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ANALYSIS OF THE MORLEY ELEMENT FOR THE CAHN-HILLIARD
EQUATION AND THE HELE-SHAW FLOW

SHUONAN WU'! AND YUKUN Li%*

Abstract. The paper analyzes the Morley element method for the Cahn-Hilliard equation. The
objective is to prove the numerical interfaces of the Morley element method approximate the Hele-
Shaw flow. It is achieved by establishing the optimal error estimates which depend on % polynomially,
and the error estimates should be established from lower norms to higher norms progressively. If the
higher norm error bound is derived by choosing test function directly, we cannot obtain the optimal
error order, and we cannot establish the error bound which depends on % polynomially either. Different
from the discontinuous Galerkin (DG) space [Feng et al. SIAM J. Numer. Anal. 54 (2016) 825-847],
the Morley element space does not contain the finite element space as a subspace such that the projec-
tion theory does not work. The enriching theory is used in this paper to overcome this difficulty, and
some nonstandard techniques are combined in the process such as the a priori estimates of the exact
solution u, integration by parts in space, summation by parts in time, and special properties of the
Morley elements. If one of these techniques is lacked, either we can only obtain the sub-optimal piece-
wise L°°(H?) error order, or we can merely obtain the error bounds which are exponentially dependent
on % Numerical results are presented to validate the optimal L°°(H 2) error order and the asymptotic
behavior of the solutions of the Cahn—Hilliard equation.
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1. INTRODUCTION

Consider the following Cahn-Hilliard equation with Neumann boundary conditions:

1
ur + A(eAu——f(u)) =0 in  Qp:=Qx(0,7T], (1.1)
€
0 0 1
a% = o-(cdu——f(W) =0 on Iy =0 (0,7], (1.2)
u=1wug in Qx{t=0} (1.3)
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Hele-Shaw flow.
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where @ C R? is a bounded domain, f(u) = u® — u is the derivative of a double well potential F(u) which is
defined by

Flu) = i(qﬁ _1p, (1.4)

The Allen—Cahn equation [3,6,12,16,17,21,23,24] and the Cahn-Hilliard equation [2,12,25,28,31] are two basic
phase field models to describe the phase transition process. They are also proved to be related to geometric
flows. For example, the zero-level sets of the Allen-Cahn equation approximate the mean curvature flow [15,24]
and the zero-level sets of the Cahn—Hilliard equation approximate the following Hele-Shaw flow [2,29]:

Aw =0 in Q\ T, ¢t €0,T], (1.5)
g—: =0 on o0, t € [0,T], (1.6)
W= 0K on Iy, t €10,T], (1.7)

1 [ow
V= 5 |:8n:| . on Ft,t € [O,T], (18)
FO = POO when t= 0, (19)

where k and V are, respectively, the mean curvature and the normal velocity of the interface I';y, I'gg is the
initial interface, n is the unit outward normal to either 9Q or Ty, o = fil V/F(s)/2ds, and [22]r, denotes the
jump of normal derivatives of w across the interface I';.

The Cahn—Hilliard equation was introduced by J. Cahn and J. Hilliard in [11] to describe the process of phase
separation, by which the two components of a binary fluid separate and form domains pure in each component.
It can be interpreted as the H ~!-gradient flow [2] of the Cahn-Hilliard energy functional

Je(v) := /Q(§|Vv|2 + %F(v)) dx. (1.10)

There are a few papers [4,13,14,30] discussing the error bounds, which depend on the exponential power of
%, of the numerical methods for the Cahn-Hilliard equation. Such estimates are clearly not useful for small
€, specifically, in addressing the issue whether the computed numerical interfaces converge to the original
sharp interface of the Hele-Shaw flow. Instead, the polynomial dependence on % is proved in [18,19] using the
CP-conforming finite element method and mixed formulation, and in [22,26] using the discontinuous Galerkin
method. Compared to mixed finite element methods or C'-conforming finite element methods, the Morley finite
element method is used to derive the error bounds which depend on % polynomially in this paper due to its
high efficiency. The main idea of the Morley elements is different from the ideas of the C°-conforming finite
elements and discontinuous Galerkin elements, i.e., the theory used to establish the discrete spectrum results.
Specifically, the discrete spectrum result in the C°-conforming finite element space holds [18,19] since it is a
conforming space; the discrete spectrum result in the discontinuous Galerkin space is proved [22,26] by the pro-
jection theory using the C%-conforming finite element space as a subspace. It is worth noting that the existing
studies [18,19,22,26] hinge on the mixed formulation of Cahn—Hilliard equation. In the Morley element space,
however, the discrete spectrum result is proved by the enriching theory using its enriched conforming space
based on the primal formulation (1.1)—(1.3).

The highlights of this paper are fourfold. Firstly, it establishes the piecewise L>(L?) and L?(H?) error bounds
which depend on % polynomially. If the Gronwall’s inequality is used, we can only prove that the error bounds
depend on % exponentially, which can not be used to prove our main theorem. To prove these bounds, special
properties of the Morley elements are explored, i.e., Lemma 2.3 in [14], and piecewise L>°(H ') and L?(H')
error bounds [27] are required. Secondly, by making use of the piecewise L°°(L?) and L?*(H?) error bounds
above, it establishes the piecewise L>°(H?) error bound which depends on % polynomially. The crux here is to
employ the summation by parts in time and integration by parts in space techniques simultaneously, together
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Discrete
spectrum result

Discrete
energy law

L?(H") error
estimate [23]

L?(H?) error estimate L>(H?) error estimate
(Theorem 4.6) (Theorem 4.7)

L% (L?) error estimate L*°(L*°) error estimate
(Theorem 4.6) (Theorem 4.9)

FI1GURE 1. Outline of the analysis.

with the special properties of the Morley elements, to handle the nonlinear term. Otherwise, we can only get
the error bound in Remark 4.8, which does not have an optimal order. Third, the minimal regularity of u is
used, i.e., ||ug||2(r2) regularity instead of ||us|| (L2 regularity is used, and the a priori estimate is derived
in Theorem 2.3. Fourth, the L>°(L>) error bound is established using the optimal piecewise L>°(H?) error,
by which the main result that the zero-level sets of solutions of the Cahn—Hilliard equation approximate the
Hele-Shaw flow is proved in Section 5. An outline of the analysis is depicted in Figure 1.

The organization of this paper is as follows. In Section 2, the standard Sobolev space notation is intro-
duced, some useful lemmas are stated, and some new a priori estimates of the exact solution w are derived. In
Section 3, the fully discrete approximation based on the Morley finite element space is presented. In Section 4,
the polynomially dependent piecewise L>(L?) and L?(H?) error bounds are established first based on piecewise
L*°(H™') and L?(H') error bounds, and then the polynomially dependent piecewise L°°(H?) error bound is
established based on piecewise L>°(L?) and L?(H?) error bounds, by which the L>(L>) error bound is proved.
In Section 5, the approximation of the zero-level sets of the Cahn—Hilliard equation to the Hele-Shaw flow is
proved. In Section 6, numerical tests are presented to validate our theoretical results, including the optimal
error orders and the approximation of the Hele-Shaw flow.

2. PRELIMINARIES

In this section, we present some results which will be used in the following sections. Throughout this paper,
C denotes a generic positive constant which is independent of interfacial length €, spacial size h, and time step
size k, and it may have different values in different formulas. The standard Sobolev space notation below is used
in this paper.

1/p
v||p.oa = v|P dz 1<p< o,
’ A

[vllo 4 = ess sup |v],
A

1/p

1/17 m
|v|m,p,A:=(Z||D%zp,A) 7 ||vm,p,A:=(Z|v|§,p,A) L 1<p<s
=0

lee|=m.
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Here A denotes some domain, i.e., a single mesh element K or the whole domain Q. When A = Q, ||| g+, || ||+,
and |- |, p are used to denote || - || zx ) || |r (), and |- [ p.q, respectively. Let 7j, be a family of quasi-uniform
triangulations of domain 2 with a mesh size h, and &, be a collection of edges. Let & = & \ 02 be the set of
interior edges and 5;? := &, \ &} be the set of boundary edges. The global mesh dependent semi-norm, norm
and inner product are defined as below

1/p
olgpn i (z v|;zp,K) ,

KeTy,

1/p
. (z o ;?,,,,K) ,
KeTy,

(w,v)p = Z /Kw(x)v(x)dx

KeTy,

o]

Define LZ(Q) as the mean zero functions in L?(2). For ® € LZ(Q2), let u := (—A)"1® € HY(Q) N L3() such
that

—Au=97o in Q,

ou
o 0 on Of.
Then we have
—(VA™'®, Vo) = (®,0) in Q  Yoe HY(Q)NLAQ). (2.1)

For v € LZ(Q) and ® € L3(Q), define the continuous H ! inner product by
(®,0)g-1:= (VATI®, VATI) = (&, -A ) = (v, ~ A1 ). (2.2)

As in [12,18,19,22,26,27], we made the following assumptions on the initial condition. These assumptions
were used to derive the a priori estimates for the solution of problem (1.1)—(1.4).

General Assumption (GA)
(1) Assume that mg € (—1,1) where

7,
mg = — [ ug(x)d.
" ol Jy

(2) There exists a nonnegative constant o7 such that
Je(ug) < Ce 21,
(3) There exist nonnegative constants oz, o3 and o4 such that
| — eAug + ¢ flug)||y, < Ce % j=0,1,2.
Under the above assumptions, the following a priori estimates of the solution were proved in [18,19,22,26].

Theorem 2.1. The solution u of problem (1.1)—(1.4) satisfies the following energy estimate:

€ 1 T
ess sup (STl + LI ) + [ o) ds < T (23)
tefo,7] \2 € 0
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Moreover, suppose that GA (1)-(3) hold, ug € H*(Q2) and 9Q € C**, then u satisfies the additional estimates:

1
9] /Q u(z,t)de =mo VYVt >0, (2.4)
ess sup ||Au|lrz < Ce™ max{o1+3,05+1} (2.5)
t€[0,T]
ess sup |VAul|zz < Ce™ max{o1+35,05+1} (2.6)
te[0,T]
g 2 2 2 182 2202442
e/ [ Aug||?2 ds + ess sup [ug||?. < Ce max{201+ 520543, 20544,204} (2.7)
0 t€[0,T)]

Furthermore, if there exists o5 > 0 such that

lirél+ IVui(s)||L2 < Ce 72, (2.8)
then there hold

T

ess sup ||Vug||2s + 6/ [V Au|22 ds < Cpole), (2.9)
t€[0,7) 0
T

[ luali-ds < Confo) (2.10)

0

where

L 7% max{201 +5,203+2}7max{201+%,203«%%,202+4} —205 —max{201+7,203+4}
=€ +e +e€ R

~—

pole
p1(6) = €pole).
The next theorem shows the boundedness of the solution of the Cahn—Hilliard problem (1.1)—(1.4), provided

that the Hele-Shaw flow (1.5)—(1.9) has a global (in time) classical solution. The proof was given in Lemma
2.2 [19] as a corollary of Theorems 2.1 and 2.3 in [2].

Theorem 2.2. Suppose the Hele-Shaw problem (1.5)—(1.9) has a global (in time) classical solution. Then there
exists a family of smooth initial datum functions {u§(x)}o<e<1, constants g € (0,1], and Cy such that for all
€ € (0, €) the solution u of the Cahn—Hilliard equation(1.1)—(1.4) with the above initial data u§ satisfies

[ull e < Co. (2.11)

We note that, as explained in the introduction of [2], this is not a serious restriction pertaining to the initial
data {u§(z)}o<e<1. Hence, the above L™ bound of u is assumed in this paper. Besides, some extra a priori
estimates of solution u are needed in this paper.

Theorem 2.3. Under the assumptions of Theorem 2.1 and if there exists og > 0 such that

lir(r)l+ |Aug(s)||z2 < Ce %, (2.12)
then there hold
T
ess sup ||Augl|3 + 6/ |A%ug |32 ds < Cpale), (2.13)
t€[0,T] 0

T
ess sup || Aug|3 +/ |use |72 ds < Cpsl(e), (2.14)
te[0,T) 0
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where

) — max{201+§,20’3+%,20’2+472o'4}7max{201+5,203+2}74 e max{o’l+g7a3+1}73po(€) + 672067

pa(e) :
p3(€) := epa(e).

Proof. Using (2.11) and the Gagliardo—Nirenberg inequalities [1] in two-dimensional space, we have
1Vul i~ < c(|mu|| AT ||u||Lx) < e maxtort ot} (2.15)
Since f’(u) = 3u? — 1, we have
T
| 180 @i as (2.16)
0
T
- / 6w Au + 12uVu - Vuy + 6uVu - Vu + (3u? — 1) Auy |22 ds
0
T T T T
<C [ 1aulsfuleds+C [ IVl Valieds+C [ [Vulefurlfads+C [ Aula ds
0 0 0 0
T
< CllAuleqzay [l ds+ UVl oy IVl i

T
4 2 2
4l gl iy + € [ 1Al ds
0
< Ce™ max{201+%,203+%,202+4,204}—max{20‘1+5,20'3+2}—1
_ 5
+ Ce max{01+2,03+1}p0(6)
+ Ce max{20’1+%,203+%,202+4,204}7max{201+5,203+2}
+Ce max{201+§,203+%,202+4,204}71
S Ce™ max{201+%,203+%,202+4,2¢T4}—max{201+5,203+2}—1 + Ce™ max{01+%,ag+l}p0(€)’
where the L> bound (2.11) is used in the first inequality, the Sobolev embedding theorem [1] is used in the

second inequality, and equations (2.5), (2.7), (2.9), (2.15) are used in the third inequality.
Taking the derivative with respect to ¢ on both sides of (1.1), we get

1
up + eA*uy — EA(f’(u)ut) =0. (2.17)
Testing (2.17) with A%u,, and taking the integral over (0,t*) for any 0 < t* < T, we obtain by (2.12) that
1 (12 Tz 2 L / 2 1 2
SlawE e [ 18%ulds = £ [ AG @), A%w)ds+ 518w (218)

*

t
/ | A% |3 2 ds + Ce 276,
0

€

c v
< S [ 1A @l as+
€ 0 2

Then (2.13) is obtained by (2.16) and the fact that (2.18) holds for any 0 < ¢t* < T.
Next we bound (2.14). Testing (2.17) with uy, taking the integral over (0,¢*) for any 0 < ¢* < T', and using
(2.18), we obtain

¢ € € c (v 1t
| el ds + Slau)lz < SlawO)t+ 5 [ 1A @l s+ [ lulfds (219

Then (2.14) is obtained by (2.12), (2.16), and the fact that (2.19) holds for any 0 < ¢* < T. O
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Remark 2.4. The a priori estimates of the solution in Theorem 2.1 hold in 2D and 3D, whereas the a priori
estimates of the solution in Theorem 2.3 can be proved only in 2D due to the Gagliardo—Nirenberg inequalities
used in (2.15). We also note that the upper bounds in these estimates may not be sharp on e.

The next lemma gives an e-independent lower bound for the principal eigenvalue of the linearized Cahn—
Hilliard operator Loy which is defined as below. The proof of this lemma can be found in [12].

Lemma 2.5. Suppose that GA (1)-(3) hold. Given a smooth initial curve/surface Tg, let ug be a smooth
function which satisfies Ty = {x € Q;up(x) = 0} and some profiles described in [12]. Let u be the solution to
the problem (1.1)—~(1.4). Define Loy as

Log :=A (eA - 1f’(u)[) .

Then there exist 0 < €9 < 1 and a positive constant Cy such that the principal eigenvalue of the linearized
Cahn—Hilliard operator Loy satisfies

2 14
S A 7lealrd S COLENC)

0£pEH (Q) IVwl|?-
Aw=1

> —Cy

fort €10,T] and € € (0, o).

3. FULLY DISCRETE APPROXIMATION

In this section, the backward Euler method is used for the time stepping, and the Morley finite element
method is used for the space discretization.

3.1. Morley finite element space
Define the Morley finite element spaces S" as below [8, 10, 14]:

Sh .= {vh € L>®(Q) : v, € Py(K), vy, is continuous at the vertices of all triangles,

Ovp, . . . . .
6—h is continuous at the midpoints of interelement edges of trlangles} .
n

We use the following notation
J j o ;
HL(Q) = UGH(Q):%:OOH(?Q j=1,2,3.

Corresponding to H7(Q2), we define S}, as a subspace of S as below:

0
Sg = {vh e Sh: % = 0 at the midpoints of the edges on BQ} .

We also define H};(Q) = HL(Q) NLQ),j = 1,2,3, and Sh = Sh N L2(Q), where L2(€) denotes the set of
mean zero functions in L?(2).

The enriching operator Eh [7,8,10] is restated here. Let gﬁﬂ be the Hsieh—Clough—Tocher macro element
space, which is an enriched space of the Morley finite element space Sg. Let p and m be the internal vertices
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and midpoints of triangles 7j,. Define Ep : Sh — §g by

(Eno)(p) = v(p),
d(Env) _Ov
(8”(Env))(p) = average of (9%vi)(p) 18] =1,

where v; = v|7, and triangle T; contains p as a vertex.
Define the interpolation operator Ij, : H2(2) — S% such that

(Inv)(p) = v(p),
d(Ipv) 1 [ov
an ™= ) an 95

where p ranges over the internal vertices of all the triangles T', and m ranges over the midpoints of all the edges
e. It can be proved that [7,8,10,14]

|v— Invljpx <CR* |vlspx VK ET, YveH)K), j=0,1,2, (3.1)
Env —vljon < Ch* I |ulaon  YoeSh, j=0,1,2. 3.2
7,45 345

Notice that Ej and Ij, cannot preserve the mean zero functions. Let §]’§ = gg N L3(S2). Define Ep : Sg — S’%
such that

thv = Eyv— L/ Eyvda Yu € S% (3.3)
9] Jo
Using (3.2), we have
/QEhv dz = (Byo — 0,1) < [QY2[| Bpv — vz < CR2olasn Vo€ SE.
Then
1Bwo — vl < Ch¥ilulann  Woe Sl j=0,1,2 (3.4)
Finally, the following spaces are needed
HYMQ) = S" O HY(Q),  HE'(Q) =SpoHp(Q), i=1.23,
where, for instance,
Sh@ HL(Q) = {u+v:iue St and v € Hp(Q)}, i=1,2,3.

3.2. Formulation

The weak form of (1.1)—(1.4) is to seek u(-,t) € H%(Q2) such that

(ug,v) + ea(u,v) + %(Vf(u), Vu)=0 Yve HE(Q), (3.5)
u(-,0) = up € Hp(Q), (3.6)
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where the bilinear form a(-,-) is defined as

0%u 0*v 10%u v 10%u 0%

with Poisson’s ratlo =. Next, we define the discrete bilinear form

0%u  0%v 10%ud?v  10%u 6%
=5 [ aua _ 18 1 e |
KeT; / v <8m8y 0xdy  20x20y? 2 0y? 63@2) v (38)

h

Denote k as the time step size and £ = T'/k as the number of steps. Based on the bilinear form (3.8), a fully

discrete Galerkin method is to seek uj € Sg such that forn =1,2,--- ,¢,
1
(dyuy,vp) + eap(upy, vp) + ;(Vf(u}f), Vo), =0 Yo, € Sk, (3.9)
uy) = ul € Sh, (3.10)
where the difference operator d,uj := Ui 7;; i and ug := Ppuq. Here the operator P, is defined as below.

3.3. Elliptic operator P,
We define
R:={veHg(Q): Ave HE(Q)}.

Then for any v € R, define the elliptic operator P, (cf. [14]) by seeking P,v € S% such that
~ 1
bp(Ppv,w) := <6A2v — =V (f' (u)Vv) + av,w) Yw e Sk, (3.11)
€

where

b (v, w) = eap(v,w) + %(f’(u)Vv, Vw)p, + a(v,w), (3.12)

and « should be chosen as a = age 3 to guarantee the coercivity of Bh(~, -). More precisely, we cite some lemmas
in [14] first, which will be used in this paper.

Lemma 3.1 ([14], Lem. 2.3). Let w,z € Hy"(Q), then

> /8K—zd5

KeT,

< Ch(

zllz2.n + 0l 2nllzllz2.n + wll22n2]1,2,0)-

Lemma 3.2 ([14], Lem. 2.5). Let z € H>"(Q) and w € H%(Q) N H3(Q), and define By (w, z) by
0z 1 w 0z 10%w 9z
STWIRY
(w, 2) KGZT / ( O n0s0s 2052 311) 5,

then we have
‘Bh(w7z) =

(3.13)
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For any w € S}, using Lemma 3.1 and the inverse inequalities that ||w|2.2, < Ch™2|w| 2 and |w|12.4 <
Ch=Y|wl| 12, we have

< Cllw

[wl} 55 < [wlz2nllwllz2 + |2,2,n]lwll L2

ow

KeT,

< O (Jwlaznlwllzz + [wli2nlwllze + [[w]|72)
C 1
< ¢ (lutanlul + (1+5) lwls) + 3o o

which gives

[w[} o < Cllwlaznllwlre + wllis).

Since f'(u) = 3u®> —1 > —1 and ap(w, w) = 3(|Aw]|7> + [w]3 ), thanks to the Young’s inequality, we have

~ 1 (67

by (w, w) = eap(w,w) + E(f’(u)Vw, Yw) + G—S(w,w) (3.14)

IV
i)

1 (€ 2 2012 2
= 5‘w|2,2,h — Cewli o, + aollw][72

1 (e 9 9
5 (GloBan+ (a0 - ONlwl3 ).,

which implies the coercivity of lNJh(~, -) when « is large enough but independent of .
Next, we give the properties of Py,. Define by,(-,-) := €3b,(+,-) and a norm
2 2,h
lolll20,, = €4|v|%,2,h + 62|U|§,2,h + [|v]13 Vv € Hg"(Q).
Lemma 3.3. Suppose v € H%(Q) N H3(Q) and vy, € S% solve the following problems:
bu(v,m) = Fuln) vy € HA(Q), (3.15)
bu(vn, x) = Fa(x)  Vx € S, (3.16)
where Fy, and fh are continuous linear functionals in H#(Q) and Sg, respectively. Then we have

Fu(E - F + ag(v, x — E
llv = vallypp < Ch (€4 h)?|v]s2 + |vf12 + sup h(Enx) — Fu(x) + ao(v, x — Enx) |
i XESE |HX|||2,2,h

(3.17)

Proof. Using (3.14), (3.15) and the Strang Lemma, we have

v = vnlllz,2,n

b - F
< c( inf o= Wllpp + sup h(”X)h(X>>
wesh 14y h

E XESE |HX|H2,2,h
. bi (v, X — EnX) + b (v, Enx) — Fu(x
< inf o= tllyp, + sup 2 )+ b, Bux) = Fu)
PYeSE XESP H|X||2,2,h
. bu(v, X — Enx) + Fu(Enx) — Fa(x
<o nt o llyp + sup 2L W) =1l )
pesy, xes' 1xl22.5

Since v € H?(Q2), using integration by parts yields
ap(v,w) = (=VAv, Vw)y + Bp(v,w) Yw e H*"(Q),
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using Lemma 3.2 and (3.2), we have
bu(v, X — Enx) = €'an(v,x — Enx) + €(f' () Vo, V(x — EnX)) + (aov, x — Epx)
< Ch (*|vls2lxl22n + €[v]12]x]2,2.0) + (a0v, X — Enx)
< Ch (vl 2 + vl 2) Xl + (@0v, X = EnX).

Then we obtain the desired bound (3.17) by taking ¢ = I;v and using the approximation properties of Morley
interpolation operator (3.1). O

Theorem 3.4. Suppose u solves the Cahn—Hilliard problem (1.1)—(1.4), then we have

€2|u — Phu|272,h + €|u — Phu|1,27h + ||u — PhuHLz (3.18)
< Ch((G + h)Q\u|372 =+ |’U,|1,2 + EhQHUJtHIﬂ),
€lu — (Pou)elz,2n + elue — (Phw)elizn + lug — (Pau)e|| 2 (3.19)

< Ch{(€ + h)?|uels2 + |uel,2 + ehflugell e + lueVaul| 2
+ e A2 ugl| 2 ((e + h)?Juls,2 + ul12 + 6hQH“tHL?)}-

Proof. Taking v = u and vy, = Pypu in Lemma 3.3, and noticing that for any ¢ € H?E’h(Q),
Fh(w) = Fh(w) - (€4A2u - ezAf(U) + aou, 111)) = (7637.% + aou, w)a

we obtain the bound (3.18) from (3.2) and (3.17).
Taking v = u; and v, = (Pyu):, we have that for any ¢ € H]%J’h(Q),

Fr(¥) = (e*A%uy — EAf(u)s + aoug, ) — (€2 (u)us Vu, Vb,
Fi(v) = ('A% — A f () + aour, 1) — (€ (w)uV Pyu, Vib) .
Then, using (3.2), (3.18), and the fact that e*A%u; — 2Af(u); = —3uy, we get
Fiu(Bpx) — Fu(x) + ao(us, x — EpX)
(*A%u; — EAf (), Enx — X) — (2" (w)ueVu, VErx — V) — (2" (u)uV (u — Pyu), VX)
< ER?|ugel| 2 [X|2,2,0 + CERugVul L2 [X|2,2,n + Ce®[lue L2 | Vx| L= [u — Prulio,n
< Ch{ehlluellzs + llurVul 2
+ €

A2 gl 2 (e + B)fuls,2 + Julyz + 6h2IIUtIIL2)} xllla 2,5 »

where we use the facts that Vx belongs to the Crouzeix-Raviart finite element space and that the discrete
Sobolev inequality || Vx| < C|Inh[*2||x||l2.2.n (cf. [9], Sect. 2.4.2). This implies the bound (3.19). O

Combining with the a priori estimates given in Section 2, we have the following theorem.

Theorem 3.5. Assume h < Ce, then there hold
eHfu— Pyuldop + € u— Puul? ), + u— Paul2e < Ch2pi(e), (3.20)

T
/ ug — (Paw)el3 0 + Elur — (Paw)elT o g, + lue — (Pru)el|72 ds < Ch*e*ps(e) + Ch?[Inh|ps(e), (3.21)
0

where " . ,
p4(€) P max{201+%},203+%,2024+4,204}+ 5 ,

ps(ﬁ) 2 max{zal+§,203+g,202+4,204}+2_
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Proof. Using (2.3), (2.6) and (2.7), we have

(e +h)Hul3 o + ulf o + R [Ju][7 (3:22)
< Ce™ max{201+5,203+2}+4 + 06—201—1 + Ce™ max{201+1—2‘37203+%,202+4,2U4}+6

< Cp4(6)a
which implies the bound (3.20) by (3.18).
Using (2.7), (2.9), (2.14) and (2.15), we obtain
T
/ (€+h)Huels o + luel§ o + B2 [Jueel| 7> + [[ueVul|7 ds
0

T
<C [ Al + funlt o+ €l + ol [Vl ds
0

< 063[)0(6) + CPO(G) + C€4p3(6) + Ce~ max{al-ﬁ-%,o’gﬁ-l}—maX{Qo’l-&-%,203-{-%7202-&-47204}
< Ce'ps(e).
Further, using (2.7) and (3.22), we obtain

T
| e+ Plulaz + ula -+ eh? ] z2)? ds < Cise)
0

This implies the bound (3.21). O

Corollary 3.6. Under the conditions that
h<Cpi%(e), h<Cpii(e), hllnh|} < Ce?ps?(e), (3.23)

there hold
|Patlfop < C(L+ [ulfon) §=01,2, (3.24)
T T
| 1@ands <o [ uban i=0.12, (3.25)
0 0

Proof. By the Sobolev embedding and (3.20), we have

1Puul| e < lull o + [lu = Phullaon < C + Che 2py/?(e) < C.
The first two bounds are the direct consequences of Theorem 3.5. (]
Remark 3.7. We note that the conditions on & in Theorem 3.5 and Corollary 3.6 depend on ¢ polynomially,
which is good enough to achieve the goal of this paper. See Theorem 4.9 and Remark 4.10 below.

4. ERROR ESTIMATES

In this section, first, we derive the piecewise L>(L?) and L?(H?) error bounds which depend on X polyno-
mially based on the generalized coercivity result shown in Theorem 4.4, and piecewise L>(H 1) and L?(H")
error bounds. Then we prove the piecewise L>(H?) error bound based on the piecewise L>°(L?) and L?(H?)
error bounds. Finally, the L (L) error bound is established.

Decompose the error at t, = nk

u(tn) —up = (u(tn) — Pru(ty)) + (Pru(ty) —up) := @™ + 0™, (4.1)

The following two lemmas will be used in this section.
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Lemma 4.1 (Summation by parts). Suppose {an}',_o and {b,}!,_, are two sequences, then
¢ ¢
Z(an _ an—17bn) — (aé,bé) _ (ao,bo) _ Z(an—17bn _ bn—l)-
n=1 n=1
Lemma 4.2. Suppose u to be the solution of (1.1)—(1.4), and u} to be the solution of (3.9)—(3.10), then
/ ¢"dr =0, 0" e Sh.
Q

Proof. Testing (1.1) with constant 1, and then taking the integration over (0,t), we can obtain for any ¢ > 0,

[u®de= [ wde

Then choosing v = u(t),w = 1 in (3.11), we have that for any ¢ > 0,

/Q Pou(t) dz = /Qu(t) dz.

/uﬁdx:/uzﬂdm:---:/ugdx.
Q Q Q

Therefore, by choosing “2 = Prug, we have

/ude:/uzdx:/Phuodx
Q Q Q
:/uodx:/u(tn)dx:/Phu(tn)dx.
Q Q Q

Hence, 6™ = Pru(t,) —uj € Sh. O

Choosing v, = 1 in (3.9), and then

4.1. Generalized coercivity result, piecewise L= (H ') and L?(H') error estimates

We first cite the generalized coercivity result, and piecewise L (H ~') and L?(H!) error estimates established
in [27]. These results are given under the following assumption: There exists 41 > 0 such that

lupllpee < Ce™ . (4.2)

We note that the assumption (4.2) has been numerically verified in [27]. This improves the assumption on
luf]l1,00 in [14]. In the rest of this subsection, we state some main results in [27] under the mesh constraints

h < Cé?k, k< Cedortis) (4.3)
h < Cetntt h < (C10) e ™3,

where the positive constant 3 > 0 is assumed to satisfy that, for the solution u of the Cahn—Hilliard problem
(1.1)=(1.4) and the elliptic operator Py,

||’LL - Phu||Lao((07T);Lac) S Clhei’ya. (44)
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Remark 4.3. Thanks to the Sobolev embedding theorem and (3.20), we have

lu = Prullz < |lu— Pyull22 < Che™?pf (e), (4.5)
which gives the explicit form of 3 in (4.4).
The first result that will be used in this paper is the following stability result ([27], Thm. 4) under the mesh
conditions (4.3)

[upll2,2.0 < Ce™™,  where 72 := 271 + 01 + 6. (4.6)

Theorem 4.4 (Generalized coercivity/Discrete spectrum [27], Thm. 5). Suppose there exists a positive number
v3 > 0 such that (4.4) holds. Then, under the mesh constraints (4.3), there exists an e-independent and h-
independent constant C > 0 such that for € € (0,€p), a.e. t € [0,T], and any ¢ € S’%,

(e = )V6, T+ < (f (Pras®) 0 = ~CIVAT ] — C1i2,
provided that h satisfies the constraint
h < (C1Cy) "t t3, (4.7)
where v := 271 + 01 + 6 and Cq is determined by
Co = max 1f(©)]-

eIl 0,1y
Theorem 4.5 (Piecewise L>°(H ') and L?(H') error estimates [27], Thm. 6). Assume u is the solution of

(1.1)~(1.4), uy is the numerical solution of scheme (3.9)—~(3.10). Then, under the following mesh constraints
(4.3), we have the following error estimate

1 A — kQ . N — n €4k . n n
EHVAhleZHg,?,h—i_ZZHvAhldte \\3,2,h+T62(V9 , VO™ )

n=1 n=1

4
k - -
+o D 10" 6.4 < Co(e)| In hlh® + pr(e)k?),
n=1

where ﬁ;l is a discrete inverse Laplace operator defined in Equation (36) of [27], and po(€) and p1(e) are
defined by

p~0(6) = 64(67 max{201+%,2o’3+%,20’2+4,2U4}7max{201+5,203+2}72 +e max{01+g,03+1}72p0(6) + 6720'6+1)

— _ 13 z — 13 z
+e 6(6 max{201+ S ,203+2,202+4,204}+4) +e 2max{201+ S ,203+2,202+4,204}+2’

51(6) — 6—%max{zal+5,203+2}—max{201+§,203+g,202+4}+1 + e—205+1 +e max{201+7,2a3+4}+1_

4.2. L*°(L?) and piecewise L?(H?) error estimates

Based on Theorem 4.5, the L>°(L?) and piecewise L?(H?) error estimates which depend on % polynomially,
instead of exponentially, are derived as below. Notice that the Theorem 4.5 is used to circumvent the use of
interpolation of || - ||1,2,, between || - |12 and | - ||2,2,, by which only the exponential dependence can be derived.
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Theorem 4.6. Assume u is the solution of (1.1)~(1.4), u} is the numerical solution of scheme (3.9)—(3.10).
The initial condition is chosen to be ul) = Pyug. Then, under the mesh constraints (3.23) and (4.3), the following
L>(L?) and piecewise L?>(H?) error estimates hold

£ 4
109122 + k2 [|ded™ 132 + €k > an(0™,0") < Cpa(e)| Inh|*h? + Cps(e)| In h|k?, (4.8)

n=1 n=1

where

pa(e) == €'pa(€) + ¢ Cpa(e) + ps(e) + € *pole) + € 21220 pg (),
ale) = pale) + €SP (e) + IR0, (o),
Proof. Tt follows from (3.9), (3.11), and (3.12) that for any vy, € S%,

(dtgn, Uh) + eayp, (9”, 'Uh) (49)
= [(dePhu(tn), vn) + €an(Prultn), vn)] — [(deup, vn) + €an(uy, vn)]
)

= —(de@™, vp) + (ue(tn) + eA?u(t,) — %Af(u(tn)) +au(tn),vn) + (R" (ug),vn)
= (" Cwlta))V Pultn), Tenln — @l Pulta),vn) + <(V S (ah), Ten

€
1
= (—di¢" + ag",vp) — g(f’(U(tn))VPhU(tn) = Vf(up), Vop)n + (R (uwt), vn),
where the remainder

u(ty) — u(tn—1) 1
i) ZWml) ) = / (5 — tn_1)uge(s) ds. (4.10)

th—1

R" (Utt) =

Choosing vy, = 6", taking summation over n from 1 to ¢, multiplying k£ on both sides of (4.9), and choosing
ug = Pjug, we have

1 k2 4 4
IO + 55 D 10" 32 + ek D an(6™,0") (4.11)
n=1 n=1
£ k 4 4
= kY (—di" +ag" 0") == D (f'(ultn)) VPyu(tn) = V. (u), VO )+ k Y (R (usr),0").
n=1 n=1 n=1
I 1> I3

Estimate of I;. The first term on the right hand side of (4.11) can be bounded by

4
L=k (—dip" + ag",0") (4.12)
n=1

14 14 £
< Ok _|ldg" |72+ Ck Y a®¢" |72+ Ch Y 077
n=1 n=1 n=1

¢
< C(¢'ps(€) + € pa(€)h? + Cps(e)| nhlh? + Ch Y _ (107 |1:,
n=1
where by (3.20) and (3.21), letting ¢(t) = u(t) — Pyu(t), and recalling a = age 3 in (3.12)
L 1 L tn 14 tn _
el = X0 [ dsasti < X [ 13l s (413)
n=1 n=1 1—1 n=1 n—1

7
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T
- / lue(s) — (Pyu)e(s) |22 ds < Ce'pa ()2 + Cps(e)| In b2,
0
4
B3 a0 < Ce sup 73 < Cc ()1 (4.14)

Estimate of I. The second term on the right hand side of (4.11) can be written as

£
%Z W)V Paultn) — V F(ull), VO™ (4.15)
- ko ko
- w(tn))VPyu(tn) — f'(Phu(tn))V Paults), - > (VF(Phu(tn)) = £/ (Paultn))Vuy, VO™ ),
J1 J2
k

¢
- Z (Pru(tn))Vuy — Vf(up), VO™ )n .

J3
y (2.3) and (3.24), we have
IV Pyu(tn) g o < ClIVu(ty)]7: +C < Ce 71 VI<n <L (4.16)
Using the fact that f’(u) = 3u? — 1 and ¢" = u(t,,) — Pyu(t,), we have
F'(u(tn))VPyu(tn) =V f(Pyu(tn)) = 3¢" (u(tn) + Pau(tn))V Pru(ty)-

Then, using (2.11), (3.26), (4.5), (4.16), and the piecewise L?(H') error estimate given in Theorem 4.5, the
first term on the right-hand side of (4.15) can be bounded as below

J = 3€k (o™ (u(tn) + Pru(tn))VPyu(ts), VO™)p (4.17)
n=1
Ck & Ck
SjzHu(tn)+Phu(tn)H%ocHqﬁ"H%mHVPhU( DI . Z(W”,W")h
n=1 n=1

< Ce 21704 (e)h? + Ce ™ po(€)| In h|h? 4+ Ce™®py (e)k>.
The second term on the right-hand side of (4.15) can be written as

L L
k n n Ck n n
Jy = _znZ:1<f/(phu(tn))ve VO < = n§:1:(v9 V0" ), (4.18)

< Ce 5po(e)|Inh|h? + Ce 5 p1(e) k2,

where (3.26) and the piecewise L?(H!) estimate in Theorem 4.5 are used in the last inequality.
Using the stability result (4.6) and the discrete Sobolev inequality (¢f. [9], Sect. 2.4.2), we have for any
1<n</4,

[l < ClIn |2 [uf 220 < Ce2|Inh|?. (4.19)
Then, the third term on the right-hand side of (4.15) can be bounded by

Jy= — 36’“ (0" (Pau(tn) + u)Vull, VO™) (4.20)

n=1
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4
<CEY 07 + Z ([ Pru(tn) + uj, 13.2.n
n=1
4 14
<CkY[0™72 + Ce 212 nhlk Y VO[5 2,
n=1 n=1

¢
< CRY0™32 + Ce 72275 (e) | In hf*h? + i (€)| In h|K?),

n=1

where the Cauchy—Schwarz inequality is used in the first inequality, (3.26), (4.2) and (4.19) are used in the
second inequality, and the piecewise L?(H1') estimate in Theorem 4.5 is used in the third inequality.
Estimate of I3. The third term on the right hand side of (4.11) can be bounded by

4 4
=k (R"(un),0") < Ck > _||R™(uw)|3> + Ck Z 167122 (4.21)

n=1 n=1 n=1

¢
< Cpa(Ok® + Ck Y 16”72,

n=1

where by the Cauchy—Schwarz inequality, (2.14) and (4.10),

kJZ ||Rn Ut ||L2 S k Z (/ﬂ 1(5 — tn—1)2 dS) ([nil ||Utt(8)|‘%2 dS) (422)

< C’pg(e)k‘ .
L (L?) and piecewise L?>(H?) error estimates. Taking (4.12), (4.17), (4.18), (4.20), (4.21) into (4.11), we have

1 k2 ’ n ’ 3 n
SIOEe + 5 D ldif" 132 + ek D an(07,6") (4.23)
n=1 n=1
£
< CkZ 16"

(6403( )+ €27 0py(e))n?
Clon(e) + ¢~ ofe)) WA + Ce P20 () lnh 1
Clps(e) + € °pr(e))k? + Ce 217212705, (e )|lnh|k2

The desired result (4.8) is therefore obtained by the Gronwall’s inequality. ]

4.3. Piecewise L°°(H?) and L (L) error estimates

In this subsection, we give the ||6* ||§2 ,, estimate by taking the summation by parts in time and integration by
parts in space, and using the special properties of the Morley element. The H9‘3||§727 ,, estimate below is “almost”
optimal with respect to time and space.

Theorem 4.7. Assume u is the solution of (1.1)~(1.4), u} is the numerical solution of scheme (3.9) and
(3.10). The initial condition is chosen to be u9 = Pyug. Then, under the mesh constraints (3.23) and (4.3), the
following piecewise L>°(H?) error estimate holds

4 14
B N6 |72 + ek an(did”, ™) + el|6°]3 5.5 < Cha(e)| Inh[*h? + Cps(e)| In h|k?, (4.24)

n=1 n=1
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where

pae) = € 27 pg(e) + € *pol€)pale) + € 27 O ps(e)

_ _ _ 13 7
+( 4y — 3+€ 4ryg— 3+€ max{201+5,203+2}— 3+€271 max{201+ % ,203+5,202+4,204} — 1>p2()

ps(€) =

~ ( —4y1—-3 _|_€—4’yg -3 e max{201+5,203+2}—3 _|_€2’yl max{2a’1+13 203+7 205+4,204}— 1),03( )

Proof. Choosing v, = 0" —0"~! = kd,6™ in (4.9), taking summation over n from 1 to ¢, and choosing u9 = Pyuy,

we get

¢ )
€ ek?
]{/’ Z Hd,ﬁ””%a + §ah(9e, 96) + 7 Z ah(dtG", dtH")
n=1 n=1
¢ k Vi
= kY~ + g dif") == > (F (u(ta)) VPuultn) — VS (), V(de6" ) + K z (tae),

n=1 n=1

(4.25)

o").

I, I I3
Here we use the fact that

k2
eah(é)”,en—e"*l)—%ah(dte ,d,0m) + Qah(ﬂn o) — %ah(anfl,enfl).

Estimates of I1 and Is. Similar to (4.12), using (4.13) and (4.14), we have

I < Ckz de™ (12 +Ckza2ll¢"llm +32 Z Ide6™ |17

n=1 n=1

< C(e*p3(€) + ¢ pa(€))h? + Cps ()| In h[h* + Z 1de0™ |72

Similar to (4.21) and (4.22), we also obtain the estimate of I3 below

L

¢
Z (ure), dif") < Ck Y | R (uge)l[72 + < Z lde6™ |17

n=1 nl

< Cps(e Z 6™ 17 2-

nl

(4.26)

(4.27)

Estimate of Is. Next, we bound the more complicated term I5. We adopt the standard DG notation as follows
(cf. [5]). Let E € &} shared by elements K and K ~, and let n’ be the unit outward normal vector on OK*, with
i = 4, —. For any scalar-valued function ¢ and vector-valued function ¢, we define ¢ and p* by ¢* := ¢|yx+,

©F := ¢|gx=. Then the average {-} and jump [-] are defined as follows:

{q}:=%(q++ff), [a] :==q"n" +q n™, {p}:= (@ +¢7), lel:=¢t - nT+¢ -n", omEe&,
{(Z}-:‘Ja [[Q]]::()a {‘P}::‘Pv [[ip]]::go-n, onEEg,?.
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Using the integration by parts, we have

14

4
I = 7% Z(f/(u(tn))vphu(tn) — Vf(Pru(tyn)), d:VO™)p — é Z(v(f(PhU(tn)) — ), VO™, (4.28)
14
=T Z VPhu( ) Vf(Phu(tn)), dtVH")h + % Z(f(Phu(tn)) — f(uZL than)h
J1 T
¢ 4
7% Z Z ({f(PhU(tn)) - f(UZ)}, dt[[VH"H)E 75 Z Z (Hf(PhU(tn)) _ f(uZ)ﬂ, {then})E
n=1Eeé, n=1FEecé&,
J3 Ta

Here we adopt the DG identity, see [5, Equ. (3.3)]. We note here that the [f(Pyu(t,)) — f(u})] vanishes on &
due to the definition of jump on the boundary edges. Next we bound J; to Jy, respectively.
Estimate of Jy. Recall that f'(u) = 3u? — 1 and ¢"™ = u(t,) — Pyu(t,) yield

I (u(tn))VPuu(ty) — VI(Pou(ty)) = 30" (uty) + Pou(t,))V Pyul(ty,).

By using summation by parts in Lemma 4.1 and choosing ug = Pjrug, we have

14

n=-"* 32686 (u(t) + Fra(t)) ¥ Pt ) 90" (4.29)
0
% > Bdi[d" (ultn) + Pru(tn))VPyu(ts)], VO™ )n — %(34175(”(1512) + Pru(te))V Puu(te), V0.
=1

Let ¢(t) = u(t) — Pyu(t). Then the first term on the right hand side of (4.29) can be bounded by

o

£
;Z (3dy [0 (w(tn) + Pru(ty))V Pau(ts)], VO™ ), (4.30)

L £
1 _ n—
<p2l / S+ PPl () sl + Ce 2k D 107

n=1

t€[0,T)

T T
< s sup VPOl s || 19:)E= ds + Coss sup 160 [ IV (Pr) (011 20
0 telo,

T
+Cess sup ({60~ IV Pru()] 2. / Jo(s) + (B ) e s + Ok S 0

tel0,T n=1
< Ce 1<p3<e> e ps (O A2 + Ce o e)pale)?
+ 067201767max{201+1—23,203+%,202+4,2a4}p4(6)h2

+ Ce ®po(e)|Inh|h? + Ce O py (€)k?,

where the fundamental theorem of calculus is used in the first inequality, equations (2.11), (3.26), and the
Cauchy—Schwarz inequality are used in the second inequality, equations (2.3), (2.7), (2.9), (3.20), (3.21), (3.24),
(3.25), the embedding theorem, and the piecewise L?(H!) estimate in Theorem 4.5 are used in the third
inequality.
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Recall that |0Z\§727h < Cay(0*,0°). The second term on the right hand of (4.29) can be bounded by

- %(3¢Z(u(tz) + Pyu(te))V Pou(te), V69, (4.31)

_ _ €
< Ce 2| L | Paulte) F o + CeM 0172 + gan(0",6%)

< Ce 27 py()h2 + Cefa(€)| In h|2h2 + Ce L 3 (e)| In h|k? + gah(ef, 0Y),

where equations (2.11), (3.26), and interpolation in [14, Lemma 2.4] (namely, [0°[3, , < C3ll0*]13. + B[0°[3 5.,

for any 8 > 0; see also the equation between (3.13) and (3.14)) are used in the first inequality, equations
(2.3), (3.20), (3.24), the embedding theorem, and the L>°(L?) estimate in Theorem 4.6 are used in the second
inequality.

Combining (4.30) and (4.31), and simplifying the coefficients according to the definition of p;(e) and p;(e),
we obtain the bound for Ji:

i < O pg(€) + € po(€)pale) + €27 =5 () + €L a(e))] In h|2h? (4.32)
+ O a(@)| InhlK? + Sai (61, 6).
Estimate of Jy. Define f(Pnu(ty)) — f(upy) := M™0"™, where M™ is given as
M™ = (Pyu(ty))? + Puu(ty,)uj + (uf)? — 1.
Using the summation by parts in Lemma 4.1 and choosing u9 = Pjug, we have

14

1
Jo = _k D (di(M"0"), A1), + = (MO, A6, (4.33)
€ el €
14
Ck _ C
S D 1 d(M76™)]| 216" o200 + ;||M€9€|\L2|9é|2,2,h«
n=1

Since dyuj = di(Ppu(ty)) — d0", a direct calculation shows that

di(M™0") = 6™ d; M™ + M"*d, 0" (4.34)
= M" 10" + 0" (Pru(tn) + Pru(tn_1))di(Pou(t,))
+ 0™ U dy (Pyu(tn)) + 0™ Pou(ty_y )dy(Pau(ty)) — 0" Pou(ty_1 )dy0"
+ 0™ (up +up ") dy (Pru(tn)) — 0™ (up +uj ™" )d 0"
=M™ = 0" Pyu(tn_1) — 0™ (upf +uy ™ "))d0"
+ (Pou(tn) + 2Ppu(ty—1) + 2uy +u) ™ 1)0™dy(Pyu(ty)).

The first term on the right hand side of (4.33) can be bounded by

14
D llde(M™0™)]| 210" 220 (4.35)

n=1

Ck

e
¢ ¢

S Ce RN [ did™ 12107 a2 + Ce T R Y (107 du(Pau(tn)) | L2 (607 220

n=1 n=1

<

| >

0 14 14
Do ldeb"[7e + Ce 2R Y (0 5 o + CEET R Y 1[67 di(Prulta) 72
n=1

n=1 n=1
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where (3.26), (4.2) and (4.34) are used in the first inequality, the Young’s inequality is used in the second
inequality, and the L?(H?) error estimate (4.8) (Here, |0"’1|§)2,h < Cap (0™ 1,6m1) is used) and the following
bounds are used in the third inequality:
[ L 1 tn
b3 10 Pt < s 107330 1 (Praes) sl
N> n=1 th—1

n=1

1<n<

T
<Csup |67 [ P ds
0
< Ce™ maX{2o'1+123720'3+2,20'2+4 204} — 1( ( )‘ lnh| h2 + p3( )| lnh|k2)
Here, the fundamental theorem of calculus is used in the first inequality, the Cauchy—Schwarz inequality is used
in the second inequality, and equations (2.7), (3.25) and the L>°(L?) error estimate (4.8) are used in the third

inequality.
The second term on the right hand side of (4.33) can be bounded by

C Cdey €
— MO0 1210 2.0 < TR0 + San (67,6 (4.36)

< Cem73(pa(e)| In h|?h? + p3(e)| In h|k?) + %ah(GZ,GZL

where (3.26) and (4.2) are used in the first inequality, and the L>°(L?) error estimate (4.8) is used in the second
inequality. Combining (4.35) and (4.36), we obtain the bound for Ja:

Z||dto”uL2 + ah(ﬂl 0°) + Ce 73 (o (€)| In h)?h2 + p3(e)| In h|k?) (4.37)
+C’€271 max{201+32 203+ % ,202+4,204} — 1( ( )|lnh|2h2+p3( )\lnh|k2).

Estimate of Js. Notice that 0 € S% and

/ [VO']ds=0 VE €&,
E

Using the summation by parts in Lemma 4.1, Lemma 2.1 in [14], the inverse inequality h|d,(M™0™)|1 2,
C|\di(M™0™)]| 2, and choosing ul) = Pyug, we have

14
= % SN (d{ Mo} [V ])E — % > (MO Ve

n=1Ecé&), Eegy

J4
an (M™0™)|| 12|60 1|22h+—||M59€||L2\94|22h

Hence, J3 has the same bound as .Js.
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Estimate of Jy. Since Ppu(t,) and uj are continuous at vertices of 7, we have

L £
k Ck
Ji=—= d > (M7, {Vdib"}))E < — E_ hIM™0" 22,1 |dt0"[1,2,n (4.38)

n=1FEe€&),

C’k
Z |M"0" |2,2,n|d:6" | L2 <& Z [M"" 50 + < Z 0™ 17,

n=1

where Lemma 2.6 in [14] is used in the first inequality (the h|M™6"|3 2 ) term is absorbed into |M™0"|3 2 j, term
by the inverse inequality), the inverse inequality is used in the second inequality, and the Young’s inequality is
used in the third inequality.

The first term on the right-hand side of (4.38) can be bounded by

Z‘M 0"30n < —5 2 (HM o 103,20 + 1M [T 4010715 0 + M5 0,167 17 ) (4.39)
n=1 n=1
_c ¢
> SUP ||Mn||22th||‘9n”22h
n=1

S 0(6—472—2 + € max{20'1+5,20'3+2}—2)6—1(p~2(6)| lnh|2h2 + ﬁ?)(e)l h’lh‘kQ),

where the embedding theorem is used in the second inequality, and the piecewise L?(H?) estimate given in
Theorem 4.6 and the following result is used in the third inequality:
1M |2,2,0 < CU(Prultn))?ll2,2.n + luf Prulta) 22,0 + [ (wh)?2,2.0+1) (4.40)
< O\ Prata)lla.zn + I Prulta) 2.0 + i lzoe [ 22 + g1 0

+ llupll22.n + lugl oo [ Pru(tn)ll2,2,n + llupllvam | Pru(tn)l1an+1)
< C(E—Q'YQ +e max{201+5,203+2}).

Here (3.26) is used in the second inequality, and equations (2.5), (3.24), (4.6) and the embedding theorem are
used in the third inequality.
Piecewise L= (H?) error estimate. Taking (4.26), (4.27), (4.32), (4.37)—(4.40) into (4.25), we obtain

14 4
k € ek?
3 > 0172 + gah(ee,ef) + 5 > an(d0", d,0") (4.41)

n=1 n=1
< C(e'pa(€) + ¢ °pa(€))h® + Cps(€)| In h[*h? + Cps(e)k?
+ (2 pa(e) + ¢ pol€)pale) + €727 P ps(e) + € pa(e)) In A*A?
+ Ce ps(e)| Inh|k? + Ce 173 (po(€)| In h|?h? + p3(e)| In h|k?)
+Ce2'yl max{201+13 2034+ % ,202+4,204} — 1( ( )\lnh\ h2 +P3( )|1Hh|k2)
—I—C( — 4o — 3+6—max{201+5 203+2}— 3)( ()|lnh\ h2+,03( )|lnh|k‘2)

Then the theorem can be proved by simplifying the coefficients according to the definitions of p;(e) and p;(e).
O

Remark 4.8. If the summation by parts for time and integration by parts for space techniques are not employed
simultaneously, we can only obtain a coarse estimate

||efu22h+k2||dt0”||Lz+ek22ah (di0",d,0") < Ch™4 (™ [ In AR + ¢ I bl ),

n=1 n=1
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where 74,75 denote some positive constants. To see this, consider the first term —£ Zflzl(f’(u(tn))vphu(tn) -

V f(Pyu(ts)),d;V0™), and the second item —% Zflzl(V(f(Phu(tn)) — f(u})),d;Vé™);, on the right-hand side
of (4.28), the scaling of k will be lost at least k2.

Finally, using (4.5), Theorem 4.7 and the Sobolev embedding theorem, we can prove the desired L% (L)
error estimate.

Theorem 4.9. Assume u is the solution of (1.1)-(1.4) and u}} is the numerical solution of scheme (3.9) and
(3.10). The initial condition is chosen to be ul) = Pyug. Then, under the mesh constraints (3.23) and (4.3), we
have the L (L) error estimate

u(tn) — bl < C|Inh| (52 ()| Inh|2h + 52 (k) V1<n <L, (4.42)

where pe(€) = € 1ps(€) and pr(e) = e ps(e).

Remark 4.10. The mesh constraints (3.23) and (4.3) can be achieved by h = O(e?*2) and k = O(eP) for a
sufficiently large constant p. More precisely, we need

_1 _1 _1
P2 < C'min {62p4 2(€), ps * (€), €% In e|_%p5 2 (€), 3113 eAntd 673+3} . (4.43)
Hence, the term |Inhlh (resp. | In h|%k) decreases asymptotically as h (resp. k) when € goes to zero.

5. CONVERGENCE OF THE NUMERICAL INTERFACE

In this section, we prove that the numerical interfaces defined as the zero level sets of the Morley element
interpolation of the solutions U™ converge to the moving interface of the Hele-Shaw problem under the assump-
tion that the Hele-Shaw problem has a unique global (in time) classical solution. We first cite the following
convergence result established in [2,19].

Theorem 5.1. Let Q be a given smooth domain and I'gy be a smooth closed hypersurface in ). Suppose that
the Hele-Shaw problem (1.5)=(1.9) starting from T'og has a unique smooth solution (w,T" :=Jy<,<(Ts x {t}))
in the time interval [0,T) such that Ty C Q for all t € [0,T]. Then there exists a family of smooth functions
{u(z) }o<e<1 which are uniformly bounded in € € (0,1] and (z,t) € Qr, such that if u¢ solves the Cahn—Hilliard
problem (1.1)—(1.4),

- 1 if (z,t) e O
1 € — 9

(@) Jmut(et) = if (z,t) €7

and “outside” of T'; -

(i) lirr(l) (7' f(uf) — eAus) (z,t) = w(z,t) uniformly on Qr.

uniformly on compact subsets, where T and O stand for the “inside”

We are now ready to state the first main theorem in this section.

Theorem 5.2. Let {I';};>0 denote the zero level set of the Hele-Shaw problem and U, p i(x,t) denote the
piecewise linear interpolation in time of the numerical solution u}, namely,

t—1tn— t
n 1un(x)+ n

U€7h,k($,t) = 2 h

k_ ul = (z), (5.1)

fort,_1 <t <t, and1 <n < M. Then, under the mesh and starting value constraints in Theorem 4.9, by
taking h = O(eP*2) and k = O(e?) for a sufficiently large constant p, we have

(i) Uepi(z,t) 09 uniformly on compact subset of O,
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(i) Uepr(z,t) N0 uniformly on compact subset of T.
Proof. For any compact set A C O and for any (z,t) € A, we have
|Uehi(x,t) — 1| < |Uepr(x,t) —u(z,t)| + |u(x,t) — 1] (5.2)
SN Uene(@, t) — w (@, )| Lo () + [u (@, ) — 1],
Theorem 4.9 infers that
1o, ) = @, D)ll =) < C [0+ 25 ()| nele + (p+2) 52 (0) 1ne] ). (5:3)

Since both jg(e) and pr(e) depend on < polynomially, the first term on the right-hand side of (5.2) tends to 0
when e \ 0 for a sufficiently large p that also satisfies (4.43). The second term converges uniformly to 0 on the
compact set A, which is ensured by (i) of Theorem 5.1. Hence, the assertion (i) holds.

To show (ii), we only need to replace O by Z and 1 by —1 in the proof above. O

The second main theorem addresses the convergence of the numerical interfaces.

Theorem 5.3. Let F?h’k = {x € Q; Uepi(z,t) = 0} be the zero level set of Uepr(x,t). Then, under the
assumptions of Theorem 5.2, we have

sup dist(z,T') 00 uniformly on [0,T].

zeryhk
Proof. For any n € (0, 1), define the tabular neighborhood N, of width 27 of T
N, = {(z,t) € Qp; dist(z,Ty) < n}. (5.4)
Let A and B denote the complements of the neighborhood N, in O and Z, respectively,
A=0\N, and  B=TI\N,.

Note that A is a compact subset outside I'; and B is a compact subset inside I';. By Theorem 5.2, there exists
€1 > 0, which only depends on 7, such that for any € € (0, €;)

[Ue k(@ t) =1 <n V(z,t) € 4, (5.5)
[Uep k(@ t) +1] <n V(z,t) € B. (5.6)
Now for any ¢ € [0,T] and z € T¢™* | from U, j, 1 (z,t) = 0 we have
[Ueni(@,t) — 1| =1, (5.7)
|U€’h’k($,t) + 1‘ =1. (58)

Equations (5.5) and (5.7) imply that (z,t) is not in A, and (5.6) and (5.8) imply that (z,¢) is not in B. Then
(x,t) must lie in the tubular neighborhood N,,. Therefore, for any € € (0, ¢;),

sup dist(z, ;) <7 uniformly on [0, T7. (5.9)

wery

The proof is complete. O

6. NUMERICAL EXPERIMENTS

In this section, we present two two-dimensional numerical tests to gauge the performance of the proposed
fully discrete Morley finite element method for the Cahn-Hilliard equation. The square domain Q = [—1,1]? is
used in both tests.
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t=0

€=0.08

0.8 €=0.04 0.8 - €=0.04|4
€=0.03 €=0.03
06 e€=0.02 06l €=0.02| ]
041 041
02} . _ 02 e
Al / j A
\\.\_ _—
02 - 021 = -
04 0.4
06 06
08| 08 [
3 0.8 o6 04 02 0 0z 0.4 06 08 . 08 06 04 o2 3 02 04 o6 08 1
1 T T T 1 T T T T
t=0.015 €=0.08 t=0.03 €=0.08
08} e=0.04 0.8 |- €=0.04|+
€=0.03 €=0.03
06 e=0.02 06 €=0.02] |
041 041
02 02}
0 o
02 < 02}
04| 0.4
06 06 -
08| 0.8 1
3 0.8 o6 04 02 0 02 0.4 06 05 i 08 06 04 o2 3 02 04 o6 08 1

t=0.005

€=0.08

FIGURE 2. Test 1: Snapshots of the zero-level sets of U j, , when ¢t = 0,0.005,0.015,0.03 and

¢ = 0.08,0.04,0.03,0.02.

TABLE 1. Test 2: Spatial errors and convergence rates when € = 0.08, k =1 x 102, T' = 0.002.

L? error order H' error order H? error order
h=02V2 0.079659 - 1.761563  — 34.097686 —
h=0.1v2 0.023142 1.7833  0.642870 1.4543 21.604986 0.6583
h =0.05v2 0.007598  1.6067 0.183600 1.8080 11.783724 0.8746
h = 0.025v/2 0.002151  1.8201 0.048042 1.9342 6.045416 0.9629
h =0.0125v/2 0.000557 1.9501 0.012167 1.9813 3.042138 0.9908

Test 1. Consider the Cahn—Hilliard problem with an elliptical initial interface determined by Ty :
do(z,y)

The initial condition is chosen to have the form wug(z,y) = tanh(

distance from (z,y) to the initial interface 'y and tanh(t) = (¢! — e

€

:1:2

036 T 0.0
), where do(z,y) denotes the signed
/(e +e7).

1049

=1.

Figure 2 displays four snapshots at four fixed time points of the numerical interfaces with four different €’s.
Here the time step size is k = 1 x 10~% and the space size is h = 0.01. They clearly indicate that at each time
point the numerical interfaces converge to the sharp interface I'y of the Hele-Shaw flow as € tends to zero. Note
that this initial condition may not satisfy the General Assumption (GA) due to the singularity of the signed
distance function. We will adopt a smooth initial condition in the later test.
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TABLE 2. Test 2: Spatial errors and convergence rates when € = 0.08, k = 1 x 107°, T' = 0.001.

S. WU AND Y. LI

L? error order H! error order H? error order
h=0.2v2 0.137170 - 2.469582 - 43.008910 —
h=0.1v2 0.032310  2.0859 0.710340 1.7977  23.320078 0.8831
h = 0.05v2 0.008830 1.8715 0.183932 1.9493 11.774451 0.9859
h = 0.025v2 0.002349  1.9103 0.046810 1.9743  5.927408 0.9902
h=0.0125v/2 0.000597 1.9746 0.011764 1.9924 2.970322 0.9968

t=‘0 B =‘0.08 ‘ ‘t=0.(‘JOOO‘5 B =‘ 0.08

08 €=0.04|4 08 e=0.04
€=0.03 e=0.03

06 €=0.02|] o6l €=0.02] ]
‘ t=0.bOOé € =‘0-08 ‘ ‘ t=0‘.001 ‘ € =‘0-08

0.8 €=0.04|4 08 e=0.04
€=0.03 €=0.03

06 €=0.02|] 06l €=0.02|]
‘ t:OlOOG ‘ € :‘o.oa ‘ ‘ t:0101 5 ‘ € :‘o.os

08 €=0.04|4 08l e=0.04| 1
€=0.03 e=0.03

06 =002 ] o6l €=002| ]

FIGURE 3. Test 2: Snapshots of the zero-level sets of U 5, r, when t = 0,0.00005, 0.0002, 0.001,

0.006,0.015 and € = 0.08,0.04, 0.03, 0.02.
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Test 2. Consider the following initial condition, which is also adopted in [20],
uo(z,y) = tanh (((:c —0.3)2+y% — 0.252)/6) tanh (((:c +0.3)2 492 — 0.32)/6).

Tables 1 and 2 show the errors of spatial L?, H' and H? semi-norms and the rates of convergence at
T = 0.0002 and T = 0.001. Here ¢ = 0.08 is used to generate the table, and k = 1 x 107° is chosen such
that the error in time is relatively small compared to the error in space. The error in H? norm is in agreement
with the convergence theorem, but the errors in L? and H' norms are one order higher than our theoretical
results. We note that in [14], the second order convergence in both L? and H' norms were proved, whereas only
%—exponential dependence could be derived.

Figure 3 displays six snapshots at six fixed time points of the numerical interfaces with four different €’s.
Again, they clearly indicate that at each time point the numerical interfaces converge to the sharp interface I'y
of the Hele-Shaw flow as € tends to zero.
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