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TIME DISCRETIZATION OF AN INITIAL VALUE PROBLEM FOR A
SIMULTANEOUS ABSTRACT EVOLUTION EQUATION APPLYING TO
PARABOLIC-HYPERBOLIC PHASE-FIELD SYSTEMS

SHUNSUKE KURIMA*

Abstract. This article deals with a simultaneous abstract evolution equation. This includes a
parabolic-hyperbolic phase-field system as an example which consists of a parabolic equation for the
relative temperature coupled with a semilinear damped wave equation for the order parameter (see
e.g., Grasselli and Pata [Adv. Math. Sci. Appl. 13 (2003) 443-459, Comm. Pure Appl. Anal. 3 (2004)
849-881], Grasselli et al. [Comm. Pure Appl. Anal. 5 (2006) 827-838], Wu et al. [Math. Models Methods
Appl. Sci. 17 (2007) 125-153, J. Math. Anal. Appl. 329 (2007) 948-976]). On the other hand, a time
discretization of an initial value problem for an abstract evolution equation has been studied (see e.g.,
Colli and Favini [Int. J. Math. Math. Sci. 19 (1996) 481-494]) and Schimperna [J. Differ. Equ. 164
(2000) 395-430] has established existence of solutions to an abstract problem applying to a nonlinear
phase-field system of Caginalp type on a bounded domain by employing a time discretization scheme.
In this paper we focus on a time discretization of a simultaneous abstract evolution equation apply-
ing to parabolic-hyperbolic phase-field systems. Moreover, we can establish an error estimate for the
difference between continuous and discrete solutions.
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1. INTRODUCTION

A time discretization of an initial value problem for an abstract evolution equation has been studied. For
example, Colli and Favini [6] have proved existence of solutions to the nonlinear Cauchy problem

d2u du .
L@‘FBE"—AU:Q 1n (O,T),
du
u(0) = uyg, E(O) = wy

by employing a time discretization scheme, where T' > 0, L : H — H and A : V — V™* are linear positive
selfadjoint operators, H and V are real Hilbert spaces, V' C H, V* is the dual space of V, B: V — V*is a
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maximal monotone operator, ¢g : (0,7) — V* and ug,wy € V are given. Moreover, they have derived an error
estimate for the difference between continuous and discrete solutions.
The system

O+ Xp))r—A0=f in Qx(0,00),
e + o1 — Ap +n(p) = N (p)0 in Qx(0,00), (E)
0(0) = 0o, ©(0) = o, ¢:(0) =vo  in

is a parabolic-hyperbolic phase-field system (see e.g., [11-13,20,21]), where Q C R? is a bounded domain with
smooth boundary, A and 1 are smooth functions, € > 0, f is a time dependent heat source, and 0y, ¢g, vo are
given initial data defined in 2. The unknown function 6 is the relative temperature. The unknown function ¢
is the order parameter. The function A\ has a quadratic growth, e.g., A(r) = ar? + br + ¢ (a,b,c € R); while
the function 1 has a cubic growth, e.g., n(r) = di73 — dar (di,ds > 0). The second time derivative epy; is the
inertial term which characterizes the hyperbolic dynamics. In the case that ¢ = 0 the system (E) is the classical
phase-field model proposed by Caginalp (cf. [5,9]; one may also see the monographs [4,10,19]). The system (E)
endowed with homogeneous Dirichlet—-Neumann boundary conditions has been analyzed by e.g., Grasselli and
Pata [11,12] and Grasselli et al. [13]. The paper Wu et al. [20] has studied the system (E) with homogeneous
Neumann boundary conditions for both 6 and ¢. In the case that A(r) = r for all » € R, the system (E) with
dynamical boundary condition has been analyzed by e.g., Wu et al. [21]. In the case that ¢ = 0 and \(r) = r
for all » € R, Schimperna [16] has derived existence of solutions to an initial value problem for a simultaneous
abstract evolution equation applying to the system (E) under homogeneous Neumann—Neumann boundary
conditions by employing a time discretization scheme (but Schimperna [16] did not obtain error estimates for
the difference between continuous and discrete solutions). Also, in the case that € = 0, A(r) = r for all r € R
and (2 is a bounded or an unbounded domain, Colli and Kurima [7] have employed a time discretization scheme
to prove existence of solutions to the system (E) under homogeneous Neumann—Neumann boundary conditions
and established an error estimate for the difference between continuous and discrete solutions. However, time
discretizations of parabolic-hyperbolic phase-field systems seem to be not studied yet.
In this paper we consider the initial value problem for the simultaneous abstract evolution equation

40 dy

&+E+A10:f m (07T)7

d?p dep .
L@-I—BE"‘AQSO"‘(I)@""cSO:G in (0,7, (P)
6(0) = b0, #(0) = o, Z-(0) = o,

where T' > 0, L : H — H is a linear positive selfadjoint operator, B: D(B) C H - H, A;: D(A;) CH — H
(j = 1,2) are linear maximal monotone selfadjoint operators, V; (j = 1,2) are linear subspaces of V satisfying
D(Aj) CV; (j =1,2), ®: D(®) C H — H is a maximal monotone operator, £ : H — H is a Lipschitz
continuous operator, f : (0,7) — H and 6y € Vi, g, v9 € Va are given. Moreover, in reference to [6,7], we deal
with the problem

5h9n + 5h§0n + A19n+1 = fn+17
LZnJrl + anJrl + A2Q0n+1 + q)SDnJrl + ACSDnJrl = 6n+1a

P)n
20 = 21, Zn+1 = OpUn, )
Un+1 :6h§0n
fornzO,...,N—LWhereh:%,NGN7
9n+1 - en Spn—l-l - Qon vn+1 — Unp
0pl, := ———, Oppp i= ——————, OpUp i= ————, 1.1
hOn ; e 7 v Z (1.1)
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and fy := % (]Zh_l)h f(s)ds for k =1,..., N. Here, putting
~ d6, R dg
01,(0) := 0o, T:(t) = 6n0n, Pn(0) := o, %(t) = 0npn,
~ dv,
05 (0) := o, T:(t) 1= 0pUn,

On(t) = Ons1, Za(t) == Zng1, Pu(t) == Ony1, Ua(t) == vpr1, fr(t) = fata

for a.a. t € (nh,(n+1)h), n=0,...,N — 1, we can rewrite (P),, as

d&h dSDh .
A0, = T

dt dt + 1Yh fh - m (07 )7
Lz, + Bop + Aspy, + 99y, + L), = 0 in (0,7),
_ dov;, _ dpy,

2% _ 4vh T
ih Ty n (0,7),
0n(0) = 6o, ©n(0) = @0, Ur(0) = vo.

Remark 1.1. Owing to (1.2)—(1.4), the reader can check directly the following identities:

1@l Lo 0.7:v2) = max{{lollva, [1Pn | Loe 0.7:72) }

[l L= 0.1:v) = max{{[vollvz, [On | o< (0.7:5) }

1081l o 0,75v1) = max{||6ollvy, 16n ]| o< (0,73v1) }

1@, — @nllLoe (0,13v5) = H dén H = hl|Un|l L= 0,15v2)>
5 Va Lo (0,T3Va) V2
70— Hd”hH = hllzl
Vh — 0, ) . = z oo .
h hllLe(0,T;H) = Lo (0.7 H) Rl Lo (0,T;H)»
oy, |12
1B~ Bl = 5 e s o

Moreover, we deal with the following conditions (C1)—(C14):
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(C1) V and H are real Hilbert spaces satisfying V' C H with dense, continuous and compact embedding,.
Moreover, the inclusions V' C H C V* hold by identifying H with its dual space H*, where V* is the

dual space of V.
(C2) V; (j =1,2) are closed linear subspaces of V, dense in H and reflexive.
(C3) L: H — H is a bounded linear operator fulfilling

(Lw,2)g = (w, Lz) g for all w,z € H, (Lw,w)y > cp|w||% for all w € H,

where ¢y, > 0 is a constant.

(C4) Ay : D(A;) C H — H is a linear maximal monotone selfadjoint operator, where D(A;) is a linear

subspace of H and D(A;) C V;. Moreover, there exists a bounded linear monotone operator A}

V¥ such that

(Aw, 2)vy vy = (Alz, w)vr v,y for all w,z € Vi,
Ajw = Ajw for all w € D(Ay).

Moreover, for all a > 0 there exists o, > 0 such that

(Ajw,w)vr vy + allw|F > oallw|}, forall w e Vi.

Vi —
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(C5)

(Co)

(C8)
(C9)

(C10)

(C11)

(C12)

(C13)
(C14)
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For all g € H and all a > 0, if there exists 6 € Vi such that 0 + aAj0 = g in V*, then it follows that
€ D(Ay) and 0+ aA10 =g in H.

B:D(B)CH — H, Ay : D(A2) C H — H are linear maximal monotone selfadjoint operators, where
D(B) and D(A5) are linear subspaces of H, satisfying

D(B) N D(43) £,
(Bw, Asw)pg >0 for all w € D(B) N D(As),
(Bw, A2z)pg = (Bz, Asw) g for all w,z € D(B) N D(Asg).

Moreover, the inclusion D(A43) C V» holds.
® : D(®) C H — H is a maximal monotone operator satisfying ®(0) = 0 and V' C D(®). Moreover,
there exist constants p, g, Cs > 0 such that

[Bw — @2l < Ca(l+ [wlf, + 2w — 2y forall w,z € V.
There exists a lower semicontinuous convex function i : V. — {x € R | 2 > 0} such that (Pw,w — z)g >
i(w) —i(2) for all w,z € V.
®,(0) =0, (Prw, Bw)y > 0 for all w € D(B), (Prw, Asw)g > 0 for all w € D(Az), where A > 0 and
®, : H — H is the Yosida approximation of ®.

B* : Vo — V5 is a bounded linear monotone operator fulfilling

(B*w, z)vy v, = (B* 2, w)vy vs for all w,z € Va,
B*w = Bw for all w € D(B) N V.

A% Vo — V5 is a bounded linear monotone operator fulfilling

(Asw, 2)vy vy, = (ASz, w)vy vy for all w,z € Va,
Asw = Asw for all w € D(Asg).

Moreover, for all a > 0 there exists w, > 0 such that
<A§w,w>vz*,vz + a||w\|%[ > wa||w||%/2 for all w e V.
For all g € H, a,b,c,d > 0, A > 0, if there exists ¢y € V5 such that
Loy 4+ aB* @y + bASpx + cPrpr +dLpy =g in V,
then it follows that ¢y € D(B) N D(A3) and
Loy +aBpy +bAspy + cPrpy +dLpy=¢g in H.

L : H — H is a Lipschitz continuous operator with Lipschitz constant C, > 0.
0y € V1, wo € D(B) N D(AQ), Vg € D(B) NV, f € L2(0,T,H)

Remark 1.2. We set the conditions (C3), (C4) and (C11) in reference to Section 2 of [6]. The conditions (C5)
and (C12) are equivalent to the elliptic regularity theory under some cases (see Sect. 2). Moreover, we set the
conditions (C7)—(C9) and (C13) by trying to keep a typical example (see Sect. 2) in reference to assumptions
in [7,11-13,20,21].

We define solutions of (P) as follows.
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Definition 1.3. A pair (6, ) with

b€ H1(07T, H) N LOO(OvTa Vl) N L2(0,T7D(A1))a
@ € W20, T; H)NW1>°(0,T; V) N L*(0,T; D(As)),

d
d—f € L2(0,T; D(B)), &y € L=(0,T; H)

is called a solution of (P) if (0, ¢) satisfies

do de
—_— — = i .C. '1
n + i +A0=f in H a.e. on (0,7), (1.11)
e dy .
LF +BE + Asp+ Do+ Lp=10 in  H aeon (0,7), (1.12)
d .
6(0) = 6, ©(0) = o, > (0) = v in  H. (1.13)

dt

Now the main results read as follows.

Theorem 1.4. Assume that (C1)—(C14) hold. Then there exists hg € (0,1) such that for all h € (0, hg) there
exists a unique solution (0,11, pnt1) of (P)n satisfying

0n+1 ED(Al), ©On41 ED(B)QD(AQ) for n=0,...,N —1.
Theorem 1.5. Assume that (C1)—(C14) hold. Then there exists a unique solution (6,y) of (P).

Theorem 1.6. Let hg be as in Theorem 1.4. Assume that (C1)—(C14) hold. Assume further that f €
WLL(0,T; H). Then there exist constants hoo € (0,ho) and M = M(T) > 0 such that

HLl/z(ﬁh - U)||LOO(O7T;H) =+ ||Bl/2(@h — U)”LQ(O,T;H) + ||§5h - SDHLOO(OvT;VZ)
10 = 0l iz + 10 — Oll20.mvsy < M2
for all h € (0, hoo), where v = 2.

This paper is organized as follows. Section 2 gives some examples. In Section 3 we establish existence of
solutions to (P),, in reference to Section 4 of [8]. Section 4 contains the proof of existence for (P). In Section 5
we prove uniqueness for (P). In Section 6 we derive error estimates between solutions of (P) and solutions of

(P)p.

2. EXAMPLES

In this section we give the following examples.

Example 2.1. We consider the following homogeneous Dirichlet—Neumann problem

et“‘@t_AH:f in QX(O,T),
0=0,0=0 on 90 x (0,T),

0(0) = o, ©(0) = o, p+(0) =vg in €,
where 2 C R? is a bounded domain with smooth boundary 02, T > 0, under the following conditions:

(J1) B :R — R is a single-valued maximal monotone function and there exists a proper differentiable (lower
semlcontmuous) convex function 3 : R — [0, 4+00) such that ﬂ( )=0and B(r) = 3’ (r) = 35( ) for all
r € R, where ﬁ " and aﬁ, respectively, are the differential and subdifferential of 3.
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(J2) B € C%(R). Moreover, there exists a constant Cz > 0 such that |3”(r)| < Cs(1 + |r|) for all r € R.
(J3) 7 :R — R is a Lipschitz continuous function.
(J4) 09 € HL(Q), po € H2(), Oupo = 0 a.e. on 9Q, vg € HL(Q), f € L0, T; L?(1)).

Moreover, we put
Vi=HYQ), H:=L*Q), Vi := H}(Q), Vo := H(Q),
L:=1:H—H,
Ay = —A:D(A) = H* Q)N HLQ) Cc H— H,
B:=1:D(B):=H — H,
Ag:=—A:D(Ay):={z€ H*(Q) | 0,2=0 ae.ondQ}CH—H

and define the operators A : Vi = Vi*, B*: Vo = Vf, A5 : Vo = Vi, @: D(®) CH — H,L: H— H as

(ATw, 2) v vy 1= / Vw-Vz for w,z € Vi,

(B*w, z)v; v, = (Z,Z)H for w,z € Va,

(ASw, 2)vy v, = / Vw-Vz for w,z € Va,

D(z) = 0(2) " for  zeD(®):={z€ H|B(z)e H},
L(z) :=m(z) for z € H.

Please note that the identity 3(0) = 0 in (J1) entails 3(0) = 0. We set (J1) in reference to an assumption in [7].
We assumed (J2) in reference to assumptions in [12,13,20,21]. Moreover, we set (J3) in reference to assumptions
in [7,11]. Then the function R 3 r +— dy7® — dar € R (dy,dy > 0) is a typical example of 3 + 7. Now we verify
that ® : D(®) C H — H is maximal monotone. We define the function ¢ : H — R as

6(2) = /Qﬁ(z(as)) dz if z€ D(¢) :={z € H | B(z) € L*(Q)},
+00

otherwise.

Then ¢ : H — R is proper lower semicontinuous convex, whence d¢ : D(0¢) C H — H is maximal monotone
(see e.g., [2], Thm. 2.8). In addition, we have that

D(9¢) ={z€ H | B(z) € H} = D(®),
0¢(z) = B(z) = ®(z) for all z € D(P) (2.1)

(see e.g., [3], Example 2.8.3, [17], Example 11.8.B). Thus ® : D(®) C H — H is maximal monotone.
Next we show that & w = Sy (w) for all w € H, where 3, is the Yosida approximation operator of 8 on R.
Since it follows from (2.1) that ® = 0¢, the identities

®yw = (3p)rw = A" (w — J%w) (2.2)

hold for all w € H, where de) : H — H is the resolvent operator of 0¢, that is, de’w = (I + X\d¢)~tw for all
w € H. On the other hand, since we derive from (2.1) that d¢(z) = 3(z) for all z € D(®), we can check that

A w — J2%w) = A7 (w — J2(w)) = Bi(w) (2.3)

for all w € H, where Jf : R — R is the resolvent operator of § on R, that is, Jf(r) = (I +A\B)~1(r) for all
r € R. Hence combining (2.2) and (2.3) leads to the identity ®yw = 3)(w) for all w € H.
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Next we prove that V' C D(®) and there exist constants p, g, Ce > 0 such that
[Qw — @z]|g < Co(1+ [lwllf, + [|2[IY)[w — z[lv

for all w,z € V. The Taylor theorem and the condition (J2) mean that

16r) = B = |F () = 5) + 568" ()7 — 5)°
<18 )lr— sl + L+ Irl + sl — 5)? (2.4)

for all r, s € R, where r( is a constant belonging to [r, s] or [s,r]. Also, owing to the Taylor theorem and the
condition (J2), it holds that

18(s)] = 15"(0) + 8" (s0)s| < |8'(0)] + Cp(1 + |s|)]s]
=18'(0) + Cp(ls] + [s/*) (2.5)

for all s € R, where sg € R is a constant belonging to [0, s] or [s,0]. Thus we infer from (2.4), (2.5) and the
Holder inequality that

1B8(w) = B(=)1H
< Cillw = zll72 () + Cullz(w = 2) [ 720y + Cillz* (w0 = 2)[1 720
+ Cillw — 2[Lagq) + Cillw(w — 2)?[[72(q) + Cillz(w — 2)?||72(0
< Ciflw - Z||%2(Q) + Cl||Z||%4(sz)||w - ZH%‘I(Q) + C1||Z||4L6(Q)Hw - ZH%G(Q)

+ Ciflw - z||%4(m + Ch Hw||2L6(Q) [Jw— ZH%G(Q) +Ch HZH%G(Q) [|w— Z”%ﬁ(n) (2.6)

for all w,z € V, where C; > 0 is a constant. Here the continuity of the embedding V < L5(Q) and the
boundedness of € imply that

Cillw = 2[Z20) + CullzlLao) lw = 2740y + Cillllze@) lw = 2llEs(q)
+Cillw = 2l 1a(q) + Crllwlis o) lw — 2ll7e0) + Cillzllie@ lw = 2llzs(q)
< Callw = 2|y + Call2lf lw — 2l + Coll2lv lw — 2I3
+ Collw =zl + Collwl[{ llw = 2] + CallzlI} lw = 21y,
< Cs(1+ wlly + ll2l9) lw = =213 (2.7)

for all w, z € V, where Cy = C5(Q2),C3 = C5(Q) > 0 are some constants. Hence we deduce from (2.6) and (2.7)
that

18(w) = B < Ca(L + [Jwlly + 2131w — 213
for all w, z € V. Then, thanks to the identity 5(0) = 0, we have
1B)1F < C3(1+ [[wlli) lwlf,
for all w € V. Therefore V' C D(®) and there exist constants p, ¢, Ce > 0 such that
[@w — @z]|g < Co(1+ [lwl}, + |l2]I})[[w — z]lv

for all w,z € V.
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\ \/

Next we confirm that there exists a function i : V. — {& € R | > 0} such that (Pw,w — z)g > i(w) — i(2)
for all w, z € V. We see from (J1) and the definition of the subdifferential that 5(r)(r — s) > G(r) — 5(s) for all
r,s € R. Thus, defining i : V — {z € R | x > 0} as

,@:AB@ for z€V CD(®) cC{zeH|pz el )}

we can obtain that (Pw,w — 2)g > i(w) —i(z) for all w,z € V.

Therefore the conditions (C1)—(C4), (C6)—(C11), (C13) and (C14) hold. Moreover, the elliptic regularity
theory leads to (C5) and (C12). Similarly, we can check that the homogeneous Neumann—Neumann problem,
the homogeneous Dirichlet—Dirichlet problem and the homogeneous Neumann-Dirichlet problem are examples.

Example 2.2. We can verify that the problem

9t+§0t—A9:f in QX(O,T),
0=¢=0 on 09 x (0,7,
6(0) = by, ©(0) = o, ©+(0) =ug in Q,

where Q) C R? is a bounded domain with smooth boundary 052, is an example under the three conditions
(J1)—(J3) and the following condition

(J5) 8 € HL(Q), 00 € HA(Q) N HY(Q),v0 € H2(Q) N HL(Q), f € L2(0,T; L2(Q)).

Indeed, putting

Vi=HYQ), H:=L*Q), V1 := H}(Q), Va:= H}(Q),
L:=1:H—H,

A= —A:D(A):=H*(Q)NH;(Q) c H— H,
B-:—A'D( )= H*(Q)N ()CH—»H

and defining the operators A7 : Vi3 — Vi, B* : Vo - Vo', A5 Vo - Vi, & D(®)CH— H,L: H— H as

(ATw, 2) v vy 1= / Vw-Vz for w,z € V7,
(B*w, 2)vy v, = /Vw Vz for w,z € Va,
(ASw, 2)vy vy 1= / Vw-Vz for w,z € Va,
Q
D(z2) := [(2) for z€D(®):={z€ H|p(z) € H},
L(z) :=7(2) for z € H,

we can confirm that (C1)—(C14) hold. Similarly, we can show that the homogeneous Dirichlet—-Neumann problem,
the homogeneous Neumann—-Neumann problem and the homogeneous Neumann—Dirichlet problem are examples.

3. EXISTENCE OF DISCRETE SOLUTIONS

In this section we will prove Theorem 1.4.
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Lemma 3.1. Forallg € H and all h > 0 there exists a unique solution 8 € D(A1) of the equation 0+hA10 = g
m H.

Proof. We define the operator ¥ : V7 — V{* as
(WO, w)yr v, = (0, w) g +h(AT0,w)vs v, for 60,we V.
Then, owing to (C4), this operator ¥ : V3 — V;* is monotone, continuous and coercive, and then is surjective

for all h > 0 (see e.g., [2], p. 37). Therefore the condition (C5) leads to Lemma 3.1. O

1+C¢
unique solution ¢ € D(B) N D(As) of the equation

1/2
Lemma 3.2. There exists hy € <0,( oL ) ) such that for all g € H and all h € (0,hy) there exists a

Lo + hBp + h*Ayp + h*®p + h*Lo =g in H.
Proof. We define the operator ¥ : Vo — V5 as

<\I/<p,ﬂ)>v2*7v2 = (LQO, w)H + h<B*§07w>V2*,V2
+ h2<A§go,w>V2*,V2 + h3(®ap, w) g + W2 (Lo, w)y  for @, w € Va.

1/2
Then we see that this operator ¥ : Vo — V5* is monotone, continuous and coercive for all » € | 0, ( oL ) )

1+C,
Indeed, it follows from (C3), (C11), the monotonicity of B* and ®,, and (C13) that

(T — V3,0 —P)vy.1s

= (Llp—2),9 —P)u + W(B* (¢ = 9), 0 = Phvy va + W2 (A5 = D), — Phvz va
+hA(Drp — ©uB, 0 — P)u + WA (Lo — LB, 0 — P)u

> cplle = BlE + wih?lle — 2%, — PPl — 2% — Ceh®lle — Pl

> wih?(le - 717,

1+C¢
A3+ Vo — V5F, the Lipschitz continuity of ®,, the condition (C13) and the continuity of the embedding V5 < H
yield that there exists a constant C; = C1(A) > 0 such that

1/2
for all o, € V5 and all h € <0, ( 2L ) > The boundedness of the operators L : H — H, B* : Vo — V5,

(Yo — U5, w)vy v, |

<|(L(¢ = @), w)u| + (B (¢ — §), w)vy vl + *[{A5(p — §), w)vy vs|
+ W2 (Prp — PAp, w)u| + B*|(Lp — L, w) k|

<Gl +h+02)]e —Bllv lwllv,

for all ¢, 3, w € V3 and all b > 0. Also, we have that (Vo — L0, p)v; v, > wih?|¢|l3, for all ¢ € V5 and all

1/2 1/2
h € <0, (1-:2165) > Thus the operator ¥ : V5 — V' is surjective for all h € (O, (1_{:’55) > (see e.g., [2],

1/2
p. 37), whence we can deduce from (C12) that for all g € H and all h € <0, (Hc—é,ﬁ) > there exists a unique
solution ¢y € D(B) N D(A) of the equation

Loy 4+ hBopy + h?Agpx + B2 ®yp\ + h2Lpy =g in  H. (3.1)
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Here we multiply (3.1) by o, and use the Young inequality, (C13) to infer that

(Lox, ox) i + h(Box, o) + WP (A5ox, 0x) vy ve + W2 (Papx, o2
= (g,0:)u — B*(Lox — LO,02) g — h* (L0, px)
II1£0

cL ! .
< Lol + 5 —llalls + Cchlloally + 51 + Sh ol
2 2cy, 2 2

1/2
Then, by (C3), (C11), the monotonicity of B and ®,, there exists hy € (07 (1?62) ) such that for all

h € (0, hy) there exists a constant Cy = C3(h) > 0 satisfying
lpalls, < Co (3.2)
for all A > 0. We derive from (3.1), (C9) and the Young inequality that

R @xeallsr = (9, Papa) i — (Lox, apa)m — h(Box, ®apa)m — WP (Azox, ®rpa)n
— h2(Lpx, Papr)ur

3 2 3 2 3 2 2 1 2 2
< WHQ”H + mHL%HH + §h ILox7 + §h [®xoAllF-

Hence, thanks to the boundedness of the operator L : H — H, (C13) and (3.2), we can verify that for all
h € (0, hy) there exists a constant C5 = C3(h) > 0 such that

[@rxpallE < Cs (3.3)
for all A > 0. We can confirm that

hBoallir = (9, Box)u — (Lox, Boa) g — h*(Aspx, Box) g — h*(®rox, Bea)n
— h%(Lox, Box)m

by (3.1) and then the boundedness of the operator L : H — H, (C6), (C9), (C13), the Young inequality and
(3.2) imply that for all h € (0, h1) there exists a constant Cy = Cy4(h) > 0 satisfying

1Beallz; < Ca(h) (3-4)
for all A > 0. We see from (3.1) to (3.4) that for all h € (0, hy) there exists a constant Cs5 = C5(h) > 0 such that
14207 < C5(h) (35)

for all A > 0. Thus by (3.2)—(3.5) there exist ¢ € D(B) N D(A3) and £ € H such that

ox — @ weakly in V5, (3.6)

Loy — Ly weakly in  H, (3.7)
Dy(pn) — ¢ weakly in  H, (3.8)
Bpyx — By weakly in H, (3.9)
Aspy — Asp  weakly in H (3.10)

as A = A; — +0. Here the inequality (3.2), the convergence (3.6) and the compactness of the embedding Vo — H
yield that

o\ — @ strongly in H (3.11)
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as A = \; — +0. Moreover, we have from (3.8) and (3.11) that (®Px¢x, ox)g — (£, ) as A = A; — +0. Hence
the inclusion and the identity

¢ € D(®), {=2p (3.12)

hold (see e.g., [1], Lem. 1.3, p. 42).
Therefore, by virtue of (3.1), (3.7)-(3.12) and (C13), we can check that there exists a solution ¢ € D(B) N
D(A,) of the equation
Lo+ hBp + h*Asp + h*®p +h’Lo =g in H.

Moreover, owing to (C3), (C11), the monotonicity of B and ®, and (C13), the solution ¢ of this problem is
unique. O

Proof of Theorem 1.4. Let hq be as in Lemma 3.2 and let h € (0, hy). Then we infer from (1.1), the linearity of
the operators Ay, L, B and A, that the problem (P),, can be written as

6n+1 + hAlan—i-l - Hn + Pn + hfn+1 — Pn+1,
L@n-{-l + hB(pn-i—l + hQAQSOn-i-l + h2¢)80n+1 + h2£§0n+1 (Q)n
= Ly, + hLv, + hBy, + h%0,,1,

whence proving Theorem 1.4 is equivalent to establish existence and uniqueness of solutions to (Q), for n =
0,..., N —1.1It suffices to consider the case that n = 0. Thanks to Lemma 3.1, we can verify that for all p € H
there exists a unique solution § € H of the equation

04+ hA10 =00+ oo+ hfi — . (3.13)
Also, Lemma 3.2 means that for all § € H there exists a unique solution » € H of the equation
L@ + hBg + h*> A + h2®F + h? L@ = Lyo + hLvg + hBgg + h26. (3.14)
Therefore we can define the operators A: H — H, B: H — H and S : H — H as
Alp) =0, B(0) =% for p,0 € H

and

S=BoA,
respectively. Then we see from (3.13) and the Young inequality that
I Ap — ACIIE + h(Ar(Ap — AQ), Ap — AQ)
= ~(p— & Ap — A < 5l =l + 310 — AC;
for all ¢ € H and all ¢ € H, and hence the inequality
lAe — Alllm < lle = Clla (3.15)

holds for all ¢ € H and all ¢ € H by the monotonicity of A;. On the other hand, since we derive from (3.14),
(C13) and the Young inequality that

(L(Sp = 8C), S = 8C)u + h(B(Sp — 8¢), 8¢ = SQ)u
+h*(A2(Sp — 8C), S — SQu + h*(8Sp — 8S¢, S — SO u
= h*(Ap — A(, Sp — SO — hW*(LSp — LS, Sp — SO u

h2
< 7 MAe = AT + WS¢ — SClIT + Ceh?1Sy =S¢l



988 S. KURIMA

for all ¢ € H and all ¢ € H, it follows from (C3), the monotonicity of B, Ay and ® that

h
2cr — h2 — Cph?)i/2

1S¢ — SCllm < [ Ay — ACl[n (3.16)

for all p,¢ € H and all h € (0, hy). Hence, combining (3.15) and (3.16), we have that

h
(CL —h2— C£h2)

for all ¢, € H and all h € (0, hy). Therefore there exists hg € (0, min{1, hy}) such that the operator S : H — H
is a contraction mapping for all h € (0, hg). Then the Banach fixed-point theorem yields that the operator
S : H — H has a unique fixed point, 1 = Sp1 € D(B) N D(As). Thus, putting 6; := Ap; € D(A1), we can
conclude that there exists a unique solution (61, 1) of (Q), in the case that n = 0. O

4. UNIFORM ESTIMATES FOR (P); AND PASSAGE TO THE LIMIT

In this section we will establish a priori estimates for (P);, and will prove Theorem 1.5 by passing to the limit
in (P);, as h — +0.

Lemma 4.1. Let hg be as in Theorem 1.4. Then there exist constants he € (0, hg) and C = C(T') > 0 such that
||@h||%w(o,T;H) + thh”%P(O,T;H) + ||Bl/25h||2L2(0,T;H) + ||¢hH2L°°(0,T;V2)

dt

2

o 52 a0.10) + PRI 0,70y + | + 1032021 < C

L2(0,T;H)
for all h € (0, hz).
Proof. Multiplying the second equation in (P), by hvp41(= @nt1 — ¢n) and recalling (1.1) lead to the identity

(L(vn-H - Un)avn+l)H + h(an+1>Un+l)H + <A;$0n+1, Pnt+1 — ‘Pn>V2*,V2
+ (Pnt1, Ont1 — ©n)H + (PPny1, Ont1 — On)H
= h(9n+1, U7l+1)H - h(£@n+1v 'Un-H)H + h(‘pn-&-la vn+1)H- (4~1)

Here we infer that

(L(vn-i-l - 'Un)a Un-‘rl)H

= (Ll/z(vn+1 - Un)a L1/2vn+1)H

1 1 1
= SIEY 2ol = SIEY 20l + 12 (0011 — )y (12)
and

(A50n11,Pnt1 — Pr)Vy Ve + (Pnt1, Pnt1 — On)H

1 1 1
= §<A§<ﬂn+1’ </9n+1>v2*,v2 - §<A§<Pm <Pn>v2*,vz + §<A§(%+1 — ¥n), Pnt1 — <Pn>V2*,V2

1 1 1
+ 5”‘)071,-&-1”%[ - 5”8%“%{ + §||80n+1 — onll%- (4.3)
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Hence we deduce from (4.1)—(4.3), (C8), (C13), the continuity of the embedding Vo, — H and the Young
inequality that there exist constants C1,Cy > 0 such that

1 1 1
L2001 = SIE 0l + 312011 = )y + RIBY 200

1 1 1
+ §<A;</7n+1a ‘Pn+1>V2*,V2 - §<A§§0na ‘Pn>V2*,Vz + §<A;(<Pn+l — ¥n), Prt1 — ‘Pn>V2*,V2

1 1 1 . .
+ 5 lensill = 1ealld + 3Ienss = gally +ilens) = i(on)

1 3
< ShlOniallfr + Shllvnall + Crbllenia i, + Coh (4.4)

for all h € (0, hg). On the other hand, multiplying the first equation in (P), by hf,41, we see from the Young
inequality that

1 1 1
S0ty = 5003 + 516051 — Bal3y + A4 i1, Ons1)m

- h(fn+17 9n+1)H - h(anrla 9n+1)H
<1 2 1 4+ Ol 4.5
< Sl + LBl + Bl (45)
Thus combining (4.4) and (4.5) implies that
LY 2 = S 20 + L2 (s — )+ BB v
+ §<A2§0n+1a §0n+1>V2*,V2 - §<A290m ‘pn>V2*,V2 + §<A2(90n+1 — ¥n), Pnt1 — ‘pn>V2*,V2
1 1 1 . .
+ §||99n+1||%1 - §H90n||%{ + §H90n+1 - SDHH%{ +i(pn+1) — i(pn)

1 1 1
+ §||0n+1||%{ - §||9n‘|%{ + §||0n+1 - Gn”%{ + h(A19n+179n+1)H

1 3
< ShllfarallFr + Shl1Onallzr + 2hllvnsall7 + Crlllonially, + Coh. (4.6)
Moreover, we sum (4.6) over n =0,...,m — 1 with 1 <m < N to obtain the inequality
m—1 m—1
||L1/2 m”H +5 Z ”Ll/2 (Unt1 — 'Un)”H +h Z HBl/Q'Un-‘rl”H +5 <A;‘Pm7§0m>v2*,V2
n=0
1 1m 1 m—1
+ §||<pm||%{ + ) Z (A5(Pn+1 — Pn)s Pnt1 — ¢n>V2 Vet g Z lont1 — ‘PnHH
n=0
m—1 m—1
+i(§0m) ”9mHH +35 Z ||0n+1 0 ||H +h Z Al n+170n+1)
n=0
1 1/2 1 * 1 2 . 1 9 1 ja 9
§||L vollf + 2<A2<P07900>v;,vz + §||800||H +i(o) + §H90HH + §h Z | fr1
n=0
m—1 m—1 m—1
+ h Z [10n41 ]I + 20 Z [vn41ll7r + Cih Z lns1ll3, + CoT. (4.7)

Here, owing to (C11), it holds that

1

1 w1
5 (A30m, om)vs va + 5 lomlE = Sl (4.8)
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and
1 m—1 1 m—1
By Z (A2(Pnt1 = @n)s Pnt1 — Pn)vp v + B Z [ ens1 — enllF
n=0 n=0
w m—1 w m—1
1 1
> o5 Z ln+1 — @n”%@ = ?hz Z H%H”%@- (4.9)
n=0 n=0

Also, we see from (C4) that

m—1 m—1
h Z (Alan-i-h 9n+1)H =h Z <AT0n+17 97L+1>V1*,V1
n=0 n=0
m—1 m—1
>o1th Y N0nallfy =0 D 10nsallF (4.10)
n=0 n=0

Hence it follows from (4.7) to (4.10) and (C3) that

m—1 m—1
CL CL w1
(5 = 28) lomlls + 02 D Nenslld + 0 3 1B 2ol + (5 = Cah) lemli?,

n=0 n=0
w m—1 1 1 m—1 m—1
1
+ —-h? [vns1ll3, + = (1 = 5h)[|0m |7 + 5h° 1610017 + o1h [16n+1113,
2 2 2
n=0 n=0 n=0
1 1 1 1 1=
< §||L1/2U0||§{ + 5 {420, o)y ve + §||900||§{ +i(po) + §H90H12q +5h > fnsall
n=0
5 m—1 m—1 m—1
+5h D 10515 + 20 Y sl + Cak Y gl + CoT
§=0 j=0 j=0

and then there exist constants hy € (0, ho) and C3 = C3(T") > 0 such that

m—1 m—1
lomllFr + 22D lznillE + 5 Y (1B ol
n=0 n=0
m—1 m—1 m—1
+llomllS, + 52D Mo ll¥, + 10mlF + 1D w0l + 1 Y 0nsallF,
n=0 n=0 n=0
m—1 m—1 m—1
< Csh Y 105117 + Csh > ljller + Csh > lleslI3, + Cs (4.11)
=0 =0 i=0

for all h € (0, hg). Therefore the inequality (4.11) and the discrete Gronwall lemma (see e.g., [14], Prop. 2.2.1)
imply that there exists a constant Cy = C4(T') > 0 such that

m—1 m—1
lomliF + 5% >~ Nznllf + 7 D 1BY 2ol
n=0 n=0
m—1 m—1 m—1
+lemlty + 82D Nonrallty + 10mlF + 5% Y 1680l + 5 Y 10ns1]l5; < Ci
n=0 n=0 n=0

for all h € (0,h) and m=1,...,N. O
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Lemma 4.2. Let hy be as in Lemma 4.1. Then there exists a constant C = C(T) > 0 such that

2 2

Hd@z
dt

dt

+h”

+ thH%“‘(O,T;Vl <C

L2(0,T;H) L2(0,T;V1)

for all h € (0, ha).

Proof. Multiplying the first equation in (P),, by 6,11 — 6, and using the Young inequality mean that
2
9n+1 - en

h
<5

h

* Gn - an
+ <A19n+17 9n+1 - 9n>V1*,V1 =h (fnJrl — Un+1, +1>
H H

2

1. ||0ns1 — 0
< Wleally + Allonsa By + o | 22222 (112)
H
Here we derive that
1 1, .
<A>{9n+1’ 67L+1 o 9">V1*7V1 - §<AT971+1’ 07L+1>V1*,V1 o §<A19n79n>V1*7V1
1
+ §<AT(9n+1 = 0n),0ns1 = On)ve vy (4.13)
Thus, combining (4.12) and (4.13), we have
1 0n+1 - 971 ? 1 * 1 %
Qh‘ |, + 5 (A1, Ons vy v = 5 {4700, On vy i
1 *
+ (AT Ons1 = 0n), Onsr = On)vie i < bl fiallFr + RllonallZr- (4.14)

Therefore summing (4.14) over n =0,...,m — 1 with 1 < m < N, the condition (C4) and Lemma 4.1 lead to
Lemma 4.2. O

Lemma 4.3. Let hy be as in Lemma 4.1. Then there exists a constant C = C(T) > 0 such that
||A1§h||2L2(0,T;H) <C
for all h € (0, ha).
Proof. This lemma holds by the first equation in (P)j, Lemmas 4.1 and 4.2. O
Lemma 4.4. Let hy be as in Lemma 4.1. Then there exists a constant C = C(T) > 0 such that
Iz Fr + Bl BY 221l + lorll?, + R2|lz1f5, < C

for all h € (0, ha).

Proof. Thanks to the second equation in (P),, the identities v1 = vo 4+ hz; and p1 = ¢ + hv1, we can obtain
that

LZl + BUO + hBZl + AQQOO + hAQ'Ul + (I)(pl + ,C(pl = 01. (415)
Then, multiplying (4.15) by z1, we can check that

L2213 + (Buvo, 21)m + h(Bz1, 21) i + (Aso, 21) 1 + h(Asvi, 21) 1
+ (1, 21)m + (L1, 21)m = (01, 21) - (4.16)
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Here we see from (C11) that

h(Avi,21) g =

—~

Agvi, vy — o) = (A301,01 — Vo) vy v,

* 1 *
(A5v1,v1)vp v, — §<A2anvo>V;,V2
1

§<A§(7f1 — o), V1 — UO>V2*,V2

+ Nl

€

1

W
|

1 1
||v1||%/2 - 5””1”%1 - §<A;UOav0>V;,VQ

1
—wvoll¥, — §||U1 —voll3-

_|_

ol &
s

The condition (C7) and Lemma 4.1 yield that there exists a constant C; = C1(T) > 0 satisfying

(@1, 21) | < Ca(1+ [oilP)lerllvzilla < Crllzilla.

Thus it follows from (4.16) to (4.18) and (C3) that
w1 w1
collzillfy + BB 2| + - lnllf, + 5 P2l i,

1 1, . 1
< —(Buvo, 21)m — (A2o, 21) 1 + 5”’01”%{ + §<A2v0’U0>V2*,V2 + §||Ul —voll%
+ Chllz1llm — (Lor, 21) 5 + (01, 21)m-

(4.17)

(4.18)

(4.19)

Hence the inequality (4.19), the condition (C13), the Young inequality and Lemma 4.1 imply that Lemma 4.4

holds.

O

Lemma 4.5. Let hy be as in Lemma 4.1. Then there exist constants hg € (0, hg) and C = C(T) > 0 such that

||5h||2Loo(o,T;H) + ||Bl/27h|\%2(o,T;H) + ||5h||2Loo(o,T;v2) + hHEhH%?(O,T;%) <C
for all h € (0, hs).

Proof. Let n € {1,..., N — 1}. Then the second equation in (P),, leads to the identity

L(ZnJrl - Zn) + B(UnJrl - Un) + hA2Un+1 + (b@n+1 - (I)Qon + ACSDTH»I - E‘Pn
= 9n+1 - 9n

Here it holds that
(L(Zn—l-l - Zn)a Zn+l)H == (L1/2(zn+1 - Zn); L1/22n+1)H
1 1 1
= S|ILY 2 2ngall3 — SILY 220l + SIEY2 (zngr — 20) I3
2 2 2
and hence we have
1 1 1
SN2zl = SIEY 220l + S ILY 2 (nss = 20) By + RIBY 220

+ <A;Un+17 Un+4+1 — Un>V2*,V2 + (UnJrh Un41 — vn)H

:—h( ¥ +1h ¥ ,Zn+1> —h( ¥ +1h ¥ ,Zn+1>
H H

0n - en
+h (Hh, Zn-‘,—l) + h(vn+1, Zn+1)H-
H

(4.20)
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On the other hand, we derive that

(A5Vn41, Vng1 — Un>V2*,V2 + (Vnt1,Vn41 — Vn)H

1 1
= 7<A§vn+1avn+1>V2*,V2 - §<A§Umvn>v;,v2 +

2 <A; (UnJrl - ’Un), Un41 — Un>V2*,V2

2
+ *||Un+1H12LI - ’HUHH%{ + }HUnJrl - vn”%{
2 2 2

We see from (C7) and Lemma 4.1 that there exists a constant C; = C1(T) > 0 such that

(I)(Pn+1 - q)(pn
—h (h vant1 | < Coh(L+[lenslly + llonllV) lvnsllvliznialla
H

< Cihflvpsllvlizntllm
for all h € (0, ha). Thus we combine (4.20)—(4.22) and (C13) to infer that there exists a constant C
satisfying
Lor1/2 o Looum o 1t 2 1/2 2
SIL znall = SIL 2l + SIL (2nts = 20)lla + RIBY 204l

1

+ §<A;Un+1yvn+l>V2*,V2 - §<A;vnavn>\/2*,\/2 + §<A;(Un+1 - Un)vvn+l - Un>V2*,V2
1
+ 2 lonsally = glloalld + G lomen —valy
9n+1 — an
< Cohllvnsllvellzntaller + R || =————|1 llznt1llm
H

for all h € (0, hy). Then summing (4.23) over n =1,...,¢ — 1 with 2 < ¢ < N means that

= -1
N2y 2 SN s — )+ IBY 2
n=1 n=1
1
+ 5 (v vy v + 5 Z A3 (Un41 = Un), Ung1 — Un)vp Ve
=
||W||H +5 Z lvn1 — vl
n=1
1 1, 1
§||L1/2z1||2 g s Il
n On,
C'2 L l2n+1llm,
H
whence it follows from (C3) and (C11) that
. -1 w wr ol
L 1 1
Lzl + Y 1Bzl + el + 0 Y znal?,
n=1 n=1
Loc1y2 * 1 2
< SILY 2l + <A2U1701>V*,V2 +5 vl
-1 0
n+1 — Un
O S ol lzmall + 5 |22 = Mzl

n=0 n=0

993

(4.21)

(4.22)

=Cy(T)>0

(4.23)

(4.24)
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for all h € (0,hy) and £ = 2,..., N. Therefore we see from (4.24), the boundedness of the operators L and A3,
and Lemma 4.4 that there exists a constant C5 = C3(T") > 0 such that

m—1 m—1
CL w1 w1
Lol + b 3 1B 22l + S lom 3, + 2202 3w,
n=0 n=0
m—1 m—1
< Cy+Coh Y lonsallvallznsallr +h )

n=0 n=0

9n+1 - Hn

- llzn+1lle (4.25)

H

for all h € (0, hs) and m = 1,..., N. Moreover, the inequality (4.25), the Young inequality and Lemma 4.2 yield
that there exists a constant Cy = C4(T) > 0 such that

m—1
1 1
5(cL = Coh = h)llzml|Z + b Do IBYzillE + 5 (@1 = Coh)l[om]I7,
n=0
w m—1 C m—1 1+C m—1
1 2 2
SR i}y < Cat Sh Y Mgl + —52h Y Izl (4.26)
n=0 7=0 7=0

for all h € (0,h2) and m =1,..., N. Thus there exist constants hg € (0, ha) and Cs = C5(T") > 0 such that

m—1 m—1
zmlF +h Y 1B 20 i + w3, + 57D zarallt,
n=0 n=0
m—1 m—1
< Cs+Csh Y lvlle, + Csh Y N1zl
7=0 7=0

for all h € (0, hg) and m = 1,..., N. Then we infer from the discrete Gronwall lemma (see e.g., [14], Prop. 2.2.1)
that there exists a constant Cg = Cg(T') > 0 satisfying

m—1 m—1
lzmliF +h Y 1B z0iallfy + llomll3, + 5% Y llznsallf, < Co
n=0 n=0
for all h € (0,h3) and m=1,...,N. O

Lemma 4.6. Let hy be as in Lemma 4.1. Then there exists a constant C = C(T) > 0 such that
195l o< 0,7;m1) < C
for all h € (0, ha).
Proof. This lemma can be proved by (C7) and Lemma 4.1. O
Lemma 4.7. Let hg be as in Lemma 4.5. Then there exists a constant C = C(T) > 0 such that
1B 0,750 + 1428072 0,100y < C
for all h € (0, hs).
Proof. We derive from the second equation in (P),, that
h||Bonsillf = h(Bvpgt, Bunsa)u

= —h(Lznt1, Bopg1) g — h(A2@ni1, Bung1) g — h(@oni1, Bung1)m
— h(Lpnt1, Boni1) g + h(Ons1, Buns1)w,
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and hence it follows from the Young inequality, the boundedness of the operator L and (C13) that there exists
a constant C > 0 satisfying

hBupiillzr < Crhllzniallir = h(Aspnir, Bong) 4+ Crbl|@pnia |7 + Cihl|0nia |5 + Cib (4.27)
for all h € (0, h3). Here the condition (C6) implies that

— WA2¢ns1, Bupg1)u
- _(A2§0n+1a B‘Pn+1 - BQDn)H

1 1
= _§(A2<pn+1;B<pn+1)H + §(A2@n,B¢n)H

- %(AQ(QOn-‘rl - (pn)v B(‘Pn-{-l - @n))H~ (4.28)

Thus, summing (4.27) over n =0,...,m — 1 with 1 <m < N, we deduce from (4.28), Lemmas 4.1, 4.5 and 4.6
that there exists a constant Cy = C3(T) > 0 such that

HBﬁh ”iz(O,T;H) < Cy (4~29)

for all h € (0, hs). Moreover, we see from the second equation in (P)y, (4.29), Lemmas 4.1, 4.5 and 4.6 that
there exists a constant Cs = C3(T") > 0 satisfying

HA2¢h”%2(O,T;H) <Cs
for all h € (0, hs). O
Lemma 4.8. Let h3 be as in Lemma 4.5. Then there exists a constant C = C(T) > 0 such that
1P llw .o (0,7v5) + Uk [lw.00 (0,711
+ [l e 0,5v8) + 10nll a1 0,18y + 100l 2 0,mv) < C
for all h € (0,hs).
Proof. Thanks to (1.5)—(1.7), Lemmas 4.1, 4.2 and 4.5, we can obtain Lemma 4.8. O

Proof of Theorem 1.5 (existence part). Owing to Lemmas 4.1-4.3, 4.5-4.8, and (1.8)—(1.10), there exist some
functions

0 € H'(0,T;H)NL>®(0,T;Vy) N L*(0,T; D(Ay)),

@ € L>(0,T; Vo) N L*(0,T; D(A2)),

£Ee€e L0, T;H)
such that
‘i—f € L>(0,T; V) N L*(0,T; D(B)), ‘jfo € L>(0,T; H)
and
On — weakly* in Whee(0,T;Va), (4.30)
Tp — dy weakly* in L>(0,T; Va),
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d
T — d—f wealdy* in  WL(0,T; H) N L=(0,T; Va), (4.31)
d2
Zn — d—tf weakly* in L*>(0,T;H),
_ d%p .
Lz, — L@ weakly™® in L*>(0,T; H), (4.32)
b, — 0 weakly* in  H'(0,T; H) N L=(0,T;V4), (4.33)
D, — @ weakly™® in L°>°(0,T; Va),
6, — 0 weakly* in L>(0,T; V1),
A0, — A6 weakly in  L?(0,T; H), (4.34)
d
B, — Bd—f weakly in  L%(0,T; H), (4.35)
AsBy, — Agp weakly in  L*(0,T; H), (4.36)
P, — & weakly* in L>(0,T;H) (4.37)

as h = h; — +0. Here, since Lemma 4.8, the compactness of the embedding Vo — H and the convergence
(4.30) yield that

on — ¢ strongly in  C([0,T]; H) (4.38)
as h = h; — 40 (see e.g., [18], Sect. 8, Cor. 4), we infer from (1.8) and Lemma 4.5 that
@, — ¢ strongly in  L*°(0,T; H) (4.39)

as h = hj — 40. Thus it follows from (4.37) and (4.39) that

T T
| @r.eoma— [ €. ow)na
0 0
as h = h; — +0, whence we have
E=dp in H ae on (0,7) (4.40)

(see e.g., [1], Lem. 1.3, p. 42). On the other hand, we derive from Lemma 4.8, the compactness of the embedding
Vi — H and (4.33) that

6, — 0 strongly in C([0,T]; H) (4.41)
as h = h; — +0. Similarly, we see from (4.31) that
. dy .
(I adre strongly in  C([0,T]; H) (4.42)

as h = h; — +0. Therefore we can conclude that there exists a solution of (P) by combining (4.30), (4.32)—(4.42),
(C13) and by observing that f, — f strongly in L?(0,T; H) as h — +0 (see [7], Sect. 5). O

5. UNIQUENESS FOR (P)

In this section we establish uniqueness of solutions to (P).
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Proof of Theorem 1.5 (uniqueness part). We let (0,¢), (8,%) be two solutions of (P) and put 6 := 0 — 0, @ :=
@ — @. Then the identity (1.11) means that

3P+ (G70.80) + (40, 8e)m =0 6.)

Here, by (1.12), the Young inequality, (C7), (C13), Lemma 4.1 and the continuity of the embedding V5 — H,
we can verify that there exists a constant Cy = C1(T") > 0 such that

1d ag, |17 dg,. dp 12~
Sy ) AYE g B=X(t), =2 Al
2dt H dt (t)HH * ( dt ®), dt ®) 2dtH )HH

- (0.5 0) ~ (weto) - @w()if()) - (1ot - o0, G0

< (70.50) +Sarivon + RO o
CZ %) 2
+ Lol + |0

H

< (5. %0) +aoii, + [0 5:2)

for a.a. t € (0,T). Also, the Young inequality, (C3) and the continuity of the embedding V5 < H imply that
there exists a constant Cy > 0 such that

- do . -
sl = (Go.e0) <o

for a.a. t € (0,T). Hence we deduce from (5.1) to (5.3), the integration over (0,t), where ¢t € [0,77], (1.13) and
the monotonicity of Ay, B that there exists a constant C5 = C5(T) > 0 such that

dg
L1/2 ( )

ac @+ IR0k, (5:3)

Loaone 1/2d“P H 125 H2 Lz
101+ 5 |20+ glareal, + e
d 2
gc?,/ ‘LW“’(S) ds+03/ 13(5)IIZ, ds (5.4)
0 dt I 0

for all ¢ € [0, T]. Here, owing to (C11), it holds that
2 1
5o+ o
Savzso|) + 5
5~ ~ 1., W1 |~
= (AR, B0y s + 51313 > B0, (55)
Thus it follows from (5.4) and (5.5) that

Laon+ 2@l + < yamr
AECIPR 0] R T

t d"' 2
Ll/Q—@(s)

t
)| as+o / 13(5)1% ds

H

and then applying the Gronwall lemma yields that 6 = = 0, which leads to the identities # = 6 and
p=71. (Il
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6. ERROR ESTIMATES

In this section we will prove Theorem 1.6.
Lemma 6.1. Let hg be as in Lemma 4.5. Then there exists a constant C = C(T) > 0 such that

ILY2@h — )|l o075 + |1 BY2(@h — ) L2000y + 1B — @l o< (0,73v2)
+116n = Oll oo 0,15y + 18 — Oll 20,751y < CRY2 + Ol Fy = fllez(o,m,m)

for all h € (0, hs), where v = ‘é—f.

Proof. We infer from the first equations in (P); and (1.11) that

5 <1(1) — 0(0) 3
= — (1) — 0(2), Bu(t) — 00 — (Ar(Bn(t) — 0(1)), 0n(t) — Bu(t))
— (AT @A (1) — 0(0)), n(0) = 6@y vs + (Falt) = S0, u(0) = 00D

Here we derive from the Young inequality and (C3) that

— (Tn(t) — v(t),0u(t) — 0()n
< %\m(t) — ()|} + §||5h<t> -3
[T (t) = Tu ()3 + [0 () — ()1} + %HM —0(t)II%

< Ion(®) = Ol + - IL2@n(0) — vy + 515u(6) — 6O

A

IN

It follows from (C4) that
— (A1(On(t) = (1)), O (t) — O())vy w1
< —allfn(t) = 01T, + 10n(t) — 01
) = 035 + 2018n(t) — B ()13 + 20104 (1) — 6(2) 13-

—~

UlHGh t

We have from the Young inequality that

(Falt) — 7(0).0u(t) ~ 66w < 3 I7a(6) ~ SO + 318u(6) — 0D

(6.1)

(6.2)

(6.4)

Thus we see from (6.1) to (6.4) and the integration over (0,t), where ¢ € [0, 7], Lemma 4.3, (1.10), Lemma 4.2,

(1.9) and Lemma 4.5 that there exists a constant Cy = C1(T) > 0 such that

3100 =00l + 1 [ 171(5) ~ 01, ds

t t
<Cih+ O / |LY2 @4 (s) — o(s)) |3 ds + Cy / 18n(s) — B(s)|I3 ds
0 0
+Cullfy - f||2L2(0,T;H)

for all t € [0, 7] and all h € (0, h3).

(6.5)
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Next we observe that the identity <3 dvh = Z,, putting 2z := dt, the second equations in (P);, and (1.12) imply
that
SN 2@ (r) — (o))
= (L(Zn(t) — 2(£)), On(t) = On(t)) 1 + (L(Zn(t) — 2(1)), Un(t) —v(t)) 1
= (L(Zn(t) = 2(1)), 0n(t) = Vu(t)) o — (B@R(E) — v(t)), Vn(t) — v(t))
— (A2(@, (1) — (1)), Tn(t) — v() ir — (2B, (1) — Pep(t), Tn(t) — v(t)) 1
— (LB (t) = L), Ta(t) — v(t)nr + (On(t) — 0(t), Tn(t) — v(t)) mr- (6.6)

Here, recalling that the linear operator L : H — H is bounded, we can obtain that there exists a constant
C5 > 0 such that

(LG () = 2(8)), 0n(t) = On(0) i < [|L(ZR(8) = 2(0) || ml[on(t) — On (D)1
< ColZn(t) = 2() | [0n (1) — O ()| (6.7)

for a.a. t € (0,7) and all h € (0, h3). Owing to the identities 7;, = dc‘ﬁh, v = 92 and the boundedness of the

operator A% : Vo — V5, it holds that there exists a constant C3 > 0 such that
— (A2(@n (1) = ¢(1)), v (t) = v(t))
. . _ AL/2
~(A3BH1) — B0, Bu0) — oDz e — 5 IAYA@E(0) — O

< C31B (1) ~ B Dl I (t) — v(t)lvs — 5 1AV @ult) — S s (638)

for a.a. t € (0,7) and all h € (0, h3). We derive from (C7), Lemma 4.1, the Young inequality and (C3) that
there exists a constant Cy = Cy4(T") > 0 such that

— (92,(1) = Pp(t), On(t) — v(t))
< Co(L+ @MY + eI 15 () — llv Ioa(t) — (@)1
(

< Cul[@n @) — @) [v [on(t) = v(®) || &
Cy

< S I@nt) — @I + *Ilvh( ) = o)l
< Call@n(®) = Gu@IY + CallBn(t) — o()Y
+ Cul[wn(t) = on (D)1 H + %I\Ll/z(ﬁh(t) —v(®))l% (6.9)

for a.a. t € (0,7) and all h € (0, hs). It follows from (C13), the continuity of the embedding V' < H, the Young
inequality and (C3) that there exists a constant Cs > 0 satisfying

— (Lop(t) = Lo(t), va(t) — v(t) m
< Gsl[@n(t) = e@llvlvn(t) —o(@)la
05 CB

< @R = 2@ + S 11Ta(t) — v(@)lIz
< Cs[[@n(t) = Bu(®)I3 + Cslln(t) — eI

+ Csl[on(t) =B ()7 + = IILW( n(t) = v())Il3- (6.10)
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The Young inequality and (C3) yield that

(O (t) = 0(), (1) — v(t)

~

= (On(t) = 0n(£), T (1) — v(t) 11 + (On(t) — O(£), Tn(t) — Tn(t)) s
+ (O (t) — 9(15)70 (t) —v(t)n
< 10n () = OO e [Tn() = v(&) a2 + 101(t) = OCE) | [[Tn (£) — Dn (8[|
%H? (t) = 0(0)l[7 + EHLl/z(ﬁh(t) —o(®) I3 (6.11)

Thus we infer from (6.6) to (6.11), the integration over (0,t), where ¢ € [0,T], (1.8)—(1.10), Lemmas 4.2 and 4.5
that there exists a constant Cg = Cg(T') > 0 such that

SIZ2@0(6) = oO) By + 3145 @n0) — OBy + [ IB2(@n(5) - v(s)) By s
0
< Cohi+ Co / 13n(s) — @(s)]I% ds + C / ILY2 (@ (s) — o(s)) 13 ds
0
+06/ 1B (s) — 0(s)[1% ds (6.12)

for all ¢ € [0,7] and all h € (0, hs3). On the other hand, we have from the identities % = Tp, flt = v, the

Young inequality, (C3) and the continuity of the embedding Vo < H that there exists a constant C7 > 0 such
that

2 S16n(t) — o0

= (@(t) — o(0). 3u(1) — 2(1)m
< lmn(e) — vl + 51En(t) — eI

[on (8) = On ()17 + éIILl/Q(ﬁh(t) —vO)F + Crll@n(t) — oD, (6.13)

N

IN

for a.a. t € (0,7) and all h € (0,h3). Hence we derive from (6.12), the integration (6.13) over (0,t), where
t €[0,7], and (C11) that there exists a constant Cs = Cs(T") > 0 satisfying

SILY2(@0(0) — o) + S 1En(e) — 2O, + / 1BY2 (@ (s) — v(s)) 3 ds
0
< Cyh + Cs / 13n(s) — o(s)[2, ds + Ca / ILY2@i(s) — v(s)) % ds
—I—Cg/ Hﬂh ||Hd3 (6.14)

Therefore combining (6.5) and (6.14) means that there exists a constant C9 = Cy(T) > 0 such
that

SIE2@(0) — ) + 1B — Ol + [ 1B @n(s) — w(s) s
0
+ 100 =00 + o1 [ 1B0(5) ~ 01, d
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t t
< Coh+Co [ 8(s) = 9(o)IR, ds+ Co [ ILY2(50(5) —o(s)) Iy ds
0 0

t
+ CollFo = FI22 0.2, + Co / 18 (s) — 6(s)[ ds

for all t € [0,7] and all h € (0, h3). Then, applying the Gronwall lemma, we can obtain Lemma 6.1. O

Proof of Theorem 1.6. Observing that there exists a constant C7 > 0 such that

1fn = flliz2o,mm) < C1h1/?

for all h > 0 (see [7], Sect. 5), we can prove Theorem 1.6 by Lemma 6.1.
O

Remark 6.2. Excluding ‘é—f in (P), ddizh in (P)p, the second equations in (P) and (P)p, ¢(0) = ¢ and %(O) =
vo in (P), @r(0) = o and 0;,(0) = vp in (P)p, we can establish a O(h) error estimate between solutions of (P)
and solutions of (P)y, for 6y € D(A;) and f € L?(0,T;V1) N HY(0,T; H) (cf. [15]). However, in view of what
happens for the hyperbolic equation alone (cf. [6]), the O(h'/?) error estimate in Theorem 1.6 seems to be
optimal for 6y € Vi, o € D(B) N D(Ay), vo € D(B)N Vs, f € L?>(0,T; H) N WHY(0,T; H). Thus deriving a
O(h) error estimate between solutions of (P) and solutions of (P), in the case that 6, o, vg and f are regular
enough remains as an open problem.
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