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EXPONENTIAL CONVERGENCE OF CARTESIAN PML METHOD FOR
MAXWELL’S EQUATIONS IN A TWO-LAYER MEDIUM

Xiaoqi Duan1,2, Xue Jiang3 and Weiying Zheng4,1,*

Abstract. The perfectly matched layer (PML) method is extensively studied for scattering problems
in homogeneous background media. However, rigorous studies on the PML method in layered media
are very rare in the literature, particularly, for three-dimensional electromagnetic scattering problems.
Cartesian PML method is favorable in numerical solutions since it is apt to deal with anisotropic scat-
terers and to construct finite element meshes. Its theories are more difficult than circular PML method
due to anisotropic wave-absorbing materials. This paper presents a systematic study on the Cartesian
PML method for three-dimensional electromagnetic scattering problem in a two-layer medium. We
prove the well-posedness of the PML truncated problem and that the PML solution converges expo-
nentially to the exact solution as either the material parameter or the thickness of PML increases. To
the best of the authors’ knowledge, this is the first theoretical work on Cartesian PML method for
Maxwell’s equations in layered media.
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1. Introduction

In this paper, we study the Cartesian perfectly matched layer (PML) method for solving the electromagnetic
scattering problem in a two-layer medium:

curl curl𝐸 − 𝑘2𝐸 = 0 in 𝐷𝑐, (1.1a)
𝑛𝐷 ×𝐸 = 𝑔 on Γ𝐷, (1.1b)
J𝑛× curl𝐸K = J𝑛×𝐸K = 0 on Σ, (1.1c)

lim
𝜌→∞

∫︁
𝜕𝐵(𝜌)

|curl𝐸 × 𝑛− i𝑘𝐸|2 = 0, (1.1d)
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where 𝐸 is the electric field, 𝑔 determined by the incoming wave, 𝐷 ⊂ R3 a bounded domain with Lipschitz-
continuous boundary Γ𝐷, 𝐷𝑐 = R3

± ∖ 𝐷̄ the complement of 𝐷, 𝐵(𝜌) the open ball of radius 𝜌 and centering
at the origin, and 𝑛𝐷 the unit outer normal to 𝐷, to R3

−, or to 𝐵(𝜌) on their respective boundaries. Here J𝑢K
denotes the jump of function 𝑢 across Σ := {(𝑥1, 𝑥2, 𝑥3) ∈ R3 : 𝑥3 = 0}, and 𝑛 = (0, 0, 1)⊤ is the unit normal
to Σ. We assume that the wave number 𝑘 is positive and piecewise constant

𝑘(𝑥) =
{︂

𝑘+, if 𝑥 ∈ R3
+,

𝑘−, if 𝑥 ∈ R3
−,

(1.2)

where R3
± = {(𝑥1, 𝑥2, 𝑥3) ∈ R3 : ±𝑥3 > 0}. Without loss of generality, we assume 𝑘− > 𝑘+ > 0 in this paper.

For convenience, we scale the system such that the diameter of the scatterer satisfies diam(𝐷) ≥ 1.
The idea of PML is to design a layer of artificial material which attenuates the outgoing waves scattered by

the obstacle. One can truncate the exterior domain into a bounded one and impose homogeneous boundary
conditions on the truncation boundary. In this way, an approximate problem is proposed on the bounded
domain and the approximate solution could converge to the scattering solution exponentially in the region
surrounded by PML. Since the pioneering work of Bérénger on PML method [4], it is extensively studied in
both the engineering and the mathematical communities. In 2003, Chen and Wu proposed the adaptive PML
finite element method for grating problems [12]. Based on a posteriori error estimate, the adaptive method can
determine the thickness of PML automatically and reduce finite element errors quasi-optimally. The adaptive
PML finite element method was extended to accoustic scattering problems [11,13], to electromagnetic scattering
problems [10, 17], to multiple scattering problems [24, 29], and to grating problems [2, 3]. The works show that
adapt finite element method combined with PML provides an efficient way for solving scattering problems in
homogeneous background media.

Generally, the convergence theory of PML method relies on two important aspects:

– exponential decay of the original solution under the complex coordinate stretching, which motivates us to
truncate the exterior domain and use zero boundary condition,

– the inf-sup condition for the weak formulation of the truncated problem, which yields the stability and error
estimate of the PML solution.

Using dual arguments, Bao and Wu proved the exponential convergence of PML method for Maxwell’s
equations in homogeneous media [1]. In [5, 6], Bramble and Pasciak introduced the technique of reflection
extension to prove the inf-sup condition for the truncated PML problem. They studied cartesian PML methods
for both acoustic and electromagnetic scattering problems. For elastic scattering problems, we refer to the recent
papers [7,18] on the PML method. The readers are also referred to earlier papers for theoretical studies on PML
methods [20, 23, 25, 26]. In this paper, we study the Cartesian PML method for electromagnetic scattering
problem in a two-layer medium. Inspired by Bramble and Pasciak, we prove the inf-sup condition for the
truncated problem by combining the reflection extension and the exponential decay of the solution.

Wave propagations in inhomogeneous media are difficult for both theoretical analysis and numerical compu-
tation [19, 22]. One typical application of this study is to layered media. For homogeneous media, the Green’s
function usually contains a factor 𝑒i𝑘𝜌 where 𝜌 denotes the distance function. This term leads directly to the
exponential decay of the Green’s function when we replace 𝜌 with the complex stretched distance 𝜌 and let
Im 𝜌 → +∞. While for two-layer media, the Green’s function comprises emitted waves from the point source,
reflected waves by the interface, and transmitted waves through the interface. It is usually written in the form
of Fourier integrals from which one can not derive the attenuation factor directly. In [15], Chen and Zheng
proved an equivalent form of the Green’s function for two-dimensional (2D) Helmholtz equaiton in a two-layer
medium by the Cagniard-de Hoop transform [16,19]. The new form contains a factor 𝑒i𝑘𝜌𝑡, 𝑡 ≥ 1 which decays
exponentially when replacing 𝜌 with 𝜌 and letting Im 𝜌 → +∞. They established the stability and exponen-
tial convergence of the PML method. More recently, they extended the results to circular PML method for
three-dimensional (3D) Maxwell’s equation in a two-layer medium.
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In practical computations, uniaxial PML method or Cartesian PML method is preferable to circular PML
method when dealing with anisotropic scatterers or when subdividing the domain into finite element meshes.
However, its convergence theory is still absent in the literature for Maxwell’s equation in two-layer media. The
objective of this paper is to fulfill this task. The contributions of this work are listed as follows.

(1) We prove that the original solution is attenuated exponentially in PML. The key ingredient of the proof
lies in the analytic continuation of the Cagniard-de Hoop transform from real coordinates to complex
coordinates. Since the medium parameter of Cartesian PML in one axis direction degenerates in the others,
the extension of theories from circular PML to Cartesian PML method is nontrivial.

(2) We prove the stability and exponential convergence of the PML solution. We develop new techniques to
prove the well-posedness of Maxwell’s equation under anisotropic coordinate stretching. The proofs are
simpler than those in [16] for circular PML.

The layout of this paper is organized as follows. In Section 2, we introduce some Sobolev spaces and trace
operators and present the dyadic Green’s function in the two-layer medium. The well-posedness of problem (1.1)
is also cited from the literature. In Section 3, we propose the Cartesian PML and present the main result of
the paper. In Section 4, we prove the exponential attenuation of the stretched Green’s function by the analytic
extension of the Cagniard-de Hoop transform. Based on this and the analytic extension of the Stratton-Chu
formula, we prove the exponential attenuation of the exact solution in PML. In Section 5, we prove the well-
posedness of the exterior problem of modified Maxwell equation under the PML transform. In Section 6, we
prove that the PML problem has a unique solution which converges exponentially to the exact solution.

2. Well-posedness of the scattering problem

The purpose of this section is to introduce an integral representation of the scattering solution. It is an
important tool for studying the propagating behavior of scattering waves in the layered medium. Throughout
the paper, we shall always use the convention that, for any 𝜉 ∈ C, 𝜉1/2 is the branch of the square root

√
𝜉 such

that Re(𝜉1/2) ≥ 0. This corresponds to the left half real axis as the branch cut in the complex plane. This yields

𝜉1/2 =

√︂
|𝜉|+ Re 𝜉

2
+ i sign(Im 𝜉)

√︂
|𝜉| − Re 𝜉

2
· (2.1)

2.1. Sobolev spaces and trace operators

First we introduce some Sobolev spaces and trace operators which will be used in this paper. For a domain
Ω ⊂ R3 with Lipschitz continuous boundary Γ = 𝜕Ω, let 𝐿2(Ω) be the space of square-integrable functions,
𝐻1(Ω) ⊂ 𝐿2(Ω) the subspace whose functions have square-integrable gradients, and 𝐻(curl, Ω) ⊂ 𝐿2(Ω) the
subspace whose functions have square-integrable curls. Throughout the paper we denote vector-valued quantities
by boldface notation, such as 𝐿2(Ω) := 𝐿2(Ω)3.

From [8], we have the surjective mappings

𝛾 : 𝐻1(Ω) → 𝐻1/2(Γ), 𝛾𝜙 = 𝜙 on Γ,

𝛾𝑡 : 𝐻(curl, Ω) → 𝐻−1/2(Div, Γ), 𝛾𝑡𝑢 = 𝑛× 𝑢 on Γ,

𝛾𝑇 : 𝐻(curl, Ω) → 𝐻−1/2(Curl, Γ), 𝛾𝑇 𝑢 = 𝑛× (𝑢× 𝑛) on Γ,

where Div, Curl stand for the surface divergence operator and the surface scalar curl operator respectively. For
any 𝑢 ∈ 𝐻(curl, Ω), it holds that

Div(𝛾𝑡𝑢) = −𝑛 · curl𝑢, Curl(𝛾𝑇 𝑢) = 𝑛 · curl𝑢 on Γ.

It is known that 𝐻−1/2(Div, Γ) and 𝐻−1/2(Curl, Γ) are dual spaces.
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For any 𝑆 ⊂ Γ, the subspaces with zero trace and zero tangential trace on 𝑆 are denoted respectively by

𝐻1
𝑆(Ω) := {𝑣 ∈ 𝐻1(Ω) : 𝛾𝑣 = 0 on 𝑆},

𝐻𝑆(curl, Ω) := {𝑣 ∈ 𝐻(curl, Ω) : 𝛾𝑡𝑣 = 0 on 𝑆}.

In particular, the conventional notations will be used

𝐻1
0 (Ω) := 𝐻1

Γ(Ω), 𝐻0(curl, Ω) := 𝐻Γ(curl, Ω).

2.2. Dyadic Green’s function

Let G(𝑘; 𝑥, 𝑦) be the dyadic Green’s function for the electromagnetic scattering problem. It satisfies the
time-harmonic Maxwell’s equation

curl curlG(𝑘; 𝑥, ·)− 𝑘2
±G(𝑘; 𝑥, ·) = 𝛿𝑥I in R3

±, (2.2a)
J𝛾𝑡(curlG)(𝑘; 𝑥, ·)K = J(𝛾𝑡G)(𝑘; 𝑥, ·)K = 0 on Σ, (2.2b)

lim
𝜌→∞

∫︁
𝜕𝐵(𝜌)

|𝛾𝑡(curlG)(𝑘; 𝑥, ·)− i𝑘G(𝑘; 𝑥, ·)|2 = 0, (2.2c)

where 𝛿𝑥(𝑦) = 𝛿(|𝑥1 − 𝑦1|)𝛿(|𝑥2 − 𝑦2|)𝛿(|𝑥3 − 𝑦3|) stands for the Dirac source at 𝑥 ∈ R3 and I is the 3 × 3
identity matrix. From [16] (also see [21,27]), we can write G with the Hertz tensor H as follows

G(𝑘; 𝑥, 𝑦) = H(𝑘; 𝑥, 𝑦) + 𝑘−2
± ∇𝑦 div𝑦 H(𝑘; 𝑥, 𝑦) ∀𝑦 ∈ R3

±. (2.3)

Here H satisfies the Helmholtz equation in matrix form

ΔH(𝑘; 𝑥, ·) + 𝑘2
±H(𝑘; 𝑥, ·) = −𝛿𝑥I in R3

±, (2.4a)
JH(𝑘; 𝑥, ·)K = J𝛾𝑡(curlH)(𝑘; 𝑥, ·)K = 0 on Σ, (2.4b)
q
𝑘−2 div H(𝑘; 𝑥, ·)

y
= 0 on Σ, (2.4c)

lim
𝜌→∞

∫︁
𝜕𝐵(𝜌)

⃒⃒⃒⃒
𝜕H(𝑘; 𝑥, ·)

𝜕𝑛
− i𝑘±H(𝑘; 𝑥, ·)

⃒⃒⃒⃒2
= 0. (2.4d)

Let Φ(𝜔; 𝑥, 𝑦) := 𝑒i𝜔|𝑥−𝑦|

4𝜋|𝑥−𝑦| be the fundamental solution of the scalar Helmholtz equation

ΔΦ(𝜔; 𝑥, ·) + 𝜔2Φ(𝜔; 𝑥, ·) = −𝛿𝑥 in R3

with constant wave number 𝜔 > 0. It is well-known that Φ(𝜔; 𝑥, 𝑦) stands for waves emitted from the point
source at 𝑥. Due to the presence of the interface Σ, the point source has a reflection Φ(𝜔; 𝑥′, 𝑦) where 𝑥′ =
(𝑥1, 𝑥2,−𝑥3)⊤. Define the double source tensor by

S(𝑘; 𝑥, 𝑦) = I×

⎧⎪⎨⎪⎩
Φ(𝑘+; 𝑥, 𝑦)− Φ(𝑘+; 𝑥′, 𝑦) if 𝑥3 > 0, 𝑦3 > 0,

Φ(𝑘−; 𝑥, 𝑦)− Φ(𝑘−; 𝑥′, 𝑦) if 𝑥3 < 0, 𝑦3 < 0,

0 elsewhere.
(2.5)

The residual P := S−H is called the perturbation tensor. The analytic forms of P are presented in Appendix A.
Both Φ(𝑘+; 𝑥, ·) and Φ(𝑘+; 𝑥′, ·) satisfy the Helmholtz equations in homogeneous material. The treatment for
S is easy and standard. While the form of P is complicated and need elaborate analysis.

Now we cite Lemma 2.1 of [16] to estimate the singularities of P and its partial derivatives. From (2.5) and
the definition of Φ, S satisfies the same estimates as P.
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Lemma 2.1. There exists a constant 𝐶 > 0 depending only on 𝑘± such that, for any 𝑥, 𝑦 ∈ R3
±, 𝑛 = 0, 1, and

𝑗 = 1, 2, 3, ⃒⃒⃒⃒
⃒ 𝜕𝑛

𝜕𝑥𝑛
𝑗

P(𝑘; 𝑥, 𝑦)

⃒⃒⃒⃒
⃒+
⃒⃒⃒⃒
⃒ 𝜕𝑛

𝜕𝑦𝑛
𝑗

P(𝑘; 𝑥, 𝑦)

⃒⃒⃒⃒
⃒ ≤ 𝐶

(︁
1 + |𝑥− 𝑦|−𝑛−1

)︁
if 𝑥3𝑦3 < 0, (2.6)⃒⃒⃒⃒

⃒ 𝜕𝑛

𝜕𝑥𝑛
𝑗

P(𝑘; 𝑥, 𝑦)

⃒⃒⃒⃒
⃒+
⃒⃒⃒⃒
⃒ 𝜕𝑛

𝜕𝑦𝑛
𝑗

P(𝑘; 𝑥, 𝑦)

⃒⃒⃒⃒
⃒ ≤ 𝐶

(︁
1 + |𝑥− 𝑦′|−𝑛−1

)︁
if 𝑥3𝑦3 > 0. (2.7)

2.3. Integral representation of 𝐸

For completeness of the paper, we cite Theorem 2.2 of [16] to give the well-posedness of the scattering problem
(1.1).

Theorem 2.2. For any 𝑔 ∈ 𝐻−1/2(Div, Γ𝐷), (1.1) has a unique solution. For any bounded domain Ω ⊂ 𝐷𝑐,
there is a constant 𝐶 depending only on 𝑘, Ω such that

‖𝐸‖𝐻(curl,Ω) ≤ 𝐶 ‖𝑔‖𝐻−1/2(Div,Γ𝐷) . (2.8)

For any 𝜇, 𝜆 ∈ 𝐻−1/2(Div, Γ𝐷), we define the Maxwell single-layer and double-layer potentials as follows

ΨSL(𝜇)(𝑥) =
∫︁

Γ𝐷

𝛾𝑇 G⊤(𝑘; 𝑥, 𝑦)𝜇(𝑦) d𝑆𝑦, (2.9)

ΨDL(𝜆)(𝑥) =
∫︁

Γ𝐷

𝛾𝑇 (curl𝑦 G)⊤(𝑘; 𝑥, 𝑦) 𝜆(𝑦) d𝑆𝑦. (2.10)

By Section 12.4.3 of [27], 𝐸 admits the integral representation

𝐸(𝑥) = ΨSL(𝜇)(𝑥) + ΨDL(𝑔)(𝑥) ∀𝑥 ∈ 𝐷𝑐, (2.11)

where 𝑔 = 𝛾𝑡𝐸 and 𝜇 = 𝛾𝑡(curl𝐸) are the Dirichlet and Neumann traces of 𝐸 on Γ𝐷 respectively.

3. The PML problem

This section presents the main result of the paper, namely, the stability and exponential convergence of the
Cartesian PML method. Unlike circular PML which stretches the vector norm |𝑥|, the Cartesian PML stretches
three coordinates 𝑥1, 𝑥2, 𝑥3 independently.

3.1. Cartesian perfectly matched layer

For any positive triple index 𝑙 = (𝑙1, 𝑙2, 𝑙3), let 𝐵𝑙 := {(𝑥1, 𝑥2, 𝑥3) : |𝑥𝑖| < 𝑙𝑖, 𝑖 = 1, 2, 3} be the open cuboid
which contains 𝐷̄ and define Γ𝑙 := 𝜕𝐵𝑙 and Ω𝑙 := 𝐵𝑙∖𝐷̄.

Let 𝐿 be a given positive triple index such that 𝐵𝐿 contains 𝐷 and the scattering field in 𝐵𝐿 is interested.
The Cartesian PML is realized by means of complex coordinate stretching

𝑥̃𝑗 = 𝑥𝑗 + (1 + i)𝜎0

∫︁ 𝑥𝑗

0

𝜎(𝑡/𝐿𝑗) d𝑡, 𝑗 = 1, 2, 3, (3.1)

where 𝜎0 > 0 is the constant medium parameter and 𝜎 ∈ 𝐶1(R) is defined by

𝜎(𝑡) =

⎧⎪⎨⎪⎩
0 if |𝑡| ≤ 1,

8(7− 4|𝑡|)(|𝑡| − 1)2 if 1 < |𝑡| < 1.5,

2 if |𝑡| ≥ 1.5.

(3.2)

It is easy to see that the complex stretching 𝐹 (𝑥) := 𝑥̃ is 𝐶2-smooth. Hereafter, both 𝐹 (𝑥) and 𝑥̃ will denote
the same vector.



934 X. DUAN ET AL.

Remark 3.1. The definition of 𝜎(𝑡) can be more general. Here we just choose one case that 𝜎 is even and defined
by a third-order polynomial in [1, 1.5]. Moreover, the requirement that 𝜎 = Constant in (−∞,−1.5]∪ [1.5, +∞)
is in favor of defining reflection extension in Section 6.

The Jacobi matrix and the Jacobi determinant of 𝐹 (𝑥) are given by

B := 𝐷𝐹 = diag(𝛼1, 𝛼2, 𝛼3), 𝐽 = det(B) = 𝛼1𝛼2𝛼3, (3.3)

where

𝛼𝑗 = 1 + (1 + i)𝛽𝑗 , 𝛽𝑗(𝑥𝑗) = 𝜎0𝜎(𝑥𝑗/𝐿𝑗), 𝑗 = 1, 2, 3.

Clearly B and 𝐽 are 𝐶1-smooth. Moreover, Re 𝛼𝑗 > Im 𝛼𝑗 , which is useful in proving the stability of the solution
of the stretched Maxwell equation in R3. We extend the distance functions analytically from real coordinates
to complex coordinates

𝑟(𝑥̃, 𝑦̃) =
[︁
(𝑥̃1 − 𝑦1)

2 + (𝑥̃2 − 𝑦2)
2
]︁1/2

,

𝜌(𝑥̃, 𝑦̃) =
[︁
(𝑥̃1 − 𝑦1)

2 + (𝑥̃2 − 𝑦2)
2 + (𝑥̃3 − 𝑦3)

2
]︁1/2

.

3.2. Analytic extension of G
The analytic extension of S(𝑘; 𝑥̃, 𝑦̃) is defined by replacing 𝑥, 𝑦, |𝑥− 𝑦| with 𝑥̃, 𝑦̃, and 𝜌(𝑥̃, 𝑦̃) in (2.5)

respectively. The analytic extension of P(𝑘; 𝑥̃, 𝑦̃) is defined by replacing

𝑥, 𝑦,
√︀

(𝑥1 − 𝑦1)2 + (𝑥2 − 𝑦2)2, |𝑥3|+ |𝑦3|, |𝑥− 𝑦|

in (A.12)–(A.14) respectively with

𝑥̃, 𝑦̃, 𝑟(𝑥̃, 𝑦̃), (𝑥̃2
3)

1/2 + (𝑦2
3)1/2, 𝜌(𝑥̃, 𝑦̃).

Therefore, we obtain the analytic extension of the Hertz tensor

H(𝑘; 𝑥̃, 𝑦̃) = S(𝑘; 𝑥̃, 𝑦̃)− P(𝑘; 𝑥̃, 𝑦̃). (3.4)

Similar to (2.3), the analytic extension of the dyadic Green’s function is defined by

G(𝑘; 𝑥̃, 𝑦̃) = H(𝑘; 𝑥̃, 𝑦̃) + 𝑘−2
± ∇𝑦̃ div𝑦̃ H(𝑘; 𝑥̃, 𝑦̃) ∀𝑥, 𝑦 ∈ R3

±, (3.5)

where ∇𝑦̃ denotes the gradient operator with respect to 𝑦̃ and div𝑦̃ the divergence operator with respect to 𝑦̃.

3.3. Analytic extension of the scattering solution

Now we define the analytic extension of the scattering solution 𝐸. In view of (2.9) and (2.10), we define the
analytic extensions of the single-layer and double-layer potentials as follows, for any 𝜇, 𝜆 ∈ 𝐻−1/2(Div, Γ𝐷),

ΨSL(𝜇)(𝑥̃) =
∫︁

Γ𝐷

𝛾𝑇 G⊤(𝑘; 𝑥̃, 𝑦)𝜇(𝑦) d𝑆𝑦, (3.6)

ΨDL(𝜆)(𝑥̃) =
∫︁

Γ𝐷

𝛾𝑇 (curl𝑦 G)⊤(𝑘; 𝑥̃, 𝑦) 𝜆(𝑦) d𝑆𝑦. (3.7)

The analytic extension of 𝐸 is defined by

𝐸(𝑥̃) = ΨSL(𝛾𝑡(curl𝐸))(𝑥̃) + ΨDL(𝑔)(𝑥̃) ∀𝑥 ∈ 𝐷𝑐 ∩ R3
±. (3.8)
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3.4. The modified Maxwell equation

Under the complex stretching, we define the stretched gradient, curl, divergence, and Laplace operators
respectively as follows

∇̃𝑣 := B−⊤∇𝑣, ∇̃ × 𝑢 := 𝐽−1B curl(B⊤𝑢),

∇̃ · 𝑢 := 𝐽−1 div(𝐽B−1𝑢), Δ̃𝑣 := 𝐽−1 div(A−1∇𝑣),
(3.9)

where the coefficient matrix A is defined by

A := 𝐽−1B⊤B = 𝐽−1diag
(︀
𝛼2

1, 𝛼
2
2, 𝛼

2
3

)︀
. (3.10)

For two functions 𝜉(𝑥̃) and 𝜂(𝑥̃), it is easy to see that 𝑣 := 𝜉 ∘ 𝐹 , 𝑢 := 𝜂 ∘ 𝐹 satisfy

∇̃𝑣 = ∇𝑥̃𝜉, Δ̃𝑣 = ∇̃ · (∇̃𝜉), ∇̃ · 𝑢 = ∇𝑥̃ · 𝜂, ∇̃ × 𝑢 = ∇𝑥̃ × 𝜂. (3.11)

Lemma 3.2. For any fixed 𝑥 ∈ R3
±, G(𝑘; 𝑥̃, 𝑦̃) satisfies the stretched equations

∇̃ × ∇̃ ×G(𝑘; 𝑥̃, 𝐹 (·))− 𝑘2
±G(𝑘; 𝑥̃, 𝐹 (·)) = 𝐽−1𝛿𝑥I in R3

±, (3.12)
q
𝑛× B⊤G(𝑘; 𝑥̃, 𝐹 (·))

y
=

r
𝑛× B⊤∇̃ ×G(𝑘; 𝑥̃, 𝐹 (·))

z
= 0 on Σ. (3.13)

Proof. Equation (3.12) follows directly from (2.2a) and (3.9). It is left to show (3.13).
For any fixed 𝑥 ∈ R3

±, write J0(𝑥, ·) := JG(𝑘; 𝑥, ·)K and J1(𝑥, ·) := J(curl𝑦 G)(𝑘; 𝑥, ·)K on Σ. From (2.2b), we
have 𝑛× J0(𝑥, ·) = 𝑛× J1(𝑥, ·) = 0 on Σ. Since 𝑥̃ = 𝐹 (𝑥) is 𝐶2-smooth, we have

𝑛× J0(𝑥̃, ·) = 𝑛× J1(𝑥̃, ·) = 0 on Σ.

Similarly the smoothness of 𝐹 (·) implies

𝑛× J0(𝑥̃, 𝐹 (·)) = 𝑛× J1(𝑥̃, 𝐹 (·)) = 0 on Σ.

Let J𝑖𝑗 be the entries of J0. The equality 𝑛× J0 = 0 is equivalent to⎛⎝J11 J12 J13

J21 J22 J23

0 0 0

⎞⎠ (𝑥̃, 𝐹 (𝑦)) = 0 ∀𝑦 ∈ Σ.

Since B is diagonal, it follows that

𝑛× B⊤J0(𝑥̃, 𝐹 (·)) =

⎛⎝B11J11 B11J12 B11J13

B22J21 B22J22 B22J23

0 0 0

⎞⎠ (𝑥̃, 𝐹 (·)) = 0 on Σ, (3.14)

where B11, B22 are diagonal entries of B. Similarly we obtain

𝑛× B⊤J1(𝑥̃, 𝐹 (·)) = 0 on Σ. (3.15)

Note that (curl𝑦 G)(𝑘; 𝑥̃, 𝑦̃) is obtained by taking the curl of G(𝑘; ·, ·) with respect to the second argument
and evaluating curlG at (𝑥̃, 𝑦̃). It equals to taking the curl of G(𝑘; 𝑥̃, 𝑦̃) with respect to 𝑦̃. Therefore, we have

J1(𝑥̃, 𝑦̃) = J(curl𝑦 G)(𝑘; 𝑥̃, 𝑦̃)K = Jcurl𝑦̃ G(𝑘; 𝑥̃, 𝑦̃)K ∀𝑦 ∈ Σ.

Since B is 𝐶1-smooth, using (3.11), we find that

B⊤J1(𝑥̃, 𝐹 (·)) = B⊤
r
∇̃ ×G(𝑘; 𝑥̃, 𝐹 (·))

z
=

r
B⊤∇̃ ×G(𝑘; 𝑥̃, 𝐹 (·))

z
on Σ.

The second equality of (3.13) follows directly from (3.15). Similarly, from (3.14), we also haveq
𝑛× B⊤G(𝑘; 𝑥̃, 𝐹 (·))

y
= 0 on Σ. The proof is completed. �
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Remember that the Hertz tensor H satisfies (2.4). By arguments similar to the proof of Lemma 3.2, we can
also show that the stretched Hertz tensor H(𝑘; 𝑥̃, 𝑦̃) satisfies

Δ̃H(𝑘; 𝑥̃, 𝐹 (·)) + 𝑘2
±H(𝑘; 𝑥̃, 𝐹 (·)) = −𝐽−1𝛿𝑥I in R3

±,

JH(𝑘; 𝑥̃, 𝐹 (·))K =
r
𝑛× B⊤∇̃ ×H(𝑘; 𝑥̃, 𝐹 (·))

z
= 0 on Σ,

r
𝑘−2∇̃ ·H(𝑘; 𝑥̃, 𝐹 (·))

z
= 0 on Σ.

The details are omitted here.
In view of (1.1) and by arguments similar to the proof of Lemma 3.2, we find that the stretched solution

𝐸(𝑥̃) = (𝐸 ∘ 𝐹 )(𝑥) satisfies

∇̃ × ∇̃ × (𝐸 ∘ 𝐹 )− 𝑘2
±(𝐸 ∘ 𝐹 ) = 0 in 𝐷𝑐 ∩ R3

±,
q
𝑛× B⊤(𝐸 ∘ 𝐹 )

y
=

r
𝑛× B⊤∇̃ × (𝐸 ∘ 𝐹 )

z
= 0 on Σ,

𝛾𝑡(𝐸 ∘ 𝐹 ) = 𝑔 on Γ𝐷.

Define 𝐸 := B⊤𝐸 ∘ 𝐹 . Since the Jacobian determinant 𝐽 is 𝐶1-smooth, we have
r
𝑛× A curl𝐸

z
= 𝐽−1

r
𝑛× B⊤∇̃ × (𝐸 ∘ 𝐹 )

z
= 0 on Σ.

Since 𝐹 (𝑥) = 𝑥 for any 𝑥 ∈ Γ𝐷, the relations in (3.11) show that 𝐸 satisfies

curl(A curl𝐸)− 𝑘2A−1𝐸 = 0 in 𝐷𝑐 ∩ R3
±, (3.16a)

r
𝛾𝑡(A curl𝐸)

z
=

r
𝛾𝑡𝐸

z
= 0 on Σ, (3.16b)

𝛾𝑡𝐸 = 𝑔 on Γ𝐷. (3.16c)

3.5. The main result

The modified problem (3.16) is still proposed on unbounded domain. The essence of the PML method is to
solve the modified Maxwell equation on a bounded truncation domain.

Let 𝑙 = (𝑙1, 𝑙2, 𝑙3) satisfy 𝑙𝑗 ≥ 3𝐿𝑗 , 𝑗 = 1, 2, 3, and define Ω𝑙 = 𝐵𝑙 ∩𝐷𝑐. The approximate problem of (3.16)
is proposed on Ω𝑙 as follows:

curl(A curl𝐸)− 𝑘2A−1𝐸 = 0 in Ω𝑙 ∩ R3
±, (3.17a)

r
𝛾𝑡(A curl𝐸)

z
=

r
𝛾𝑡𝐸

z
= 0 on Σ ∩ Ω𝑙, (3.17b)

𝛾𝑡𝐸 = 𝑔 on Γ𝐷, (3.17c)

𝛾𝑡𝐸 = 0 on Γ𝑙 := 𝜕𝐵𝑙. (3.17d)

Now we present the main result of this paper, which states that, 𝐸 converges exponentially to the scattering
solution 𝐸 in Ω𝐿 as |𝑙| → +∞. The proof of Theorem 3.3 will be given in Section 6.2. For convenience, we
define

𝐿max = max(𝐿1, 𝐿2, 𝐿3), 𝑙max = max(𝑙1, 𝑙2, 𝑙3), 𝑙min = min(𝑙1, 𝑙2, 𝑙3).
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Theorem 3.3. Suppose 𝜎0 ≥ 5 and 𝑔 ∈ 𝐻−1/2(Div, Γ𝐷), and 𝑙𝑗 ≥ 3𝐿𝑗, 𝑗 = 1, 2, 3. There exists a constant
𝐶1 > 0 independent of 𝑙 and 𝜎0 such that, when 𝑙min ≥ 𝐶1𝜎

11
0 and 𝑙max ≥ 7𝑘−𝑘−1

+ 𝐿max,

– the PML problem (3.17) has a unique solution 𝐸 ∈ 𝐻Γ𝑙
(curl, Ω𝑙), and

– there exists a constant 𝐶 > 0 independent of 𝜎0 and 𝑙 such that⃦⃦⃦
𝐸 −𝐸

⃦⃦⃦
𝐻(curl,Ω𝐿)

≤ 𝐶𝜎2
0𝑙4max𝑒

−0.7𝑘+𝜎0𝑑PML ‖𝑔‖𝐻−1/2(Div,Γ𝐷) ,

where 𝑑PML := 𝑙min − 𝐿max is the thickness of the PML, and 𝐸 is the solution of (1.1).

Remark 3.4. The requirements for 𝑙𝑗 ≥ 3𝐿𝑗 and 𝜎 = Const. in (0.5𝑙𝑗 , 𝑙𝑗) will be used in defining the reflection
extension in Section 6.1.

4. Exponential attenuation of 𝐸(𝑥̃)

The purpose of this section is to prove that 𝐸(𝑥̃) decays exponentially as |𝑥| → +∞. First we prove some
important estimates on 𝜌(𝑥̃, 𝑦̃) and G(𝑘; 𝑥̃, 𝑦̃). Write

𝜌 = 𝜌(𝑥, 𝑦), 𝑟 = 𝑟(𝑥, 𝑦), 𝑧 = 𝑥3 − 𝑦3,

𝜌 = 𝜌(𝑥̃, 𝑦̃), 𝑟 = 𝑟(𝑥̃, 𝑦̃), 𝑧 = 𝑥̃3 − 𝑦3,
(4.1)

for convenience. We also use the notation

𝑑(𝑥, 𝑦) := max
𝑗=1,2,3

|𝑥𝑗 − 𝑦𝑗 | . (4.2)

4.1. Useful estimates on 𝜌(𝑥̃, 𝑦)

Since 𝜎 ≥ 0, it is easy to see

(𝑥𝑗 − 𝑦𝑗) Im(𝑥̃𝑗 − 𝑦𝑗) = 𝜎0(𝑥𝑗 − 𝑦𝑗)
∫︁ 𝑥𝑗

𝑦𝑗

𝜎(𝑡/𝐿𝑗) d𝑡 ≥ 0, 𝑗 = 1, 2, 3.

Use the convention in (2.1), we know that

0 ≤ Im 𝑟 ≤ Re 𝑟, 0 ≤ Im 𝑧 ≤ Re 𝑧, 0 ≤ Im 𝜌 ≤ Re 𝜌. (4.3)

Since Re(𝑥̃𝑗 − 𝑦𝑗) = 𝑥𝑗 − 𝑦𝑗 + Im(𝑥̃𝑗 − 𝑦𝑗), we have

Re 𝑟2 ≤ Re 𝜌2, Im 𝑟2 ≤ Im 𝜌2, |𝑟|2 =
⃒⃒
𝑟2
⃒⃒
≤
⃒⃒
𝜌2
⃒⃒
= |𝜌|2 . (4.4)

Lemma 4.1. Assume 𝜎0 ≥ 5 and |𝑥𝑗 | > |𝑦𝑗 | for 𝑗 = 1, 2, 3. Then

– if 𝑥𝑗 − 𝑦𝑗 ≥ 4𝐿𝑗, Im(𝑥̃𝑗 − 𝑦𝑗) ≥ 0.68𝜎0(𝑥𝑗 − 𝑦𝑗),
– if 𝑥𝑗 − 𝑦𝑗 ≥ 6𝐿𝑗, Im(𝑥̃𝑗 − 𝑦𝑗) ≥ 1.1𝜎0(𝑥𝑗 − 𝑦𝑗), for 𝑗 = 1, 2, 3.

Proof. We only prove the case of 𝑗 = 1 and 𝑥1 − 𝑦1 ≥ 4𝐿1. The proof for 𝑥𝑗 − 𝑦𝑗 ≥ 6𝐿𝑗 is similar and omitted
here. In this case, we have 𝑥1 ≥ 2𝐿1 and Im 𝑥̃1 = 𝜎0(2𝑥1 − 2.5𝐿1). Now we prove the inequality for different
ranges of 𝑦1.

– For 𝑦1 ≥ 1.5𝐿1, we have Im(𝑥̃1 − 𝑦1) = 2𝜎0(𝑥1 − 𝑦1).
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– For 𝑦1 ∈ [𝐿1, 1.5𝐿1], we have

Im(𝑥̃1 − 𝑦1) ≥ 2𝜎0(𝑥1 − 1.5𝐿1) ≥ 1.5𝜎0(𝑥1 − 𝑦1).

– For 𝑦1 ∈ [−1.35𝐿1, 𝐿1], we have

Im(𝑥̃1 − 𝑦1) ≥ Im 𝑥̃1 = 𝜎0[2(𝑥1 − 𝑦1) + 2𝑦1 − 2.5𝐿1] ≥ 0.7𝜎0(𝑥1 − 𝑦1).

– For 𝑦1 ∈ [−1.5𝐿1,−1.35𝐿1], we have

Im(𝑥̃1 − 𝑦1) ≥ 𝜎0(2𝑥1 − 2.5𝐿1) + 0.22𝜎0 ≥ 0.68𝜎0(𝑥1 − 𝑦1).

– For 𝑦1 < −1.5𝐿1, we have

Im(𝑥̃1 − 𝑦1) = 2𝜎0(𝑥1 − 𝑦1 − 2.5𝐿1) ≥ 𝜎0(𝑥1 − 𝑦1).

We conclude that Im(𝑥̃1 − 𝑦1) ≥ 0.68𝜎0(𝑥1 − 𝑦1) for all cases. �

Lemma 4.2. Suppose 𝜎0 ≥ 5 and that 𝑥, 𝑦 ∈ R3 satisfy 𝑑(𝑥, 𝑦) ≥ 6𝐿max. Then

Re 𝜌 ≤ 2 Im 𝜌.

Proof. The result is equivalent to Re2 𝜌 ≤ 0.8 |𝜌|2. From (2.1), we have

Re2 𝜌 ≤ 1
2

3∑︁
𝑗=1

[︀⃒⃒
(𝑥̃𝑗 − 𝑦𝑗)2

⃒⃒
+ Re (𝑥̃𝑗 − 𝑦𝑗)2

]︀
=

3∑︁
𝑗=1

Re2(𝑥̃𝑗 − 𝑦𝑗), (4.5)

⃒⃒
𝜌2
⃒⃒
≥ Im 𝜌2 = 2

3∑︁
𝑗=1

Re(𝑥̃𝑗 − 𝑦𝑗) Im(𝑥̃𝑗 − 𝑦𝑗). (4.6)

It suffices to show
3∑︁

𝑗=1

Re2(𝑥̃𝑗 − 𝑦𝑗) ≤ 1.6
3∑︁

𝑗=1

Re(𝑥̃𝑗 − 𝑦𝑗) Im(𝑥̃𝑗 − 𝑦𝑗). (4.7)

We assume 𝑥𝑗 ≥ |𝑦𝑗 |, 𝑗 = 1, 2, 3 and 𝑥1 − 𝑦1 = max
𝑗=1,2,3

|𝑥𝑗 − 𝑦𝑗 | ≥ 6𝐿max without loss of generality. By

Lemma 4.1 and the assumption that 𝜎0 ≥ 5, we have

Im(𝑥̃1 − 𝑦1) ≥ 1.1𝜎0(𝑥1 − 𝑦1), Im(𝑥̃1 − 𝑦1) ≥
11
13

Re(𝑥̃1 − 𝑦1). (4.8)

Now we consider different ranges of 𝑥𝑗 − 𝑦𝑗 for 𝑗 = 2, 3.

– If 𝑥𝑗 − 𝑦𝑗 ≥ 4𝐿𝑗 , by Lemma 4.1, we have Im(𝑥̃𝑗 − 𝑦𝑗) ≥ 0.68𝜎0(𝑥𝑗 − 𝑦𝑗) and

Im(𝑥̃𝑗 − 𝑦𝑗) ≥
0.68𝜎0

1 + 0.68𝜎0
Re(𝑥̃𝑗 − 𝑦𝑗) ≥

17
22

Re(𝑥̃𝑗 − 𝑦𝑗). (4.9)

– If 𝑥𝑗 − 𝑦𝑗 ≤ 0.6 Im(𝑥̃𝑗 − 𝑦𝑗), we have Re(𝑥̃𝑗 − 𝑦𝑗) ≤ 1.6 Im(𝑥̃𝑗 − 𝑦𝑗) and

Re2(𝑥̃𝑗 − 𝑦𝑗) ≤ 1.6 Re(𝑥̃𝑗 − 𝑦𝑗) Im(𝑥̃𝑗 − 𝑦𝑗). (4.10)
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– If 0.6 Im(𝑥̃𝑗 − 𝑦𝑗) ≤ 𝑥𝑗 − 𝑦𝑗 ≤ 4𝐿𝑗 , from (4.8) we have

Re2(𝑥̃𝑗 − 𝑦𝑗) ≤
64
9

(𝑥𝑗 − 𝑦𝑗)2 ≤
1024

9
𝐿2

𝑗 ≤
256
81

(𝑥1 − 𝑦1)2

≤ 0.09 Re(𝑥̃1 − 𝑦1) · Im(𝑥̃1 − 𝑦1). (4.11)

Combining (4.9)–(4.11) leads to

3∑︁
𝑗=1

Re2(𝑥̃𝑗 − 𝑦𝑗) ≤ 1.6
3∑︁

𝑗=2

Re(𝑥̃𝑗 − 𝑦𝑗) Im(𝑥̃𝑗 − 𝑦𝑗) +
16
11

Re(𝑥̃1 − 𝑦1) Im(𝑥̃1 − 𝑦1)

≤ 1.6
3∑︁

𝑗=1

Re(𝑥̃𝑗 − 𝑦𝑗) Im(𝑥̃𝑗 − 𝑦𝑗).

The proof is completed. �

Lemma 4.3. Suppose 𝜎0 ≥ 5 and that 𝑥, 𝑦 ∈ R3 satisfy 𝑑(𝑥, 𝑦) ≥ 6𝐿max. Then

Im 𝜌 ≥ 0.77𝜎0𝑑(𝑥, 𝑦).

Proof. We assume |𝑥1| > |𝑦1| and 𝑥1 − 𝑦1 = 𝑑(𝑥, 𝑦) without loss of generality. From Lemma 4.2 we know that

Im2 𝜌 ≥ 1
2

Re 𝜌 · Im 𝜌 =
1
4

Im 𝜌2 ≥ 1
4

Im(𝑥̃1 − 𝑦1)2 ≥
1
2

Im2(𝑥̃1 − 𝑦1).

It follows from Lemma 4.1 that

Im 𝜌 ≥
√

2
2

Im(𝑥̃1 − 𝑦1) ≥ 0.77𝜎0(𝑥1 − 𝑦1) = 0.77𝜎0𝑑(𝑥, 𝑦).

The proof is completed. �

4.2. Analytic extension of the Cagniard-de Hoop transform

From Appendix A.2, the perturbation tensor is represented by the Cagniard-de Hoop transform. So we have
to extend the Cagniard-de Hoop transform to complex coordinates.

Lemma 4.4. Suppose 𝑥 ∈ R3
+ and 𝑦 ∈ R3

−. For any 𝑞 ≥ 0, define 𝜅1 = 𝜅1(0, 𝑞) and 𝜉± =
𝜅1

𝜌

(︁
𝑟𝑡± i𝑧

√︀
𝑡2 − 1

)︁
.

Then
(𝜅2

1 − 𝜉2
±)1/2 =

𝜅1

𝜌

(︁
𝑧𝑡∓ i𝑟

√︀
𝑡2 − 1

)︁
.

Proof. We only prove the lemma for 𝜉+. The proof for 𝜉− is similar. Write

Λ+ =
𝜅1

𝜌
(𝑧𝑡− i𝑟𝑡1) , 𝑡1 =

√︀
𝑡2 − 1.

It is easy to see Λ2
+ = 𝜅2

1 − 𝜉2
+. Using the convention in (2.1), it suffices to show Re Λ+ ≥ 0.

From (4.3), we can write 𝜌 = 𝜌1 + i𝜌2, 𝑟 = 𝑟1 + i𝑟2, 𝑧 = 𝑧1 + i𝑧2 with 𝜌1 ≥ 𝜌2 ≥ 0, 𝑟1 ≥ 𝑟2 ≥ 0, and
𝑧1 ≥ 𝑧2 ≥ 0. Then

|𝜌|2

𝜅1
Re Λ+ = 𝜌1(𝑧1𝑡 + 𝑟2𝑡1) + 𝜌2(𝑧2𝑡− 𝑟1𝑡1) ≥ 𝑡1(𝑀 −𝑁), (4.12)
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where 𝑀 = 𝜌1𝑧1 + 𝜌1𝑟2 + 𝜌2𝑧2 and 𝑁 = 𝜌2𝑟1. By direct calculations, we find that
1
2
(︀
𝑀2 −𝑁2

)︀
≥ 1

2
(︀
𝜌2
1𝑧

2
1 + 𝜌2

2𝑧
2
2 + 𝜌2

1𝑟
2
2 − 𝜌2

2𝑟
2
1

)︀
=
⃒⃒
𝜌2
⃒⃒ ⃒⃒

𝑧2
⃒⃒
+ Re 𝜌2 Re 𝑧2 + Re 𝑧2

⃒⃒
𝑟2
⃒⃒
+
(︀⃒⃒

𝑟2
⃒⃒
−
⃒⃒
𝜌2
⃒⃒)︀

Re 𝑟2

≥ Re 𝜌2 Re 𝑧2 + Re 𝑧2
⃒⃒
𝑟2
⃒⃒
+
(︀⃒⃒

𝑧2
⃒⃒
+
⃒⃒
𝑟2
⃒⃒
−
⃒⃒
𝜌2
⃒⃒)︀

Re 𝑟2 ≥ 0.

This implies 𝑀 > 𝑁 . Then (4.12) shows ReΛ+ ≥ 0. �

Lemma 4.5. Suppose 𝜎0 ≥ 5 and that 𝑥 ∈ R3
+, 𝑦 ∈ R3

− satisfy 𝑑(𝑥, 𝑦) ≥ 6𝐿max. Define 𝜅𝑗 = 𝜅𝑗(0, 𝑞) and

𝜇𝑗 =
(︀
𝜅2

𝑗 − 𝜉2
)︀1/2 for any 𝑞 ≥ 0 and 𝑗 = 1, 2, where

𝜉 =
𝜅1

𝜌

(︁
𝑟𝑡± i𝑧

√︀
𝑡2 − 1

)︁
.

For 𝜑 = 𝑧, or 𝜑 = 𝑥̃3 with 𝑥3 ≥ 1.5𝐿3, or 𝜑 = −𝑦3 with |𝑦3| ≥ 1.5𝐿3,

Im [(𝜇1 − 𝜇2)𝜑] ≤ 0. (4.13)

Proof. From (4.3), we have Re 𝑟2 ≥ 0, Re 𝑧2 ≥ 0, and Re 𝜌2 ≥ 0. Write

𝑧 = 𝑥3 − 𝑦3, 𝜌 = 𝜌1 + i𝜌2, 𝑟 = 𝑟1 + i𝑟2, 𝑧 = 𝑧1 + i𝑧2, 𝜑 = 𝜑1 + i𝜑2,

with 𝜌1 ≥ 𝜌2 ≥ 0, 𝑟1 ≥ 𝑟2 ≥ 0, 𝑧1 ≥ 𝑧2 ≥ 0, and 𝜑1 ≥ 𝜑2 ≥ 0. Moreover, let 𝜇𝑗 = 𝐴𝑗 + i𝐵𝑗 with 𝐴𝑗 , 𝐵𝑗 ∈ R,
𝑗 = 1, 2. Using Lemma 4.4 and (2.1), we have

𝐴1 =
𝜅1

|𝜌|2
(𝜌1𝑧1𝑡 + 𝜌1𝑟2𝑡1 + 𝜌2𝑧2𝑡− 𝜌2𝑟1𝑡1), (4.14)

𝐵1 =
𝜅1

|𝜌|2
(𝜌1𝑧2𝑡− 𝜌1𝑟1𝑡1 − 𝜌2𝑧1𝑡− 𝜌2𝑟2𝑡1), (4.15)

𝐴2 =
√

2
2

[︂√︁(︀
𝑘2
− − 𝑘2

+ + 𝐴2
1 −𝐵2

1

)︀2 + 4𝐴2
1𝐵

2
1 +

(︀
𝑘2
− − 𝑘2

+ + 𝐴2
1 −𝐵2

1

)︀]︂1/2

, (4.16)

|𝐵2| =
√

2
2

[︂√︁(︀
𝑘2
− − 𝑘2

+ + 𝐴2
1 −𝐵2

1

)︀2 + 4𝐴2
1𝐵

2
1 −

(︀
𝑘2
− − 𝑘2

+ + 𝐴2
1 −𝐵2

1

)︀]︂1/2

. (4.17)

Since 𝜇2
2 − 𝜇2

1 = 𝑘2
− − 𝑘2

+, we have

𝐴2
2 −𝐵2

2 = 𝑘2
− − 𝑘2

+ + 𝐴2
1 −𝐵2

1 , 𝐴1𝐵1 = 𝐴2𝐵2. (4.18)

Direct calculations show that

𝐴2 ≥ 𝐴1 ≥ 0, |𝐵2| ≤ |𝐵1|, sign(𝐵1) = sign(𝐵2). (4.19)

In view of Lemma 4.2, we have 𝜌1 ≤ 2𝜌2 and deduce that

Im [(𝜇1 − 𝜇2)𝜑] =𝜑1(𝐵1 −𝐵2) + 𝜑2(𝐴1 −𝐴2) =
𝐴1 −𝐴2

𝐴2
(𝜑2𝐴2 − 𝜑1𝐵1)

≤ 𝐴1 −𝐴2

𝐴2

𝜅1𝑡

|𝜌|2
[𝜌2(𝜑1𝑧1 + 𝜑2𝑧2) + 𝜌1(𝜑2𝑧1 − 𝜑1𝑧2)]

≤ 𝐴1 −𝐴2

𝐴2

𝜅1𝑡𝜌1

|𝜌|2
[𝜑2𝑧2 + 𝜑2𝑧1 − 𝜑1𝑧2] . (4.20)

If 𝜑 = 𝑧, (4.20) shows Im [(𝜇1 − 𝜇2)𝜑] ≤ 0 directly. If 𝜑 = 𝑥̃3 and 𝑥3 ≥ 1.5𝐿3, then

𝜑2𝑧2 + 𝜑2𝑧1 − 𝜑1𝑧2 ≥ (𝑥3 − Im 𝑥̃3) Im 𝑦3 = [(1− 2𝜎0)𝑥3 + 2.5𝜎0𝐿3] Im 𝑦3 ≥ 0.

So we have Im [(𝜇1 − 𝜇2)𝜑] ≤ 0. The proof for 𝜑 = −𝑦3 is similar and omitted. �
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4.3. Partial derivatives of P(𝑘; 𝑥̃, 𝑦) with 𝜀 = 0

In view of (A.15) and (A.16) in the appendix, the partial derivatives of P can be represented with the
Cagniard-de Hoop transform. The derivatives of P(𝑘; 𝑥̃, 𝑦̃) with respect to 𝑥̃, 𝑦̃ can be obtained by replacing
𝑥, 𝑦 with 𝑥̃, 𝑦̃ in the corresponding derivatives of P(𝑘; 𝑥, 𝑦) with respect to 𝑥, 𝑦, namely,

𝜕𝑚+𝑛

𝜕𝑥̃𝑚
𝑖 𝜕𝑦𝑛

𝑗

P(𝑘; 𝑥̃, 𝑦̃) =

(︃
𝜕𝑚+𝑛P
𝜕𝑥𝑚

𝑖 𝜕𝑦𝑛
𝑗

)︃
(𝑘; 𝑥̃, 𝑦̃), 1 ≤ 𝑖, 𝑗 ≤ 3, 𝑚, 𝑛 ≥ 0.

For example, replacing 𝑥, 𝑦 with 𝑥̃, 𝑦̃ in (A.15) and (A.16), we get the explicit expressions of

𝜕𝑙+𝑚+𝑛P33(𝑘; 𝑥̃, 𝑦̃)
𝜕𝑥̃𝑙

1𝜕𝑥̃𝑚
2 𝜕𝑥̃𝑛

3

,
𝜕𝑙+𝑚+𝑛P33(𝑘; 𝑥̃, 𝑦̃)

𝜕𝑦𝑙
1𝜕𝑦𝑚

2 𝜕𝑦𝑛
3

·

On one hand, (A.12) and (A.13) state that the Cagniard-de Hoop representation of P is defined upon an
arbitrary parameter 0 < 𝜀 ≪ 1. On the other hand, (A.4)–(A.6) imply that P(𝑘; 𝑥, 𝑦) is actually independent
of the choice of 𝜀. In this subsection, we are going to prove that, under the complex stretching, the Cagniard-de
Hoop representation of P(𝑘; 𝑥̃, 𝑦̃) can be given by taking 𝜀 = 0.

Lemma 4.6. For 𝑥, 𝑦 ∈ R3
±, the partial derivatives of P(𝑘; 𝑥̃, 𝑦̃) are given by setting 𝜀 = 0.

Proof. Without loss of generality, we only prove the lemma for
𝜕𝑚

𝜕𝑥̃𝑚
1

P33(𝑘; 𝑥̃, 𝑦̃) and for 𝑥 ∈ R3
+, 𝑦 ∈ R3

−. The

results can be extended straightforwardly to other cases of 𝑥, 𝑦, to other entries of P, and to other derivatives
of P. The details are omitted here.

In the Cagniard-de Hoop representation, we write P(𝜀)(𝑘; 𝑥̃, 𝑦̃) := P(𝑘; 𝑥̃, 𝑦̃) to specify its dependency on 𝜀.
Moreover, let P(0)(𝑘; 𝑥̃, 𝑦̃) be given by setting 𝜀 = 0 and replacing 𝑥, 𝑦 with 𝑥̃, 𝑦̃ in (A.7). It suffices to show

𝜕𝑚

𝜕𝑥̃𝑚
1

P(0)
33 (𝑘, 0; 𝑥̃, 𝑦̃) = lim

𝜀→0+

𝜕𝑚

𝜕𝑥̃𝑚
1

P(𝜀)
33 (𝑘, 𝜀; 𝑥̃, 𝑦̃), 𝑚 ≥ 0. (4.21)

For convenience, let 𝑟, 𝑧, 𝜌, 𝑟, 𝑧, 𝜌 be defined in (4.1). The analytic extension of the Cagniard-de Hoop
transform is defined by, for any 𝑡 ≥ 1,

𝜉±(𝑡) =
𝜅1(𝜀, 𝑞)

𝜌

(︁
𝑟𝑡± i𝑧

√︀
𝑡2 − 1

)︁
, Λ±(𝑡) =

𝜅1(𝜀, 𝑞)
𝜌

(︁
𝑧𝑡∓ i𝑟

√︀
𝑡2 − 1

)︁
.

Let 𝐶 be a constant independent of 𝑥̃, 𝑦̃, 𝜀, 𝑞, and 𝑡. From Lemma 4.3 and (A.9), it is easy to see that

|𝜉±(𝑡)|+ |Λ±(𝑡)| ≤ 𝐶
|𝑟|+ |𝑧|
|𝜌|

(𝑘+ + 𝑞)𝑡 ≤ 𝐶(𝑘+ + 𝑞)𝑡. (4.22)

Since Im 𝜇2
1 = Im 𝜇2

2, the convention in (2.1) implies

Re 𝜇1 ≥ 0, Re 𝜇2 ≥ 0, sign(Im 𝜇1) = sign(Im𝜇2).

This shows |𝜇1 − 𝜇2| ≤ |𝜇1 + 𝜇2|. Since 𝜇2
1 − 𝜇2

2 = 𝑘2
+ − 𝑘2

−, we have⃒⃒
𝑘2
−𝜇1 + 𝑘2

+𝜇2

⃒⃒
≥ 𝑘2

+ |𝜇1 + 𝜇2| ≥ 𝑘2
+

⃒⃒
𝜇2

1 − 𝜇2
2

⃒⃒1/2 ≥ 𝑘2
+(𝑘− − 𝑘+). (4.23)

Replacing 𝑥, 𝑦 with 𝑥̃, 𝑦̃ in (A.7), we find that, for any 𝑧 ≥ 2𝜀𝑟,⃒⃒⃒⃒
𝜕𝑚

𝜕𝑥̃𝑚
1

P(𝜀)
33 (𝑘; 𝑥̃, 𝑦̃)

⃒⃒⃒⃒
≤ 𝐶𝑒𝑘−|𝑦3|

∫︁ ∞

0

∫︁ ∞

1

[(𝑘+ + 𝑞)𝑡]𝑚+1

⃒⃒
𝑒i𝜅1(𝜀,𝑞)𝜌𝑡

⃒⃒
√

𝑡2 − 1
d𝑡 d𝑞. (4.24)
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For 𝜀 < 1/2, from (2.1) and (A.9), we find that

Im [𝜅1(𝜀, 𝑞)𝜌] ≥ Re 𝜅1(𝜀, 𝑞) · Im 𝜌 ≥ 0.4(𝑘+ + 𝑞) Im 𝜌.

Inserting the estimates into (4.24) leads to⃒⃒⃒⃒
𝜕𝑚

𝜕𝑥̃𝑚
1

P(𝜀)
33 (𝑘; 𝑥̃, 𝑦̃)

⃒⃒⃒⃒
≤ 𝐶𝑒𝑘−|𝑦3|

∫︁ ∞

0

∫︁ ∞

1

[(𝑘+ + 𝑞)𝑡]𝑚+1

√
𝑡2 − 1

𝑒−0.4 Im 𝜌 (𝑘++𝑞)𝑡 d𝑡 d𝑞.

Remember from (4.3) that Im 𝜌 > 0. The integral on the righthand side is convergent and independent of 𝜀. So
(4.21) follows from the dominated convergence theorem. �

Remark 4.7. In (A.12)–(A.14), the Cagniard-de Hoop representation of P(𝑘; 𝑥, 𝑦) is only defined for 𝑥, 𝑦 ∈ R3
±

satisfying

|𝑥3|+ |𝑦3| ≥ 2𝜀
√︀

(𝑥1 − 𝑦1)2 + (𝑥2 − 𝑦2)2.

By Lemma 4.6, we can take 𝜀 = 0 in the expression of P(𝑘; 𝑥̃, 𝑦̃). Therefore, P(𝑘; 𝑥̃, 𝑦̃) is well-defined for all
𝑥, 𝑦 ∈ R3

±.

4.4. Exponential attenuation of G(𝑘; 𝑥̃, 𝑦)

From (3.5) and (3.4), we must first prove the exponential attenuation of S(𝑘; 𝑥̃, 𝑦̃) and P(𝑘; 𝑥̃, 𝑦̃) as |𝑥− 𝑦| →
+∞. For convenience, through this subsection, we use

𝜁𝑗 = 𝑥̃𝑗 , 𝜁𝑗+3 = 𝑦𝑗 , 𝑗 = 1, 2, 3.

Lemma 4.8. Suppose 𝜎0 ≥ 5 and 𝑥, 𝑦 ∈ R3. There is a constant 𝐶 depending only on 𝑘± and 𝐿max such that,
for any 1 ≤ 𝑖, 𝑗 ≤ 6 and 𝑚, 𝑛 ≥ 0,⃒⃒⃒⃒

⃒ 𝜕𝑚+𝑛

𝜕𝜁𝑚
𝑖 𝜕𝜁𝑛

𝑗

S(𝑘; 𝑥̃, 𝑦̃)

⃒⃒⃒⃒
⃒ ≤ 𝐶 ×

{︃
𝑒−0.77𝑘+𝜎0𝑑(𝑥,𝑦), if 𝑑(𝑥, 𝑦) ≥ 6𝐿max,

|𝑥− 𝑦|−𝑚−𝑛−1
, otherwise.

Proof. Since Φ(𝑘±; 𝑥̃, 𝑦̃) = [4𝜋𝜌(𝑥̃, 𝑦̃)]−1𝑒𝑖𝑘±𝜌(𝑥̃,𝑦̃), the lemma follows directly from (2.5) and Lemma 4.3. �

Lemma 4.9. Suppose 𝜎0 ≥ 5 and 𝑥, 𝑦 ∈ R3
±. There is a constant 𝐶 depending only on 𝑘± and 𝐿max such that,

for any 1 ≤ 𝑖, 𝑗 ≤ 6 and 𝑚, 𝑛 ≥ 0,⃒⃒⃒⃒
⃒ 𝜕𝑚+𝑛

𝜕𝜁𝑚
𝑖 𝜕𝜁𝑛

𝑗

P(𝑘; 𝑥̃, 𝑦̃)

⃒⃒⃒⃒
⃒ ≤ 𝐶 ×

{︃
𝑒𝑘−𝜎0𝐿3𝑒−0.77𝑘+𝜎0𝑑(𝑥,𝑦), if 𝑑(𝑥, 𝑦) ≥ 6𝐿max,

|𝑥− 𝑦|−𝑚−𝑛−1
, otherwise.

Proof. Without loss of generality, we assume 𝑥 ∈ R3
+, 𝑦 ∈ R3

− and only consider the derivatives of P33(𝑘; 𝑥̃, 𝑦̃)
with respect to 𝑥̃. The results can be extended straightforwardly to other entries of P, to other derivatives, and
to other cases of 𝑥, 𝑦. The estimates for 𝑑(𝑥, 𝑦) < 6𝐿max follow directly from Lemma 2.1. We only consider the
case of 𝑑(𝑥, 𝑦) ≥ 6𝐿max. Moreover, by Remark 4.7, it suffices to take 𝜀 = 0 in defining P(𝑘; 𝑥̃, 𝑦̃), namely,

𝜅1 =
(︀
𝑘2
+ + 𝑞2

)︀1/2
, 𝜅2 =

(︀
𝑘2
− + 𝑞2

)︀1/2
, ∀ 𝑞 ≥ 0.

Using (A.15) and the notations in (4.1), we know that

𝜕𝑙+𝑚+𝑛P33(𝑘; 𝑥̃, 𝑦̃)
𝜕𝑥̃𝑙

1𝜕𝑥̃𝑚
2 𝜕𝑥̃𝑛

3

= i𝑙+𝑚+𝑛−1 𝑘2
−

2𝜋2
[𝐹+(𝑥̃, 𝑦̃) + 𝐹−(𝑥̃, 𝑦̃)] , (4.25)
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where

𝐹±(𝑥̃, 𝑦̃) =
∫︁ ∞

0

∫︁ ∞

1

𝜆𝑙
1(𝜉±)𝜆𝑚

2 (𝜉±)Λ𝑛+1
±

𝑒i[𝜇1(𝜉±)−𝜇2(𝜉±)]𝑦3

𝑘2
−𝜇1(𝜉±) + 𝑘2

+𝜇2(𝜉±)
𝑒i𝜅1𝜌𝑡

√
𝑡2 − 1

d𝑡 d𝑞.

Let 𝜑 be the polar angle such that 𝑥1 − 𝑦1 = 𝑟 cos 𝜑 and 𝑥2 − 𝑦2 = 𝑟 sin 𝜑. We have

𝜆1(𝜉) = 𝜉 cos 𝜑− i𝑞 sin 𝜑, 𝜆2(𝜉) = 𝜉 sin 𝜑 + i𝑞 cos 𝜑.

Moreover, 𝜇𝑗(𝜉) =
(︀
𝜅2

𝑗 − 𝜉2
)︀1/2 for 𝑗 = 1, 2 and 𝜉±, Λ± are given by

𝜉±(𝑡) =
𝜅1

𝜌

(︁
𝑟𝑡± i𝑧

√︀
𝑡2 − 1

)︁
, Λ±(𝑡) =

𝜅1

𝜌

(︁
𝑧𝑡∓ i𝑟

√︀
𝑡2 − 1

)︁
.

From Lemma 4.4, we know that

𝜇1(𝜉±) = Λ±, 𝜇2(𝜉±) =
(︀
𝑘2
− − 𝑘2

+ + Λ2
±
)︀1/2

.

It suffices to estimate 𝐹±(𝑥̃, 𝑦̃). Similar to (4.22), there is a generic constant 𝐶 independent of 𝑥̃, 𝑦̃ such that

|𝜆1(𝜉±)|+ |𝜆2(𝜉±)|+ |𝜉±|+ |Λ±| ≤ 𝐶(𝑘+ + 𝑞)𝑡,

Note that |𝜇1 − 𝜇2|2 ≤
⃒⃒
𝜇2

1 − 𝜇2
2

⃒⃒
= 𝑘2

− − 𝑘2
+. If |𝑦3| ≤ 1.5𝐿3, we have

|𝑦3| ≤
√︁

(1.5𝐿3 + 0.5𝜎0𝐿3)2 + 0.25𝜎2
0𝐿2

3 ≤ 𝜎0𝐿3.

This implies ⃒⃒⃒⃒
𝑒i[𝜇1(𝜉±)−𝜇2(𝜉±)]𝑦3

𝑘2
−𝜇1(𝜉±) + 𝑘2

+𝜇2(𝜉±)

⃒⃒⃒⃒
≤ 𝐶𝑒𝑘−𝜎0𝐿3 .

If |𝑦3| > 1.5𝐿3, from Lemma 4.5 we have⃒⃒⃒⃒
𝑒i[𝜇1(𝜉±)−𝜇2(𝜉±)]𝑦3

𝑘2
−𝜇1(𝜉±) + 𝑘2

+𝜇2(𝜉±)

⃒⃒⃒⃒
≤ 𝐶.

Substituting the estimates into 𝐹± and using Lemma 4.3, we easily get

|𝐹±(𝑥̃, 𝑦̃)| ≤ 𝐶𝑒𝑘−𝜎0𝐿3𝑒−0.77𝑘+𝜎0𝑑(𝑥,𝑦).

The proof is finished by using (4.25). �

Lemma 4.10. Suppose 𝜎0 ≥ 5 and that 𝑥, 𝑦 ∈ R3
± satisfy 𝑑(𝑥, 𝑦) ≥ 6𝐿max. There is a constant 𝐶 depending

only on 𝑘±, 𝐿max such that, for any 1 ≤ 𝑖, 𝑗 ≤ 6 and 𝑚, 𝑛 ≥ 0,⃒⃒⃒⃒
⃒ 𝜕𝑚+𝑛

𝜕𝜁𝑚
𝑖 𝜕𝜁𝑛

𝑗

G(𝑘; 𝑥̃, 𝑦̃)

⃒⃒⃒⃒
⃒ ≤ 𝐶𝑒𝑘−𝜎0𝐿3𝑒−0.77𝑘+𝜎0𝑑(𝑥,𝑦).

Proof. Since G(𝑘; 𝑥̃, 𝑦̃) = H(𝑘; 𝑥̃, 𝑦̃) + 𝑘−2
± ∇𝑦̃ div𝑦̃ H(𝑘; 𝑥̃, 𝑦̃) and H = S−P, the lemma is a direct consequence

of Lemma 4.8 and Lemma 4.9. �
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4.5. Exponential attenuation of 𝐸(𝑥̃)

Now we prove the exponential attenuation of the stretched solution. It is the key step to prove the well-
posedness of the PML truncation problem and the exponential convergence of the PML solution.

Theorem 4.11. Let 𝐸 be the solution of (1.1) and let 𝐸(𝑥̃) be the analytic continuation of 𝐸(𝑥) defined
in (3.8). Assume 𝜎0 ≥ 5, 𝑔 ∈ 𝐻−1/2(Div, Γ𝐷) and let 𝑥 ∈ R3

± satisfy 𝑑(𝑥, 0) ≥ 7𝑘−𝑘−1
+ 𝐿max. There is a

constant 𝐶 depending only on 𝑘, 𝐿 such that

|𝐸(𝑥̃)|+ |curl𝑥̃ 𝐸(𝑥̃)| ≤ 𝐶𝑒−0.45𝑘+𝜎0𝑑(𝑥,0) ‖𝑔‖𝐻−1/2(Div,Γ𝐷) .

Proof. For any 𝑦 ∈ Γ𝐷, since 𝑑(𝑦, 0) ≤ 𝐿max, the assumptions of the theorem imply 𝑑(𝑥, 𝑦) ≥ 6𝐿max𝑘−/𝑘+.
By Lemma 4.10, we have

‖curlG(𝑥̃, ·)‖𝐻(curl,Ω𝐿) + ‖G(𝑥̃, ·)‖𝐻(curl,Ω𝐿) ≤ 𝐶𝑒𝑘−𝜎0𝐿3𝑒−0.77𝑘+𝜎0[𝑑(𝑥,0)−𝐿max]

≤ 𝐶𝑒−0.45𝑘+𝜎0𝑑(𝑥,0).

Since 𝛾𝑡 and 𝛾𝑇 are bounded, using (1.1a) and Theorem 2.2, we have

|ΨSL(𝛾𝑡(curl𝐸))(𝑥̃)| ≤ ‖𝛾𝑡(curl𝐸)‖𝐻−1/2(Div,Γ𝐷) ‖𝛾𝑇 G(𝑥̃, ·)‖𝐻−1/2(Curl,Γ𝐷)

≤ ‖curl𝐸‖𝐻(curl,Ω𝐿) ‖G(𝑥̃, ·)‖𝐻(curl,Ω𝐿)

≤ 𝐶 ‖𝐸‖𝐻(curl,Ω𝐿) ‖G(𝑥̃, ·)‖𝐻(curl,Ω𝐿)

≤ 𝐶𝑒−0.45𝑘+𝜎0𝑑(𝑥,0) ‖𝑔‖𝐻−1/2(Div,Γ𝐷) ,

where we have used 𝑦̃ = 𝑦 in Ω𝐿. Similarly, the double layer potential can be estimated as follows

|ΨDL(𝑔)(𝑥̃)| ≤ ‖𝑔‖𝐻−1/2(Div,Γ𝐷) ‖𝛾𝑇 (curlG)(𝑥̃, ·)‖𝐻−1/2(Curl,Γ𝐷)

≤ ‖𝑔‖𝐻−1/2(Div,Γ𝐷) ‖curlG(𝑥̃, ·)‖𝐻(curl,Ω𝐿)

≤ 𝐶𝑒−0.45𝑘+𝜎0𝑑(𝑥,0) ‖𝑔‖𝐻−1/2(Div,Γ𝐷) .

From (3.8), we find that |𝐸(𝑥̃)| ≤ 𝐶𝑒−0.45𝑘+𝜎0𝑑(𝑥,0) ‖𝑔‖𝐻−1/2(Div,Γ𝐷). The estimate for curl𝑥̃ 𝐸(𝑥̃) is similar
and omitted here. �

5. Well-posedness of the modified Maxwell equation

In this section, we prove the well-posedness of the exterior problem (3.16). It plays an important role in
proving the well-posedness of the PML problem. In Section 3.4, we already know that (3.16) has at least one
solution 𝐸 := B⊤𝐸 ∘ 𝐹 where 𝐸 is the solution of problem (1.1). We shall prove that 𝐸 is the only solution of
(3.16) in 𝐻(curl, 𝐷𝑐).

5.1. The stretched Maxwell equation in R3

Given 𝑓 ∈ 𝐿2(R3), we first study the stretched Maxwell equation in the layered medium

∇̃ × ∇̃ × 𝑢− 𝑘2
±𝑢 = 𝑓 in R3

±, (5.1a)
r
𝛾𝑡(B⊤∇̃ × 𝑢)

z
=

q
𝛾𝑡(B⊤𝑢)

y
= 0 on Σ. (5.1b)
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Lemma 5.1. Problem (5.1) has one solution given by

𝑢(𝑥) :=
∫︁

R3
G(𝑘; 𝑦̃, 𝐹 (𝑥))𝑓(𝑦)𝐽(𝑦) d𝑦 ∀𝑥 ∈ R3

±. (5.2)

Proof. From Lemma 3.2, we know that G satisfies, for any fixed 𝑦 ∈ R3
±,

∇̃ × ∇̃ ×G(𝑘; 𝑦̃, 𝐹 (·))− 𝑘2
±G(𝑘; 𝑦̃, 𝐹 (·)) = 𝐽−1𝛿𝑦I in R3

±,
q
𝑛× B⊤G(𝑘; 𝑦̃, 𝐹 (·))

y
=

r
𝑛× B⊤∇̃ ×G(𝑘; 𝑦̃, 𝐹 (·))

z
= 0 on Σ.

Applying (∇̃ × ∇̃×)− 𝑘2
± to both sides of (5.4) yields (5.1a). Furthermore, we have

q
𝛾𝑡(B⊤𝑢)

y
=

q
𝑛× B⊤𝑢

y
=
∫︁

R3

q
𝑛× B⊤G(𝑘; 𝑦̃, 𝐹 (·))

y
𝑓(𝑦)𝐽(𝑦) d𝑦 = 0 on Σ.

Similarly, we have
r
𝛾𝑡(B⊤∇̃ × 𝑢)

z
= 0 on Σ. �

Lemma 5.2. Let 𝑢 be defined in (5.2). There is a constant 𝐶 independent of 𝜎0 such that

‖𝑢‖𝐿2(R3) +
⃦⃦⃦
∇̃ × 𝑢

⃦⃦⃦
𝐿2(R3)

≤ 𝐶𝜎6
0 ‖𝑓‖𝐿2(R3) . (5.3)

Proof. Using (3.5) and (3.11), 𝑢 admits a splitting

𝑢 = 𝑤 + ∇̃𝜑, 𝜑 := 𝑘−2
± ∇̃ ·𝑤 in R3

±,

where

𝑤(𝑥) =
∫︁

R3
H(𝑘; 𝑦̃, 𝐹 (𝑥))𝑓(𝑦)𝐽(𝑦) d𝑦. (5.4)

From (2.4b), H is continuous across Σ. So 𝑤 is also continuous across Σ.
From (3.4) and Lemmas 4.8–4.9, we know that

|H(𝑘; 𝑦̃, 𝑥̃)|+ |∇𝑥̃H(𝑘; 𝑦̃, 𝑥̃)| ≤

{︃
𝐶𝑒−0.6𝑘+𝜎0𝑑(𝑥,𝑦), if 𝑑(𝑥, 𝑦) ≥ 6𝐿max𝑘−/𝑘+,

𝐶
[︀
1 + 𝑑(𝑥, 𝑦)−2

]︀
, otherwise.

Writing 𝜁(𝑥, 𝑦) =
[︀
1 + 𝑑(𝑥, 𝑦)−2

]︀
𝑒−0.6𝑘+𝜎0𝑑(𝑥,𝑦), we find that

‖𝑤‖2𝐿2(R3) ≤ 𝐶𝜎6
0

∫︁
R3

[︂∫︁
R3

𝜁(𝑥, 𝑦) |𝑓(𝑦)|2 d𝑦

]︂ [︂∫︁
R3

𝜁(𝑥, 𝑦) d𝑦

]︂
d𝑥

≤ 𝐶𝜎6
0

∫︁
R3
|𝑓(𝑦)|2

∫︁
R3

𝜁(𝑥, 𝑦) d𝑥 d𝑦 ≤ 𝐶𝜎6
0 ‖𝑓‖

2
𝐿2(R3) . (5.5)

Since ∇̃ ×𝑤(𝑥) =
∫︁

R3
curl𝑥̃ H(𝑘; 𝑦̃, 𝑥̃)𝑓(𝑦)𝐽(𝑦) d𝑦, similarly we have⃦⃦⃦

∇̃ × 𝑢
⃦⃦⃦

𝐿2(R3)
=
⃦⃦⃦
∇̃ ×𝑤

⃦⃦⃦
𝐿2(R3)

≤ 𝐶𝜎3
0 ‖𝑓‖𝐿2(R3) .

To estimate ∇̃𝜑, we multiply both sides of (5.1a) with 𝐽∇̃𝜑 and integrate the equation over R3. An application
of integration by part shows that∫︁

R3
𝑘2𝐽∇̃𝜑 · ∇̃𝜑 = −

∫︁
R3

𝐽(𝑓 + 𝑘2𝑤) · ∇̃𝜑.
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From (3.3), the equation can be written equivalently into∫︁
R3

𝑘2
3∑︁

𝑗=1

𝐽
𝛼̄𝑗

𝛼𝑗

⃒⃒⃒⃒
𝜕𝜑

𝜕𝑥̃𝑗

⃒⃒⃒⃒2
= −

∫︁
R3

𝐽BB−1(𝑓 + 𝑘2𝑤) · ∇̃𝜑 .

The real parts of the coefficients satisfy

Re(𝐽𝛼̄𝑗/𝛼𝑗) ≥ 1 + 𝛽1 + 𝛽2 + 𝛽3 + 2𝛽1𝛽2𝛽3, 𝑗 = 1, 2, 3. (5.6)

Therefore, with a constant 𝐶 > 0 independent of 𝜎0, we have⃦⃦⃦
∇̃𝜑
⃦⃦⃦

𝐿2(R3)
≤ 𝐶𝜎3

0

⃦⃦
𝑓 + 𝑘2𝑤

⃦⃦
𝐿2(R3)

≤ 𝐶𝜎6
0 ‖𝑓‖𝐿2(R3) .

Together with (5.5), this finishes the proof. �

5.2. The stretched Maxwell equation in 𝐷𝑐

Next we study the stretched Maxwell equation in the exterior domain 𝐷𝑐:

∇̃ × ∇̃ × 𝑢− 𝑘2
±𝑢 = 𝑓 in R3

± ∩𝐷𝑐, (5.7a)
r
𝛾𝑡(B⊤∇̃ × 𝑢)

z
=

q
𝛾𝑡(B⊤𝑢)

y
= 0 on Σ, (5.7b)

𝛾𝑡𝑢 = 0 on Γ𝐷. (5.7c)

Lemma 5.3. For any 𝑓 ∈ 𝐿2(𝐷𝑐), there exist a function 𝑢 which satisfies (5.7) and a constant 𝐶 > 0 inde-
pendent of 𝜎0 such that

‖𝑢‖𝐿2(𝐷𝑐)
+
⃦⃦⃦
∇̃ × 𝑢

⃦⃦⃦
𝐿2(𝐷𝑐)

≤ 𝐶𝜎6
0 ‖𝑓‖𝐿2(𝐷𝑐)

. (5.8)

Proof. First we extend 𝑓 by zero to the interior of 𝐷 and denote the extension still by 𝑓 . By Lemma 5.1, there
exists a 𝑢0 ∈ 𝐻(curl, R3) satisfying

∇̃ × ∇̃ × 𝑢0 − 𝑘2
±𝑢0 = 𝑓 in R3

±,
r
𝛾𝑡(B⊤∇̃ × 𝑢0)

z
=

q
𝛾𝑡(B⊤𝑢0)

y
= 0 on Σ,

‖𝑢0‖𝐿2(R3) +
⃦⃦⃦
∇̃ × 𝑢0

⃦⃦⃦
𝐿2(R3)

≤ 𝐶𝜎6
0 ‖𝑓‖𝐿2(R3) = 𝐶𝜎6

0 ‖𝑓‖𝐿2(𝐷𝑐)
.

From Theorem 2.2, the scattering problem

curl curl𝑢1 − 𝑘2
±𝑢1 = 0 in R3

± ∩𝐷𝑐,

J𝛾𝑡(curl𝑢1)K = J𝛾𝑡𝑢1K = 0 on Σ,

𝛾𝑡𝑢1 = 𝛾𝑡𝑢0 on Γ𝐷,

lim
𝜌→∞

∫︁
𝜕𝐵(𝜌)

|curl𝑢1 × 𝑛− i𝑘𝑢1|2 = 0,

has a unique solution which satisfies

‖𝑢1‖𝐻(curl,Ω𝐿) ≤ 𝐶 ‖𝛾𝑡𝑢0‖𝐻−1/2(Div,Γ𝐷) . (5.9)

Similar to (3.8), the analytic continuation of 𝑢1 is given by

𝑢1(𝑥̃) = ΨSL(𝛾𝑡(curl𝑢1))(𝑥̃) + ΨDL(𝛾𝑡(𝑢1))(𝑥̃) ∀𝑥 ∈ 𝐷𝑐. (5.10)
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We divide 𝐷𝑐 into 𝐷𝑐 = Ω𝐿 ∪ 𝐷̄1 ∪𝐷2 where

𝐷1 =
{︀
𝑥 ∈ 𝐷𝑐∖Ω̄𝐿 : 𝑑(𝑥, 0) < 7𝑘−𝑘−1

+ 𝐿max

}︀
, 𝐷2 =

{︀
𝑥 : 𝑑(𝑥, 0) > 7𝑘−𝑘−1

+ 𝐿max

}︀
.

First we consider the case of 𝑥 ∈ 𝐷1. From (3.4) to (3.5), it is easy to see that

‖G(𝑘; 𝑥̃, ·)‖𝐿∞(Γ𝐷) ≤ 𝐶
[︁
‖S(𝑘; 𝑥̃, ·)‖𝑊 2,∞(Γ𝐷) + ‖P(𝑘; 𝑥̃, ·)‖𝑊 2,∞(Γ𝐷)

]︁
.

Since 𝐹 (𝑦) = 𝑦 for any 𝑦 ∈ Γ𝐷, using Lemmas 4.8 and 4.9, there exists a constant 𝐶 > 0 depending only on
𝑘± and Ω𝐿 such that

‖G(𝑘; 𝑥̃, ·)‖𝐿∞(Γ𝐷) ≤ 𝐶
[︀
dist(Γ𝐿, Γ𝐷)−1 + dist(Γ𝐿, Γ𝐷)−3

]︀
≤ 𝐶,

where dist(Γ𝐿, Γ𝐷) denotes the distance between Γ𝐿 and Γ𝐷. Similarly, we have

‖(curlG)(𝑘; 𝑥̃, ·)‖𝐿∞(Γ𝐷) + ‖(curl curlG)(𝑘; 𝑥̃, ·)‖𝐿∞(Γ𝐷) ≤ 𝐶.

By arguments similar to the proof of Theorem 4.11, we have

|(𝑢1 ∘ 𝐹 )(𝑥)| = |𝑢1(𝑥̃)| ≤ 𝐶 ‖𝛾𝑡𝑢0‖𝐻−1/2(Div,Γ𝐷) ,⃒⃒⃒
∇̃ × (𝑢1 ∘ 𝐹 )(𝑥)

⃒⃒⃒
= |curl𝑥̃ 𝑢1(𝑥̃)| ≤ 𝐶 ‖𝛾𝑡𝑢0‖𝐻−1/2(Div,Γ𝐷) .

This leads to
‖𝑢1 ∘ 𝐹 ‖𝐿2(𝐷1)

+
⃦⃦⃦
∇̃ × (𝑢1 ∘ 𝐹 )

⃦⃦⃦
𝐿2(𝐷1)

≤ 𝐶 ‖𝛾𝑡𝑢0‖𝐻−1/2(Div,Γ𝐷) . (5.11)

For any 𝑥 ∈ 𝐷2, Theorem 4.11 indicates that

|(𝑢1 ∘ 𝐹 )(𝑥)|+
⃒⃒⃒
∇̃ × (𝑢1 ∘ 𝐹 )(𝑥)

⃒⃒⃒
≤ 𝐶𝑒−0.45𝑘+𝜎0𝑑(𝑥,0) ‖𝛾𝑡𝑢0‖𝐻−1/2(Div,Γ𝐷) .

This shows
‖𝑢1 ∘ 𝐹 ‖𝐿2(𝐷2)

+
⃦⃦⃦
∇̃ × (𝑢1 ∘ 𝐹 )

⃦⃦⃦
𝐿2(𝐷2)

≤ 𝐶 ‖𝛾𝑡𝑢0‖𝐻−1/2(Div,Γ𝐷) . (5.12)

The proof is finished by combining (5.9), (5.11), (5.12) and using the fact that ‖𝛾𝑡𝑢0‖𝐻−1/2(Div,Γ𝐷) ≤
𝐶 ‖𝑢0‖𝐻(curl,Ω𝐿) ≤ 𝐶𝜎6

0 ‖𝑓‖𝐿2(𝐷𝑐)
. �

5.3. The inf-sup condition in 𝐷𝑐

To study the weak solution of problem (3.16), we define the bilinear form

𝐴Ω(𝑢, 𝑣) =
∫︁

Ω

(︀
A curl𝑢 · curl𝑣 − 𝑘2A−1𝑢 · 𝑣

)︀
∀𝑢, 𝑣 ∈ 𝐻(curl, Ω). (5.13)

For Ω = 𝐷𝑐, we use the abbreviation 𝐴(𝑢, 𝑣) = 𝐴𝐷𝑐(𝑢, 𝑣).

Lemma 5.4. There exists a constant 𝐶sup > 0 depending only on 𝑘, 𝐿 such that

‖𝑢‖𝐻(curl,𝐷𝑐)
≤ 𝐶sup𝜎10

0 sup
𝑣∈𝐻Γ𝐷

(curl,𝐷𝑐)

|𝐴(𝑢, 𝑣)|
‖𝑣‖𝐻(curl,𝐷𝑐)

∀𝑢 ∈ 𝐻Γ𝐷
(curl, 𝐷𝑐).
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Proof. Let 𝑙𝑢: 𝐻Γ𝐷
(curl, 𝐷𝑐) → C be the linear functional defined by

𝑙𝑢(𝑣) =
∫︁

𝐷𝑐

(curl𝑢 · curl 𝑣̄ + 𝑢 · 𝑣̄) ∀𝑣 ∈ 𝐻Γ𝐷
(curl, 𝐷𝑐).

It is clear that ‖𝑙𝑢‖𝐻Γ𝐷
(curl,𝐷𝑐)′

= ‖𝑢‖𝐻(curl,𝐷𝑐)
. Let 𝐴+: 𝐻(curl, 𝐷𝑐) × 𝐻(curl, 𝐷𝑐) → C be the bilinear

form defined by

𝐴+(𝑤, 𝑣) =
∫︁

𝐷𝑐

A
(︀
curl𝑤 · curl𝑣 + 𝑘2𝑤 · 𝑣

)︀
.

Consider the weak problem: Find 𝑢+ ∈ 𝐻Γ𝐷
(curl, 𝐷𝑐) such that

𝐴+(𝑢+, 𝑣) = 𝑙𝑢(𝑣) ∀𝑣 ∈ 𝐻Γ𝐷
(curl, 𝐷𝑐). (5.14)

The real parts of the diagonal entries of A are given by

Re
𝛼2

𝑗

𝐽
≥ |𝛼𝑗 |2

|𝐽 |2
(1 + 2𝛽1𝛽2𝛽3 + 𝛽𝑗) > 0, 𝑗 = 1, 2, 3.

There is a constant 𝐶 > 0 depending only on 𝑘 such that

Re [𝐴+(𝑣, 𝑣̄)] ≥ 𝐶𝜎−2
0 ‖𝑣‖2𝐻(curl,𝐷𝑐)

.

So 𝐴+ is coercive on 𝐻(curl, 𝐷𝑐). By the Lax–Milgram lemma, (5.14) has a unique solution. Moreover, there
exists a constant 𝐶 > 0 depending only on 𝑘 such that

‖𝑢+‖𝐻(curl,𝐷𝑐)
≤ 𝐶𝜎2

0 ‖𝑙𝑢‖𝐻Γ𝐷
(curl,𝐷𝑐)′

= 𝐶𝜎2
0 ‖𝑢‖𝐻(curl,𝐷𝑐)

. (5.15)

Write 𝑓 := 𝑘2(A + A−1)𝑢+ ∈ 𝐿2(𝐷𝑐). Recall from (3.9) that, for any 𝑣 ∈ 𝐻(curl, 𝐷𝑐) satisfying A curl𝑣 ∈
𝐻(curl, 𝐷𝑐),

curl (A curl𝑣) = 𝐽B−1∇̃ × ∇̃ ×
(︀
B−⊤𝑣

)︀
. (5.16)

Using Lemma 5.3, there exists a function 𝑢1 ∈ 𝐻Γ𝐷
(curl, 𝐷𝑐) such that

curl(A curl𝑢1)− 𝑘2
±A−1𝑢1 = 𝑓 in R3

± ∩𝐷𝑐, (5.17a)
J𝛾𝑡(A curl𝑢1)K = J𝛾𝑡𝑢1K = 0 on Σ, (5.17b)
‖𝑢1‖𝐻(curl,𝐷𝑐)

≤ 𝐶𝜎7
0

⃦⃦
𝐽−1B𝑓

⃦⃦
𝐿2(𝐷𝑐)

≤ 𝐶𝜎8
0 ‖𝑢+‖𝐿2(𝐷𝑐)

. (5.17c)

Multiplying both sides of (5.17a) with 𝑣 ∈ 𝐶∞
0 (𝐷𝑐) and integrating by part, we have

𝐴(𝑢1, 𝑣) =
∫︁

𝐷𝑐

𝑓 · 𝑣 = 𝑙𝑢(𝑣)−𝐴(𝑢+, 𝑣) ∀𝑣 ∈ 𝐶∞
0 (𝐷𝑐).

The denseness of 𝐶∞
0 (𝐷𝑐) in 𝐻Γ𝐷

(curl, 𝐷𝑐) implies

𝐴(𝑢1, 𝑣) = 𝑙𝑢(𝑣)−𝐴(𝑢+, 𝑣) ∀𝑣 ∈ 𝐻Γ𝐷
(curl, 𝐷𝑐).

Clearly 𝑤 := 𝑢1 + 𝑢+ ∈ 𝐻Γ𝐷
(curl, 𝐷𝑐) and satisfies

𝐴(𝑤, 𝑣) = 𝑙𝑢(𝑣) ∀𝑣 ∈ 𝐻Γ𝐷
(curl, 𝐷𝑐), (5.18a)

‖𝑤‖𝐻(curl,𝐷𝑐)
≤ 𝐶𝜎8

0 ‖𝑢+‖𝐿2(𝐷𝑐)
≤ 𝐶𝜎10

0 ‖𝑢‖𝐿2(𝐷𝑐)
. (5.18b)

Since 𝐴(·, ·) is symmetric, using (5.18), we obtain

sup
𝑣∈𝐻Γ𝐷

(curl,𝐷𝑐)

|𝐴(𝑢, 𝑣)|
‖𝑣‖𝐻(curl,𝐷𝑐)

≥ |𝐴(𝑢, 𝑤)|
‖𝑤‖𝐻(curl,𝐷𝑐)

=
|𝑙𝑢(𝑢)|

‖𝑤‖𝐻(curl,𝐷𝑐)

≥
‖𝑢‖𝐻(curl,𝐷𝑐)

𝐶𝜎10
0

·

This completes the proof. �



EXPONENTIAL CONVERGENCE OF CARTESIAN PML METHOD 949

5.4. The well-posedness of problem (3.16)

Now we are ready to prove the well-posedness of problem (3.16). Multiplying both sides of (3.16a) with any
𝑣 ∈ 𝐶∞

0 (𝐷𝑐) and using integration by part, we get

𝐴(𝐸, 𝑣) = 0.

Since 𝐶∞
0 (𝐷𝑐) is dense in 𝐻Γ𝐷

(curl, 𝐷𝑐), the equality holds for all 𝑣 ∈ 𝐻Γ𝐷
(curl, 𝐷𝑐). Therefore, a weak

formulation of (3.16) reads: Find 𝐸 ∈ 𝐻(curl, 𝐷𝑐) such that 𝛾𝑡𝐸 = 𝑔 on Γ𝐷 and

𝐴(𝐸, 𝑣) = 0 ∀𝑣 ∈ 𝐻Γ𝐷
(curl, 𝐷𝑐). (5.19)

Theorem 5.5. For any 𝑔 ∈ 𝐻−1/2(Div, Γ𝐷), the exterior problem (3.16) or the weak problem (5.19) has a
unique solution in 𝐻(curl, 𝐷𝑐) which is just 𝐸 := B⊤(𝐸 ∘ 𝐹 ) where 𝐸 is the solution of problem (1.1).

Proof. Clearly Lemma 5.4 shows that (5.19) has a unique solution. Any solution of (3.16) also satisfies (5.19).
So the solution of (3.16) is unique in 𝐻(curl, 𝐷𝑐). Since 𝐸 := B⊤(𝐸 ∘ 𝐹 ) ∈ 𝐻(curl, 𝐷𝑐) satisfies (3.16), it is
just the unique solution of (3.16), or equivalently, the unique solution of (5.19). �

6. The well-posedness and exponential convergence of the PML problem

The purpose of this section is to prove the main result of this paper, that is, Theorem 3.3. Multiplying both
sides of (3.17a) with 𝑣 ∈ 𝐻0(curl, Ω𝑙) and using integration by part, we obtain an equivalent weak formulation
of the PML problem (3.17): Find 𝐸 ∈ 𝐻(curl, Ω𝑙) such that 𝛾𝑡𝐸 = 𝑔 on Γ𝐷, 𝛾𝑡𝐸 = 0 on Γ𝑙, and

𝐴Ω𝑙
(𝐸, 𝑣) = 0 ∀𝑣 ∈ 𝐻0(curl, Ω𝑙). (6.1)

The well-posedness of (6.1) depends greatly on the inf-sup condition for 𝐴Ω𝑙
.

6.1. The inf-sup condition for 𝐴Ω𝑙

To prove the inf-sup condition, we adopt the technique of reflection extension introduced by Bramble and
Pasciak [5].

Lemma 6.1. For any 𝑢 ∈ 𝐻0(curl, Ω𝑙), there exists an extension 𝑢𝑒 of 𝑢 to Ω1.5𝑙 such that 𝑢𝑒 ∈
𝐻0(curl, Ω1.5𝑙) and

‖𝑢𝑒‖𝐻(curl,Ω1.5𝑙)
≤ 2

√
2 ‖𝑢‖𝐻(curl,Ω𝑙)

. (6.2)

Proof. Let 𝑒𝑗 be the unit vector in the 𝑥𝑗-direction and define the reflection operators

ℛ𝑗𝑣 = 2(𝑣 · 𝑒𝑗)𝑒𝑗 − 𝑣, 𝑗 = 1, 2, 3. (6.3)

The mirror mappings with respect to 𝑥𝑗 = ±𝑙𝑗 are defined by

ℳ±
𝑗 𝑥 = 2(±𝑙𝑗 − 𝑥𝑗)𝑒𝑗 + 𝑥, 𝑗 = 1, 2, 3. (6.4)

It is easy to see that
ℛ𝑗𝑣 × 𝑒𝑗 = −𝑣 × 𝑒𝑗 . (6.5)

Moreover, we have the commuting diagram

curlℳ±
𝑗 (𝑥)

[︀
(ℛ𝑗𝑣) ∘ (ℳ±

𝑗 )−1
]︀

= − [ℛ𝑗(curl𝑥 𝑣)] ∘ (ℳ±
𝑗 )−1. (6.6)
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Now we extend 𝑢 sequentially to sub-domains of Ω1.5𝑙. For 𝑥 ∈ Ω(1.5𝑙1,𝑙2,𝑙3), define

𝑢𝑒(𝑥) =

⎧⎪⎨⎪⎩
(ℛ1𝑢)

(︀
(ℳ+

1 )−1𝑥
)︀

if 𝑥1 ∈ (𝑙1, 1.5𝑙1),
(ℛ1𝑢)

(︀
(ℳ−

1 )−1𝑥
)︀

if 𝑥1 ∈ (−1.5𝑙1,−𝑙1),
𝑢(𝑥) otherwise.

For 𝑥 satisfying −1.5𝑙1 < 𝑥1 < 1.5𝑙1 and −𝑙3 < 𝑥3 < 𝑙3, define

𝑢𝑒(𝑥) =

{︃
(ℛ2𝑢𝑒)

(︀
(ℳ+

2 )−1𝑥
)︀

if 𝑥2 ∈ (𝑙2, 1.5𝑙2),

(ℛ2𝑢𝑒)
(︀
(ℳ−

2 )−1𝑥
)︀

if 𝑥2 ∈ (−1.5𝑙2,−𝑙2).

For 𝑥 satisfying −1.5𝑙1 < 𝑥1 < 1.5𝑙1 and −1.5𝑙2 < 𝑥2 < 1.5𝑙2, define

𝑢𝑒(𝑥) =

{︃
(ℛ3𝑢𝑒)

(︀
(ℳ+

3 )−1𝑥
)︀

if 𝑥3 ∈ (𝑙3, 1.5𝑙3),

(ℛ3𝑢𝑒)
(︀
(ℳ−

3 )−1𝑥
)︀

if 𝑥3 ∈ (−1.5𝑙3,−𝑙3).

Since 𝛾𝑡𝑢 = 0 on 𝜕Ω𝑙 and the mirror mappings are continuous, the equality (6.5) implies

[𝛾𝑡𝑢𝑒] = 0 on 𝜕Ω𝑙.

Together with (6.6), we have 𝑢𝑒 ∈ 𝐻(curl, Ω1.5𝑙) and get (6.2). �

Let ℒΩ: 𝐻(curl, Ω) → (𝐻0(curl, Ω))′ be the linear operator defined by

⟨ℒΩ𝑢, 𝑣⟩ := 𝐴Ω(𝑢, 𝑣) ∀ 𝑣 ∈ 𝐻0(curl, Ω). (6.7)

It is easy to see that

‖ℒΩ𝑢‖[𝐻0(curl,Ω)]′ = sup
𝑣∈𝐻0(curl,Ω)

|𝐴Ω(𝑢, 𝑣)|
‖𝑣‖𝐻(curl,Ω)

· (6.8)

Lemma 6.2. For any 𝑢 ∈ 𝐻0(curl, Ω𝑙), let 𝑢𝑒 ∈ 𝐻(curl, Ω1.5𝑙) be the extension of 𝑢 given in Lemma 6.1.
Then

‖ℒΩ1.5𝑙
𝑢𝑒‖[𝐻0(curl,Ω1.5𝑙)]

′ ≤ 2
√

2 ‖ℒΩ𝑙
𝑢‖[𝐻0(curl,Ω𝑙)]

′ . (6.9)

Proof. Let ℛ𝑗 , ℳ±
𝑗 be defined in (6.3) and (6.4). Given a function 𝜑 ∈ 𝐻0(curl, Ω1.5𝑙), we define 𝜑3 as follows,

for any 𝑥 ∈ 𝐵1.5𝑙,

𝜑3(𝑥) =

⎧⎪⎨⎪⎩
(ℛ3𝜑)

(︀
ℳ+

3 𝑥
)︀

if 𝑥3 ∈ (0.5𝑙3, 𝑙3),

(ℛ3𝜑)
(︀
ℳ−

3 𝑥
)︀

if 𝑥3 ∈ (−𝑙3,−0.5𝑙3),

0 otherwise.

Similar to (6.5) and (6.6), 𝜑3+𝜑 ∈ 𝐻0(curl, Ω(1.5𝑙1,1.5𝑙2,𝑙3)). For any 𝑥 ∈ 𝐵1.5𝑙, write 𝑦 = ℳ+
3 𝑥 if 𝑥3 ∈ (0.5𝑙3, 𝑙3)

or 𝑦 = ℳ−
3 𝑥 if 𝑥3 ∈ (−𝑙3,−0.5𝑙3). Then

(curl𝜑3)(𝑥) = −ℛ3(curl𝑦 𝜑)(𝑦).

Since 𝑢𝑒 is the reflection extension of 𝑢 from Ω𝑙 to Ω1.5𝑙, the definition of 𝜑3 implies that, for any 𝑥 ∈
𝐵𝑙∖𝐵(𝑙1,𝑙2,0.5𝑙3),

𝑢𝑒(𝑥) · 𝜑3(𝑥) = 𝑢𝑒(𝑦) · 𝜑(𝑦), (6.10a)
curl𝑢𝑒(𝑥) · curl𝜑3(𝑥) = curl𝑢𝑒(𝑦) · curl𝜑(𝑦). (6.10b)
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Next we define, for any 𝑥 ∈ 𝐵(1.5𝑙1,1.5𝑙2,𝑙3),

𝜑2(𝑥) =

⎧⎪⎨⎪⎩
(ℛ2(𝜑 + 𝜑3))

(︀
ℳ+

2 𝑥
)︀

if 𝑥2 ∈ (0.5𝑙2, 𝑙2),

(ℛ2(𝜑 + 𝜑3))
(︀
ℳ−

2 𝑥
)︀

if 𝑥2 ∈ (−𝑙2,−0.5𝑙2),

0 otherwise.

This yields 𝜑 + 𝜑3 + 𝜑2 ∈ 𝐻0(curl, Ω(1.5𝑙1,𝑙2,𝑙3)) and for any 𝑥 ∈ 𝐵𝑙∖𝐵(𝑙1,0.5𝑙2,𝑙3),

𝑢𝑒(𝑥) · 𝜑2(𝑥) = 𝑢𝑒(𝑦) · [𝜑(𝑦) + 𝜑3(𝑦)] , (6.11a)
curl𝑢𝑒(𝑥) · curl𝜑2(𝑥) = curl𝑢𝑒(𝑦) · curl [𝜑(𝑦) + 𝜑3(𝑦)] , (6.11b)

where 𝑦 = ℳ+
2 𝑥 if 𝑥2 > 0 and 𝑦 = ℳ−

2 𝑥 if 𝑥2 < 0.
Similarly we define, for any 𝑥 ∈ 𝐵(1.5𝑙1,𝑙2,𝑙3),

𝜑1(𝑥) =

⎧⎪⎨⎪⎩
(ℛ1(𝜑 + 𝜑2 + 𝜑3))

(︀
ℳ+

1 𝑥
)︀

if 𝑥1 ∈ (0.5𝑙1, 𝑙1),

(ℛ1(𝜑 + 𝜑2 + 𝜑3))
(︀
ℳ−

1 𝑥
)︀

if 𝑥1 ∈ (−𝑙1,−0.5𝑙1),

0 otherwise.

This yields 𝜑𝑒 := 𝜑 +
∑︀3

𝑖=1 𝜑𝑖 ∈ 𝐻0(curl, Ω𝑙) and for any 𝑥 ∈ 𝐵𝑙∖𝐵(0.5𝑙1,𝑙2,𝑙3),

𝑢𝑒(𝑥) · 𝜑1(𝑥) = 𝑢𝑒(𝑦) · [𝜑(𝑦) + 𝜑2(𝑦) + 𝜑3(𝑦)] , (6.12a)
curl𝑢𝑒(𝑥) · curl𝜑1(𝑥) = curl𝑢𝑒(𝑦) · curl [𝜑(𝑦) + 𝜑2(𝑦) + 𝜑3(𝑦)] , (6.12b)

where 𝑦 = ℳ+
1 𝑥 if 𝑥1 > 0 and 𝑦 = ℳ−

1 𝑥 if 𝑥1 < 0. By the definitions of 𝜑1, 𝜑2, 𝜑3 and direct calculations,
we easily get

‖𝜑𝑒‖𝐻(curl,Ω𝑙)
≤ 2

√
2 ‖𝜑‖𝐻(curl,Ω1.5𝑙)

.

Recall from Section 3.5 that 0.5𝑙𝑗 ≥ 1.5𝐿𝑗 for 𝑗 = 1, 2, 3. So A is a constant matrix outside of 𝐵0.5𝑙. Using
(6.10)–(6.12) and the definition of ℒΩ1.5𝑙

, we have

⟨ℒΩ1.5𝑙
𝑢𝑒, 𝜑⟩ = 𝐴Ω1.5𝑙

(𝑢𝑒, 𝜑) = 𝐴Ω(1.5𝑙1,1.5𝑙2,𝑙3)(𝑢𝑒, 𝜑 + 𝜑3)

= 𝐴Ω(1.5𝑙1,𝑙2,𝑙3)(𝑢𝑒, 𝜑 + 𝜑2 + 𝜑3) = 𝐴Ω𝑙
(𝑢, 𝜑 + 𝜑𝑒) = ⟨ℒΩ𝑙

𝑢, 𝜑𝑒⟩.

We conclude that

|⟨ℒΩ1.5𝑙
𝑢𝑒, 𝜑⟩| ≤ ‖ℒΩ𝑙

𝑢‖𝐻0(curl,Ω𝑙)′
‖𝜑𝑒‖𝐻(curl,Ω𝑙)

≤ 2
√

2 ‖ℒΩ𝑙
𝑢‖𝐻0(curl,Ω𝑙)′

‖𝜑‖𝐻(curl,Ω1.5𝑙)
.

The proof is completed by using (6.8) and the arbitrariness of 𝜑. �

Theorem 6.3. There exists a constant 𝐶1 > 0 independent of 𝑙 and 𝜎0 such that, when 𝑙min ≥ 𝐶1𝜎
11
0 ,

‖𝑢‖𝐻(curl,Ω𝑙)
≤ 𝐶𝜎10

0 sup
𝑣∈𝐻0(curl,Ω𝑙)

|𝐴Ω𝑙
(𝑢, 𝑣)|

‖𝑣‖𝐻(curl,Ω𝑙)

∀𝑢 ∈ 𝐻0(curl, Ω𝑙), (6.13)

where 𝐶 is a constant independent of 𝑙 and 𝜎0.
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Proof. Let 𝜒1, 𝜒2 ∈ 𝐶∞0 (R3) be cutoff functions satisfying

𝜒1 ≥ 0, supp(𝜒1) ⊂ 𝐵1.2𝑙, 𝜒1 ≡ 1 in 𝐵𝑙,

𝜒2 ≥ 0, supp(𝜒2) ⊂ 𝐵1.5𝑙, 𝜒2 ≡ 1 in 𝐵1.2𝑙.

Let 𝑢𝑒 ∈ 𝐻(curl, Ω1.5𝑙) be the extension of 𝑢 given in Lemma 6.1. Define

𝑢1 = 𝜒1𝑢𝑒 in Ω1.5𝐿, 𝑢1 ≡ 0 in 𝐷𝑐∖Ω̄1.5𝐿.

By Lemma 5.4, there exists a constant 𝐶 > 0 such that

‖𝑢‖𝐻(curl,Ω𝑙)
≤ ‖𝑢1‖𝐻(curl,𝐷𝑐)

≤ 𝐶𝜎10
0 sup

𝑣∈𝐻Γ𝐷
(curl,𝐷𝑐)

|𝐴(𝑢1, 𝑣)|
‖𝑣‖𝐻(curl,𝐷𝑐)

· (6.14)

Write 𝑤 = 𝜒1𝜒2𝑣. Since ‖𝜒1‖𝑊 1,∞(R3) + ‖𝜒2‖𝑊 1,∞(R3) ≤ 𝐶(1 + 𝑙−1
min) ≤ 𝐶, we have

‖𝑤‖𝐻(curl,Ω1.5𝑙)
≤ 𝐶 ‖𝑣‖𝐻(curl,Ω1.5𝑙)

.

By Lemmas 6.1 and 6.2 and direct calculations, we find that

|𝐴(𝑢1, 𝑣)| = |𝐴Ω1.5𝑙
(𝑢1, 𝜒2𝑣)|

=
⃒⃒⃒⃒
𝐴Ω1.5𝑙

(𝑢𝑒, 𝑤) +
∫︁

Ω1.5𝑙

[A(∇𝜒1 × 𝑢𝑒) + (A curl𝑢𝑒)×∇𝜒1] · curl(𝜒2𝑣)
⃒⃒⃒⃒

≤ |⟨ℒΩ1.5𝑙
𝑢𝑒, 𝑤⟩|+ 𝐶𝜎0𝑙

−1
min ‖𝑢𝑒‖𝐻(curl,Ω1.5𝑙)

‖𝑣‖𝐻(curl,Ω1.5𝑙)

≤ 𝐶
[︁
‖ℒΩ𝑙

𝑢‖𝐻0(curl,Ω𝑙)′
+ 𝜎0𝑙

−1
min ‖𝑢‖𝐻(curl,Ω𝑙)

]︁
‖𝑣‖𝐻(curl,Ω1.5𝑙)

.

Substituting the estimate into (6.14) shows

‖𝑢‖𝐻(curl,Ω𝑙)
≤ 𝐶0𝜎

10
0 ‖ℒΩ𝑙

𝑢‖𝐻0(curl,Ω𝑙)′
+ 𝐶1𝜎

11
0 𝑙−1

min ‖𝑢‖𝐻(curl,Ω𝑙)
,

where 𝐶0, 𝐶1 are constants independent of 𝜎0 and 𝑙min. The proof is completed by assuming 𝑙min ≥ 2𝐶1𝜎
11
0 and

using (6.8). �

6.2. The proof of Theorem 3.3

With the inf-sup condition for 𝐴Ω𝑙
, we are ready to prove Theorem 3.3.

Proof. Using the inf-sup condition (6.13) and the Lax–Milgram lemma, we know that problem (6.1) has a unique
solution. Since (6.1) is equivalent to (3.17), we infer that (3.17) has a unique solution 𝐸 ∈ 𝐻(curl, Ω𝑙). It is
left to show the error estimate.

From (3.16) and (3.17), the error function 𝑒 := 𝐸 −𝐸 satisfies

curl(A curl 𝑒)− 𝑘2A−1𝑒 = 0 in Ω𝑙 ∩ R3
±, (6.15a)

J𝛾𝑡(A curl 𝑒)K = J𝛾𝑡𝑒K = 0 on Σ ∩ Ω𝑙, (6.15b)

𝛾𝑡𝑒 = 0 on Γ𝐷, 𝛾𝑡𝑒 = 𝛾𝑡𝐸 on Γ𝑙. (6.15c)

Its weak form reads as follows: Find 𝑒 ∈ 𝐻Γ𝐷
(curl, Ω𝑙) such that 𝛾𝑡𝑒 = 𝛾𝑡𝐸 on Γ𝑙 and

𝐴Ω𝑙
(𝑒, 𝑣) = 0 ∀𝑣 ∈ 𝐻0(curl, Ω𝑙). (6.16)
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Let 𝜒 ∈ 𝐶∞0 (R3) be the cutoff function satisfying

𝜒 ≥ 0, supp(𝜒) ⊂ 𝐵𝑙, 𝜒 ≡ 1 in 𝐵0.9𝑙.

Clearly ‖𝜒‖𝑊 1,∞(R3) ≤ 𝐶 and 𝑒 := 𝑒− (1−𝜒)𝐸 ∈ 𝐻0(curl, Ω𝑙). For any 𝑣 ∈ 𝐻0(curl, Ω𝑙), from Theorem 4.11
we have

|𝐴Ω𝑙
(𝑒, 𝑣)| =

⃒⃒⃒
𝐴Ω𝑙

((1− 𝜒)𝐸, 𝑣)
⃒⃒⃒
≤ 𝐶𝜎2

0

⃦⃦⃦
𝐸
⃦⃦⃦

𝐻(curl,𝐵𝑙∖𝐵̄0.9𝑙)
‖𝑣‖𝐻(curl,𝐵𝑙∖𝐵̄0.9𝑙)

≤ 𝐶𝑙3max𝜎
3
0𝑒−0.7𝑘+𝜎0𝑑PML ‖𝑔‖𝐻−1/2(Div,Γ𝐷) ‖𝑣‖𝐻(curl,Ω𝑙)

.

Using the inf-sup condition (6.13), we have

‖𝑒‖𝐻(curl,Ω𝑙)
≤ 𝐶𝜎10

0 sup
𝑣∈𝐻0(curl,Ω𝑙)

|𝐴Ω𝑙
(𝑒, 𝑣)|

‖𝑣‖𝐻(curl,Ω𝑙)

≤ 𝐶𝑙3max𝜎
13
0 𝑒−0.7𝑘+𝜎0𝑑PML ‖𝑔‖𝐻−1/2(Div,Γ𝐷) .

Since
⃦⃦⃦
(1− 𝜒)𝐸

⃦⃦⃦
𝐻(curl,𝐵𝑙)

≤ 𝐶𝜎0𝑒
−0.7𝑘+𝜎0𝑑PML ‖𝑔‖𝐻−1/2(Div,Γ𝐷) and 𝑙max ≥ 𝐶1𝜎

11
0 , we have

‖𝑒‖𝐻(curl,Ω𝑙)
≤ ‖𝑒‖𝐻(curl,Ω𝑙)

+
⃦⃦⃦
(1− 𝜒)𝐸

⃦⃦⃦
𝐻(curl,𝐵𝑙)

≤ 𝐶𝑙4max𝜎
2
0𝑒−0.7𝑘+𝜎0𝑑PML ‖𝑔‖𝐻−1/2(Div,Γ𝐷) .

The proof is completed. �

Appendix A. Explicit expressions of the perturbation tensor

In this appendix, we present two explicit expressions of P which will be used in the PML analysis. One is the
Fourier form and the other is the Cagniard-de Hoop form. From [16,21], P has the lower diagonal form

P =

⎛⎝P11 0 0
0 P22 0
P13 P23 P33

⎞⎠ . (A.1)

The rest of this appendix is quoted from [16]. It is presented here for completeness.

A.1. The Fourier form of P
Let 𝜇± be the square roots defined by the limiting absorption principle

𝜇±(𝜆1, 𝜆2) = lim
𝑠→0+

[︀
(𝑘± + i𝑠)2 − 𝜆2

1 − 𝜆2
2

]︀1/2
, (𝜆1, 𝜆2) ∈ R2. (A.2)

The convention in (2.1) shows Im𝜇± ≥ 0. For any function 𝑓(𝜆1, 𝜆2), we define

𝐽(𝑓 ; 𝑥, 𝑦) :=
i

4𝜋2

∫︁ ∞

−∞

∫︁ ∞

−∞
𝑓(𝜆1, 𝜆2)𝑒i[(𝑥1−𝑦1)𝜆1+(𝑥2−𝑦2)𝜆2+(|𝑥3|+|𝑦3|)𝜇+] d𝜆1 d𝜆2.

By (2.1), the above integral is convergent absolutely if

|𝑓(𝜆1, 𝜆2)| ≤ 𝐶
(︀
1 + 𝜆2

1 + 𝜆2
2

)︀𝑚
, 𝑚 ∈ R.
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For convenience, we introduce the notations

ℎ1 =
1

𝜇+ + 𝜇−
, ℎ2 =

1
𝑘2
−𝜇+ + 𝑘2

+𝜇−
, ℎ3 =

𝑘2
− − 𝑘2

+

𝑘2
−𝜇+ + 𝑘2

+𝜇−
ℎ1. (A.3)

The entries of P are defined as follows: for 𝑗 = 1, 2,

P𝑗𝑗(𝑘; 𝑥, 𝑦) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
𝐽(ℎ1; 𝑥, 𝑦), if 𝑥, 𝑦 ∈ R3

+,

𝐽(ℎ1𝑒
i(𝜇+−𝜇−)𝑦3 ; 𝑥, 𝑦), if 𝑥 ∈ R3

+, 𝑦 ∈ R3
−,

𝐽(ℎ1𝑒
i(𝜇+−𝜇−)𝑥3 ; 𝑥, 𝑦), if 𝑥 ∈ R3

−, 𝑦 ∈ R3
+,

𝐽(ℎ1𝑒
i(𝜇+−𝜇−)(𝑥3+𝑦3); 𝑥, 𝑦), if 𝑥, 𝑦 ∈ R3

−,

(A.4)

P𝑗3(𝑘; 𝑥, 𝑦) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
𝐽(𝜆𝑗ℎ3; 𝑥, 𝑦), if 𝑥, 𝑦 ∈ R3

+,

𝐽(𝜆𝑗ℎ3𝑒
i(𝜇+−𝜇−)𝑦3 ; 𝑥, 𝑦), if 𝑥 ∈ R3

+, 𝑦 ∈ R3
−,

𝐽(𝜆𝑗ℎ3𝑒
i(𝜇+−𝜇−)𝑥3 ; 𝑥, 𝑦), if 𝑥 ∈ R3

−, 𝑦 ∈ R3
+,

𝐽(𝜆𝑗ℎ3𝑒
i(𝜇+−𝜇−)(𝑥3+𝑦3); 𝑥, 𝑦), if 𝑥, 𝑦 ∈ R3

−,

(A.5)

P33(𝑘; 𝑥, 𝑦) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
𝐽(𝑘2

−ℎ2; 𝑥, 𝑦), if 𝑥, 𝑦 ∈ R3
+,

𝐽(𝑘2
−ℎ2𝑒

i(𝜇+−𝜇−)𝑦3 ; 𝑥, 𝑦), if 𝑥 ∈ R3
+, 𝑦 ∈ R3

−,

𝐽(𝑘2
+ℎ2𝑒

i(𝜇+−𝜇−)𝑥3 ; 𝑥, 𝑦), if 𝑥 ∈ R3
−, 𝑦 ∈ R3

+,

𝐽(𝑘2
+ℎ2𝑒

i(𝜇+−𝜇−)(𝑥3+𝑦3); 𝑥, 𝑦), if 𝑥, 𝑦 ∈ R3
−.

(A.6)

The derivatives of P are computed from (A.4) to (A.6), for example, for 𝑥 ∈ R3
+ and 𝑦 ∈ R3

−,

𝜕𝑙+𝑚+𝑛P33(𝑘; 𝑥, 𝑦)
𝜕𝑥𝑙

1𝜕𝑥𝑚
2 𝜕𝑥𝑛

3

= i𝑙+𝑚+𝑛𝑘2
−𝐽(𝜆𝑙

1𝜆
𝑚
2 𝜇𝑛

+ℎ2𝑒
i(𝜇+−𝜇−)𝑦3 ; 𝑥, 𝑦), (A.7)

𝜕𝑙+𝑚+𝑛P33(𝑘; 𝑥, 𝑦)
𝜕𝑦𝑙

1𝜕𝑦𝑚
2 𝜕𝑦𝑛

3

= (−i)𝑙+𝑚+𝑛𝑘2
−𝐽(𝜆𝑙

1𝜆
𝑚
2 𝜇𝑛

−ℎ2𝑒
i(𝜇+−𝜇−)𝑦3 ; 𝑥, 𝑦). (A.8)

A.2. The Cagniard-de Hoop form of P
For any fixed 𝑥, 𝑦 ∈ R3, we write

𝑟 =
√︀

(𝑥1 − 𝑦1)2 + (𝑥2 − 𝑦2)2, 𝑧 = |𝑥3|+ |𝑦3|, 𝜌 =
√︀

𝑟2 + 𝑧2.

For any 0 < 𝜀 ≪ 1 and 𝑞 ≥ 0, we define

𝜅1 = 𝜅1(𝜀, 𝑞) :=
[︀
𝑘2
+ + (1 + i𝜀)2𝑞2

]︀1/2
, (A.9a)

𝜅2 = 𝜅2(𝜀, 𝑞) :=
[︀
𝑘2
− + (1 + i𝜀)2𝑞2

]︀1/2
. (A.9b)

The Cagniard-de Hoop transform maps [1, +∞) to the right branch of the hyperbola in the complex 𝜉-plane{︂
𝜉±(𝑡) =

𝜅1

𝜌

(︁
𝑟𝑡± i𝑧

√︀
𝑡2 − 1

)︁
: 𝑡 ∈ [1, +∞)

}︂
. (A.10)

Define 𝜇𝑗(𝜉) =
(︀
𝜅2

𝑗 − 𝜉2
)︀1/2 for 𝑗 = 1, 2. For any 𝑧 ≥ 2𝜀𝑟, it is easy to verify that

𝜇1(𝜉±(𝑡)) = Λ±(𝑡) :=
𝜅1

𝜌

(︁
𝑧𝑡∓ i𝑟

√︀
𝑡2 − 1

)︁
. (A.11)
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Let ℎ1, ℎ2, ℎ3 be defined in (A.3) by replacing 𝜇+, 𝜇− with 𝜇1, 𝜇2 respectively. For any 𝑧 ≥ 2𝜀𝑟, the diagonal
entries of P can be rewritten as follows, for 𝑗 = 1, 2,

P𝑗𝑗(𝑘; 𝑥, 𝑦) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
𝐽cdh(ℎ1; 𝑥, 𝑦), if 𝑥, 𝑦 ∈ R3

+,

𝐽cdh(ℎ1𝑒
i(𝜇1−𝜇2)𝑦3 ; 𝑥, 𝑦), if 𝑥 ∈ R3

+, 𝑦 ∈ R3
−,

𝐽cdh(ℎ1𝑒
i(𝜇1−𝜇2)𝑥3 ; 𝑥, 𝑦), if 𝑥 ∈ R3

−, 𝑦 ∈ R3
+,

𝐽cdh(ℎ1𝑒
i(𝜇1−𝜇2)(𝑥3+𝑦3); 𝑥, 𝑦), if 𝑥, 𝑦 ∈ R3

−,

(A.12)

P33(𝑘; 𝑥, 𝑦) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
𝑘2
−𝐽cdh(ℎ2; 𝑥, 𝑦), if 𝑥, 𝑦 ∈ R3

+,

𝑘2
−𝐽cdh(ℎ2𝑒

i(𝜇1−𝜇2)𝑦3 ; 𝑥, 𝑦), if 𝑥 ∈ R3
+, 𝑦 ∈ R3

−,

𝑘2
+𝐽cdh(ℎ2𝑒

i(𝜇1−𝜇2)𝑥3 ; 𝑥, 𝑦), if 𝑥 ∈ R3
−, 𝑦 ∈ R3

+,

𝑘2
+𝐽cdh(ℎ2𝑒

i(𝜇1−𝜇2)(𝑥3+𝑦3); 𝑥, 𝑦), if 𝑥, 𝑦 ∈ R3
−,

(A.13)

where 𝐽cdh is defined by, for a function 𝑓(𝜉),

𝐽cdh(𝑓 ; 𝑥, 𝑦) =
𝜀− i
2𝜋2

∫︁ ∞

0

∫︁ ∞

1

[Λ+(𝑡)𝑓(𝜉+(𝑡)) + Λ−(𝑡)𝑓(𝜉−(𝑡))]
𝑒i𝜅1𝜌𝑡

√
𝑡2 − 1

d𝑡 d𝑞.

Write 𝑥1 − 𝑦1 = 𝑟 cos 𝜑, 𝑥2 − 𝑦2 = 𝑟 sin 𝜑. Then P23 = tan𝜑 P13 and

P13(𝑘; 𝑥, 𝑦)
cos 𝜑

=

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
𝐽cdh(𝜉ℎ3; 𝑥, 𝑦), if 𝑥, 𝑦 ∈ R3

+,

𝐽cdh(𝜉ℎ3𝑒
i(𝜇1−𝜇2)𝑦3 ; 𝑥, 𝑦), if 𝑥 ∈ R3

+, 𝑦 ∈ R3
−,

𝐽cdh(𝜉ℎ3𝑒
i(𝜇1−𝜇2)𝑥3 ; 𝑥, 𝑦), if 𝑥 ∈ R3

−, 𝑦 ∈ R3
+,

𝐽cdh(𝜉ℎ3𝑒
i(𝜇1−𝜇2)(𝑥3+𝑦3); 𝑥, 𝑦), if 𝑥, 𝑦 ∈ R3

−.

(A.14)

The partial derivatives of P can also be written with the Cagniard-de Hoop transform. For example, for
𝑥 ∈ R3

+ and 𝑦 ∈ R3
−, (A.7) and (A.8) can be rewritten into

𝜕𝑙+𝑚+𝑛P33(𝑘; 𝑥, 𝑦)
𝜕𝑥𝑙

1𝜕𝑥𝑚
2 𝜕𝑥𝑛

3

= i𝑙+𝑚+𝑛𝑘2
−𝐽cdh(𝜆𝑙

1𝜆
𝑚
2 𝜇𝑛

1ℎ2𝑒
i(𝜇1−𝜇2)𝑦3 ; 𝑥, 𝑦), (A.15)

𝜕𝑙+𝑚+𝑛P33(𝑘; 𝑥, 𝑦)
𝜕𝑥𝑙

1𝜕𝑥𝑚
2 𝜕𝑥𝑛

3

= (−i)𝑙+𝑚+𝑛𝑘2
−𝐽cdh(𝜆𝑙

1𝜆
𝑚
2 𝜇𝑛

2ℎ2𝑒
i(𝜇1−𝜇2)𝑦3 ; 𝑥, 𝑦), (A.16)

where 𝜆1 = 𝜉 cos 𝜑 + (𝜀− i)𝑞 sin 𝜑 and 𝜆2 = 𝜉 sin 𝜑− (𝜀− i)𝑞 cos 𝜑.
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