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TIME DISCRETIZATION OF AN INITIAL VALUE PROBLEM FOR A
SIMULTANEOUS ABSTRACT EVOLUTION EQUATION APPLYING TO

PARABOLIC-HYPERBOLIC PHASE-FIELD SYSTEMS

Shunsuke Kurima*

Abstract. This article deals with a simultaneous abstract evolution equation. This includes a
parabolic-hyperbolic phase-field system as an example which consists of a parabolic equation for the
relative temperature coupled with a semilinear damped wave equation for the order parameter (see
e.g., Grasselli and Pata [Adv. Math. Sci. Appl. 13 (2003) 443–459, Comm. Pure Appl. Anal. 3 (2004)
849–881], Grasselli et al. [Comm. Pure Appl. Anal. 5 (2006) 827–838], Wu et al. [Math. Models Methods
Appl. Sci. 17 (2007) 125–153, J. Math. Anal. Appl. 329 (2007) 948–976]). On the other hand, a time
discretization of an initial value problem for an abstract evolution equation has been studied (see e.g.,
Colli and Favini [Int. J. Math. Math. Sci. 19 (1996) 481–494]) and Schimperna [J. Differ. Equ. 164
(2000) 395–430] has established existence of solutions to an abstract problem applying to a nonlinear
phase-field system of Caginalp type on a bounded domain by employing a time discretization scheme.
In this paper we focus on a time discretization of a simultaneous abstract evolution equation apply-
ing to parabolic-hyperbolic phase-field systems. Moreover, we can establish an error estimate for the
difference between continuous and discrete solutions.
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1. Introduction

A time discretization of an initial value problem for an abstract evolution equation has been studied. For
example, Colli and Favini [6] have proved existence of solutions to the nonlinear Cauchy problem⎧⎪⎨⎪⎩

𝐿
d2𝑢
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d𝑡
+ 𝐴𝑢 = 𝑔 in (0, 𝑇 ),

𝑢(0) = 𝑢0,
d𝑢

d𝑡
(0) = 𝑤0

by employing a time discretization scheme, where 𝑇 > 0, 𝐿 : 𝐻 → 𝐻 and 𝐴 : 𝑉 → 𝑉 * are linear positive
selfadjoint operators, 𝐻 and 𝑉 are real Hilbert spaces, 𝑉 ⊂ 𝐻, 𝑉 * is the dual space of 𝑉 , 𝐵 : 𝑉 → 𝑉 * is a
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maximal monotone operator, 𝑔 : (0, 𝑇 ) → 𝑉 * and 𝑢0, 𝑤0 ∈ 𝑉 are given. Moreover, they have derived an error
estimate for the difference between continuous and discrete solutions.

The system ⎧⎪⎨⎪⎩
(𝜃 + 𝜆(𝜙))𝑡 −∆𝜃 = 𝑓 in Ω× (0,∞),
𝜀𝜙𝑡𝑡 + 𝜙𝑡 −∆𝜙 + 𝜂(𝜙) = 𝜆′(𝜙)𝜃 in Ω× (0,∞),
𝜃(0) = 𝜃0, 𝜙(0) = 𝜙0, 𝜙𝑡(0) = 𝑣0 in Ω

(E)

is a parabolic-hyperbolic phase-field system (see e.g., [11–13, 20, 21]), where Ω ⊂ R3 is a bounded domain with
smooth boundary, 𝜆 and 𝜂 are smooth functions, 𝜀 > 0, 𝑓 is a time dependent heat source, and 𝜃0, 𝜙0, 𝑣0 are
given initial data defined in Ω. The unknown function 𝜃 is the relative temperature. The unknown function 𝜙
is the order parameter. The function 𝜆 has a quadratic growth, e.g., 𝜆(𝑟) = 𝑎𝑟2 + 𝑏𝑟 + 𝑐 (𝑎, 𝑏, 𝑐 ∈ R); while
the function 𝜂 has a cubic growth, e.g., 𝜂(𝑟) = 𝑑1𝑟

3 − 𝑑2𝑟 (𝑑1, 𝑑2 > 0). The second time derivative 𝜀𝜙𝑡𝑡 is the
inertial term which characterizes the hyperbolic dynamics. In the case that 𝜀 = 0 the system (E) is the classical
phase-field model proposed by Caginalp (cf. [5,9]; one may also see the monographs [4,10,19]). The system (E)
endowed with homogeneous Dirichlet–Neumann boundary conditions has been analyzed by e.g., Grasselli and
Pata [11, 12] and Grasselli et al. [13]. The paper Wu et al. [20] has studied the system (E) with homogeneous
Neumann boundary conditions for both 𝜃 and 𝜙. In the case that 𝜆(𝑟) = 𝑟 for all 𝑟 ∈ R, the system (E) with
dynamical boundary condition has been analyzed by e.g., Wu et al. [21]. In the case that 𝜀 = 0 and 𝜆(𝑟) = 𝑟
for all 𝑟 ∈ R, Schimperna [16] has derived existence of solutions to an initial value problem for a simultaneous
abstract evolution equation applying to the system (E) under homogeneous Neumann–Neumann boundary
conditions by employing a time discretization scheme (but Schimperna [16] did not obtain error estimates for
the difference between continuous and discrete solutions). Also, in the case that 𝜀 = 0, 𝜆(𝑟) = 𝑟 for all 𝑟 ∈ R
and Ω is a bounded or an unbounded domain, Colli and Kurima [7] have employed a time discretization scheme
to prove existence of solutions to the system (E) under homogeneous Neumann–Neumann boundary conditions
and established an error estimate for the difference between continuous and discrete solutions. However, time
discretizations of parabolic-hyperbolic phase-field systems seem to be not studied yet.

In this paper we consider the initial value problem for the simultaneous abstract evolution equation⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
d𝜃
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+ 𝐴2𝜙 + Φ𝜙 + ℒ𝜙 = 𝜃 in (0, 𝑇 ),

𝜃(0) = 𝜃0, 𝜙(0) = 𝜙0,
d𝜙

d𝑡
(0) = 𝑣0,

(P)

where 𝑇 > 0, 𝐿 : 𝐻 → 𝐻 is a linear positive selfadjoint operator, 𝐵 : 𝐷(𝐵) ⊂ 𝐻 → 𝐻, 𝐴𝑗 : 𝐷(𝐴𝑗) ⊂ 𝐻 → 𝐻
(𝑗 = 1, 2) are linear maximal monotone selfadjoint operators, 𝑉𝑗 (𝑗 = 1, 2) are linear subspaces of 𝑉 satisfying
𝐷(𝐴𝑗) ⊂ 𝑉𝑗 (𝑗 = 1, 2), Φ : 𝐷(Φ) ⊂ 𝐻 → 𝐻 is a maximal monotone operator, ℒ : 𝐻 → 𝐻 is a Lipschitz
continuous operator, 𝑓 : (0, 𝑇 ) → 𝐻 and 𝜃0 ∈ 𝑉1, 𝜙0, 𝑣0 ∈ 𝑉2 are given. Moreover, in reference to [6,7], we deal
with the problem ⎧⎪⎪⎪⎨⎪⎪⎪⎩

𝛿ℎ𝜃𝑛 + 𝛿ℎ𝜙𝑛 + 𝐴1𝜃𝑛+1 = 𝑓𝑛+1,

𝐿𝑧𝑛+1 + 𝐵𝑣𝑛+1 + 𝐴2𝜙𝑛+1 + Φ𝜙𝑛+1 + ℒ𝜙𝑛+1 = 𝜃𝑛+1,

𝑧0 = 𝑧1, 𝑧𝑛+1 = 𝛿ℎ𝑣𝑛,

𝑣𝑛+1 = 𝛿ℎ𝜙𝑛

(P)𝑛

for 𝑛 = 0, . . . , 𝑁 − 1, where ℎ = 𝑇
𝑁 , 𝑁 ∈ N,

𝛿ℎ𝜃𝑛 :=
𝜃𝑛+1 − 𝜃𝑛

ℎ
, 𝛿ℎ𝜙𝑛 :=

𝜙𝑛+1 − 𝜙𝑛

ℎ
, 𝛿ℎ𝑣𝑛 :=

𝑣𝑛+1 − 𝑣𝑛

ℎ
, (1.1)
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and 𝑓𝑘 := 1
ℎ

∫︀ 𝑘ℎ

(𝑘−1)ℎ
𝑓(𝑠) d𝑠 for 𝑘 = 1, . . . , 𝑁 . Here, putting

̂︀𝜃ℎ(0) := 𝜃0,
d̂︀𝜃ℎ

d𝑡
(𝑡) := 𝛿ℎ𝜃𝑛, ̂︀𝜙ℎ(0) := 𝜙0,

d̂︀𝜙ℎ

d𝑡
(𝑡) := 𝛿ℎ𝜙𝑛, (1.2)

̂︀𝑣ℎ(0) := 𝑣0,
d̂︀𝑣ℎ

d𝑡
(𝑡) := 𝛿ℎ𝑣𝑛, (1.3)

𝜃ℎ(𝑡) := 𝜃𝑛+1, 𝑧ℎ(𝑡) := 𝑧𝑛+1, 𝜙ℎ(𝑡) := 𝜙𝑛+1, 𝑣ℎ(𝑡) := 𝑣𝑛+1, 𝑓ℎ(𝑡) := 𝑓𝑛+1 (1.4)

for a.a. 𝑡 ∈ (𝑛ℎ, (𝑛 + 1)ℎ), 𝑛 = 0, . . . , 𝑁 − 1, we can rewrite (P)𝑛 as⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

d̂︀𝜃ℎ

d𝑡
+

d̂︀𝜙ℎ

d𝑡
+ 𝐴1𝜃ℎ = 𝑓ℎ in (0, 𝑇 ),

𝐿𝑧ℎ + 𝐵𝑣ℎ + 𝐴2𝜙ℎ + Φ𝜙ℎ + ℒ𝜙ℎ = 𝜃ℎ in (0, 𝑇 ),

𝑧ℎ =
d̂︀𝑣ℎ

d𝑡
, 𝑣ℎ =

d̂︀𝜙ℎ

d𝑡
in (0, 𝑇 ),̂︀𝜃ℎ(0) = 𝜃0, ̂︀𝜙ℎ(0) = 𝜙0, ̂︀𝑣ℎ(0) = 𝑣0.

(P)ℎ

Remark 1.1. Owing to (1.2)–(1.4), the reader can check directly the following identities:

‖̂︀𝜙ℎ‖𝐿∞(0,𝑇 ;𝑉2) = max{‖𝜙0‖𝑉2 , ‖𝜙ℎ‖𝐿∞(0,𝑇 ;𝑉2)}, (1.5)
‖̂︀𝑣ℎ‖𝐿∞(0,𝑇 ;𝑉2) = max{‖𝑣0‖𝑉2 , ‖𝑣ℎ‖𝐿∞(0,𝑇 ;𝑉2)}, (1.6)

‖̂︀𝜃ℎ‖𝐿∞(0,𝑇 ;𝑉1) = max{‖𝜃0‖𝑉1 , ‖𝜃ℎ‖𝐿∞(0,𝑇 ;𝑉1)}, (1.7)

‖𝜙ℎ − ̂︀𝜙ℎ‖𝐿∞(0,𝑇 ;𝑉2) = ℎ
⃦⃦⃦d̂︀𝜙ℎ

d𝑡

⃦⃦⃦
𝐿∞(0,𝑇 ;𝑉2)

= ℎ‖𝑣ℎ‖𝐿∞(0,𝑇 ;𝑉2), (1.8)

‖𝑣ℎ − ̂︀𝑣ℎ‖𝐿∞(0,𝑇 ;𝐻) = ℎ
⃦⃦⃦d̂︀𝑣ℎ

d𝑡

⃦⃦⃦
𝐿∞(0,𝑇 ;𝐻)

= ℎ‖𝑧ℎ‖𝐿∞(0,𝑇 ;𝐻), (1.9)

‖𝜃ℎ − ̂︀𝜃ℎ‖2𝐿2(0,𝑇 ;𝐻) =
ℎ2

3

⃦⃦⃦d̂︀𝜃ℎ

d𝑡

⃦⃦⃦2

𝐿2(0,𝑇 ;𝐻)
. (1.10)

Moreover, we deal with the following conditions (C1)–(C14):

(C1) 𝑉 and 𝐻 are real Hilbert spaces satisfying 𝑉 ⊂ 𝐻 with dense, continuous and compact embedding.
Moreover, the inclusions 𝑉 ⊂ 𝐻 ⊂ 𝑉 * hold by identifying 𝐻 with its dual space 𝐻*, where 𝑉 * is the
dual space of 𝑉 .

(C2) 𝑉𝑗 (𝑗 = 1, 2) are closed linear subspaces of 𝑉 , dense in 𝐻 and reflexive.
(C3) 𝐿 : 𝐻 → 𝐻 is a bounded linear operator fulfilling

(𝐿𝑤, 𝑧)𝐻 = (𝑤, 𝐿𝑧)𝐻 for all 𝑤, 𝑧 ∈ 𝐻, (𝐿𝑤,𝑤)𝐻 ≥ 𝑐𝐿‖𝑤‖2𝐻 for all 𝑤 ∈ 𝐻,

where 𝑐𝐿 > 0 is a constant.
(C4) 𝐴1 : 𝐷(𝐴1) ⊂ 𝐻 → 𝐻 is a linear maximal monotone selfadjoint operator, where 𝐷(𝐴1) is a linear

subspace of 𝐻 and 𝐷(𝐴1) ⊂ 𝑉1. Moreover, there exists a bounded linear monotone operator 𝐴*1 : 𝑉1 →
𝑉 *1 such that

⟨𝐴*1𝑤, 𝑧⟩𝑉 *1 ,𝑉1 = ⟨𝐴*1𝑧, 𝑤⟩𝑉 *1 ,𝑉1 for all 𝑤, 𝑧 ∈ 𝑉1,

𝐴*1𝑤 = 𝐴1𝑤 for all 𝑤 ∈ 𝐷(𝐴1).

Moreover, for all 𝛼 > 0 there exists 𝜎𝛼 > 0 such that

⟨𝐴*1𝑤, 𝑤⟩𝑉 *1 ,𝑉1 + 𝛼‖𝑤‖2𝐻 ≥ 𝜎𝛼‖𝑤‖2𝑉1
for all 𝑤 ∈ 𝑉1.
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(C5) For all 𝑔 ∈ 𝐻 and all 𝑎 > 0, if there exists 𝜃 ∈ 𝑉1 such that 𝜃 + 𝑎𝐴*1𝜃 = 𝑔 in 𝑉 *1 , then it follows that
𝜃 ∈ 𝐷(𝐴1) and 𝜃 + 𝑎𝐴1𝜃 = 𝑔 in 𝐻.

(C6) 𝐵 : 𝐷(𝐵) ⊂ 𝐻 → 𝐻, 𝐴2 : 𝐷(𝐴2) ⊂ 𝐻 → 𝐻 are linear maximal monotone selfadjoint operators, where
𝐷(𝐵) and 𝐷(𝐴2) are linear subspaces of 𝐻, satisfying

𝐷(𝐵) ∩𝐷(𝐴2) ̸= ∅,
(𝐵𝑤, 𝐴2𝑤)𝐻 ≥ 0 for all 𝑤 ∈ 𝐷(𝐵) ∩𝐷(𝐴2),
(𝐵𝑤, 𝐴2𝑧)𝐻 = (𝐵𝑧, 𝐴2𝑤)𝐻 for all 𝑤, 𝑧 ∈ 𝐷(𝐵) ∩𝐷(𝐴2).

Moreover, the inclusion 𝐷(𝐴2) ⊂ 𝑉2 holds.
(C7) Φ : 𝐷(Φ) ⊂ 𝐻 → 𝐻 is a maximal monotone operator satisfying Φ(0) = 0 and 𝑉 ⊂ 𝐷(Φ). Moreover,

there exist constants 𝑝, 𝑞, 𝐶Φ > 0 such that

‖Φ𝑤 − Φ𝑧‖𝐻 ≤ 𝐶Φ(1 + ‖𝑤‖𝑝
𝑉 + ‖𝑧‖𝑞

𝑉 )‖𝑤 − 𝑧‖𝑉 for all 𝑤, 𝑧 ∈ 𝑉.

(C8) There exists a lower semicontinuous convex function 𝑖 : 𝑉 → {𝑥 ∈ R | 𝑥 ≥ 0} such that (Φ𝑤, 𝑤− 𝑧)𝐻 ≥
𝑖(𝑤)− 𝑖(𝑧) for all 𝑤, 𝑧 ∈ 𝑉 .

(C9) Φ𝜆(0) = 0, (Φ𝜆𝑤, 𝐵𝑤)𝐻 ≥ 0 for all 𝑤 ∈ 𝐷(𝐵), (Φ𝜆𝑤, 𝐴2𝑤)𝐻 ≥ 0 for all 𝑤 ∈ 𝐷(𝐴2), where 𝜆 > 0 and
Φ𝜆 : 𝐻 → 𝐻 is the Yosida approximation of Φ.

(C10) 𝐵* : 𝑉2 → 𝑉 *2 is a bounded linear monotone operator fulfilling

⟨𝐵*𝑤, 𝑧⟩𝑉 *2 ,𝑉2 = ⟨𝐵*𝑧, 𝑤⟩𝑉 *2 ,𝑉2 for all 𝑤, 𝑧 ∈ 𝑉2,

𝐵*𝑤 = 𝐵𝑤 for all 𝑤 ∈ 𝐷(𝐵) ∩ 𝑉2.

(C11) 𝐴*2 : 𝑉2 → 𝑉 *2 is a bounded linear monotone operator fulfilling

⟨𝐴*2𝑤, 𝑧⟩𝑉 *2 ,𝑉2 = ⟨𝐴*2𝑧, 𝑤⟩𝑉 *2 ,𝑉2 for all 𝑤, 𝑧 ∈ 𝑉2,

𝐴*2𝑤 = 𝐴2𝑤 for all 𝑤 ∈ 𝐷(𝐴2).

Moreover, for all 𝛼 > 0 there exists 𝜔𝛼 > 0 such that

⟨𝐴*2𝑤, 𝑤⟩𝑉 *2 ,𝑉2 + 𝛼‖𝑤‖2𝐻 ≥ 𝜔𝛼‖𝑤‖2𝑉2
for all 𝑤 ∈ 𝑉2.

(C12) For all 𝑔 ∈ 𝐻, 𝑎, 𝑏, 𝑐, 𝑑 > 0, 𝜆 > 0, if there exists 𝜙𝜆 ∈ 𝑉2 such that

𝐿𝜙𝜆 + 𝑎𝐵*𝜙𝜆 + 𝑏𝐴*2𝜙𝜆 + 𝑐Φ𝜆𝜙𝜆 + 𝑑ℒ𝜙𝜆 = 𝑔 in 𝑉 *2 ,

then it follows that 𝜙𝜆 ∈ 𝐷(𝐵) ∩𝐷(𝐴2) and

𝐿𝜙𝜆 + 𝑎𝐵𝜙𝜆 + 𝑏𝐴2𝜙𝜆 + 𝑐Φ𝜆𝜙𝜆 + 𝑑ℒ𝜙𝜆 = 𝑔 in 𝐻.

(C13) ℒ : 𝐻 → 𝐻 is a Lipschitz continuous operator with Lipschitz constant 𝐶ℒ > 0.
(C14) 𝜃0 ∈ 𝑉1, 𝜙0 ∈ 𝐷(𝐵) ∩𝐷(𝐴2), 𝑣0 ∈ 𝐷(𝐵) ∩ 𝑉2, 𝑓 ∈ 𝐿2(0, 𝑇 ; 𝐻).

Remark 1.2. We set the conditions (C3), (C4) and (C11) in reference to Section 2 of [6]. The conditions (C5)
and (C12) are equivalent to the elliptic regularity theory under some cases (see Sect. 2). Moreover, we set the
conditions (C7)–(C9) and (C13) by trying to keep a typical example (see Sect. 2) in reference to assumptions
in [7, 11–13,20,21].

We define solutions of (P) as follows.
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Definition 1.3. A pair (𝜃, 𝜙) with

𝜃 ∈ 𝐻1(0, 𝑇 ; 𝐻) ∩ 𝐿∞(0, 𝑇 ; 𝑉1) ∩ 𝐿2(0, 𝑇 ; 𝐷(𝐴1)),
𝜙 ∈ 𝑊 2,∞(0, 𝑇 ; 𝐻) ∩𝑊 1,∞(0, 𝑇 ; 𝑉2) ∩ 𝐿2(0, 𝑇 ; 𝐷(𝐴2)),

d𝜙

d𝑡
∈ 𝐿2(0, 𝑇 ; 𝐷(𝐵)), Φ𝜙 ∈ 𝐿∞(0, 𝑇 ; 𝐻)

is called a solution of (P) if (𝜃, 𝜙) satisfies

d𝜃

d𝑡
+

d𝜙

d𝑡
+ 𝐴1𝜃 = 𝑓 in 𝐻 a.e. on (0, 𝑇 ), (1.11)

𝐿
d2𝜙

d𝑡2
+ 𝐵

d𝜙

d𝑡
+ 𝐴2𝜙 + Φ𝜙 + ℒ𝜙 = 𝜃 in 𝐻 a.e. on (0, 𝑇 ), (1.12)

𝜃(0) = 𝜃0, 𝜙(0) = 𝜙0,
d𝜙

d𝑡
(0) = 𝑣0 in 𝐻. (1.13)

Now the main results read as follows.

Theorem 1.4. Assume that (C1)–(C14) hold. Then there exists ℎ0 ∈ (0, 1) such that for all ℎ ∈ (0, ℎ0) there
exists a unique solution (𝜃𝑛+1, 𝜙𝑛+1) of (P)𝑛 satisfying

𝜃𝑛+1 ∈ 𝐷(𝐴1), 𝜙𝑛+1 ∈ 𝐷(𝐵) ∩𝐷(𝐴2) for 𝑛 = 0, . . . , 𝑁 − 1.

Theorem 1.5. Assume that (C1)–(C14) hold. Then there exists a unique solution (𝜃, 𝜙) of (P).

Theorem 1.6. Let ℎ0 be as in Theorem 1.4. Assume that (C1)–(C14) hold. Assume further that 𝑓 ∈
𝑊 1,1(0, 𝑇 ; 𝐻). Then there exist constants ℎ00 ∈ (0, ℎ0) and 𝑀 = 𝑀(𝑇 ) > 0 such that

‖𝐿1/2(̂︀𝑣ℎ − 𝑣)‖𝐿∞(0,𝑇 ;𝐻) + ‖𝐵1/2(𝑣ℎ − 𝑣)‖𝐿2(0,𝑇 ;𝐻) + ‖̂︀𝜙ℎ − 𝜙‖𝐿∞(0,𝑇 ;𝑉2)

+ ‖̂︀𝜃ℎ − 𝜃‖𝐿∞(0,𝑇 ;𝐻) + ‖𝜃ℎ − 𝜃‖𝐿2(0,𝑇 ;𝑉1) ≤ 𝑀ℎ1/2

for all ℎ ∈ (0, ℎ00), where 𝑣 = d𝜙
d𝑡 .

This paper is organized as follows. Section 2 gives some examples. In Section 3 we establish existence of
solutions to (P)𝑛 in reference to Section 4 of [8]. Section 4 contains the proof of existence for (P). In Section 5
we prove uniqueness for (P). In Section 6 we derive error estimates between solutions of (P) and solutions of
(P)ℎ.

2. Examples

In this section we give the following examples.

Example 2.1. We consider the following homogeneous Dirichlet–Neumann problem⎧⎪⎪⎪⎨⎪⎪⎪⎩
𝜃𝑡 + 𝜙𝑡 −∆𝜃 = 𝑓 in Ω× (0, 𝑇 ),
𝜙𝑡𝑡 + 𝜙𝑡 −∆𝜙 + 𝛽(𝜙) + 𝜋(𝜙) = 𝜃 in Ω× (0, 𝑇 ),
𝜃 = 𝜕𝜈𝜙 = 0 on 𝜕Ω× (0, 𝑇 ),
𝜃(0) = 𝜃0, 𝜙(0) = 𝜙0, 𝜙𝑡(0) = 𝑣0 in Ω,

(P1)

where Ω ⊂ R3 is a bounded domain with smooth boundary 𝜕Ω, 𝑇 > 0, under the following conditions:

(J1) 𝛽 : R → R is a single-valued maximal monotone function and there exists a proper differentiable (lower
semicontinuous) convex function ̂︀𝛽 : R → [0, +∞) such that ̂︀𝛽(0) = 0 and 𝛽(𝑟) = ̂︀𝛽 ′(𝑟) = 𝜕 ̂︀𝛽(𝑟) for all
𝑟 ∈ R, where ̂︀𝛽 ′ and 𝜕 ̂︀𝛽, respectively, are the differential and subdifferential of ̂︀𝛽.
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(J2) 𝛽 ∈ 𝐶2(R). Moreover, there exists a constant 𝐶𝛽 > 0 such that |𝛽′′(𝑟)| ≤ 𝐶𝛽(1 + |𝑟|) for all 𝑟 ∈ R.
(J3) 𝜋 : R → R is a Lipschitz continuous function.
(J4) 𝜃0 ∈ 𝐻1

0 (Ω), 𝜙0 ∈ 𝐻2(Ω), 𝜕𝜈𝜙0 = 0 a.e. on 𝜕Ω, 𝑣0 ∈ 𝐻1(Ω), 𝑓 ∈ 𝐿2(0, 𝑇 ; 𝐿2(Ω)).

Moreover, we put

𝑉 := 𝐻1(Ω), 𝐻 := 𝐿2(Ω), 𝑉1 := 𝐻1
0 (Ω), 𝑉2 := 𝐻1(Ω),

𝐿 := 𝐼 : 𝐻 → 𝐻,

𝐴1 := −∆ : 𝐷(𝐴1) := 𝐻2(Ω) ∩𝐻1
0 (Ω) ⊂ 𝐻 → 𝐻,

𝐵 := 𝐼 : 𝐷(𝐵) := 𝐻 → 𝐻,

𝐴2 := −∆ : 𝐷(𝐴2) := {𝑧 ∈ 𝐻2(Ω) | 𝜕𝜈𝑧 = 0 a.e. on 𝜕Ω} ⊂ 𝐻 → 𝐻

and define the operators 𝐴*1 : 𝑉1 → 𝑉 *1 , 𝐵* : 𝑉2 → 𝑉 *2 , 𝐴*2 : 𝑉2 → 𝑉 *2 , Φ : 𝐷(Φ) ⊂ 𝐻 → 𝐻, ℒ : 𝐻 → 𝐻 as

⟨𝐴*1𝑤, 𝑧⟩𝑉 *1 ,𝑉1 :=
∫︁

Ω

∇𝑤 · ∇𝑧 for 𝑤, 𝑧 ∈ 𝑉1,

⟨𝐵*𝑤, 𝑧⟩𝑉 *2 ,𝑉2 := (𝑤, 𝑧)𝐻 for 𝑤, 𝑧 ∈ 𝑉2,

⟨𝐴*2𝑤, 𝑧⟩𝑉 *2 ,𝑉2 :=
∫︁

Ω

∇𝑤 · ∇𝑧 for 𝑤, 𝑧 ∈ 𝑉2,

Φ(𝑧) := 𝛽(𝑧) for 𝑧 ∈ 𝐷(Φ) := {𝑧 ∈ 𝐻 | 𝛽(𝑧) ∈ 𝐻},
ℒ(𝑧) := 𝜋(𝑧) for 𝑧 ∈ 𝐻.

Please note that the identity ̂︀𝛽(0) = 0 in (J1) entails 𝛽(0) = 0. We set (J1) in reference to an assumption in [7].
We assumed (J2) in reference to assumptions in [12,13,20,21]. Moreover, we set (J3) in reference to assumptions
in [7, 11]. Then the function R ∋ 𝑟 ↦→ 𝑑1𝑟

3 − 𝑑2𝑟 ∈ R (𝑑1, 𝑑2 > 0) is a typical example of 𝛽 + 𝜋. Now we verify
that Φ : 𝐷(Φ) ⊂ 𝐻 → 𝐻 is maximal monotone. We define the function 𝜑 : 𝐻 → R as

𝜑(𝑧) =

⎧⎨⎩
∫︁

Ω

𝛽(𝑧(𝑥)) d𝑥 if 𝑧 ∈ 𝐷(𝜑) := {𝑧 ∈ 𝐻 | 𝛽(𝑧) ∈ 𝐿1(Ω)},

+∞ otherwise.

Then 𝜑 : 𝐻 → R is proper lower semicontinuous convex, whence 𝜕𝜑 : 𝐷(𝜕𝜑) ⊂ 𝐻 → 𝐻 is maximal monotone
(see e.g., [2], Thm. 2.8). In addition, we have that

𝐷(𝜕𝜑) = {𝑧 ∈ 𝐻 | 𝛽(𝑧) ∈ 𝐻} = 𝐷(Φ),
𝜕𝜑(𝑧) = 𝛽(𝑧) = Φ(𝑧) for all 𝑧 ∈ 𝐷(Φ) (2.1)

(see e.g., [3], Example 2.8.3, [17], Example II.8.B). Thus Φ : 𝐷(Φ) ⊂ 𝐻 → 𝐻 is maximal monotone.
Next we show that Φ𝜆𝑤 = 𝛽𝜆(𝑤) for all 𝑤 ∈ 𝐻, where 𝛽𝜆 is the Yosida approximation operator of 𝛽 on R.

Since it follows from (2.1) that Φ = 𝜕𝜑, the identities

Φ𝜆𝑤 = (𝜕𝜑)𝜆𝑤 = 𝜆−1(𝑤 − 𝐽𝜕𝜑
𝜆 𝑤) (2.2)

hold for all 𝑤 ∈ 𝐻, where 𝐽𝜕𝜑
𝜆 : 𝐻 → 𝐻 is the resolvent operator of 𝜕𝜑, that is, 𝐽𝜕𝜑

𝜆 𝑤 = (𝐼 + 𝜆𝜕𝜑)−1𝑤 for all
𝑤 ∈ 𝐻. On the other hand, since we derive from (2.1) that 𝜕𝜑(𝑧) = 𝛽(𝑧) for all 𝑧 ∈ 𝐷(Φ), we can check that

𝜆−1(𝑤 − 𝐽𝜕𝜑
𝜆 𝑤) = 𝜆−1(𝑤 − 𝐽𝛽

𝜆 (𝑤)) = 𝛽𝜆(𝑤) (2.3)

for all 𝑤 ∈ 𝐻, where 𝐽𝛽
𝜆 : R → R is the resolvent operator of 𝛽 on R, that is, 𝐽𝛽

𝜆 (𝑟) = (𝐼 + 𝜆𝛽)−1(𝑟) for all
𝑟 ∈ R. Hence combining (2.2) and (2.3) leads to the identity Φ𝜆𝑤 = 𝛽𝜆(𝑤) for all 𝑤 ∈ 𝐻.
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Next we prove that 𝑉 ⊂ 𝐷(Φ) and there exist constants 𝑝, 𝑞, 𝐶Φ > 0 such that

‖Φ𝑤 − Φ𝑧‖𝐻 ≤ 𝐶Φ(1 + ‖𝑤‖𝑝
𝑉 + ‖𝑧‖𝑞

𝑉 )‖𝑤 − 𝑧‖𝑉

for all 𝑤, 𝑧 ∈ 𝑉 . The Taylor theorem and the condition (J2) mean that

|𝛽(𝑟)− 𝛽(𝑠)| =
⃒⃒⃒⃒
𝛽′(𝑠)(𝑟 − 𝑠) +

1
2
𝛽′′(𝑟0)(𝑟 − 𝑠)2

⃒⃒⃒⃒
≤ |𝛽′(𝑠)||𝑟 − 𝑠|+ 𝐶𝛽

2
(1 + |𝑟|+ |𝑠|)(𝑟 − 𝑠)2 (2.4)

for all 𝑟, 𝑠 ∈ R, where 𝑟0 is a constant belonging to [𝑟, 𝑠] or [𝑠, 𝑟]. Also, owing to the Taylor theorem and the
condition (J2), it holds that

|𝛽′(𝑠)| = |𝛽′(0) + 𝛽′′(𝑠0)𝑠| ≤ |𝛽′(0)|+ 𝐶𝛽(1 + |𝑠|)|𝑠|
= |𝛽′(0)|+ 𝐶𝛽(|𝑠|+ |𝑠|2) (2.5)

for all 𝑠 ∈ R, where 𝑠0 ∈ R is a constant belonging to [0, 𝑠] or [𝑠, 0]. Thus we infer from (2.4), (2.5) and the
Hölder inequality that

‖𝛽(𝑤)− 𝛽(𝑧)‖2𝐻
≤ 𝐶1‖𝑤 − 𝑧‖2𝐿2(Ω) + 𝐶1‖𝑧(𝑤 − 𝑧)‖2𝐿2(Ω) + 𝐶1‖𝑧2(𝑤 − 𝑧)‖2𝐿2(Ω)

+ 𝐶1‖𝑤 − 𝑧‖4𝐿4(Ω) + 𝐶1‖𝑤(𝑤 − 𝑧)2‖2𝐿2(Ω) + 𝐶1‖𝑧(𝑤 − 𝑧)2‖2𝐿2(Ω)

≤ 𝐶1‖𝑤 − 𝑧‖2𝐿2(Ω) + 𝐶1‖𝑧‖2𝐿4(Ω)‖𝑤 − 𝑧‖2𝐿4(Ω) + 𝐶1‖𝑧‖4𝐿6(Ω)‖𝑤 − 𝑧‖2𝐿6(Ω)

+ 𝐶1‖𝑤 − 𝑧‖4𝐿4(Ω) + 𝐶1‖𝑤‖2𝐿6(Ω)‖𝑤 − 𝑧‖4𝐿6(Ω) + 𝐶1‖𝑧‖2𝐿6(Ω)‖𝑤 − 𝑧‖4𝐿6(Ω) (2.6)

for all 𝑤, 𝑧 ∈ 𝑉 , where 𝐶1 > 0 is a constant. Here the continuity of the embedding 𝑉 →˓ 𝐿6(Ω) and the
boundedness of Ω imply that

𝐶1‖𝑤 − 𝑧‖2𝐿2(Ω) + 𝐶1‖𝑧‖2𝐿4(Ω)‖𝑤 − 𝑧‖2𝐿4(Ω) + 𝐶1‖𝑧‖4𝐿6(Ω)‖𝑤 − 𝑧‖2𝐿6(Ω)

+ 𝐶1‖𝑤 − 𝑧‖4𝐿4(Ω) + 𝐶1‖𝑤‖2𝐿6(Ω)‖𝑤 − 𝑧‖4𝐿6(Ω) + 𝐶1‖𝑧‖2𝐿6(Ω)‖𝑤 − 𝑧‖4𝐿6(Ω)

≤ 𝐶2‖𝑤 − 𝑧‖2𝑉 + 𝐶2‖𝑧‖2𝑉 ‖𝑤 − 𝑧‖2𝑉 + 𝐶2‖𝑧‖4𝑉 ‖𝑤 − 𝑧‖2𝑉
+ 𝐶2‖𝑤 − 𝑧‖4𝑉 + 𝐶2‖𝑤‖2𝑉 ‖𝑤 − 𝑧‖4𝑉 + 𝐶2‖𝑧‖2𝑉 ‖𝑤 − 𝑧‖4𝑉

≤ 𝐶3(1 + ‖𝑤‖4𝑉 + ‖𝑧‖4𝑉 )‖𝑤 − 𝑧‖2𝑉 (2.7)

for all 𝑤, 𝑧 ∈ 𝑉 , where 𝐶2 = 𝐶2(Ω), 𝐶3 = 𝐶3(Ω) > 0 are some constants. Hence we deduce from (2.6) and (2.7)
that

‖𝛽(𝑤)− 𝛽(𝑧)‖2𝐻 ≤ 𝐶3(1 + ‖𝑤‖4𝑉 + ‖𝑧‖4𝑉 )‖𝑤 − 𝑧‖2𝑉

for all 𝑤, 𝑧 ∈ 𝑉 . Then, thanks to the identity 𝛽(0) = 0, we have

‖𝛽(𝑤)‖2𝐻 ≤ 𝐶3(1 + ‖𝑤‖4𝑉 )‖𝑤‖2𝑉

for all 𝑤 ∈ 𝑉 . Therefore 𝑉 ⊂ 𝐷(Φ) and there exist constants 𝑝, 𝑞, 𝐶Φ > 0 such that

‖Φ𝑤 − Φ𝑧‖𝐻 ≤ 𝐶Φ(1 + ‖𝑤‖𝑝
𝑉 + ‖𝑧‖𝑞

𝑉 )‖𝑤 − 𝑧‖𝑉

for all 𝑤, 𝑧 ∈ 𝑉 .
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Next we confirm that there exists a function 𝑖 : 𝑉 → {𝑥 ∈ R | 𝑥 ≥ 0} such that (Φ𝑤, 𝑤 − 𝑧)𝐻 ≥ 𝑖(𝑤)− 𝑖(𝑧)
for all 𝑤, 𝑧 ∈ 𝑉 . We see from (J1) and the definition of the subdifferential that 𝛽(𝑟)(𝑟− 𝑠) ≥ ̂︀𝛽(𝑟)− ̂︀𝛽(𝑠) for all
𝑟, 𝑠 ∈ R. Thus, defining 𝑖 : 𝑉 → {𝑥 ∈ R | 𝑥 ≥ 0} as

𝑖(𝑧) =
∫︁

Ω

̂︀𝛽(𝑧) for 𝑧 ∈ 𝑉 ⊂ 𝐷(Φ) ⊂ {𝑧 ∈ 𝐻 | ̂︀𝛽(𝑧) ∈ 𝐿1(Ω)},

we can obtain that (Φ𝑤, 𝑤 − 𝑧)𝐻 ≥ 𝑖(𝑤)− 𝑖(𝑧) for all 𝑤, 𝑧 ∈ 𝑉 .
Therefore the conditions (C1)–(C4), (C6)–(C11), (C13) and (C14) hold. Moreover, the elliptic regularity

theory leads to (C5) and (C12). Similarly, we can check that the homogeneous Neumann–Neumann problem,
the homogeneous Dirichlet–Dirichlet problem and the homogeneous Neumann–Dirichlet problem are examples.

Example 2.2. We can verify that the problem⎧⎪⎪⎪⎨⎪⎪⎪⎩
𝜃𝑡 + 𝜙𝑡 −∆𝜃 = 𝑓 in Ω× (0, 𝑇 ),
𝜙𝑡𝑡 −∆𝜙𝑡 −∆𝜙 + 𝛽(𝜙) + 𝜋(𝜙) = 𝜃 in Ω× (0, 𝑇 ),
𝜃 = 𝜙 = 0 on 𝜕Ω× (0, 𝑇 ),
𝜃(0) = 𝜃0, 𝜙(0) = 𝜙0, 𝜙𝑡(0) = 𝑣0 in Ω,

(P2)

where Ω ⊂ R3 is a bounded domain with smooth boundary 𝜕Ω, is an example under the three conditions
(J1)–(J3) and the following condition

(J5) 𝜃0 ∈ 𝐻1
0 (Ω), 𝜙0 ∈ 𝐻2(Ω) ∩𝐻1

0 (Ω), 𝑣0 ∈ 𝐻2(Ω) ∩𝐻1
0 (Ω), 𝑓 ∈ 𝐿2(0, 𝑇 ; 𝐿2(Ω)).

Indeed, putting

𝑉 := 𝐻1(Ω), 𝐻 := 𝐿2(Ω), 𝑉1 := 𝐻1
0 (Ω), 𝑉2 := 𝐻1

0 (Ω),
𝐿 := 𝐼 : 𝐻 → 𝐻,

𝐴1 := −∆ : 𝐷(𝐴1) := 𝐻2(Ω) ∩𝐻1
0 (Ω) ⊂ 𝐻 → 𝐻,

𝐵 := −∆ : 𝐷(𝐵) := 𝐻2(Ω) ∩𝐻1
0 (Ω) ⊂ 𝐻 → 𝐻,

𝐴2 := −∆ : 𝐷(𝐴2) := 𝐻2(Ω) ∩𝐻1
0 (Ω) ⊂ 𝐻 → 𝐻

and defining the operators 𝐴*1 : 𝑉1 → 𝑉 *1 , 𝐵* : 𝑉2 → 𝑉 *2 , 𝐴*2 : 𝑉2 → 𝑉 *2 , Φ : 𝐷(Φ) ⊂ 𝐻 → 𝐻, ℒ : 𝐻 → 𝐻 as

⟨𝐴*1𝑤, 𝑧⟩𝑉 *1 ,𝑉1 :=
∫︁

Ω

∇𝑤 · ∇𝑧 for 𝑤, 𝑧 ∈ 𝑉1,

⟨𝐵*𝑤, 𝑧⟩𝑉 *2 ,𝑉2 :=
∫︁

Ω

∇𝑤 · ∇𝑧 for 𝑤, 𝑧 ∈ 𝑉2,

⟨𝐴*2𝑤, 𝑧⟩𝑉 *2 ,𝑉2 :=
∫︁

Ω

∇𝑤 · ∇𝑧 for 𝑤, 𝑧 ∈ 𝑉2,

Φ(𝑧) := 𝛽(𝑧) for 𝑧 ∈ 𝐷(Φ) := {𝑧 ∈ 𝐻 | 𝛽(𝑧) ∈ 𝐻},
ℒ(𝑧) := 𝜋(𝑧) for 𝑧 ∈ 𝐻,

we can confirm that (C1)–(C14) hold. Similarly, we can show that the homogeneous Dirichlet–Neumann problem,
the homogeneous Neumann–Neumann problem and the homogeneous Neumann–Dirichlet problem are examples.

3. Existence of discrete solutions

In this section we will prove Theorem 1.4.
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Lemma 3.1. For all 𝑔 ∈ 𝐻 and all ℎ > 0 there exists a unique solution 𝜃 ∈ 𝐷(𝐴1) of the equation 𝜃+ℎ𝐴1𝜃 = 𝑔
in 𝐻.

Proof. We define the operator Ψ : 𝑉1 → 𝑉 *1 as

⟨Ψ𝜃, 𝑤⟩𝑉 *1 ,𝑉1 := (𝜃, 𝑤)𝐻 + ℎ⟨𝐴*1𝜃, 𝑤⟩𝑉 *1 ,𝑉1 for 𝜃, 𝑤 ∈ 𝑉1.

Then, owing to (C4), this operator Ψ : 𝑉1 → 𝑉 *1 is monotone, continuous and coercive, and then is surjective
for all ℎ > 0 (see e.g., [2], p. 37). Therefore the condition (C5) leads to Lemma 3.1. �

Lemma 3.2. There exists ℎ1 ∈
(︂

0,
(︁

𝑐𝐿

1+𝐶ℒ

)︁1/2
)︂

such that for all 𝑔 ∈ 𝐻 and all ℎ ∈ (0, ℎ1) there exists a

unique solution 𝜙 ∈ 𝐷(𝐵) ∩𝐷(𝐴2) of the equation

𝐿𝜙 + ℎ𝐵𝜙 + ℎ2𝐴2𝜙 + ℎ2Φ𝜙 + ℎ2ℒ𝜙 = 𝑔 in 𝐻.

Proof. We define the operator Ψ : 𝑉2 → 𝑉 *2 as

⟨Ψ𝜙, 𝑤⟩𝑉 *2 ,𝑉2 := (𝐿𝜙, 𝑤)𝐻 + ℎ⟨𝐵*𝜙, 𝑤⟩𝑉 *2 ,𝑉2

+ ℎ2⟨𝐴*2𝜙, 𝑤⟩𝑉 *2 ,𝑉2 + ℎ2(Φ𝜆𝜙, 𝑤)𝐻 + ℎ2(ℒ𝜙, 𝑤)𝐻 for 𝜙, 𝑤 ∈ 𝑉2.

Then we see that this operator Ψ : 𝑉2 → 𝑉 *2 is monotone, continuous and coercive for all ℎ ∈
(︂

0,
(︁

𝑐𝐿

1+𝐶ℒ

)︁1/2
)︂

.

Indeed, it follows from (C3), (C11), the monotonicity of 𝐵* and Φ𝜆, and (C13) that

⟨Ψ𝜙−Ψ𝜙, 𝜙− 𝜙⟩𝑉 *2 ,𝑉2

= (𝐿(𝜙− 𝜙), 𝜙− 𝜙)𝐻 + ℎ⟨𝐵*(𝜙− 𝜙), 𝜙− 𝜙⟩𝑉 *2 ,𝑉2 + ℎ2⟨𝐴*2(𝜙− 𝜙), 𝜙− 𝜙⟩𝑉 *2 ,𝑉2

+ ℎ2(Φ𝜆𝜙− Φ𝜆𝜙, 𝜙− 𝜙)𝐻 + ℎ2(ℒ𝜙− ℒ𝜙, 𝜙− 𝜙)𝐻

≥ 𝑐𝐿‖𝜙− 𝜙‖2𝐻 + 𝜔1ℎ
2‖𝜙− 𝜙‖2𝑉2

− ℎ2‖𝜙− 𝜙‖2𝐻 − 𝐶ℒℎ2‖𝜙− 𝜙‖2𝐻
≥ 𝜔1ℎ

2‖𝜙− 𝜙‖2𝑉2

for all 𝜙, 𝜙 ∈ 𝑉2 and all ℎ ∈
(︂

0,
(︁

𝑐𝐿

1+𝐶ℒ

)︁1/2
)︂

. The boundedness of the operators 𝐿 : 𝐻 → 𝐻, 𝐵* : 𝑉2 → 𝑉 *2 ,

𝐴*2 : 𝑉2 → 𝑉 *2 , the Lipschitz continuity of Φ𝜆, the condition (C13) and the continuity of the embedding 𝑉2 →˓ 𝐻
yield that there exists a constant 𝐶1 = 𝐶1(𝜆) > 0 such that

|⟨Ψ𝜙−Ψ𝜙, 𝑤⟩𝑉 *2 ,𝑉2 |
≤ |(𝐿(𝜙− 𝜙), 𝑤)𝐻 |+ ℎ|⟨𝐵*(𝜙− 𝜙), 𝑤⟩𝑉 *2 ,𝑉2 |+ ℎ2|⟨𝐴*2(𝜙− 𝜙), 𝑤⟩𝑉 *2 ,𝑉2 |

+ ℎ2|(Φ𝜆𝜙− Φ𝜆𝜙, 𝑤)𝐻 |+ ℎ2|(ℒ𝜙− ℒ𝜙, 𝑤)𝐻 |
≤ 𝐶1(1 + ℎ + ℎ2)‖𝜙− 𝜙‖𝑉2‖𝑤‖𝑉2

for all 𝜙, 𝜙, 𝑤 ∈ 𝑉2 and all ℎ > 0. Also, we have that ⟨Ψ𝜙 − ℒ0, 𝜙⟩𝑉 *2 ,𝑉2 ≥ 𝜔1ℎ
2‖𝜙‖2𝑉2

for all 𝜙 ∈ 𝑉2 and all

ℎ ∈
(︂

0,
(︁

𝑐𝐿

1+𝐶ℒ

)︁1/2
)︂

. Thus the operator Ψ : 𝑉2 → 𝑉 *2 is surjective for all ℎ ∈
(︂

0,
(︁

𝑐𝐿

1+𝐶ℒ

)︁1/2
)︂

(see e.g., [2],

p. 37), whence we can deduce from (C12) that for all 𝑔 ∈ 𝐻 and all ℎ ∈
(︂

0,
(︁

𝑐𝐿

1+𝐶ℒ

)︁1/2
)︂

there exists a unique

solution 𝜙𝜆 ∈ 𝐷(𝐵) ∩𝐷(𝐴) of the equation

𝐿𝜙𝜆 + ℎ𝐵𝜙𝜆 + ℎ2𝐴2𝜙𝜆 + ℎ2Φ𝜆𝜙𝜆 + ℎ2ℒ𝜙𝜆 = 𝑔 in 𝐻. (3.1)
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Here we multiply (3.1) by 𝜙𝜆 and use the Young inequality, (C13) to infer that

(𝐿𝜙𝜆, 𝜙𝜆)𝐻 + ℎ(𝐵𝜙𝜆, 𝜙𝜆)𝐻 + ℎ2⟨𝐴*2𝜙𝜆, 𝜙𝜆⟩𝑉 *2 ,𝑉2 + ℎ2(Φ𝜆𝜙𝜆, 𝜙𝜆)𝐻

= (𝑔, 𝜙𝜆)𝐻 − ℎ2(ℒ𝜙𝜆 − ℒ0, 𝜙𝜆)𝐻 − ℎ2(ℒ0, 𝜙𝜆)𝐻

≤ 𝑐𝐿

2
‖𝜙𝜆‖2𝐻 +

1
2𝑐𝐿

‖𝑔‖2𝐻 + 𝐶ℒℎ2‖𝜙𝜆‖2𝐻 +
‖ℒ0‖2𝐻

2
ℎ2 +

1
2
ℎ2‖𝜙𝜆‖2𝐻 .

Then, by (C3), (C11), the monotonicity of 𝐵 and Φ𝜆, there exists ℎ1 ∈
(︂

0,
(︁

𝑐𝐿

1+𝐶ℒ

)︁1/2
)︂

such that for all

ℎ ∈ (0, ℎ1) there exists a constant 𝐶2 = 𝐶2(ℎ) > 0 satisfying

‖𝜙𝜆‖2𝑉2
≤ 𝐶2 (3.2)

for all 𝜆 > 0. We derive from (3.1), (C9) and the Young inequality that

ℎ2‖Φ𝜆𝜙𝜆‖2𝐻 = (𝑔, Φ𝜆𝜙𝜆)𝐻 − (𝐿𝜙𝜆, Φ𝜆𝜙𝜆)𝐻 − ℎ(𝐵𝜙𝜆, Φ𝜆𝜙𝜆)𝐻 − ℎ2(𝐴2𝜙𝜆, Φ𝜆𝜙𝜆)𝐻

− ℎ2(ℒ𝜙𝜆, Φ𝜆𝜙𝜆)𝐻

≤ 3
2ℎ2

‖𝑔‖2𝐻 +
3

2ℎ2
‖𝐿𝜙𝜆‖2𝐻 +

3
2
ℎ2‖ℒ𝜙𝜆‖2𝐻 +

1
2
ℎ2‖Φ𝜆𝜙𝜆‖2𝐻 .

Hence, thanks to the boundedness of the operator 𝐿 : 𝐻 → 𝐻, (C13) and (3.2), we can verify that for all
ℎ ∈ (0, ℎ1) there exists a constant 𝐶3 = 𝐶3(ℎ) > 0 such that

‖Φ𝜆𝜙𝜆‖2𝐻 ≤ 𝐶3 (3.3)

for all 𝜆 > 0. We can confirm that

ℎ‖𝐵𝜙𝜆‖2𝐻 = (𝑔,𝐵𝜙𝜆)𝐻 − (𝐿𝜙𝜆, 𝐵𝜙𝜆)𝐻 − ℎ2(𝐴2𝜙𝜆, 𝐵𝜙𝜆)𝐻 − ℎ2(Φ𝜆𝜙𝜆, 𝐵𝜙𝜆)𝐻

− ℎ2(ℒ𝜙𝜆, 𝐵𝜙𝜆)𝐻

by (3.1) and then the boundedness of the operator 𝐿 : 𝐻 → 𝐻, (C6), (C9), (C13), the Young inequality and
(3.2) imply that for all ℎ ∈ (0, ℎ1) there exists a constant 𝐶4 = 𝐶4(ℎ) > 0 satisfying

‖𝐵𝜙𝜆‖2𝐻 ≤ 𝐶4(ℎ) (3.4)

for all 𝜆 > 0. We see from (3.1) to (3.4) that for all ℎ ∈ (0, ℎ1) there exists a constant 𝐶5 = 𝐶5(ℎ) > 0 such that

‖𝐴2𝜙𝜆‖2𝐻 ≤ 𝐶5(ℎ) (3.5)

for all 𝜆 > 0. Thus by (3.2)–(3.5) there exist 𝜙 ∈ 𝐷(𝐵) ∩𝐷(𝐴2) and 𝜉 ∈ 𝐻 such that

𝜙𝜆 → 𝜙 weakly in 𝑉2, (3.6)
𝐿𝜙𝜆 → 𝐿𝜙 weakly in 𝐻, (3.7)

Φ𝜆(𝜙𝜆) → 𝜉 weakly in 𝐻, (3.8)
𝐵𝜙𝜆 → 𝐵𝜙 weakly in 𝐻, (3.9)

𝐴2𝜙𝜆 → 𝐴2𝜙 weakly in 𝐻 (3.10)

as 𝜆 = 𝜆𝑗 → +0. Here the inequality (3.2), the convergence (3.6) and the compactness of the embedding 𝑉2 →˓ 𝐻
yield that

𝜙𝜆 → 𝜙 strongly in 𝐻 (3.11)
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as 𝜆 = 𝜆𝑗 → +0. Moreover, we have from (3.8) and (3.11) that (Φ𝜆𝜙𝜆, 𝜙𝜆)𝐻 → (𝜉, 𝜙)𝐻 as 𝜆 = 𝜆𝑗 → +0. Hence
the inclusion and the identity

𝜙 ∈ 𝐷(Φ), 𝜉 = Φ𝜙 (3.12)

hold (see e.g., [1], Lem. 1.3, p. 42).
Therefore, by virtue of (3.1), (3.7)–(3.12) and (C13), we can check that there exists a solution 𝜙 ∈ 𝐷(𝐵) ∩

𝐷(𝐴2) of the equation
𝐿𝜙 + ℎ𝐵𝜙 + ℎ2𝐴2𝜙 + ℎ2Φ𝜙 + ℎ2ℒ𝜙 = 𝑔 in 𝐻.

Moreover, owing to (C3), (C11), the monotonicity of 𝐵 and Φ, and (C13), the solution 𝜙 of this problem is
unique. �

Proof of Theorem 1.4. Let ℎ1 be as in Lemma 3.2 and let ℎ ∈ (0, ℎ1). Then we infer from (1.1), the linearity of
the operators 𝐴1, 𝐿, 𝐵 and 𝐴2 that the problem (P)𝑛 can be written as⎧⎪⎨⎪⎩

𝜃𝑛+1 + ℎ𝐴1𝜃𝑛+1 = 𝜃𝑛 + 𝜙𝑛 + ℎ𝑓𝑛+1 − 𝜙𝑛+1,

𝐿𝜙𝑛+1 + ℎ𝐵𝜙𝑛+1 + ℎ2𝐴2𝜙𝑛+1 + ℎ2Φ𝜙𝑛+1 + ℎ2ℒ𝜙𝑛+1

= 𝐿𝜙𝑛 + ℎ𝐿𝑣𝑛 + ℎ𝐵𝜙𝑛 + ℎ2𝜃𝑛+1,

(Q)𝑛

whence proving Theorem 1.4 is equivalent to establish existence and uniqueness of solutions to (Q)𝑛 for 𝑛 =
0, . . . , 𝑁 − 1. It suffices to consider the case that 𝑛 = 0. Thanks to Lemma 3.1, we can verify that for all 𝜙 ∈ 𝐻
there exists a unique solution 𝜃 ∈ 𝐻 of the equation

𝜃 + ℎ𝐴1𝜃 = 𝜃0 + 𝜙0 + ℎ𝑓1 − 𝜙. (3.13)

Also, Lemma 3.2 means that for all 𝜃 ∈ 𝐻 there exists a unique solution 𝜙 ∈ 𝐻 of the equation

𝐿𝜙 + ℎ𝐵𝜙 + ℎ2𝐴2𝜙 + ℎ2Φ𝜙 + ℎ2ℒ𝜙 = 𝐿𝜙0 + ℎ𝐿𝑣0 + ℎ𝐵𝜙0 + ℎ2𝜃. (3.14)

Therefore we can define the operators 𝒜 : 𝐻 → 𝐻, ℬ : 𝐻 → 𝐻 and 𝒮 : 𝐻 → 𝐻 as

𝒜(𝜙) = 𝜃, ℬ(𝜃) = 𝜙 for 𝜙, 𝜃 ∈ 𝐻

and
𝒮 = ℬ ∘ 𝒜,

respectively. Then we see from (3.13) and the Young inequality that

‖𝒜𝜙−𝒜𝜁‖2𝐻 + ℎ(𝐴1(𝒜𝜙−𝒜𝜁),𝒜𝜙−𝒜𝜁)𝐻

= −(𝜙− 𝜁,𝒜𝜙−𝒜𝜁)𝐻 ≤ 1
2
‖𝜙− 𝜁‖2𝐻 +

1
2
‖𝒜𝜙−𝒜𝜁‖2𝐻

for all 𝜙 ∈ 𝐻 and all 𝜁 ∈ 𝐻, and hence the inequality

‖𝒜𝜙−𝒜𝜁‖𝐻 ≤ ‖𝜙− 𝜁‖𝐻 (3.15)

holds for all 𝜙 ∈ 𝐻 and all 𝜁 ∈ 𝐻 by the monotonicity of 𝐴1. On the other hand, since we derive from (3.14),
(C13) and the Young inequality that

(𝐿(𝒮𝜙− 𝒮𝜁),𝒮𝜙− 𝒮𝜁)𝐻 + ℎ(𝐵(𝒮𝜙− 𝒮𝜁),𝒮𝜙− 𝒮𝜁)𝐻

+ ℎ2(𝐴2(𝒮𝜙− 𝒮𝜁),𝒮𝜙− 𝒮𝜁)𝐻 + ℎ2(Φ𝒮𝜙− Φ𝒮𝜁,𝒮𝜙− 𝒮𝜁)𝐻

= ℎ2(𝒜𝜙−𝒜𝜁,𝒮𝜙− 𝒮𝜁)𝐻 − ℎ2(ℒ𝒮𝜙− ℒ𝒮𝜁,𝒮𝜙− 𝒮𝜁)𝐻

≤ ℎ2

4
‖𝒜𝜙−𝒜𝜁‖2𝐻 + ℎ2‖𝒮𝜙− 𝒮𝜁‖2𝐻 + 𝐶ℒℎ2‖𝒮𝜙− 𝒮𝜁‖2𝐻
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for all 𝜙 ∈ 𝐻 and all 𝜁 ∈ 𝐻, it follows from (C3), the monotonicity of 𝐵, 𝐴2 and Φ that

‖𝒮𝜙− 𝒮𝜁‖𝐻 ≤ ℎ

2(𝑐𝐿 − ℎ2 − 𝐶ℒℎ2)1/2
‖𝒜𝜙−𝒜𝜁‖𝐻 (3.16)

for all 𝜙, 𝜁 ∈ 𝐻 and all ℎ ∈ (0, ℎ1). Hence, combining (3.15) and (3.16), we have that

‖𝒮𝜙− 𝒮𝜁‖𝐻 ≤ ℎ

2(𝑐𝐿 − ℎ2 − 𝐶ℒℎ2)1/2
‖𝜙− 𝜁‖𝐻

for all 𝜙, 𝜁 ∈ 𝐻 and all ℎ ∈ (0, ℎ1). Therefore there exists ℎ0 ∈ (0, min{1, ℎ1}) such that the operator 𝒮 : 𝐻 → 𝐻
is a contraction mapping for all ℎ ∈ (0, ℎ0). Then the Banach fixed-point theorem yields that the operator
𝒮 : 𝐻 → 𝐻 has a unique fixed point, 𝜙1 = 𝒮𝜙1 ∈ 𝐷(𝐵) ∩𝐷(𝐴2). Thus, putting 𝜃1 := 𝒜𝜙1 ∈ 𝐷(𝐴1), we can
conclude that there exists a unique solution (𝜃1, 𝜙1) of (Q)𝑛 in the case that 𝑛 = 0. �

4. Uniform estimates for (P)ℎ and passage to the limit

In this section we will establish a priori estimates for (P)ℎ and will prove Theorem 1.5 by passing to the limit
in (P)ℎ as ℎ → +0.

Lemma 4.1. Let ℎ0 be as in Theorem 1.4. Then there exist constants ℎ2 ∈ (0, ℎ0) and 𝐶 = 𝐶(𝑇 ) > 0 such that

‖𝑣ℎ‖2𝐿∞(0,𝑇 ;𝐻) + ℎ‖𝑧ℎ‖2𝐿2(0,𝑇 ;𝐻) + ‖𝐵1/2𝑣ℎ‖2𝐿2(0,𝑇 ;𝐻) + ‖𝜙ℎ‖2𝐿∞(0,𝑇 ;𝑉2)

+ ℎ‖𝑣ℎ‖2𝐿2(0,𝑇 ;𝑉2)
+ ‖𝜃ℎ‖2𝐿∞(0,𝑇 ;𝐻) + ℎ

⃦⃦⃦d̂︀𝜃ℎ

d𝑡

⃦⃦⃦2

𝐿2(0,𝑇 ;𝐻)
+ ‖𝜃ℎ‖2𝐿2(0,𝑇 ;𝑉1)

≤ 𝐶

for all ℎ ∈ (0, ℎ2).

Proof. Multiplying the second equation in (P)𝑛 by ℎ𝑣𝑛+1(= 𝜙𝑛+1 −𝜙𝑛) and recalling (1.1) lead to the identity

(𝐿(𝑣𝑛+1 − 𝑣𝑛), 𝑣𝑛+1)𝐻 + ℎ(𝐵𝑣𝑛+1, 𝑣𝑛+1)𝐻 + ⟨𝐴*2𝜙𝑛+1, 𝜙𝑛+1 − 𝜙𝑛⟩𝑉 *2 ,𝑉2

+ (𝜙𝑛+1, 𝜙𝑛+1 − 𝜙𝑛)𝐻 + (Φ𝜙𝑛+1, 𝜙𝑛+1 − 𝜙𝑛)𝐻

= ℎ(𝜃𝑛+1, 𝑣𝑛+1)𝐻 − ℎ(ℒ𝜙𝑛+1, 𝑣𝑛+1)𝐻 + ℎ(𝜙𝑛+1, 𝑣𝑛+1)𝐻 . (4.1)

Here we infer that

(𝐿(𝑣𝑛+1 − 𝑣𝑛), 𝑣𝑛+1)𝐻

= (𝐿1/2(𝑣𝑛+1 − 𝑣𝑛), 𝐿1/2𝑣𝑛+1)𝐻

=
1
2
‖𝐿1/2𝑣𝑛+1‖2𝐻 − 1

2
‖𝐿1/2𝑣𝑛‖2𝐻 +

1
2
‖𝐿1/2(𝑣𝑛+1 − 𝑣𝑛)‖2𝐻 (4.2)

and

⟨𝐴*2𝜙𝑛+1, 𝜙𝑛+1 − 𝜙𝑛⟩𝑉 *2 ,𝑉2 + (𝜙𝑛+1, 𝜙𝑛+1 − 𝜙𝑛)𝐻

=
1
2
⟨𝐴*2𝜙𝑛+1, 𝜙𝑛+1⟩𝑉 *2 ,𝑉2 −

1
2
⟨𝐴*2𝜙𝑛, 𝜙𝑛⟩𝑉 *2 ,𝑉2 +

1
2
⟨𝐴*2(𝜙𝑛+1 − 𝜙𝑛), 𝜙𝑛+1 − 𝜙𝑛⟩𝑉 *2 ,𝑉2

+
1
2
‖𝜙𝑛+1‖2𝐻 − 1

2
‖𝜙𝑛‖2𝐻 +

1
2
‖𝜙𝑛+1 − 𝜙𝑛‖2𝐻 . (4.3)
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Hence we deduce from (4.1)–(4.3), (C8), (C13), the continuity of the embedding 𝑉2 →˓ 𝐻 and the Young
inequality that there exist constants 𝐶1, 𝐶2 > 0 such that

1
2
‖𝐿1/2𝑣𝑛+1‖2𝐻 − 1

2
‖𝐿1/2𝑣𝑛‖2𝐻 +

1
2
‖𝐿1/2(𝑣𝑛+1 − 𝑣𝑛)‖2𝐻 + ℎ‖𝐵1/2𝑣𝑛+1‖2𝐻

+
1
2
⟨𝐴*2𝜙𝑛+1, 𝜙𝑛+1⟩𝑉 *2 ,𝑉2 −

1
2
⟨𝐴*2𝜙𝑛, 𝜙𝑛⟩𝑉 *2 ,𝑉2 +

1
2
⟨𝐴*2(𝜙𝑛+1 − 𝜙𝑛), 𝜙𝑛+1 − 𝜙𝑛⟩𝑉 *2 ,𝑉2

+
1
2
‖𝜙𝑛+1‖2𝐻 − 1

2
‖𝜙𝑛‖2𝐻 +

1
2
‖𝜙𝑛+1 − 𝜙𝑛‖2𝐻 + 𝑖(𝜙𝑛+1)− 𝑖(𝜙𝑛)

≤ 1
2
ℎ‖𝜃𝑛+1‖2𝐻 +

3
2
ℎ‖𝑣𝑛+1‖2𝐻 + 𝐶1ℎ‖𝜙𝑛+1‖2𝑉2

+ 𝐶2ℎ (4.4)

for all ℎ ∈ (0, ℎ0). On the other hand, multiplying the first equation in (P)𝑛 by ℎ𝜃𝑛+1, we see from the Young
inequality that

1
2
‖𝜃𝑛+1‖2𝐻 − 1

2
‖𝜃𝑛‖2𝐻 +

1
2
‖𝜃𝑛+1 − 𝜃𝑛‖2𝐻 + ℎ(𝐴1𝜃𝑛+1, 𝜃𝑛+1)𝐻

= ℎ(𝑓𝑛+1, 𝜃𝑛+1)𝐻 − ℎ(𝑣𝑛+1, 𝜃𝑛+1)𝐻

≤ 1
2
ℎ‖𝑓𝑛+1‖2𝐻 +

1
2
ℎ‖𝑣𝑛+1‖2𝐻 + ℎ‖𝜃𝑛+1‖2𝐻 . (4.5)

Thus combining (4.4) and (4.5) implies that

1
2
‖𝐿1/2𝑣𝑛+1‖2𝐻 − 1

2
‖𝐿1/2𝑣𝑛‖2𝐻 +

1
2
‖𝐿1/2(𝑣𝑛+1 − 𝑣𝑛)‖2𝐻 + ℎ‖𝐵1/2𝑣𝑛+1‖2𝐻

+
1
2
⟨𝐴*2𝜙𝑛+1, 𝜙𝑛+1⟩𝑉 *2 ,𝑉2 −

1
2
⟨𝐴*2𝜙𝑛, 𝜙𝑛⟩𝑉 *2 ,𝑉2 +

1
2
⟨𝐴*2(𝜙𝑛+1 − 𝜙𝑛), 𝜙𝑛+1 − 𝜙𝑛⟩𝑉 *2 ,𝑉2

+
1
2
‖𝜙𝑛+1‖2𝐻 − 1

2
‖𝜙𝑛‖2𝐻 +

1
2
‖𝜙𝑛+1 − 𝜙𝑛‖2𝐻 + 𝑖(𝜙𝑛+1)− 𝑖(𝜙𝑛)

+
1
2
‖𝜃𝑛+1‖2𝐻 − 1

2
‖𝜃𝑛‖2𝐻 +

1
2
‖𝜃𝑛+1 − 𝜃𝑛‖2𝐻 + ℎ(𝐴1𝜃𝑛+1, 𝜃𝑛+1)𝐻

≤ 1
2
ℎ‖𝑓𝑛+1‖2𝐻 +

3
2
ℎ‖𝜃𝑛+1‖2𝐻 + 2ℎ‖𝑣𝑛+1‖2𝐻 + 𝐶1ℎ‖𝜙𝑛+1‖2𝑉2

+ 𝐶2ℎ. (4.6)

Moreover, we sum (4.6) over 𝑛 = 0, . . . ,𝑚− 1 with 1 ≤ 𝑚 ≤ 𝑁 to obtain the inequality

1
2
‖𝐿1/2𝑣𝑚‖2𝐻 +

1
2

𝑚−1∑︁
𝑛=0

‖𝐿1/2(𝑣𝑛+1 − 𝑣𝑛)‖2𝐻 + ℎ

𝑚−1∑︁
𝑛=0

‖𝐵1/2𝑣𝑛+1‖2𝐻 +
1
2
⟨𝐴*2𝜙𝑚, 𝜙𝑚⟩𝑉 *2 ,𝑉2

+
1
2
‖𝜙𝑚‖2𝐻 +

1
2

𝑚−1∑︁
𝑛=0

⟨𝐴*2(𝜙𝑛+1 − 𝜙𝑛), 𝜙𝑛+1 − 𝜙𝑛⟩𝑉 *2 ,𝑉2 +
1
2

𝑚−1∑︁
𝑛=0

‖𝜙𝑛+1 − 𝜙𝑛‖2𝐻

+ 𝑖(𝜙𝑚) +
1
2
‖𝜃𝑚‖2𝐻 +

1
2

𝑚−1∑︁
𝑛=0

‖𝜃𝑛+1 − 𝜃𝑛‖2𝐻 + ℎ

𝑚−1∑︁
𝑛=0

(𝐴1𝜃𝑛+1, 𝜃𝑛+1)𝐻

≤ 1
2
‖𝐿1/2𝑣0‖2𝐻 +

1
2
⟨𝐴*2𝜙0, 𝜙0⟩𝑉 *2 ,𝑉2 +

1
2
‖𝜙0‖2𝐻 + 𝑖(𝜙0) +

1
2
‖𝜃0‖2𝐻 +

1
2
ℎ

𝑚−1∑︁
𝑛=0

‖𝑓𝑛+1‖2𝐻

+
3
2
ℎ

𝑚−1∑︁
𝑛=0

‖𝜃𝑛+1‖2𝐻 + 2ℎ

𝑚−1∑︁
𝑛=0

‖𝑣𝑛+1‖2𝐻 + 𝐶1ℎ

𝑚−1∑︁
𝑛=0

‖𝜙𝑛+1‖2𝑉2
+ 𝐶2𝑇. (4.7)

Here, owing to (C11), it holds that

1
2
⟨𝐴*2𝜙𝑚, 𝜙𝑚⟩𝑉 *2 ,𝑉2 +

1
2
‖𝜙𝑚‖2𝐻 ≥ 𝜔1

2
‖𝜙𝑚‖2𝑉2

(4.8)
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and

1
2

𝑚−1∑︁
𝑛=0

⟨𝐴*2(𝜙𝑛+1 − 𝜙𝑛), 𝜙𝑛+1 − 𝜙𝑛⟩𝑉 *2 ,𝑉2 +
1
2

𝑚−1∑︁
𝑛=0

‖𝜙𝑛+1 − 𝜙𝑛‖2𝐻

≥ 𝜔1

2

𝑚−1∑︁
𝑛=0

‖𝜙𝑛+1 − 𝜙𝑛‖2𝑉2
=

𝜔1

2
ℎ2

𝑚−1∑︁
𝑛=0

‖𝑣𝑛+1‖2𝑉2
. (4.9)

Also, we see from (C4) that

ℎ

𝑚−1∑︁
𝑛=0

(𝐴1𝜃𝑛+1, 𝜃𝑛+1)𝐻 = ℎ

𝑚−1∑︁
𝑛=0

⟨𝐴*1𝜃𝑛+1, 𝜃𝑛+1⟩𝑉 *1 ,𝑉1

≥ 𝜎1ℎ

𝑚−1∑︁
𝑛=0

‖𝜃𝑛+1‖2𝑉1
− ℎ

𝑚−1∑︁
𝑛=0

‖𝜃𝑛+1‖2𝐻 . (4.10)

Hence it follows from (4.7) to (4.10) and (C3) that

(︁𝑐𝐿

2
− 2ℎ

)︁
‖𝑣𝑚‖2𝐻 +

𝑐𝐿

2
ℎ2

𝑚−1∑︁
𝑛=0

‖𝑧𝑛+1‖2𝐻 + ℎ

𝑚−1∑︁
𝑛=0

‖𝐵1/2𝑣𝑛+1‖2𝐻 +
(︁𝜔1

2
− 𝐶1ℎ

)︁
‖𝜙𝑚‖2𝑉2

+
𝜔1

2
ℎ2

𝑚−1∑︁
𝑛=0

‖𝑣𝑛+1‖2𝑉2
+

1
2

(1− 5ℎ)‖𝜃𝑚‖2𝐻 +
1
2
ℎ2

𝑚−1∑︁
𝑛=0

‖𝛿ℎ𝜃𝑛‖2𝐻 + 𝜎1ℎ

𝑚−1∑︁
𝑛=0

‖𝜃𝑛+1‖2𝑉1

≤ 1
2
‖𝐿1/2𝑣0‖2𝐻 +

1
2
⟨𝐴*2𝜙0, 𝜙0⟩𝑉 *2 ,𝑉2 +

1
2
‖𝜙0‖2𝐻 + 𝑖(𝜙0) +

1
2
‖𝜃0‖2𝐻 +

1
2
ℎ

𝑚−1∑︁
𝑛=0

‖𝑓𝑛+1‖2𝐻

+
5
2
ℎ

𝑚−1∑︁
𝑗=0

‖𝜃𝑗‖2𝐻 + 2ℎ

𝑚−1∑︁
𝑗=0

‖𝑣𝑗‖2𝐻 + 𝐶1ℎ

𝑚−1∑︁
𝑗=0

‖𝜙𝑗‖2𝑉2
+ 𝐶2𝑇

and then there exist constants ℎ2 ∈ (0, ℎ0) and 𝐶3 = 𝐶3(𝑇 ) > 0 such that

‖𝑣𝑚‖2𝐻 + ℎ2
𝑚−1∑︁
𝑛=0

‖𝑧𝑛+1‖2𝐻 + ℎ

𝑚−1∑︁
𝑛=0

‖𝐵1/2𝑣𝑛+1‖2𝐻

+ ‖𝜙𝑚‖2𝑉2
+ ℎ2

𝑚−1∑︁
𝑛=0

‖𝑣𝑛+1‖2𝑉2
+ ‖𝜃𝑚‖2𝐻 + ℎ2

𝑚−1∑︁
𝑛=0

‖𝛿ℎ𝜃𝑛‖2𝐻 + ℎ

𝑚−1∑︁
𝑛=0

‖𝜃𝑛+1‖2𝑉1

≤ 𝐶3ℎ

𝑚−1∑︁
𝑗=0

‖𝜃𝑗‖2𝐻 + 𝐶3ℎ

𝑚−1∑︁
𝑗=0

‖𝑣𝑗‖2𝐻 + 𝐶3ℎ

𝑚−1∑︁
𝑗=0

‖𝜙𝑗‖2𝑉2
+ 𝐶3 (4.11)

for all ℎ ∈ (0, ℎ2). Therefore the inequality (4.11) and the discrete Gronwall lemma (see e.g., [14], Prop. 2.2.1)
imply that there exists a constant 𝐶4 = 𝐶4(𝑇 ) > 0 such that

‖𝑣𝑚‖2𝐻 + ℎ2
𝑚−1∑︁
𝑛=0

‖𝑧𝑛+1‖2𝐻 + ℎ

𝑚−1∑︁
𝑛=0

‖𝐵1/2𝑣𝑛+1‖2𝐻

+ ‖𝜙𝑚‖2𝑉2
+ ℎ2

𝑚−1∑︁
𝑛=0

‖𝑣𝑛+1‖2𝑉2
+ ‖𝜃𝑚‖2𝐻 + ℎ2

𝑚−1∑︁
𝑛=0

‖𝛿ℎ𝜃𝑛‖2𝐻 + ℎ

𝑚−1∑︁
𝑛=0

‖𝜃𝑛+1‖2𝑉1
≤ 𝐶4

for all ℎ ∈ (0, ℎ2) and 𝑚 = 1, . . . , 𝑁 . �
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Lemma 4.2. Let ℎ2 be as in Lemma 4.1. Then there exists a constant 𝐶 = 𝐶(𝑇 ) > 0 such that⃦⃦⃦d̂︀𝜃ℎ

d𝑡

⃦⃦⃦2

𝐿2(0,𝑇 ;𝐻)
+ ℎ

⃦⃦⃦d̂︀𝜃ℎ

d𝑡

⃦⃦⃦2

𝐿2(0,𝑇 ;𝑉1)
+ ‖𝜃ℎ‖2𝐿∞(0,𝑇 ;𝑉1)

≤ 𝐶

for all ℎ ∈ (0, ℎ2).

Proof. Multiplying the first equation in (P)𝑛 by 𝜃𝑛+1 − 𝜃𝑛 and using the Young inequality mean that

ℎ

⃦⃦⃦⃦
𝜃𝑛+1 − 𝜃𝑛

ℎ

⃦⃦⃦⃦2

𝐻

+ ⟨𝐴*1𝜃𝑛+1, 𝜃𝑛+1 − 𝜃𝑛⟩𝑉 *1 ,𝑉1 = ℎ

(︂
𝑓𝑛+1 − 𝑣𝑛+1,

𝜃𝑛+1 − 𝜃𝑛

ℎ

)︂
𝐻

≤ ℎ‖𝑓𝑛+1‖2𝐻 + ℎ‖𝑣𝑛+1‖2𝐻 +
1
2
ℎ

⃦⃦⃦⃦
𝜃𝑛+1 − 𝜃𝑛

ℎ

⃦⃦⃦⃦2

𝐻

. (4.12)

Here we derive that

⟨𝐴*1𝜃𝑛+1, 𝜃𝑛+1 − 𝜃𝑛⟩𝑉 *1 ,𝑉1 =
1
2
⟨𝐴*1𝜃𝑛+1, 𝜃𝑛+1⟩𝑉 *1 ,𝑉1 −

1
2
⟨𝐴*1𝜃𝑛, 𝜃𝑛⟩𝑉 *1 ,𝑉1

+
1
2
⟨𝐴*1(𝜃𝑛+1 − 𝜃𝑛), 𝜃𝑛+1 − 𝜃𝑛⟩𝑉 *1 ,𝑉1 . (4.13)

Thus, combining (4.12) and (4.13), we have

1
2
ℎ

⃦⃦⃦⃦
𝜃𝑛+1 − 𝜃𝑛

ℎ

⃦⃦⃦⃦2

𝐻

+
1
2
⟨𝐴*1𝜃𝑛+1, 𝜃𝑛+1⟩𝑉 *1 ,𝑉1 −

1
2
⟨𝐴*1𝜃𝑛, 𝜃𝑛⟩𝑉 *1 ,𝑉1

+
1
2
⟨𝐴*1(𝜃𝑛+1 − 𝜃𝑛), 𝜃𝑛+1 − 𝜃𝑛⟩𝑉 *1 ,𝑉1 ≤ ℎ‖𝑓𝑛+1‖2𝐻 + ℎ‖𝑣𝑛+1‖2𝐻 . (4.14)

Therefore summing (4.14) over 𝑛 = 0, . . . ,𝑚 − 1 with 1 ≤ 𝑚 ≤ 𝑁 , the condition (C4) and Lemma 4.1 lead to
Lemma 4.2. �

Lemma 4.3. Let ℎ2 be as in Lemma 4.1. Then there exists a constant 𝐶 = 𝐶(𝑇 ) > 0 such that

‖𝐴1𝜃ℎ‖2𝐿2(0,𝑇 ;𝐻) ≤ 𝐶

for all ℎ ∈ (0, ℎ2).

Proof. This lemma holds by the first equation in (P)ℎ, Lemmas 4.1 and 4.2. �

Lemma 4.4. Let ℎ2 be as in Lemma 4.1. Then there exists a constant 𝐶 = 𝐶(𝑇 ) > 0 such that

‖𝑧1‖2𝐻 + ℎ‖𝐵1/2𝑧1‖2𝐻 + ‖𝑣1‖2𝑉2
+ ℎ2‖𝑧1‖2𝑉2

≤ 𝐶

for all ℎ ∈ (0, ℎ2).

Proof. Thanks to the second equation in (P)𝑛, the identities 𝑣1 = 𝑣0 + ℎ𝑧1 and 𝜙1 = 𝜙0 + ℎ𝑣1, we can obtain
that

𝐿𝑧1 + 𝐵𝑣0 + ℎ𝐵𝑧1 + 𝐴2𝜙0 + ℎ𝐴2𝑣1 + Φ𝜙1 + ℒ𝜙1 = 𝜃1. (4.15)

Then, multiplying (4.15) by 𝑧1, we can check that

‖𝐿1/2𝑧1‖2𝐻 + (𝐵𝑣0, 𝑧1)𝐻 + ℎ(𝐵𝑧1, 𝑧1)𝐻 + (𝐴2𝜙0, 𝑧1)𝐻 + ℎ(𝐴2𝑣1, 𝑧1)𝐻

+ (Φ𝜙1, 𝑧1)𝐻 + (ℒ𝜙1, 𝑧1)𝐻 = (𝜃1, 𝑧1)𝐻 . (4.16)
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Here we see from (C11) that

ℎ(𝐴2𝑣1, 𝑧1)𝐻 = (𝐴2𝑣1, 𝑣1 − 𝑣0)𝐻 = ⟨𝐴*2𝑣1, 𝑣1 − 𝑣0⟩𝑉 *2 ,𝑉2

=
1
2
⟨𝐴*2𝑣1, 𝑣1⟩𝑉 *2 ,𝑉2 −

1
2
⟨𝐴*2𝑣0, 𝑣0⟩𝑉 *2 ,𝑉2

+
1
2
⟨𝐴*2(𝑣1 − 𝑣0), 𝑣1 − 𝑣0⟩𝑉 *2 ,𝑉2

≥ 𝜔1

2
‖𝑣1‖2𝑉2

− 1
2
‖𝑣1‖2𝐻 − 1

2
⟨𝐴*2𝑣0, 𝑣0⟩𝑉 *2 ,𝑉2

+
𝜔1

2
‖𝑣1 − 𝑣0‖2𝑉2

− 1
2
‖𝑣1 − 𝑣0‖2𝐻 . (4.17)

The condition (C7) and Lemma 4.1 yield that there exists a constant 𝐶1 = 𝐶1(𝑇 ) > 0 satisfying

|(Φ𝜙1, 𝑧1)𝐻 | ≤ 𝐶Φ(1 + ‖𝜙1‖𝑝
𝑉 )‖𝜙1‖𝑉 ‖𝑧1‖𝐻 ≤ 𝐶1‖𝑧1‖𝐻 . (4.18)

Thus it follows from (4.16) to (4.18) and (C3) that

𝑐𝐿‖𝑧1‖2𝐻 + ℎ‖𝐵1/2𝑧1‖2𝐻 +
𝜔1

2
‖𝑣1‖2𝑉2

+
𝜔1

2
ℎ2‖𝑧1‖2𝑉2

≤ −(𝐵𝑣0, 𝑧1)𝐻 − (𝐴2𝜙0, 𝑧1)𝐻 +
1
2
‖𝑣1‖2𝐻 +

1
2
⟨𝐴*2𝑣0, 𝑣0⟩𝑉 *2 ,𝑉2 +

1
2
‖𝑣1 − 𝑣0‖2𝐻

+ 𝐶1‖𝑧1‖𝐻 − (ℒ𝜙1, 𝑧1)𝐻 + (𝜃1, 𝑧1)𝐻 . (4.19)

Hence the inequality (4.19), the condition (C13), the Young inequality and Lemma 4.1 imply that Lemma 4.4
holds. �

Lemma 4.5. Let ℎ2 be as in Lemma 4.1. Then there exist constants ℎ3 ∈ (0, ℎ2) and 𝐶 = 𝐶(𝑇 ) > 0 such that

‖𝑧ℎ‖2𝐿∞(0,𝑇 ;𝐻) + ‖𝐵1/2𝑧ℎ‖2𝐿2(0,𝑇 ;𝐻) + ‖𝑣ℎ‖2𝐿∞(0,𝑇 ;𝑉2)
+ ℎ‖𝑧ℎ‖2𝐿2(0,𝑇 ;𝑉2)

≤ 𝐶

for all ℎ ∈ (0, ℎ3).

Proof. Let 𝑛 ∈ {1, . . . , 𝑁 − 1}. Then the second equation in (P)𝑛 leads to the identity

𝐿(𝑧𝑛+1 − 𝑧𝑛) + 𝐵(𝑣𝑛+1 − 𝑣𝑛) + ℎ𝐴2𝑣𝑛+1 + Φ𝜙𝑛+1 − Φ𝜙𝑛 + ℒ𝜙𝑛+1 − ℒ𝜙𝑛

= 𝜃𝑛+1 − 𝜃𝑛.

Here it holds that

(𝐿(𝑧𝑛+1 − 𝑧𝑛), 𝑧𝑛+1)𝐻 = (𝐿1/2(𝑧𝑛+1 − 𝑧𝑛), 𝐿1/2𝑧𝑛+1)𝐻

=
1
2
‖𝐿1/2𝑧𝑛+1‖2𝐻 − 1

2
‖𝐿1/2𝑧𝑛‖2𝐻 +

1
2
‖𝐿1/2(𝑧𝑛+1 − 𝑧𝑛)‖2𝐻 ,

and hence we have

1
2
‖𝐿1/2𝑧𝑛+1‖2𝐻 − 1

2
‖𝐿1/2𝑧𝑛‖2𝐻 +

1
2
‖𝐿1/2(𝑧𝑛+1 − 𝑧𝑛)‖2𝐻 + ℎ‖𝐵1/2𝑧𝑛+1‖2𝐻

+ ⟨𝐴*2𝑣𝑛+1, 𝑣𝑛+1 − 𝑣𝑛⟩𝑉 *2 ,𝑉2 + (𝑣𝑛+1, 𝑣𝑛+1 − 𝑣𝑛)𝐻

= −ℎ

(︂
Φ𝜙𝑛+1 − Φ𝜙𝑛

ℎ
, 𝑧𝑛+1

)︂
𝐻

− ℎ

(︂
ℒ𝜙𝑛+1 − ℒ𝜙𝑛

ℎ
, 𝑧𝑛+1

)︂
𝐻

+ ℎ

(︂
𝜃𝑛+1 − 𝜃𝑛

ℎ
, 𝑧𝑛+1

)︂
𝐻

+ ℎ(𝑣𝑛+1, 𝑧𝑛+1)𝐻 . (4.20)
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On the other hand, we derive that

⟨𝐴*2𝑣𝑛+1, 𝑣𝑛+1 − 𝑣𝑛⟩𝑉 *2 ,𝑉2 + (𝑣𝑛+1, 𝑣𝑛+1 − 𝑣𝑛)𝐻

=
1
2
⟨𝐴*2𝑣𝑛+1, 𝑣𝑛+1⟩𝑉 *2 ,𝑉2 −

1
2
⟨𝐴*2𝑣𝑛, 𝑣𝑛⟩𝑉 *2 ,𝑉2 +

1
2
⟨𝐴*2(𝑣𝑛+1 − 𝑣𝑛), 𝑣𝑛+1 − 𝑣𝑛⟩𝑉 *2 ,𝑉2

+
1
2
‖𝑣𝑛+1‖2𝐻 − 1

2
‖𝑣𝑛‖2𝐻 +

1
2
‖𝑣𝑛+1 − 𝑣𝑛‖2𝐻 . (4.21)

We see from (C7) and Lemma 4.1 that there exists a constant 𝐶1 = 𝐶1(𝑇 ) > 0 such that

−ℎ

(︂
Φ𝜙𝑛+1 − Φ𝜙𝑛

ℎ
, 𝑧𝑛+1

)︂
𝐻

≤ 𝐶Φℎ(1 + ‖𝜙𝑛+1‖𝑝
𝑉 + ‖𝜙𝑛‖𝑞

𝑉 )‖𝑣𝑛+1‖𝑉 ‖𝑧𝑛+1‖𝐻

≤ 𝐶1ℎ‖𝑣𝑛+1‖𝑉 ‖𝑧𝑛+1‖𝐻 (4.22)

for all ℎ ∈ (0, ℎ2). Thus we combine (4.20)–(4.22) and (C13) to infer that there exists a constant 𝐶2 = 𝐶2(𝑇 ) > 0
satisfying

1
2
‖𝐿1/2𝑧𝑛+1‖2𝐻 − 1

2
‖𝐿1/2𝑧𝑛‖2𝐻 +

1
2
‖𝐿1/2(𝑧𝑛+1 − 𝑧𝑛)‖2𝐻 + ℎ‖𝐵1/2𝑧𝑛+1‖2𝐻

+
1
2
⟨𝐴*2𝑣𝑛+1, 𝑣𝑛+1⟩𝑉 *2 ,𝑉2 −

1
2
⟨𝐴*2𝑣𝑛, 𝑣𝑛⟩𝑉 *2 ,𝑉2 +

1
2
⟨𝐴*2(𝑣𝑛+1 − 𝑣𝑛), 𝑣𝑛+1 − 𝑣𝑛⟩𝑉 *2 ,𝑉2

+
1
2
‖𝑣𝑛+1‖2𝐻 − 1

2
‖𝑣𝑛‖2𝐻 +

1
2
‖𝑣𝑛+1 − 𝑣𝑛‖2𝐻

≤ 𝐶2ℎ‖𝑣𝑛+1‖𝑉2‖𝑧𝑛+1‖𝐻 + ℎ

⃦⃦⃦⃦
𝜃𝑛+1 − 𝜃𝑛

ℎ

⃦⃦⃦⃦
𝐻

‖𝑧𝑛+1‖𝐻 (4.23)

for all ℎ ∈ (0, ℎ2). Then summing (4.23) over 𝑛 = 1, . . . , ℓ− 1 with 2 ≤ ℓ ≤ 𝑁 means that

1
2
‖𝐿1/2𝑧ℓ‖2𝐻 +

1
2

ℓ−1∑︁
𝑛=1

‖𝐿1/2(𝑧𝑛+1 − 𝑧𝑛)‖2𝐻 + ℎ

ℓ−1∑︁
𝑛=1

‖𝐵1/2𝑧𝑛+1‖2𝐻

+
1
2
⟨𝐴*2𝑣ℓ, 𝑣ℓ⟩𝑉 *2 ,𝑉2 +

1
2

ℓ−1∑︁
𝑛=1

⟨𝐴*2(𝑣𝑛+1 − 𝑣𝑛), 𝑣𝑛+1 − 𝑣𝑛⟩𝑉 *2 ,𝑉2

+
1
2
‖𝑣ℓ‖2𝐻 +

1
2

ℓ−1∑︁
𝑛=1

‖𝑣𝑛+1 − 𝑣𝑛‖2𝐻

≤ 1
2
‖𝐿1/2𝑧1‖2𝐻 +

1
2
⟨𝐴*2𝑣1, 𝑣1⟩𝑉 *2 ,𝑉2 +

1
2
‖𝑣1‖2𝐻

+ 𝐶2ℎ

ℓ−1∑︁
𝑛=0

‖𝑣𝑛+1‖𝑉2‖𝑧𝑛+1‖𝐻 + ℎ

ℓ−1∑︁
𝑛=0

⃦⃦⃦⃦
𝜃𝑛+1 − 𝜃𝑛

ℎ

⃦⃦⃦⃦
𝐻

‖𝑧𝑛+1‖𝐻 ,

whence it follows from (C3) and (C11) that

𝑐𝐿

2
‖𝑧ℓ‖2𝐻 + ℎ

ℓ−1∑︁
𝑛=1

‖𝐵1/2𝑧𝑛+1‖2𝐻 +
𝜔1

2
‖𝑣ℓ‖2𝑉2

+
𝜔1

2
ℎ2

ℓ−1∑︁
𝑛=1

‖𝑧𝑛+1‖2𝑉2

≤ 1
2
‖𝐿1/2𝑧1‖2𝐻 +

1
2
⟨𝐴*2𝑣1, 𝑣1⟩𝑉 *2 ,𝑉2 +

1
2
‖𝑣1‖2𝐻

+ 𝐶2ℎ

ℓ−1∑︁
𝑛=0

‖𝑣𝑛+1‖𝑉2‖𝑧𝑛+1‖𝐻 + ℎ

ℓ−1∑︁
𝑛=0

⃦⃦⃦⃦
𝜃𝑛+1 − 𝜃𝑛

ℎ

⃦⃦⃦⃦
𝐻

‖𝑧𝑛+1‖𝐻 (4.24)



994 S. KURIMA

for all ℎ ∈ (0, ℎ2) and ℓ = 2, . . . , 𝑁 . Therefore we see from (4.24), the boundedness of the operators 𝐿 and 𝐴*2,
and Lemma 4.4 that there exists a constant 𝐶3 = 𝐶3(𝑇 ) > 0 such that

𝑐𝐿

2
‖𝑧𝑚‖2𝐻 + ℎ

𝑚−1∑︁
𝑛=0

‖𝐵1/2𝑧𝑛+1‖2𝐻 +
𝜔1

2
‖𝑣𝑚‖2𝑉2

+
𝜔1

2
ℎ2

𝑚−1∑︁
𝑛=0

‖𝑧𝑛+1‖2𝑉2

≤ 𝐶3 + 𝐶2ℎ

𝑚−1∑︁
𝑛=0

‖𝑣𝑛+1‖𝑉2‖𝑧𝑛+1‖𝐻 + ℎ

𝑚−1∑︁
𝑛=0

⃦⃦⃦⃦
𝜃𝑛+1 − 𝜃𝑛

ℎ

⃦⃦⃦⃦
𝐻

‖𝑧𝑛+1‖𝐻 (4.25)

for all ℎ ∈ (0, ℎ2) and 𝑚 = 1, . . . , 𝑁 . Moreover, the inequality (4.25), the Young inequality and Lemma 4.2 yield
that there exists a constant 𝐶4 = 𝐶4(𝑇 ) > 0 such that

1
2

(𝑐𝐿 − 𝐶2ℎ− ℎ)‖𝑧𝑚‖2𝐻 + ℎ

𝑚−1∑︁
𝑛=0

‖𝐵1/2𝑧𝑛+1‖2𝐻 +
1
2

(𝜔1 − 𝐶2ℎ)‖𝑣𝑚‖2𝑉2

+
𝜔1

2
ℎ2

𝑚−1∑︁
𝑛=0

‖𝑧𝑛+1‖2𝑉2
≤ 𝐶4 +

𝐶2

2
ℎ

𝑚−1∑︁
𝑗=0

‖𝑣𝑗‖2𝑉2
+

1 + 𝐶2

2
ℎ

𝑚−1∑︁
𝑗=0

‖𝑧𝑗‖2𝐻 (4.26)

for all ℎ ∈ (0, ℎ2) and 𝑚 = 1, . . . , 𝑁 . Thus there exist constants ℎ3 ∈ (0, ℎ2) and 𝐶5 = 𝐶5(𝑇 ) > 0 such that

‖𝑧𝑚‖2𝐻 + ℎ

𝑚−1∑︁
𝑛=0

‖𝐵1/2𝑧𝑛+1‖2𝐻 + ‖𝑣𝑚‖2𝑉2
+ ℎ2

𝑚−1∑︁
𝑛=0

‖𝑧𝑛+1‖2𝑉2

≤ 𝐶5 + 𝐶5ℎ

𝑚−1∑︁
𝑗=0

‖𝑣𝑗‖2𝑉2
+ 𝐶5ℎ

𝑚−1∑︁
𝑗=0

‖𝑧𝑗‖2𝐻

for all ℎ ∈ (0, ℎ3) and 𝑚 = 1, . . . , 𝑁 . Then we infer from the discrete Gronwall lemma (see e.g., [14], Prop. 2.2.1)
that there exists a constant 𝐶6 = 𝐶6(𝑇 ) > 0 satisfying

‖𝑧𝑚‖2𝐻 + ℎ

𝑚−1∑︁
𝑛=0

‖𝐵1/2𝑧𝑛+1‖2𝐻 + ‖𝑣𝑚‖2𝑉2
+ ℎ2

𝑚−1∑︁
𝑛=0

‖𝑧𝑛+1‖2𝑉2
≤ 𝐶6

for all ℎ ∈ (0, ℎ3) and 𝑚 = 1, . . . , 𝑁 . �

Lemma 4.6. Let ℎ2 be as in Lemma 4.1. Then there exists a constant 𝐶 = 𝐶(𝑇 ) > 0 such that

‖Φ𝜙ℎ‖𝐿∞(0,𝑇 ;𝐻) ≤ 𝐶

for all ℎ ∈ (0, ℎ2).

Proof. This lemma can be proved by (C7) and Lemma 4.1. �

Lemma 4.7. Let ℎ3 be as in Lemma 4.5. Then there exists a constant 𝐶 = 𝐶(𝑇 ) > 0 such that

‖𝐵𝑣ℎ‖2𝐿2(0,𝑇 ;𝐻) + ‖𝐴2𝜙ℎ‖2𝐿2(0,𝑇 ;𝐻) ≤ 𝐶

for all ℎ ∈ (0, ℎ3).

Proof. We derive from the second equation in (P)𝑛 that

ℎ‖𝐵𝑣𝑛+1‖2𝐻 = ℎ(𝐵𝑣𝑛+1, 𝐵𝑣𝑛+1)𝐻

= −ℎ(𝐿𝑧𝑛+1, 𝐵𝑣𝑛+1)𝐻 − ℎ(𝐴2𝜙𝑛+1, 𝐵𝑣𝑛+1)𝐻 − ℎ(Φ𝜙𝑛+1, 𝐵𝑣𝑛+1)𝐻

− ℎ(ℒ𝜙𝑛+1, 𝐵𝑣𝑛+1)𝐻 + ℎ(𝜃𝑛+1, 𝐵𝑣𝑛+1)𝐻 ,
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and hence it follows from the Young inequality, the boundedness of the operator 𝐿 and (C13) that there exists
a constant 𝐶1 > 0 satisfying

ℎ‖𝐵𝑣𝑛+1‖2𝐻 ≤ 𝐶1ℎ‖𝑧𝑛+1‖2𝐻 − ℎ(𝐴2𝜙𝑛+1, 𝐵𝑣𝑛+1)𝐻 + 𝐶1ℎ‖Φ𝜙𝑛+1‖2𝐻 + 𝐶1ℎ‖𝜃𝑛+1‖2𝐻 + 𝐶1ℎ (4.27)

for all ℎ ∈ (0, ℎ3). Here the condition (C6) implies that

− ℎ(𝐴2𝜙𝑛+1, 𝐵𝑣𝑛+1)𝐻

= −(𝐴2𝜙𝑛+1, 𝐵𝜙𝑛+1 −𝐵𝜙𝑛)𝐻

= −1
2

(𝐴2𝜙𝑛+1, 𝐵𝜙𝑛+1)𝐻 +
1
2

(𝐴2𝜙𝑛, 𝐵𝜙𝑛)𝐻

− 1
2

(𝐴2(𝜙𝑛+1 − 𝜙𝑛), 𝐵(𝜙𝑛+1 − 𝜙𝑛))𝐻 . (4.28)

Thus, summing (4.27) over 𝑛 = 0, . . . ,𝑚− 1 with 1 ≤ 𝑚 ≤ 𝑁 , we deduce from (4.28), Lemmas 4.1, 4.5 and 4.6
that there exists a constant 𝐶2 = 𝐶2(𝑇 ) > 0 such that

‖𝐵𝑣ℎ‖2𝐿2(0,𝑇 ;𝐻) ≤ 𝐶2 (4.29)

for all ℎ ∈ (0, ℎ3). Moreover, we see from the second equation in (P)ℎ, (4.29), Lemmas 4.1, 4.5 and 4.6 that
there exists a constant 𝐶3 = 𝐶3(𝑇 ) > 0 satisfying

‖𝐴2𝜙ℎ‖2𝐿2(0,𝑇 ;𝐻) ≤ 𝐶3

for all ℎ ∈ (0, ℎ3). �

Lemma 4.8. Let ℎ3 be as in Lemma 4.5. Then there exists a constant 𝐶 = 𝐶(𝑇 ) > 0 such that

‖̂︀𝜙ℎ‖𝑊 1,∞(0,𝑇 ;𝑉2) + ‖̂︀𝑣ℎ‖𝑊 1,∞(0,𝑇 ;𝐻)

+ ‖̂︀𝑣ℎ‖𝐿∞(0,𝑇 ;𝑉2) + ‖̂︀𝜃ℎ‖𝐻1(0,𝑇 ;𝐻) + ‖̂︀𝜃ℎ‖𝐿∞(0,𝑇 ;𝑉1) ≤ 𝐶

for all ℎ ∈ (0, ℎ3).

Proof. Thanks to (1.5)–(1.7), Lemmas 4.1, 4.2 and 4.5, we can obtain Lemma 4.8. �

Proof of Theorem 1.5 (existence part). Owing to Lemmas 4.1–4.3, 4.5–4.8, and (1.8)–(1.10), there exist some
functions

𝜃 ∈ 𝐻1(0, 𝑇 ; 𝐻) ∩ 𝐿∞(0, 𝑇 ; 𝑉1) ∩ 𝐿2(0, 𝑇 ; 𝐷(𝐴1)),
𝜙 ∈ 𝐿∞(0, 𝑇 ; 𝑉2) ∩ 𝐿2(0, 𝑇 ; 𝐷(𝐴2)),
𝜉 ∈ 𝐿∞(0, 𝑇 ; 𝐻)

such that

d𝜙

d𝑡
∈ 𝐿∞(0, 𝑇 ; 𝑉2) ∩ 𝐿2(0, 𝑇 ; 𝐷(𝐵)),

d2𝜙

d𝑡2
∈ 𝐿∞(0, 𝑇 ; 𝐻)

and

̂︀𝜙ℎ → 𝜙 weakly* in 𝑊 1,∞(0, 𝑇 ; 𝑉2), (4.30)

𝑣ℎ →
d𝜙

d𝑡
weakly* in 𝐿∞(0, 𝑇 ; 𝑉2),
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̂︀𝑣ℎ →
d𝜙

d𝑡
weakly* in 𝑊 1,∞(0, 𝑇 ; 𝐻) ∩ 𝐿∞(0, 𝑇 ; 𝑉2), (4.31)

𝑧ℎ →
d2𝜙

d𝑡2
weakly* in 𝐿∞(0, 𝑇 ; 𝐻),

𝐿𝑧ℎ → 𝐿
d2𝜙

d𝑡2
weakly* in 𝐿∞(0, 𝑇 ; 𝐻), (4.32)̂︀𝜃ℎ → 𝜃 weakly* in 𝐻1(0, 𝑇 ; 𝐻) ∩ 𝐿∞(0, 𝑇 ; 𝑉1), (4.33)

𝜙ℎ → 𝜙 weakly* in 𝐿∞(0, 𝑇 ; 𝑉2),

𝜃ℎ → 𝜃 weakly* in 𝐿∞(0, 𝑇 ; 𝑉1),

𝐴1𝜃ℎ → 𝐴1𝜃 weakly in 𝐿2(0, 𝑇 ; 𝐻), (4.34)

𝐵𝑣ℎ → 𝐵
d𝜙

d𝑡
weakly in 𝐿2(0, 𝑇 ; 𝐻), (4.35)

𝐴2𝜙ℎ → 𝐴2𝜙 weakly in 𝐿2(0, 𝑇 ; 𝐻), (4.36)
Φ𝜙ℎ → 𝜉 weakly* in 𝐿∞(0, 𝑇 ; 𝐻) (4.37)

as ℎ = ℎ𝑗 → +0. Here, since Lemma 4.8, the compactness of the embedding 𝑉2 →˓ 𝐻 and the convergence
(4.30) yield that

̂︀𝜙ℎ → 𝜙 strongly in 𝐶([0, 𝑇 ]; 𝐻) (4.38)

as ℎ = ℎ𝑗 → +0 (see e.g., [18], Sect. 8, Cor. 4), we infer from (1.8) and Lemma 4.5 that

𝜙ℎ → 𝜙 strongly in 𝐿∞(0, 𝑇 ; 𝐻) (4.39)

as ℎ = ℎ𝑗 → +0. Thus it follows from (4.37) and (4.39) that∫︁ 𝑇

0

(Φ𝜙ℎ(𝑡), 𝜙ℎ(𝑡))𝐻 d𝑡 →
∫︁ 𝑇

0

(𝜉(𝑡), 𝜙(𝑡))𝐻 d𝑡

as ℎ = ℎ𝑗 → +0, whence we have

𝜉 = Φ𝜙 in 𝐻 a.e. on (0, 𝑇 ) (4.40)

(see e.g., [1], Lem. 1.3, p. 42). On the other hand, we derive from Lemma 4.8, the compactness of the embedding
𝑉1 →˓ 𝐻 and (4.33) that

̂︀𝜃ℎ → 𝜃 strongly in 𝐶([0, 𝑇 ]; 𝐻) (4.41)

as ℎ = ℎ𝑗 → +0. Similarly, we see from (4.31) that

̂︀𝑣ℎ →
d𝜙

d𝑡
strongly in 𝐶([0, 𝑇 ]; 𝐻) (4.42)

as ℎ = ℎ𝑗 → +0. Therefore we can conclude that there exists a solution of (P) by combining (4.30), (4.32)–(4.42),
(C13) and by observing that 𝑓ℎ → 𝑓 strongly in 𝐿2(0, 𝑇 ; 𝐻) as ℎ → +0 (see [7], Sect. 5). �

5. Uniqueness for (P)

In this section we establish uniqueness of solutions to (P).
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Proof of Theorem 1.5 (uniqueness part). We let (𝜃, 𝜙), (𝜃, 𝜙) be two solutions of (P) and put ̃︀𝜃 := 𝜃 − 𝜃, ̃︀𝜙 :=
𝜙− 𝜙. Then the identity (1.11) means that

1
2

d
d𝑡
‖̃︀𝜃(𝑡)‖2𝐻 +

(︂
d̃︀𝜙
d𝑡

(𝑡), ̃︀𝜃(𝑡)
)︂

𝐻

+ (𝐴1
̃︀𝜃(𝑡), ̃︀𝜃(𝑡))𝐻 = 0. (5.1)

Here, by (1.12), the Young inequality, (C7), (C13), Lemma 4.1 and the continuity of the embedding 𝑉2 →˓ 𝐻,
we can verify that there exists a constant 𝐶1 = 𝐶1(𝑇 ) > 0 such that

1
2

d
d𝑡

⃦⃦⃦⃦
𝐿1/2 d̃︀𝜙

d𝑡
(𝑡)

⃦⃦⃦⃦2

𝐻

+
(︂

𝐵
d̃︀𝜙
d𝑡

(𝑡),
d̃︀𝜙
d𝑡

(𝑡)
)︂

𝐻

+
1
2

d
d𝑡

⃦⃦⃦
𝐴

1/2
2 ̃︀𝜙(𝑡)

⃦⃦⃦2

𝐻

=
(︂̃︀𝜃(𝑡),

d̃︀𝜙
d𝑡

(𝑡)
)︂

𝐻

−
(︂

Φ𝜙(𝑡)− Φ𝜙(𝑡),
d̃︀𝜙
d𝑡

(𝑡)
)︂

𝐻

−
(︂
ℒ𝜙(𝑡)− ℒ𝜙(𝑡),

d̃︀𝜙
d𝑡

(𝑡)
)︂

𝐻

≤
(︂̃︀𝜃(𝑡),

d̃︀𝜙
d𝑡

(𝑡)
)︂

𝐻

+
𝐶2

Φ

2
(1 + ‖𝜙(𝑡)‖𝑝

𝑉 + ‖𝜙(𝑡)‖𝑞
𝑉 )2‖̃︀𝜙(𝑡)‖2𝑉

+
𝐶2
ℒ

2
‖̃︀𝜙(𝑡)‖2𝐻 +

⃦⃦⃦⃦
d̃︀𝜙
d𝑡

(𝑡)
⃦⃦⃦⃦2

𝐻

≤
(︂̃︀𝜃(𝑡),

d̃︀𝜙
d𝑡

(𝑡)
)︂

𝐻

+ 𝐶1‖̃︀𝜙(𝑡)‖2𝑉2
+

1
𝑐𝐿

⃦⃦⃦⃦
𝐿1/2 d̃︀𝜙

d𝑡
(𝑡)

⃦⃦⃦⃦2

𝐻

(5.2)

for a.a. 𝑡 ∈ (0, 𝑇 ). Also, the Young inequality, (C3) and the continuity of the embedding 𝑉2 →˓ 𝐻 imply that
there exists a constant 𝐶2 > 0 such that

1
2

d
d𝑡
‖̃︀𝜙(𝑡)‖2𝐻 =

(︂
d̃︀𝜙
d𝑡

(𝑡), ̃︀𝜙(𝑡)
)︂

𝐻

≤ 1
2𝑐𝐿

⃦⃦⃦⃦
𝐿1/2 d̃︀𝜙

d𝑡
(𝑡)

⃦⃦⃦⃦2

𝐻

+ 𝐶2‖̃︀𝜙(𝑡)‖2𝑉2
(5.3)

for a.a. 𝑡 ∈ (0, 𝑇 ). Hence we deduce from (5.1) to (5.3), the integration over (0, 𝑡), where 𝑡 ∈ [0, 𝑇 ], (1.13) and
the monotonicity of 𝐴1, 𝐵 that there exists a constant 𝐶3 = 𝐶3(𝑇 ) > 0 such that

1
2
‖̃︀𝜃(𝑡)‖2𝐻 +

1
2

⃦⃦⃦⃦
𝐿1/2 d̃︀𝜙

d𝑡
(𝑡)

⃦⃦⃦⃦2

𝐻

+
1
2

⃦⃦⃦
𝐴

1/2
2 ̃︀𝜙(𝑡)

⃦⃦⃦2

𝐻
+

1
2
‖̃︀𝜙‖2𝐻

≤ 𝐶3

∫︁ 𝑡

0

⃦⃦⃦⃦
𝐿1/2 d̃︀𝜙

d𝑡
(𝑠)

⃦⃦⃦⃦2

𝐻

d𝑠 + 𝐶3

∫︁ 𝑡

0

‖̃︀𝜙(𝑠)‖2𝑉2
d𝑠 (5.4)

for all 𝑡 ∈ [0, 𝑇 ]. Here, owing to (C11), it holds that

1
2

⃦⃦⃦
𝐴

1/2
2 ̃︀𝜙(𝑡)

⃦⃦⃦2

𝐻
+

1
2
‖̃︀𝜙‖2𝐻

=
1
2
⟨𝐴*2 ̃︀𝜙(𝑡), ̃︀𝜙(𝑡)⟩𝑉 *2 ,𝑉2 +

1
2
‖̃︀𝜙‖2𝐻 ≥ 𝜔1

2
‖̃︀𝜙(𝑡)‖2𝑉2

. (5.5)

Thus it follows from (5.4) and (5.5) that

1
2
‖̃︀𝜃(𝑡)‖2𝐻 +

1
2

⃦⃦⃦⃦
𝐿1/2 d̃︀𝜙

d𝑡
(𝑡)

⃦⃦⃦⃦2

𝐻

+
𝜔1

2
‖̃︀𝜙(𝑡)‖2𝑉2

≤ 𝐶3

∫︁ 𝑡

0

⃦⃦⃦⃦
𝐿1/2 d̃︀𝜙

d𝑡
(𝑠)

⃦⃦⃦⃦2

𝐻

d𝑠 + 𝐶3

∫︁ 𝑡

0

‖̃︀𝜙(𝑠)‖2𝑉2
d𝑠

and then applying the Gronwall lemma yields that ̃︀𝜃 = ̃︀𝜙 = 0, which leads to the identities 𝜃 = 𝜃 and
𝜙 = 𝜙. �
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6. Error estimates

In this section we will prove Theorem 1.6.

Lemma 6.1. Let ℎ3 be as in Lemma 4.5. Then there exists a constant 𝐶 = 𝐶(𝑇 ) > 0 such that

‖𝐿1/2(̂︀𝑣ℎ − 𝑣)‖𝐿∞(0,𝑇 ;𝐻) + ‖𝐵1/2(𝑣ℎ − 𝑣)‖𝐿2(0,𝑇 ;𝐻) + ‖̂︀𝜙ℎ − 𝜙‖𝐿∞(0,𝑇 ;𝑉2)

+ ‖̂︀𝜃ℎ − 𝜃‖𝐿∞(0,𝑇 ;𝐻) + ‖𝜃ℎ − 𝜃‖𝐿2(0,𝑇 ;𝑉1) ≤ 𝐶ℎ1/2 + 𝐶‖𝑓ℎ − 𝑓‖𝐿2(0,𝑇 ;𝐻)

for all ℎ ∈ (0, ℎ3), where 𝑣 = d𝜙
d𝑡 .

Proof. We infer from the first equations in (P)ℎ and (1.11) that

1
2

d
d𝑡
‖̂︀𝜃ℎ(𝑡)− 𝜃(𝑡)‖2𝐻

= −(𝑣ℎ(𝑡)− 𝑣(𝑡), ̂︀𝜃ℎ(𝑡)− 𝜃(𝑡))𝐻 − (𝐴1(𝜃ℎ(𝑡)− 𝜃(𝑡)), ̂︀𝜃ℎ(𝑡)− 𝜃ℎ(𝑡))𝐻

− ⟨𝐴*1(𝜃ℎ(𝑡)− 𝜃(𝑡)), 𝜃ℎ(𝑡)− 𝜃(𝑡)⟩𝑉 *1 ,𝑉1 + (𝑓ℎ(𝑡)− 𝑓(𝑡), ̂︀𝜃ℎ(𝑡)− 𝜃(𝑡))𝐻 . (6.1)

Here we derive from the Young inequality and (C3) that

− (𝑣ℎ(𝑡)− 𝑣(𝑡), ̂︀𝜃ℎ(𝑡)− 𝜃(𝑡))𝐻

≤ 1
2
‖𝑣ℎ(𝑡)− 𝑣(𝑡)‖2𝐻 +

1
2
‖̂︀𝜃ℎ(𝑡)− 𝜃(𝑡)‖2𝐻

≤ ‖𝑣ℎ(𝑡)− ̂︀𝑣ℎ(𝑡)‖2𝐻 + ‖̂︀𝑣ℎ(𝑡)− 𝑣(𝑡)‖2𝐻 +
1
2
‖̂︀𝜃ℎ(𝑡)− 𝜃(𝑡)‖2𝐻

≤ ‖𝑣ℎ(𝑡)− ̂︀𝑣ℎ(𝑡)‖2𝐻 +
1
𝑐𝐿
‖𝐿1/2(̂︀𝑣ℎ(𝑡)− 𝑣(𝑡))‖2𝐻 +

1
2
‖̂︀𝜃ℎ(𝑡)− 𝜃(𝑡)‖2𝐻 . (6.2)

It follows from (C4) that

− ⟨𝐴*1(𝜃ℎ(𝑡)− 𝜃(𝑡)), 𝜃ℎ(𝑡)− 𝜃(𝑡)⟩𝑉 *1 ,𝑉1

≤ −𝜎1‖𝜃ℎ(𝑡)− 𝜃(𝑡)‖2𝑉1
+ ‖𝜃ℎ(𝑡)− 𝜃(𝑡)‖2𝐻

≤ −𝜎1‖𝜃ℎ(𝑡)− 𝜃(𝑡)‖2𝑉1
+ 2‖𝜃ℎ(𝑡)− ̂︀𝜃ℎ(𝑡)‖2𝐻 + 2‖̂︀𝜃ℎ(𝑡)− 𝜃(𝑡)‖2𝐻 . (6.3)

We have from the Young inequality that

(𝑓ℎ(𝑡)− 𝑓(𝑡), ̂︀𝜃ℎ(𝑡)− 𝜃(𝑡))𝐻 ≤ 1
2
‖𝑓ℎ(𝑡)− 𝑓(𝑡)‖2𝐻 +

1
2
‖̂︀𝜃ℎ(𝑡)− 𝜃(𝑡)‖2𝐻 . (6.4)

Thus we see from (6.1) to (6.4) and the integration over (0, 𝑡), where 𝑡 ∈ [0, 𝑇 ], Lemma 4.3, (1.10), Lemma 4.2,
(1.9) and Lemma 4.5 that there exists a constant 𝐶1 = 𝐶1(𝑇 ) > 0 such that

1
2
‖̂︀𝜃ℎ(𝑡)− 𝜃(𝑡)‖2𝐻 + 𝜎1

∫︁ 𝑡

0

‖𝜃ℎ(𝑠)− 𝜃(𝑠)‖2𝑉1
d𝑠

≤ 𝐶1ℎ + 𝐶1

∫︁ 𝑡

0

‖𝐿1/2(̂︀𝑣ℎ(𝑠)− 𝑣(𝑠))‖2𝐻 d𝑠 + 𝐶1

∫︁ 𝑡

0

‖̂︀𝜃ℎ(𝑠)− 𝜃(𝑠)‖2𝐻 d𝑠

+ 𝐶1‖𝑓ℎ − 𝑓‖2𝐿2(0,𝑇 ;𝐻) (6.5)

for all 𝑡 ∈ [0, 𝑇 ] and all ℎ ∈ (0, ℎ3).
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Next we observe that the identity d̂︀𝑣ℎ

d𝑡 = 𝑧ℎ, putting 𝑧 := 𝑑𝑣
d𝑡 , the second equations in (P)ℎ and (1.12) imply

that

1
2

d
d𝑡
‖𝐿1/2(̂︀𝑣ℎ(𝑡)− 𝑣(𝑡))‖2𝐻

= (𝐿(𝑧ℎ(𝑡)− 𝑧(𝑡)), ̂︀𝑣ℎ(𝑡)− 𝑣ℎ(𝑡))𝐻 + (𝐿(𝑧ℎ(𝑡)− 𝑧(𝑡)), 𝑣ℎ(𝑡)− 𝑣(𝑡))𝐻

= (𝐿(𝑧ℎ(𝑡)− 𝑧(𝑡)), ̂︀𝑣ℎ(𝑡)− 𝑣ℎ(𝑡))𝐻 − (𝐵(𝑣ℎ(𝑡)− 𝑣(𝑡)), 𝑣ℎ(𝑡)− 𝑣(𝑡))𝐻

− (𝐴2(𝜙ℎ(𝑡)− 𝜙(𝑡)), 𝑣ℎ(𝑡)− 𝑣(𝑡))𝐻 − (Φ𝜙ℎ(𝑡)− Φ𝜙(𝑡), 𝑣ℎ(𝑡)− 𝑣(𝑡))𝐻

− (ℒ𝜙ℎ(𝑡)− ℒ𝜙(𝑡), 𝑣ℎ(𝑡)− 𝑣(𝑡))𝐻 + (𝜃ℎ(𝑡)− 𝜃(𝑡), 𝑣ℎ(𝑡)− 𝑣(𝑡))𝐻 . (6.6)

Here, recalling that the linear operator 𝐿 : 𝐻 → 𝐻 is bounded, we can obtain that there exists a constant
𝐶2 > 0 such that

(𝐿(𝑧ℎ(𝑡)− 𝑧(𝑡)), ̂︀𝑣ℎ(𝑡)− 𝑣ℎ(𝑡))𝐻 ≤ ‖𝐿(𝑧ℎ(𝑡)− 𝑧(𝑡))‖𝐻‖̂︀𝑣ℎ(𝑡)− 𝑣ℎ(𝑡)‖𝐻

≤ 𝐶2‖𝑧ℎ(𝑡)− 𝑧(𝑡)‖𝐻‖̂︀𝑣ℎ(𝑡)− 𝑣ℎ(𝑡)‖𝐻 (6.7)

for a.a. 𝑡 ∈ (0, 𝑇 ) and all ℎ ∈ (0, ℎ3). Owing to the identities 𝑣ℎ = d̂︀𝜙ℎ

d𝑡 , 𝑣 = d𝜙
d𝑡 and the boundedness of the

operator 𝐴*2 : 𝑉2 → 𝑉 *2 , it holds that there exists a constant 𝐶3 > 0 such that

− (𝐴2(𝜙ℎ(𝑡)− 𝜙(𝑡)), 𝑣ℎ(𝑡)− 𝑣(𝑡))𝐻

= −⟨𝐴*2(𝜙ℎ(𝑡)− ̂︀𝜙ℎ(𝑡)), 𝑣ℎ(𝑡)− 𝑣(𝑡)⟩𝑉 *2 ,𝑉2 −
1
2

d
d𝑡
‖𝐴1/2

2 (̂︀𝜙ℎ(𝑡)− 𝜙(𝑡))‖2𝐻

≤ 𝐶3‖𝜙ℎ(𝑡)− ̂︀𝜙ℎ(𝑡)‖𝑉2‖𝑣ℎ(𝑡)− 𝑣(𝑡)‖𝑉2 −
1
2

d
d𝑡
‖𝐴1/2

2 (̂︀𝜙ℎ(𝑡)− 𝜙(𝑡))‖2𝐻 (6.8)

for a.a. 𝑡 ∈ (0, 𝑇 ) and all ℎ ∈ (0, ℎ3). We derive from (C7), Lemma 4.1, the Young inequality and (C3) that
there exists a constant 𝐶4 = 𝐶4(𝑇 ) > 0 such that

− (Φ𝜙ℎ(𝑡)− Φ𝜙(𝑡), 𝑣ℎ(𝑡)− 𝑣(𝑡))𝐻

≤ 𝐶Φ(1 + ‖𝜙ℎ(𝑡)‖𝑝
𝑉 + ‖𝜙(𝑡)‖𝑞

𝑉 )‖𝜙ℎ(𝑡)− 𝜙(𝑡)‖𝑉 ‖𝑣ℎ(𝑡)− 𝑣(𝑡)‖𝐻

≤ 𝐶4‖𝜙ℎ(𝑡)− 𝜙(𝑡)‖𝑉 ‖𝑣ℎ(𝑡)− 𝑣(𝑡)‖𝐻

≤ 𝐶4

2
‖𝜙ℎ(𝑡)− 𝜙(𝑡)‖2𝑉 +

𝐶4

2
‖𝑣ℎ(𝑡)− 𝑣(𝑡)‖2𝐻

≤ 𝐶4‖𝜙ℎ(𝑡)− ̂︀𝜙ℎ(𝑡)‖2𝑉 + 𝐶4‖̂︀𝜙ℎ(𝑡)− 𝜙(𝑡)‖2𝑉

+ 𝐶4‖𝑣ℎ(𝑡)− ̂︀𝑣ℎ(𝑡)‖2𝐻 +
𝐶4

𝑐𝐿
‖𝐿1/2(̂︀𝑣ℎ(𝑡)− 𝑣(𝑡))‖2𝐻 (6.9)

for a.a. 𝑡 ∈ (0, 𝑇 ) and all ℎ ∈ (0, ℎ3). It follows from (C13), the continuity of the embedding 𝑉 →˓ 𝐻, the Young
inequality and (C3) that there exists a constant 𝐶5 > 0 satisfying

− (ℒ𝜙ℎ(𝑡)− ℒ𝜙(𝑡), 𝑣ℎ(𝑡)− 𝑣(𝑡))𝐻

≤ 𝐶5‖𝜙ℎ(𝑡)− 𝜙(𝑡)‖𝑉 ‖𝑣ℎ(𝑡)− 𝑣(𝑡)‖𝐻

≤ 𝐶5

2
‖𝜙ℎ(𝑡)− 𝜙(𝑡)‖2𝑉 +

𝐶5

2
‖𝑣ℎ(𝑡)− 𝑣(𝑡)‖2𝐻

≤ 𝐶5‖𝜙ℎ(𝑡)− ̂︀𝜙ℎ(𝑡)‖2𝑉 + 𝐶5‖̂︀𝜙ℎ(𝑡)− 𝜙(𝑡)‖2𝑉

+ 𝐶5‖𝑣ℎ(𝑡)− ̂︀𝑣ℎ(𝑡)‖2𝐻 +
𝐶5

𝑐𝐿
‖𝐿1/2(̂︀𝑣ℎ(𝑡)− 𝑣(𝑡))‖2𝐻 . (6.10)



1000 S. KURIMA

The Young inequality and (C3) yield that

(𝜃ℎ(𝑡)− 𝜃(𝑡), 𝑣ℎ(𝑡)− 𝑣(𝑡))𝐻

= (𝜃ℎ(𝑡)− ̂︀𝜃ℎ(𝑡), 𝑣ℎ(𝑡)− 𝑣(𝑡))𝐻 + (̂︀𝜃ℎ(𝑡)− 𝜃(𝑡), 𝑣ℎ(𝑡)− ̂︀𝑣ℎ(𝑡))𝐻

+ (̂︀𝜃ℎ(𝑡)− 𝜃(𝑡), ̂︀𝑣ℎ(𝑡)− 𝑣(𝑡))𝐻

≤ ‖𝜃ℎ(𝑡)− ̂︀𝜃ℎ(𝑡)‖𝐻‖𝑣ℎ(𝑡)− 𝑣(𝑡)‖𝐻 + ‖̂︀𝜃ℎ(𝑡)− 𝜃(𝑡)‖𝐻‖𝑣ℎ(𝑡)− ̂︀𝑣ℎ(𝑡)‖𝐻

+
1
2
‖̂︀𝜃ℎ(𝑡)− 𝜃(𝑡)‖2𝐻 +

1
2𝑐𝐿

‖𝐿1/2(̂︀𝑣ℎ(𝑡)− 𝑣(𝑡))‖2𝐻 . (6.11)

Thus we infer from (6.6) to (6.11), the integration over (0, 𝑡), where 𝑡 ∈ [0, 𝑇 ], (1.8)–(1.10), Lemmas 4.2 and 4.5
that there exists a constant 𝐶6 = 𝐶6(𝑇 ) > 0 such that

1
2
‖𝐿1/2(̂︀𝑣ℎ(𝑡)− 𝑣(𝑡))‖2𝐻 +

1
2
‖𝐴1/2

2 (̂︀𝜙ℎ(𝑡)− 𝜙(𝑡))‖2𝐻 +
∫︁ 𝑡

0

‖𝐵1/2(𝑣ℎ(𝑠)− 𝑣(𝑠))‖2𝐻 d𝑠

≤ 𝐶6ℎ + 𝐶6

∫︁ 𝑡

0

‖̂︀𝜙ℎ(𝑠)− 𝜙(𝑠)‖2𝑉 d𝑠 + 𝐶6

∫︁ 𝑡

0

‖𝐿1/2(̂︀𝑣ℎ(𝑠)− 𝑣(𝑠))‖2𝐻 d𝑠

+ 𝐶6

∫︁ 𝑡

0

‖̂︀𝜃ℎ(𝑠)− 𝜃(𝑠)‖2𝐻 d𝑠 (6.12)

for all 𝑡 ∈ [0, 𝑇 ] and all ℎ ∈ (0, ℎ3). On the other hand, we have from the identities d̂︀𝜙ℎ

d𝑡 = 𝑣ℎ, d𝜙
d𝑡 = 𝑣, the

Young inequality, (C3) and the continuity of the embedding 𝑉2 →˓ 𝐻 that there exists a constant 𝐶7 > 0 such
that

1
2

d
d𝑡
‖̂︀𝜙ℎ(𝑡)− 𝜙(𝑡)‖2𝐻

= (𝑣ℎ(𝑡)− 𝑣(𝑡), ̂︀𝜙ℎ(𝑡)− 𝜙(𝑡))𝐻

≤ 1
2
‖𝑣ℎ(𝑡)− 𝑣(𝑡)‖2𝐻 +

1
2
‖̂︀𝜙ℎ(𝑡)− 𝜙(𝑡)‖2𝐻

≤ ‖𝑣ℎ(𝑡)− ̂︀𝑣ℎ(𝑡)‖2𝐻 +
1
𝑐𝐿
‖𝐿1/2(̂︀𝑣ℎ(𝑡)− 𝑣(𝑡))‖2𝐻 + 𝐶7‖̂︀𝜙ℎ(𝑡)− 𝜙(𝑡)‖2𝑉2

(6.13)

for a.a. 𝑡 ∈ (0, 𝑇 ) and all ℎ ∈ (0, ℎ3). Hence we derive from (6.12), the integration (6.13) over (0, 𝑡), where
𝑡 ∈ [0, 𝑇 ], and (C11) that there exists a constant 𝐶8 = 𝐶8(𝑇 ) > 0 satisfying

1
2
‖𝐿1/2(̂︀𝑣ℎ(𝑡)− 𝑣(𝑡))‖2𝐻 +

𝜔1

2
‖̂︀𝜙ℎ(𝑡)− 𝜙(𝑡)‖2𝑉2

+
∫︁ 𝑡

0

‖𝐵1/2(𝑣ℎ(𝑠)− 𝑣(𝑠))‖2𝐻 d𝑠

≤ 𝐶8ℎ + 𝐶8

∫︁ 𝑡

0

‖̂︀𝜙ℎ(𝑠)− 𝜙(𝑠)‖2𝑉2
d𝑠 + 𝐶8

∫︁ 𝑡

0

‖𝐿1/2(̂︀𝑣ℎ(𝑠)− 𝑣(𝑠))‖2𝐻 d𝑠

+ 𝐶8

∫︁ 𝑡

0

‖̂︀𝜃ℎ(𝑠)− 𝜃(𝑠)‖2𝐻 d𝑠. (6.14)

Therefore combining (6.5) and (6.14) means that there exists a constant 𝐶9 = 𝐶9(𝑇 ) > 0 such
that

1
2
‖𝐿1/2(̂︀𝑣ℎ(𝑡)− 𝑣(𝑡))‖2𝐻 +

𝜔1

2
‖̂︀𝜙ℎ(𝑡)− 𝜙(𝑡)‖2𝑉2

+
∫︁ 𝑡

0

‖𝐵1/2(𝑣ℎ(𝑠)− 𝑣(𝑠))‖2𝐻 d𝑠

+
1
2
‖̂︀𝜃ℎ(𝑡)− 𝜃(𝑡)‖2𝐻 + 𝜎1

∫︁ 𝑡

0

‖𝜃ℎ(𝑠)− 𝜃(𝑠)‖2𝑉1
d𝑠
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≤ 𝐶9ℎ + 𝐶9

∫︁ 𝑡

0

‖̂︀𝜙ℎ(𝑠)− 𝜙(𝑠)‖2𝑉2
d𝑠 + 𝐶9

∫︁ 𝑡

0

‖𝐿1/2(̂︀𝑣ℎ(𝑠)− 𝑣(𝑠))‖2𝐻 d𝑠

+ 𝐶9‖𝑓ℎ − 𝑓‖2𝐿2(0,𝑇 ;𝐻) + 𝐶9

∫︁ 𝑡

0

‖̂︀𝜃ℎ(𝑠)− 𝜃(𝑠)‖2𝐻 d𝑠

for all 𝑡 ∈ [0, 𝑇 ] and all ℎ ∈ (0, ℎ3). Then, applying the Gronwall lemma, we can obtain Lemma 6.1. �

Proof of Theorem 1.6. Observing that there exists a constant 𝐶1 > 0 such that

‖𝑓ℎ − 𝑓‖𝐿2(0,𝑇 ;𝐻) ≤ 𝐶1ℎ
1/2

for all ℎ > 0 (see [7], Sect. 5), we can prove Theorem 1.6 by Lemma 6.1.
�

Remark 6.2. Excluding d𝜙
d𝑡 in (P), d̂︀𝜙ℎ

d𝑡 in (P)ℎ, the second equations in (P) and (P)ℎ, 𝜙(0) = 𝜙0 and d𝜙
d𝑡 (0) =

𝑣0 in (P), ̂︀𝜙ℎ(0) = 𝜙0 and ̂︀𝑣ℎ(0) = 𝑣0 in (P)ℎ, we can establish a 𝑂(ℎ) error estimate between solutions of (P)
and solutions of (P)ℎ for 𝜃0 ∈ 𝐷(𝐴1) and 𝑓 ∈ 𝐿2(0, 𝑇 ; 𝑉1) ∩ 𝐻1(0, 𝑇 ; 𝐻) (cf. [15]). However, in view of what
happens for the hyperbolic equation alone (cf. [6]), the 𝑂(ℎ1/2) error estimate in Theorem 1.6 seems to be
optimal for 𝜃0 ∈ 𝑉1, 𝜙0 ∈ 𝐷(𝐵) ∩ 𝐷(𝐴2), 𝑣0 ∈ 𝐷(𝐵) ∩ 𝑉2, 𝑓 ∈ 𝐿2(0, 𝑇 ; 𝐻) ∩𝑊 1,1(0, 𝑇 ; 𝐻). Thus deriving a
𝑂(ℎ) error estimate between solutions of (P) and solutions of (P)ℎ in the case that 𝜃0, 𝜙0, 𝑣0 and 𝑓 are regular
enough remains as an open problem.
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