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NUMERICAL ANALYSIS OF SPARSE INITIAL DATA IDENTIFICATION FOR
PARABOLIC PROBLEMS

DMITRIY LEYKEKHMAN!, BORIS VEXLER?>* AND DANIEL WALTER?

Abstract. In this paper we consider a problem of initial data identification from the final time ob-
servation for homogeneous parabolic problems. It is well-known that such problems are exponentially
ill-posed due to the strong smoothing property of parabolic equations. We are interested in a situation
when the initial data we intend to recover is known to be sparse, i.e. its support has Lebesgue measure
zero. We formulate the problem as an optimal control problem and incorporate the information on the
sparsity of the unknown initial data into the structure of the objective functional. In particular, we
are looking for the control variable in the space of regular Borel measures and use the corresponding
norm as a regularization term in the objective functional. This leads to a convex but non-smooth op-
timization problem. For the discretization we use continuous piecewise linear finite elements in space
and discontinuous Galerkin finite elements of arbitrary degree in time. For the general case we establish
error estimates for the state variable. Under a certain structural assumption, we show that the control
variable consists of a finite linear combination of Dirac measures. For this case we obtain error estimates
for the locations of Dirac measures as well as for the corresponding coefficients. The key to the numer-
ical analysis are the sharp smoothing type pointwise finite element error estimates for homogeneous
parabolic problems, which are of independent interest. Moreover, we discuss an efficient algorithmic
approach to the problem and show several numerical experiments illustrating our theoretical results.
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1. INTRODUCTION

In this paper we consider a problem of identification of an unknown initial data ¢ for a homogenous parabolic
equation
Ou—Au=0 in (0,T)xQ,
u=0 on (0,7) x 01, (1.1)
u(0)=¢q in Q,
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from a given (measured) data uq ~ u(T) of the terminal state w(7") for some T' > 0. In general, this problem
is known to be exponentially ill-posed, see, e.g. [16]. We are interested in the situation, where the initial
data we are looking for, is known to be sparse, i.e. to have a support of Lebesgue measure zero. The strong
smoothing property of the above equation makes it difficult to identify such sparse initial data. The remedy is
the incorporation of the information that the unknown ¢ should be sparse in the optimal control formulation.
Following the idea for measure valued formulation of sparse control problems, see, e.g. [5,7,8,19,27], we will
look for the initial state ¢ in the space of regular Borel measures M(2) on the domain €2, which is known to be
isomorphic to the dual space of continuous functions which are zero on 99, Co(Q2)*.
The corresponding optimal control formulation reads as follows

. 1 .
Minimize J(g,) = | u(T) = wal3x ) + allal oy, @ € M(Q), subject to (1.1) (1.2)

Here and in what follows, € is a convex polygonal/polyhedral domain in RN, N = 2,3, I = (0,7 is the time
interval, ug € L?(f2) is the given (desired /measured) final state, and « > 0 is the regularization parameter. A
very similar problem is considered in [7]. There, the initial state ¢ is also searched for in the space M(2). For
given € > 0 and ugq € L?(Q2) the optimal control problem in [7] is formulated as follows:

Minimize |[|q|| () subject to [[u(T) — uql/z2(q) < € and (1.1). (1.3)

One can directly show, that problems (1.2) and (1.3) are equivalent by appropriate choices of « and e.

The optimal control problem (1.2) possesses a unique solution (g, @), see next section for details. For a numer-
ical solution of the optimal control problem under consideration we will use discontinuous Galerkin methods
dG(r) of order r for temporal and linear (conforming) finite elements for spatial discretizations of the state equa-
tion (1.1) leading to the discrete optimal solution (gin, @rr). The same type of discretization (with r = 0) is used
in [7], where weak-star convergence Gy, — ¢ in M(f2) for the control and strong convergence gy (T) — @(T) in
L>°(Q) is shown for the discretization parameters k and h tending to zero. However, no convergence rates with
respect to k or h are derived in [7]. The main goal of this paper is to close this gap and obtain precise error
estimates. In addition, in the case when the optimal control is in the form of linear combination of Diracs, we
obtain convergence rates for the source locations and the corresponding coefficients. We illustrate the theoretical
results with numerical experiments.

For the general case (i.e. without any further assumptions) we will prove the following error estimate

(@ — an) (1) 22 () < (k™% + L),

where k denotes the maximal time step, h is the spatial mesh size, and ly, is a logarithmic term, see Theorem 5.4
for details.

From the optimality system (see next section) we will deduce, that the support of the optimal control (optimal
initial state) g is contained in the set of maxima and minima of the adjoint state z(0), see Corollary 2.6. Under
additional assumptions (Assumption 6.1 in Sect. 6) on this set, which implies that the optimal control g consists
of finitely many Dirac measures, i.e.

K —
q=> Bids,
=1

we will show, that the discrete optimal control g, has a similar structure, i.e.

K n;

qkh = Z Z Bieh,iOan.s; »

i=1 j=1

where each Dirac measure dz, on the continuous level is approximated by n; > 1 Dirac measures 5@%” on the
discrete level, see Lemma 6.12 for details. In this setting we will provide (see Thms. 6.5 and 6.13) an improved
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error estimate for the optimal states, i.e.
||(’L_L — ﬂkh)(T)||L2(Q) < C(k2r+1 + gkhh)
Moreover, we will prove an estimate for the error in position of the support points,
1
|Zi = Tpnig| < (¥ + £2,h)

forall 1 < i < K and 1 < j < n; and a corresponding estimates for the coefficients. As a corollary we
obtain an error estimate for the discrete optimal solutions in the norm on the topological dual of the Sobolev
space W1H*°(Q). This also implies the same rate of convergence for @y, with respect to the Kantorovich—
Rubinshtein norm, ([3], Sect. 8.3), given by

lallcr = supd (@0} | wec@), sup PEVZO@I oy peq (1.4)
T1,T2€82, |I1 - JC2|
T1#£T2

for ¢ € M(Q). In fact, we readily verify that this norm is equivalent to the (W°°(Q))* norm. Roughly speaking,
the metric induced by the Kantorovich—Rubinshtein norm can be interpreted as an extension of the well-known
Wasserstein-1 distance, [17], which is defined for probability measures, to signed measures with different mean
values.

In order to obtain such convergence rates we need to revise fully discrete pointwise smoothing error estimates
for a homogeneous parabolic problem

ov—Av=0 in (0,T)xQ,
v=0 on (0,7)x09Q, (1.5)
v(0)=vy in £,

with a general initial condition vy € L%(£2). This means that for the fully discrete approximation vy, we need
optimal pointwise spatial error estimates for (v — v)(T) in terms of the L?(Q) norm of the initial data. This
problem is classical and was considered in a number of papers, we only mention the most relevant ones to our
presentation. Global L>(2) error estimates for smooth domains and uniform time steps were established in
[15], on the other hand superconvergent results at time nodes in L?(£2) norm, again on smooth domains were
established in [10]. One of the main contributions of our paper is the derivation of superconvergent in time
and pointwise in space interior error estimates on convex polygonal/polyhedral domains. More precisely, we
establish the following result

(v = ven) (T, wo)| < C(T) (K2 + Linh?) ol 2, (1.6)

where xg €  is an interior point. The precise form of the constants and the logarithmic terms are given in
the statements of the Theorem 3.8 and Theorem 3.12. This result is required for our error analysis for the
problem (1.2) and is also of independent interest.

Throughout the paper, if not stated otherwise, we use |-| for the absolute value and also for the Euclidian
norm of a vector in R™. We employ the usual notation for the Lebesgue and Sobolev spaces. We denote by (-, -)
the inner product in L%*(Q), by (-,-) the duality product between M(£2) and Cy(£2), and by (-, ) sxq the inner
product in L?(J x Q) with a subinterval J C I. With W (0,T) we denote the usual space

W(0,T) = L(I; Hy(Q)) N H (I; H ().

The paper is organized as follows. In the next section we introduce the optimal control problem, derive
first order optimality conditions and discuss structural properties of the optimal solutions. In section 3, we
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present a fully discrete scheme for the homogeneous parabolic equation (1.5) and state key smoothing error
estimates, the proofs of which are postponed until sections 7 and 8. In section 4, we look separately at the time
semidiscretization and the full discretization of the optimal control problem and derive some preliminary results.
In section 5 we first obtain suboptimal error estimates for the general case which under additional assumptions
we improve in section 6. Finally, the last two sections are devoted to the description of the algorithm and
numerical illustrations of our theoretical results.

2. OPTIMAL CONTROL PROBLEM

To introduce the precise formulation of the optimal control problem under the consideration we first discuss
the solution of the state equation (1.1). For a given ¢ € M(Q) we define a (very weak) solution v = u(q) €
LY (I x Q) of (1.1) if the following identity holds

(wa u)IXQ = <Q7 410(0)>
for all ¢ € L>°(I x ), where ¢ € W(0,T) is the weak solution of

—Owp—Ap=1 in (0,T)xQ,
=0 on (0,T)x 90,
e(T)=0 in L.
It is well known, that ¢ € C(I x Q) for ¢ € L>®(I x ), see, e.g. Theorem 6.8 of [14] on general Lipschitz

domains, or Theorem 5.1 of [4]. Therefore, ¢(0) € Cy(£2) and the solution w is well defined. There holds the
following proposition, see Lemma 2.2 of [7].

Proposition 2.1. For each g € M(Q) there exists a unique solution u of (1.1) in the above sense. Moreover,
there holds u € L"(I; Wy P (Q)) for all 7,p € [1,2) with

2 N
S+=>N+1
roop

and u(T) € L*(Q) with the corresponding estimates

[|ul Lr(rwie () S cllqll me)

and
()] z2(0) < cllallae)-

Remark 2.2. The final state u(7T') has more regularity. There holds (—A)*u(T) € L2(f) for any natural
number k. For example by taking k = 1, we obtain u(T) € H2(Q2) N H}(Q) using the convexity of the domain.

The unique solvability of the state equation allows us to introduce the control-to-state mapping S: M(Q) —
L?(Q) with S(q) = u(q)(T). By the discussion above this operator is linear continuous and due to S(q) € H?(f)
it maps every weakly star converging sequence {q, } C M(Q) to a strongly converging sequence in L?(2). Based
on this operator we define the reduced cost functional j: M(Q2) — R by

. 1
(@) = 5115(@) ~ udl|720) + allalmeo)-
The optimal control problem (1.2) can then be formulated as

Minimize j(g),q € M(). (2.1)
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Theorem 2.3. The problem (2.1) possesses a unique solution § € M(Q). There holds the estimates

_ _ 1
[a(T) 20 < 2lludllz2)  and  all@llme) < 5lluallZz o),

where @ = u(q) is the corresponding optimal state.

Proof. The existence follows by standard arguments, cf., e.g. Proposition 2.2 of [8]. The uniqueness follows
as in Theorem 2.4 of [7] using density of the range of the semigroup generated by the heat equation [13],
which is equivalent to the backward uniqueness property of the heat equation. The estimates follow from

3(q) < j(0). O

The unique solution § and the corresponding optimal state u can be characterized by the following optimality
conditions.

Theorem 2.4. The control § € M(Q) is the solution of (2.1) if and only if the triple (q,4,Z) satisfies the
following conditions:

— state equation, & = u(q) in the sense of Proposition 2.1.
— adjoint equation for z € W(0,T) being the weak solution of

-0z — AZ

in  (0,T)x 9,
on (0,T) x 09,

0,
z=0,
zZ(T) = a(T) — ug, in Q.

— wariational inequality

—(q—7.200)) < a (lalm@) — lallme)) forall g e M(Q).

Proof. The proof is similar to Theorem 2.1 of [6]. Note, that z(0) € Cy(§2), which makes the duality product in
the variational inequality well defined. O

The next lemma states additional regularity for z(0).

Lemma 2.5. Let § € M() be the solution of (2.1), u be the corresponding state and z the corresponding
adjoint state. Let Qo be an interior subdomain of Q, i.e. Qo C Q. Then there holds z(0) € H*(Qp) — C?(y)
with

1Z20) [l #r4(020) < clluallrz (o)

where the constant ¢ depends on Q, T and .
Proof. As in Remark 2.2, one shows directly —Az(0) € H2(Q) N H () with
1AZ(0)[[r2(62) < €| A?2(0)l| 220y < ella(T) — uall 20,
¢f. also (3.10) below. Then the elliptic interior regularity result from Chapter 6.3, Theorem 2 of [12] implies
12(0)[| zr4(20) < cllAZ(0) || 52(0) < clli(T) — uallL2() < clludllz2(@),
where in the last estimate we used Theorem 2.3. ]

From the above optimality condition we obtain the following structural properties of the optimal solution ¢
and the corresponding optimal adjoint state Z.

Corollary 2.6. Let G be the solution of (2.1), 4 be the corresponding state and zZ the corresponding adjoint
state. Then there hold
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(a) a bound for the adjoint state Z(0) B
|2(0,2)] < a forall z €,

(b) a support condition for the positive and the negative parts in the Jordan decomposition of ¢ =q* — q~
suppgt C{r € Q| 2(0,2) = —a} and suppg C{x€Q]|z(0,z)=a}.
Moreover there is a subdomain Qg with Qo C Q such that
supp q C Q.
Proof. The proof is similar to [8] or [6]. O

Remark 2.7. The adjoint state Z(0) is analytic on g, see [18]. This implies by the above corollary that
Lebesgue measure of supp g is zero.

3. DISCRETIZATION AND SMOOTHING TYPE ERROR ESTIMATES

In this section we describe the (fully discrete) finite element discretization of the (auxiliary) homogeneous
equation (1.5) and present smoothing type error estimates. To discretize the problem we use continuous linear
Lagrange finite elements in space and discontinuous Galerkin methods of order r in time. To be more precise,
we partition I = (0,7 into subintervals I,, = (ty—1, tm] of length k., = t,, — typ—1, where 0 = tp < t; < -+ <
tam—1 < tyr = T. The maximal and minimal time steps are denoted by k = max,, k., and kpin = min,, ki,
respectively. We impose the following conditions on the time mesh (as in [21] or [23]):

(i) There are constants ¢, 3 > 0 independent on k such that
kmin > Ckﬁ-
(ii) There is a constant x > 0 independent on k such that for all m=1,2,..., M — 1

km,
km—i—l

k1 < < K.

(iii) It holds &k < 55.

The semidiscrete space Xj, of piecewise polynomial functions in time is defined by

Xi={ o € L*(I; Hy(Q) | @1, € Pr(lm; Hy(Q)), m=1,2,..., M},

where P,.(I,,; V) is the space of polynomial functions of degree r in time on I,, with values in a Banach space
V. We will employ the following notation for functions with possible discontinuities at the nodes t,,:

wh = lm w(t, +¢), w, = lim wt, —¢), [Wn=w!—w,. (3.1)
e—0t e—0t
Next we define the following bilinear form
M M
B(w,p) = (Wi, @) 1xa + (Vw, Vo) rxa + Z([w]m—h@;—ﬁ + (UJSWPSF)» (3:2)
m=1 m=2

where (-,-)7, xq is the duality product between L?(I,,,; H=(Q)) and L?(I,,; H}(2)). We note, that the first
sum vanishes for w € X}. The dG(r) semidiscrete (in time) approximation vy, € X} of (1.5) is defined as

B(vg, o) = (vo,gpz’o) for all ¢y € X7,. (3.3)
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Rearranging the terms in (3.2), we obtain an equivalent (dual) expression for B:

M M-1
B(w,p) ==Y (w, 1)1, x0 + (YW, Vo) 1xa = Y (wy, [elm) + (Wi, ©3p)- (3.4)

m=1 m=1

In the sequel we require the projection operator 7 for w € C(I,L*(Q)) with myw|;,, € Pr(In; L*(Q)) for
m=1,2,..., M on each subinterval I,,, by

(mpw — w, 0)1, xq =0, forall ¢ €P._(I,,L*Q)), r>0, (3.5a)

mrw(t,,) = w(t,,)- (3.5b)

In the case r = 0, mw is defined only by the second condition.

Next we define the fully discrete approximation scheme. For h € (0, hol; ho > 0, let 7 denote a quasi-uniform
triangulation of 2 with mesh size h, i.e. 7 = {7} is a partition of § into cells (triangles or tetrahedrons) 7 of
diameter h, and measure |7| such that for h = max, h,

h, <h<Cl|r|%, forall 7€T,

hold. Let V}, be the set of all functions in H{(£2) that are affine linear on each cell 7, i.e. V}, is the usual space
of linear conforming finite elements. We define the following three operators to be used in the sequel: discrete
Laplacian Ap: V, — V}, defined by

(=Apvp,wp) = (Vop, Vwy)  for all vy, wy, € Vi,
the L? projection Py, : L?(Q)) — V}, defined by
(Pru,wp) = (v,wy)  for all wy, € Vy,
and the Ritz projection Ry, : Hg(2) — Vj, defined by
(VRpv, Vwy) = (Vo, V)  for all wy, € V.
To obtain the fully discrete approximation of (1.5) we consider the space-time finite element space

X]Z:}L = {Ukh S X;; | Vkh

1 €EP (I Vi), m=1,2,....M}. (3.6)
We define a fully discrete ¢cG(1)dG(r) approximation vk, € X,::}L of (1.5) by

B(vknh, prn) = (vo,@f,)  for all o), € X]:}l (3.7)
Notice that we have the following orthogonality relations

B(v— vk, ) =0 forall ¢ € X7, (3.8a)
B(v—ven,pkn) =0 for all pp € X[, (3.8b)

In the proofs we will use the following truncation argument. For wy,pr € Xj, we let wr = x(,, rywr and
Pk = X(tq,T)Pk> Where X(;. 17 is the characteristic function on the interval (ti, T, for some 1 < m < M, i.e.
Wi =0on I; U---UI for some m and W, = wy on the remaining time intervals. Then from (3.2), we have the
identity

B(wy, ox) = B(wy, §r) + (W s Pi ) (3.9)

Same identity holds of course for fully discrete functions wgp, prn € X,:}L The following smoothing properties
of the continuous, semidiscrete and fully discrete solutions are essential in our arguments.
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3.1. Parabolic smoothing

It is well known that the solution v to the homogeneous problem (1.5) has the following smoothing property
l 1 c
100 @)l o () + 1(=A) 0Bl Lri) < Fllvollir@) >0, 1<p<oo, 1=01,... (3.10)
To get smoothing estimates in some other norms, we will frequently use the Gagliardo—Nirenberg inequality

¥
||g||L°°(B) < C||9HH2(B)||9||L2(B)7 (3'11)

which holds for any subdomain B C  fulfilling the cone condition (in particular for B = Q) and for all
g € H?(B), see Theorem 3 of [1]. In particular, the regularity of the the domain © implies

N 1—N
lgll = < CllAgl o gl - (3.12)
The following smoothing estimates can be obtained from (3.10).

Lemma 3.1. Let vy € L?(Q) and v € W(0,T) be the solution of (1.5). Then v(T) € H?(Q) N HE () and the
following estimate holds
[o(T)| 20) < CTvoll L2 (-

Moreover, for each interior subdomain Qqy with Qo C Q, the final state v(T) is (real) analytic on such Qo and
there hold . N
IVo(T) |00y < CT727 % Jlvolz2() and  [[o(T)]c2@e) < CT ™~ % ||vollL2(q)-

Proof. The first inequality follows right the way from (3.10) with [ = 1 by H? regularity. The analyticity can
be found, e.g. in [18]. To prove the second inequality we first observe that

IVo(T) L2y < CT % ||voll 2y and [ VAU(T)| 2y < CT ™2 [lvol 22 ().

Then we use Gagliardo—Nirenberg inequality (3.11) for ¢ = Vu(T) and B = ) resulting in

IVo(T) | Lo (00) < CHVU(T)||§2(QO)”VU(T)”;(??)
< CIVAUD)| ooy | F0(T) 2y
< OT~ #5720 D) |l | 120
= OT 5 T ||uo| 2 (0

where we have used the interior regularity result ([12], Chapt. 6.3, Thm. 2). To show the last inequality we use
Gagliardo—Nirenberg inequality (3.11) for g = VZv(T) and B = € resulting in

NP

11—
(D) ca < CITD) i IV
N

11—
< Clv(T) “]4{4(90) ||U(T)HH2(4§20)

¥ 1y
< C”AU(T)”H?(Q)||Av(T)HL2(Q)

< C|Ao(T)||

||22(Q)||AU(T)

-4

220
_1_N

< CT™' % |lvoll r2(q),

where we again have used the interior regularity result ([12], Chapt. 6.3, Thm. 2) and convexity of Q. (I
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For the discontinuous Galerkin methods similar smoothing type estimates also hold, see Theorems 3, 4, 5, 10
in [22] for general LP norms, cf. also Theorem 5.1 from [11] for the case of the L? norm.

Lemma 3.2 (Smoothing estimate). Let vy, and vgp, be the semidiscrete and fully discrete solutions of (3.3) and
(3.7), respectively. Then, there exists a constant C independent of k and h such that

_ C
tSUIP 0cvk ()| Lo () +t81ip [ Avk ()| o () + ki Nok]m—1l Lo () < T”UOHLP(Qﬁ
E m E m m

_ C
sup [|0pven (E) || o) + sup [[Awvkn ()|l o) + ko lvkn)m—1llLe@) < ——lvoll e ()
telm tel, tm

form =1,2,....,M and any 1 < p < oo. For m = 1 the jump term is understood as [vi]o = U/jo — vy and
[Ukh}o = ,Ul:h,O — Ph’l)().
In addition the stability with respect to the LP(€) norm is valid for the semidiscrete and fully discrete

approximations of the heat equation. For the proof we refer to Lemma 5 of [22], see also [26].

Lemma 3.3. Let vy and vy, be the semidiscrete and fully discrete solutions of (3.3) and (3.7), respectively.
Then, there exists a constant C' independent of k and h such that

vkl oo (r;zr(@)) < Cllvolle)  and  |lvgslle 1,20 (0)) < Cllvollr (o)
holds for any 1 < p < cc.

From Lemma 3.2 we immediately obtain the following corollary. Note, that the corresponding estimate is not
true on the continuous level, which explains the presence of the logarithmic term.
Corollary 3.4. Under the assumptions of Lemma 3.2, for any 1 < p < oo we have

M
T
> (HatUkHLl(Im;LP(Q)) + 1Ak 11,520 @) + FmlAVE Lo ) + ||[Uk]m—1||LP(Q)> <Cln EHUOHLP(Q)-

m=1
and
M T
Z (Hatvkh”Ll(Im;LP(Q)) + 188 vkAl 1 (1,520 ) + K| ARV, Lo () + |Hvkh]m—1||Lp(Q)> <Cln E”UOHLP(Q)-

m=1

Proof. We only provide the proof for the semidiscrete case, the fully discrete case is identical. Using the above
smoothing result from Lemma 3.2, we have

M
S ([ 1ol + [ 1At + kA0t aro) + [l levon )

m=1 m m

M
<> km (SUP [0vk ()| e () + sup [[Avk ()] e () + k’;lll[vk]mlﬂm(sz))
m=1

tel, tel,,
M
km T
<C Z THUOHLP(Q) <Cln EHUOHLP(Q)»
m=1 m

where in the last step we used that

M T
K, dt T
— < — < — .
g ” _/ , _Clnk (3.13)
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For sufficiently many time steps, applying Lemma 3.2 iteratively, we immediately obtain the following result.

Lemma 3.5. Let vy, and vy, be the semidiscrete and fully discrete solutions of (3.3) and (3.7), respectively.
For anym € {1,2,... M}, anyl < m, and any 1 < p < oo there hold

_ _ _ C
sup 106 (—=2)" o () 20 0 + sup I(=2) o) L)+ II(=2) oklmall o) < 5= lvoll ooy,

and

B B _ c
sup [0 (—=An)" " vkn (1) Lo (o) + sup I(=An) orn ()l ze@) + k1= A1) vknlm—1llLe @) < 7 lvollLe ),
E m

tel,, tha
provided k < lt_%l

The next lemma is the semidiscrete analog of Lemma 3.1.

Lemma 3.6. Let vy € L*(Q) and vy, € X be the semidiscrete solution of (3.3). Let Qo be an interior subdo-
main, i.e. Qo C Q. Then v (T) € W (Qo) N C?(Q) and the followings estimates hold

1N N
IVor(T) [ Lo () < CT™27 T Jvollze()  and  [on(T)llez(ap) < CT™ 7 luolr2(0)-
Proof. The proof is similar to the proof of Lemma 3.1 and uses Lemma 3.5. O

Using the discrete version of the Gagliardo—Nirenberg inequality
N 1—-N
lonllLee () < Cll ARV 2o lvnll 2y, for all vy € Vi, (3.14)

which for example was established for smooth domains in Lemma 3.3 of [15], but the proof is valid for convex
domains as well, we immediately obtain the following smoothing result.

Corollary 3.7. Under the assumption of Lemma 3.2 for allm = 2,3,..., M, we have

C
sup [lvgn(t)] Lo (@) < TMHUOHLQ(Q)-
tel,, tm/

3.2. Smoothing pointwise error estimates

One of the main tools in obtaining error estimates for the optimal control problem under consideration are
the pointwise smoothing error estimates that have an independent interest. The next theorems show that for
the error at a point (T, xg) we can obtain nearly optimal convergence rates in space and superconvergent rates
in time. For elliptic problems such interior pointwise elliptic results are known from [29,30]. For homogeneous
parabolic problems with smoothing such results are new.

The first theorem provides an L™ () error estimate for the semidiscrete error (v — vy)(T).

Theorem 3.8. Let vy € L?(Q), let v and vy, satisfy (1.5) and (3.3). Then there holds
(v = ve) (D)l 2= () < CT)E* lvol 20,
with C(T) ~ T~ @r+1+5),

Note, that we obtain here a superconvergent estimate of order O(k?"*1) for the discretization with polynomials
of order r. The proof of this theorem is given in Section 7.
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Remark 3.9. In the sequel we will apply this and the following theorems for both, a heat equation formulated
forward in time (1.5) and for a heat equation formulated backward in time, i.e.

0wy — Ay =0, in (0,T) x £,
y=0, on (0,T) x 09,
y(T)=yr, in Q

for some yr € L?(2). Its semidiscrete approximation y;, € X, solves
B(ok,yk) = (yr, ox(T)) for all ¢ € X
For this case the statement of the above theorem reads
19(0) = yioll=(0) < CTIEHyr| L2(0)-
Correspondingly we will apply also Theorems 3.10 and 3.12 for this setting.

A corresponding result is true also for the L>° norm of the gradient.

Theorem 3.10. Let vog € L%(Q), let v and vy, satisfy (1.5) and (3.3). Let moreover Qg with Qg C Q be an
interior subdomain. Then there holds

IV (0 = v )(T) | L= (020) < CTVE* lvol| 220
with C(T) ~ T~@r3+%),
The proof of this theorem is given in Section 7.

Remark 3.11. The result of Theorem 3.10 is valid also on the whole domain 2 instead of £y with a slightly
different constant C(T').

For the spatial error (vy — v )(T) we can not expect an O(h?) estimate with respect to the global L>°()
norm. However for a given point zy € 2 we obtain the following result.

Theorem 3.12. Let vy € L*(Q), let vy and vy, satisfy (3.3) and (3.7), respectively and let xo € 2 such that
dist(xg,00Q) = d with d > 4h. Then there holds

(v — i) (T, 20)| < C(T, d)lrnh® ||voll 120,

where Ly = In % + |lnh| and C(T,d) is a constant, whose explicit dependence on T and d can be tracked from
the proof.

The proof of this theorem is given in Section 8. Combining both theorems we immediately obtain an estimate
for (v — vin) (T, xo).

Corollary 3.13. Let vy € L*(Q), let v and vk, satisfy (1.5) and (3.7), respectively and let xo € Q such that
dist(xg,00) = d with d > 4h. Then there holds

(v = ven) (T, x0)| < C(T, d) (K**' + £nh®) [vol| 20,
where £y, = In % + |lnh|.
4. DISCRETIZATION OF OPTIMAL CONTROL PROBLEM

In this section we describe the temporal and spatial discretizations of the optimal control problem (1.2).



1150 D. LEYKEKHMAN ET AL.

4.1. Temporal semidiscretization
To introduce the associated semidiscrete state ux = uy(g) for a given control g € M(2) we consider slightly
modified semidiscrete spaces X}, C X C X/ defined by
Xp = { on € L2(I x Q) \ oln € Be(Ii; WE(Q)), oulr, € Prllo; HY(Q)), m=2,...,M }
and R )
X7 = { on € L2(I x Q) ] oln € Bo(I; W (Q)), oulr, € Pr(Lm; HY(Q)), m=2,...,M }

with some 1 < s < &5 and s’ > N with 2 + 2 = 1. For this setting we have ¢} ; € Co(Q) for all ¢y, € )/f,: due

to the embedding Wol’sl(ﬂ) — Cp(£2). The bilinear form B(-,-) from (3.2) can be extended to )?,: X )A(,: This
allows us to define the semidiscrete state ui(q) € X}, by

Bl(ug, or) = (q,(p;&)) for all ¢y, € )A(,Z (4.1)
The corresponding semidiscrete control-to-state mappings Si: M(Q) — L2(Q) is given by Si(q) = ur(q)(T)
and the semidiscrete reduced cost functional ji: M(Q) — R by

) 1 2

Jk(q) = §||5k((1) = ud|z20) + @llallmee)-

With this reduced cost functional we formulate the semidiscrete optimal control problems without discretization
of the control space as follows:
Minimize ji(q), ¢ € M(Q). (4.2)

As on the continuous level we obtain the existence of a solution to (4.2).
Theorem 4.1. The problem (4.2) possesses at least one solution @ € M(Q) with corresponding state Uy =
ug(qr). There hold the estimates
_ _ 1 2
lue(T)|L20) < 2ludllrz) and  o|gkllrm@) < 5 lludllz2(q)-
Proof. The existence and the estimates follow by standard arguments, as on the continuous level. (I

The question of uniqueness of g is more involved and is discussed after the statement of the optimality
system.

Theorem 4.2. The control g, € M(R) is a solution of (4.2) if and only if the triple (G, g, Zx) fulfills the
following conditions:

- semidiscrete state equation, Uy = ur(Jx) € )A(:,: in the sense of (4.1).
— semidiscrete adjoint equation for z, € X[ being the solution of

Blow, 7)) = (u(T) — ua, ox(T)) for all ¢, € X
— wariational inequality
—(g— @ 250 < a(ldlm@) = lakllme))  forall g € M(Q).
Proof. The proof is the same as for the continuous problem. O

Corollary 4.3. Let g € M(Q) be a solution of (4.2), ux € )A(;,: be the corresponding state, and zj € )/(\',: the
corresponding adjoint state. Then there hold
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(a) a bound for the adjoint state z;’
_+ 7
Zio(@)| <a forall z €,

(b) a support condition for the positive and the negative parts in the Jordan decomposition of @ = qu - q
—+ >+ _ —— >+ _
supp g, C {m €N ‘ Zio(w) = a} and suppq, C {x e ‘ Ziolz) =« }
Moreover there is a subdomain Qo with Qo C Q such that supp gi, C Q.

Proof. The proof is the same as for the continuous problem. O

The uniqueness of the solution g on the continuous level follows (¢f. [7], Thm. 2.4) by the fact that for the
solution of the heat equation (1.5) we have that v(T) = 0 implies vo = 0. This is also true for the dG(0)
discretization but is in general wrong for the dG(r) semidiscretization with r > 1. However, the following
technical lemma allows us to prove uniqueness of the semidiscrete control .

Lemma 4.4. Let ¢ € M(Q) and u = ur(q) € )Z',Z be the corresponding semidiscrete state defined by (4.1). Let
up(T) = 0. Then the holds:

(1) Forr =0 we have ¢ = 0.
(2) Let r > 0. If there exists an open set D C Q such that g|p = 0, then ¢ = 0.

Proof. Tt is well known, cf., e.g. [10], that dG(r) discretization of a homogeneous problem coincides with the
corresponding subdiagonal Padé approximation scheme. Therefore, there is a rational function f, = a, /b, with
polynomials a, € P,., b. € P,y and b,.(s) # 0 for s € R4, such that

Uy = fr(—=k1A)g, and Up = fr(fkmA)u,;m_l, m=2,3,...M
By the assumption of the lemma we have u;_, = u(T) = 0.

(1) For r =0 we have fy(s) = 1—+S and therefore

(Id fk:MA)u,;M =Up \roqs

which implies Ug pr—q = 0 Similarly, we obtain Up =0 for all m = 2,3,... M and consequently ¢ = 0.

(2) Forr > 0 we argue differently. We consider the elgenvalues 0< A <A < )\3 . of —A and the corresponding
system of eigenfunctions wq,ws, ... with (w;,w;) = &;;. The initial condition ¢ € M(Q) C H~2(f2) can be
expanded as

q= gnwn, with g, = (g w) (4.3)
n=1

and the convergence to be understood in H~2(2). We define the polynomials

M
= Har(kms) and Bi(s H b (kms).
m=1

With this notation we have
(Br(=A)) 7 Ap(=A)g = u =0

s

and consequently Ap(—A)g = 0. This results is

Z QnAk(A
n=1
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and therefore
nAr(Ay) =0 forall n e N.

Assume now that ¢ # 0. Since Ay, € P,.ps has no more than rM positive zeros, there are only finitely many ¢,
with g, # 0. For this reason we have that the expansion (4.3) is a finite sum and therefore ¢ € H?(Q)NH}(Q2)
since w,, € H%(Q) N H}(Q) for every n by convexity of 2. We have with some R € N

R

q= ZQniwnm ny <ng <---< nR, Q’Vbi 7é O
i=1

From q € H2(2) and ¢|p = 0 we obtain that (—A)!q also vanishes on D for every [ € N. Therefore, we have

R
(=A)'g=> N gnwn, =0 on D
=1

and dividing by A, . We have

R !
An,
g ()\ ‘) Gn, Wy, =0 on D.

i=1 R

For | — oo all summands with A,, < A,,, converge to zero resulting in

nr

w = Z Gn,Wn, =0 on D.

i:)\ni :)‘"R

This w # 0 is an eigenfunction of —A, which provides a contradiction, since a nontrivial eigenfunction can
not vanish on an open set by the unique continuation principle, see, e.g. [20], p. 64. This completes the proof.

(I
Theorem 4.5. The solution @, € M(S) of (4.2) is unique.

Proof. We first observe the uniqueness of ux(7") by the strict convexity of the tracking term in j(g). It remains
to show, that this implies the uniqueness of g,. Assume there are two optimal controls and consider the difference
q = qr1 — Gr2 € M(Q). Let wy, = up(q1) — ur(Ga), i.e. wg = uk(q). Then there holds uk(T) = 0. In the case
r = 0 we immediately obtain ¢ = 0 by the first statement of Lemma 4.4. For r > 0 we obtain from Corollary 4.3,
that supp g ; C 2o with Qo C Q and therefore supp ¢ C €. This implies the existence of an open set D C 2\ Qg
with ¢|p = 0. Then we obtain ¢ = 0 from the second statement of Lemma 4.4. (I

4.2. Space-time discretization
For a given control ¢ € M(Q2) we also introduce the associated fully discrete state uk, = urn(q) € X,:}L by
Blukn, prn) = (g, 0,)  for all g, € X7, (4.4)

the fully discrete control-to-state mappings Sgs: M(2) — L2() by Skn(q) = urn(q)(T), and the fully discrete
reduced cost functional jgp: M(Q) — R by

. 1
Jun(a) = 5[1Skn(a) = wdll72) + alldllme@)-

Based on this definition we formulate the corresponding optimal control problem, where we first look for the
control variable in the whole space M(£2). This leads to the following formulation.

Minimize jxn(q), ¢ € M(Q). (4.5)
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One can not expect, that this problem has a unique solution. For r = 0 however, there is a unique solution
in the properly defined discrete subspace My, of M(f2), see the discussion below. To introduce the space My,
let NV}, be the set of all interior nodes of the mesh 7. For z; € N}, let §,, € M(Q) denote the Dirac measure
concentrated in z; and ¢ ; € Vj, be the nodal basis function associated to the node z;. Then we define the
space M}, as

My, =span{d,, | ¥; € )y } € M(Q)
and introduce a projection operator Ap: M(Q) — My, (cf., e.g. [6]) by

Ahq: Z <Q730h,i>5mq‘,'

;€N

The definition implies that
(Ang,w) = (g, ipw) for all g € M(Q), w e Co(Q2), (4.6)

where ip: Cp(2) — V4 is the nodal interpolation operator. The following two properties of Aj can be directly
checked.

Lemma 4.6. There holds

(@) [Anallre) < llallmee) for all g € M(R).
(b) The fully discrete solutions of the state equation associated with q and with Apq are the same, i.e.

ugpn(Aq) = ugn(q) for all g € M(Q).

Proof. The proof of (a) follows from Theorem 3.1 of [6] and the proof of (b) uses the definition (4.4) of ugp
and (4.6). O

The next theorem provides the existence of a solution to (4.5).

Theorem 4.7. There exists a solution of (4.5). For each solution qin, € M(Q) the projection qip = AnGrn €
My, is also a solution of (4.5). Forr =0 the solution qrn, € My, is unique. For any solution Gy, € My, and the
corresponding state Uy, the following estimates hold

_ B 1
urn (T 22y < 2||luallzz) and  al|Grnllm@) < §Hud||2L2(Q)-

Proof. The existence and the estimates follow as on the continuous level. The fact that gg, = ApGrn € My, is
also a solution of (4.5) follows directly from (4.6). The uniqueness in the case of r = 0 follows from the fully
discrete analog of the first statement of Lemma 4.4, ¢f. also the proof of Theorem 4.8 from [7]. O

Remark 4.8. For r > 0 it seems that problem (4.5) may in general have multiple solutions in Mj,. The
argument we used to prove uniqueness of the semidiscrete solution g is based on the second statement of
Lemma 4.4, which does not extend to the fully discrete setting.

In the next theorem we state the optimality system on the fully discrete level.

Theorem 4.9. The control @xn, € My, is a solution of (4.5) in My, if and only if the triple (qxn, Ukn, Zkn) fulfills
the following conditions:

— fully discrete state equation, ugp = ukn(qrn) € XL in the sense (4.4).
k,h
— fully discrete adjoint equation for Zyp € X;}l being the solution of

B(okh, Zkn) = (Urn(T) — ua, prn(T))  for all @pp, € Xgi
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— wariational inequality
—(q = Tens o) < @ (lallmce) = @rnllamey)  for all g € M(Q).
Proof. The proof is the same as for the continuous problem. O

Remark 4.10. Please note, that the variational inequality in the above theorem holds for all variations
q € M(Q) and not only for those from My. This is due to the fact that the solution G, € My, solves the
problem (4.5), where the control is not discretized, see Theorem 4.7.

Corollary 4.11. Let Gpn, € My, be a solution of (4.5), Grn € X,:}L be the corresponding state and Zpp € X,:,ll
the corresponding adjoint state. Then there hold

(a) a bound for the adjoint state leh,o
|§2‘h’0(37)‘ <a forall xz €,

(b) a support condition for the positive and the negative parts in the Jordan decomposition of qxn = (j,jh — Qp
supp g5, C {x eN;, ) E;h’o(ac) =—a } and supp g, C {x c N, ‘ Eljh’o(a:) = } )
Moreover there is a subdomain Qo independent on k and h with Qo C Q such that supp Gen C Qo.

Proof. The proof is the same as for the continuous problem. O

5. GENERAL ERROR ESTIMATES FOR THE OPTIMAL CONTROL PROBLEM

In this section we prove an error estimate for the error between the optimal state on the continuous and on
the discrete level, which does not require any further assumptions on the structure of the solution.
As the first step we provide an estimate for the error in the state at terminal time for a given control

g€ M(Q).

Lemma 5.1. Let g € M(S) be a given control with suppq C Qo and Qo C Q. Let u = u(q) be the solution of
the state equation (1.1), ux, = uk(q) € X}, be the semidiscrete approzimation (4.1) and ukp = ukn(q) € X,:}L the
fully discrete approzimation (4.4). Then there hold

I(u = ) (Dl 22y < COR gl mqey

and
[ (ur = urn) (D)l £2(0) < C(T) b |l mo),

where £y, =In L + [Inh).
Proof. To prove the first estimate we consider the solution y € W(0,T) of the dual problem

-0y — Ay =0, in (0,T) x £,
y =0, on (0,T) x 09,
y(T) = (u—w)(T), in  Q

and its semidiscrete approximation y;, € )A(,Q solving

B, yr) = ((u—up)(T), ou(T)) for all ¢ € X}
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There holds
(= ur) (D) |72 0y = Blu,y) — Blug, yx) = (¢, 9(0) — y;f o)
<lgllam@1y(0) =y ollzoe @) < CE gl e (= ur) (Tl 22 ),

where in the last step we used Theorem 3.8 for the error y(0) — 3/1—:,0 in the L () norm, see also Remark 3.9.

For the proof of the spatial estimate we consider the dual solution wy € X & solving

Bk, wi) = ((ur — wn)(T), o (T))  for all ¢, € X}

1 .
and wy;, € X}, solving

B(prn, win) = ((ux — wen)(T), 0xn(T))  for all pp, € X
Then we get
l(ur, — wrn ) (T2 = Bluk, wx) = Blugn, win) = (g, wil g — wyiy o)
< Hlallme lwito = wih ol o) < Clenh®llall eyl (wn — wen) (Tl L2 (0,
where we used the fact that supp g C ¢ and Theorem 3.12 in the last step. O

Remark 5.2. Please note that the assumption supp ¢ C Qg with Qy C Q in the above theorem is required only
for the spatial estimate.

Based on this theorem we can directly obtain estimates for optimal values of the cost functional.

Theorem 5.3. Let ¢ € M(Q) be the optimal solution of (2.1) with the corresponding optimal state @. Let
dx € M(Q) be the optimal solution of the semidiscrete problem (4.2) with the corresponding state ty € X and
let Gpr, € My, be a solution of the fully discrete problem (4.5) with the corresponding state Uy € X,:}L Then
there hold:

15(@) — Jk(@)| < CE*
and
ik (@x) = Jrn(@rn)| < Clrnh?,
where lgp, =In L + |Inh| and C = C(T,uq) depends on T and ||ugl|r2(q)-

Proof. By the optimality of g for (2.1) we have
J(@) = Jk(@r) < j(ar) — r(qr)-
Similarly by the optimality of g, for (2.1) we have

J(@) = jre(ar) > §(q) — jr(q)
and therefore
17(7) — Jr(qr)| < max ([5(qx) — jr(qr)l; 17(7) — k(@) -
For both ¢ = ¢ and g = ¢ we estimate
. . 1 2 2
19(a) = gk(a)| = 5 |lula) = uallzz(q) = lun(@) = uallzz ()

[(u(q) — ur(q), u(q) + ur(q) — 2uaq)l

[N R

u(q) — ur(q)|lL2)llule) + ur(q) — 2udl|L2(0)-
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Then using the first estimate from Lemma 5.1, the estimates

lu(@)llz2) < Cllgllm and  [ur(@)lz20) < Cllallme)

as wells as estimates for ¢ and g from Theorems 2.3 and 4.1 we complete the proof for the temporal error. The
spatial error is estimated similarly by using the second estimate from Lemma 5.1. O

The next theorem is the main result of this section, which provides an estimate for the error between the
optimal states.

Theorem 5.4. Let § € M(Q) be the optimal solution of (2.1) with the corresponding optimal state 4. Let
g € M(Q) be the optimal solution of the semidiscrete problem (4.2) with the corresponding state ty € X, and
let Gpn, € My, be a solution of the fully discrete problem (4.5) with the corresponding state Uy € X,:}l Then
there hold:

(@ —ax) (T L2y < Ck™+3

and 1
(@ — tgn)(T)| 2 ) < CLZLR,

where £y, = In % +|Inh| and C = C(T, o, uq) depends on T, o and ||ugl|z2(q)-
Proof. To prove the first estimate we use the variational inequality from Theorem 2.4 with ¢ = g

(@ — 7, 2(0)) < a (ks — 1llmee)
and the corresponding variational inequality from Theorem 4.2 with ¢ = ¢

(= @ 7o) < @ (lallme) = @kl me) -
Adding these two inequalities results in

(@ —q,2(0) = zf) > 0.
To proceed we introduce @ = ux(§) € XJ, as the solution of (4.1) for ¢ = § and 2, € X, fulfilling
Bk, 2k) = (W(T) — ug, x(T)) for all ¢ € XJ. (5.1)

Using the semidiscrete state and adjoint equations we obtain

0 < (qr — 3,200) — )
= (@k — 4, 2(0) = 55 o) + (@ — @ 20 — Z150)
= (qx — 3,2(0) — 5) + B(ap — an, 2 — 21)
= (qr — 4, 2(0) — %) + (@ — wx)(T), (@, — i )(T))
= (@ — 7,2(0) = 5 o) — (@ — @) (T)|| 20y + (@ — @) (T), (@ — @ )(T)).

This results in
18— ) (T) 20y < (G — 8 200) — 5to) + (7 — W) (T), (@ — i) (T)).

By the Cauchy-Schwarz inequality in the last term and absorbing [|(% — @ )(T)|[z2() in the left-hand side we
obtain

@ = ) (7) 20y < 2@ — 3.50) — 2-0) + 11(8 — @) ()32 0. (5.2)
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Using the estimates for ||g]|pq(q) and ||@x[|r(o) from Theorems 2.3 and 4.1 we get

(@ — @) ()72 () < ClluallZa@l12(0) = 2ol (o) + 1@ — k) (T)I[72 () -
For the term ||Z(0) — QIOHLW(Q) we can directly apply Theorem 3.8 resulting in

1200) = 2} ol ) < C(DE* T HU(T) — wall 2y < C(T)E|uall L2 (o) -
The term |[(@ — g )(T)| z2(q) is estimated by the first estimate in Lemma 5.1 leading to

(@ = k) (D) z2(@) < CORHallme) < COR uallZaq)-
Putting these estimates together we obtain
(@ — @) (T) 172 () < CK*,

which is the the first desired estimate. The estimate for (@ — @xp)(T) is obtained similarly using Theorem 3.12
and the second estimate from Lemma 5.1. ]

For the error in the control we can in general only expect a weak star convergence, see the following lemma.

Lemma 5.5. Let § € M(Q) be the optimal solution of (2.1), g € M(Q) be the optimal solution of the
semidiscrete problem (4.2), and g, € My, be a solution of the fully discrete problem (4.5). Then there holds

@ —q in M(Q) for k—0

and for fized k > 0
Qe =@ in M(Q) for h— 0.

Proof. The proof is similar to the proof of Theorem 4.10 from [7]. (]

Under an additional assumption stronger results are discussed in the next section.

6. IMPROVED ERROR ESTIMATES FOR THE OPTIMAL STATE AND CONTROL

In the previous section we provided error estimates for the error in the cost functional and for the optimal
states at the terminal time. In general we can not expect an error estimate for the control, § — ggp, with respect
to the norm in M(Q), since only weak star convergence of the controls can be expected, ¢f. the corresponding
discussion in [7]. However, if the optimal control consists of finitely many Diracs, error rates for the positions
and the coefficients of these Diracs can be shown. To prove such error estimates and to improve the estimate
for the state from Theorem 5.4 we make the following assumption.

Assumption 6.1. Let § be the solution of the problem of (2.1) with the corresponding optimal state @ and
adjoint state z. We assume that

suppg={z€Q||z(0,2)|=a} ={Z1,T2,...,Tx }
with K € N and Z; € Q fori=1,2,..., K are pairwise disjoint points. Moreover, there holds
V?2(0, 7;) is positive definite for z; with 2(0,Z;) = —a

and
V2%(0, 7;) is negative definite for z; with 2(0,z;) = a,

where V22(0,Z;) denotes the Hessian matriz of Z with respect to the spatial variable.
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Remark 6.2. — From Corollary 2.6 (b) we have that
suppq C {z € Q[ [2(0,2)[ = }.

Here, we assume equality of these two sets and the finite cardinality of them.

— Due to the fact |z(0,2)| < « by Corollary 2.6 (a), the points Z; with z(0,Z;) = —« are the minimizers
and the points Z; with z(0,Z;) = « are the maximizers of z(0). Therefore, we have VZ(0,Z;) = 0 and the
corresponding Hessian matrices are positive semidefinite in the former and negative semidefinite in the later
case. In addition we assume positive and negative definiteness respectively. This assumption corresponds to
sufficient second order optimality conditions for minimizers and maximizers of z(0).

— Similar assumptions can be found in the literature, see [24,31] in the context of semi-infinite programming
and the notion of non-degeneracy in super-resolution [9].

Under the above assumption the optimal control ¢ consists of finitely many Diracs and has the form

with 8 = {3;} € RE, where 3; > 0 for 7; with 2(0,7;) = —a and ; < 0 for Z; with 2(0,7;) = a.
6.1. Error estimates for the temporal error

We first prove that under Assumption 6.1 the structure of the semidiscrete control g is similar to that of
d (6.1). To this end we first show that Hessian matrix of the discrete adjoint state zZj has the same definiteness
properties as of the continuous adjoint state Z in the neighborhoods of the points z;.

Lemma 6.3. Let Assumption 6.1 be fulfilled. Let g, € M(2) be the optimal solution of the semidiscrete prob-
lem (4.2) with the corresponding state Uy, € X, and the adjoint state zj, € X},. Then there exist € > 0, ko > 0,
and v > 0 such that for all k < ko, all x € B.(Z;), and all i =1,..., K there holds

)\min(v2zz—70)(x) >, if 2(07‘%2) =«

and
Anin(=V2Z ) (@) >y, i 2(0,7) =

Here, Amin(+) denotes the smallest eigenvalue of the corresponding matrix.

Proof. We consider z; with z(0,%;) = —a. The Hessian matrix V2z(0, Z;) is positive definite by Assumption 6.1.
Moreover z(0) € C%(Q) by Lemma 2.5. Therefore, there exists a neighborhood Bc(Z;) such that V2z(0,z) is
uniformly positive definite for x € B.(Z;). It remains to prove that

12(0) = 2 glle2 ) — 0 as k— 0.
There holds
|Z2(0) — EI;F,OHCQ(Q()) < ¢||z(0) — 2;0||H4(QO) < c||A(z(0) — 2;0)|‘H2(S2) < CHAQ(Z(O) _ le’o)HL?(Q)

by the embedding H*(Qg) — C?(p), the interior regularity result ([12], Chapt. 6.3, Thm. 2) and convexity of
0. To proceed we insert 25, € X}, defined by (5.1) leading to

12(0) = Zpllcz(a0) < el A%(2(0) = £ 0)lz2() + el A (5, = 2 ) L2 ()
The first term is directly estimated by Lemma 7.2 (below) with j = 2 resulting in

1A%(2(0) = 2 )22 () < CE* 1
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and for the second term we have by the smoothing estimate Lemma 3.5
. _ o 1
1A%(25 0 — 2|20 < Cll(a — ) (1) 120) < CK™2,
where in the last step we used the first estimate from Theorem 5.4. This completes the proof. O

Lemma 6.4. Let Assumption 6.1 be fulfilled. Let g € M(Q) be the optimal solution of the semidiscrete prob-
lem (4.2) with the corresponding state G, € X and the adjoint state Z, € X. Then there is an € > 0 and
ko > 0 such that the neighborhoods B:(T;) are pairwise disjoint and for each i and k < ko there is a unique
Zii € Be(T;) such that
Zzo(a’cm):a if  2(0,7;) =a
and
Zio(@hi) = —a if 2(0,3;) = —a.

Moreover there are no further points x € {0 with leo(w) = *a and the semidiscrete control has the structure

with By, = {BM} € RX, where Bk,i > 0 for Ty,; with 2;0(£k7i) = —« and Bk,i < 0 for Ty ,; with 5;:0(5%,1') =q.

Proof. Let € > 0 be chosen small enough as required in Lemma 6.3 and such that the balls B.(Z;) are pairwise
disjoint. Let i be fixed with le,o(jk,i) = —a. The case of le,o(jk,i) = « is discussed in the same fashion. From

Lemma 5.5 we have g, — g in M(£2). We choose a smooth cut-off function w with w(z) = 1 for all 2 € Be o (24)
and with suppw C B.(Z;). From the weak star convergence we obtain

(G, w) — (G, w) = Biw(T:) = Bi > 0.

Therefore, there exists kg > 0 such that (gx,w) > 0 for all k& < kg, which proves that supp gx N B(Z;) is not
empty. The support condition for g from Corollary 4.3 implies the existence of at least one Zy; € B:(Z;) with
52:0(50/@,1‘) = —a. By Lemma 6.3 2,:0 is strictly convex on B.(Z;). This implies the uniqueness of the minimizer
T, in Be(Z;). In order to show that there are no further points z with Z,j’o(x) = —a in the complement of the

union of all B.(Z;), it is sufficient to show that ||Z(0) — ZZOHLOO(Q) — 0 for k — 0. We have as in the proof of
the previous lemma

12(0) — 2ol () < 112(0) = & ol + 1260 — ZrollLe (),
where 2, € X}, is defined by (5.1). For the first term we obtain by Theorem 3.8
12(0) = 25 gl oo () < C(DK*H|a(T) — uall 2 ()
and for the second one
0 — ol @ < @ - @)Dl ey < CF
where in the last step we used the first estimate from Theorem 5.4. This completes the proof. O

The main result of this section provides optimal order estimates for the error in the position z; — Zj ;, the
coefficients 3; — f,; and improves the first estimate from Theorem 5.4 for the state error |[(@ — ux)(T)| z2()-

Theorem 6.5. Let G be the solution of the problem of (2.1) with the corresponding optimal state u and the
adjoint state Z and let Assumption 6.1 be fulfilled. Let moreover qr € M(Q) be the optimal solution of the
semidiscrete problem (4.2) with the corresponding state U, € X] and the adjoint state z, € XJ,. Then there
exists kg > 0 such that for k < ko there hold
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(@ — ) (T p2(0) < CE* 1,

max |§?i — Tk z| < Ck¥r+t
1<i<K ’

1B — Bi| < CE*H

g — (ij(Wl,oo(Q))* < Ck2rtl
where C' = C(T, a,uq) depends on T, a and |lug||z2(q)-

Remark 6.6. Due to the equivalence of the Kantorovich-Rubinshtein norm and the norm on (W1 (Q))* we
directly infer

17 — akllxr < CR*
from statement (d) above.

_ To prepare the proof of Theorem 6.5 we first estimate the error in the position Z; — 7y ; and in the coefficients
Bi — Br,i in terms of the state error ||(z — @x)(T)||L2(0)-

Lemma 6.7. Let Assumption 6.1 be fulfilled. Then there exists kg > 0 such that for k < ko there holds
|2 — @] < CR* 4+ Cl(u — w) (1) | 20
for alli=1,2,..., K, where C = C(T,uq) depends on T and |ual|z2(q)-

Proof. For a fixed i € {1,2,..., K} we assume without restriction that z(Z;) = —a (the case Z(Z;) = « can be
treated similarly). Then we have that 5;—;0(531@,0 = —«a by Lemma 6.4. The point Z; is a minimizer of Z(0) and
the point Zj ; is a minimizer of 22:0. Therefore, there holds

Vz(0,7;) =0 and Vz[(Zx:) = 0.
Due to the fact that V2z(0) is uniformly positive definite on B.(Z;) and Zy ; € B:(Z;) we have
|2 — Tpi| < C|VZ(0,2;) — VZ(0,21,4)| = C|VZ o (Th:) — VZ(0, Ty )
and therefore
|Zi = Zral < CIIV(Z(0) = Zp)llz(20) < CIV(Z(0) = £lo)llze=(00) + CIV (£ — B o)L= (0)s

where 2,;0 € X7, is the solution of the intermediate discrete adjoint equation (5.1) and £ is an interior subdomain
with
U B.(z;) € Qo, Q.
1<i<K

By Theorem 3.10 we have
IV(2(0) = 25 )l (0) < CEFH|a(T) — uallr20) < CK* ™ |luallz2(0)
and by the smoothing property from Lemma 3.6
IV(2o = Z o)l L= @0) < Cll(@ — @ )(T)] L2(0)-

This completes the proof. (I
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To proceed we introduce the operators é, GF,Gp: RE — L2 (Q) by

K _ K _ K
=9 (Z ﬂmxi> , G*B) =5 (Z maxk,i> , Gr(B) = Sk (Z ﬂiaxk,i> :
=1 =1 =1

where S and S}, are the continuous and the semidiscrete solution operators defined above. Moreover we restrict
the codomains of these operators to the corresponding image sets and call the resulting operator G, G* and G},
with

G:RE - Im(G) c L*(Q), G*:RX —Im(G*) c L*(Q), Gi: RX —1Im(G}) C L*(Q)

and
G(B) = G(B), G*(8) = G*(B), Gr(B) = Gi(B), for all B €RX. (6.2)
In the next lemma we estimate the errors between these operators.
Lemma 6.8. Let Assumption 6.1 be fulfilled. There hold
IG(3) — G (8) |20 < €181 ma |z: — o
and
IG*(8) = G ()|l L2(0) < CIBIK* .
Proof. For given 3 € RE we consider ¢, ¢* € M(Q) defined by
K K
g=) Bids, and ¢"=)Bid;,
i=1 i=1

as well as the corresponding states u = u(q), u* = u(g") in the sense of Proposition 2.1 and uy = u(¢%) € )?,Z

in the sense of (4.1). The second statement is then directly given by Lemma 5.1, since
IG*(8) = Gi(B)ll12(0) = I(u" = we) (D)l L20) < CE* " || ace) < CIBIKT .
To prove the first statement we consider a dual problem for y € W(0,T) solving

-0y — Ay =0, in (0,T) x 9,
y =0, on (0,T) x 09,

and obtain

IG(B) = G*(B)Z2(@) = I(w = u*) D) 720y = (@ — ¢",5(0))

K
Z —y(0,Zy,i))

< C|5|||V3/( M Lo (©20) 11255%\@ — Zp,i

—uF T T
< C1Bll(u = )T 2oy max, |7 — 2

where in the last step we used smoothing estimate from Lemma 3.1 for y. This completes the proof. (I
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Lemma 6.9. Let Assumption 6.1 be fulfilled. The operators G, G* are bijective and there is a constant ¢ > 0
such that

18] < elG(B) L2y and (8] < || GF()]| L2
hold for all 3 € RE . Moreover, there is ko > 0 such that Gy, is bijective and the estimate
18] < cl|Gr(B)l|2(0)
holds for all B € REX and all k < k.

Proof. All three operators G, G* and G}, are surjective by definition. We first argue the injectivity of G. Let
G(B) = 0 for some 3 € RX. This means that for the solution v of the heat equation with the initial condition

given as the corresponding linear combination of Diracs, i.e. v = S (Zfil @5@-), we have v(T) = 0. By a

similar argument as in proof of uniqueness of the optimal control g, ¢f. Theorem 2.4 of [7], we obtain

K
> Bidz, =0.
i=1

This results in 8 = 0 by the fact that the points Z; are pairwise disjoint. This provides the existence of an

inverse mapping G~': Im(G) C L*(Q) — R and the estimate
18] < 1G7 L2 @)—rx |G (D) 20 (6.3)

holds. For the operator G*¥ we can argue similarly. It remains to show that G}, is bijective and ||G]:1||L2(Q)_>]RK
is bounded independently of k. Let 3 € RX be arbitrary. There holds by (6.3) and Lemma 6.8

18] < | G(B) 120y < cllGr(B)ll2(0) + cllG(B) = GF(B) | L2(e) + cllGF(B) — G (B) || 120
< |Gk (B)|2(0) + ¢l Bl 1I<nifg§<|3?i — Tpi| + c|BlRFTE

< |Gr(B)L2(0) + Bl + ¢8|k,

where in the last step we used Lemma 6.7 and Theorem 5.4. Choosing ky small enough we obtain

1
18] < clGulB) 12y + 5181

which completes the proof. (I
Lemma 6.10. Let Assumption 6.1 be fulfilled. Then there exists kg > 0 such that for k < ko there holds
1B— Bl < CR*™*1 4+ Cl(a - a) (@) |
where C = C(T',uq) depends on T and |[uql|r2(q)-
Proof. There holds by Lemma 6.9
|8 = Brl < cllG(B) = G(Br)l L2
< c||G(B) — Gk(Bk)HL2(Q) + || Gr(Br) — Gk(ﬁk)”L?(Q) + C||Gk(5k) - G(Bk)HLZ(Q)-

By the definition we have G(f3) = a(T)) and G (By) = @x(T). Using Lemmas 6.8 and 6.7 we obtain
18 = Bil < cll(@ = an)(T)l| 2@ + el Belk™ " + | 8] max |7 =z
< el (@ — k) (D) 2 () + el Brlk*

The fact that ~
18k] < cll@llme) < clluallzz(a)
completes the proof. O
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Previous lemmas allow us to obtain the corresponding estimate for a negative norm of § — g in terms of
(@ = ) (1)l L2(0)-

Lemma 6.11. Let Assumption 6.1 be fulfilled. Let ¢ € M(Q) be the solution of (2.1) and g, € M(Q) be the
solution of the semidiscrete problem (4.2). Then there holds

17 = @i ll w2y < CK*" + Oll(@ — wx)(T) | 20

Proof. Let ¢ € W (Q) with |[¢|lw1.(0) < 1. We have to estimate

<(j —qk, ¥ ﬁz xz ﬁk z@(xk z))

HM» “Mw

(ﬁ Bk:z xz +Zﬁkz z (l’k z))

o
Il

C|18 = Brlllell Lo (o) + |ﬁk| ax |35z — Tkl Vol L=

Using Lemmas 6.7 and 6.10 we obtain
(@G> 9) < CR+ 1 Cl|(a — ) ()| 120,
which completes the proof. O
We proceed with the proof of Theorem 6.5.
Proof. We start with the estimate (5.2) from the proof of Theorem 5.4, i.e.
(@ — @) (D) 1220y < 2(@ — @ 2(0) = o) + (@ — @) (D)2 (6.4)

where Gy, = uk(q) € Xj, and 2, € X} is the solution of (5.1). The second term can be estimated as in the proof
of Theorem 5.4 by the first estimate in Lemma 5.1 leading to

(@ — @) (D) 220) < CE @l meo) < CRHluallZaqy-
It remains to estimate the duality product from (6.4). We have by Lemma 6.11

(@ — 3,200) = 20) <117 — @rllwre @)+ 112(0) = Zollwr. (o)
< (CK* 4 Cl(a = @) (T) 2@) [12(0)

(Q0)»
where we have used the fact that supp g, supp gx C . Using Theorems 3.8 and 3.10 we have
12(0) = 2o llwre ) < CRPTHUT) — uallL2) < CFH|uall 2 (q)-
Putting all terms in (6.4) together we get
(@ = @) (D) 22y < C (CK* ™ + Oll(a — ar)(T)| r2(y) K + CE 2.

Absorbing ||(2 — g )(T)||z2(q) in the left-hand side we obtain the estimate (a) in Theorem 6.5. The estimates
(b), (¢), and (d) are obtained from (a) using Lemmas 6.7, 6.10 as well as Lemma 6.11. O
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6.2. Error estimates for the spatial error

For the semidiscretization we have shown (see Lem. 6.4) that the number of support points of the semidiscrete
control g € M() is the same as on the continuous level in Assumption 6.1. For the fully discrete control
drxn € My, the situation is different. We will show (see next lemma) that in the neighborhood of each support
point Zj ; of g there is at least one support point of gjp, but there could be more than one such point. This
phenomena is also observed in our numerical experiments.

Lemma 6.12. Let Assumption 6.1 be fulfilled. Let g, € M() be the optimal solution of the semidiscrete
problem (4.2) with the corresponding state G, € Xj and the adjoint state z, € X]. Let Gy € My be an
optimal solution of the fully discrete problem (4.5) with the corresponding state Uyp € X;}L and the adjoint

state zZgn € X,Z}L Then there is kg > 0 such that for any fixred k < kg the following holds. There is an € > 0
and ho > 0 such that the neighborhoods Be (T ;) are pairwise disjoint, VQZZ’O is uniformly positive or negative
definite on B.(Zy,;) (see Lem. 6.3), é,jhp does not change signs on Be(Zy;), and for each i and h < hg there is
at least one Yip,i € Be(T,i) NNy, such that

Zino(Wkni) = @ if Z(Tn:) = @
and
ZinoWkni) = —a if Zfo(Tr) = —a.
Moreover there are no points © € Q\ U; B=(%x,:) with 2, o(z) = +a.
Proof. The proof is similar to the proof of Lemma 6.4. O

The previous lemma implies that the support of a fully discrete optimal control gg; € My restricted to
B.(%},;) is non-empty, since yrn ; € Supp Grnl| B, (z, ,)- This support may consist of more than only one point, see
the discussion at the beginning of this section. We call n; € N the cardinality of supp (jkh\Bg(myi) and the points
in this set Tkh,ij € Na, i.e.

SUPD Gk |B. (z4.0) = { Thnij ENn | j=1...n; },
therefore, a fully discrete optimal control gx, € M), consists of groups of Dirac functionals clustering around
the Diracs § on the semidiscrete level. This means, that g is given as

K Kz

qkh = Z Z Bkh7ij5ikh,i]‘ .

i=1j=1

The cardinality of supp ggp is then K, = Zfil n; > K. In order to compare the vector of coefficients fi, =
{Bkn,i;} € RE" with the vector B € RE on the semidiscrete level, we define (i, € RE by

n;
Brh,i = Z Brh,ij-

j=1
The next theorem is the main result of this section.
Theorem 6.13. Under the conditions of Lemma 6.12 there holds
(a) 1
tr — rnll L2 < CLZLR,
(b) 1
|Zr,i — Twnis| < CLGA

foralll <i< K and1<j<n;.
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(©) 1
1Bk — Brn| < CEL2LA,
(@) 1
@k — Grnll(wr @y < CLZLA.
where £y, =In L + [Inhl.

Remark 6.14. As in Remark 6.6, we directly conclude the a priori estimate

@k — Grnllxr < CLZLR
from statement (d) in Theorem 6.13.

Remark 6.15. A direct comparison of global extrema of 2{0 and E,jh’o would lead to a suboptimal estimate
1
for the distance between Zj ; and Ty ;; of order O(Zéhh%). In the following we will base the proof of improved

1
estimates of order O(¢7, h) on the introduction of certain intermediate points Ty ;.

For the proof of Theorem 6.13 we introduce an intermediate adjoint state Z;, € X, defined by

Bk, 2k) = (ugn(T) — ua, pr(T)) for all ¢r € Xj. (6.5)
Lemma 6.16. Let the conditions of Lemma 6.12 be fulfilled and let 2, € X, be defined by (6.5). Then for each
T, with Z,’:O(i‘k,i) = —a there is a minimizer &y ; € B:(Ty;) of 22:0 and for each Ty, ; with Ezo(a’sk,i) = « there

is a mazimizer Ty ; € B:(Zy ;) of 2,?0. Moreover there holds

1
|jk,i — Lﬁk’i| < C‘glihh

Proof. Without restriction we assume that € > 0 and kg > 0 from Lemma 6.12 are chosen such that the statement
of Lemma 6.3 holds. We fix ¢ with leo(a_sm) = —a and introduce two functions F, Fy,: B.(Zy,;) — RY by

F(z) = VE,‘;O(x) and Fjp(z) = VZ;:O(JU).

There holds by the optimality of Zj, ; for Z,:O(x) that F(Z,;) = 0 and by Lemma 6.3 that F'(Z ;) = Vzé,‘:o (ZTk,i)
is positive definite. Moreover we have

1
|F(Zk4) — Fu(@a)| < IV(ZE0 — 20l @0) < Cll(k — @n)(T) |22y < CLEL

and

1
|F'(Z1,i) = Fy(Z1,0)] < 11210 = 2 olle2o) < Cll(n — arn) ()| L2) < CLZA (6.6)

by the smoothing property from Lemma 3.6 and the estimate from Theorem 5.4. In addition Fj is Lipschitz
continuous on B (% ;) with the Lipschitz constant

L=z lles o) < Cllawn(T) = uall 2 (@) < Clluallz2 ),

where we have used interior estimate as in the proof of Lemma 3.1. In this setting we can apply Theorem 3.1
from [28] to get the existence of Ty ; € B-(ZTx,;) (for h < hg) with F,(Z1;) = 0 and a positive definite Fy (Z,;),
such that )

|Zh,i — | < ClF(Zg,) — Fp(Tr,)| < COE .

This completes the proof. (Il
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Lemma 6.17. Let the conditions of Lemma 6.16 be fulfilled. Then there holds for oll 1 < i < K and all
1<) <ny

(i — Tanj) < CLZ B
Proof. We fix an i with 2:70(:2“) = —a and an 1 < j < n,. For Z; € X] defined in (6.5) we observe
1250 = ZinollLe @) < Clanh?(|tunn(T) — uall L2 ) < Clinh®
by Theorem 3.12. Due to Corollary 4.3 we have 2,:0(95) > —a for all € Q and therefore
5 o(Eri) > —a = Clnh® = 2, (Ten,ij) — Clanh®.

Using the Taylor expansion and the fact that Vizo(t%k,i) = 0 we get with some £ € B.(Zy;)

25 o0(@rnig) = 2o (@) + i(fk,i — Zpnij) | V22,0(E)(Eryi — Tinij)

> 28 0(@knij) — Clinh® + %\ilm — Tzl

where we have used that Vzék,() is uniformly positive definite on Be(Z ;) by the positive definiteness of V22k,0
and (6.6) This results in

Zi — Trnig | < |5 (Brnis) — 2.0 (Trnig)| + Clinh®

<|1Zfo = 2ol o) + Clanh® < Clypnh®.
This completes the proof. (I
We proceed with the proof of Theorem 6.13.
Proof. The first statement is already shown in Theorem 5.4. The second statement follows directly from Lem-

mas 6.16 and 6.17 by the triangle inequality. It remains to prove statements (c) and (d). To this end we will
use the operator Gy introduced in (6.2). Similarly we introduce the operator GI': RX — L%(Q) by

K
G1(B) = Skn (Z @am,c,i) :
=1

Without restriction we assume that ko > 0 from Lemma 6.12 is chosen such that the statement of Lemma 6.9
holds. Then we obtain similarly to the proof of Lemma 6.10 using G (k) = ar(T)

1Bk — Brn| < C||Gr(Br) — Gk(@kh)”ﬂ(m

. ) ) (6.7)
< C||(tn — trn) (T)| 2@) + Clltn(T) — G (Brn)l L2y + CIGEBrn) — Gr(Brn) |2 () -

The first term is estimated by Theorem 5.4

1
(e = k) (T) || L2(0) < CLZR,
the last term is estimated by Lemma 5.1 leading to

|G (Brn) — G (Bin) |22 ) < Clinh?|Brn] < Clinh?.
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To estimate the second term in (6.7) we observe that

ukn(T) — G (Brn) = Skn Z Zﬂkh 1505 5 — Binida,

=1 Jj=1

For a given ¢ € W1>°(Q) we get for the inner difference using By = Z?;l Brh.ij

<Z Bieh.iiOaun.s; — Brhida,, ¢> = Zﬁkh,ij@/)(fkh,ij) = (Zh,)) < ClIVY (o) (X [Thhsij — Thil
j=1 j=1 <j<n;

Then by a duality argument as in the proof of Lemma 6.8 we obtain

[tk (T) — G(Brn)ll L2(0) < legl%{&nﬁx |Zkh,ij — T

resulting in
_ B L
trn(T) — Gy (Brn)ll 2 () < CLZL R

by the statement (b). Inserting this into (6.7) completes the proof of the statement (c). To prove statement (d)
let p € W1(Q) with [¢|w1.=@) < 1 be given. We estimate

K
<(jk - qkh7(p> = Z ﬂk z‘P xkz Zﬂkh 1j§0 ZTkh ’L])

i=1

K
:Z (Broi — Brni)p(Eni JrZﬂkh” (Tk,i) — o(Thn,ij))

i=1 j=1

< Bk — 3 - 3 T
<C |18k — BrnlllelL (Q)Hﬂkhllgg(mn
1<5<n;

Using statements (b) and (c) from Theorem 6.13 as well as the boundedness of |3y,| we obtain
1
<(j - (ika 90> S Cé}ihh’a
which completes the proof. O
7. PROOF OF SMOOTHING ERROR ESTIMATES IN TIME

In this section we prove Theorems 3.8 and 3.10. First we establish the following result.

Lemma 7.1. Let vy € L?(Q), let v and vy, satisfy (1.5) and (3.3). Then for I = 0,1,...,r, there exists a
constant C' independent of k and T such that

1(=2)"2" 0 = ve)(T) || 2y < CK*Hvo L2 (0
Proof. For any | € {0,1,...,r}, let y be the solution to the following backward problem

—dy — Ay =0, in (0,7) x 9,
y =0, on (0,T) x 09,
y(T) = (=) (v —v)(T,2), in Q,
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and yy, be its dG(r) approximation, i.e.

B, yr) = (=A) "2 (v — 0 )(T), ¢ (T)), for all ¢ € X7

Using the orthogonality conditions (3.8a) and the dual representation of the bilinear form (3.4)

+ (V v — TR, V(—A)_Ql_l(y — Yk))IxQ
=J1 + Jo,

where 7 is the projection defined in (3.5). Note, the jump terms vanish by the definition of m;. We set
n:=y — mpy and & = mpy — yi. Using the approximation and the standard energy estimate we have

IV(=A) ")l L2 (ren) < CETHIV(=A) 0 Yyl 2 1x0) = CE VY|l L2 (i) < CE T y(T) || 220)- (7-1)
Using the properties of the bilinear form (3.2), we have
IV (=2) "kl e (rxay < BI(=A) 7716 (A) 717 16) = B((—A) 726, &)
= —B((=A)"* %, n) = —B((—=A) """ e, (=4) " ip)
= —(V(=2)"6. V(=A) " n)rxe
<[IV(=A) T 2 ax e IV (=A) Tl L2 (1x0)-

(_
(_

Canceling and using (7.1) we obtain
IV(=2)"" &l z2 (10 < CEFH y(T)| () (7.2)
Combining (7.1) and (7.2) we also have

IV (=2)"" Yy =yl 2 rx) < CEHHy(T)| L2 (7.3)

Next we estimate ||V (—A)™""10,(y — yx)||L2(1,. x0)- By the triangle inequality, inverse inequality and (7.1)—(7.3)
we obtain

IV (=A)"" 0y — yi)ll 21, x92)
<[IV(=A) 10 (mey — yie)l 21, x0) + IV (=A) 10y — mey) | L2(1, x02)
< CEYV(=A) """y — yi) |22 (r, xo) + CE IV (=A) 10yl L2 (1, )
< CE T (IV(=A) " ey = o)l 2 (rxey + IV (=A) T e = )l 2 x)) + CR VY L2 1, x0)
< CEYV(=A) 10 Yl par,, xa) + CEHIVYll L2 (1, <)
< CleV?/HL?(Ime)-

(7.4)
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This allows to estimate J; as follows
M
T <Y VAT 0 = 1) L2 (1, xe IV (=) ™0y — wi) |21, <9
m=1

M
< GRS V(=)0 ol Lo (1, e IV (=) T 0 | L2 r, 00

m=1

M
RN V0l 2 (1 x e IV Yll L2 (1, x0)

m=1

= CE ool 220 1(=2) 7271 (v = ve)(T) | 2(0)-
Similarly, using approximation and (7.3) we obtain for Jo
Jo < [IV(=2)"" o = m0) [ 2 [V (=2) " (y = yi) L2 (1<)
< ORIV (=A) 107 0 2 ey 19(T) | 20
< CE ool 2oy | (=A) 7 (v = ve) (D)l 20
Combining the estimates for J; and J; and canceling [|[(—A) =21 (v — v;)(T) || 12(q), we obtain the lemma. [
Now we show the next result.

Lemma 7.2. Let vg € L%(Q), let v and vy satisfy (1.5) and (3.3). Then for j € Ng provided k <
M > 2r + j + 2, there exists a constant C(T') independent of k such that

(=) (v = ve) (D)l z20) < DR vol 20,

2++2 and

where C(T) ~ T—2r=3=1,
Proof. For any j € Ny, let y and y, be the solutions to the continuous and to the semidiscrete dual problems
with yx(T) = y(T) = (=AY (v — vp)(T), i.e. y € HY(I; L*(Q)) N L?(I; H (2)) solving
-0y — Ay =0, in (0,7) x 9,
y =0, on (0,7) % 09, (7.5)
y(T) = (=AY (v —vp)(T), in Q

and y;, € X satisfying

Bk, yr) = (r(T), (—A) (v — vp)(T)), for all ¢r € X. (7.6)

We choose m such that % € I, and define v := x(;,, v as well as Uy = X (¢, 7|Vk, @-€. U and Uy are zero on
I U---Ulz and © = v and ¥} = v on the remaining time intervals. Then we test (7.5) with ¢ = (—=A)/% and
choose i, = (—A)77y, in (7.6). Using (3.9), we have

(=AY (v = o) (T)I[72(0) = BI(=A)T,y) = B(=A) r, yr)
= B(0,(~A)y) — B(tk, (—=A) yx)
= B(v, (=AY §) + (v(tin), (=AY y(tin)) — Bk, (=8 5r) — (v 5 (=2) 53 )
= (uta), (=) y(ta)) — Ve m (=AY Yl )
= (0(tin) = Vi (D) y(tm)) + (Vg (=AY (Y(tin) — v )
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Note, that B(v,(—A)/§) = 0 and B(vy, (—A)/§;) = 0 by construction. Using the Cauchy—Schwarz inequality,
Lemma 7.1 with [ = r and T = t53 and the smoothing estimate (3.10)

L < [(=2)72 7 olta) — v a) 2@ (=) y ()| 220
k27'+1 .
< Crmrgaa lvollz@ I (=A) (v = ve) (T) | 2() -

Similarly, using the Cauchy—Schwarz inequality, Lemma 7.1 with [ = r and T = t; and the semidiscrete
smoothing estimate in Lemma 3.5

Iy < (=22 o 2@ I(=A) 7 y(tm) — v m) 2@
k2r+1 .
< CWH%HB(Q)H(—A)] (v = v) (D)2 -

Combining the estimates for I; and I and canceling [[(—A)’ (v — vi)(T)[|12(q) on both sides, we obtain the
lemma. 0

7.1. Proof of Theorem 3.8
We use the Gagliardo—Nirenberg inequality (3.12) and obtain

N 1—-N
o= vellz o < ClA® = vl o (6 = ) 153 -

Application of Lemma 7.2 with j = 0 and j = 1 yields the result.

7.2. Proof of Theorem 3.10
We use Gagliardo—Nirenberg inequality (3.11) with B = g as in the proof of Lemma 3.1 and obtain

N 1—-N
190 = 0)(T) | =(0) < CIVA® = 0)(T)| o IV (0 = 0 ) (D]}

< Cllw =)Dy IAE = 00) (7)1 2 A2 — 0) (D] 52 -

Application of Lemma 7.2 with j =0, j = 1, and j = 2 yields the result.

8. PROOF OF SMOOTHING ERROR ESTIMATES IN SPACE

In this section we prove Theorem 3.12. Before we provide the proof we show the following results.

Lemma 8.1. Let vy € X[ and v, € X,Z,ll be the semidiscrete and fully discrete solutions of (3.3) and (3.7),
respectively. Then there exists a constant C independent of h, k, and T such that

_ T
1AL (Povk = vkn) (T) | L2() < Ch®In 7 llvollzzo)-
Proof. Let zp, € X,Z}L be the solution to a dual problem with zp,(T) = Afbl(thk —vpp)(T), i.e.

B(th,zkh) = (th(T),Agl(thk — ’Ukh)(T)) for all Xkh € X;’}L
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Then taking xxn = A;l(thk — vgp) by the Galerkin orthogonality, the stability of the L? projection, the
standard elliptic error estimates, Lemma 3.3 and Corollary 3.4, we obtain

1A, (Phok = o) (T) 1720y = B(A, H(Pavk — vkn), zkn)

B(Pyvk — vin, Ay )

B(Pyvg, — vg, A;lzkh)

(V(Pyvr, — Rpok), VA, 26n) 1x0
—(Prvr, — Rpvk, 2kn) 1<

| Prvk — Ruvellorr;r2 o) 12kl Lo (r;22 )

IN A

Cllvi — Ravill L2 (1.2 1268 | Lo (1;22(0)
CR|| Avgl| 11 (r;p2) 1A, (Prhok — vien)(T) |l 220

T _
Ch*In - llvoll L2 1 A7 (Phoe — vin) (T 12 (-

IN

IN

Canceling, we obtain the result. O

In order to establish optimal pointwise error estimates for Rpvy — vgp, we first show the corresponding
estimate with respect to the L?(2) norm and then for Ay (Rpvr — vgs) in the L2(Q2) norm likewise.

Lemma 8.2. Let v, € X}, and vy, € X,:}L be the semidiscrete and fully discrete solutions of (3.3) and (3.7),
respectively. There exists a constant C independent of k, h, and T such that

2

Ch
|(Rrvk — vien)(T) | 2(0) <

T
T IHEHUOHL%Qy

Proof. Let ygn € X;}L be the solution to a dual problem with ygp, (T) = (Rpvk —vir)(T), i.e. yrn € X,:}L satisfies

B(¢kn; yrn) = (@rn(T), (Ruvk, — vk )(T)),  for all g € X;:}L (8.1)

We abbriviate i, = Rpvp — vip € X,:i and set 1/;kh to be zero on I; U --- U Iz for m such that % € Iy
and 9y, = g, on the remaining time intervals. Similarly we define . Then by (3.9) and using the Galerkin
orthogonality, we have

[(Rnvk — vkn) (T 72 () = BWkns ysn) = BWkns i) + (i s Yin o)

= B(Rpvr — Vkn, Jkn) + (RuVkm — Vkhom) s y;—fh,m)
= B(Rpv — Vi, Jkn) + ((Rnvk,m — Ukh,m)_»y;jh, )
=Ji + Js.
Using (3.4) and the property of the Ritz projection, we have
M M
Jp=— Z (Rhvr — Vg, OsYkh) I x2 — Z (Rnvg = Vieoms [Yknlm) — (Rrvg z — U;;,;Lyy;jhﬂh)
m=m-+1 m=m-+1

m=1

M
< ||[Rpvx — vk”L“((tﬁfl,T);L%Q)) <||8tykh|L1(I;L2(Q)) + Z H[Zykh]m||L2(Q) + ||yljh,mL2(Q)> .

By the Lemmas 3.2 and 3.3
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we obtain
M

T
10eyknll L1 (rsz20) + D Nwknlmllz2 @) + 10 mll 2@ < Cln E”(thk —ven) (1) 2(0)-

m=1

By the approximation properties of the Ritz projection, H? regularity, and using the fact that % € I we have

[Rhok = Okl oo (b iz () < CP2 [ AUk oo (1 Tys22(2)) < Ch;IonHLZ(Q)-

Canceling, be obtain the result for J;.

To estimate Jo we add and subtract vy .. Thus we obtain

Jo = ((Rpvk,m — Vkhm) ™5 Ui )
= (Rnvkm — Uk,m)f,y;fh,m) + ((Vk,m — Vkhm) ™ y;jh,m) = Ja1 + Joso.
Similarly to the above, using Lemmas 3.2 and 3.3 we obtain
Jo1 < ||Rpvg — vk”LOO((tm_l,T);LQ(Q))Hyljh,m”Lz(Q)
< CR?(| Avill oo (1 522 ) | (Brvk — vien) (T) | L2 (0
Ch?

T
<~ In —||v0HL2(Q)||(thk —vkn) (1) 2 (0)-

To estimate Jyo we use Lemma 8.1 with 7' = ¢ and the fact the constant there does not depend on T together
with Lemma 3.3. Hence,
Ja2 = (Pnvk.m — Vkhoin) s Yin.m)
<AL (Phokm — vknom) ~ 2@ | Ay w2 @

Ch?2. T
<~ In *HUOIILz @ [(Rrvk — ven)(T) || 2 ()

Canceling, we obtain the lemma. (]

Next we establish the following smoothing result in L? norm with discrete Laplacian.

Lemma 8.3. Let v, € X] and vy, € X be the semidiscrete and fully discrete solutions of (3.3) and (3.7),
respectively. There exists a constant C mdependent of k, h, and T such that

Ch?

T
1AR(Bror = vrn) (Tl z2() < - I o-flvoll 22 (0)-

Proof. Let yxn € X,:,ll be the solution to a dual problem with yx,(T) = Ap(Rpvk — vgn)(T), i.e. yrp, satisfies

B(ekn, yin) = (rn(T), Ap(Rpvr — vgn)(T),  for all pp, € X[7),. (8.2)

As in the proof of the previous lemma we abbriviate ¢, = Rpvr — vgn and set 1/;% to be zeroon [ U---U Iy
for some m to be specified later and 9x; = 1kn on the remaining time intervals. Similarly we define gxj,. Then
setting @rn, = Ak, and using the Galerkin orthogonality and (3.9), we have

1AL (Rnok = ven)(T)|172 () = B(Antrn, yan)

B(
(ks Anyrn)

th, Angin) + Wi AnYin.m)
(

(

Ryvr — vikn, Angkn) + (Ruvkm — Vknm) > Anyi )

Rpvg — vk, AnJrn) + (RaVk,m — Vknm) Ahy}jh,m)

By
B
B
B
Ji + Ja.
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Choosing m such that % € I, using the definition of the bilinear form B(-,-), the discrete maximal parabolic
regularity from Corollary 3.4 and Lemma 3.5 we obtain

M M
Ju=> (0(Rnvk = vk), Antkn) 1 xe + > ([Rnvk = Oklms Any, )

< N0 Rrve — vi) | oo (4,12 @) 1ARYRR I L1 (810,722 (90))

M
+ L8 {kHI[Rrow — vilm 20 } z_: k| ARy, |22 (02)

T _
< Clnh? (||3tAUkL°°((tm,T);L2(Q)) + _mex {km1||[Avk]m||L2(9)}> AR (Rpvr = vkn)(T)| L2(0)

Ch?>_ T
< o I llvollz2 @ 1 AR (Brur — wkn) (T) ] 22 ()

Canceling we obtain the desired estimate for .J;.
To estimate Jy we proceed as in the proof of the previous lemma,

J2 = (Rnvkam — ki) s Antinm) + (Vkm — Vrnm) ™ AnYiin m) = J21 + Joa.
Similarly to the above,

Jo1 < ||Rpv — vk||L<>o((tm,1,T);L2(Q))HAhy;h@Hm(Q)
Ch?
< 1AVl oo (21722 () A0 (Brvk = vkn) (T) | £2(0)
2

Ch
< ﬁHUOHH(Q)HAh(RhUk — ven) (1) 22(0)-

To estimate Jao, we proceed as in the proof of the previous lemma, and using Lemma 8.1, we have

Jaz = (Prvksm — Vkhan) Ahyl—:h,m)
<AL (Prvk i — vknom) "2 @) 1R U mll 22 @)
2
- Ch

T
< - I llvoll e | AR (Brve = ven)(T) | 22(0-

Canceling we obtain the lemma. a

As a consequence of the two lemmas above and the discrete Gagliardo—Nirenberg inequality (3.14)
we immediately obtain the following result.

Lemma 8.4. Let vy and vy, be the semidiscrete and fully discrete solutions of (3.3) and (3.7), respectively.
Then, there exists a constant C' independent of k and h such that

Ch? T
(B = ven) (Tl 0y < e o g llvollz2@)-
Remark 8.5. The result in Lemma 8.4 is rather interesting and of independent interest. It shows that the
L>(Q) error between the semidiscrete solution and its Ritz projection for piecewise linear elements is of optimal
second order even if the exact solution at a final time T is not in W2°°(Q) as for example in the case if the
domain ) has strong corner singularities. This in particular shows a well-known fact that the presence of corner

singularities is essentially an elliptic problem.
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Similar to the results in [32], it also can be used to show a superconvergent result for the gradient. Thus for
N = 2 using the discrete Sobolev inequality

Vx|l @) < Cllnh|Y2(|Apx| r2q), for all x € Vi, (8.3)

we also have the following superconvergent estimate
Ch? T
IV(Rprvr — Ukh)(T)||L°°(Q) < WHH h|1/2 In E||U0HL2(Q)~

8.1. Proof of Theorem 3.12
Adding and subtracting Rjvy, we have

|(vk — ven)(T, o) | < [(Rpvi — ven) (T, z0)| + |(vi — Rpvi) (T, z0)|-

From Lemma 8.4 we have T
|<thk — Ukh)(T, $0)| S C(T)h2 In EH’UOHLZ(Q)'

Using the pointwise interior elliptic results from [29] we have
(06 = Ruon)(Te0)| < Clla bl xain [04(T) = x|z (3,00 + Cd ¥ [0k = R (T) 200

< Ch2 | h[[ve(T) w2 (Ba (o)) + Ch2d™ % or(T) 125
< CR2 [ h||or(T) | 14 (Baag)) + Ch2d™ % || Avi(T) || 120
< CR2 || Avk(T) 2 + Ch2d™ % || Avg(T) || 20

< OR?[Inbl[| A% (T) | 120y + Ch2d™ % | Avg(T)]| (o)

< Cn (T2 h| +d= 5771 [og] 120,

where we used the embedding H*(By(z¢)) — C?(Bg(xo)), the interior regularity result ([12], Chapt. 6.3,
Thm. 2) and convexity of .

9. ALGORITHMIC TREATMENT

This section is devoted to the algorithmic solution of the sparse initial data identification problem under
consideration. Let us first note that by Theorem 4.7 we can look for a minimizer G, in the space My, consisting
of linear combinations of Diracs concentrated in the interior nodes N}, of the mesh, i.e.

Gen = Vknibx.,
z; €N,

where 7y, € R#Nn is a vector of optimal coefficients. Thus, the fully discrete problem (4.5) can be equvalently
reformulated as a finite dimensional problem (of dimension #A/},) in the coefficients g, with an [; regularization
term leading to

2 #N,

... 1
Minimize — E Vih,iSkh(0z,) — Uq +a E Vinil,  Ykn € RFNe,
im1

fEieNh

L2(©)

This problem can be solved by a variety of efficient solution algorithms, e.g. semi-smooth Newton methods, [25],
or FISTA, [2]. However, a direct application of finite dimensional optimization algorithms to this problem
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may lead to mesh-dependent methods, whose convergence behavior critically depends on the fineness of the
discretization. In contrast, we employ an optimization algorithm, which can be described on the continuous level,
as a solution algorithm for the problem (2.1). This algorithm can be then directly adapted to the discretized
problem (4.5). Since the convergence properties of the presented algorithm can be analyzed on the continuous
level, see [33], one expects mesh independent behavior for the discretized problem, which is also confirmed by
our numerical results.

We propose a version of the Primal-Dual-Active-Point (PDAP) method from [33] which iteratively generates
a sequence of finite linear combinations of Dirac delta functions. The algorithm on the continuous level is
briefly described and its convergence properties are summarized below. Given an ordered set of finitely many
points A = {x;}X, define the parametrization

Qu: RFA = M(Q), B Bida,
z, €A

as well as the finite dimensional subproblem
Minimize j (Q4(8)), 8 € R¥A. (9.1)

We initialize the proposed algorithm with a sparse initial iterate g9 € M(Q), #suppqy < oo. Further we
set My = j(qo)/c. In the n-th iteration, a new support point Z" € Q is determined based on the violation of the
condition (a) in Corollary 2.6 by the current adjoint state 2™(0) = S*(Sq, —uq). Subsequently, the new iterate is
found as g, 11 = Qa, (8" ") where 37+ € R#4» is a solution to (9.1) for A = A,,. Thus, the method alternates
between updating the active set A, by adding Z" to the support of the current iterate ¢, and computing a
minimizer of j over M(A,,). The procedure is summarized in Algorithm 1. Note that the support of g, is pruned

Algorithm 1. Primal-Dual-Active-Point method.
1. Choose qo € M(), #supp go < 00. Set n =0 and Mo = j(qo)/c.
while ®(g,) > TOL do
2. Compute 2, (0) = S*(Sqn — ua) € Co(€2). Determine " € argmax, g, |2 (0, ).
3. Set A, = supp ¢, U {2"} and compute a solution A" to (9.1) with A = A,,.
4. Set g1 = Qua, (B"), n=n+1.
end while

after each iteration i.e. Dirac delta functions with zero coefficients are removed from the iterate. Additionally,
we observe that Algorithm 1 is monotonous, i.e. j(¢n+1) < j(gn), and thus also [gn||arq) < Mo for all n € N.
To monitor the convergence of the algorithm we consider the primal-dual-gap functional ®: M(Q) — R, which
is defined as

®(q) [(2]](0), ¢ — 0¢) + allqllm) — alldglame)]  where  2[g](0) = S*(Sq — ua).

= max
16gll a2y <Mo
This is justified by the following lemma, see Lemmas 6.12 and 6.41 from [33].

Lemma 9.1. There holds ®(q) > 0 for all ¢ € M(QY) with equality if and only if ¢ = q is the optimal solution
of (2.1). Furthermore we have

i(q) —3(q) < ®(q) Vg e M(Q).
Let {qgn} denote the sequence generated by Algorithm 1. Then we obtain
P(gn) = Mo([|zn(0)llco) — )  where  2,(0) = S*(Sgn — ua), (9.2)

forn > 1.
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We point out that, due to (9.2), the primal-dual-gap ®(g,) can be cheaply computed as a byproduct of
step 2.

The following theorem, see Theorem 6.43 from [33], provides two convergence results. For the general case we
obtain sub-linear convergence of the the cost functional. Under Assumption 6.1, we obtain linear convergence
for the functional, positions of the Diracs and for the corresponding coefficients.

Theorem 9.2. Let the sequence {q,} C M(Q) be generated by Algorithm 1 starting from qo € M(Q). Then we
have _ o
i(q0) — j(@)

niia (bn 07 .n_'7<
Gn =@, P(gn) =0, jlgn) —3(q) < Lton

for alln € N and a constant ¢; > 0. If Assumption 6.1 holds, then § = Zfil @55 and there exist R, ¢y > 0,
¢ €(0,1) with

K
Supp qn - UBR(:EZ% BR(QZ)OBR(:E]) :@7 SUPP(]ntR(fz) 7&@7 17]: ]-727"'7K
=1
as well as
o) = 5@+ e, {lao (Brl@) =B+ mox o= < el
i=1,...,K TEsupp ¢nNBR(Z;)

for all n € N large enough.

We emphasize that the adaption of Algorithm 1 to the discrete problem (4.5) is straightforward. In detail, we
replace the control-to-state operator S by its fully discrete counterpart Sk, and compute z,?,’fo = S5 (Skngn—ua)-
Moreover, in view of Theorem 4.7, the search for the maximizer ™ in step 2 can be restricted to the set of
interior nodes NVj,. The new coefficient vector 5" is then found as solution to the finite-dimensional subproblem

Minimize jx, (Qa,(8)), B € R#An. (9-3)

Note, that the support of ¢, usually consists of only few points, i.e. the dimension of the subproblem (9.3) is
small the this subproblem can be solved efficiently by existing finite dimensional algorithms. In our numerical
realization we use the semi-smooth Newton method for the solution of (9.3).

10. NUMERICAL EXAMPLES

The final section is devoted to the presentation of numerical experiments which serve to underline the prac-
tical applicability of the proposed sparse control approach as well as to verify the derived theoretical results.
Throughout the section, the spatial domain is given by the unit square Q = (0,1) x (0,1) and the final time is
set to T'= 0.1. All arising discrete optimal control problems are solved by an adaptation of the PDAP method,
Algorithm 1, as described at the end of the previous section.

10.1. Identification of point sources

First, we aim to identify a sparse source term ¢' = —106,, + 256,, from noisy observations of u(T) = S(g).
The time interval (0, T is uniformly partitioned into M = 256 subintervals, the spatial domain {2 is divided into
triangles with h ~ 4 - 1073, see the description in Section 3. We emphasize that the support points z; and o,
respectively, correspond to nodes of the triangulation. For the discretization of the state equation a ¢G(1)dG(0)
(i.e r = 0) approximation is considered. The observations are given by wu.ys = Sgn(¢') + 6 where § € L?(Q) is a
given noise term with ||Sq" —ubs|| 22 /|15 || 22y ~ 18%. We plot ugps alongside ¢f in Figure 1. To reconstruct ¢'
from the given final time observation we propose to solve (4.5) with ug = ueps. For the described example we
empirically determine o« = 0.001 as a suitable regularization parameter. Applying the Primal-Dual-Active-Point
method to (4.5) yields a reconstruction g, € M, with # supp gk, = 3. By a closer inspection, two of its support
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FIGURE 1. Inverse problem setup, (A) Reference source ¢'. (B) Noisy observation wgps.

points are located in adjacent nodes of the triangulation. A possible explanation for this clustering of support
points is provided by Theorem 4.7. More in detail, a spike appearing in a discrete optimal solution ¢ & My,
at an off-grid location will appear as several nodal Dirac delta functions in the projected solution Apqg. For
a better visualization of the results we replace the Dirac delta functions associated to the clustering support
points by a single one of the same combined mass located at the center of gravity of the original positions. The
post-processed measure is depicted in Figure 2 together with gljh,o = S5 (Skndrn — uq)-

As predicted by Corollary 4.11 we have |2:h’0(£17)| < «a for all x € Q and equality holds at the support
points of gxx. Moreover, we also plot the final state Si(g!) corresponding to the initial source ¢' as well as the
reconstructed final state Sip(Grr). We see that the proposed sparse control approach together with the lumping
of clustering support points recovers the main structural features of the source ¢'. In particular, we point out
to the correct number of points sources as well as quantitatively reasonable estimates of their locations and
coefficients. Note that we cannot expect the exact recovery of ¢' due to the appearance of the noise term § as
well as the nonzero regularization parameter o. We specifically stress that supp gx, N supp ¢t = 0.

10.2. Space refinement

Next we practically verify the derived a priorierror estimates for the optimal states. Let us first discuss spatial
refinement. To this end we consider ¢cG(1)dG(r) approximations for both r = 0 and » = 1 of the state equation
on an equidistant grid in time with M = 256 steps and a sequence {7;}$_; of spatial triangulations. Here, 7; 1
is obtained by one global uniform refinement of 7;, 1 < i < 5. The desired state ug and the regularization
parameter « are chosen as in Section 10.1. Since no analytic solution for this problem is known we take the
optimal state on the finest spatial grid as a reference @w. On each refinement level, the optimal state gy is
computed using the PDAP algorithm. The convergence plots are given in Figure 3. For visual comparison we
also plot the corresponding rate of convergence as given in Theorem 6.13 without the logarithmic factor. We
clearly see that the computed rates for the optimal states match the predicted order of O(h) for both temporal
approximation schemes.

10.3. Time refinement

In order to verify the temporal error estimate we discretize the state equation again by the cG(1)dG(r)
scheme for both » = 0 and r = 1, on equidistant time grids with 2* steps, i =4,...,8, and a fixed triangulation
of the spatial domain. The desired state u, is chosen as the discrete final state corresponding to the measure ¢f



1178 D. LEYKEKHMAN ET AL.

x10

09} , 09
08| f 08
07 1931 — 07
06} — 06
0.5 e <105
04} i 04 E
o3l O i 03
02} i 02 5
0.1} | 041 y
0 -10
0 02 04 06 08 1
X,

X2
L © N & o o

A

&

%01 o0z 03 04 05 06 07 08 09 1
X1 1
(a) (B)
1 1
B 45
09 09
35
08 08
35
07 3 07
06 25 06
25
S 05 R 05
04 04
1.5
1.5
03 03
1
02 02
0.1 05 04 05
0 0 0 0
0 02 04 06 08 1 0 0.2 04 06 08 1
X, X4
(©) (D)

FIGURE 2. Reconstruction results, (A) Recovered measure ggp,. (B) Initial adjoint state Z,jhyo,
(C) Recovered state Sk (@xn), (D) Reference state Sk (qf).
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F1GURE 4. Convergence results for temporal error, (A) Temporal refinement for dg(0). (B)
Temporal refinement for dg(1).

on the finest discretization. The regularization parameter is set to @ = 0.001. Again, the optimal state on the
finest discretization is considered as reference 4. The computed convergence results for the optimal states are
plotted in Figure 4 alongside the rates of convergence derived in Theorem 6.5. As predicted by the theory, we
observe a linear O(k) rate for dG(0) and a cubic O(k?) rate of convergence for dG(1).
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