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EXPONENTIAL CONVERGENCE OF CARTESIAN PML METHOD FOR
MAXWELL’S EQUATIONS IN A TWO-LAYER MEDIUM

X1A0Q1 DuaNb?, XUE JIANG®? AND WEIYING ZHENGH!*

Abstract. The perfectly matched layer (PML) method is extensively studied for scattering problems
in homogeneous background media. However, rigorous studies on the PML method in layered media
are very rare in the literature, particularly, for three-dimensional electromagnetic scattering problems.
Cartesian PML method is favorable in numerical solutions since it is apt to deal with anisotropic scat-
terers and to construct finite element meshes. Its theories are more difficult than circular PML method
due to anisotropic wave-absorbing materials. This paper presents a systematic study on the Cartesian
PML method for three-dimensional electromagnetic scattering problem in a two-layer medium. We
prove the well-posedness of the PML truncated problem and that the PML solution converges expo-
nentially to the exact solution as either the material parameter or the thickness of PML increases. To
the best of the authors’ knowledge, this is the first theoretical work on Cartesian PML method for

Maxwell’s equations in layered media.
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1. INTRODUCTION

In this paper, we study the Cartesian perfectly matched layer (PML) method for solving the electromagnetic

scattering problem in a two-layer medium:

curlcurl E — K*E =0

npxFE=g

[nxcurlE] =[nx E] =0

lim

P00 JoB(p)

|curl E x n — ikE'|2 =0,

in D, (1.1a)
on I'p, (1.1b)
on 3, (1.1c)

(1.1d)

Keywords and phrases. Cartesian perfectly matched layer, exponential convergence, electromagnetic scattering problem,

Maxwell’s equation, two-layer medium.

1
2
3

College of Applied Sciences, Beijing University of Technology, Beijing, P.R. China.

School of Mathematical Science, University of Chinese Academy of Sciences, 100190 Beijing, P.R. China.
Academy of Mathematics and Systems Science, Chinese Academy of Sciences, Beijing, P.R. China.

4 LSEC, NCMIS, Academy of Mathematics and Systems Science, Chinese Academy of Sciences, Beijing, P.R. China.

*Corresponding author: zwy@lsec.cc.ac.cn

Article published by EDP Sciences

© EDP Sciences, SMAI 2020


https://doi.org/10.1051/m2an/2019082
https://www.esaim-m2an.org
mailto:zwy@lsec.cc.ac.cn
https://www.edpsciences.org

930 X. DUAN ET AL.

where FE is the electric field, g determined by the incoming wave, D C R? a bounded domain with Lipschitz-
continuous boundary I'p, D, = R3 \ D the complement of D, B(p) the open ball of radius p and centering
at the origin, and np the unit outer normal to D, to R? , or to B(p) on their respective boundaries. Here [u]
denotes the jump of function u across ¥ := {(x1,z2,23) € R®: 23 =0}, and n = (0,0,1)T is the unit normal
to X. We assume that the wave number k is positive and piecewise constant

ki, fmeRY,
k(””)_{k7 if 2 € RY, (1.2)

where R3. = {(x1,72,23) € R®: +x3 > 0}. Without loss of generality, we assume k_ > ky > 0 in this paper.
For convenience, we scale the system such that the diameter of the scatterer satisfies diam(D) > 1.

The idea of PML is to design a layer of artificial material which attenuates the outgoing waves scattered by
the obstacle. One can truncate the exterior domain into a bounded one and impose homogeneous boundary
conditions on the truncation boundary. In this way, an approximate problem is proposed on the bounded
domain and the approximate solution could converge to the scattering solution exponentially in the region
surrounded by PML. Since the pioneering work of Bérénger on PML method [4], it is extensively studied in
both the engineering and the mathematical communities. In 2003, Chen and Wu proposed the adaptive PML
finite element method for grating problems [12]. Based on a posteriori error estimate, the adaptive method can
determine the thickness of PML automatically and reduce finite element errors quasi-optimally. The adaptive
PML finite element method was extended to accoustic scattering problems [11,13], to electromagnetic scattering
problems [10,17], to multiple scattering problems [24,29], and to grating problems [2,3]. The works show that
adapt finite element method combined with PML provides an efficient way for solving scattering problems in
homogeneous background media.

Generally, the convergence theory of PML method relies on two important aspects:

— exponential decay of the original solution under the complex coordinate stretching, which motivates us to
truncate the exterior domain and use zero boundary condition,

— the inf-sup condition for the weak formulation of the truncated problem, which yields the stability and error
estimate of the PML solution.

Using dual arguments, Bao and Wu proved the exponential convergence of PML method for Maxwell’s
equations in homogeneous media [1]. In [5, 6], Bramble and Pasciak introduced the technique of reflection
extension to prove the inf-sup condition for the truncated PML problem. They studied cartesian PML methods
for both acoustic and electromagnetic scattering problems. For elastic scattering problems, we refer to the recent
papers [7,18] on the PML method. The readers are also referred to earlier papers for theoretical studies on PML
methods [20, 23, 25, 26]. In this paper, we study the Cartesian PML method for electromagnetic scattering
problem in a two-layer medium. Inspired by Bramble and Pasciak, we prove the inf-sup condition for the
truncated problem by combining the reflection extension and the exponential decay of the solution.

Wave propagations in inhomogeneous media are difficult for both theoretical analysis and numerical compu-
tation [19,22]. One typical application of this study is to layered media. For homogeneous media, the Green’s
function usually contains a factor e*? where p denotes the distance function. This term leads directly to the
exponential decay of the Green’s function when we replace p with the complex stretched distance p and let
Im p — +o00. While for two-layer media, the Green’s function comprises emitted waves from the point source,
reflected waves by the interface, and transmitted waves through the interface. It is usually written in the form
of Fourier integrals from which one can not derive the attenuation factor directly. In [15], Chen and Zheng
proved an equivalent form of the Green’s function for two-dimensional (2D) Helmholtz equaiton in a two-layer
medium by the Cagniard-de Hoop transform [16,19]. The new form contains a factor €*#*, ¢ > 1 which decays
exponentially when replacing p with p and letting Im p — +o00. They established the stability and exponen-
tial convergence of the PML method. More recently, they extended the results to circular PML method for
three-dimensional (3D) Maxwell’s equation in a two-layer medium.
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In practical computations, uniaxial PML method or Cartesian PML method is preferable to circular PML
method when dealing with anisotropic scatterers or when subdividing the domain into finite element meshes.
However, its convergence theory is still absent in the literature for Maxwell’s equation in two-layer media. The
objective of this paper is to fulfill this task. The contributions of this work are listed as follows.

(1) We prove that the original solution is attenuated exponentially in PML. The key ingredient of the proof
lies in the analytic continuation of the Cagniard-de Hoop transform from real coordinates to complex
coordinates. Since the medium parameter of Cartesian PML in one axis direction degenerates in the others,
the extension of theories from circular PML to Cartesian PML method is nontrivial.

(2) We prove the stability and exponential convergence of the PML solution. We develop new techniques to
prove the well-posedness of Maxwell’s equation under anisotropic coordinate stretching. The proofs are
simpler than those in [16] for circular PML.

The layout of this paper is organized as follows. In Section 2, we introduce some Sobolev spaces and trace
operators and present the dyadic Green’s function in the two-layer medium. The well-posedness of problem (1.1)
is also cited from the literature. In Section 3, we propose the Cartesian PML and present the main result of
the paper. In Section 4, we prove the exponential attenuation of the stretched Green’s function by the analytic
extension of the Cagniard-de Hoop transform. Based on this and the analytic extension of the Stratton-Chu
formula, we prove the exponential attenuation of the exact solution in PML. In Section 5, we prove the well-
posedness of the exterior problem of modified Maxwell equation under the PML transform. In Section 6, we
prove that the PML problem has a unique solution which converges exponentially to the exact solution.

2. WELL-POSEDNESS OF THE SCATTERING PROBLEM

The purpose of this section is to introduce an integral representation of the scattering solution. It is an
important tool for studying the propagating behavior of scattering waves in the layered medium. Throughout
the paper, we shall always use the convention that, for any £ € C, €!/2 is the branch of the square root /€ such
that Re(£/2) > 0. This corresponds to the left half real axis as the branch cut in the complex plane. This yields

g2 = [ B ERed +2Re§ T isign(me)y/ L= ReE ;Reg. (2.1)

2.1. Sobolev spaces and trace operators

First we introduce some Sobolev spaces and trace operators which will be used in this paper. For a domain
) C R?® with Lipschitz continuous boundary T' = 99, let L?(Q) be the space of square-integrable functions,
H'(Q) c L?(Q) the subspace whose functions have square-integrable gradients, and H (curl, Q) ¢ L*(Q) the
subspace whose functions have square-integrable curls. Throughout the paper we denote vector-valued quantities
by boldface notation, such as L*(Q) := L?*(Q)3.

From [8], we have the surjective mappings

i HY(Q) — HY(T), o= on T,
¢ : H(curl,Q) — H~Y/?(Div,T), Tu=nxu on I,
vr : H(curl, Q) — H~Y?(Curl,T), yru =n X (u X n) on I,

where Div, Curl stand for the surface divergence operator and the surface scalar curl operator respectively. For
any u € H(curl, Q), it holds that

Div(yyu) = —n - curlu, Curl(yru) =n-curlu on T.

It is known that H~Y/?(Div,T) and H~Y?(Curl,T) are dual spaces.
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For any S C T, the subspaces with zero trace and zero tangential trace on S are denoted respectively by

HEQ) :={vec H(Q):ywv =0 on S},
Hg(curl,Q) := {v € H(curl,Q) : v =0 on S}.

In particular, the conventional notations will be used
Hj(Q) := HL(Q), Hy(curl, Q) := Hr(curl, Q).

2.2. Dyadic Green’s function

Let G(k;x,y) be the dyadic Green’s function for the electromagnetic scattering problem. It satisfies the
time-harmonic Maxwell’s equation

curlcurl G(k; ,-) — k3G(k; x,-) = 0,1 in R3, (2.2a)
[vi(curlG)(k; 2, )] = [(vG)(k; @, )] = 0 on ¥, (2.2b)
lim Iy (curl G) (k; z, ) — ikG(k; z,-)|° = 0, (2.2¢)
P2 J8B(p)

where 6, (y) = 6(Jz1 — v1])d(Jxa — y2])d(|zs — y3|) stands for the Dirac source at € R and I is the 3 x 3
identity matrix. From [16] (also see [21,27]), we can write G with the Hertz tensor H as follows

G(k;z,y) = H(k;x,y) + k1 °Vy divy, H(k;2,y)  Vy € RY. (2.3)

Here H satisfies the Helmholtz equation in matrix form

AH(k;x,-) + k1H(k; 2, ) = —06,1 in R3, (2.4a)
[H(k;x, )] = [v(curlH)(k;z,-)] =0 on X, (2.4b)
[k=2 divH(k;z,)] =0 on X, (2.4c)
OH(k; , - ?
lim MK ) e Hksa, )| = 0. (2.4d)
p—00 aB(p) an
Let ®(w;x,y) := ji:‘l:::/“ be the fundamental solution of the scalar Helmholtz equation

Ad(w;zx, ) + W’ P(w;x, ") = —0g in R3

with constant wave number w > 0. It is well-known that ®(w;x,y) stands for waves emitted from the point
source at . Due to the presence of the interface X, the point source has a reflection ®(w;«’,y) where ' =
(x1, 22, —x3) . Define the double source tensor by

O(kysx,y) — Py, y) if x3>0, y3>0,
Sk;z,y) =1Ix ¢ ®(k_;x,y) — P(k_;2',y) if x3<0, y3 <0, (2.5)
0 elsewhere.

The residual P := S — H is called the perturbation tensor. The analytic forms of IP are presented in Appendix A.
Both ®(k4;x, ) and ®(ky;x’,-) satisfy the Helmholtz equations in homogeneous material. The treatment for
S is easy and standard. While the form of P is complicated and need elaborate analysis.

Now we cite Lemma 2.1 of [16] to estimate the singularities of P and its partial derivatives. From (2.5) and
the definition of @, S satisfies the same estimates as PP.
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Lemma 2.1. There exists a constant C > 0 depending only on ki such that, for any z,y € RY, n=0,1, and
J=12,3,

n

an —n—1 .
. . < — .
|8x;‘ P(k;x,y)| + o7 Plk;z,y)| < C (1 + |z — vy ) if z3y3 <0, (2.6)
O ks, y)| + | 2Pk 2, y)| < c(1+ |z — '|‘”‘1) if 233 > 0 (2.7)
&’E? LY 3y}l LY > Y 3Y3 . .

2.3. Integral representation of E

For completeness of the paper, we cite Theorem 2.2 of [16] to give the well-posedness of the scattering problem
(1.1).

Theorem 2.2. For any g € H71/2(DiV,FD), (1.1) has a unique solution. For any bounded domain Q C D.,
there is a constant C' depending only on k, Q0 such that

1B e curr,0) < C 9l g-1720iv,rp) - (2.8)

For any pu, A\ € H —1/2 (Div,T'p), we define the Maxwell single-layer and double-layer potentials as follows

W (1) () = / G (ks 2, ) u(y) Sy, (2.9)
Ty (V) () = / vr(eurly G)T (k;z, y) Ay) dS,. (2.10)

By Section 12.4.3 of [27], E admits the integral representation
E(x) = $s(p)(x) + ¥pr(g)(z) Ve D, (2.11)

where g = v F and p = y;(curl E) are the Dirichlet and Neumann traces of E on I'p respectively.

3. THE PML PROBLEM

This section presents the main result of the paper, namely, the stability and exponential convergence of the
Cartesian PML method. Unlike circular PML which stretches the vector norm ||, the Cartesian PML stretches
three coordinates =1, x3, x3 independently.

3.1. Cartesian perfectly matched layer

For any positive triple index I = (I1,1s,13), let By := {(x1,z2,23) : |x;| <l;, i = 1,2,3} be the open cuboid
which contains D and define Iy ;= 9B; and ; := B;\D.

Let L be a given positive triple index such that Br contains D and the scattering field in By, is interested.
The Cartesian PML is realized by means of complex coordinate stretching

Zj=a;+(1+ i)oo/ o(t/L;)dt, j=1,2,3, (3.1)
0
where o > 0 is the constant medium parameter and o € C*(R) is defined by
0 ittt <1,
o(t) =< 8(T—4t)(jt| —1)* if 1<t < 1.5, (3.2)
2 if |t| > 1.5.

It is easy to see that the complex stretching F(z) := & is C?-smooth. Hereafter, both F(z) and & will denote
the same vector.
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Remark 3.1. The definition of o(t) can be more general. Here we just choose one case that o is even and defined
by a third-order polynomial in [1,1.5]. Moreover, the requirement that ¢ = Constant in (—oo, —1.5] U [1.5, 400)
is in favor of defining reflection extension in Section 6.

The Jacobi matrix and the Jacobi determinant of F'(x) are given by
B:= DF = diag(ai, az, a3), J = det(B) = agazas, (3.3)
where
a; =1+ (1+1i)8;, Bi(z;) = ooo(z;/L;), j=1,2,3.

Clearly B and J are C'-smooth. Moreover, Re a;j > Im a5, which is useful in proving the stability of the solution
of the stretched Maxwell equation in R?. We extend the distance functions analytically from real coordinates
to complex coordinates

3

r@.9) = [0 + - )]

3.2. Analytic extension of G

The analytic extension of S(k;&,¥y) is defined by replacing x, y, | — y| with &, g, and p(&,¥) in (2.5)
respectively. The analytic extension of P(k; &, g) is defined by replacing

oy, V(- n)?+ (w2 —y2)?, ol + sl |z -yl
in (A.12)—(A.14) respectively with
z g, (@), @)+ @)
Therefore, we obtain the analytic extension of the Hertz tensor
H(k; 2, 9) = S(k; 2, 9) — P(k; 2, 9). (3.4)
Similar to (2.3), the analytic extension of the dyadic Green’s function is defined by
G(k; &, y) = H(k; &, §) + k1> Vy divg H(k; 2, 9) Va,y € R3, (3.5)
where Vj denotes the gradient operator with respect to ¥ and divy the divergence operator with respect to ¥.
3.3. Analytic extension of the scattering solution

Now we define the analytic extension of the scattering solution E. In view of (2.9) and (2.10), we define the
analytic extensions of the single-layer and double-layer potentials as follows, for any pu, A € H —1/2 (Div,T'p),

Wor (1) (%) = / G (k; &, y)(y) dSy, (3.6)
WL (N (&) = /F vr(eurly G)T (k& ) A(y) dS,. (3.7)

The analytic extension of E is defined by

E(z) = ¥gr(yi(curl E)) (&) + ¥pr(g) (@) Va e D.NRL. (3.8)
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3.4. The modified Maxwell equation

Under the complex stretching, we define the stretched gradient, curl, divergence, and Laplace operators
respectively as follows

?v =BTV, ? xu:=J 'Beurl(Bu), (3.9)
Veou:=J  div(JB lu), Av:=J ldiv(A~1Vv),
where the coefficient matrix A is defined by
A:=J'"B'B=J 'diag (of,03,03) . (3.10)
For two functions £(Z) and n(&), it is easy to see that v :=¢ o F, u := no F satisfy
Vo=Vzl, Av=V.-(VE), V-u=Vz-n Vxu=Vzxn. (3.11)
Lemma 3.2. For any fized x € R}, G(k;x,y) satisfies the stretched equations
V xV xG(k;z F()) — E2G(k; &, F(-) = J 16,1 in R3, (3.12)
[n x B G(k; &, F()] = [[n x BTV x G(k;:z,p(-))]] —0 on . (3.13)

Proof. Equation (3.12) follows directly from (2.2a) and (3.9). It is left to show (3.13).
For any fixed € R, write Jo(z, ) := [G(k; z, )] and Ji(z,-) := [(curly G)(k;,-)] on X. From (2.2b), we
have n x Jo(z,:) =n x Ji(z,:) = 0 on I. Since & = F(x) is C%-smooth, we have

nXxJo(&,)=nxJ(&)=0 on X.
Similarly the smoothness of F'(-) implies
nxJo(z, F(-)=nxJi(z,F(-)=0 on X.
Let J;; be the entries of Jo. The equality n x Jo = 0 is equivalent to

Jin Ji2 Jis
Jor Jo2 Jaz | (&, F(y)) =0 VyekX
0 0 0

Since B is diagonal, it follows that

Bi1Ji:n BiiJiz Biadis
n X BTJ()(&}, F()) = B22J21 B22J22 B22J23 (53, F()) =0 on Z, (314)
0 0 0

where By, Boo are diagonal entries of B. Similarly we obtain
nxB'J (2, F(:)=0 on X. (3.15)

Note that (curly G)(k; &, y) is obtained by taking the curl of G(k;-,-) with respect to the second argument
and evaluating curl G at (Z,g). It equals to taking the curl of G(k; &, y) with respect to §. Therefore, we have
)

(
Ji(@,9) = [(curly G)(k; Z,9)] = [curly G(k; @, 9)] VyeX.
Since B is C''-smooth, using (3.11), we find that

B'J. (&, F(-)

~—

—BT [@ x G(k;:ﬁ,F(-))H - HBT@ x G(k;&:,F(-))]] on .

The second equality of (3.13) follows directly from (3.15). Similarly, from (3.14), we also have
[n x BTG(k; &, F(-))] =0 on . The proof is completed. O
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Remember that the Hertz tensor H satisfies (2.4). By arguments similar to the proof of Lemma 3.2, we can
also show that the stretched Hertz tensor H(k; &, y) satisfies

AH(k; &, F(-)) + K2 H(k; &, F(-)) = —J 6,1 in R3,
[H(k; 2, F(-))] = [[n x BTV x H(k;:b,F(-))]] ~0 on ¥,
[[k*QVH(k;@,F(.))]] =0 on .

The details are omitted here.

In view of (1.1) and by arguments similar to the proof of Lemma 3.2, we find that the stretched solution
E(z) = (FE o F)(x) satisfies

VXxVx(EoF)—ki(EoF)=0 in D.NR%,
[nxBT(EoF)]| Z[[nXBTVX EoF)]] 0 on %,
wWEoF)=g on I'p.

Define E := BT E o F. Since the Jacobian determinant J is C'-smooth, we have
[[n X AcurlE’]] =J! [[n x BTV x (EoF)]] =0 on X.

Since F(x) = x for any € I'p, the relations in (3.11) show that E satisfies

curl(AcurlE) — kK*’A™'E =0 in D.NR3, (3.16a)
[{%(A curl E)]] - H%EH =0 on ¥, (3.16b)
wE =g on I'p. (3.16¢)

3.5. The main result

The modified problem (3.16) is still proposed on unbounded domain. The essence of the PML method is to
solve the modified Maxwell equation on a bounded truncation domain.

Let I = (l1,1s,13) satisfy [; > 3L;, j = 1,2,3, and define ; = By N D,. The approximate problem of (3.16)
is proposed on €; as follows:

curl(Acurl E) — k’A7'E =0 in O NRY, (3.17a)
[[’yt(AcurlEA)H = II%EAH =0 on XNy, (3.17b)

wE =g on I'p, (3.17¢)
E=0 on Ty:=0B. (3.17d)

Now we present the main result of this paper, which states that, E converges exponentially to the scattering

solution E in Qp, as |l] — 4o00. The proof of Theorem 3.3 will be given in Section 6.2. For convenience, we
define

Lmax - maX(Lh L2a L3)7 lmax == max(ll, 127 13)7 lmin - min(lla 127 ZS)
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Theorem 3.3. Suppose oy > 5 and g € H_1/2(D1V,I‘D), and lj > 3L;, j = 1,2,3. There exists a constant
C1 > 0 independent of L and oo such that, when lyin > Crodt and lpax > 7k_k;1Lmax,

~ the PML problem (3.17) has a unique solution E € Hry,(curl, ), and
— there ezists a constant C' > 0 independent of og and l such that

b EH < Co2lL e~ OThroodens o)
H H(curl,Qr) - 0 max H ||H (Div,I'p)?

where dpmr, := lmin —

Luax 18 the thickness of the PML, and E s the solution of (1.1).

Remark 3.4. The requirements for [; > 3L; and ¢ = Const. in (0.5lj, lj) will be used in defining the reflection
extension in Section 6.1.

4. EXPONENTIAL ATTENUATION OF E(&)

The purpose of this section is to prove that E(&) decays exponentially as |x| — +o0. First we prove some
important estimates on p(&,y) and G(k; &, y). Write

p:p(mvy)7 T:T(ﬂf,y), Z =13 — Y3, (4 1)
[3:[)(59,’!:[), 7::76(:;’.7g)5 2:-’%3_535
for convenience. We also use the notation
d(z,y) := max |z; -yl (42)

4.1. Useful estimates on p(Z,y)

Since o > 0, it is easy to see

T
(2 —y;) Im(Z; — ;) = oo(z; — yj)/ o(t/L;)dt >0, 12,3,
Ys
Use the convention in (2.1), we know that

0<Im7r < Rer, 0<Imz <Rez, 0 <Imp < Rep.

Since Re(z; — 7;) = z; — y; + Im(Z; — ;), we have

Rei? < Rep?,  Im# <Imp?, iI? = |7

Lemma 4.1. Assume o9 > 5 and |z;| > |y;| for j =1,2,3. Then
- Zfl'j — yj Z 4Lj, Im(ij - gj) Z O.680’0((Ej - yj)7

- iij — Yy Z 6Lj, Im(i"] — Zj]) Z 1.10’0(33j - yj), fOTj = 1,2,3.
Proof. We only prove the case of j =1 and x1 — y1 > 4L;. The proof for x; —y; > 6L; is similar and omitted

here. In this case, we have 21 > 2Ly and Im#; = 0¢(2z; — 2.5L1). Now we prove the inequality for different
ranges of y;.

— For y; > 1.5L1, we have Im(Z1 — §1) = 200(x1 — y1).
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— For yy € [L1,1.5L1], we have

Im(Z; — §1) > 200(x1 — 1.5L1) > 1.500(x1 — y1).
— For y; € [-1.35L1, L1], we have

Im(Z; — 1) > Im 3y = 0o[2(x1 — y1) + 2y1 — 2.5L1] > 0.70¢(z1 — y1)-
— For y; € [-1.5L1,—1.35L4], we have
Im(Z1 — 91) > 00(221 — 2.5L1) + 0.220¢ > 0.680¢(z1 — y1).

— For y; < —1.5L4, we have

Im(Z1 — §1) = 200(x1 — y1 — 2.5L1) = oo(21 — y1).

We conclude that Im(Z1 — 71) > 0.680¢(x1 — y1) for all cases. O

Lemma 4.2. Suppose oo > 5 and that x,y € R? satisfy d(x,y) > 6Lyax. Then
Rep < 2Imp.

Proof. The result is equivalent to Re? 5 < 0.8 5|, From (2.1), we have

3 3
.1 . L L
Re®j < 3 Dol — 3] + Re (@ — 5;)°] = D Re*(@ — §)), (4.5)
j=1 j=1
3
|7°| > Tmp* =2 Re(#; — §;) Im(&; — ). (4.6)
j=1
It suffices to show
3 3

> Re’(#; — ;) < 1.6 > Re(F; — §i;) Im(i; — §)- (4.7)

Jj=1 j=1

We assume z; > |y;|, j = 1,2,3 and 21 —y1 = 'mla§(3|xj —y;| > 6Lmax without loss of generality. By
J=12,
Lemma 4.1 and the assumption that oy > 5, we have

N - N N 11 N N
Im(Z1 — §1) > Lloo(z1 — 41), Im(Z; —91) > - Re(Z1 — 7). (4.8)

Now we consider different ranges of z; — y; for j =2, 3.
- If z; —y; > 4L;, by Lemma 4.1, we have Im(%; — ;) > 0.680¢(z; — y;) and

> 0.6800
— 14 0.6809

17
22

Im(z; — ;) Re(Z; —g;) > o5 Re(Z; — 7). (4.9)

- If Tj—Yj; < OGIm(i'] - gj)a we have Re(fj - gj) < 1611’11(.’,%] - gj) and

Re?(Z; — g;) < 1.6Re(; — §;) Im(Z; — §j)- (4.10)
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- If0.6Im(Z; — g;) < zj —y; < 4L;, from (4.8) we have

64 1024 256

Re®(#; — g;) < j(zj —y;)° < 9 L3 < ﬁ(ﬁﬂl - )’
S 0.09 Re(il - 331) . Im(:il - 331) (411)

Combining (4.9)—(4.11) leads to

3 3
- R L 16 . .
ZRe2(xj —7j) < 1.6ZRe(mj —g;)Im(z; —g;) + 11 Re(Z1 — 91) Im(Z1 — ¢1)
j=1 j=2

3
<1.6) Re(#; — ;) Im(Z; — §;).
Jj=1

The proof is completed. U
Lemma 4.3. Suppose oo > 5 and that x,y € R? satisfy d(x,y) > 6Lmax. Then
Imp > 0.7700d(x, y).

Proof. We assume |z1| > |y1| and 1 — y1 = d(x,y) without loss of generality. From Lemma 4.2 we know that

1 1 1 1
Im?5> ~Rep-Imp=~Imp*> = Im(d; — 41)% > = Im?(Z1 — 7).
2 4 4 2
It follows from Lemma 4.1 that
Imp > - Im(Z, — §1) > 0.7700(z1 — y1) = 0.7700d(x, y).

The proof is completed. |

4.2. Analytic extension of the Cagniard-de Hoop transform

From Appendix A.2, the perturbation tensor is represented by the Cagniard-de Hoop transform. So we have
to extend the Cagniard-de Hoop transform to complex coordinates.

Lemma 4.4. Supposex € R3 andy € R3. For any q > 0, define k1 = x1(0,q) and £4 = ’i} rtEizvit2 —1).
* p

Then .
(k2 —g2y/2 =5 (Zt F iV — 1) .
p

Proof. We only prove the lemma for £;. The proof for £_ is similar. Write
Ay =" Gt—irt), tH=vVE-1
p

It is easy to see A2+ = K2 — fi. Using the convention in (2.1), it suffices to show Re A4 > 0.
From (4.3), we can write p = p; +ipa, ¥ = 11 +ire, 2 = 21 + izg with p; > p2 > 0,71 > r9 > 0, and
z1 > 29 > 0. Then
I
. Re Ay = p1(z1t + raty) + pa(zot — rity) > t1(M — N), (4.12)
1
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where M = py12z1 + p172 + p222 and N = pory. By direct calculations, we find that

1 1
5 (VM= N%) > 5 (ot + p3ed + pind — i)
= |p*||2°| + Rep* Re 2° + Re 2* |#*| + (|| — |p°|) Re 7
> Rep?Re2* + Re 22 |7?| + (|2°| + |7*| — |5*|) Re# > 0.

This implies M > N. Then (4.12) shows Re Ay > 0. O

Lemma 4.5. Suppose 09 > 5 and that x € R}, y € R satisfy d(z,y) > 6Lmax. Define k; = r;(0,q) and
1y = (H? — 52)1/2 for any ¢ >0 and j = 1,2, where
g:ﬁ}@tﬁﬁ¢§if)
p
For ¢ = Z, or ¢ = T3 with x3 > 1.5L3, or ¢ = —g3 with |ys| > 1.5L3,

Im [(p1 — p2)¢] < 0. (4.13)

Proof. From (4.3), we have Re7? > 0, Re 22 > 0, and Re p? > 0. Write
z2=2x3—Y3, p=p1tips, T=r1+iry, Z=2z +iz, ¢=0¢1 +id,

with P1 2 P2 Z O7 T1 Z T9 Z 0, z1 Z Z9 Z O7 and ¢1 Z ¢2 Z 0. MOI‘GOVGI‘, let My = Aj +iBJ with Aj,Bj € R,
j =1,2. Using Lemma 4.4 and (2.1), we have

K
A1 = ﬁ(plzlt + plT’Qtl + pQZQt — pQTltl), (414)
p
K
Bl = |~|12 (plet — ,017’1t1 — nglt — pg?”‘gtl), (415)
p
1/2
2
Ay = % W(k? — 12+ A2 - B2) 4 4AB2 4+ (K2 — k2 4+ A2 — Bf)} : (4.16)
\/§ 3 1/2
|Bs| = - {\/(kQ — k2 + A2 — B?)" +443B7 — (k2 — k3 + A} — Bf)} . (4.17)
Since p3 — p3 = k? — k%, we have
A2 -B3=k*—k1+A7-B}, ABy=AB,. (4.18)
Direct calculations show that
A2 Z A1 Z 07 ‘BQ| S |Bl|7 sign(Bl) = sign(Bg). (419)
In view of Lemma 4.2, we have p; < 2py and deduce that
A — A
Im [(p1 — p2)@] = ¢1(Br — Ba) + dp2(A1 — A) = #(@f‘b — ¢1By)
Al — Ay kit
< g% [p2(d121 + P222) + p1(P2z1 — P122)]
A> |l
A1 — As ket
< ITQ 1~ gl [P222 + P2z1 — P122] - (4.20)
2 gl

If ¢ = 2, (4.20) shows Im [(11 — p2)@] < 0 directly. If ¢ = &3 and x3 > 1.5L3, then
¢222 + ¢221 — ¢122 > (Z,Cd — Imgﬁg) Im§3 = [(1 — 20’0)1‘3 + 2.50’0L3] Im§3 > 0.
So we have Im [(1 — p2)¢] < 0. The proof for ¢ = —g3 is similar and omitted. O
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4.3. Partial derivatives of P(k;&,y) with e =0

In view of (A.15) and (A.16) in the appendix, the partial derivatives of P can be represented with the
Cagniard-de Hoop transform. The derivatives of P(k; &, y) with respect to &,y can be obtained by replacing
@,y with &,y in the corresponding derivatives of P(k; x,y) with respect to «,y, namely,

am+n 8m+nP
—Pkz,y)=|=—— | (k;2,9y 1<4,7<3 > 0.
aipayy 0V =\ Gapayy | 5BV LTSS mnz

For example, replacing «,y with &, ¢ in (A.15) and (A.16), we get the explicit expressions of

M Py (k; &, 9) O Py (k; 2, 9)
ozl oz ozy 9y, 05 Oy

On one hand, (A.12) and (A.13) state that the Cagniard-de Hoop representation of P is defined upon an
arbitrary parameter 0 < ¢ < 1. On the other hand, (A.4)—(A.6) imply that P(k;x,y) is actually independent
of the choice of . In this subsection, we are going to prove that, under the complex stretching, the Cagniard-de
Hoop representation of P(k; &, ¥) can be given by taking £ = 0.

Lemma 4.6. For z,y € R}, the partial derivatives of P(k;&,y) are given by setting ¢ = 0.

m
Proof. Without loss of generality, we only prove the lemma for ;ﬂ}—mng(k; Z,y) and for x € Ri, y € R . The
results can be extended straightforwardly to other cases of x,y, to1 other entries of P, and to other derivatives
of P. The details are omitted here.
In the Cagniard-de Hoop representation, we write P(a)(k; z,y) := P(k; &, y) to specify its dependency on e.
Moreover, let P()(k; &, ) be given by setting ¢ = 0 and replacing «,y with &, in (A.7). It suffices to show

9 PO (k,0;2,9) = lim 9

(e) A
a,ign 33 ot 833{” P33 (k,E, Z, y)7 m > 0. (421)

For convenience, let 7, 2, p, v, z, p be defined in (4.1). The analytic extension of the Cagniard-de Hoop
transform is defined by, for any ¢t > 1,

€4(t) = '“(;’Q) (Ft NN 1) L AL = '“i"” <2t FirVE 1) .

Let C be a constant independent of &, g, €, ¢, and ¢. From Lemma 4.3 and (A.9), it is easy to see that

|7l + 12|

€+ ()] + AL ()] < C 7

(k+ + @t < C(ky + g)t. (4.22)

Since Im p? = Im 3, the convention in (2.1) implies
Rep; >0,  Repp >0,  sign(Imy) = sign(Tm pa).
This shows |p — po| < |p1 + po|. Since p? — p3 = k2 — k%, we have
1/2
2 pin K2 oo > K2 o+ o] > K2 — ] > K2 (= ). (4.23)
Replacing @,y with &, in (A.7), we find that, for any z > 2er,

i’"pgg (k; @, g)‘ < Ceb-lvsl / b / Oo[(lu + q)t]m+1M dt dq. (4.24)
6%‘? 0 1 A 12 1
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For e < 1/2, from (2.1) and (A.9), we find that
Im [k1(e, q)p] > Rekri(e,q) - Imp > 0.4(ky + ¢) Im p.

Inserting the estimates into (4.24) leads to

m fe%s) o) m+1
9 P(E)(k'i 9)| < Cek—lysl/ / [(ky + q)t]™" o 0-4Tm 5 (ki +a)t g4 dg.
T o h o J1 t2—1

Remember from (4.3) that Im p > 0. The integral on the righthand side is convergent and independent of €. So
(4.21) follows from the dominated convergence theorem. O

Remark 4.7. In (A.12)-(A.14), the Cagniard-de Hoop representation of P(k; x,y) is only defined for x,y € R3.
satisfying

jws] + lys| = 26/ (21 —y1)2 + (22 — y2)*.

By Lemma 4.6, we can take ¢ = 0 in the expression of P(k; &, 4). Therefore, P(k; &, y) is well-defined for all
z,y € RY.
4.4. Exponential attenuation of G(k; Z, y)
From (3.5) and (3.4), we must first prove the exponential attenuation of S(k; &, §) and P(k; &, 9) as |z — y| —
+00. For convenience, through this subsection, we use
G =25 G+s=Y;, j=123

Lemma 4.8. Suppose oo > 5 and x,y € R3. There is a constant C depending only on k+ and L., such that,
forany 1 <i,5 <6 and m,n >0,

S(k; &, 9)

6m+n
, otherwise.

ooy

6—0.77k+00d($’y)’ if d x, > 6Lmaxa
o { (z,y) >

—m—n—1
[z -y

Proof. Since ®(ky;&,9) = [4mp(&,§)] " Le’*+P(@Y) the lemma follows directly from (2.5) and Lemma 4.3. [

Lemma 4.9. Suppose o9 > 5 and x,y € R3.. There is a constant C' depending only on ki and Lyax such that,
forany 1 <i,5 <6 and m,n >0,

]P)(k;:i,@) m—n—1

am-{-n
|z —y|~ ) otherwise.

¢ acy

ek,ooLge—O.??chraUd(w,y)7 if d(ac,y) > 6Lmax;
<C x

Proof. Without loss of generality, we assume & € R3 | y € R® and only consider the derivatives of P33(k; &, )
with respect to . The results can be extended straightforwardly to other entries of P, to other derivatives, and
to other cases of &, y. The estimates for d(x,y) < 6Lmax follow directly from Lemma 2.1. We only consider the
case of d(x,y) > 6Lyax. Moreover, by Remark 4.7, it suffices to take e = 0 in defining P(k; &, ), namely,

1/2 1/2
m=( ) k=) vezo.
Using (A.15) and the notations in (4.1), we know that
MNP (ke & 4 k2
wliBo§) _ spement 1 @.5) + P_(2.9)]. (4:25)

=l 9rsm 9sn 2
02105024 2m
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where

s~ / / )\l 5 )\ 5 )A”+1 el (§+)—p2(£+)]9s eir1pt i
w .
y + )2 Q£ )4 k2 Hl({:ﬁ:)‘i’k_i_,uz(fi)m q

Let ¢ be the polar angle such that 1 — y; = rcos ¢ and x5 — ys = rsin ¢. We have

A1(€) =E&cosd —igsing, Aa(€) = £sin ¢ + ig cos ¢.

Moreover, 11;(£) = (k2

i 52)1/2 for j =1,2 and {4, Ay are given by

ct)="2 (rt:t i2/12 1) . AL = % (th: i7/12 — 1) .

p
From Lemma 4.4, we know that

pi(€e) = A, po(és) = (k2 — k% —1—1\2)1/2

It suffices to estimate F (&, ¢). Similar to (4.22), there is a generic constant C' independent of &, ¢ such that
A (&) + [A2(E) [ + [€£] + [Ax] < C(k4 + q)t,

Note that g1 — pa|? < ‘,u% — p3| = k2 — k3. If |ys| < 1.5L3, we have

gg S 15L3 + 0.5(70L3 2 + 0.250’2L2 S UoLg.
03

This implies

eilk1 () —p2(€+)]0s
‘ 6k700L3.
k2 pn(€+) + k3 pa(Ex)
If |ys| > 1.5L3, from Lemma 4.5 we have
‘ el (6+)—p2(£+)19s o
< (C.
k2 pn(Ex) + k3 pa(éx) | —

Substituting the estimates into Fy and using Lemma 4.3, we easily get
‘F:I: (:f), ']})| < Cek,aoLgefo.’??kuraod(m,y).
The proof is finished by using (4.25). O

Lemma 4.10. Suppose oo > 5 and that z,y € R3 satisfy d(z,y) > 6Lmax. There is a constant C depending
only on ki, Lmax such that, for any 1 <4,5 <6 and m,n >0,

am+n
8( rocy

(k‘; 52’ '!:I) < Cek,ange—OJ?kJraod(w,y).

Proof. Since G(k;&,y) =H(k; z,9) + k;QVg divy H(k; @, y) and H =S — P, the lemma is a direct consequence
of Lemma 4.8 and Lemma 4.9. ([l



944 X. DUAN ET AL.

4.5. Exponential attenuation of E(Z)

Now we prove the exponential attenuation of the stretched solution. It is the key step to prove the well-
posedness of the PML truncation problem and the exponential convergence of the PML solution.

Theorem 4.11. Let E be the solution of (1.1) and let E(Z) be the analytic continuation of E(x) defined
n (3.8). Assume oo > 5, g € H Y*(Div,I'p) and let © € R3. satisfy d(z,0) > Tk_k ' Liax. There is a
constant C' depending only on k, L such that

|E(:i)| + |Clll'lj E(dﬁ)‘ < Ce—O.45k+Uod(w,0) ”g”H*l/Q(Div,I‘D) .

Proof. For any y € I'p, since d(y,0) < Lyax, the assumptions of the theorem imply d(x,y) > 6Lyaxk—/k+.
By Lemma 4.10, we have
|curl G(z, .)||H(cur17QL) + ||G(=, ')”H(curmL) < Cek—00Ls 0.7k 100[d(2,0) ~ Limax]

S 0670.45]64_0'0(1(3:,0).
Since ;¢ and yr are bounded, using (1.1a) and Theorem 2.2, we have

[WsL (e (curl E))(2)| < [lye(curl E)||g-12pivrp) 177G (@, M 172 (currp)
< ||CurlE||H(cur1,QL) 1G(2, ')||H(cur1,QL)
<C HEHH(curl,QL) ||G(‘i, ')HH(curl,QL)
< Cem 040kood(@.0) 191l &-1/2(Div,rp) »

where we have used y = y in Q. Similarly, the double layer potential can be estimated as follows

(WoL(g)(@)| < 9llgr-1/2iv,rp) 17 (arlG) (@, )| gr-1/2(cur,r )
< Hg”H*l/Q(DiV,FD) [curl G(z, ')HH(curl,QL)

< O 045k o0d(x,0) ||g||H*1/2(DiV7FD) .

From (3.8), we find that |E(&)| < Ce~0-4%k+o0d(.0) 19/l r—172(Div,rpp)- The estimate for curlz E(Z) is similar
and omitted here. O
5. WELL-POSEDNESS OF THE MODIFIED MAXWELL EQUATION

In this section, we prove the well-posedness of the exterior problem (3.16). It plays an important role in
proving the well-posedness of the PML problem. In Section 3.4, we already know that (3.16) has at least one
solution E := BT E o F where E is the solution of problem (1.1). We shall prove that E is the only solution of
(3.16) in H(curl, D,).

5.1. The stretched Maxwell equation in R3

Given f € LQ(]R‘g)7 we first study the stretched Maxwell equation in the layered medium

VxVxu—kiu=Ff in R3, (5.1a)
[['yt(IB%T@ X u)]] =[wB uw)] =0 on X. (5.1b)
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Lemma 5.1. Problem (5.1) has one solution given by

u(z) = - G(k;9, F(x)) f(y)J(y)dy Vo eRI. (5.2)

Proof. From Lemma 3.2, we know that G satisfies, for any fixed y € R3,
VXV xGk; g, F(-) - F1G(k; g, F(-)) = J 16,1 in RY,
[nx BTG(k; 4, F(-))] = [[n x BTV x G(k;g,F(-))]] ~0 on .

Applying (V x Vx) — k2 to both sides of (5.4) yields (5.1a). Furthermore, we have

[[%(IBBTU)]] = [[n X BT’U,]] = /RS [[n X BTG(]C;Q,F('))]] fy)J(y)dy=0 on 3.

Similarly, we have [[% BTV x u)]] =0on X. O

Lemma 5.2. Let u be defined in (5.2). There is a constant C independent of oo such that

||’u,||L2(R3) + HV X 'U,’ L2®)

Proof. Using (3.5) and (3.11), u admits a splitting
u=w+Ve, ¢:=k’V-w in RL,

where

w(@)= | Hky, F(x))f(y)J(y)dy. (5.4)
R
From (2.4b), H is continuous across . So w is also continuous across X.
From (3.4) and Lemmas 4.8-4.9, we know that
Ce0-bhrood@ ) if  d(x,y) > 6Lmaxk— [k,

H(k; g, z)| + [VaH(k; g, 2)| <
[H(k; g, )| + | (k;g,2)| {C[l—i—d(w,y)_z}, otherwise.

Writing ((,y) = [1 + d(z, y) 2] e~ O6k+70d@¥) we find that

fullyeey < o [ | [ e £l ay | [ cama] ao

<ot [ 5@ [ clawdody < Cof |1 (55
R R
Since V x w(x) = / curly H(k; 9, 2) f(y)J(y) dy, similarly we have
R3
= _ 3
HV % u‘ L2(R3) H w‘ L2(R?) < Oot [ £z sy -

To estimate @qﬁ, we multiply both sides of (5.1a) with J @é and integrate the equation over R®. An application
of integration by part shows that

K2INV¢ -V = —/

J(f + K*w) - Vo.
R3

R3
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From (3.3), the equation can be written equivalently into
3. &
kY J-2L

The real parts of the coeflicients satisfy

Re(Jaj/oy) > 1+ By + Bo+ B3 + 2610203,  j=1,2,3. (5.6)

Therefore, with a constant C' > 0 independent of o, we have

2

¢
0z

= —/ JBBL(f + k*w) -V .
R3

[¥¢|

L O || + k2 w| 2 sy < Cop |1 Fll 2 gay -

Together with (5.5), this finishes the proof. O

5.2. The stretched Maxwell equation in D,

Next we study the stretched Maxwell equation in the exterior domain D.:

VxVxu—kilu=Ff in RYnND,, (5.7a)
[[%(BT? X u)]] = [n®Bw)] =0 on ¥, (5.7b)
Yu =0 on I'p. (5.7¢)

Lemma 5.3. For any f € L*(D,), there exist a function w which satisfies (5.7) and a constant C > 0 inde-
pendent of oy such that

v 6
oo,y + |9 uf < CoRIFlo,)- (58)

Proof. First we extend f by zero to the interior of D and denote the extension still by f. By Lemma 5.1, there
exists a up € H(curl, R?) satisfying

@X@XUO—kin:f in Riv
[ BTV x ug)] = [n(BTuo)] =0 on X,

< 0o [ fllp2 sy = Cog I fll2(p,) -

||UQHL2(R3) + HV X ’U,o‘ L2(8S)

From Theorem 2.2, the scattering problem

curlcurlu; — kiu; =0 in R} ND,,
[vi(curluy)] = [vius] =0 on X,
VU1 = YU on ['p,
lim |curlu; x n — ilfu1|2 =0,
P JoB(p)

has a unique solution which satisfies

||“1||H(cur1,QL) <C H’YtUOHH*l/?(DiV,FD) : (5.9)
Similar to (3.8), the analytic continuation of w; is given by

u1(Z) = s, (i (curluy)) (&) + Tpr, (1 (u1))(2) Va € D.. (5.10)
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We divide D, into D, = Qr U Dy U Dy where
D, = {a: € D\Qyr, : d(x,0) < 7k_k;1Lmax}, Dy = {a: :d(x,0) > 7k_k;1Lmax} )

First we consider the case of € D;. From (3.4) to (3.5), it is easy to see that

IG(k; @, ‘)“LOO(FD) <cC [||S(k;5c, ')HW2’°°(I‘D) + |[P(k; ')”W?vw(FD)} :

Since F(y) = y for any y € I'p, using Lemmas 4.8 and 4.9, there exists a constant C' > 0 depending only on
k+ and Qf, such that

IG(k; &, )| oo (rppy < C [dist(T, Tp) ™" +dist(T'r, Tp) ] < C,
where dist(I't,,I'p) denotes the distance between I'y, and I'p. Similarly, we have

|(eurl G) (ks @, )| o 1 + | (Curleurl G) (ks &, ) < e, < C-
By arguments similar to the proof of Theorem 4.11, we have

|(wr 0 F)(@)| = [ui (@) < Cllvuoll g-1/2miv rp) »

¥ x (ur 0 F)(@)| = eurls u1(@)] < € |90toll g1/ i)

This leads to

lur o Fllgaqpy + [V x (e F)|| < Clivtollir-12mmr) - (5.11)

*(D1)
For any « € Dy, Theorem 4.11 indicates that

[(u1 0 F) ()| + ’@ x (ug 0 F)(l‘)‘ < Qe 048kt o0d(@,0) [vewoll 172 (iv,rp) -

This shows
a1 © Fll g,y + || ¥ x (1 o B)

L2(Dy) <C ”'YtUOHHfl/z(DiV)FD) . (5.12)

c ||u0||H(curl,QL) < 00'8 H'f||L2(Dc)' .

The proof is finished by combining (5.9), (5.11), (5.12) and using the fact that |viuollg-1/2piv,rp)

5.3. The inf-sup condition in D,
To study the weak solution of problem (3.16), we define the bilinear form

Aq(u,v) = / (Acurlu - curlv — k*A™'u-v)  Vu,v € H(curl, Q). (5.13)
Q

For Q = D,, we use the abbreviation A(u,v) = Ap,(u,v).

Lemma 5.4. There exists a constant Csyp > 0 depending only on k, L such that

A(u,v
1wl g (eurt, Doy < Caupp’ sup _AQwv)| Vu € Hr, (curl, D.).
vEHT [, (curl,D.) |v||H(cur1,Dc)
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Proof. Let l,: Hr,(curl, D.) — C be the linear functional defined by
lu(v) = / (curlu - curlo+uw-v) Vv e Hrp,(curl, D).
D.

It is clear that Hl“HHrD(curl,Dc)’ = lull g (cur,p,)- Let Ay: H(curl, D;) x H(curl, D) — C be the bilinear
form defined by

A+(w,v):/ A (curlw - curlv + k*w - v) .
D

c

Consider the weak problem: Find u, € Hr,(curl, D.) such that
Ai(ug,v) =1, (v) Yv e Hpy(curl, D). (5.14)

The real parts of the diagonal entries of A are given by
2

o o oy

J P

‘ 2

(1+2B816203+6;) >0, j=1,2,3.

There is a constant C' > 0 depending only on k such that
= - 2
Re [AJr (U7 ’U)] 2 C'0-0 ? ||v||H(curl,DC) '

So Ay is coercive on H(curl, D.). By the Lax-Milgram lemma, (5.14) has a unique solution. Moreover, there
exists a constant C' > 0 depending only on & such that

”u-‘rHH(curl,Dc) < ng HluHHpD(curl,Dc)/ = CU(QJ HUHH(curl,DC) : (5.15)

Write f := k%(A + A~Y)u, € L*(D.). Recall from (3.9) that, for any v € H(curl, D.) satisfying A curlv €
H(curl,D,),

curl (Acurlv) = JBT'V x V x (B~ Tv). (5.16)

Using Lemma 5.3, there exists a function u; € Hr, (curl, D) such that
curl(Acurlu,) — k3A 'uy = f in RYND,, (5.17a)
[v:(A curluy)] = [yu1] =0 on X, (5.17b)
”ulHH(curl,Dc) < CUS ||J_IBfHL2(DC) < CUS ||u+||L2(DC) : (5.17¢c)

Multiplying both sides of (5.17a) with v € C7°(D.) and integrating by part, we have
A(ul,v):/ fv=10L(w) — Alug,v) Vv e Cy (D).
D.
The denseness of C°(D.) in Hr,(curl, D.) implies
A(ug,v) = ly(v) — A(uy, v) Vv € Hr,(curl, D.).
Clearly w := uq +u4 € Hr,(curl, D.) and satisfies

A(w, v) = 1, (v) Vv € Hr,(curl,D,), (5.18a)

||w||H(cur1,Dc) < CUS ||u+HL2(DC) = 0060 ”uHL?(DC) : (5.18Db)

Since A(,-) is symmetric, using (5.18), we obtain

vy MA@l e @] Pl
'UEH[‘D(CUI‘LDC) ||Iv||H(CuI‘l7DC) - ||wHH(cur1)Dc) Hw”H(curLDc) B OO’(%O

This completes the proof. (Il
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5.4. The well-posedness of problem (3.16)
Now we are ready to prove the well-posedness of problem (3.16). Multiplying both sides of (3.16a) with any
v € Ci°(D,.) and using integration by part, we get
A(E,v) = 0.

Since Cy°(D..) is dense in Hr,(curl, D.), the equality holds for all v € Hr,(curl, D.). Therefore, a weak
formulation of (3.16) reads: Find E € H(curl, D,) such that v+ E =g on I'p and

A(E,v)=0 Vv € Hr,(curl, D.). (5.19)

Theorem 5.5. For any g € H™Y/*(Div,T'p), the exterior problem (3.16) or the weak problem (5.19) has a
unique solution in H(curl, D.) which is just E := BT (E o F) where E is the solution of problem (1.1).

Proof. Clearly Lemma 5.4 shows that (5.19) has a unique solution. Any solution of (3.16) also satisfies (5.19).
So the solution of (3.16) is unique in H(curl, D,). Since E := BT (E o F) € H(curl, D,) satisfies (3.16), it is
just the unique solution of (3.16), or equivalently, the unique solution of (5.19). ([l

6. THE WELL-POSEDNESS AND EXPONENTIAL CONVERGENCE OF THE PML PROBLEM

The purpose of this section is to prove the main result of this paper, that is, Theorem 3.3. Multiplying both
sides of (3.17a) with v € Hy(curl, ;) and using integration by part, we obtain an equivalent weak formulation
of the PML problem (3.17): Find F € H (curl, ;) such that wE =g on I'p, wE =0 on T';, and

Ao, (E,v) =0  Ywv e Hoy(curl, Q). (6.1)
The well-posedness of (6.1) depends greatly on the inf-sup condition for Ag,.

6.1. The inf-sup condition for Agq,

To prove the inf-sup condition, we adopt the technique of reflection extension introduced by Bramble and
Pasciak [5].

Lemma 6.1. For any u € Hgy(curl, ), there exists an extension u. of uw to Q5 such that u. €
H(curl, Q4 5) and
”ue”H(curl,Ql_sl) < 2\@ ”u”H(curl,Ql) : (62)

Proof. Let e; be the unit vector in the z;-direction and define the reflection operators
Rjv=2v-e;)e; —v, j=1,2,3. (6.3)
The mirror mappings with respect to z; = £l; are defined by
Mz =2+l —xj)e; + @, j=1,2,3. (6.4)

It is easy to see that
Rjv x e; =—v X e;. (6.5)

Moreover, we have the commuting diagram

curlei(w) [(Rjv) o (MF)™!] = — [Rj(curl, v)] o (MF) 7L, (6.6)
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Now we extend u sequentially to sub-domains of Q.51 For @ € Q1.5, 1,15, define

(Rlu) ((Mir)_lw) if x € (117 1.514),
ue(x) = ¢ (Riw) (My)te) if a1 € (—1.50, —1),
u(x) otherwise.

For x satisfying —1.5]1 < z1 < 1.51; and —l3 < z3 < l3, define

{(Rgue) ((M;)_laz) if T2 € (12, 1.512),

U7\ (Raw) (M3) ) it a2 € (~150a, L)

For x satisfying —1.5]7 < x1 < 1.5]; and —1.5l5 < x9 < 1.5l5, define
(Raue) (MF) ) if a3 € (I3, 1.503),
ue(®) = {(R3ue) ((Mg)_lw) if x3 € (—1.5l3,—l3).
Since v;u = 0 on 9 and the mirror mappings are continuous, the equality (6.5) implies
[vtte] =0 on 0.
Together with (6.6), we have u. € H(curl,Q 5) and get (6.2). O
Let Lo: H(curl, ) — (Ho(curl,2))" be the linear operator defined by
(Lau,v) = Ag(u,v) Vv € Hy(curl, Q). (6.7)

It is easy to see that

[Aa(u, v)|
ILowll g1y (curt,0) = sup . (6.8)

vEH((curl,2) HUHH(curl,Q)

Lemma 6.2. For any u € Hy(curl,$Y;), let u. € H(curl, Q. 5) be the extension of u given in Lemma 6.1.
Then

”EQLmue”[Ho(curl,Ql‘m)]’ <2v2 ||£QLU||[HO(CM1,QL)]' : (6.9)

Proof. Let R;, /\/l]jE be defined in (6.3) and (6.4). Given a function ¢ € Hg(curl, 4 5;), we define ¢ as follows,
for any x € B 5,

(R3¢) (./\/l;'x) if x3€ (().5[3,[3)7
¢3(x) = ¢ (R39) (M3 x) if 3 € (—I3,—0.53),

0 otherwise.

Similar to (6.5) and (6.6), ¢3+¢ € Ho(curl, Q. 51, 1.51,.15)). For any x € By 5, write y = MFxif vz € (0.503,13)
or y = Mgil? if z3 € (—l3, —0.5[3). Then

(curl ¢;)(z) = —Rs(curly ¢)(y).

Since wu. is the reflection extension of w from €2 to 245, the definition of ¢, implies that, for any « €
B\B(1,,15,0.515)

ue() - P3(x) = ue(y) - d(y), (6.10a)
curlu.(x) - curl ¢p4(x) = curlu.(y) - curl d(y). (6.10b)
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Next we define, for any @ € B(1 51, ,1.5,,15)>

(Ra( + 3)) (M3 x) if 2o € (0.5l2,12),
Bo(x) = S (Ra(P + 3)) (M)  if x5 € (—lp,—0.512),

0 otherwise.
This yields ¢ + ¢3 + ¢, € Ho(curl, Q; 5, 1,.1,)) and for any & € Bi\B(, 0.51,.1,),

Ue(T) - o) = ue(y) - [p(y) + P3(y)], (6.11a)
curlu.(x) - curl ¢, () = curlu.(y) - curl [p(y) + ¢5(y)], (6.11b)

where y = Mz if 25 > 0 and y = M, x if 25 < 0.
Similarly we define, for any @ € B 51, 1,.1,),

(R1(¢ + ¢2 + ¢3)) (MT:L’) if x€ (0.5l1, ll),
#1(x) = (Ri(p+ Py + b3)) (M) if xy € (=11, —0.501),

0 otherwise.
This yields ¢° := ¢ + Zle ¢; € Hy(curl, ;) and for any @ € Bi\B(o.51, 1,,15)>

uc(x) - ¢ () = uc(y) - [$(y) + d2(y) + d3(y)], (6.12a)
curlu.(x) - curl ¢, (x) = curlu.(y) - curl [¢(y) + &5 (y) + P3(y)], (6.12b)

where y = Mz if 1 > 0 and y = M z if 21 < 0. By the definitions of ¢, ¢,, ¢3 and direct calculations,
we easily get

||¢e||H(curl,Ql) < 2\/5 ||¢HH(cur1,Ql_5l) :

Recall from Section 3.5 that 0.5l; > 1.5L; for j = 1,2,3. So A is a constant matrix outside of By 5;. Using
(6.10)—(6.12) and the definition of Lg, ,,, we have

<EQ1.5zuea @) = A, 5 (ue, @) = AQ(1.511,1,5l2,13) (Ue, @ + ¢3)
= AQ(1,511,12.,13) (Ue, @+ by + ¢3) = Aq, (u, ¢+ 9°) = <£Qzua ¢°).

We conclude that

|<‘C91.5Lu€’¢>| < ||£QluHH0(cur1,Ql)’ ||¢e||H(curl,Ql)

< 2\/§H£QLuHHO(curl,Ql)’ ||¢HH(cur1,Ql_5l) :

The proof is completed by using (6.8) and the arbitrariness of ¢. O

Theorem 6.3. There exists a constant C; > 0 independent of l and og such that, when lyy, > C’lcrél,

A
1wl g curt,0) < Cog? sup Ao (w,0)] Vu € Hy(curl, (), (6.13)

vEH(curl,$;) ||v||H(cur1,Ql)

where C' is a constant independent of I and oy.
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Proof. Let x1, x2 € C§°(R?) be cutoff functions satisfying

x1 >0, supp(x1) CBia, x1=1 in By,

X2 >0, supp(x2) C Bisi, Xx2=1 in Bjo.
Let u, € H(curl, Q. 5) be the extension of w given in Lemma 6.1. Define
U1 = X1Ue in QI.SL> U = 0 in DC\Q1.5L.

By Lemma 5.4, there exists a constant C' > 0 such that

|A(us, v)|
||u||H(curl,Ql) < ||u1HH(curl,Dc) < Ca(l)o sup (614)

vEHT |, (curl,D.) ”UHH(curl,Dc)
Write w = x1x2v. Since [|[x1[ly1.00msy + X2/l 10 gsy < C(1+ I1) < C, we have

||wHH(cur1,Ql,51) <C H”HH(curl,le) :

By Lemmas 6.1 and 6.2 and direct calculations, we find that

‘A(ulv ’U)| = |A91.51 (ula X2v)|

= ‘AQM[ (e, w) +/ [A(Vx1 X ue) + (Acurlu,) x V1] - curl(y2v)
Q151

< [(La, 5 Ue, w)| + CUOl;iln HueHH(curl,Ql_m) HUHH(curl,Ql_5l)

-1
<C |:H[’QL’U’HHO(CUI'1,Q[)’ + Uolmin ||u||H(cur],Ql) ||vHH(cur1,Ql_5l) :
Substituting the estimate into (6.14) shows

HuHH(curl,Ql) < 000'30 ||£Qlu”H0(curl,Ql)/ + Clo‘éllr;iln HUHH(curl,Ql) ’

where Cy, C; are constants independent of o and I,;,. The proof is completed by assuming Iy, > 2C10¢! and
using (6.8). O

6.2. The proof of Theorem 3.3

With the inf-sup condition for Ag,, we are ready to prove Theorem 3.3.

Proof. Using the inf-sup condition (6.13) and the Lax—Milgram lemma, we know that problem (6.1) has a unique
solution. Since (6.1) is equivalent to (3.17), we infer that (3.17) has a unique solution E € H(curl, ;). It is
left to show the error estimate.

From (3.16) and (3.17), the error function e := E — E satisfies

curl(Acurle) — k*A"'e =0 in QNRE, (6.15a)
[vi(Acurle)] = [ve] =0 on XN, (6.15Db)
vwe=0 on Ip, e = ’ytE on I}y. (6.15¢)

Its weak form reads as follows: Find e € Hy (curl, §);) such that y.e = %E on I'; and

Ag,(e,v) =0 Vv € Hy(curl, ). (6.16)
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Let x € C5°(R?) be the cutoff function satisfying
x>0, supp(x)C B, x=1 in Boa.

Clearly [|x/[yy1.0 gy < C and & := e — (1 —X)E € Hy(curl, Q). For any v € Ho(curl, (), from Theorem 4.11
we have

A0, (e.v)] = |Aa (0~ ) B.v)| < 0ot | B] 01l et 0 2o o)

curl,BL \Bg_gl)

< lenax08670'7k+UOdPML ||gHH71/2(Div,FD) ||vHH(Cur1,QL) :

Using the inf-sup condition (6.13), we have

A ~
& < Colo su Ao (& v)]
H ||H(curl,Ql) 0 P

vEH(curl,;) ||UHH(cur1,Ql)

<P 0.53670.7k+0'0dPML ||g||H*1/2(Div,FD) .

max

Since H(l - X)EH < Coge O Thoodent gl o sy 1y and Imax > Crog!, we have

H(curl,B;)

1-0E|
‘( X) H(curl,B;)
o3 0 Es Tt g,

HeHH(curl,Ql) < ||é||H(cur],Ql) +

4
< Clmax 1/2(Div,I'p) *

The proof is completed. O

APPENDIX A. EXPLICIT EXPRESSIONS OF THE PERTURBATION TENSOR

In this appendix, we present two explicit expressions of P which will be used in the PML analysis. One is the
Fourier form and the other is the Cagniard-de Hoop form. From [16,21], P has the lower diagonal form

Pii O 0
P=[0 Pw 0 |. (A1)
P13 Paz Pss

The rest of this appendix is quoted from [16]. It is presented here for completeness.

A.1. The Fourier form of P
Let pu4+ be the square roots defined by the limiting absorption principle
pe(he) = lim [(ke +18)7 = 4 — 22120 (A, A) ER2. (A.2)
The convention in (2.1) shows Im puy > 0. For any function f(A1, A2), we define

J(fiz,y) = ﬁ/ / f(/\l’)\2)ei[(fl’1*yl)>\1+(I2*y2))\2+(\13\Jr\yS\)l“r] d\; d)o.

By (2.1), the above integral is convergent absolutely if

FOL ) <C(L+M+A3)™,  meR.
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For convenience, we introduce the notations

1 1 k2 — k%

= —— ' hy= hy = ————+hy. A3
,LL++,U_ k’ ++k+,u_ k ++k+,u_ ( )

The entries of P are defined as follows: for j =1, 2,

J(hlam y) if T,y E Riv
J(hyellrr—n=)vs. g if zeR3, yeR3,
Pjj(kz,y) = (h ) oY (A.4)
J(hyellts=r=)T3. g q5) if zeR3, yeRy,
J(hlel(/t+ p-)(wstys). g Y), if x,yeR3,
J(\jhs;z,y), if z,yeR3,
J(A\jhgellns—r-)ys, g, if xeR3, yeR3,
Pjs(k;z,y) = (s ) oY (A.5)
J(N\jhgellhr—r=)Ta, g ), if zeR?, yeR?,
J(\ haellit—n=)(@stys). g qy) if @,yeR3,
J(k% ho; 2, y), if xy GRi,
J (k2 hoellht—n-)vs. g if xeR3, yeR3,
Puisay) =y o) | ;Y (A.6)
J (k2 hoellts—n-)Ts: g gy, if zeR3, yeRy,
J (k2 hoellhr—1-)@stus); g _yy), if x,ycR3.
The derivatives of P are computed from (A.4) to (A.6), for example, for € R} and y € R?,
al+m+nP33(k.$ y) Lt L2 . .
S = 2 TN i hael Y ), A7
axllaxénamg 1 — ( 1712 p“-‘,— 2€ T y) ( )
al+m+nP33(k.w y) Imtn 1.2 . .
LS = ()R TN gl )Y g ), A8
ayllaygnay? ( 1) — ( 172 luf 26 T y) ( )
A.2. The Cagniard-de Hoop form of P
For any fixed =,y € R3, we write
r=v(w1—y)?+ (@2 —y2)%  z=lasl+ysl, p=Vr2+22
For any 0 < ¢ < 1 and g > 0, we define
_ 1.2 s 2 271/2
R1 = ’%1(57 Q> T [kJr + (1 + 15) q ] I (Aga‘)
Ko = ka(e,q) = [K2 + (1+1e)%¢%] /2. (A.9b)

The Cagniard-de Hoop transform maps [1,+00) to the right branch of the hyperbola in the complex ¢-plane
{{i(t) = % (rt +iz/12 — 1) s tell, —i—oo)} . (A.10)

Define y;(¢) = (k7 — 52)1/2 for j = 1,2. For any z > 2er, it is easy to verify that

(€4 (1)) = As(t) = % (zt FirV2 - 1) : (A.11)
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Let hi, ha, hs be defined in (A.3) by replacing py, p— with pq, po respectively. For any z > 2er, the diagonal
entries of P can be rewritten as follows, for j = 1,2,

th(h17 €T y) if T,y c Ria
hyellmi—r2)ys. g if zeR3, yeR3,
Pji(kiz,y) = Joau (P ¥, , oY (A.12)
' Jedn(hyelt1=#2)s: 00 4, if zeR?®, yeR?,
cdh(hl i Ml Mz)(ISerz) :va), lf T,y S R?i
k2 Jean(ho; x, y), if xz,yeRy,
k2 Jeqn (hoellt—#2)ys. g if zeR3, yeR?
Pys(k;z,y) =9 can{fz i N Y, . ;’ Y ) (A.13)
k+Jth(h H1—p2) 3:(3y) if xeR?, yeRy,
kiJth(hge‘(“l r2)(@34y3): g gy, if x,yeR3,
where J.qy is defined by, for a function f(¢),
_ed A )+ A_(t -2 4rd
Jean(f; 2, y) +(OFE@) + A1) f(E-())] Vel q-
Write x1 — y1 = rcos ¢, xo — yo = rsin¢. Then Pog = tan ¢ P13 and
cdh(§h3; way)a if T,y € Ri—v
Pis(k;x, y) Jean (Ehgelmi—H2)vs gy, if zeR}, yeR3, (A14)
cos ¢ - Jodn (Ehgelm1—n2)zs, g ), if zeR3, ye Ri’ '
Jodn (Ehgellm =) @stus): g ) if xyeR?.

The partial derivatives of P can also be written with the Cagniard-de Hoop transform. For example, for
xz € R} and y € R, (A.7) and (A.8) can be rewritten into

QTmInPas(k; x, y)

o ormoet 2 Jean (MG hoel 17120081 2, y), (A.15)
;02 Ox
QMM P (k: x, I i
5 183;(3 i y) :( )H— + k‘2 th()\ )\2 U2h2€ (11 #2)y3;$7y)’ (A.lﬁ)
L1015 013

where A\; = {cos¢ + (¢ —i)gsing and Ao = Esing — (e — i)g cos ¢.
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