (#7H1), and ) = p(z;).

Denote the solution of (2.1)—(2.3) as u = u(z,t). With Taylor’s expansion, it is easy to get the truncation
error equation

n+1 n
" e (u) —ef(u) n
- R = % — 5(A(u)ou)!t = O(h* + 1), (2.8)

where e (u) = uj + g7 (u) and u} = u(x;,t").

From the Assumption 2.3, the initial-boundary values of scheme (2.5)—(2.7) have positive lower bound m and
upper bound M, namely, m < Uj(-J <M, M0<j<J,and m < USLH <M,m< U}L‘H <M, V0<n<N-1.

Proposition 2.9. Under the Assumptions 2.1-2.3, for the discrete solution of (2.5)-(2.7), there holds

0<m< min UM < max UPP' <M, Y0<n<N —1.
0<j<g Y 0<j<g M/

Proof. By induction we assume m < U}‘ <M, V0<j<Jandm< Ug‘+1 < M,m< Uf}“ < M.

First, let’s show ming<;<s U;-H'l > m. Suppose U;;H = minij<j<j—1 U;LH <0, then 1 < jg < J—1. At point
J = jo, the value on the left hand side of (2.5) is strictly less than 0, and that on the right hand side is equal
to or greater than 0, a contradiction occurs. So miny<j<;—1 U > 0. If ming<j<; UP™ = U*! < m, then
1 < jo < J—1. At point j = jo, the left hand side of (2.5) is strictly less than 0, and the right hand side is
equal to or greater than 0, again a contradiction appears. Hence, ming<;<; U J”'H >m.

Similarly, if the initial-boundary values have positive upper bound M, then we can prove maxo<;<. UJT”rl <
M.
Proposition 2.9 is established. O

Taking into account Proposition 2.9, we can equivalently denote g = g7 (U) = (UJ”)4. In this paper, C refers
to a positive constant independent of h, 7 and s, and may be different each time it appears.

Assumption 2.10. 75 < C*, where C* is any fized positive constant.
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Assumption 2.11. Denote £ = Ul' — u}. Suppose that the solution of scheme (2.5)-(2.7) satisfies

n n 2
Jmax (16" + €") < O(h? + 7).

To emphasize the main character of iterative methods, in the following we omit the superscript n + 1 and
subscripts j, j + % when no confusion occurs.

2.3. Picard factorization (PF) iteration (see [35])

For a fixed non-negative integer n (0 < n < N — 1), with initial iterative value U;O): U}, the PF iteration
is defined by linearizing g(u) by factorization, namely

R GO G| (CORZ S

and then finding {U](S+1)|j =0,1,...,J} (s =0,1,...) which satisfies the following equations:

e(}s-‘,—l) _en

G 7% _ s (A<S>5U(S+1)) . IPs: (2.10)
T J
Ués-i—l) _ wg-‘rl’ U58+1) — w{b-l-l’ (211)

where e§-s+1) —el = U;S—H) +g§s+1) —Ur—gr, A = A(U®), hence § (A(S)éU(S“))j can be seen as in (2.4),
ire., S(ADSUETD) = LA ysutth — 4w, )suth).
J+3 J+3 ji—3 J—3

The counstruction of (2.9) is originally given in literature [35], but its motivation why do so is not explained.
Anyway, when linearizing a nonlinear function such as g(u) = u*, factorization should be a natural approach.
Moreover, there is no result of theoretical analysis in [35]. The last three methods introduced in this paper
are all Newton-type iterative methods, which are expected to be superior to Picard method theoretically and

numerically in solving equilibrium radiation diffusion equations.

2.4. Picard-Newton factorization (PNF) iteration
Define the PNF iteration with (2.11) and the following equation:

e(.8+1) — e

%j _s (A(s)w(m))j 5 {Ams) (U(s+1) _U<s>) 5U<5>} , IPs, (2.12)

J

where A’*) = 4/ (17), and

J

5 [A’(S) <U(s+l) _ U(s)) 5U(s)}
_ % [A;gj%(U) (U;T_%l) 3 U;f%) 5U§.‘1)% - A;;?%(U) (Uﬁ? B Ué‘?%) 5U§.‘i)%}
as in (2.4), and
g _gn = (UJ(SH) N U}L) (U]@ n U;L) [(U;S))z . (U}L)Z}

+ (v -up) s (U@)2 + () + 2oy (Ul - o)
=1 + L. (2.13)
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This method can be obtained from PF (2.10) as follows: for the diffusion operator, add a small linear term
) [A’(S)(U(S“) — U(S))éU(s)], for the time derivative term, when approximating (g(u)):, we add a linear term

I5 on the basis of PF iteration. Note that I5 is obtained by changing U](SH) in I; to U;S), and replace (U;S) +

2
ur) {(U;‘S)) + (UJ")Q} with the product of its partial derivative with respect to U;s) and the increment U;SH) -

U ](s). We observed that constructing linearization procedure in such a way is different from the usual Newton
linearization (e.g., see the next subsection). It facilitates the acceleration of existing PF programs. The resulting
equations can preserve the parabolic property, and be solved quickly since they converge with a quadratic speed
as will be proved in Section 4.

2.5. Picard-Newton (PN) iteration
Define

gj(s+1) _ g;-L —g (U;s)) n g;;s) (U§s+1) _ Uj(s)) _ g;?(U)
- (U;S>)4 +4 (U}S))3 (U —ul) = (" (2.14)

The PN iteration method is constructed with (2.12), (2.14) and (2.11). Distinct from (2.13), to get (2.14),
gJ(-SH) = g(U;SH)) is directly evaluated as a first-order Taylor expansion at U](S). In the case of g(u) = 0,
existing literatures have studied the PN iterative method, see the literatures [3,28]. This method requires less
computational overhead to form linear algebraic equations than the standard Newton iteration method and can

improve computational efficiency.

2.6. Derivative free Picard-Newton factorization (DFPNF) iteration

In PNF iteration (2.12), (2.13) and (2.11), we replace the derivative Al;i)l with the difference quotient
2
O (®) o ) )_ ( (s) )}
Aejrs = o0 4 (<) -4 ()]
it

where €§.j?l > 0 are some small parameters. And define the DFPNF iteration as follows:
2
6(4S+1) _en
e R (A(S)éU(SH)) 40 [A;@ (U(S“) - U(S>) 6U(S)] , IPs. (2.15)
J

T

J

where ¢ [A'E(S) (UG —U®) (5U(5)} ~can be seen as in (2.4). This method can be used to solve nonlinear

J
diffusion problems with general tabular diffusion coeflicients.

3. CONVERGENCE ACCURACY AND POSITIVITY PRESERVATION

In this section, we will prove the first-order time and second-order space L? and H'! norm convergence of
the four iterations. Also, the property of preserving physical bounds for Picard factorization iteration and that
of preserving positivity (PP) for Newton-type iteration will be demonstrated. We assume that for a positive
constant M there is

(5) o (" oo 15 oo + [ld o) < B

(5) _ () _ 1

Denote v i j j
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3.1. PF

With a similar reasoning procedure as for the FIS (see Prop. 2.9), we can obtain the property of preserving
physical bounds for the PF iteration as follows.

Proposition 3.1. Let the Assumptions 2.1-2.3 hold. Then for the solution of PF iteration (2.9)-(2.11), we
have

m < min U()< maxU(S)<M Vs > 0.
0<i<J 7 0<5<J

Theorem 3.2. Let the Assumptions 2.1-2.4 and 2.10-2.11 and (S1) hold. If T is small enough, then the solution
of PF iteration (2.9)—(2.11) has first-order temporal and second-order L? and H'-norm spatial convergence to
the solution of problem (2.1)-(2.3), and such convergence is uniform with respect to s, that is,

o) + |60 || = O(R? + 1), Vs >0. (3.1)
Proof. From (2.10) and (2.8) we have

s+1 n s n n
oot —gnp gt _gn[gn 1 (u)—gn (u)]

= §(AG5oFD) ;4 6[(A®) — A(u))éu); + R}, IPs, (3.2)

T

where U(()SH) = J(»SH) = 0. The first term in (3.2) is determined by (2.9).

Multiplying (3.2) by (v; (1) —&}')h, and summing up the products for j =1,...,J — 1, we obtain

J—1 J—1
1 s+1 n s+1 n n n s+1 n s+1
S g g g = [ @) - g ] (o =g e S AL, el P
j=1 §=0
J-1 J—1 U(_erl) _¢n
=AY ooV Y R by
§=0 j=1
J—1 ( (
s n+1 n+1 s+1) n
[Am A )} burtl (5 ol — o) )h.
=0
Denote
LG [ (o4 (s+1) 1 (s+1)
Q= (o g gl g [ ) - ] (o - )
j=1
Note that

U+l _pgn = o+ _ &+ Tdtu"+17 (un+1)4 _ (un)4 _ Tdtu"H (un+1 + u") [(u"+1)2 =+ (u")ﬂ . (3.3)
from (2.9), we derive
gJ(S'H) g7 — [g]"H(u) —gj(w)] =P ( (e+1) 5") + TPQ’U](-S) + T3],

where

p=p (U, ur) = (v +0p) [(Uﬁf + (U;)Q] ,

Py =Py (U, 07wt ) = dat [(UF) +07) (08 4wt ) 4 () + ()7

J J’J J J J

J J’J J J 7

Py = Py (U, U7 wt ) = d (U +07) (O 4 ) + (a7 + ()]
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Then
W g g = g [ - g )] = (4 Py (o7 = ) Pl g
Note that
(s) n+1 *(s) (5
A]+2 4 +2( ) 4 + 37
where
x(s) _ / n+1
4 _/0 4 ( J+é + J+%) dr. 4
Let’s suppose
|A§i%| S CAO) |A*(S)| S CAla |P2| S CP’ |P3| S CP’ (35)

where C'49, Ca1 and Cp are positive constants to be determined later.
According to Propositions 2.9 and 3.1, P; > 0, then we have

v(erl) _ fn 1 ,U(erl)

s _gn s n
Q> 127 - ZHfH% — Clo¥|Pr = Cllem|*r.

It’s easy to show that

ZAﬁildv““ 0¢7h < Tljut |2 4 Cag™ |2

J—1 (s+1) n
& 1 (s41) _ ¢n
ZRn-H J J hr < EHU 5 ||2T+C||Rn+1||27'.
T
Jj=1

From (S7), there is ||u"*!||« < M, and then

J—1
> [, - i) st (e -6 )
&

< CAlMil ||‘S SH) 5§?+é|h

g S C S S n
< Sl + ’“ || N2+ Cllo@? + Cllog™ .

So we have

1 U(s+1) _ £n HQ

g
5 r o 25002 < C (@I + P + 16671 + 1R P + o)

where C only depends on the known data o, Cag, Ca1, M and M.
By noticing that for [ = s+ 1,

0 —&n
v n
o] < 20— 1272 +2/1€™|1%, (3.6)
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for sufficiently small 7, there stands
U(S+1) _ é-n
||f||27 + TP 4+ 60TV < o) — €72 + Ot (3.7)

where we denote 7"+ = || R" 1|27 + ||€7]|% + || 662
So we have
o4 = €02 < Orful®) — €| + Oyt < .-

Cr[l — (CT)st!
< (CT)s+1||U(O) _ £n||2 + [ ( ) ] n+l

1-Cr
We assume C7 < 1, then CT[I;_(g:)SH] <Y<
So we have
06D — 72 < (CryHul® — €7 4 o < S = €2 4 o
Then

o2 < 2o — g2 4 2en? < o — €M + 2 (JR™ P + €2 + 1€ 2) + 2% (3.8)
We derive that
oD < o — g7+ C (IR + €71 + [197]) < 2VIM +C (W +7) SZVIM 41, (39)

where [|[U®| < VL|U®| o < VLM, etc., has been used.
Furthermore, according to (3.7), there stands

[oSFV ]+ 160CTV | < Col[v™| + Co(|IR™| + (167 + 1l6€™ )
< C12VIM + C(h* 4 7)) 4+ CoCs(h? +7) < CoM +1,

where Cy > 2C1VL.

When we take initial iterative value U J(O) = U™, the following estimation holds

o+ 116v@ ] < C(h* + 7).
Hence
[0CFD| + |60tV < C(R2 +7), s=0,1,2,....
Using the discrete Sobolev inequality, one gets
[0 Do < oD 215D E < olH D 4 flovl+ D) < CoM +1,

So by taking Cy > Co + 1 large enough and then taking

Cao= max [|A(v)|, Ca1 = max |A'(v)],
o] <CoM+1 o] <CoM+1

Cp= max {|P2(v1,v2,v3,v4)|, | Ps(v1, v2,v3,v4)|}
|’Ul| < C()M—i- 1
lva| < M, Jug| < M, |vg| < M

we see (3.5) is valid. Theorem 3.2 is established. O

Remark 3.3. From the convergence accuracy theorem we know that it is unnecessary to add new and severe
restriction on the time step-length to assure the accuracy of iterative solutions; moreover, (3.1) is valid for any
s > 0, where the O constant is independent of s, in particular, s = 0 indicates that the semi-implicit scheme is
unconditionally convergent.
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3.2. PNF

Theorem 3.4. Let the Assumptions 2.1-2.4 and 2.10-2.11 and (S1) hold. If T is small enough, then the solution
of PNF iteration (2.11)-(2.13) has first-order temporal and second-order L? and H'-norm spatial convergence
to the solution of problem (2.1)-(2.3), and such convergence is uniform in s, that is, (3.1) is valid. Furthermore,

min U@ 2

= > Nl
o2 U 5 >0, Vs >0, (3.10)

thus the PNF iteration is positivity-preserving.
Proof. From (2.12) and (2.8) we have

(s+1 n s+1 n n

+ ) 5 + gj( +1) [ +1

— g7 = 67 (w) — g7 (w)] :5(A(s)5v(s+1))

4 { [A<S> — Au) + A’ (U<8+1> - U<S>)]

x ou + A’ (U<s+1> _ U(s)) 5 (U<s> _ u) } R
’ (3.11)

where v(()s+1) = vésﬂ) = 0, the first term in (3.11) is determined by (2.13). The term in {} on the right side of
(3.11) is equal to the following expression:

{7 (09 =) + A [U —u— (U =) [} our 4 [0 — = (0 = u)] 5 (0 —u)

= [A”(S> (U(s))Q + A/(S)U(SH)} du+ A’ (’U(S+l> — v(s)) sv',

where A*(®) is defined as in (3.4), and the following abbreviation is used:

AV //A” F §)1+U( )df(r—l)dr.

Let’s suppose
AL | < Cao, [AY] < Car, 1A < Cs, (3.12)

where Cy; (i = 0,1,2) are positive constants to be determined later.
Multiplying (3.11) by ( (s+1) §;‘)h, and summing up the products for j =1,...,J — 1, we obtain

J—1 J-=1
Q!+ oot P < 0 ooV [+ Y IR [T — £7n
j=0 j=1

J—1
+ O3 [(IW + [t D) foul + [o0FD = w500 | 6+ — 66" |h
j=0

(s+1) _fn
g S n 3 v g S
S80I+ Cllogn|* + Cl IR + Cll=———I** + Z o2

IA

+ CIE™? + C (IO o2 + oD + o+ — v |2, 60 2)

IN

a S S S S S
S 4 Oy v+ (o0, + )12, ) o0 12]

,U(s+1) _ gn H27.2

+2C1[|€"[|* + CLlIog™ | + C1| R™|* + 3C1 | (3.13)
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where C; > 1 depends on M, and Lemma 2.7 and inequality (3.6) for [ = s + 1 have been used.
Note that (3.3) is valid, from (2.13), we derive

gj(.SH) g5 — [g]"Jrl( ) — g]"(u)] =P (v](-SH) - §?) + Tngj(-s) + 7P + (vj(-s) =&+ Tdm?“)
x {3 (U}s))2 +(Up)* + 2U(S)U"} (o = o)
= P (") — ) + TR+ r P 4 gy
SR -g) (47 -8
where P; (i = 1,2,3) are defined as in Section 3.1, and
Pi= P (U, U}) =3 (U]@)2 +(Up)? + 20Uy
Py = Ps (U, U7 ) = du™ P,

Py = P (U(S) U, it ’P) — P,—Ps.

Make the assumption that

UJ(S) >0, U9 < K. (3.14)
So
P >0; |P|<Cp, i=234,5.
Thus
J—1 (s+1) n J—1
=Y (1+P) (T ! ) pr+ 3 Pl (o - ¢ )
j=1 j=1

<« (s+1) (s+1) - (s+1) _,(s) vl —gr ot —en
£ n S n S S J J ] J
+3 <P5vj + ngj) (vj fgj) h+ § 1: P, (vj — ) - —Lhr
]:

j=1
b

T

T,

3 U(S+1) gn S n S S
> (4 - 202T> |17 = Callo |7 = Callg" )12 = Ca (Il + %, + 1o, |

where Cs is a positive constant depending on Cp.

Combining the above inequality with (3.13), and using Lemma 2.7 and Holder’s inequality, by a thorough
derivation, we get

3 (s+1)
( - 5037) 1=+ ~llautD)?
4 T

e

T

< Cy [Iov@1* + (oI % + 0@ 12 ) 18612 + (D)% + o2, ) | r

o2+ 3 + 18P + 1R
il T

T

T

<y [(1 + D50 + oD auC D502 + (ot 6t + Ljsu |2 |

+ [0 )P+ 3€m I + [|6€™ 1 + IIR”“IQ}
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2

2 (s 2, (s v(®) —¢n
<O (L4 L4+ L) oo + 2RIt 4 2y (12 per )

() — fn (s)]12 2 2 +112 O s (s+1))2
l——I*7 +Hvs P+ 31" 17 + ClOE™ |17 + IR |+ 18071 (3.15)

So when 10C57 < 1, by using (3.6) for [ = s + 1, we have

(s+1) _ ¢n
[ S ER IR ESITE
-

S s s U(S) 75”
Jou (1 1ot 017) + o0 (12 )

2
<Cs

p(s) —¢n 2
(I )+ WO 4 IR + 1067 + R

where C5 > 1 is a positive constant depending on C4;(i = 0,1,2), Cp and o.
Make induction assumption for s’ < s,

5 s’
(II P+ [ + 5007 | <

DN | =

We can derive that

(s+1) _ ¢n
[ SR E TP MESITE
i

2

B ’U(S+1) _¢n ,U(s) _¢n
< Golou 1+ 05l = e 4 s (1 )

+2CS||7”273+(05+C5 +2C5T)||§n”2+CS||5fn||2+C5HRn+1H2

where (3.6) for I = s, s+ 1 has been used to get the above inequality.
If 27 < 05, then

(s+1) _ ¢n
[ A ER I E TR PRESITE
-

2

< 204 |56 | + 20 (||5|2 )
s) _ ¢n
U - n n n
e aColl S e (G O 4 2T 6+ 2651567 + 205 R
Denote y; = 2C5 (HU(S)%QHQT + [[v®))|2 + ||(5v(s)||2)7 then we have

Ys+1 < Y2 + 4057y, +4C5(C5 + O3 + 2057) (|67 + 4C3 (1667 + 4CF | R,

With the Assumption 2.11 and (2.8), the last term of the above inequality can be upper bounded by Cg(h*+72) <
1

Z. So we get

1

Ysr1 < y? +4Csm2y, + 06(h4 + 7'2).
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Denote xs = ys + 4C572, then

Xot1 = Ysi1 + 40572 < y% + 40572y, + Cg(h* + 7%) + 4C572
< Ys(ys +4C57%) + Cr(b* + 7°) < X2 + Cr(h* + 7).

Note that
0@ =y —yr+t @ g yen — rdun (3.16)
There is
v(0 —¢n _ U _gn g,
T T
So with U(® = U, we have
yo < C(h* + 1), (3.17)

furthermore,

X0:y0+4057'2 SC(h4+T).
x1 < X2+ Cr(h* 4 72) < Cg(h* 4+ 72).

Obviously, Cg > C7. Take Cy > Cg, we have
Xst+1 < X2+ Co(h* +77),  Vs>0,

and
x1 < 2Cy(h* 4 72).

For h and 7 small enough, there is
4Cy(h* + 1) < 1.

Using Lemma 2.8, we have

Xs < 2Co(h* +712), Vs> 2.

So
Ys < Xs < 209(h4 +T2), Vs > 1,
namely,
(s) _¢gn
2C% <||UT£|27_+ HU(S)H2 + ||(5v(s)||2) < 209(h4 _1_7_2)’ Vs > 1.
So Vs > 1,

7 + [|6v™]? < O (A" +72). (3.18)

By using (3.16) and the Assumption 2.11, we know (3.18) is valid for s = 0. Hence by Lemma 2.7, we find that
for all s > 0, [|[v®)||oc < 1. There exists a positive constant K such that the second inequality in (3.14) holds.
Taking

Cao= max |A@W)], Ca1 = max |A'(v)], Caz = max |A4"(v)],
o] <M+1 [u]<M+1 o] <M+2
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we see that (3.12) is valid.
Using (3.17), we show

U(O)— n . m\ 2
2C; <||T5||27+ o2 + ||5v<°>||2> <Ch'+71)< mln{l, (%) }

Then using the Lemma 2.7 we have

()
v
I

o2, < 205 ( Cidl SR O ||5v<s>|2) <20t + ) < ()2, Vs> 1.
-

Consequently,

min UCHY > 50, vs >0,

0<j<J 7 2
which means that the first inequality in (3.14) is also valid. The proof of Theorem 3.4 is accomplished. O
3.3. PN

Theorem 3.5. Let the Assumptions 2.1-2.4 and 2.10-2.11 and (S1) hold. If T is small enough, then the solu-
tion of PN iteration (2.11), (2.12), (2.14) has first-order temporal and second-order L? and H'-norm spatial
convergence to the exact solution of problem (2.1)-(2.3), and such convergence is uniform in s, that is, (3.1) is
valid. Furthermore, the PN iteration is PP, that is, (3.10) is valid.

3.4. DFPNF
Theorem 3.6. Let the Assumptions 2.1-2.4 and 2.10-2.11 and (S1) hold. If

(&) | _ (s) )
Jmax [ 1= 0 (Ju]).
then for T small enough, the solution of DFPNF iteration (2.11), (2.13), (2.15) has first-order temporal and

second-order L? and H'-norm spatial convergence to the solution of problem (2.1)-(2.3), and such convergence
is uniform in s, that is, (3.1) is valid. Furthermore, the DFPNF iteration is PP, that is, (3.10) is valid.

Remark 3.7. The proofs of Theorems 3.5 and 3.6 are similar to that of Theorem 3.4, so we omit them.

Remark 3.8. Ensuring the numerical results at each step of nonlinear iteration being positive is also meaningful
to the actual calculation, otherwise, when the nonlinear iteration has to terminate, one has to use certain
processing method such as “enforcing the negative values to zero”. Moreover, in the case of g(u) = u*, we note

9g9(u) _ 4,30
that =5~ = 4u’ G,

when U®) < 0, which doesn’t conform to the physical meaning of the diffusion equation.

and simple Picard iteration gives the term 4(U(S))3w. So an anti-diffusion occurs

Remark 3.9. Rigorous convergence accuracy proof of the fully implicit scheme in Section 2 hasn’t been pre-
sented, so our analysis of the various nonlinear iteration schemes in this section is necessary.

4. CONVERGENCE SPEED

In this section, we will prove the iterative sequence of the PF iteration converges to the solution of the FIS
linearly, and those of the PNF, PN and DFPNF iterations converge quadratically.
We assume that

(S2) max (U |oo + 00" oo + [|d: U™+ o) < Mo
0<n<N-1

Denote wj(-s) = U;S) — U;LH.
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4.1. PF

Theorem 4.1. Let the Assumptions 2.1-2.4 and 2.10-2.11 and (S2) hold. Then for the solution of PF iteration
(2.9)-(2.11), for T sufficiently small, there are

lim [[wCtD| =0, [w] < CrEllw®)].

Proof. From (2.10) and (2.5) we have

w(s—i—l)

(s+1) +1
J + g n ( n

J —9; 9; — g?) =5 (A(s)(sw(s-i-l))

T

) KA(S) - A) 5U} ., IPs, (4.1)

J
where w{*T") = w§5+1) = 0, the first term in (4.1) is determined by (2.9), and

A 0 = A (02) -4 (0) = A0

where
(s) ' (s)
S)x __ / s n+1
A —/0 A (ij-i-% + Uj+%> dr. (4.2)

Multiplying (4.1) by w§-5+1)h, and summing up the products for j =1,...,J — 1, we obtain

J—1

i Z { (5“ {g](;“rl) - (g;L-i-l g )} (s+1)} L
Jj=1
+2A 1|5 S+1)| h+Z( _An+1)§Un+16 j_J;l)h_O

Note that from (2.9),

where

Let’s assume

A, | < Cao, [AD*] < Car, |Po] < O, (43)

where Cyg, Ca1 and Cp are positive constants to be determined later. Note that according to Proposi-
tions 2.9 and 3.1, P; > 0.
Assume (S2) is established. According to Lemma 2.7, there stands

J—1 J-1
1
+1 (s) (s+1) n+1y,,.(8),, (s+1)
Jj= =

< Olld U™ |[lw@[flw D oo < Clluw ™| + %||5w(5“)\|2,
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where C' is a positive constant which only depends on Cp and the known data.
Also, there is

J—1 J-1
Z (Ag«jzl B An+1) 5U”+15w(1+11)h < CAlMl Z |w H(;w(b-‘rl ‘h
=0 ’ =0
-2
< 2wt + S0
2 20
In a word, we can derive
Lo 12 L O s (s+1))2 (s) 112
T 4 lldw TR < Ol (4.4)
where C only depends on o, Cag, Ca1, Cp, M and M.
So we have
[wtH V)2 < Crllw | < - < (O @2,
As long as C't < 1, there is
w1 < [lw @] < 2VLM, (4.5)

where the initial iterative value satisfies 0 < U;O) <MVI<j ;< J
Furthermore, according to Sobolev inequality and relations (4.4) and (4.5), there stands

[w D[ < V2w |12 < CoM

where Cy > 2(%)%\5 So by taking Co > Co + 1 large enough and then taking

Cao = max |A(v)], Ca1 = max |A'(v),

lv|<CoM [v]|<CoM
Cp = max |P2(U1,UQ,1}3)|,
"U1|§C0]VI,‘U2|§M,I’U3‘SM
we show (4.3) is valid. The proof of Theorem 4.1 is completed. O
4.2. PNF

Theorem 4.2. Let the Assumptions 2.1-2.4 and 2.10-2.11 and (S3) hold. Moreover, C (L[w® >+
| 6w (©) ||2) < 1 holds for some positive constant C which depends only on the known data. Then for the solution
of PNF iteration (2.11)—(2.13), there exists a positive constant 7o which depends only on the known data, for
7 < 19 there hold

— LyjpGHD)2 4 || S (st |2
tim (0 + ) ) o, Tz 00T ]
S—00 5—00 (%”w(s)HZ_i_”(sw(s)Hg)

(4.6)

Proof. From (2.12) and (2.5) we have

9j
J

-5 (A<S>5w<8+1>) 45 { [A<S> A+ AW (U<S+1> - U<8>)} SU+A" (U<S+1> - U(S)) B (U(S) - U)}
J

w@-&-l) + g§s+1)

i n ( n+1

9j g?)
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where w(()SH) = w§s+1) = 0, the first term in (4.7) is determined by (2.13). The term in {} on the right side of

(4.7) is equal to the following formula:
{40 (U —0) + 4 [ott) —u — (0@~ )| }ov + 4 Ut —u - (U@ ~v)] 6 (U© V)

_ {A/ms)* (w(5)> 4 A s+ } U4 A/ ( (s+1) _ <s>) S,

where A(®)* is defined as in (4.2), and

AV / / A” r (8)1 +U( ) ) dr(r —1)dr.
Let’s suppose
(s) I(S) //(S)*
\AH% < Cao, ‘Aﬂ% < ‘A (4.8)
where C4; (i = 0,1,2) are positive constants to be determined later.
Multiplying (4.7) by w(‘sﬂ)h, and summing up the products for j =1,...,J — 1, we obtain
! LG (o) (s+1)
s+1)12 s+1 n n+1 s+1 s+1)12
w4 Z (951 = g7 = (g + g7) | wi R+ ol
iz
<C Z [( 2 4 (et |) 16U + [wD — w®]]6w®)|] |50+ R
a S S S S S S
5\\6w< #0124 0 (s + D)2 4 D — w2 ).
where C' > 1 depends on M.
Note that from (2.13),
3 2
S = (R om0 () ) o
where
2
p=p (Uur) = (U +0p) [(U;S)) + (U;)ﬂ :
Py= P, (U9, 0+, um) = qur+t |3 (0@ 4 20@um 4+ (Um)?
2 2\Y3 i 0 t~j J i i J ’
Py =P (U,U7) =3 (U(S)>2 + 20U 4 (U2
3 3\Yi Y J i v il
P= Py (U9, 07) = = (301 + 507+,
Py = Ps (UPH) = —6 (UH)?. (4.10)

Make the assumption that

(s) (s) i
U >0, U9 <K. (4.11)



NONLINEAR ITERATION ACCELERATION SOLUTION 1483

Obviously, P, > 0. Hence

J—1

1 s n s
SO = (g =) |
j=1

S 1 1 S S S S S S S
> —Crf|wt V2 — — (4w( O+ CollwSH Vw12 + Call6w™ |2 |* + Calldw || ' )2) ;

where C; > 1 (i = 1,2, 3,4) are positive constants which depend on |[U®) || oo, [U™ || o, U™ || and ||d:U™ | o,
and the following inequalities have been used:

o I§ < Clow 2 lw@ 12, w5 < Cllow! |?w 2.

Then we have

3—4(C+Cy)T
47
< C (@ + (% + w2 ) [15w®]?)

. g
D1 + 5 w2

1
+ — (Calleo 2 w2 4 Call w0 2™ [ 4 Call e 2|2
< C [(1+ Do [+ o+ ow D 6w
1
+ — (Callauw D |2 + G| P [w | + Call w2 ]

If 4(C + Cy)7T < 1, then
1 1 1
TV 4 80 < Gy I8 (14w DIR) + Tt Pl + L s P
L 5w ® 121w |12
+ —low 7l [I7
-
where C5 > 1 is a positive constant depends on C; (i = 1,2,3,4) and . Make induction assumption
Lo (52 (s) 2 1 /
Cs | =llw™ 7+ low™ |7 ) < 5, Vs’ <s.
T 2
So we get
1 1 1 .
[l DI 4+ [ow I < Csflow ™ |1* + o flw D) + §|I5w(s+1)ll2 + [l |72
+ 5w 22

Hence for 7 < Cj, there is

2
1 1
20, (||w(8+1>||2 n |6w<8+1>||2) < [205 (||w<s>2 n |6w<8>||2)}
T T
2s+1

1
<. < {205 <T||w(0)||2 + ||5w(0)2)]
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We observe that if only
25 (HIw O + J6u?) <1,
then
20, <i||w<s>2 " |5w<8>||2> <1, vs>0.

So [|w®||oe < 1 holds for all s > 0. Then ||U®)|,, < K is satisfied. By taking

Cao= max |A(W)|, Ca1 = max |A'(v)], Caz = max |A"(v)],
[v|<M+1 [v]<M+1 [v]| <M+2

we show (4.8) is satisfied.
Assume 2C5 (L |w© |2 + ||6w(®]3) < min (1, 2). Then we have

. 1 ) 2
Hw(é-H)Hio < 205 (Tw(a+1)||§ + ||5w(s+1)||§> < (%) ,

S0
min UETY > 5 0 vs>o0.
0<j<J 7 2
It follows that (4.11) is valid. The proof of Theorem 4.2 is completed. O
4.3. PN

Theorem 4.3. Let the Assumptions 2.1-2.4 and 2.10-2.11 and (Ss) hold. Moreover, C (%[w® >+

16w |2) < 1 holds for some positive constant C' which depends only on the known data. Then for the solution
of PN iteration (2.11), (2.12), (2.14), there exists a positive constant 7o which depends only on the known data,
for T < 719, (4.6) holds.

Proof. Note that from (2.14),

g;s+1) o g? N (g;LJrl _ g;l) _ le(s-l-l) =+ P2(w(s))2’

where
Py =P (UYW) =4U®)3,
Py = P (UW,U™) = —[3(U®)? + 20U+ 4 (U™F1)?).

Make assumption that

U](S) >0, U9 <K, (4.12)
then P; > 0, hence
1 (s+1)  n ntl _ n (s+1)
;Z {gj —95 = (4 —gj)} wy Tk
j=1
> =3 2w - o 2 —3 S wl IR - Co w2,

where Cy > 1 is a positive constant depends on the upper bound of ||U®)||5 and [|[U"1!||s.
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Applying the derivation process similar to Section 4.2, we obtain

1
[l V2 + ol swlH D2
.

11 X 1 ) X

< =D + Ca[low |2 w2 + 25w+
2T T 2
€ (L, + 0D+ ) - w2, 5

then
1- 207, 2 4 T st G4 1 D150 [ 15w ) |12
w2 4 22 < € (w1 + D e+ flow ) 2)
So we derive if 2C'7 < 1, then
1 S S S S
w2 4 52 < Collgw ¢ (1+ u+)2)

where C5 > 1 is a positive constant depends on C' and o.
Then the proof is completed by following the same argument as that in Section 4.2. (]

4.4. DFPNF
Similarly, we can prove the following theorem of the quadratic convergence speed of DFPNF method:

Theorem 4.4. Let the Assumptions 2.1-2.4 and 2.10-2.11 and (Ss) hold. Moreover, C ([w(® >+
16w [|2) < 1 holds for some positive constant C' which depends only on the known data. Then for the solution
of DFPNF iteration (2.11), (2.13), (2.15),

(i) when 611)120 omax |5j+%| =0 is satisfied, the first formula in (4.6) holds;

. (s) _ (s) . . .

(ii) when o nax |5j+%| O(JJw'®)|)) is satisfied, the second formula in (4.6) holds.

Remark 4.5. These theoretical results indicate that it is unnecessary to add new restriction on the time
step-length to assure the convergence speed of these iteration methods.

Remark 4.6. In Theorem 4.4 (i) and (ii), the selection criteria of ¢ are given. In practical calculation, ||w(®||
can be replaced by [|[U+Y) — )| while in this paper, a fixed ¢ is taken.

Remark 4.7. In Sections 3 and 4, the convergence accuracy and convergence speed of the iterations are proved
individually. Actually, we can make use of the conclusion of their counterpoints to simply their proofs.

Remark 4.8. So far, we illustrate the analysis on the nonlinear iterations corresponding to FIS with spatial
finite different discrete method. Actually this performance is also available for finite volume (FV) schemes.
For example, a vertex-centered FV scheme can be formulated through a derivation satisfying the discrete

.. . . . . 24"t AM N (U
flux continuity requirement. On uniform meshes, with the new notation A"} U) = %,
J+§ AJ‘ (U)+Aj+1 (U)

A;.“H(U) = A(z;, t" U;”l), etc., in (2.5)—(2.7), it looks like the FD scheme, yet preserves local conservation.
The same properties are gained after being analyzed alike with slight complexity.

where

Remark 4.9. The ideas in this paper can be extended to 2-dimensional problems, and similar conclusions are
valid.

Remark 4.10. In this paper our theoretical results are proved under some assumptions on known data such
as the diffusion coefficient A(x,t,u). We will continue to research how to weaken these restrictions in future
papers.
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TABLE 1. Spatial accuracy of four iterative methods.

Mesh size 30 x 30 60 x 60 90 x 90 120 x 120

1 (LQ) Error  6.0400e-4 1.5104e-4 6.7142e-5 3.7775e-5
Order - 2.00 2.00 2.00

I (Hl) Error  2.6962e-3  6.7440e-4  2.9974e-4  1.6859e-4
Order - 2.00 2.00 2.00

TABLE 2. Temporal accuracy of four iterative methods.

Mesh size 5 10 15 20
e (LQ) Error 3.2492e-2  1.8674e-2  1.3002e-2  1.0012e-2
Order - 0.80 0.89 0.91
e (Hl) Error 1.4454e-1  8.3090e-2  5.7859e-2  4.4548e-2
Order - 0.80 0.89 0.91

5. NUMERICAL EXPERIMENTS

In this section, we present some numerical experiments on model problems to verify the theoretical results
and compare the accuracy and efficiency of the four iterations, i.e., PF, PNF, PN and DFPNF iterations. Let
“DFPNF-¢” express the DFPNF iteration with small parameter €. Take the nonlinear iteration convergent
tolerance as 1.0e — 8 for accuracy tests and 1.0e — 12 for efficiency tests.

5.1. A manufactured solution problem

Consider a 2-dimensional version of equilibrium radiation diffusion problem (2.1)—(2.3) on (0,1)x(0,1) x (0, 2]
with the following diffusion coefficient, additional source, initial and boundary conditions

Alu) =u+1,
fla,y, t,u) = (14 4ud)[—e~ ! sin(nz) sin(ry)] — u?
—2(0.5 4 ¢7")? [cos? (mz) sin®(my) 4 sin? (1) cos?(my)]
+ (272 + 1) [(0.5 + e~ ) sin(rz) sin(my) + 1]* — 272,
p(z,y) = L.5sin(wx) sin(mwy) + 1,
(00, t) = 1.

the solution of which is u(x,y,t) = (0.5 + e~ *) sin(rz) sin(ry) + 1.

To demonstrate numerical accuracy, calculations are performed on four groups of meshes in each test. In the
tests for spatial convergence, the spatial meshes are 30 x 30, 60 x 60, 90 x 90 and 120 x 120, while corresponding
temporal meshes are 1800, 7200, 16 200 and 28 800. In the tests for temporal convergence, the spatial mesh is
fixed to 145 x 145, while the temporal meshes are 5, 10, 15 and 20.

Spatial convergence errors between the iteration solutions and the exact solution are listed in Table 1. They
include the results of PF, PNF, PN and DFPNF-1.0e — 4, DFPNF-1.0e — 18, with a precision of four decimal
places. The results of these iterations are so similar that difference only occurs to/after the fifth digit, which
cannot be seen in Table 1. It appears that all the convergence orders are about 2. Temporal convergence errors
are listed in Table 2 similarly. Obviously the orders are all about 1 for the four schemes. Tables 1 and 2 verify
the theorem of convergence accuracy in Section 3. The results are in accordance with theoretical expectation.

Table 3 compares the efficiency of the four iterative methods. Here, simulations proceed on a 60 x 60 x 7200
mesh. “Tol.nonl.”, “Tol.lin.”, “Avg.nonl.” and “Avg.lin.” respectively represent the total number of nonlinear
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TABLE 3. Efficiency comparison of different iterative methods.

Tol.nonl. Tollin. Avg.nonl. Awvg.lin.

PF 29440 243651  4.09 33.84
PNF 15276 144382  2.12 20.05
PN 15199 144110 2.11 20.02
DFPNF-1.0e — 4 15278 144377 2.12 20.05
DFPNF-1.0e — 18 29443 242825  4.09 33.73

000083 20r Nonlit.-PF
I o Lin.it.-PF
i Nonl.it.-PNF
2.5000E-03 - A Lin.it.-PNF
B v Nonl.it.-PN
15 . Lin.it.-PN
2.0000E-03 - A & Nonl.it.-DFPNF-1.0e-4
g ... o Lin.it.-DFPNF-1.0e-4
g 1.5000E-03 E o =00
w S 10f
E ) V-V-V-V-V-V-V-V-V-V-V-V-V-V:V-V-V-V:V-V-V-V-V:N
1 0000503 L2-DFPNF-1.0e-4 g | AAAALAAAAAAA R
H1-1.0e-4 L =
5.0000E-04 |+ St
i
1l
0.0000E+0 R A RAAAAS | MARARAAAAY A A |
0.5 1 1.5 2 0 0.5 15 2

FiGURE 1. Comparison on convergence errors and iteration numbers of PF, PNF, PN and
DFPNF iterations for Example 1.

and linear iterations needed for the entire computation and the number of nonlinear and linear iterations needed
in each time step. It shows that PNF and PN are much more efficient than PF. From Tables 1 to 3, we observe
that DFPNF can acquire similar accuracy as other iterations, and such result is not sensitive to the choice
of small parameter, which makes it available to use fairly “larger” parameters in DFPNF to accelerate the
computation. Table 3 verifies the theorem of convergence speed in Section 4.

Figure 1 compares the convergence errors and iteration numbers developing with time march of PF, PNF,
PN and DFPNF iterations on a 30 x 30 x 1800 mesh. Here “Nonl.it.”, “Lin.it.” respectively recognize the
number of nonlinear and linear iterations needed in each time step. It shows the four iterations have similar
accuracy, while less iterations are needed for PNF, PN and DFPNF (with proper parameter) iterations than
for PF iteration.

5.2. A more strongly nonlinear problem

Consider a 2-dimensional version of problem (2.1)—(2.3) on (0,1) x (0,1) x (0, 2] with the following diffusion
coefficient, initial and boundary conditions

Alu) = u® + 1,
o(z,y) = 1.5sin(rz) sin(my) + 1,
(09, t) = 1.
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TABLE 4. Comparison of spatial accuracy of four iterative methods.

Mesh size 15 x 15 30 x 30 45 x 45 60 x 60
12 Error  2.7705e-7 6.0502e-8  2.4944e-8 1.2811e-8
PF Order - 2.20 2.19 2.32
DFPNF-1.0e — 18 Jie Error  1.2286e-6 2.6868e-7 1.1081e-7  5.6954e-8
Order - 2.19 2.18 2.31
PNF 12 Error  2.7705e-7  6.0505e-8  2.4945e-8 1.2812e-8
PN Order - 2.20 2.19 2.32
DFPNF-1.0e — 4 H Error  1.2287e-6  2.6869e-7 1.1081le-7  5.6959e-8
Order - 2.19 2.18 2.31

TABLE 5. Comparison of temporal accuracy of four iterative methods.

Mesh size 6000 6500 7000 7500
12 Error  1.3556e-8 1.2412e-8 1.1433e-8 1.0586e-8
PF Order - 1.10 1.11 1.12
DFPNF-1.0e — 18 e Error  6.0305e-8 5.5229e-8 5.0891e-8 4.7136e-8
Order — 1.10 1.10 1.11
12 Error  1.3556e-8 1.2412e-8 1.1434e-8  1.0587e-8
PNF Order — 1.10 1.11 1.12
Jie Error 6.0308e-8 5.5232e-8 5.0893e-8 4.7138e-8
Order — 1.10 1.10 1.11
12 Error  1.3556e-8 1.2412e-8 1.1434e-8 1.0587e-8
PN Order - 1.10 1.11 1.12
DFPNF-1.0e — 4 e Error  6.0307e-8 5.5232e-8 5.0893e-8 4.7138e-8
Order - 1.10 1.10 1.11

TABLE 6. Efficiency comparison of different iterative methods.

Tol.nonl. Tollin. Avg.nonl. Awvg.lin.
PF 21469 167261  2.98 23.23
PNF 15469 111961  2.15 15.55
PN 15158 110987  2.11 15.41
DFPNF-1.0e — 4 15792 113036  2.13 15.70
DFPNF-1.0e — 18 21558 167686  2.99 23.29

Since the exact solution of this problem is unknown, the numerical solution on a fine 145 x 145 x 42050 grid
is taken as the reference solution. Then the errors between the numerical solutions on coarse meshes and the
interpolation values of the reference solution (instead of the exact solution) on these meshes are measured to

define the convergence errors.

Spatial and temporal convergence errors between the iteration solutions and the reference solution at the
time T = 2 are listed in Tables 4 and 5 respectively. In the tests for spatial convergence, the spatial meshes
are 15 x 15, 30 x 30, 45 x 45 and 60 x 60, while corresponding temporal meshes are 450, 1800, 4050 and 7200.
In those for temporal convergence, the spatial mesh is fixed to 90 x 90, while the temporal meshes are 6000,
6500, 7000 and 7500. Table 6 compares the efficiency of the four iterative methods. Again the results are in

accordance with theoretical expectation.
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6. CONCLUSION

This article focuses on designing new efficient iteration methods for solving equilibrium radiation diffusion
problem and performing theoretical analysis on their properties. The PF iteration and three Newton-type
iterations, PNF, PN and DFPNF are studied. By thorough operating on the temporal difference quotient terms
and developing the induction reasoning technique, we overcome the difficulties caused by the strong nonlinearity
of the problem, and analyze the convergence accuracy, speed and positivity of these iterations rigorously. Our
analysis shows that the four iteration methods all have first-order time and second-order space convergence in
L? and H' norms. They are positivity-preserving as the time and space step lengths being sufficiently small.
The iterative sequence of the PF iteration converges to the solution of FIS linearly and those of the PNF, PN
and DFPNF iterations converge quadratically. Numerical experiments verify the theoretical results, and show
that PN, PNF and DFPNF with suitable parameters are more efficient than PF iteration.
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