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COMPUTATION OF THE MAGNETIC POTENTIAL INDUCED BY A
COLLECTION OF SPHERICAL PARTICLES USING SERIES EXPANSIONS

STEPHANE BALACY*, LAURENT CHUPIN? AND SEBASTIEN MARTIN?

Abstract. In Magnetic Resonance Imaging there are several situations where, for simulation purposes,
one wants to compute the magnetic field induced by a cluster of small metallic particles. Given the
difficulty of the problem from a numerical point of view, the simplifying assumption that the field
due to each particle interacts only with the main magnetic field but does not interact with the fields
due to the other particles is usually made. In this paper we investigate from a mathematical point of
view the relevancy of this assumption and provide error estimates for the scalar magnetic potential in
terms of the key parameter that is the minimal distance between the particles. A special attention is
paid to obtain explicit and relevant constants in the estimates. When the “non-interacting assumption”
is deficient, we propose to compute a better approximation of the magnetic potential by taking into
account pairwise magnetic field interactions between particles that enters in a general framework for
computing the scalar magnetic potential as a series expansion.
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1. INTRODUCTION

This work is devoted to the study of a way of computing the magnetic field induced by a cluster of metallic
particles subjected to the static magnetic field of a Magnetic Resonance Imaging (MRI) device. These magnetic
particles locally induce magnetic field inhomogeneities. In some context, magnetic field inhomogeneities are
annoying since they perturb the imaging process giving rise to susceptibility artifacts in the image [2,27]. In
other contexts, the magnetic field inhomogeneities induced by the metallic particles can be exploited in the
imaging process for medical diagnostic. For instance, in stem cell therapy, magnetic particles are used for the
magnetic labeling of cells and MRI offers the potential of tracking these labeled cells in vivo [23]. Tumor cell
detection can be achieved by labeling the cells with iron oxide-based contrast agents [29]. We can also quote
the measurement of susceptibility effects due to blood in brain micro-vessel networks and application to the
MRI studies with or without contrast agents [5,13]. As well, pathological iron deposit in the brain plays a
role in neuro-degeneration [31] and iron has been identified as a potential MRI biomarker for early detection
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and diagnosis of Alzheimer’s disease. Thus, mapping the brain iron content, identifying and quantifying iron
deposits using MRI could provide new ways of diagnosing Alzheimer’s disease at an early stage [9]. This list of
examples is not exhaustive.

Over the years, numerical simulation has become an essential tool in the research field of MRI, for a better
insight into the physical mechanisms that govern the MR signal, for improvement of simulation sequences and
protocols, for safety assessment of medical devices, etc. The above mentioned problem is however tricky from a
numerical simulation point of view. Indeed, the large amount of particles prevent the use of standard numerical
approaches such as the Finite Difference Method [17], the Finite Element Method [12] or methods based on
integral formulations [28] since they require the meshing of the computational domain, taking into account
metallic inclusions, which is prohibitive from a computational point of view. For such a problem, in the existing
MRI literature, the calculation of the variations of the static magnetic field is usually done by adding the
analytical solutions of the magnetic field due to sources described by simple geometrical shapes: point sources,
spheres, (infinite) cylinders. The simplifying assumption is that the field due to each source interacts only with
the main magnetic field but does not interact with the fields due to the other sources, see e.g. [3,14,15,21,32] and
references therein. This assumption is referred as the “non-interacting assumption”. Sometimes, these analytical
models are coupled with statistical methods [30] or Monte-Carlo methods [3].

A rather close situation is found in electrostatics for the computation of the electric field due to multiple
charged dielectric spheres as encountered in various applications in sciences and engineering such as composite
materials, cloud formation, crystalization of charged colloidal, protein folding etc. Numerical methods such as
the Boundary Integral Equation Method combined with the Fast Multipole Method [18], the Method of Images
[4,22] or the Method of Moments as well as hybrid methods [10] have been widely investigated and compared
in this context.

One of the goals of the present work is to study from a mathematical point of view the validity of the
“non-interacting assumption”. At best, the assumption is justified experimentally in the above mentioned ref-
erences. Intuition suggests that this assumption is fulfilled when the particles are “far enough” but that it is
defective when the particles are “close” to each other. We quantify in this study how “far” and “close” have to
be interpreted.

The features of the particles involved in the above mentioned applications are generally not known precisely.
Their shape and size can vary around a mean configuration. However, in order to simplify the mathematical
investigations, we assume that all the particles have the same shape and size corresponding to the mean con-
figuration. Namely, we denote by 21,...,Qy the open sets corresponding to the particles, see Figure 1. For
simplicity and clarity, we assume that the particles are spherical, i.e. the open set ;, j € {1,..., N}, is a ball
centered at position ¢; € R3. We also assume that all the balls have the same radius denoted by ¢ > 0. The
boundary of €; is denoted by ¥;. It corresponds to the sphere centered in ¢; with radius e. We also denote by
Q¢ the surrounding area, i.e. Q¢ = R3\ U;V:I Q;, and by ¥ the boundary of Q¢, i.e. ¥ = U;V:1 ¥;. In this study,
besides €, a key parameter is the minimal distance between two particles defined as

= min . lei — ¢l (1.1)

Moreover, we denote by R > 0 the radius of a ball containing all the particles. Assuming the particles are not
in contact to each other and using volume considerations, we have the following constraints:

§>2 and N&° <8R (1.2)

We also assume that the particles are made of the same paramagnetic or weak ferromagnetic material and we
denote by p, > 1 their relative magnetic permeability.

As mentioned earlier, the effect of the main static magnetic field Ho of the MRI device (assumed to be
constant in direction and strength in the area where the particles are located, as it is usually the case in MRI)
is to generate a secondary magnetic field induced by the metallic particles. As usual in magneto-statics, the
mathematical problem can be formulated in term of the scalar magnetic potential ¢.
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FIGURE 1. Notations used to describe the cluster of metallic particles.

Our first result states that the error made when approaching the magnetic potential ¢ by the sum of the
magnetic potential ¢.; induced by the particles ;,j € {1,..., N} taken individually, i.e. under the “non-
interacting assumption”, satisfies the following estimate

N 3 3
(up —1)2 e\ (2 2R
— o <4ym—N|(= — B In{ — Hol,
HLP ;@] W1(R3) 4 Hp + 2 (R) ) 33 é R Ho

where the constant B3 was found to be By = 142 + 3In2 ~ 144.1, see Theorem 3.3. This result is consistent
with intuition: when considering a very large number of particles able to fill the area of interest completely
and evenly, the ratio (%)3 is proportional to the volume fraction of particles. Thus, when the volume fraction
is low, that is to say when the particles are spaced at a fairly large distance from each other, computing the
magnetic potential by neglecting magnetic field reciprocal interactions between particles gives a quite accurate
approximation. Using an integral representation of the error, we also obtain an L.°°-bound for this error, see
Theorem 3.6.

Another goal of the paper is to investigate the more accurate approach where mutual magnetic interactions
between metallic particles are also taken into account through a series expansion according to the following
general idea. Let us consider two particles ; and Qy (j,k € {1,...,N} j # k). Under the influence of the

magnetic field Hg, the particle £2; produces an induced magnetic field denoted ng) and the particle £, produces

an induced magnetic field denoted H(lk). The non-interacting assumption states that the total magnetic field
can be approximated by H ~ Hg + ng) + H(lk). Moreover, the effect of the magnetic field H(lk) (resp. H:(lj)) on
the particle Q; (resp. Q) is to produce an induced magnetic field denoted ng) (resp. H(Zk)). At the first order
of approximation, taking into account pairwise magnetic interactions gives rise to the following approximation
of the total magnetic field: H ~ Hy + H(lj) + H(lk) + H(2j) + H(zk). And the process can be continued at higher
order of approximation taking into account higher order of mutual interactions: The effect of the magnetic field
H(zk) (resp. H(ZJ)) on the particle Q; (resp. ) is to produce an induced magnetic field denoted ng) (resp. HE.,,k))7
etc. Note that since the magnetic field strength decays as the power 3 of the distance to its source, the two
particles ©; and € must be very close to each other (nearly touching) so that it is necessary to consider order
of approximation higher than one. Besides, the complexity of this approach increases severely with the order of
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mutual interactions and the number of particles, making it unsuitable for numerical purposes at order higher
than one. Thus, in the paper we restrict ourselves to the study of the accuracy of a method based on pairwise
magnetic interactions.

Denoting by ¢¢; ., the magnetic interaction potential of the particle §2; located at position ¢; on the parti-
cle Qy, located at position ¢, our second main result (Thm. 4.6) states that

N N N eng /2:\°
o= (04 3 0wy < A1 s =000 (5)° (%)
=t =g

(o (2) 5 (3) () (2

2
== m € [0, 1] A
L*°-bound for the error made by taking into account pairwise interactions is also provided, see Theorem 4.8.
By contrast, these sharp estimates provide an insight on the error related to the “non-interacting assumption”
with respect to the critical parameters which are: the size of the particles and the minimal distance § between
the particles.

We will not be concerned in the paper with practical aspects of the implementation of the numerical method
based on the computation of pairwise magnetic interactions. This point will be the object of a future work.

The paper is organized as follows. In Section 2, we introduce and study the magneto-statics problem. In
Section 3, we study the accuracy of the “non-interacting assumption” and prove the above mentioned error
estimate together with a point-wise error estimate. In Section 4, we study the approach consisting in taking into
account pairwise interactions in the computation of the magnetic potential and we prove the error estimates in
that case. Finally, Section 5 is devoted to numerical illustrations.

where A1 A4 = 213, Liy; denotes to the Polylogarithm function of order s, and A, :

2. THE MAGNETOSTATIC PROBLEM

2.1. Formulation for the scalar magnetic potential
The magnetostatic problem described in introduction, expressed for the magnetic field H, reads
rotH =0 inR3

divH =0 in Qq,...,Qn and Q° (2.1)
[uH-n] =0 across ¥4,...,2XN

where p is the piecewise constant function taking the value 1 in Q¢ and p, in Q;,j € {1,..., N}. Moreover, we
have the following condition at infinity
\E\ILHJ}OO H(z) =Hyp (2.2)
z€R3

where Hg is the applied magnetic field assumed to be constant in strength and direction. By convenience,
we denote by | | either the absolute value of a real number or the euclidean norm of a vector in R3. In (2.1)
and throughout the paper, we will denote by [u] the jump of the quantity w across one of the boundaries
¥ [u] = ulae —ula,;, j € {1,...,N}. As well, the quantity n will refer to the outward unit normal to the
boundary ;.

We reformulate problem (2.1) in terms of the induced magnetic field H',| such that H = Ho+H’. It is natural
to assume that H' belongs to L2(R?)? the Hilbert space of square integrable vector functions. Since H’ is curl
free, thanks to Poincaré lemma, we can introduce the so-called scalar magnetic potential p € W§(R?) such that

H =-Vop (2.3)
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where W} (R3?) is the weighted Sobolev space defined by

v
VIAP

W (R3) = {¢ € D'(R?) ; e L*(R3) ,Vy € ]LZ(R3)3} .

As outlined in [7] the semi-norm defined by

¥ € WH(R?) — (/R V| dx>2

is a norm on W§(R?), denoted by | - [|w: gs) in the sequel. Moreover, all ¢» € W{(R?) satisfies [¢)] = 0 across X
where ¥ denotes any regular surface ¥ in R?. The magnetic potential ¢ € W (IR?) satisfies the following problem
deduced from (2.1)

Ap =0 in Q,...,Qn and Q°
0
[uw} =[u|Ho-n across X1,...3y. (24)
on
We introduce the following normalization: x; = RZ; for ¢ = 1,2,3 where Z; denotes the dimensionless

i-th coordinate. In the dimensionless coordinates system, problem (2.4) for the new unknown @ defined by
|Ho|Rp(7) = ¢(R7Z) for all ¥ € R? reads

Ap =0 inﬁl,...,ﬁNandﬁc

9ol _ . Ho = ~ (2.5)
[Man} = [y] Ho| ‘N across Xq,..., LN

where ﬁj = B(¢;,¢), ¢; = ¢j/R, € = ¢/R and Q° = R3\ Ujvzlﬁij We also set & = 6/R. Note that the
conditions (1.2) give rise to the conditions

o~ 8
2 — 1. 2.
s<6<N< (2.6)

From now on, we will only consider the dimensionless problem (2.5) and, for convenience, we will drop the tilde
symbol (7) introduced to distinguish dimensionless quantities. As well, we do not write down vectors in bold
letters anymore.

Thus, we have a magnetostatic problem in the form:

Ap =0 in Q,...,Qy and Q°
(2.7)

[HZ:] =[u]h across Xy,...,Xn

for a given h € L°°(X). The weak formulation of problem (2.7) reads: find ¢ € W{(R®) such that for all
¥ € Wo(R?)

N N
/ch.vquﬁﬂp;/%v@-wdx(Mp1)j§fzjh¢da. (2.8)

A direct application of Lax-Milgram theorem proves that problem (2.8) has a unique solution ¢ € W{(R?).
Moreover, using ¢ as a test function in (2.8), we get

N
Il ray < (p = 1) D Wellioe ) el s,y (2.9)
j=1
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and from the trace inequality (A.1) given on Appendix A, we deduce that
3
lellw @s) < A1 (pp —1) N e2 [[hllLe(z), (2.10)

where [|h|lL=(s) = supjeqr, . vy |PllLe(s;) and where A; = v4m. Applying these results in the special case
when h = % -m whose L°°-norm equals 1, we have proven the following proposition.

Proposition 2.1. There exists a unique o € W§(R3) solution to problem (2.5). It satisfies
Il o) < Ax (p = 1) N &2, (211)
where Ay = /4.
2.2. The one particle case as a reference problem
We consider the following reference problem: find o, € W§(R?) such that
Aprr =0 in B(0,¢) and CB(0,¢)

[uagf} = [u]h across S(0,e) = 9B(0,¢)

(2.12)

where CB(0, ¢) denotes the complement of the adherence of the ball B(0,¢), u = p, in B(0,¢), u =1 in CB(0,¢)
and h = ﬁ—gl -n. For convenience, we consider a reference frame (0, e1, €2, e3) such that Hy defines the direction

of e3. With this convention, we have h = e3-n. Problem (2.12) admits a unique solution ¢t € W§(R?). (Indeed,
it corresponds to problem (2.7) in the special case when N = 1 and Q; = B(0,¢).) In this simple geometrical
framework, the solution ¢..¢ can be computed analytically using the separation of variables method in spherical
coordinates. We obtain

-1
Mp+263-ac in B(0,¢)
Pref(z) = Z” 1 3 _ (2.13)
P —3 es-x  inCB(0,¢).
tp+2 |z|
Moreover, the gradient of pef is given by
-1
e N in B(0, )
fp + 2
Vret(z) = Mi _1 3 r - (2.14)
— 7‘3e~x——e) in LB(0,¢).
s o (3 9) = (®¢)
From (2.13) and (2.14) we deduce the following estimates.
Proposition 2.2. Let oo be the solution to problem (2.12). For all x € CB(0,¢), we have
p ¥ p y€)s
pp—1 &3 pp—1 &3
ref ()] < —— and Vorer(x)] < 2 _ 2.15
()] < H2 2 V()] < 222 5 (215)
For a spherical particle with radius e centered at position ¢; € R3, introducing the translation mapping
T, :x € R®*— 2 —¢; €R?, (2.16)
we readily obtain that the function ., = @rer 0 T, satisfies
Ap., =0 in Q; and CQ;
Do, .
{#{;ﬂj} =[ulh across X; . (2.17)
n

The situation is illustrated in Figure 2. The solution ¢, to problem (2.17) is the magnetic potential induced
by the metallic particle §2; submitted to the magnetic field Hy.



MAGNETIC POTENTIAL INDUCED BY A COLLECTION OF PARTICLES

z3
Tj z

5 /\ .
O xl
L (N
/

\ x]_
FIGURE 2. Notations for the translation of the coordinates system.

3. ACCURACY OF THE NON-INTERACTION ASSUMPTION

3.1. Approximation under the non-interacting assumption

The solution ¢ to problem (2.5) can be expressed as

N
QOZZSOCJ- +¢

j=1

1079

(3.1)

The sum can be interpreted as the scalar magnetic potential induced by the metallic particles under the assump-
tion that they do not interact together. Since outside a particle, the magnetic field induced by the particle
decreases as 1/r3 where r denotes the distance to the particle center (see Prop. 2.2), if the particles are at a
distance sufficiently large from each other, or if the solid fraction of particles is small, their mutual interaction
contribution to the total induced magnetic field can be neglected and it would be reasonable to expect that the
approximation ¢ & Z;VZI ¢c, is of good quality. However, if the particles are “not too far” from each other, or if
the volume solid fraction of particles is “not too small”, this approximation is not anymore accurate. We want
to quantify what “not too far” or “not to small” means by studying the behavior of the correction term .

Proposition 3.1. The function v introduced in (3.1) belongs to WE(R3) and satisfies

Ay =0 in Qy,...,Qn and Q°
o

pu—=—| =[pu]go across Xi,..., Xy
on

where the data go is defined for allz € ¥;, i € {1,...,N}, by

N
go(r) = — ZV@ref(TCj (z)) - n(z).

J#i

Proof. By linearity, ¢ belongs to W§(R3) and satisfies the Laplace equation in each domain Q;,i € {1,...

and in Q°, together with the following interface conditions across ¥;,7 € {1,..., N}:
N
aw _ agp aSDCj
o= - b

Let i € {1,...,N}. From (2.5) and (2.17), we have the following condition at the interface ¥;

{ugz] =[ulh and {ua(;p;] = [u] h.

(3.2)
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We deduce that
N

0 Ao,
{ 8:/:] - ; {,u gnj] across ;. (3.5)

J#i

For any j € {1,..., N}, j # i, the potential ¢.; solution to problem (2.17) is continuous in R3 and it is regular
(regularity C*°) everywhere except on the boundary X;. Since for all j # i we have |¢; — ¢;| > 2¢ (this condition

states that the particles Q; and Q; with radius € do not intersect), the normal derivative g;j is continuous
across Y; so that (3.5) also reads

oY &pc]

|: an:| _[:u’] = Z Vpref © T U (36)
ﬂ;i J#t

Proposition 3.1 is proved. O

3.2. Wl-estimate of the error under the non-interacting assumption

Proposition 3.2. The source term go defined in (3.3) is such that

pp—1 (2)° 2
||90||]L<>°(2)<2M — |5 ) (Bs+3m(3 (3.7)
P

where By = 142 4+ 31n2 =~ 144.1.

Proof. The proof relies on Proposition 2.2. For all x € 3;, we have

N N 3
pp — 1 €
go(z)| < V oret TC]. z))| <2 . 3.8
| 0( )| ; | ( ( ))| Ly n 9 p |ch (Z’)|3 ( )
J#i e

The quantity |ch (x)’ is the distance from the center c; of the particle {; to the point = € ¥;, see Figure 3. It
is shown in Appendix B, see relation (B.1), that

z;| 1 <B3—|—3ln (?)) (?)3 (3.9)

Combining (3.8) and (3.9) gives the estimate. O

Note that problem (3.2) for ¢ has the form of problem (2.7) for ¢ for the boundary data h = go. As a direct
consequence of (2.10) and (3.7), we have the following result.

Theorem 3.3. Let Q4,...,Qx be N spherical particles in B(0,1) C R3, centered respectively at cj, j €
{1,..., N}, with the same radius ¢ > 0. Let ¢ be the minimal distance between two particles as defined in (1.1).
Let o, = @ref © Te; where @rer is given by (2.13) be the magnetic potential induced by particle Q; taken in

isolation from the others. We have
(Np - 1)2 3 (2 ’ 2
<24,—~—N — B3 +3In|( = 3.10
Wi ®S) 1 1y T 2 €2 3 3+ 31n 3 ( )

N
HSD - ZSOCJ-
j=1

where Ay = v4m and By = 142 4+ 3In2 ~ 144.1.

Remark 3.4. In terms of our key parameters, the bound given in relation (3.10) for the first order error term

in our asymptotic expansion of the magnetic potential ¢ is the product of N 3 (which is the order of ¢, see

estimate (2.11)), by a complementary term comparable to (2—5) (1 +In ( ))
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J(x1,1'2,$3

i

FI1GURE 3. Effect of the translation of the coordinates system for several particles.

3.3. L*°-estimate of the error under the non-interacting assumption

Now, we are interested in providing a point-wise estimate for ¢ = ¢ — Zjvzl ¢c;- While the estimate of
|9 |lw (rs) was based on Lax-Milgram theorem, our point-wise estimate for ¢ relies on integral representation
formula for the Laplacian. Namely, the solution ¢ to (3.2) can be expressed, for all € Q¢, as ([6], Thm 2, p. 120)

Y(x) = —(pp — 1)2 (/Ego(wg(%y) dy — /E V() 0,G(x,y) dy> (3.11)

where G, the Green kernel of the Laplacian in R3, and its normal derivative on ¥;, denoted 0,,G, are given by:

1 n-(z—y)

G(z,y) = yrp——t oG (z,y) = P pa—El (3.12)
We deduce from (3.11), the following estimate for 1):
N
@) < (1p = 1Y (lgolle s 166l + [llacs,) 1029l g ) (3.13)
j=1

where the choice of the norms involved in (3.13) are guided by the regularity of Green’s kernel. Indeed, it
is known (see [6], Rem. 4, p. 127), that G(z,-) is integrable on any boundary X; and that 9,G(x,-) belongs
to LP(X;) for all p < 2. Having a L°°(X;) estimate on gy (see Prop. 3.1), the way the first integral is bounded is a
natural choice. Concerning the second integral, we will use the fact that the Sobolev and trace inequalities imply
that [|¢¥]|La(s;) < Azl[t|lw (rs) where Az = 2/( 3% \/7) (see Prop. A.2), and that 1 is controlled in W (R?)-norm
(see Thm. 3.3). Our point-wise estimate for 1 relies on the estimates provided in the following lemma.

Lemma 3.5. Let Qq,...,Qx be N isolated spherical particles in B(0,1) C R3, with boundaries ¥1,..., 3N,
respectively centered at cy,...,cny with the same radius €. Let & be the minimal distance between two particles
as defined in (1.1). For all x € R®, we have

N 9 3
Z 1G(z,)llLi(s;) < By <6> e+ M,e (3.14a)
j=1
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2\° s s
and Znang Moy < B (5 ) et + 00 et (3.14b)

where M, < min(64, N) corresponds to the number of particles whose distance at x is less than 26 and the other
constants are such that By =~ 8.385, By ~ 6.611 and Az =~ 0.3439 (all the constants introduced throughout the
paper are summarized in Tab. E.1, p. 1108).

Proof. Let us start by proving the estimate for S; := Zjvzl 1G(x,)||lLi(x,)- For x € Q¢ and for j € {1,..., N},
the quantity ||G(z,-)[|lL1(s,) is the solution to the following problem (see [6], Thm. 2, p. 120):

Au =0 in Q; and R3\ Q;
[u] =0 across X; (3.15)
[Onu] =1 across Xj.

The solution to problem (3.15) can be computed analytically by using the separation of variables method in
spherical coordinates. It is found to be:
g2 —
e ifx e R3 \ Qj
u=G(z, )L, = 17— ¢l (3.16)
€ if x € STJ

We split the sum S into two parts. The first one, denoted S;'°*" in the sequel, corresponds to the indexes j
such that the center ¢; of the particle ; is at a distance of z smaller than 2§ and the second one, denoted S
in the sequel, corresponds to the indexes j such that the center c; is at a distance of x strictly larger than 2.
Accordingly,

N N
Si= Y 9@ ey + Do 196w, = ST+ S (3.17)
\w::\1<25 \zj;jll>25

The number M, of terms in the sum S7°*" is bounded independently of N. Since x € ¢, M, corresponds to
the number of disjointed balls of radius 1 that can be contained in a ball of radius 4. By volume consideration,
one can show that M, < 64. From (3.16), we deduce that ST < M, €.

Using relation (3.16) and a strategy similar to the one used in Appendix B to show relations (B.1) and (B.2),

we have
N

2
5 65
Sfari o /
; |z —c;| 53 Z CJ’2)|QJ—C]|
lo—cj|>25 | — 1‘]\>25
68 Z / 68 dy
=1 JB(e8) |x—y\ —% Bz 2+3)\B@,%) [T —y| — 3
lo—c;|>26
o 24 2 /2+§ r2dr  24¢? /2 (s+32)%ds B 2 352
S8 Ju =3 0 s s o \s

where we have introduced the constant

23(s+ %)% ds 302 82 2
By [ HE o (20 - 4 G (F)) s

We finally deduce that

2 3
Sy = Srear 4 Sfr < By <5> 24 M,ye (3.18)
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where the contribution M, ¢ is actually only present if x is at a distance less than 2§ from at least one particle.

The estimate for Sy = Y10, [0aG(x, )], 4 =)
- J

into two parts Sy and S according to the distance between the point 2 and the spheres e

is obtained in a very similar way. We split the sum over j

N N

S= Y 106N g, b D 100G g, = S SE (3.19)
i=1 =1
|lz—c;| <28 |z—c;|>28

The number of terms in the first sum S3°*" is, as before, bounded by M,, independently of N. In order to
estimate the quantity [|0,G(x, ) when |z — ¢;| < 26, we first introduce the projection z* of z on X;. We

note that (see Appendix D)

et s,y

VyeXi  [0nG(x,y) <[0,9(2",y)|

and that the quantity ||0,G(z*,)||. 4

Ld () can be explicitly evaluated (see Appendix D for details). We have

10nG (@, )l 4 sy ) < As et (3.20)

(Z4)
where A3 = ||87lg((15 070)7 )”]L% (S2)

dilation one easily reveals the factor E%). Finally, we obtain

~ 0.3439. (The result is proven in Appendix D for a ball of radius 1 but by

3
Spear < N, Age?.

Let us now consider the sum S5 in (3.19) over the indexes j such that z is at a distance larger than 2§ from

the center ¢; of the particle ;. For = such that |x — ¢;| > 2§ and for y € £;, we have

20 —¢ 3
e —y| =z —ci| —e 2 —(—|v —¢j| > ~|zr — ¢4
2 4
so that
1 dy 4 dy 4 9.3 1
On AL S = e S oo — % =—(4 I 3.21

Summing over j and using the same strategy as in the case of the sum Si**, we deduce that

2\? .
SéargBQ (5) 53

where By = V2 maxssg (8 —66 —6%2+85 ln(g)) ~ 6.611. We finally deduce that

1
34
near far 2 ’ 2 2
82282 —|—S2 < By g €2 + M, Aze?
where the contribution M, As 3 is only present if x is at a distance smaller than 26 to any ball. (Il

We are now in position to state the following point-wise estimate for v under the same assumptions as for
Theorem 3.3.
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Theorem 3.6. Let Q1,...,Qy be N isolated spherical particles in B(0,1) C R3, centered respectively at cj,
jeA{l,...,N}, with the same radius €. Let & be the minimal distance between two particles as defined in (1.1).

Let @, = @ref 0 Te;, where @yt is given by (2.13), be the magnetic potential induced by the particle Q; taken in
isolation from the others. For all x € Q°, we have

o= o] <=2 (5 (mvam (3)) (1 (3) e
4 A1 Ay (i — 1) N €2 (32 (?)3 M, A3)> (3.22)

where M, < min(64, N) corresponds to the number of particles whose distance at x is less than 2§ and
A1, Ay, As, By, By are positive constants (see Tab. E.1, p. 1108 for their full expressions and values).

Proof. From (3.13), ¢ = ¢ — E;V:1 @, satisfies for all z € Q°,
N
@) < (1p =1 D (lgollees) 19 Mures,) + llscs,) 19a9( )4 g, )- (3.23)
j=1

From Lemma 3.5, we have the estimates

N o\ 3

Z Hg(.l” -)||L1(E].) < B]_ (5) 52 + M$5

j=1
al 2\* . 5
Z |06 (x, -)||L%(Ej) < Bs (5) €2 + M, Aze2
j=1

and ||go ||~ (x,) is estimated in Proposition 3.2 so that it remains to estimate [|¢)||L1(s,). From the trace theory
and Sobolev embedding results, we deduce (see Appendix A for details):

Vie{l,...,N}  [[¥llacs,) < A2lldllwes), (3.24)
2

data h, 1) satisfies the estimate (2.10) with h replaced by go, i.e. for all j € {1,..., N}, we have

where Ay = . Since % is solution to problem (3.2) which differs from problem (2.7) only by the boundary
8

3
[llacs;) < ArAz (up — 1) Ne2 [|go|lLe(s)- (3.25)

O

Remark 3.7. Both Theorems 3.3 and 3.6 can be interpreted as follows. In the extreme case when we consider
only two particles, the error made by adding the contribution of the two particles to the magnetic potential
assuming no mutual influence is roughly speaking proportional to the cube of the ratio of the particles radius
to the distance separating the two particles. In the other extreme case when %onsidering a very large number
of particles able to fill the area of interest completely and evenly, the ratio & is proportional to the volume
fraction of particles. Thus, when the volume fraction is low, that is to say when the particles are spaced at a
fairly large distance from each other, computing the magnetic potential by neglecting magnetic field reciprocal

interactions between particles gives a quite accurate approximation.
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4. TAKING INTO ACCOUNT PAIRWISE INTERACTIONS

4.1. Reference problem for pairwise interactions

When the approximation ¢ ~ Z;V:1 e, is not accurate enough, one can compute the error term 1 in (3.1)
using the same idea as the one introduced in the previous section for the magnetic potential ¢, that is to say

by expanding 1 as
N N
P :Zz‘pchq +X (4.1)

1 k=1
7= k#j

where @, ;5 J,k € {1,..., N}, k # j, are found to satisfiy

Apepe; =0 in Q; and (Q;
Hoer (4.2)
{##} = [p] (Vreg 0 T,) -n across 3;.

The gradient of ¢, ., is the magnetic field, denoted Hy 9) in the introduction, induced by the particle §2;

subjected to the magnetic field H1( M where H( ) = = Vret 0 T, is the magnetic field induced by the particle 2
subjected to the magnetic field Hy.

It should be noted that each couple of functions (¢, ¢, Pc,c;) is related to the potential created by the two
particles §2; and Q. Namely, the sum ¢c; + ¢c, + @c; e + Pey,e; corresponds to the potential created by the
two particles {2; and €y, without taking into account the other particles. Note also that ¢c, ¢, # ¥ c;-

The solution ¢, ., to problem (4.2) can be expressed as

Per,c; = Per—c;j,0© ch (4.3)

where ¢, ¢, .0 € W§(R?) is solution to the following reference problem for u = ¢; — ¢;

Ay =0 in B(0,¢) and CB(0,¢)
9 ;Lef u (44)
[MW} = —[ulg"* across S(0,¢)

where g% = —(Vprer 0 Ty) - 1

Note that when studying the non-interaction assumption in the last section, the reference problem was
independent of the ball center: for symmetry reasons, by a translation one could consider a ball centered at
origin. When considering pairwise interactions, there is no more symmetry and the reference problem depends
on the relative position of the two balls.

The objective now is to obtain estimates for ¢}; similar to the ones obtained for ¢,¢f in Proposition 2.2. The
main difficulties are that we do not have an explicit expression for ¥}, as it was the case for ;¢ and that there
is no longer invariance by rotation of the solution to problem (4.4) as it was the case for problem (2.12).

4.2. Explicit solution to the second reference problems

Since 9% satisfies the Laplace equation, it can be expanded in spherical coordinates (r,6,7) as

o) =5 Y (az Wy m) ¥ (0.) (4.5)

£=0 m=—/¢

where aj* and 3" are complex numbers to be determined and Y, denotes the Spherical Surface Harmonic
function of degree ¢ and order m [25].

The following lemma, specifies the expression of the series expansion of ;... This expression is purely formal
at this stage. Convergence of the series expansion will be proved with Proposition 4.3.
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Lemma 4.1. The Spherical Surface Harmonics series expansion of i, reads

wzfef(rv 9, 77) =

¢ ¥/
pp — 1 r e .
Z uflul o0 YM(0,m)  ifr<e
P

+oo
{=0m
+oo

=0m

52+€
(1 +1g+1 1+49?nm(9777) ifr>e
P
where gy = 0277( " g%(0,n) Y, "(6,n) sin(0) d@) dn are the coefficients of the Spherical Surface Harmonics

series expansion of the source term g* introduced in (4.4).

Proof. We consider the formal series expansion (4.5) of the solution ;%; to problem (4.4). Because the magnetic
potential must be bounded for r = 0, it reads in B(0, ¢)

+oo

Yute(r,0,m) = Z ag'r Y0, n). (4.6)

=0 m=—/¢
Moreover, because the magnetic potential must tend to zero at infinity, we have in CB(0, €)
rcf T ¢ 77 Z Z ﬁ[ s S+ Zm(e’n) (47)
=0 m=—¢

The constants o and 3j" are determined by the conditions across S(0,¢). The continuity of 1L, implies

m_ B
VWeN Vme{-¢, ... 0} = o (4.8)
Let us examine the condition on the normal derivative in (4.4). From (2.14), we have for all z € S(0, ¢)
-1 3
gt (x) = Zp T 2|xi7u|5( (es- (@ —w) ((x—u)-n)—(es-n) (x—u)- (x— u))) (4.9)

This function belongs to C>°(S(0,¢)) and it can be expanded as a linear combination of Spherical Surface

Harmonics as
+oo
S (410

=0 m=—¢

where

W= [ " ( | o 0.0 770 sinGo) de) an. (4.11)

Thus, the interface condition in (4.2) is found to give rise to the relation

g

VeeEN Vme{—L....0  ppafeet= 4 + (D) s =y — D g7

From (4.8), it follows that

-1
Ve N Vme {_K, - ,é} ﬁgn = wmgé+2 gZ" (412)
P

Plugging (4.12) into (4.7) we obtain the series expansion in CB(0, ). Similarly, from (4.12) and (4.8), we deduce
the series expansion in B(0,¢). O
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According to Lemma 4.1, in order to estimate the behavior of the solution ¥, to the reference problem (4.4),
we have to control the coefficients g;*. This is the subject of the following lemma where the notation A refers
to the Laplace—Beltrami operator on the sphere:

_ 1 - L
A = Sn(0) Do (sin(0)0p ) + n2(0) 0p-

For all integer p > 1, we set AP = A o---0A, (p times) and by convention A? is the identity. For convenience,
we also introduce the gradient operator on the sphere

0

vo=| 1%

sin(6) on

Lemma 4.2. Coefficients g;* for £ € Nym € {—{,..., ¢} in the spherical harmonic expansion of g* defined
in (4.10) and (4.11) satisfy g = 0 and for any choice of p € N

\/AT

Y e N —0,.... 0 v < ——— ||A? oo
with
g < a2 =L & (4.13)
SN2 (-0 '
u pp — 1 e’ 2 2
Ay o K ——————1(450e” + 139 +8 . 4.13b
189" oo < T o=y (490 + 13921l + 8l (4.13)

Proof. Let us first show that gg = 0. From (4.11), we have

1 OPref 1 OPref

0 2 e
go = ——F— (r—u)do, = ——= f{ (y) doy.
0 V2 S(0,e) on V2T u+S5(0,¢) on Y

It follows from Stokes’ formula that

1
= —cF A@ref(?/) dy =0.
2\/E u+B(0,¢)

Let us now consider the estimates of g;* for £ > 1. To highlight the decrease in coefficients with respect to ¢,
the idea is to use the fact that the elements Y;™ are eigenfunctions to the Laplacian: A;Y,” = —¢({+1) Y™ It
follows from (4.11) that

oo

1 27 —
;= “(0,n) AsY,™(0, in(@) df dn.
o =~ | e AT sino) a0 ay

Since g* € C*°(S(0,¢)), using Green’s formula, we have

27
gl =— €+1// Agg™(0,m) Y™ (0,n) sin(0) d6 dn.

Then, repeated use of Green’s formula p — 1 more times yields

2m
g = @R €+1 / / APg Y, (6,m) sin(f) dé dn.
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It follows that

m 1 2m ™ o _— .
ot Km/o (/0 | A2g* (0, m)] [Y7™(8,m)| sin(6) d@) dn
1 Pt o " m .
< W”Asg [loo /0 </0 |Y;™(0,n)| sin(9) d0> dn
VAar

S oy 189" |l
This complete the first part of the proof. It remains to show the two estimates (4.13a). From (4.9), we have for
all x € 5(0,¢)

3

u Mp—l €
x)| < .
9@ <A e

The estimate (4.13) follows from the inequality: |« — u| > |u| — |2| = |u| — €.
In order to obtain the estimate for ||Azg*| o, we proceed as follows. We have

g (z) = pp —1 <3 h¥(z) _ (e3-n) ) (4.14)

T2 \CFoaP  Ji-ap
where we have set T = z /¢, & = u/e and h"(Z) = (e3- (2 — 1)) ((Z— @) n). For p € N, p > 1, we define VZ € 52

and Vu ¢ S? )

Gp(z,u) = m'
A simple, yet cumbersome, direct calculation shows that

AsGp(@,a) = p(p+ 2)|Js(@) U Gpea(@,0) = 2p(1 + (T (@~ 7)) Gpy2(T, 1)
where J5(7) denotes the following 2 x 3 matrix

~ _ fcos(@)cos(n) cos(@)sin(n) —sin(n)) o ~
Js(x)—( —sin(n) cos(n) 0 ) Vst

Moreover, we have
VGy(T, ) = p (Ju(B)T) Gpal, ).
Note that J,(z) @ = J,(Z) (u — Z) and |Js(Z) 1| < V2 |T — @|. Therefore,
|A.Gy (@, )| < 2p(p +3) Gpral@. @) + 2p G (. 7)
|VsGy(Z, )| < V2p Gy (7, 7).
Another direct calculation shows that

Ashﬁ(%) = 2(1 —n-(T— ﬂ)) ((%— w) - 63) — 2(.%-63) ((55— w) - n) + 2(895- 63) (89x~ (- ﬂ))

and
V:h* (@) = ((Z — 1) - n) (Js(@)e3) — (@ — 1) - e3) (Js(Z) ).
Because |z| = |0pz| = |0,z| = 1, we have the estimates
n*(@)| < |7~ al®
AR T) < 2|7 —0® +6]7 -1l
IVRE(F)| < V207 — ) + |7 — .
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Now, using the differential calculus formula

AS(f X g) =fAsg+gAsf+2V,f Vg
we deduce that

Aygt(z) = — ﬁ(%“( 7) AyGs(F, 1) + 3G5(F, 0) Ah¥(F) + 6V,G5(7F, 0) - Voh(7)

— (o5 1) AGa(#, W) — Ga(#, ) A, (e3 - n) — 2V,Ga(#, @) - Vi (es 1) ).

To get the estimate for Azg%(x) we proceed by estimating each term involved in the preceding expression:

1Ag% ()| < ZZ +2<8G3(x @) + 6(19 + V2)G4 (T, 7) + 6(46 + 5v/2)Gs5 (T, m)

-1 1 o~ o~
<t - ~5(8|x—u|2+123|x—u\ +219)
pip + 2 [T — 1l
-1 3
= e S (8] — ul? + 123¢|z — u| + 21952) .
iy +2Jo P
From the inequalities |z — u| < |z] + |u| and |z — u| = |u| — |2| = |u| — &, we finally obtain (4.13a). O

We are now in position to prove convergence of the series expansion for 1/.; introduced in Lemma 4.1.

Proposition 4.3. On the one hand, the series (4.7) where 57, £ € Nym € {—¢(, ..., l}, is defined in (4.12),
converges uniformly on CB(0,¢). On the other hand, the series (4.6) where o} ( e Nym e {—¢,...,¢}, is
defined in (4.8), converges uniformly on B(0,¢€).

Proof. Let ap(r,0,n) = 22:4 aytrt Y/™(0,m) be the coefficient of rank ¢ of the series (4.6). From (4.8)
and (4.12), we have

ag(r,0,n) = (/A(:-Zl)-lf-i-l (g) Z g9¢" Y™ (0,m).

It follows from Lemma 4.2 (considered with p = 1) that

o 0] < 0 1o 2 ()] Z ¥ (0. (1.15)

Using the following estimate (see Appendix C for a proof)

4

m 3V3 3
>V (9,77)|<\/E€3, (4.16)
m=—¢

we conclude that ),y ae(r,0,7) is uniformly convergent on B(0, ).

Similarly, let b(r,0,7) = an:_é By =& Y™ (6,n) be the coefficient of rank € of the series (4.7). From (4.12),
we have

be(r,0,m) = (u(-l-l)z-i-l (;)Hl Z g9¢" Y™ (0,m). (4.17)

From Lemma 4.2 and from (4.16), we deduce that

(pp — 1) At 3\/§€§) (E)ZH

< M JE 2vVerT
|b£(7"79777)| X (/Jp"'l)g"']- || s9 ||OO,S(O,€) €(€+1

(4.18)

and we conclude that the series Y-, be(r, 0, 1) converges uniformly on CB(0, €). O
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Finally, we are in position to prove the following result for v, which is the analogue of Proposition 2.2
for ¢ref.

Proposition 4.4. Let ¢%; be the solution to problem (4.4). For all x € CB(0,¢), we have

23 g2 €
[rer ()] < 12V3 %, P (u — )3 |x|L7% (|$|)

=" E (4.19)
Virer (@) < Adde o3 o M- (|x>
(1p — 1)

B (Mp + 1)(M;D + 2)
constant A4 is such that Ay ~ 59.93.

where Ap € [0,1] and Lis(2) refers to the Polylogarithm function of order s. Moreover, the

Proof. The estimate of ¢.(x) is deduced from the Spherical Surface Harmonic series expansion given in
Lemma 4.1 for r > e combined with the estimate of the coefficients g;* given in Lemma 4.2 for p = 0 and
with (4.16). Let us consider the estimate of V(). In the spherical coordinate basis, we have

|v,¢)ref( )l |8Twref(r 9 77)|2 + |1 89wref<r7 97 77)|2 + |#ﬂ(9) anwzfef@'? 97 77)|2 (420)

Since ¥ (r,0,m) = Sy S0 _ B A+ Y(8,m) in CB(0, ), we deduce that

mg—i_l m
rwref T 0 77 Z Z ﬁ Z+2 n (9777)

=1 m=—¢

An estimate for 0,1}; can be obtained in exactly the same way as for ¢

¢ Namely, using

— estimate (4.12) for coefficients §;°
— estimate of the coefficients g;* given in Lemma 4.2 considered with p =0

3

€
l98"] < f”z+2 T (4.21)
— estimate (4.16) on the Spherical Surface Harmonic functions Y,
we find that 5 . ]
0 6.m)| < 24V, s STy (5] (4.22)

Let us consider the second component of V)., given by

Loy, 0,1m) = Z Z B s 00Y{" (0,m).
=1 m=—1¢
Here again, using estimate (4.12) for coefficients §;* combined with the estimate g}* given in Lemma 4.2

considered with p = 0 and the estimate of anz_é |09Y,;™(8,m)| given by (C.3) in Appendix C, we get
1. . e e e
~Otee(r,0,m)| < AVB(L+7) Ny s S Ly (5): (4.23)

(ul— e 225

The third component of Vi, is given by

1
W 777/1ref7“977 Z Z /BZ r/+2 sm( )ay'e (9 77)

{=1 m=—/¢
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Proceeding as before using now the estimate of Zm——e sm(a) 0 Y, (6, )’ given by (C.4) in Appendix C, we
get

L o0 )\ <6V6 A, e L1 (5) (4.24)

rsin(g) 7 rer 0 SESE a) “\r ‘
Finally, combining (4.22), (4.23) and (4.24) together with (4.20), we conclude that

|V ()|<A)\LiLi £ (4.25)
S (N e ANEVA ‘

where A4 = \/(24\/3)2 + (4v6(1 + 7))2 + (61/6)2

= 2./6(85 + 87 + 472) ~ 59.93.

4.3. Wl'-estimate of the error when taking into account pairwise interactions

When the approximation ¢ &~ > j=1%e; is not accurate enough, a more accurate approximate solution can
be obtained by using the two terms expansion

Y= ZWCJ+ZZ<PCkc]+X

(4.26)
=1 k=1

k#j
where x denotes the approximation error

Proposition 4.5. The remainder x in (4.26) satisfies
Ax =0 in

Ql,...,QNandQC
0
{aﬂ g1 across Xiq,...,Ey

(4.27)
where the source term g, defined by
Vo el g1(x ZZ Ve,—c;,0 cj( r)) - n(x)
iy
is such that
2\ 2 . (2 2 2
Proof. Since the functions ¢, ¢.; and ¢, ., for j,k € {1

each domain ;, 7 € {1

. N}, k # j, all satisfy the Laplace equation in
N} and in Q€ it follows from (4.26) by linearity that x also satisfies the Laplace
equation. Moreover, for all ¢ € {1,..., N} we have

] =[] - 5] s

(4.29)
From (3.2), (3.3) and (4.2

), we can express the interface condition (4.29) across ¥; as

o £ ) £E )

j=1 k=1
k#i JFL k#j

(4.30)

=0
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The potential ¢, ., solution to problem (4.2) is continuous in R3 and has regularity C* everywhere except on
the boundary ¥;. Therefore, as soon as |¢; — ¢;j| > 2¢ (that corresponds to the fact that the particles ©; and €;

. . e e Oy e .
of radius e do not intersect) the normal derivative —5~L is continuous across ; and (4.30) reads

R » ok TEEETD 5 LT SR o)

j=1 k=1 j=1 k=1
JAi k#j J#L k#j

The first result stated in the lemma is proven. In order to obtain the estimate on the source term g;, we start
with

Vie{l,....N} Vze¥% |q ZZ\Vzpfjf Iz — ;).
j=1 k=1
J#i k)

We deduce from Proposition 4.4 that

5
9
< Ag A Li — -
ol s A ”ZZ (I — e = )le; — af? 1—3(|cj—x>

j=1 k=1
J#i k#j

From the definition of the Polylogarithm function and the inequality |c; — ¢;| — & > %]ex — ¢, it follows that
N 1 N 23
S AN, Y GEt? :
g1 (2 4 pz ZM_WHZM_QP
j=1 k=1
i ey
Using relation (B.1) of Appendix B, we can bound the last sum to obtain

2\’
lg1(z)] < Aap | — B3 +31In 262 ”22 5
4] le; — x\
J#l

Finally, using relations (B.1) and (B.2) of Appendix B, we can bound the sums Z;; #‘HQ and for all ¢ > 1

to conclude that
2 2 . 2 2 2
l91(2)] < Ad A (5) (Bg+31n (5» (Bngg (5) +3 <5> In (5» .

Following the same steps as in the proof of Theorem 3.3, we deduce a W!-estimate of the remainder x defined
n (4.26).

O

Theorem 4.6. Let Q1,...,Qn be N isolated spherical particles in B(0,1) C R3, centered respectively at cj,
j € {1,...,N} with the same radius €. For all j,k € {1,...,N},j # k, let o.;, € WG(R?) be the solution to
problem (2.17) and ., ., € W§(R®) be the solution to problem (4.2). We have

9:\
Z%J +ZZS"CI~CJ < Ay Ag (pp — 1))\pNg% (55)

T ) () s ) o

k#a W (R3)
where § is the minimal distance between two particles as defined in (1.1) and the constants Ay, A4, B3 have been
explicitly estimated and are summarized in Table E.1 on page 1108.
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Remark 4.7. When 2 becomes small, since Li_s(z) ~o 2, estimate (4.32) reads

al algel 2\ ° 2\\?
L Z‘Pcﬂfzz%k,q S(MP_I)APNEE (5) (1—}—]11(5))
j=1

j=1 k=1
k#j W1(R3)

and this new bound is the product of a term N 3 of the order of o, and the square of the first order error
2¢\3 2
(5)" (1 +m(F))-
The asymptotic regime ¢ — 0 is particularly interesting. In the W!-norm, the solution ¢ is of order 3.
The W!-error under the “non-interacting assumption” is of order £3+3 whereas the W!-error when taking into
account “pairwise interactions” is of order g3 6, Considering a vanishing critical distance § deteriorates the

estimates, as it is expected, even if 2¢ < §: In this case the estimates critically depend on the magnitude of the
density 2¢/4.

4.4. L.°°-estimate of the error when taking into account pairwise interactions
Let us now prove a L*-estimate of the remainder x defined in (4.26).

Theorem 4.8. Let Q1,...,Qy be N isolated spherical particles in B(0,1) C R3, centered respectively at ¢y,
je{l,...,N}, with the same radius €. Let & be the minimal distance between two particles as defined in (1.1).
Forall j,k e {1,... N}, i #k, let o., € W5(R?) be the solution to problem (2.17) and ¢, ., € WG(R?) be the
solution to problem (4.2). For all v € Q°, we have

o(z) — i:;gpcj (z) + ﬁ: XN: Perre; (@) || < (p — 1) As Ay (256)5 (33 +3n <(25)>

=1 k=1
T=

x (33 Li_s (%f) +3 (%;) In (?)) x <B1 (?)352 + Mye + A1 Ag(py — 1)N (Bg(%;)g i MwA3g3>>

where M, < min(64, N) corresponds to the number of particles whose distance at x is less than 26, A, :=
2
% € [0,1] and Ay, As, As,, Ay, B1, B2, B are positive constants (see Tab. E.1, p. 1108 for their full
expressions and values).
Proof. The remainder y = ¢ — (Z;V=1 Pe; + Z;\;l S Qe ,c;) satisfies (4.27) and therefore can be expressed,
: Py

for all x € Q°, as ([6], Thm. 2, p. 120)

N
X(@) = —=(npy=1)) (/E 91(y) G(x,y) dy—/)S X(y) .G (x,y) dy) (4.33)
=1 i j
where G, the Green kernel of the Laplacian in R3. It follows that
N
@) < (1p = 1) D (gl s 16 e cs,) + Ixlscs,) 106G g 5 ) (4.34)
j=1

Using estimate (2.10) combined with the Sobolev embedding inequality (A.4) proved in Appendix A, we obtain

3
IxllLacs,) < A1Az (up — 1) Ne2 ||g1lLee(s,)- (4.35)

Then using the estimates (4.28) for [|g1[|L~(x), (3.14a) for ||G(x,-)||L1(z,), (3.14b) for [0,G(z, ) we get

et s,y
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2\° 5 2\° s 5
’X(ZL’)’ é(up — 1)||gl||Lm(E) (Bl (5) 62 —+ st + AlAQ(‘LLp — 1)N€5 <B2 <(5> £2 + MIA3€2> ) (436)

2¢\° 2 ) 2 2 2
||gl||[Loc(E) < A4 )\p (5) (Bg + 3In (5)) <Bg L17% ((5) +3 <(5> In <5>> .

By combining these two inequalities, we obtain the estimate. O

where

In the asymptotic regime ¢ — 0, the L>°-error under the “non-interacting assumption” is of order £* whereas
the L°°-error when taking into account “pairwise interactions” is of order 7. Here again, considering a vanishing
critical distance ¢ deteriorates the estimates, as it is expected, even if 2¢ < §: In this case the estimates critically
depend on the magnitude of the density 2¢/0.

5. NUMERICAL INVESTIGATIONS

Based on the mathematical investigations conducted in the previous sections, we have developed a basic
computer program under MATLAB to compute the magnetic potential ¢ solution to problem (2.4). The computer
program offers the possibility to compute the magnetic potential with either one term or two terms in the series
expansion corresponding respectively to the results stated in Theorem 3.3 and in Theorem 4.6. Computation of
the first term in the expansion given by Zjvzl ¢c, 1s straightforward since ¢p.; = @rer © T;;; and the expression

of ¢ref 18 given by (2.13). Computation of the second term Zj‘vﬂ zjxy? Per,c;, where e, o = YT o T, ,
k#j
that takes into account pairwise interaction relies on the series expansion given by Lemma 4.1. Namely, for all

xreR3

+o00 ¢
r\?¢ . .
Z(E) DoY) i |zl <e
LR T 6.
=1

N .

(7") Z v YO, i |x—ci| >e
m=—/{

where (r,6,n) refers to the spherical coordinates of x with respect to the a frame with origin ¢; and where we

have set

mo__ M o " cp—cj m sin
o (up+1)£+1/0 (/0 g+ 0,m) Y (0, 1) sin(6) d9> dn (5.2)

and
g = —(Vg@ref o Tck,cj) -n. (5.3)

Of course, in a numerical approach, the series expansions (5.1) have to be truncated to an integer L and
the efficiency of the method depends on the convergence to zero of the series coefficients ;" as £ increases to
infinity. This is discussed below.

5.1. Convergence toward zero of the series coefficients

In order to illustrate the convergence to 0 of the coefficients 7}* given by (5.2) as ¢ tends to infinity, we
have depicted in Figure 4 the values |y}"| for m € {—¢,... ¢} and ¢ € {0,...,18} for p, = 10, ¢ = 1 and
u = ct—c; = (2,1,1)T. We have also depicted in Figure 5 the decimal logarithm of max,,—_s__¢|y/"| for
¢ € {1,...,18}. The slope of the straight line is approximately —0.35. This means that from ¢ to ¢ + 1 the
maximal value max,,—_¢ . ¢ |y7"| is divided by 2.23.
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FIGURE 4. Values of |y}"| for m € {—¢,...,¢} and ¢ € {0,...,18} for p, = 10, ¢ = 1 and
u=cp—c;=(2,1,1)".

Log10 (max m Ig'ml )

FIGURE 5. Values of the decimal logarithm of max,,—_, . ¢|y}"| for £ =1,...,18 for p, = 10,
e=landu=c,—c¢; =(2,1, 1)". The slope of the straight line is approximately —0.35.
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© experimental data
theoritical slope -3

first order remainder

100 I I I I I

FIGURE 6. Values of € as a function of the distance ¢ (in mm) between the two spherical
particles in a log-scale. The slope of the solid line is —3.

5.2. Illustration of the mathematical results

We start with an illustration of the behavior of the bound in the estimate provided in Theorem 3.6. We
consider two spherical particles (N = 2) with radius £ = 1 mm aligned in the e; direction. We set

2
€= max |p(z) = > ¢e, (#)] - (5.4)
Jj=1

We have computed & considering two particles at various distance § form each other for p, = 10 and Hy =
ﬁ (1 0 O)T H.m™'. We have depicted in Figure 6 the quantity € as a function of the distance § between the
two spherical particles in log-scale. One can observe that & varies as 1/6% as predicted by Theorem 3.6.

We then consider two spherical particles (N = 2) with radius ¢ aligned in the e; direction with centers at a
distance § = 11 mm. We have computed & considering various radius € for y1,, = 10 and Hy = %3 (1 0 0)T Hm .
We have depicted in Figure 7 the quantity € as a function of the radius € of the two spherical particles in log-
scale. One can observe that & varies as €* as predicted by Theorem 3.6. By linear least-square interpolation,
the vertical intercept is found to be 1.053865 x 103. In the estimate provided in Theorem 3.6, for § = 1 mm, the

first term in the series expansion in ¢ is 16M Bs+31n2) M, < 2.8 x 10° since M, < N = 2. The bound
Hp+2

provided in Theorem 3.6 is therefore not a sharp bound in this particular case.

5.3. Numerical experiments

As a first numerical experiment, we consider the case of two spherical particles with magnetic permeability
tp = 10 and radius € = 1mm subjected to a magnetic field aligned with the ball centers with intensity
Hy = /%o H.m~!. The two ball centers are separated by § = 3mm, i.e. the two spheres are at a distance of one
radius. The plane of reference (P) where the magnetic potential is computed is a plane passing through the
ball centers with size 9¢ along the y-axis and 4e along the xz-axis. We have depicted in Figure 8 the potential
ol = ©Yey + e, corresponding to the first term in our series expansion, i.e. obtained by neglecting interaction
between the balls, the potential ¢, ¢, + @c,,¢, corresponding to the second term in the series expansion, i.e.
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FIGURE 7. Values of € as a function of the radius ¢ (in mm) of the two spherical particles in
a log-scale. The slope of the solid line is 4.

corresponding to the pairwise interactions between the two balls and the second order series approximation of
the magnetic potential o2 = Oey + Peo + Peyea T Pea,er- These three quantities were computed over a grid of
K = 50 x 100 points Py, in the plane of reference (P) and the series expansion (5.1) has been truncated to the
index L = 16. Computation time (CPU time) was 51.03s under MATLAB (R2018a) on an Intel i5 Quad Core
desktop computer. In this first test case, one can see that the second term in the series expansion that takes
into account pairwise interactions between the two balls amounts to around 7 % of the total magnetic potential.

In order to validate our computer program based on the series expansion presented in the paper, we have also
compared the second order series approximation of the magnetic potential ¢l = ¢, 4., + Py c0 T Pey,eq tO the
magnetic potential ¢ computed by the Finite Element Method (FEM) using the free software FREEFEM++ [11].
Note that the solution provided by the FEM is to be considered as a reference solution. It is not the exact solution
because of the discretization error (the magnetic potential is approached by Lagrange type 2 Finite Element on
a fine triangulation mesh of the computational domain) and the need to bound the computational domain by
introducing an artificial boundary and a (approximate) boundary condition that takes account of the behavior
of the magnetic potential at infinity. The relative maximal error over the computational grid defined by the
points Py, k € {1,..., K}, on the plane of reference (P) between the FEM solution and the solution computed
by the two terms series expansion was found to be 0.67% whereas the relative discrete L2-error errp> defined as

errs, — ffp |90[2](m) — prem(e)]? dz ~ Zszl |90[2](Pk) — orem(Pr)|?
L [I» lopem(@)]? dz S ()2

was 0.63%. For the sake of completeness, we should add that comparing the FEM solution to the solution
¢, + ¢c, obtained under the non-interaction assumption we obtain a relative maximal error of 5.78% and
a relative .2 error of 5.18%. Thus, in this test example, we can conclude that taking into account pairwise
interactions significantly improves the accuracy.

To go further in the numerical investigations, we have computed the relative maximal error and the relative L2
error for various values of the parameter §/¢ when only one term in the potential series expansion is taken into
account (this corresponds to the “non-interacting assumption” case) and when the first two terms are taken
into account (this corresponds to the “pairwise interactions” case). One can see on the results given in Table 1
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F1GURE 8. Two particles. From top to bottom: First term in the series expansion of the magnetic
potential, second term in the series expansion and approximation of the magnetic potential
obtained by summing the first two terms of the series expansion. From left to right: Three-
dimensional shaded surface representation and two-dimensional representation of the three
quantities.
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TABLE 1. Relative maximal error and relative L2 error obtained when using one and two terms
in the magnetic potential series expansion as a function of g, i.e. as a function of the distance
between the two ball centers.

0/e 2.25 2.5 3 4 5 6 7
1 term Man. error (%) 16.34 11.08 5.78 1.95 0.77 0.62 0.65
LZerror (%) 14.62 9.76 5.18 1.75 0.73 047 0.61
9 terms Max. error (%) 3.07 1.23 0.67 0.71 0.71 0.77 0.82

L2 error (%) 2.46 1.05 0.63 086 0.89 0.73 0.95

Notes. Note that for g = 2, the balls are touching each other.

that when the two ball centers are at a distance lower than 5¢, the error made on the computation of the
magnetic potential assuming that the particles have no magnetic interaction lead to a significant error. On the
contrary, taking into account pairwise interactions provide good results with an error about one percent. One
can also observe that when the particles become very close to each other, the error obtained with two terms
in the potential series expansion tends to increase. In our test example, it is around 3% when the particles are
at a distance of a quarter of their radius. This indicates that when the particles are very close to each other,
taking into account pairwise interactions is not sufficient and higher order mutual interactions terms should be
computed.

As a second test example, we have considered a cube of 43 = 64 balls with radius € = 1 mm regularly spaced
with a distance between their centers § = 3mm. The balls are subjected to a magnetic field aligned with the
z-direction with intensity Hy = ﬁ H.m™'. We have depicted in Figure 9 the same three potentials as in Figure 8.

These three quantities were computed on 100% equidistant points on a square grid with size 15¢ in a plane passing
through the center of the cube with basis vectors corresponding to the x and y directions. Computations lasted
59872 s. (approx. 16h30) to compute the 64 x 63 = 4032 particles pairwise interactions. In this test example,
the second term of the series expansion is about 3.5 % of the first term. The rather important simulation time
observed in this simulation can be explained by the fact our basic Matlab program is not optimized, see the
next section for details .

5.4. Discussion

Let us discuss the main features of the numerical method based on the computation of pairwise interactions.
For a distribution of N particles, computation of the first term Z;VZI ©¢; in the expansion corresponding to
the non-interaction assumption is straightforward since ©Ye; = @ref © Te; and the expression of wrer is given
by (2.13). The cost of this computation proportional to N is negligible compared to the computational cost of
pairwise interactions proportional to N2. Computation of the second term in the expansion Zévzl 2%1_ Pepress

J

where @, o, = Q/Jrcgf_cj o T¢,, corresponding to pairwise interactions, requires the evaluation of @ngf_cj given
by formula (5.1) a number of times equal to N(NN — 1). The series expansion (5.1) must be truncated at a
order L. Numerical experiments shown that the series coefficients ;" decrease rather quickly and truncating
the series expansion to L =& 20 provides satisfactory results. For each pair of particles, we have L(L + 2)
coefficients 77" to compute using formula (5.2) that each necessitates the evaluation of a double integral. The
computation of series expansion (5.1) must be repeated for each point in R?® where the magnetic field is to
be computed. However, one the one hand, the coefficients ;" are independents of the point = € R3 where
the magnetic field is to be computed. Therefore, they can be computed once and for all for a given particles
distribution. Moreover, the double integral involved in the definition (5.2) of +J* can be computed by fast
spherical Fourier algorithms [16,24]. On the other hand, the Spherical Harmonics functions Y,;™ involved in
the series expansion (5.1) depend on the point € R? where the magnetic field is to be computed but are

independent of the particles distribution. Therefore, they can be computed once and for all for each point
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F1GURE 9. Cube of 64 equidistant particles. From top to bottom: First term in the series expan-
sion of the magnetic potential, second term in the series expansion and approximation of the
magnetic potential obtained by summing the first two terms of the series expansion. From left
to right: Three-dimensional shaded surface representation and two-dimensional representation
of the three quantities.
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x € R3. Moreover, the series expansion (5.1) can be interpreted as a discrete spherical Fourier transform and
fast spherical Fourier algorithms can be used for a fast evaluation of the finite sum. Given D computational
nodes arbitrary spaced on the sphere, the computational complexity of a fast spherical Fourier algorithms is
O(L?1og?(L)+p>D) where p is a cut off parameter [16]. Therefore, the computational complexity of the pairwise
interactions method would be O(N?(L?log®(L)+p°D)). Note that various optimizations as described e.g. in [26]
can be used to fasten the computations and that a very interesting feature of the method is that it is easily
parallelizable: Each pair of particles can be handle separately.

A limitation of the method is that it is not designed to deal with distributions of nearly touching parti-
cles. Taking into account pairwise interactions greatly improves the accuracy of magnetic field computations
compared to the non-interaction assumption when the particles are close to each other but for nearly touching
particles higher order interactions need to be taken into account.

6. CONCLUSION

In the first part of the paper, we have investigated the validity of the approach consisting in neglecting
magnetic interactions between particles in the numerical computation of the magnetic field inhomogeneities
induced by a cluster of metallic particles subjected to a uniform magnetic field. Such a situation is encountered
in various contexts in Magnetic Resonance Imaging. We have obtained bounds for the approximation error in
terms of the three geometrical key parameters that were found to be the number of particles N, the radius &
of the particles (assumed to have a spherical shape for simplicity), and the distance § between the two nearest
particles. Two other physical parameters, the magnetic permeability p, of the particles and the strength of the
inductive magnetic field Hy are also involved in the error bound. The main conclusion of the analysis carried
out on the “non-interacting assumption” is that the error is proportional to */63. This behavior has also been
observed in numerical experiments presented in the paper.

When the “non-interacting assumption” is deficient, we have proposed in the second part of the paper a
method to compute a better approximation of the magnetic potential by taking into account pairwise mag-
netic field interactions between particles. Numerical computation of pairwise magnetic field interactions relies
on the evaluation of spherical harmonics series by fast spherical Fourier algorithms. The method has good
parallelisation properties which suggests that an efficient simulation software could be developed to deal with
e.g. the applications in MRI quoted in the introduction. We have also obtained error bounds in terms of the
above mentioned key parameters for the approximation of the magnetic potential taking into account pairwise
interactions.

APPENDIX A. TRACE AND INJECTION

It is well known (e.g. [6], p. 119) that functions belonging to W{(R?) admit a trace on the surfaces X,
j € {1,...,N}, and that the trace defines a continuous mapping from W§(R?) onto Hz (2;). From Sobolev’s
embedding results, we also deduce that W{(IR?) is continuously injected in L!(%;):

Vie{l,...,N} 3C;>0 VYeeWiR®) ¢l < Gjllellw @)
The following proposition set out the constants C; when the surfaces 3; are spheres with radius e.
Proposition A.1. For all j € {1,...,N} and for all p € W}(R?)
3
lellLis;) < Are2llellw @) (A1)

where A1 = V/A4m.
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Proof. We first consider the case where X; is the unit sphere 5?2 centered at the origin and with radius 1. By a
density argument, we can consider functions 1 in C§°(R?). In the spherical coordinates system (r, 6, 7), we have

/ [(1,0,n)|sinf db dn </ / |Ortp(r, 0,m)| sin 6 db dn dr
52 1 Js2

\// ﬁblnﬁ dﬁdndr\// / |0, (7, 0,7)|?r2 sin @ d6 dndr.
S2 1 S2

1Vl (s)y < VAT (|9l gs)- (A.2)

In the case where ¥; is a sphere centered in ¢; with radius € > 0, we use the change of variable y € S? — x =
¢j + ey € ;. More precisely, for ¢ € W}(R?) we define ¢ such that ¢ (y) = (). We have

It follows that

ol = llYlls) and  ollwigs) = VEl|Ullwgs)- (A.3)
Estimate (A.2) together with (A.3) directly imply (A.1). O
The Sobolev injection indicates that H2 (3;) € L*(X;) and we also have the following finer result.
Proposition A.2. For all j € {1,...,N} and for all p € W}(R?)
lellLs,) < Azllellw (rs) (A.4)

2
.
35 /7

where Ay =
Proof. As in the proof of Proposition A.1, we only have to deal with the case where ¥; is the unit sphere S2.

We also assume that ¢ belongs to C5°(R?) since the estimate for ¢ € WE(R?) will follow by density. Using the
spherical coordinates (r,6,7), we have

lpllLs sz =/52|w(1,0,n)|4sin9 d9d77<4/1 /S lo(r,0,m)*|0r(r, 0,m)| sin 6 d6 dn dr

4\/// <p(r,9,77)|6sin9d9d77dr\/// |Oro(r, 0,m)|? sin 6 dO dn dr
1 Js2 1 Js?

< 4llolIPs @s)llollw ®s)-

Using the following Sobolev embedding result in R3, see [8], p. 26,

4\2 1
el < (3) pralVeli (A5)

we deduce that ||¢||ps(s2) < ||<p||W1 (R3)- O

APPENDIX B. SOME RESULTS ON THE SUM OF POWERS OF THE INVERSE DISTANCE

Proposition B.1. Let Qy,...,Qn be N spherical particles in B(0,1) C R3, centered respectively at c;, j €
{1,..., N}, with the same radius ¢ > 0. Let ¢ be the minimal dz’stance between two particles as defined in (1.1).
Foralli € {1,...,N} and for all x € R® such that dist(z,%;) < §, we have

Z o _x|3 < (33 +3In (?)) (;)3 (B.1)

J?fl
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where Bg = 142 + 3In 2 ~ 144.1. Moreover, for all p > 4, we have
2 p
<137 (=) . B.2
Z lej — x|p (5> (B2)
J#I

Proof. Let i € {1,...,N}, x € R? such that dist(z,%;) < g For p > 1, we split the sum

(p)
5 Z P x|p
J;ét

into two parts. The first one concerns the indices j such that the particles £2; with center c¢; are at a distance lower
than 20 from ;. The second one concerns the indices j such that the particles §2; are not in this neighborhood.
Moreover, since the volume of the ball B(c;, 3) is 75%, we have

N N

oy _ 1 i/ _dy B
S (x) = Z |Cj_$|p+ Z 03 B(] ‘Cj_x|p (B.3)

J=1, j#i j=1, j#i
lej—c;1<28 lej—c;|>28

The number of terms in the first sum in the RHS of (B.3), denoted Si(ﬁ) in the sequel, is bounded independently
of N. Actually, this number is lower than the cardinal number C of the set of points in B(0,2) \ B(0,1), such
that the pairwise distance is larger than 1. By volume considerations, this number is found to be less than the
quotient obtained by dividing the volume of B(0, )\ B(0, 3) by the volume of B(0, 1) that is to say 124. Each
term in S; ; is smaller than (5/2)p so that

2 p
SF < 124(5) . (B.4)

Let us now obtain an estimate of the second sum in the RHS of (B.3), denoted Si(f’z) in the sequel. First of all,
from the triangular inequality, we note that for all y € B(c;, g),

) )
ly—al <ly—el+le—ol+lz—al <5+l —el+5 = o -l +3

It follows that |z — ¢;| > |y — ¢;| — 6 and

6 dy
O S S -
? 63 G=1, ji B(Cg, ‘y - CZ' - 6) ™8 B(ci,2)\B(ci, 26 (‘y - Cz| - 6) (B.5)

lej—c;|>26

since under our assumptions for all j € {1,...,N}, j # 4, we have B(cj, g) C B(ci,2) \ B(c;, 35). The last
integral in (B.5) can be expressed in spherical coordinates, and then it can be explicitly evaluated. We obtain

S(:D) TQ dr _% e (3+5)2 d ._2741
12\53 35 (Tié)p_53 s gP 8'_53 p-

We now distinguish the different possible values of p envisaged in the proposition since the integral takes different
closed form expressions depending on the value of p.
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— Case p = 3. We have

2—4 2 2
(s +6) 48 — 566 + 150 2
3 /s 53 ds 2(2_5)2 +In 5( (5)

2

From (B.3) and (B.4), we deduce that
9\ 3
S8 < (315 + 124) (5) .

One can show that the mapping & — I is bounded by 18 +In2 + In (). This conclude the proof of (B.1).
— Case p > 4. We have

I _/2_6 (s+ )2 ds = §3P +2632_p+5251_p 275<§ 2 p=3
P s sP C3-p 2-p 1-pls 3 \¢ '

2 p
SH <13 (6> .

From (B.3) and (B.4), we deduce the estimate (B.2).

2

We deduce that

O

One of the important feature of the estimates given in proposition (B.1) is that they are optimal. More precisely,
the behaviour of the sums with respect to the variable § is correctly estimated. This remark can be understood
by looking at the case of a large number of particles (N — +o00) uniformly distributed in the ball B(0,1),
with one particle located at the origin. To illustrate the situation, we consider the case p = 3. Let assume that
c1 = (0,0,0) for simplicity. Since ¢ measures the distance between the centers of two “adjacent” particles, these
centers have for coordinates (k19, k20, k3d) where (ki, ko, k3) € Z3 with §2(k? + k3 + k3) < 1. It is clear that the
“worst” case, i.e. the one that makes the largest the sum Sl-(s), is the case ¢ = 1. Thus, let us consider S§3) (0).
For all j € {2,..., N}, we have

N
: 1 1 1 1
s =3 —= > == > —
(0 — |cj]? (6 /K2 + k2 + k23 & (k2 + k2 + k2)2

(k1,kg,k3)€L3 (k1,ko,k3)€Z3

J#1
1Sk +HR3+R3< 53 1Sk +R3+R3< 53

When N is large, the last sum is the approximation by the mid-ordinate quadrature rule of the integral
1 dz

I 7/ o de
0% Jp0,1\B(01) (23 + 23 + 23)3

This integral can be easily evaluated using spherical coordinates and we obtain

4w [5 dr 4rm 1
I=— [ = ==Tm(z)- B.
FEN A n(a) (B-6)

This shows that the estimate given in proposition B.1 in the case p = 3 is optimal in the following sense: for
0 = o(1) (that precisely corresponds to the case of many particles uniformly distributed in the ball B(0, 1)),

estimate (B.1) reads
(3) a 1
S17(0) < 5 In (5) ;

the constant a being independent of N, § and e, whereas in the present example, using (B.6), we have
S17(0) = 5 In (5) )

where b is another constant independent of N, § and «.
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APPENDIX C. SOME RESULTS ON THE SPHERICAL SURFACE HARMONICS

Proposition C.1. For { € N, the family of spherical harmonics (Y;™)_e<mse satisfies:

M\w
—

Q

=
S—

v(6,m) € [0, 7] x [0, 27] Z Y™ (0,m) ?\)ﬁ

m=—~

Proof. From the definition of Spherical Surface Harmonics, we have

S o) et <|P£<cos 23 ; Py (cos(0 >>|>.

m=—{ m=1

The Legendre polynomial P} = Py is bounded by 1 and we have the following bounds for the Associated
Legendre functions, see [19],

Vm e {1,...,0) C=ml s 1P ()] < = (C.2)
sy —_— X < — .
(€+m)! zel~11) ¢ V2
It follows that
20+ 1 (20+1)F _ 3V3 s
Y (6 1+v20) < < 0z
mz_zu <y T Ve < SR < 20
([l
Proposition C.2. For { € N, the family of spherical harmonics (Y;™)_e<mse satisfies:
‘
\/g(l + ﬂ') 5
Y(0,n) € [0,7] x [0,27 Y, (0,n)] < ——=——= (2. C.3
(0,m) € [0, 7] x [0, 27] m;elae(ﬁ)l Jon (C.3)
Proof. Using the definition of the Spherical Harmonics, we get
¢
m 20+1 0 (£ —m)!
mzzizweye (0,m)| < “ar <|30Pe (cos(0))] +2 'mzl Tm) |09 P (cos(0))] | -
For all £ > 1, for all m € {1,...,¢} and for all x €] — 1, 1], we have [1,20]:
1
0 _ _ 1
m _ 1 m—1 m—+1
0P} (@) = S (C+m)(C = m o+ 1) ' a) = B (2).
It follows that for all £ > 1, for all m € {1,...,¢} and for all 6 € [0, 7]
D9 PY(cos(0)) = P} (cos(0))

B0 Pi" (cos(0)) = 5 (P (cos(0)) — (£+m) (€ —m +1) P" " (cos(9)) ).

DN | =

Using relations (C.2) we deduce that

4 ¢
> 891”4”(9,77)%\/2@? > VE+m)(l+1-m)

m=—/ m=—~{

2041
o S Ve+12 -
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By comparison to the quadrature rectangle rule, we have

l 14
S VTR m = ()2 Y T
m=1

m=—/¢
141

<(+1)+2 VIE+1)2—22 de

0
<(z+1)+g(z+1)2.

To conclude the proof, note that 20 +1 < 3¢ and (£ + 1) + 5 (€ +1)? < 2(1 + m)¢2.

Proposition C.3. For { € N, the family of spherical harmonics (Y;™) _¢<m<e satisfies:

1 " 3{
e < D ©4)

14

v(8,n) € [0, 7] x [0, 27] Z

=—/

Proof. Using the definition of the Spherical Harmonics, we express the sum in the LHS of (C.4) using the

associated Legendre polynomials as

sm(a)” 9’7’ \/WZ

m=—~{

14

Forall £ > 1, for all m € {1,...,

S%Pﬁ(cos(a))‘ . (C.5)

¢} and for all z €] — 1, 1], we have [1,20]:

w% PM(w) = =P (x) = (C+m) (€ +m —1) BT ().

It follows that for all £ > 1, for all m € {1,...,¢} and for all € [0, 7]

%ﬂ(&) P (cos(0)) = —P;" T (cos(0)) — (£ +m) (L +m — 1) P;" " (cos(6)).

Following the same steps as in the proof of Proposition C.2, we conclude that

‘ 1
mz manyz (9777)’ <

=t
4 3

g\/2€+1 Z(f*m)<€(2€+1) < f

2V —, 2427 \/271'

2€+ Z\/Z m)({—m—1)

m\m

APPENDIX D. LP~-NORM OF THE NORMAL DERIVATIVE OF (GREEN’S KERNEL

Proposition D.1. For all x € R3, we have
0G4 ) < A3 (D.1)

where Ay = [10,G((1,0,0),)[ s ., ~ 0.3439.
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Proof. We proceed in two steps. First, we will compute the expression of ||0,G(x*, ~)||]L%(S2) for all z* € S2.

Then we will show that for all x € R3, denoting by x* € 52 the projection of = onto S2, we have
vy e P\ {z*}  |0:G(z,y)| < |0:G(2", y)|- (D.2)
For all * € S? and for all p such that 1 < p < 2, let us consider the quantity

n-(z*—y) "
|z —y[3

A:

S2

dy

where n denotes the outward unit normal to S2 at y € S2. In order to compute A, let us consider a frame
centered on z* and the following parametrization of the unit sphere S2:

S
(s,t) € B(0,1) C R? — t € S5?
141 — 52 —¢2

where the sign = is introduced to describe the two hemispheres and B(0, 1) denotes the unit ball in R2. In this

frame, the normal unit vector n to the sphere S? is given by n = (s, t, £v1— 52— tz)T . Since |y|? = 2n -y, we
have A = A, + A_ where

r dr.

1 1 V14 s 412 1 ! 1 V1412
Ay = —— 5 ds dt = —

8T)P JSeppcr 2+ 2VT— 2 —2)8 V1 —s2 — 12 2% - 1rr-1Jg (1£V1-72)% /172
Using the change of variable u = 1 4+ v/1 — r2, we deduce that

/ \/1+2u—u2

A=

- lﬂ.p 1

For p = %, by evaluating A by quadrature, we find A ~ 0.24093027. Finally,
100G (7, )H $52) = = A% <0.35. (D.3)
In order to prove (D.1), we consider z € R? and we denote by x* its projection onto S2. Considering the frame

previously introduced and centered on z*. The coordinate of x are (0,0, —d) where d = dist(x, S?) > 0. For any
point y € S?, we deduce from the relation |y|?> = 2n -y that

n-(z* —vy) ‘ 1
lzr —yl* | 2yl

Similarly, one can show that

n(:cy)’ 1 d*+2d
le—yP | 20e—yl 20e—yP

Since d > 0 and |z — y| > |z* — y|, we directly deduce that

n'(wy)‘ n'(x*y)‘,
|z =yl % —y[?
This last inequality implies that |0,G(x, ')H]Lé(s’z) < ||onG (x>, .)H]L%(S?)' We conclude the proof of

Proposition D.1 using relation (D.3). O
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APPENDIX E. CONSTANTS INTRODUCED IN THIS STUDY

TABLE E.1. Values of the constants introduced in the study.

Name Defined in ... Exact value Approximate
value
A Proposition A.1 V4« 3.5 x 10™°
Ay Proposition A.2  2/(3% \/7) 75x 107}
.. -1
As Proposition D.1  {|8,.G((1,0,0), ')H]L%(S?) 3.5 x 10
As Proposition 4.4 24/6(85 + 87 + 4w2) 6.0 x 10™*
2
B Lemma 3.5 3 max (8 85— 66+ 6%In (7)) 8.4 x 10+°
4 5>0 1)
B  Lemma 35 ‘/51 max (8 — 66— 6% +85In (2)) 6.6 x 10+°
3 6>0 0
Bs Proposition B.1 124 4 31n2 1.4 x 1072
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