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EXACT SIMULATION OF FIRST EXIT TIMES FOR ONE-DIMENSIONAL
DIFFUSION PROCESSES

SAMUEL HERRMANN'* AND CRISTINA ZUCCA?

Abstract. The simulation of exit times for diffusion processes is a challenging task since it concerns
many applications in different fields like mathematical finance, neuroscience, reliability... The usual
procedure is to use discretization schemes which unfortunately introduce some error in the target
distribution. Our aim is to present a new algorithm which simulates exactly the exit time for one-
dimensional diffusions. This acceptance-rejection algorithm requires to simulate exactly the exit time
of the Brownian motion on one side and the Brownian position at a given time, constrained not to
have exit before, on the other side. Crucial tools in this study are the Girsanov transformation, the
convergent series method for the simulation of random variables and the classical rejection sampling.
The efficiency of the method is described through theoretical results and numerical examples.
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1. INTRODUCTION

First exit time distributions for general stochastic processes are of prime importance in many contexts.
In mathematical finance, they permit to appreciate the risk of default for a given path-dependent option;
in neuroscience, they characterize for instance the interspike time distribution... Since diffusion processes
(solutions of stochastic differential equations) form an important family of stochastic processes, we aim to
describe quite precisely their exit times. Unfortunately a simple and explicit expression of their distribution
is not generally available which leads us to consider numerical approximations. Our task is to point out an
algorithm which permits to simulate the exit time of the diffusion. This objective was already concerned by
several studies introducing a discretization scheme for the corresponding stochastic differential equation. Most
of them are based on improvements of the classical Euler scheme (see for instance [8,13,14]) which essentially
consist in reducing the error stem from the approximation procedure. Let us also note another point of view
which consists in approximating the probability density function of the exit time and therefore to approximate
the solution of an integral equation [12,21].

Our approach is completely different since we emphasize an exact simulation procedure: the distribution of
the random outcome of the algorithm is identical to the distribution of the first exit time of the diffusion process.
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For such simulation methods based on an acceptance-rejection sampling, the challenge is to describe and reduce
if possible the time consumption of the simulation. Beskos and Roberts, in their founding work [4], already
introduced the exact simulation for diffusion paths on some fixed time interval. Meanwhile several modifications
of this algorithm have been proposed [5,6,17]. The basic idea of the rejection sampling is to sequentially observe
independent random objects generated according to a proposal distribution until a condition is satisfied. That
means that each object is accepted or rejected according to a certain probability weight.

For diffusion processes on a fixed interval [0, T, the proposed object pointed out by Beskos and Roberts is the
Brownian paths (easy to simulate) and the rejection weight can be computed using the Girsanov transformation
which essentially requires the simulation of Brownian bridges. In a previous work [15], the authors proposed a
similar procedure in order to exactly simulate the first passage time of a one-dimensional diffusion through a
given threshold: the proposal object is then the Brownian first passage time (inverse Gaussian random variable)
and the rejection weight requires the simulation of Brownian bridges conditioned to stay under a given threshold
(Bessel processes). In order to adapt such a procedure to exit times, it suffices to generate Brownian exit times
and to use the rejection weight suggested by the Girsanov transformation. Unfortunately this random weight
requires the simulation of a Brownian bridge conditioned to stay in a given interval, which corresponds to a
SDE with singular coefficients: there is no way to exactly simulate such a stochastic paths. Such an intuitive
generalization leads therefore to a deadlock.

That’s why we aim to present a quite different rejection sampling based on a similar concept (Girsanov’s
transformation) and avoiding the simulation of the whole conditioned Brownian paths. Let us consider the
stochastic process (X;, t > 0), solution of the SDE:

dX; = ,u(Xt) dt + O'(Xt) dBt, Xo=zx € (CL, b),

where (B, t > 0) stands for the standard one-dimensional Brownian motion. We denote by 7, the first time
the diffusion exits from the interval [a, b]:

Tap(X) :=1inf{t > 0: X; ¢ [a,b]}. (1.1)

The aim of the study is to propose an efficient algorithm in order to simulate the first exit time 7, (X ). Under
suitable conditions, the Lamperti transform permits to reduce the area of investigation to the constant diffusion
case: o(x) = 1 providing to change the interval [a,b]. That’s why we shall only focus our attention on the
diffusion process:

dX; = u(Xy)dt +dBy, Xo=0, (1.2)

for t < 7,5(X) with a < 0 < b. The exact algorithm presented here (Sect. 4) is essentially based on the Girsanov
transformation which permits to relate the diffusion (1.2) to a standard one-dimensional Brownian motion. Let
us roughly describe the crucial tools needed to execute such an algorithm. The proposal random variable is
the Brownian exit time of the interval [a, b], denoted Tpyop. The weight used in order to accept or reject this
proposal depends both on the conditional distribution of the Brownian paths (By) given that 7, 3(B) = Tprop
and on a Poisson process defined on the time axis Ry which is independent of the Brownian motion (B;) and

whose events occur at time T4, ..., T, ... Then conditionally to 7, 4(B) = Tprop, only the values of By, , for any
Ty, < Tprop, and Br,.., (dots in Fig. 1) are involved in the specific conditions associated to the acceptance of
I]'prop-

The exact simulation of 7, (X)) therefore requires to describe:

(1) The conditional distribution of B, for a given ¢t > 0, given that the first exit of the interval 7,,(B) is
larger than ¢ (Sect. 2). Using the classical convergent series method, we propose an algorithm denoted by
CONDITIONAL_DISTR (x,[a,b],t) for the simulation of the constrained Brownian motion B; with initial condition
x.

(2) The distribution of the Brownian exit time of the interval [a, ] as the Brownian trajectory starts in z. The
corresponding algorithm, presented in Section 3, is denoted BROWNIAN_EXIT_ASYMM (z, [a, b]).
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FIGURE 1. Decomposition of the Brownian paths.

The two main algorithms (DET) and (GDET) presented in Section 4 use these two previous algorithms as basic
components. They permit the exact simulation of diffusion exit times under weak conditions on the coefficient
u. Efficiency results are pointed out (Thm. 4.2 and Prop. 4.4) and numerical illustrations complete the study
in Section 4.4

2. BROWNIAN MOTION CONSTRAINED TO STAY IN AN INTERVAL |[a, b

Let us first consider the Brownian motion in the space interval [a,b]. We need to describe the distribution
of By for a given ¢t > 0, given that the first exit of the interval 7, ;(B) is larger than ¢. We fix the starting
position of the Brownian motion By = y € (a,b). Using the translation invariance and the scaling property
of the Brownian motion, if we denote B* the Brownian motion starting in z = Zyb__aa_b, we deduce easily the

following distribution identity

@ [ (b—a)? o b—a _, a+b
(T“vb(By)’Bza,MBy)) - (47‘1’1(3 B et ) (2.1)

In other words, it suffices to study precisely the first Brownian exit problem from the normalized interval [—1, 1]
with the initial condition By = x € [—1, 1]. For notational convenience, we denote by

7% =inf{t >0: By ¢ I} with I =[-1,1]. (2.2)

Let us first emphasize a classical result on the exit position: since (B, t > 0) is a martingale, the identity
function s(x) = x corresponds to the scale function of the Brownian motion. The optimal stopping theorem
permits therefore to describe the probability to exit from the interval on one particular side:

Bz, = 1) = 21 :Z@) r+1

IR Vo e [-1,1]. (2.3)

2.1. Distribution of B; given 7* >t

Let us now focus our attention to the distribution of the constrained Brownian motion. We introduce the
killed Brownian motion: as soon as the process hits the boundary of the interval, it jumps to a cemetery point
z* ¢ [—1,1]. Indeed let us denote by p(t,z,y)dy := P(Bf € dy,7® > t) the transition probability of the
Brownian motion joint with 7% > ¢. It can be written as p(t, z,y) = q(t, z,y)P(7* > t) where ¢(t,z,y) is the
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transition probability of the Brownian motion conditioned to stay in the interval [—1,1] till time ¢. For any non
negative or bounded measurable function v, we get

E[(BF), 7 > 1] = / (o) dy, o€ 11

It is well known (see, for instance [16] Sect. 4.11 or [9] Sect. 5.7) that (¢,y) — p(t,z,y) satisfies an Initial-
Boundary value problem associated to the heat equation:

as t—0, (2.4)
,y)zO for ye{-1,1}, t>0.
Milstein and Tretyakov [20] recall that the solution of (2.4) takes two different expressions. The first one is

obtained by the method of images and the second one is based on a spectral decomposition of the heat equation.

We introduce the standard Gaussian pdf and cdf: ¢(z) = ﬁ e=2"/2 and O(x f ¢(y) dy. Then

+oo
1
ptey) = Y {6(@ =y —4m)/VD) = 6z +y -2 am)/VD)} (2.5)
which is a convenient formula for small values of ¢. For large times ¢, we would prefer the second formula:

p(t,z,y) Z exp ( 2t) sin (T;—W (x+ 1)) sin (% (y + 1)) . (2.6)

n>1

Let us fix (t,x): since we get an explicit expression of p(t,x,y), we can point out exact simulation algorithms
based on the acceptance/rejection method even if p(¢, z, y) is not a probability density function. Indeed it suffices
to divide by P(7* > t) in order to obtain such a density (cf. Sect. 3.1). The method applied here is a particular
acceptance/rejection method presented in [11] as the convergent series method.

2.2. Inequalities related to the series expansion

Let us consider f a non negative function satisfying a series expansion:

n>0

We assume that I(f fR y)dy < oo. The convergent series method permits to simulate a random variable
with the correspondlng probablhty distribution function f/I(f). It requires two important features:

— the existence of both a pdf h and a constant k > 0 such that

fly) < wh(y), yeR (2.7)

— the existence of a positive sequence (7,,)n>0 which converges toward 0 and satisfies the following reminder
upper-bound

|Ro(y)| <7, Yy €R where Ru(y):i= Y fuly). (2.8)
k>n+1
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CONVERGENT SERIES METHOD

Initialization. M. = 0.
Step 1. Generate a random variable Y with density h.
Step 2. Generate a random variable U uniformly distributed on [0, 1] and define W = kUA(Y).
Step 3. Initialization. V; =0, S = 0, Test = 0.
Step 4. While (Test = 0) do:
=SS+ fnY)

— Test = 1{|S W\>7"Nl}

- N —N+Tland N, — N+ 1.
Step 5. If W < S then X =Y otherwise go to Step 1.

Outcome: the random variable X with density f/I(f) and the global number of terms of the series
expansions N, used.

In order to simulate a random variable with pdf y — q¢(¢,z,y), i.e. the conditional distribution of B; given
t < 77, we need to choose the density h, to point out some constant x and the sequence (r,,)n>0 for each explicit
expression of f given by (2.5) and (2.6). Let us just note that it is challenging to find the smallest constant x
as possible since the number of iterations of Step 1 in order to get an outcome is geometrically distributed with
average k/I(f).

Some comments on the series expansion (2.5)

We note that (2.5) is not an alternating series and can be rewritten as
o0
p(t,z,y) = ap(t, z,y) + Zantazy—i—an(txy))

where ay, (t, z,y) = %(cb((x —y —4n)/Vt) — ¢((x +y — 2 — 4n)/\/t)). We first observe that

a_p(t,z,y) <0 and ay,(t,z,y) >0, VYn>1, V(z,y) e [-1,1]% (2.9)

Moreover both increments of the function ¢ are computed on intervals whose length does not depend on the
variables  and n:

(x4+y—2—4dn)—(z—y—4n)=(z+y—2+4+4n) — (x —y+4n) =2y — 2.

For n large enough, the increments are decreasing and therefore a,(t,z,y) + a_,(t, x,y) becomes negative.
Indeed by considering the four terms:

(x4+y—2—4dn)<(z—y—4n) <0< (x4+y—2+4n) < (z —y +4n),

it is straightforward to see that the smallest one in absolute value is |z + y — 2 + 4n|. Since the change of
convexity of the curve z — ¢(x) appears for x = 1, the sum a,(¢,z,y) + a_,(t,x,y) is negative as soon as
4+ 1y — 2+ 4n > /t, which is satisfied in particular if n > ng with

ng = Wi/zq Y (2.10)

Since the terms of the series are negative for n > ng, the series (2.5) is obviously not an alternating series.
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Bound of the series reminder in (2.5)
Let us fix (t,2) € RY x [-1,1]. We introduce the reminder of the series (2.5):

Rf{m(y) = Z (ak(taxay) + a_k(t,x,y)), n > 0.
k>n+1

In order to apply the convergent series method, we need to bound this reminder. Since ¢ is a decreasing function
on R, we obtain the following bound:

Z o((or + 4k) /VE) < 1t /m o((o+ 42) V1) dz
k>n+1 n
as soon as a + 4n > 0. Moreover, by symmetry,
¢((a —4k)/V1) < o((a — 42) V) dz
w2, il

assoon as a —4n < 0. If a =x — y or o = x + y — 2, then the inequalities are satisfied for any n > 1. Finally,
for n > 1, we get

\sz””(y)Ig% S (@ —y— 4k VD) + oz +y — 2+ 4k) VD)

k>n+1

sji/fa(m—y—axz)/f dz+—/ O((x+y — 2+ 42) VD) dz

Let us now observe that we can obtain a bound which is uniform with respect to both the variable x and y.

RE"(9)] < 5 (1 —erf (4”\/;72» . (1 ot (43—2%4»

1 dn — 2
<yl .=Z — _— .
<r, 1 (1 erf( o ))

Let us note that this upper-bound is efficient for small values of .

Proposal distribution for the rejection method using (2.5)

The aim is to use the acceptance/rejection algorithm in order to simulate a random variable with the target
density ¢(t,z,y) = p(t, z,y)/P(r* > t) where p(t, x,y) is given by (2.5). That’s why we are looking for a proposal
pdf h and a constant x(¢, ) independent of y satisfying

p(t, 2, y) < Kt 2)h"(y), Yy € [-1,1],

as explained in (2.7). We suggest here the following choice of the proposal distribution:

W (y) = — o((z — )/ V1),

1
Vit
that means that we choose a Gaussian distribution centered in z with variance t: it corresponds to the distri-
bution of B; without any conditioning. The rejection method shall permit to go from this initial distribution to
the conditional distribution with respect to the event {r* > t}. The algorithm is therefore particularly efficient
if the considered event is satisfied with a large probability, this is namely the case for small values of ¢.
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Let us now focus our attention to the upper-bound

(twy a— ntxy 4 (b2 y)
Rt ( <1+ Z hte ( Rt (y)

n>1
Since the sum a_, (¢, z,y) + an(t, z,y) is negative as soon as n > ng (see the definition of ng in (2.10)), we
obtain

p(t,z,y) y n(t @ y MCACEN))
<1 .
hts ac + Z ht x ht:x (y)

Moreover a,(t,z,y) is negative, and therefore

(t € y 1 + Z ¢ r—y—- 4’”’)/\[) (2.11)

ht(y —y)/V1)

In fact all the ratios considered just above have the same nice property: they are smaller than 1. It suffices to
notice that (z —y) €] — 2, 2[ implies ¢((z — y)/vt) > ¢(a/\/t) for any a ¢] — 2,2[. Hence, for a = (z —y — 4n)
with n > 1, the ratios in the r.h.s. of (2.11) are smaller than 1. Using the definition of ng in (2.10), (2.11)

becomes
plt, 2 y)
ht- (y)

Let us note that this bound is uniform with respect to the variable z (starting value of the Brownian paths).

<l4ng=2+ Wi/zq = K(t, ). (2.12)

Some comments on the series expansion (2.6)

Since ¢(t,z,y) can be characterized by two different series expansions, it is useful to understand which kind
of acceptance/rejection algorithm each series produces. Let us now focus on the second series (2.6):

ptz,y) = Ba(tan(z,y), t>0, (z,y)€[-1,1]%

n>1

where 3,(t) = e~ t/8 and a, (2, y) = sin (%% (z+1))sin (% (y + 1)). Let us first notice that, for fixed t > 0,
(Bn(t))n>1 is a decreasing sequence of positive real numbers Wthh converges towards 0. Since a,, is defined as
the product of two sine functions, one idea to bound the reminder of the series is to use the Abel transform
and to prove that ZnN:1 an(x,y) is bounded as N tends to infinity. It is quite easy to obtain some bound when
x # y but for the particular case = y, the sequence of partial sums is increasing (sum of squares) and tends
to infinity. In conclusion, we cannot apply techniques based on the Abel transform for the series (2.6). We shall
therefore present an other approach.

Bound of the series reminder in (2.6)

Let us define the reminder of the series (2.6):
Rt m Z ﬂk ak x, y) t> 07 (3371/) € [_13 1]2
k>n+1
Let us find a bound of this reminder. Since |ax(x,y)| < 1 for any k € N and any (z,y) €] — 1, 1[2, we obtain
IR =R < Y Blt), n>o0.
k>n+1

—u?n?t/8

Moreover, u — e is a decreasing function on R, and therefore we get the following bound

. > 2
|Ry,| < / e~ WIT/8 Qg = \/> (1 —erf (mr\/i)) =7, n>0. (2.13)
" it 2v/2

Note that this bound is sharp for large value of t.
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Proposal distribution for the rejection method using (2.6)

The aim is to use an acceptance/rejection method in order to simulate a random variable with the target
density p(t, z,y)/P(7® > t) based on the equation (2.6), as already done for (2.5). We are looking for a probability
distribution function h(y) and a constant x(¢, z) > 0 independent of y such that:

p(t,z,y) < k(t,x)h(y), Vye[-1,1],

as explained in (2.7). Our particular choice for the function h is

T, T
hy) = sin(F+1), yel-11]
which corresponds to the invariant probability measure of the Brownian motion conditioned to stay in the
interval [—1, 1]. Let us now determine a constant «(t, z). We have

pltsz,9) = 2h(y)sin (5 (04 1)) 3 Bult)sn(@)sn(y),

n>1

where

- 1

sn(z) = W—x+)) (2.14)

sin(§ (z +1))
Using the formula a” — b = (a — b)(a™ 1 + a™"2b+ ...+ b""1) applied to the sine function, we observe that
|sn(x)] <nforall z € [-1,1].

Hence A
. ™ 2
plt,2.) < —h(y) sin (5 (z+ 1)) S 02B.(1), > 0.

n>1

2 —x?7%t/8

Moreover the function z — z“e is decreasing as soon as

x> i—g, we obtain the following upper bound:

e}
Z n2ﬁn(t)§/ 22em T8 (2.15)

n>ng+1 no
_ |2v2
where ng = [ﬂ\/{—‘
The integration by parts formula and a change of variables lead to

> 2 —z%7%t/8 4ng —n2n?t/8 4 > —2%7%t/8
z%e dz=—-e™™ + e dz
n no

. w2t w2t
4 —n27%t/8 > —u?n?t/8—noun’t/4
= e no + e 0 du
T4t 0

4 2_2 2 8n 2_2
< emoT t/8 2l <Oyt = OO0 —ngn?t/8
_7T2te nO+V7rt <G 7r2te ’

since ,/% < /mng/2 < ng. Moreover

no 3
S n28,(t) < Ca(t) =l B (1) = (ﬁﬂ) e, (2.16)
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Finally we can choose the constant
4 . (T
K(t,2) = ~(C1(t) + Ca(t)) sin (5 (z + 1)) . (2.17)
We just note that, as soon as t > %,
Cq(t) = 3 —7r2t/8 Co(t) = —Trzt/8
1(t) = 72 © ) 2(t) = e )
which implies that (¢, z) ~ 2sin(3 (z + 1))e~™"t/8 Since the averaged number of iterations in the accep-
tance/rejection method corresponds to (¢, z)/P(r® > t) and since both (¢, z) and P(7® > t) are of the same

order in the large time limit, the efficiency of the algorithm using (2.6) still remains strong when the time
variable enlarges. Indeed let us decompose the following probability:

P(r" >t)=> Ru(t z)

n>0

where

4 1 (2n +1)272
Rn(t,x) := T <_8

Using the definition (2.14), we obtain

t> sin ((Qn 1)z + 1)%) .

P(r® > t) 14 Z 52041 (@) exp (”(”Jrl) 7r2t) .

Ro(t,z) o+ 1 2

n>1

The inequality |s,(z)| < n for any = € [-1,1] and n > 1 leads to

Pr*>1) 1= exp (—Ww%).

We observe that each term of the series converges in a monotonous way towards 0 as t tends to co which implies
that the ratio tends towards 1 by the Lebesgue theorem. We therefore deduce that for any 8 > 1, there exists
tg > 0 such that the average number of iterations in the acceptance/rejection algorithm is smaller than 0 as
soon as t > ty.

2.3. Algorithm and numerics

Let us now describe the algorithms used in the following in order to simulate ¢(t,z,dy), the conditional
distribution of the Brownian motion at time t given 7* > t. We know that p(¢,z,dy) admits two different
series expansion presented in (2.5) and (2.6). As introduced in Section 2.2, the classical convergent series
method requires both a proposal distribution h, satisfying the inequality (2.7) that is p(t,z,y) < k(t, )" (y)
(also necessary for classical acceptance/rejection methods), and a precise description of the series reminder
characterized by the sequence (r?),, and (7}),, see (2.8).

We just recall in Table 1 and 2 the results obtained in the previous section.

It is straightforward that the convergent series method using (2.5) is convenient for small values of ¢ while
(2.6) is rather convenient for large t. That’s why we choose a threshold ¢. > 0 (threshold for the conditional
distribution) such that (2.5) is used for ¢ < ¢, and (2.6) otherwise. The choice of t. is not immediate, since, in
the case (2.6), k depends on the starting position z, this dependence being illustrated in Figure 2. We observe
for instance that the best choice for t. is about 0.2 for x = 0.9 whereas it is close to 0.8 for x = 0.3. In order
to fix a threshold ¢, which does not depend on the starting position, a good compromise would be t. = 0.7
which roughly corresponds to the median value of the threshold for a starting position uniformly distributed
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TABLE 1. Series expansion (2.5).

Proposal distribution: h*®(y) % é((x —y)/V1)

Constant: k(t, x) 2+ [Vt/4]

Reminder bounds: r}, i (1 — erf (432_72))

TABLE 2. Series expansion (2.6).

b (y) T sin (g(y + 1))

K(t, x) i sin g T+ 1 { e mom /8 +nd ef’rzt/s}

where ng = B—g—‘

SREERIC)

10 4 : .
i\ """" k(t,z) from (1.5)
° ; \ k(t,z) from (1.6) with z =0
8 1 I \ — — k(t,z) from (1.6) with z = 0.3
i I N\ | k(t,z) from (1.6) with z = 0.6
7 4 : \ \ ............ K(t dv) from (1 6) with z = 0.9
— K \
R -
< ® \ N
e N ~
=] 51 ~
g N ~ J
4 - <,
2 - J

T T T
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 . 1

time variable ¢

FIGURE 2. Comparison between the constants (¢, x) obtained either from the series expansion
(2.5) or (2.6) as time elapses ad for different initial values z € [0, 1).

on the interval [—1, 1] (value obtained for x = 0.5, as shown in Fig. 2). This arbitrary choice will be held for
all numerical illustrations presented in this study. Applying the convergence series algorithm either for small
times or large times permits to obtain the simulations presented in Figure 3. We observe that, even if = # 0,
the condition ¢ < 77 leads to a distribution which looks like symmetric as ¢ becomes large and which converges
towards h»*(y) the invariant measure of the diffusion conditioned to stay in the interval [—1,1].
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F1cure 3. Conditional distribution (probability density function and normalized histogram)
for z = 0.5, t = 0.2 (left) or t = 1 (right) and 100000 simulations.

Efficiency of the algorithms

Let us just recall classical results concerning the efficiency of the convergent series method introduced in
Section 2.2. We introduce N, the random number of computations of terms f, used in order to simulate just
one random variable X. In fact A/, also corresponds to the number of random variable S generated before the
algorithm halts. We also define N, the local counter depending on Y which represents the number of terms f,
used till the decision of acceptance or rejection of the variable Y can be taken. Theorem IV.5.2 in Devroye [11]
emphasizes the following upper-bound:

EM|Y] < — Z R( (2.18)
where R, (y) is the reminder of the series expansion defined in the general framework (2.8). Let us also notice
that the starting idea behind this bound is quite classical: it suffices to use the classical expansion: E[N;|Y] <
>oo o P(N; > n]Y). In the study developed in the previous section, we obtained precise bounds for the reminder
terms only for n > 1. So we shall modify the bound isolating the term n = 0 — instead of (2.18) — which plays
a crucial role for the description of the algorithm efficiency:

ENGY] <1+

Since the uniform bound |R,(y)| < r, holds for n > 1, and since the average number of iterations is x/I(f),
Wald’s inequality immediately implies that the total number N, satisfies for general positive integrable functions

f:
EW]<I(’})/ ENG]Y = 1<)dy<1(1ﬁ<n+4;rn). (2.19)

Let us describe the consequences of this general statement to our particular algorithms (Fig. 4).

For small values of the time variable ¢
For small ¢, it is useful to use the series expansion (2.5) and the associated reminder bounds presented in
Table 1.

Proposition 2.1. Fort > 0 and © € [—1,1], we observe the following bound for the number of computations
in the convergent series algorithm associated to the expansion (2.5):

Vi
Nor:

BN P(r% > t) < U (t) == 2+ [Vt/4] + 92(0,e78/%), (2.20)
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FIGURE 4. Average value of the algorithm counter N, versus the time variable, for the starting
position x = 0.5 (solid line) and = = 0.2 (dashed line) with t. = 0.7 and 100000 simulations.

where ¥ stands for the Jacobi theta function given by
V9(z,q) := 2¢*/* Z """ cos((2n + 1)z),
n=0
see [22] for instance. In particular the r.h.s of the previous inequality tends to 3 as t tends to 0.

Proof. The arguments are based on the upper-bound (2.19). Let us recall that

1 4dn — 2
rfl:<1—erf<n )), for n>1.
4 V2t

Using the bound

1
1—erf(z) < = e (2.21)
we obtain
2

2% L e T _n=2)2s
I(HEN.] < = < *Q/t
RN < B o S

Vit -

n(n+1)
me_wtz (e_%) <K+ 2\\/[%192(078_8#).
n=0

In order to conclude, it suffices to replace £ by (2.12) and to notice that in the case f = p we get I(f)=
P(r® > t). O

For large values of the time variable ¢

For large values of ¢ it is more convenient to use the series expansion (2.6). A similar approach to
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Proposition 2.1 easily leads to the upper bound (Tab. 2):

Proposition 2.2. Lett > 0 and x € [—1,1]. The number of computations N, for the convergent series algorithm
associated to the expansion (2.6) satisfies

BN P(r" > t) < Us(t) = k(t,z) + % (ﬁg(o,e*ﬂgt/é‘) - 1) , (2.22)

where the constant k(t,z) associated to (2.6) is described in Section 2.8 and ¥3 stands for the Jacobi theta
function given by

93(z,q) =1+ 2 Z q”2 cos(2nz).
n=1

Since the proof of Propositions 2.2 and 2.1 are similar, we let the details of the proof to the reader.

3. DISTRIBUTION OF THE BROWNIAN FIRST EXIT TIME

In this section, we focus our attention to the distribution of the first Brownian exit (7%, B%,), where B
stands for the one-dimensional Brownian motion starting in z and 7% the exit time of the interval [—1, 1] as

defined in (2.2).

3.1. Distribution of the first exit time 7%
Since p(t,x,y) satisfies two different series expansions (2.5) and (2.6), we can also obtain two series for the
cumulative distribution of the exit time 7%:

1

P(r* <t)=1-P(r* >1t) =1 —/ Pt a,y) dy.
-1

Therefore (2.5) implies

“+o0
P <) =1= 3 {=0(@—1-4m)/VD) + 8((a+1-4n)/Vi)

n=-—oo

—@((m+1—2—4n)/\/i)+<1>((a;—1—2—4n)/\/%)}
+oo
=1-2 3 {-0(w—1—n)/V) + 0((z +1-4n)/V)}

n=—oo

“+oo
=142 Y (-1)"®((z - (2n+1))/V1).

n=—oo

We deduce easily the expression of the pdf:

+oo _ (9n
pe(t)= Y 1y 2D e a1 (3.1)

n—=—oo

Of course the particular case x = 0 ensures simplifications: the symmetry of the function ¢ implies ¢(—(2n +

1)/Vt) = ¢(—(2 x (=n — 1) + 1)/+/t) and therefore

+oo

pro(t) = Z(—l)"R1(2n +1,t) with Ri(n,t) := ;% o) (:}i) . (3.2)

n=0
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Such an expression for the pdf of 7% is of prime interest for simulation purposes. Let us note that the reminder
of the series is small for small values of ¢. Indeed the sequence (R1(2n+1,t)),>1 is a decreasing sequence under
the assumption ¢ < 9. For large values ¢, it is more convenient to consider (2.6) which leads to

P(r* > t) = % Z 2n1—|— 7 exP (—(Qn—i_;)ﬂ t) sin ((2n + 1)(z + 1)7/2), (3.3)

(see also (3.3) in Milstein and Tretyakov [20]). We deduce the expression

oo 2,2
Dra(t) = g 2(271 + 1)exp <_(2n+81) t) sin ((2n+ 1)(z + 1)7/2). (3.4)
n=0

Here also the case x = 0 plays a crucial role due to its simple expression:

too 2,2
pro(t) = 3 (~1)"Ra(2n + 1,t) wﬁhRﬂmﬂ::i;mm(—n; Q. (3.5)
n=0

This expression is of prime interest as soon as the variable ¢ is large. Indeed the series becomes alternating with
a decreasing sequence (R2(2n + 1)),>1 as soon as t > 4/(97?2).

3.2. Algorithms and numerics

The aim is to describe an algorithm which permits to simulate both the Brownian exit time 7% and the
exit position BZ. of the interval [—1,1]. In the previous section, we have pointed out two different series (3.1)
and (3.4) corresponding to the pdf of 7. We could therefore apply the classical convergent series method for
simulation purposes. But here, we prefer to introduce another method based on an iterative procedure, the
advantage of our approach is to deal with alternative series rather than general convergent series and therefore
the reminder of the series is easier to bound.

First of all, we shall focus our attention to the case x = 0. In this case the interval is symmetric and the
expression of the pdf of 7% is simplified, see (3.2) and (3.5). Moreover these series are alternating for suitable
conditions on the time variable t. So we can apply the alternating series method for the simulation of the
exit time 7%, the exit location being just uniformly distributed in {—1,1}. The alternating series method is an
acceptance/rejection method. We need therefore a proposal distribution and an acceptance procedure. For the
proposal distribution, let us first fix ¢, > 0 (threshold for the exit distribution). Let us consider a standard
Gaussian random variable G. We define a new variable Y as follows: if 1/G? < t, then Y = 1/G? otherwise
Y = t. — 3 log(U) where U is uniformly distributed on [0, 1] and independent of G. The density function of ¥’
which corresponds to the proposal distribution of the algorithm satisfies:

N 1 1 T _x2
h(t) = B2 o (ﬁ) Tie<ty + ol sty (3.6)

where k71 = 7 erf(\/1/(2t.)) e”2te/8/2. Using (3.2) and (3.5), we deduce the following link between the proposal
distribution and the target distribution:

2 h(t) (1 BB BBy ) for < t.,

TR TR0
7 R>(3, R>(5,
20h(t) (1- R0 + J880 — ) for >t

Let us present now the acceptance/rejection method applied to this particular situation which permits to
simulate the exit time 77 in the symmetric case.
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BROWNIAN EXIT TIME FOR SYMM. INTERVALS (with parameter ¢,)

| BROWNIAN_EXIT_SYMMETRIC |

First initialization: N, = 0.
Step 0: Second initialization. n =0, Test =0, Lo =0, Uy = 1.

Step 1. Generate a random variable Y with pdf h given by (3.6). If Y < t, then seti=1 and C =1 else
seti=2 and C = k.

Step 2. Generate a random variable V. uniformly distributed on [0, 1].
Step 3. While (V < CU,,) & (Test = 0) do:

~ne—n+1and Ny — N, +1,

L, = n_1*%, Un:Ln+%

— Test = Iyv<cr,y-
Step 4. If Test = 1 then Z =Y otherwise go to Step 0.

Outcome: the random variable Z with density pr= and the number of increments needed N.

The outcome variable distribution p,= corresponds to the target one as soon as the sequences (R;(2n +
1,t)/Ri(1,t))n>1 appearing in (3.7) are decreasing. This is an easy adaptation of the classical alternating series
method (see. [11], p. 153). Such a property leads to the condition:

4
92 <t. <9. (3.8)
Let us just note that the probability of acceptance A = {Accept Y} in the acceptance/rejection algorithm
satisfies:

P(A) = P(A,Y <t)+P(A,Y >t

:P<V§0W7Y§te>+P<V§CW7Y>1§6>:1- (3.9)
20N1(Y) 2CH(Y) 2

We deduce that the number of random variables Y simulated in order to obtain Z is geometrically distributed
with average 2 and does not depend on the choice of t,. Nevertheless the parameter ¢, has an influence on the
efficiency of the algorithm as illustrated in Figure 5. This figure represents the averaged value of the number of
iterations of Step 3 needed by the algorithm in order to simulate one r.v. with the pdf p;». This figure suggest
to choose a parameter t. of the order of 1/2. For this parameter, we obtain:

k1 A 2.4529458.
Proposition 3.1. Let us note that N is the random number of iterations of Step 3 used in the previous
algorithm called BROWNIAN_EXIT_SYMMETRIC in order to simulate just one random variable Z with density pr=.
w2t
) 4 a2 4 e BTES

Then
t 1 3 1
E[N,] < (/=% e 7 + = erf Zem S —
o] < o +2erc(\/2te +7Te ) 5w 1 —e57m%t

where x — erfc(x) is the complementary error function and t. is the parameter appearing in the algorithm and
satisfying (3.8).

(3.10)

In particular, for t, = 1/2, the value of the upper bound is approximatively 1.027 which emphasizes that the
inequality is quite sharp in comparison with the estimated number of iterations in Figure 5 (solid line/stars).
Moreover the bound is reasonably small which permits to confirm the efficiency of the proposed algorithm.
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FIGURE 5. The estimated average value of the counter N versus the barrier ¢, with 100000
simulations for the estimation (stars) and the upper-bound function given by (3.10) (solid line).

Proof. The arguments are quite similar to those developed in Theorem 5.1 in Devroye [11] for the efficiency of
the alternating series method. Let us denote by A/1°°P the number of steps of type 3 used in order to go from
Step 1 to Step 4, in other words: the number of increments n <« n + 1 during one loop. By Wald’s equation
and since the number of Steps 0 in this algorithm is geometrically distributed with parameter 1/2 (see (3.9)),
we get

E[N;] = 2E[N;°°P].

Let us first compute the probability of the following event {A1°°P > 0}. This event corresponds to {V < C}.
In the following, we shall just recall that the constant C' so as Ly, Uy... depend on Y, that’s why we use from
now on the notation C' = Cy. We obtain:

P(N°°P > 0]Y) = P(V < Cy|Y) = Cy,

since 0 < Cy < 1 a.s. Let us now consider the event {N1°°P > 1}. This event corresponds to {CL; <V < CU;}
and therefore

PN > 1Y) = Cy (U; — max(Ly,0)) < Cy (U — Ly).
The definition of L1 and U; leads to

R;(5,Y)

PNPP > 1Y) < Cy - ==

where i = 1 for Y < t, and i = 2 otherwise. The same arguments lead to

P(NX°P > k|Y) = P(Cy Ly <V < CyUi|Y)
R;(4k +1,Y)

< —_ p— ‘- —_—
<Cy (Ui —Ly)=Cy RiLY)

We deduce
R;(4k+ 1Y)

E[Nsloop|y] _ Z]P)(Nsloop > kYY) <Cy Z R(1,Y)

k>0 k>0
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Using the distribution of the random variable Y with density % in (3.6), we obtain

oo o Ry(4k +1, Ro(4k +1,y) -
E[N; p]_Z/ 1R1 7 y) y) dy +RZ/ 2R2 ") v) h(y) dy

k>0 k>0
:72/ Ri(4k +1,y)dy + = Z/ Ry(4k +1,y) dy
k>0 k>0
=3 Al(te) T3 AZ(te)~ (3.11)
Combining the definition of R; in (3.2) and the change of variable w = W leads to
t to o= 57 W o
[ Rk 1) dy = 2(%1)/0 ¢ = %/0‘ g dw,

By Fubini’s theorem, we obtain

e 2w d
/ Z {wsaiime) | Wi/l v

k>0

\/?/00 L fte 3 e—ﬁd
=1/= A/ =+ | 5 dw
TJo [4Vw 4| wd/?
< te /te 1 e*Zw /tee b
“Var ), Vw w3/2 \/ w3/2
By the change of variable z = 1/w, we get

te [t 1 e [t. [ [te .
te 2 dw =4/ 224y = ()2 e T, 3.12
\/8:/0 Vw w3/? v 8 /1/tee ? or © (8.12)

Moreover, using the change of variable w = 772 /2, we have

/te e % 5 / e dr = 2 erfe — (3.13)
dw=— r=—er . .
Br Jy w2 T ) e > e\ VoL

Combining (3.12) and (3.13) we obtain the following upper-bound:

te _ 1 3 1
< _° Zto — . .
Ai(te) <4/ 5 © + 5 erfc (\/E) (3.14)

Let us note that A;(t.) becomes small as ¢, becomes small. Let us now focus our attention to Ay defined in
(3.11).

oxp(—(4k +1)27ke)

As(te) =4

= (4k + 1)m
4 2t 7T2t
<2 e —25— 52y
<—e Zexp( (4k 4+ 1)2 — 5?) 8>
E>1
4 7r2t 4 1r2t 2
< ZTEe L, 2 e —5km2te
== e 8 + o e 8 Ze
k>0

(3.15)
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Combining (3.14) and (3.15) permits to obtain the announced bound. O

Let us now come to the exit simulation in the asymmetric case. Since we know how to handle with symmetric
intervals, we shall use this first algorithm BROWNIAN_EXIT_SYMMETRIC in an iteration procedure in order to solve
the asymmetric case. The main idea consists in the following:

— starting in x, we consider the largest interval centered in x of the type [z — §, 4+ 0] and included in [—1, 1].

— We simulate the exit time of this interval denoted by T} and the exit position will be uniformly distributed
in {z—46x+7d}.

— If B}, € {—1,1} then we set T = Ty and X = Bf, else we start a new simulation for the exit time and
position of a Brownian motion B starting in x = By, from the largest symmetric interval centered in z
and included in [—1, 1]. This exit time is denoted by T5.

— As above, if B%z € {—1,1} then we set X = B%Q and T' = T} + T, else we start again with a new initial
position in the interval [—1,1].

BROWNIAN EXIT TIME FOR ASYMMETRIC INTERVALS [a, b]

l BROWNIAN_EXIT_ASYMM ‘

Input: z (initial value of the Brownian paths) and [a, b].

Step 0: Initialization.
X=2,T=0,test=0, L=a, U=>5b and N, =0.

While (test=0) do:

Step 1. Set D = min(X — L,U — X). Generate a random variable 7 (and the number of iterations N)
using the algorithm BROWNIAN_EXIT_SYMMETRIC and define S = D?7%. Set T «+ T+S and Nyg +— Nas+Ns.

Step 2. Generate a random variable V' uniformly distributed on {—D,D}. Set X «— X +V
Step 3. If X € {a,b} then test = 1.
End While

Outcome: the exit time T and the exit location X of the interval [a,b] and the total number of iterations

Nas-

Let us just introduce the stochastic ordering: a random variable V; is said to be stochastically less than V5,
if the upper tail probabilities satisfy

P(Vy >t) <P(Va>t), VteR.

We observe that the number of iterations in the algorithm BROWNIAN_EXIT_ASYMM is stochastically upper-
bounded by a geometrically distribution with parameter 1/2 since we only deal with symmetric intervals.
Moreover this random number is independent of the generation cost of any Brownian symmetric exit time and
position. Let us finally note that (T, X) and (7%, B%,) are obviously identically distributed.

This algorithm can be illustrated by Figure 6 for the standard Brownian exit time of the asymmetric interval
[-1.5,2]. Of course the algorithm is not restricted to the standard Brownian case, it takes into account any
initial position = belonging to the interval [a, b].

Corollary 3.2. The algorithm BROWNIAN_EXIT_ASYMM involves a random number of calls to the algorithm
BROWNIAN_EXIT_SYMMETRIC whose efficiency is characterized by the number of iterations N. That’s why the
total number of iterations Ny is directly linked to the efficiency of BROWNIAN_EXIT_ASYMM. We have

2
2t _ 1 1 8 2t 8 6725%@
E[Nas] < 2E[N;] < \/?e e + 3erfe <\/2T> + =

e e & °
T + 5r 1 — e 57%te’




EXACT SIMULATION OF FIRST EXIT TIMES 829

059 — 0.21
a=—-15
0.45 —_ =2
0.18
0.4 4
0.35 4 0.154 X‘
031 0.12 |
0.25 4 f B
02 4 0.09
0.15 1 0.06 1
0.1
0.03 1
0.05 -
0 : . : ; % ; ) 0 . . . ; ; . . ' I
0 1 2 3 4 5 6 7 8 9 0o 1 2 3 4 5 6 7 8 9 10

FIGURE 6. Histogram of the algorithm counter corresponding to the Brownian exit from the
interval [—1.5,2] (left), pdf and histograms of the exit time when exiting at the top or at the
bottom of this interval (right). A sample of 100000 simulations has been used for these figures
and t, = 0.5, z = 0.

where © — erfc(x) is the complementary error function and t. is the parameter appearing in the algorithm
BROWNIAN_EXIT_-SYMMETRIC.

The statement is a direct consequence of the geometrical distributed upper-bound of the number of calls
to the symmetric case algorithm on one hand (Wald’s identity therefore leads to E[N,s] < 2E[N;]) and of
Proposition 3.1 on the other hand.

4. FIRST EXIT TIME FOR ONE-DIMENSIONAL DIFFUSION

This section is concerned with the exit problem for a one-dimensional diffusion. Let us first consider
(Xt, t > 0) the solution of the following stochastic differential equation:

dX: = p(Xy)dt + o(Xy)dB, Xo =1z € [a,}], (4.1)

where (B, t > 0) stands for the standard one-dimensional Brownian motion, u € C?([a,b]) and o € C3([a, b]).
In the particular case when o is constant we can relax the hypothesis on y and we just take u € C1([a,b]). As
already introduced in (1.1), we denote by 7,(X) the first exit time of the interval [a, b].

In order to simplify the presentation of all algorithms, we restrict our study to the constant diffusion case:
o(x) = 1. Using the classical Lamperti transform, we observe that this restriction is not sharp at all. That is
why, from now on, X stands for the unique solution of

dXt = /,L(Xf) dt + dBt, t Z 0, Xo =xc [a, b}, (42)
where p € C'([a, b]). Let us note that, for the particular Brownian case: pu(z) = 0, the first exit time has already

been presented in Section 3. The aim is to use the results developed in the previous sections when considering
the general diffusion case and the important tool for such a strategy is Girsanov’s formula.
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4.1. First exit time algorithm (DET)

Let p > 0 such that y(z) := M + p is a non negative function on the interval [a, b]. We introduce

B(z) = min (1,e” ) exp/ p(y) dy (4.3)
v+ = sup y(z),
z€[a,b]

where A = f:,u(y) dy. Notice that 0 < 8(a) < 1 and 0 < 5(b) < 1.
Let us now consider the exact simulation algorithm which permits to handle with the diffusion exit problem.

DIFFUSION EXIT TIME (DET)
Parameter: v, input functions y(-) and §(-)

First initialization: NV, = 0.
Step 0: Initialization. Z =z, T = 0, test = 0. Here x stands for the initial value of the diffusion.
While (test=0) do:

Step 1. Generate an expon. distr. random variable E with parameter v+ and U and V two random variables
uniformly distributed on [0, 1], the variables E, U and V being independent.

Step 2. Simulate the Brownian exit time and location
(S,Y, Nas) = BROWNIAN_EXIT-ASYMM (Z,[a,b])

and set Nios — Nios + Nas-
Step 3. If S < F then

- ifU<B(Y) then settest =1, Z —Y and T — T+ S
else go to Step 0 end if,

else

— simulate the Brownian location at time E given that the exit time is larger than E: (Yo, N.) =
CONDITIONAL_DISTR (Z,[a,b],E), and set Niot < Niot + Ne.
— if vV < ~(Y.) then go to Step 0 else set Z — Y. and T «— T + E.

end if.
End While

Outcome: the exit location Z, the exit time T of the interval [a,b] and the efficiency index Niot-

Theorem 4.1. The outcome (Z,T) of the Algorithm (DET) satisfies: for any non-negative measurable functions
f and g,

E[ £ (7a,p(X7))e 70 X g (X, x0))|

E[f(T)9(2)] = ST , (44)

where X stands for the diffusion defined by (4.2). In particular, if 1’ + p? is a non-negative function on the
interval [a,b] (we set p=0), then the outcome (Z,T) has the same distribution as (X, ,(x), Ta,p(X))-
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Proof. The proof of Theorem 4.1 is organized as follows: first we introduce a stochastic theoretical model which
is based on the one-dimensional Brownian motion and on an independent Poisson process. This model is closely
related to the exact simulation introduced by Beskos and Roberts in [4]. Secondly we consider in details the
outcome of Algorithm (DET) and point out the strong link between the outcome and random variables derived
from the theoretical model of the first step. Finally we shall use the Girsanov transformation in order to conclude
the proof.

Step 1. A theoretical model. Let us consider for any non-negative functions f and g:
(@, £.9) == E[f(rs)g(By, e~ " 2(50), (@5)

where 75 means 7, ;(B%) for notational simplicity and B = B” represents a Brownian motion starting in
x € [a,b] and v a non negative continuous function. Let us now introduce a Poisson point process N on the
space R x [0,v4] with Lebesgue intensity measure and independent of the Brownian paths. If we reorganize the
points of the Poisson process with respect to the abscissa, we obtain a sequence of points defined by (&, Up)n>1
where (U,) are independent uniformly distributed r.v. on [0,74] and &, := 377_, e; with (e;);>1 a sequence of
independent exponentially distributed r.v. with parameter v,. Both sequences (U, ), and (e, ), are independent.
Therefore, for any subset A of Ry X [0,7v], we get

N(A) = Z Ly, vmeay and P(N(A) =0) =e ),
n>1
where A(+) is the Lebesgue measure. In particular, if A is defined as follows:
A:={(t,y) € [0,78] x [0,74] : y <~(By)}

the independence of both the Brownian motion and the Poisson process implies

I(LE, f?g) = E[f(TB)g(BTB)l{N(A)ZO}} = Zln('rafag)

n>0
where
E|:f(TB)g(BTB)1{N(A):0}1{§"<TBS§"+1}:|7 forn > 1,
E {f(TB)g(BTB)1{N(A):0}1{ms&1}}7 n=0.
Let us first observe that {rp < &} C {N(A4) = 0} which implies that
Io(2, 1,9) = E[7(75)9(Bry )Ly csy ] (46)

For n > 1, due to the Markov property of the Brownian path and since the Poisson process is independent of
the Brownian motion, we have

In(xa fa g) =E |:f(TB)g(BTB)1{U1>’Y(B§1),...,U7L>’Y(B§n)}1{§7L<TBS§7L+1}:|

= E{Infl(Bﬁuf(gl + ')79)1{U1>’Y(B§1)v§1<‘r5}}' (47)

Since £ is exponentially distributed and independent of the Brownian motion, we get

In(z7 f7 g) = / E [In—l(Bta f(t + ')79)1{U1>'~/(Bt),t<‘r}3}] 7+ei’y+t dt
0
_ / E [Toot(Bes f(t 4+ ), 9) 1wy (s |t < 75] p(t, 2)yse 7 dt
0

_ / a2 Mz i), (4.8)
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where I'(y) := P(Uy > ~(y)) and p(t,z) = P(rp > t). The probability measure M(z,dt,dy) represents the
distribution of the couple (T, Y) where T is an exponentially distributed r.v. with parameter v, and Y represents
the distribution of By the value of the Brownian motion at time 7T starting in z and given {rg > T}, T and
(B:) being independent. The recurrence relations (4.7) and (4.8) are satisfied for any n > 1.

Step 2. Relation between Algorithm (DET) and the Brownian-Poisson theoretical model presented in Step 1.
If we denote by Ap the number of Step 0 used during the procedure which leads to the computation of the
outcome (Z,T) and N; the number of exponentially distributed random variables generated (Step 1), then we
obviously obtain

Eo [f(T)9(2)1inp=1, M=1}] = Ez [f(S)9(Y) L {v<prv), s<E}]
=E,; [f(S)g(Y)ﬁ(Y)l{S<E}] =K [f(TB)g(BTB )ﬁ(BTB)l{TBS&}]
= Io(z, f,9 % B) (4.9)
using (4.7).
Let us now consider that N7 > 1. On the event {Ny = 1} N {N] > 1}, we observe that

— the first exponentially distr. r.v. F satisfies £ < S where S is given by Step 2 and corresponds to the
Brownian exit time of the interval [a, b].
— Y. given that E < S satisfies 7.V > ~(Y.), where V is uniformly distributed and Y. becomes the new
starting point for the next use of the exit problem.
In other words, if we denote by Z,, := E.[f(T)g(Z)1{nq=1, N1=n+1}] then (4.6) leads to Zo(x, f,g) = Io(x, f,g-3).
Moreover by (4.7)

Il(xa fa g) = EZL‘ [f(T)g(Z)l{No:L N1:2}]
= E'r I:IO(}/(W f(E + ')79 : 5)1{v+V>’Y(Yc)aE<S}]

=E [IO<B€1’f(§1 + ')79 X /3)1{U1>’Y(B§1)1§1<7'B}:| = Il(mmfag X ﬁ)?

and using the same arguments, we prove easily that Z,, satisfies the recurrence relations (4.7) and (4.8). We
deduce that

Zn(x, f,9) = In(x, f,g x B), V¥n >0.
Therefore

I, fog % B) = S In(w, frg % B) = 3 Tula. £.9) = Ea[F(T)g(2)1 (nry]. (4.10)

n>0 n>0
Since the Algorithm (DET) is an acceptance/rejection algorithm, (4.10) leads to

E.[f(T)9(2)] = E””[f‘;()ﬁff{?f“”] - I(?Eff ;)ﬂ)'

By (4.5)
E [f(TB)g(BTB )ﬂ(BTB )ef Jo B (Bs) ds}

]Eac[f(T)g(Z)] = E[ﬁ(BTB)e, 0B »y(Bs)ds]

(4.11)

Step 3. The Girsanov transformation. In this last part of the proof, the aim is to link the distribution of (7', Z)
described in (4.11) to the distribution of (X7, ,(x),7a,b(X)) where X is the diffusion defined by (4.2). Using the
definition of the function 8 and It6’s formula, we obtain that

_ B(By) —[iy(Bo)ds _ B 1 L 2
M, = 5(Bo) et oy = exp /BO n(y) dy 2/0 ' (Bs) + p”(Bs) ds

—on{ [(uaan.~ [ wm)as). (112)
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is an exponential martingale.
Using the Lebesgue theorem, the expression (4.11), for f and g bounded functions, permits to obtain

lim; o E {f(TB A t)g(BTB/\t)MTB/\teip(TBAt)}

Ew [f(T)g(Z)} = hmt—»oo E [MTBAte—p(TB/\t)}

Since the stopped martingale (Mya-p,)i>0 is bounded, Girsanov’s transformation leads to
lim o B £ (70 p(X7) A )P ConDM0G(X ()]
lim, o Efe—? (en(X)AD)] ’

E[f(fa,b(X“’))e*”T“*b(Xm)g(XTa,mm))}
E[e—r7es (K9] ’

E.[f(T)9(2)] =

where X stands for the diffusion defined by (4.2). In particular, if p = 0 that is u? 4+’ is a non-negative function,
we get

B, [£(T)9(2)] = E[f(7as(X*)g(Xs, ,x))]

4.2. Efficiency of the algorithm

Let us now focus our attention to the analysis of Algorithm (DET). Of course since the algorithm permits
to simulate exactly the random variables desired, there is no error terms to deal with, it suffices therefore to
describe the time needed by the algorithm. We introduced in Algorithm (DET) the random variable N;o; which
permits to have a precise idea of the efficiency. Let us just add the information concerning the starting position
of the Brownian motion By = z with the following notation Mot = NZ,. Let us also note that the efficiency
of Algorithm (DET) in particular depends on two different parameters: ¢, which appears in the use of the
algorithm BROWNIAN_EXIT_SYM and therefore also in BROWNIAN_EXIT-ASYMM and t. € Ry which appears in
CONDITIONAL DISTR (if ¢ < t. we consider the algorithm associated to the small values of ¢ and for ¢ > ¢. the
algorithm associated to the large values).

Using informations concerning the cost of each part of the algorithm, namely Propositions 2.1, 2.2 and 3.1,
we obtain a bound for E[NZ,].

Theorem 4.2. The random variable N, which is one of the outcomes of Algorithm (DET) and represents its

cost satisfies the following bound: there exists a constant C(t.,t.) > 0 independent of both the interval [a,b] and
the starting position x, such that

z C(tc,tc)
]E[ tOt} S E[C_PTa,b(Xw)]E[C_"H—Ta,b(BZ)]’

Va €la, b

where z = (a + b)/2. We recall that 7,,(X7") stands for the first exit time of the interval [a,b] of the process X
that starts in x.

Each term appearing in the denominator, that is E[e~?=+(X")] on one hand and E[e=7+7*(B7)] on the
other hand, tends to 0 when the interval size b — a tends to infinity. It is therefore important to choose p
as small as possible (74 depending on p) in order to obtain a sharper bound. We suggest the choice p =
(=% inf epay 12 (@) 4+ 4/ (z)) VO if such a quantity is explicitly known. The exit problem of the Brownian motion
can be precisely described using classical results on Laplace transforms and differential equations, see for instance

[10] or [7]. We obtain »
E[e~7+7a0(BY)] = {cosh (\/?(b - a)) } .
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Let us also note that E[e~?7*(X")] can be linked to the two linearly independent solutions of the differential
equation (see, for instance [10])
1 d?u du

§@+H($)£*PU:07

which permits to describe the asymptotic behaviour as b — a tends to infinity. For the link between the Laplace
transform and the speed measure, see for instance [3].

Proof. The counter N introduced in the algorithm can be decomposed as follows:

T
tot — tot ’

k>1

where N2 represents the number of counter increases observed in-between the kth and (k + 1)th passage
through the item Step 0. We recall that we defined Ny in the proof of Theorem 4.1: it corresponds to the
number of Step 0 necessary to obtain the desired outcome. Since Algorithm (DET) is an acceptance-rejection
algorithm, the random variable A is geometrically distributed. Let us also note that N tor = 0 a.s. on the event
{Ny < k} and conditionally to {Ny > k}, N=F has the same distribution as N, Hence

ENVE] =Y BV =Y BN L nvgsny] = EINGT) PN, > k)

E>1 k>1 k>1
EWViot] _  EWwel
PNo=1)  Ejorras(X7)]

(4.13)

The last equality is related to the third step in the proof of Theorem 4.1. Let us now describe E[N{']. Let
(S,Y, Nas) stands for the result of the first use of the function BROWNIAN_ExIT_ASYMM and (Y., N.) of the first
use of CONDITIONAL_DISTR, we can therefore distinguish two different cases.

— if § < E then /\/ggtl = Nos-
—if § > E then NZ! = N + N, + Ne? iy, voq(v,)) Where Al s an independent copy of Ay Such a
property is essentially based on the Markov property of the Brownian paths.

We deduce

E[ tzo’tl} < E[Nas} + IE[-N'cl{S>E}] + E[/thgi’l1{S>E}1{’vv+>'y(YC)}}
< E[Nas} + IE:[~/\/-61{S>E]>] + E[A/t)c/)ct}ll{s>E}}
ENas] + E[ENc|E]l(s>my] + P(S > E) Sl[lpb]E[Aftot J. (4.14)
rE|a,

— Let us note that P(S > E) = P(7,5(B*) > &) where 7,,(B”) is the exit time of the Brownian motion
from the interval [a, b] starting in « and & is exponentially distributed with parameter «y, . Using the scaling
property (2.1), we have

P(7,,(B*) > &) =P(7Y > 4£(b — a)™?),

where 7Y is the first Brownian exit time of the normalized interval [—1,1] and y = 2"”%1;6. Equation (3.3)

implies that y — P(7¥ > 4£(b — a)~2) is a concave function whose derivative vanishes for y = 0 (the second
derivative of the function is directly related to the distribution function (3.4)). Then, we get

P(7a5(B”) > €) < P(r° > 4£(b — a)2).
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— Since Ny is the cost of the function BROWNIAN_EXIT_ASYMM (z, [a, b]) and using the scaling property (2.1), we
obtain that it is equal to the cost of BROWNIAN_EXIT_AsYMM (y, [—1, +1]) which satisfies due to Corollary 3.2:
E[Nas] S Co(te) with

24
2, _ 1 1 8 _x%. 8 e 7"

Co(te) := 1/ =2 e %% + 3erf e B [ p—

olte) T ¢ * erc(v%C) e T

where = +— erfc(z) is the complementary error function and ¢, is the parameter appearing in BROWN-
IAN_EXIT_SYMMETRIC. This parameter t, satisfying (3.8) can be chosen in order to minimize this average.

— Moreover we need some information on E[N.|E = t] where N, is the cost of the function called
CONDITIONAL_DISTR (z, [a, b], ). Due to the scaling property (2.1), we know that the cost of this function
is identical as the cost of CONDITIONAL DISTR (y, [—1,1],4¢(b — a)~2). We choose a parameter t. > 0 such
that 4t(b — a) =2 < t. corresponds to the algorithm for small time values and 4¢(b — a)~2 > t. corresponds
to large times. Combining Propositions 2.1 and 2.2 permits to have the following bound: for any x € [a, ],

E[N|E =1] < O4t(b — a)~2)

> P(Ty > 4t(b — a)_z) with G(t) = Z/{l(t)]-tgtc +u2(t)]-t>tc~

Let us introduce C(t.) := sup;»( O(t) < 0o, then

E[E[NclE]l{S>E}] — / ’}/+E[E[NC‘E = t}l{s>t}]e_7+t dt
0

- oub-a?) .,
§/0 e SR e e L

<y (tc)/ e At = Oy (te).
0

Using these three items and (4.14), we obtain

z,1l E[Nas] + E[E[NC|E}1{S>E}] CO(te) + Cl (tc)
BNl S =< go—ay?) = Ele 0 o7

The identity (4.13) permits to conclude the proof. (]

4.3. Modifications of Algorithm (DET)

Under the drift condition p/+pu? > 0, Algorithm (DET) permits to simulate in an exact way the exit time of the
interval [a, b] for diffusion processes. Let us now improve this algorithm in order to deal with any one dimensional
diffusion. This generalization first requires a modified algorithm with outcome (X, , (x)ax; Ta,p(X) A &) for any
# > 0. The simulation of (X, ,(x),7a,s(X)) can then be obtained by iteration due to the diffusion Markov
property.

Let p > 0 such that y(x) := M + p is a non negative function on the interval [a, b]. We recall that
v+ and 3 are defined in (4.3). We introduce

B
ﬁm(m) B Supze[a,b] 5(x) (415)

Let us just notice that 0 < 3,,,(z) < 1 for any = € [a, b].
Let us present Algorithm (k-DET).
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MODIFIED DIFFUSION EXIT TIME (x-DET)
Parameters: p and ~,, input functions () and 5, (*)

First initialization: NV, = 0.

Step 0: Initialization. K =k, Z =x, T = 0, test = 0. Here x stands for the initial value of the diffusion
and k the time upper-bound.

While (test=0) do:

Step 1. Generate an expon. distr. random variable E with parameter vy and U, V and W three random
variables uniformly distributed on [0, 1], the variables E, U, V and W being independent.

Step 2. Simulate the Brownian exit time and location
(S,Y, Nas) = BROWNIAN_EXIT_ASYMM (Z,[a,b])

and set Aftot — -/\/tot +Nas-
Step 3. If S = min(K, E, S) then
—ifU < Bu(Y) and W < e~ P (E=5)

then settest =1, Z —Y and T — T+ K
else go to Step 0 end if,

elseif K = min(K, E, S)

— simulate the conditional Brownian location at time K :
(Y., N.) = CONDITIONAL_DISTR (Z,[a,b],K) and set Nioy < Nior + Ne.
- if U < B,(Y.) then settest =1, Z —Y and T — T+ S
else go to Step 0 end if,

elseif £ = min(K, E, S)

— simulate the conditional Brownian location at time E:
(Y., N.) = CONDITIONAL_DISTR (Z,[a,b],E) and set Nioy < Niot + Ne.
—if V< ~(Y.) then go to Step 0 else set Z — Y., T — T+ FE and K — K — E.

end if.
End While

Outcome: the stopping time T corresponding to the minimum between the diffusion exit time of the interval
[a,b] and the constant time k, the location Z of the stopped diffusion at time T and the efficiency index

Aftot .

Theorem 4.3. The outcome (Z,T) of the Algorithm (k-DET) has the same distribution as
(Xrs o (xX)nk> Tap(X) A K), where X stands for the diffusion defined by (4.2).

Proposition 4.4. The random variable N, which is one of the outcomes of Algorithm (k-DET) satisfies the
following bound: there exists a constant C(tc,t.) > 0 independent of both the interval [a,b] and the starting
position x, such that
" Clte,te) €P"
]E[ tOt] S 6771('1:) ]E[e_’Y‘F(Ta,b(BZ)/\H)}7
We recall that 1,,(B?) stands for the Brownian first exit time of the interval [a,b] starting in z = (a + b)/2.
The parameters p and v+ are defined in the introduction of Theorem 4.1.

YV €la,bl.

The proof of Proposition 4.4 is just a slight modification of the proof of Theorem 4.2. (see Appendix A).
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Proof of Theorem 4.3. The key arguments are similar to those used in the proof of Theorem 4.1 and the structure
of the proof is the same.

Step 1. The Poisson-Brownian model. Let us define the following expression depending on the Brownian paths
(BF)¢>0 (we delete the dependency on z for notational simplicity), on the first exit time of the interval [a, D]
denoted by 7p and on the independent Poisson process N:

I(@, f.9,%) = E| f(75 A 1)g(Brype)e™f0" 1P ]
=E {f(TB A H)Q(BTBAn)l{N(A):o}] ;

with
A=A{(t,y) € [0, 73 A&] x [0,74]: y <v(By)}.

Let us introduce the following series expansion:

I(z, f,9,5) = > _ In(x, f,9, k)

n>1

the definition of I,(z, f, g, ) is similar to the definition appearing in the proof of Theorem 4.1, it suffices to
replace in the definition 75 by 75 A k. Therefore

I()(.’E, fa g, "i) = E[f(TB A /f)g(BTB/\K)]'{TB/\Hffl}L

where (£1,U;) stands for the coordinates of the Poisson process point with the smallest abscissa. Moreover we
obtain the following step by step property:

In($, fvga K) =E In—l(B£17f(§1 + ')7ga K= 51)1{U1>7(B£1)751<TB/\1@}:|- (416)

Step 2. Relation between Algorithm (k-DET) and the Brownian-Poisson theoretical model presented in Step 1.
If we denote by Ay the number of Step 0 used during the procedure which leads to the computation of the

outcome (Z,T) and A the number of exponentially distributed random variables generated (Step 1), then we
obviously obtain for Z,(z, f, g, k) := E[f(T)9(Z)1inp=1, Ni=n+1}],
Io(z, f,g,k) =E [f(s)g(y)l{kEAK, U<Bon (Y), Wgc*f’(*‘*m}}
+E {f(fi)g(Yc)l{ngEAs, Ug;am(yc)}}
= E[f(r5 A £)e™ NGBy ) i (B Ly 27t
= Io(x, f x e P57 g % B, k).

Using similar arguments, we can prove that Z,, satisfies the same step by step relation as (4.16). So by identifi-
cation, we get Z,(z, f, g, k) = In(z, f ¥ e P g X B, k) for all n > 0 and therefore

E[f(T)g(Z)l{NUZI}] x fagv ZI xz f?ga

n>0
=I(z, f X efﬁ("i*'),g X By K)-

Since Algorithm (k-DET) is an acceptance rejection algorithm, we have

E[f(T)9(Z)Lnvo=13] _ I(x, f x e ") g X B, )
PNy =1) a I(z,e=P(5=) B, k)

E[f(T)9(2)] =



838 S. HERRMANN AND C. ZUCCA

The link between (3, and 3 leads to

I(z, f x e ?" =) gx B,K) E\f(TB A K’)g(BTB/\H)MTB/\N}

E[f(T)g(Z)} = I(’JZ’ e—p(r—) 6 ,{) B ]E[MT /\,@] ’

where M; is the exponential martingale defined in (4.12). It is actually important to note that since the time
interval is bounded (upper-bounded by x) we can use the time reversal expression e~ (") and the ratio in the
previous equation verifies a cancellation of the terms e™*".

Finally it suffices therefore to use the Girsanov transformation in order to obtain the announced result:

E[f(T)9(2)] = E[f (7ap(X") A K)g(Xr, ,(x=)a0)]- O

Let us now focus our attention on the exact simulation of (X7, ,(x), 74,5(X)) for any diffusion process with
regular drift term and constant diffusion coefficient. We have already seen that Algorithm (DET) permits to
reach such objective however it is restricted to drift terms satisfying p/ + 2 > 0 on the interval [a, b]. If such a
condition is not verified, we propose the following procedure: first we choose some time parameter £ > 0, then
we apply:

GENERAL DIFFUSION EXIT TIME (GDET)
parameters: k, a and b.

Initialization. Z =z, T =0, Ny =0
While Z ¢ {a,b} do:

— Simulate (S,Y) = k-DET(Z, K)
-~ T« T+S8,Z«Y and Ny «— Ny + 1.

End While

Outcome: the couple of random variables (Z,T) and the number of iterations Nis.

Due to the Markov property, it is obvious that the outcome of such an algorithm and (X7, ,(x), 7a,5(X)) are

identically distributed. Moreover the number of iterations of GDET has the same distribution as LT“”T(X)J +1.
Hence E x
-
E[N] <1+ M
It is evident that the number of iterations decreases as x becomes large but we should be careful for a clever
choice of k since the number of rejections in Algorithm (k-DET) grows exponentially fast when x enlarges, see
Proposition 4.4. A reasonable choice is therefore k ~ p~1.

4.4. Examples and numerics

The aim of this section is to emphasize the efficiency of Algorithm (DET) and Algorithm (x-DET) through
the analysis of two examples. The first situation concerns a diffusion whose drift term b satisfies the condition
u' + p? > 0 and consequently only requires the basic Algorithm (DET). The second situation concerns the
Ornstein—Uhlenbeck process which plays an essential role in several applications namely in neuroscience. For
both examples, we set the parameters appearing in the algorithms: t. = 0.7 and ¢, = 0.5.

4.5. Example with the Algorithm (DET)

We first consider a stochastic differential equation which was already presented in [15] for the simulation of
the first passage time. Here the objective is clearly different since we focus our attention to the exit time and
exit position of the diffusion and the algorithm is different too. Let us also note that a similar diffusion process
was also introduced in [4].
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FIGURE 7. Simulation of the first exit time from the interval [a, b] = [—-1/2,1/2] for the diffusion
(4.17) (100000 samples). Histograms of the exit time variable (left) and of the counter N
(right).

We consider the following stochastic differential equation:
dX; = (2+sin(Xy))dt +dB;, t>0, Xo=0. (4.17)

We first observe that v(z) = (u?(z) + p/(2))/2 = ((2 + sin(z))? + cos(z))/2 satisfies 0 < v < 5. We deduce
that we can apply Theorem 4.1 with the particular choice p = 0: the outcome (Z,T) of Algorithm (DET)
has therefore the same distribution as (X, ,(x), 7a,s(X)). The algorithm permits to obtain the histograms of
respectively the exit time (Fig. 7 left) and the counter N illustrating the efficiency of the algorithm DET
(right). These histograms use a sample of size 100000 and concerns the interval [a, b] = [—0.5,0.5]. The average
value of the counter is 8.5 and its estimated standard deviation is 8.88. Let us just compare the approximated
results obtained by Algorithm (DET) for the interval [a,b] = [—0.5,0.5] with time-discretization scheme with
step size 0.0001 and 100 000 samples. We consider two different reference schemes: the classical Euler scheme
which gives rise to an estimation error and an improved Euler method which uses the correction by means of
the sharp large deviations estimate of the exit probability. Such a method takes into account the probability for
the diffusion path to exit inbetween two neighboring gridpoints (see the procedure described in [2]).

Algo. Elran(X)]  0(ran(X")  Elras(Xlgxo ] PXS, (50 =)
(DET) 0.17927 0.13667 0.18018 0.12685
Euler method 0.18262 0.13796 0.18446 0.12530
Improved Euler 0.17931 0.13538 0.18161 0.12667

When considering larger intervals like for instance [—1, 2] (Fig. 8), the counter becomes large (average: 1205)
and the algorithm DET is rather time consuming (C++ programming: CPU 1,77 sec for 100000 samples of the
exit from the interval [—0.5,0.5] and CPU 230,8 sec for the interval [—1,2]). Let us just note that the improved
Euler scheme is also quite time consuming in such a situation (C++ programming: CPU 26,6 sec for 100000
samples of the exit from the interval [—0.5,0.5] with step size 0.0001 and CPU 120 sec for the interval [—1,2])).
Figure 9 is an illustration of the high level of rejection for the algorithm (DET) as the interval size increases.

4.6. The Ornstein—Uhlenbeck case
Let us now consider the Ornstein—Uhlenbeck process given by the following SDE

dXt = _MOXt dt —|— dBt7 XO = 0 (418)
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FIGUuRE 8. Simulation of the first exit time from the interval [a,b] = [—1,2] for the diffusion
(4.17) (100000 samples). Histograms of the exit time variable (left) and of the counter Nio;
(right).
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FIGURE 9. FET from the interval [a,b] = [—1,2] for the diffusion (4.17) (100000 samples).

Empirical c.d.f. of the exit times when the exit occurs at the top — lower curve — or at the
bottom of the interval — upper curve — (left). Simulation of the FET from the interval [—a, a]
for the diffusion (4.17) (10000 samples). Average counter E[N;ot] versus a (right).

We shall determine the distribution of the exit time and location from the interval [—a, a] with a > 0. The drift
term is defined by pu(x) = —pox, we can therefore find p such that

2 / 2,..2
p*(x) + o' (x pgr® — po

It suffices to choose p = £2. Such a choice implies

+p=0.

2.2

Uea
sup y(w) < =
z€[—a,a)

Since the coefficient p is strictly positive (since pg > 0), we cannot use the (DET)-algorithm in order to
simulate the exit time. We shall therefore use the (x-DET) algorithm in order to simulate exactly the cou-
ple (X:_, .(x)axs T—a,a(X) A k) for any given constant time x > 0. Figure 10 represents the distribution of
X7 ..(x)ax and Figure 11 illustrates the time distribution and describes the counter values Niot- In order to
simulate exactly the exit time for the Ornstein—Uhlenbeck process, we use the (GDET)-algorithm. The his-
togram in Figure 12 emphasizes the distribution of the exit time for the particular case: g = 2 and a = 1 and
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Ficure 10. Distribution of X,  (x)ax with a sample of size 10000, for the drift parameter
to = 2, the interval size a = 1 and the constant time upper-bound & = 0.5: histogram (left)
and cumulative distribution (right).

0.2
0.8

=

S 0.15 4

206

s 0.1

s 1]

204

k]

=]

E

3

o

i

‘ ‘ ‘ ! ot LLLL LU LL L B
0 02 04 06 08 1 1.2 0 2 4 6 8 10 12 14 16 18 20 22 24 26
time variable

FIGurE 11. Cumulative distribution of 7_, (X)) A & with a sample of size 10000, for the drift
parameter po = 2, the interval size a = 1 and the constant time upper-bound x = 0.5 (left,
blue curve) or k = 1 (left, black curve) and the corresponding histogram of the counter Ny
for kK = 0.5 (right).
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FI1GURE 12. Histogram of the exit time distribution for the Ornstein—Uhlenbeck process with
parameter po = 2 and interval [—1,1] (left), histogram of the associated counter Nyoy (Tight).
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FIGURE 13. Cumulative distribution on the time interval [0,15] for the O.-U.- exit time from
the interval [—1,1].
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FIGURE 14. Average counter for the (GDET)-algorithm wversus the intensity of the drift (ug
varies between 0.3 and 6) in logarithmic scale (time constant: x = 0.5, sample size: 10000)
(left), average counter versus the time parameter x used in the (GDET)-algorithm (right).

the efficiency of the algorithm for such a simulation. We can easily observe that the exit time increases as the
parameter g increases, see Figure 13. We also notice that the efficiency of the algorithm depends on both the
parameters pg and s, see Figure 14.

Even if the Ornstein—Uhlenbeck model concerns a specific stochastic differential equation, the simulation of
its exit time can be directly used for other models due to the so-called Lamperti transformation. Let us focus on
a simple example. We denote by (X;, t > 0) the solution of (4.18). Since z — (2 + z)? is a C2-diffeomorphism
from [—1,1] to [1,9], It6’s lemma implies that the stochastic process Y; := (2 + X;)? satisfies the following SDE

dY; = (=2p0Y: +4po/ Yy + 1) dt + 21/ Y, dB;, Yo =4,

for any ¢ < 7_11(X). Consequently we point out that 7_11(X) = 7 9(Y) and we illustrate the distribution
of the exit time 7 o(Y) with Figures 12 and 13. Lamperti’s transformation therefore permits to relate two
different diffusion processes with the same exit distribution: only the coefficients of the diffusion processes and
the intervals under study are different. Such procedure is crucial for a lot of applications. Let us consider, for
instance, the Constant Elasticity of Variance (CEV) model which satisfies the equation:

dSt = ’I"St dt + O'StadBt,
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with 0 < @ <1 and o > 0. Let us assume a < 1 and Sy €]a, b for a > 0. We apply the Lamperti transformation
f(x) = (0 — oa)~t 217 which is a C2-diffeomorphism from [a, b] to [f(a), f(b)]. We observe that the exit time
of the CEV model 7,5(5) is equal to the exit time 7, 5(Y) with @ = f(a), b = f(b). Here (Y;, t > 0) stands for
the solution of the following SDE:

dY; = (rl—a)Y; —a(l —a) tY, Y dt +dB;, Yy = £(So). (4.19)

The procedure in order to simulate 7,4 (S) simply consists in applying the DET or GDET Algorithm to the
diffusion process solution to (4.19) whose drift term is regular on the interval [a,b]. The exit time of the CEV
model is therefore easily described for any interval [a,b] with @ > 0. The procedure based on the Lamperti
transformation can be applied to other models appearing in mathematical finance: it permits in particular the
simulation of the exit time of the interval [a,b] C R% for the geometric Brownian motion (CEV model with
a = 1) and for the CIR model (Cox-Ingersoll-Ross model).

APPENDIX A.

Proof of Proposition 4.4. The counter N;o; depends on the parameter . So we set Nyt = ./\f,i,tot. This number
can be decomposed as follows:
rf,tot = ZN/@ tot»

k>1

where J\/ ot represents the number of counter increases observed in-between the kth and (k 4 1)th passage
through the item Step 0. Since Algorithm (k-DET) is an acceptance-rejection algorithm, the random variable
N is geometrically distributed. Let us also note that N ’t]i,t = 0 a.s. on the event {N, < k} and conditionally
to {No > k}

has the same distribution as N tot- Hence

,1 ,1
E[Nritot] _ Pk E[Nxtot]

[:c R,

mot]zm—e “Bn(x)

since PN = 1) = I(x,e ") B, k) = e PBn(2)Ep[Mysne] = e P B(z), the martingale (M;) being
defined in (4.12).

Let us now describe E[N] tOt] Let (S,Y,N,s) stands for the result of the first use of the function called
BROWNIAN_EXIT_ASYMM and (Y., N?) of the first use of CONDITIONAL.DISTR at time ¢, we can therefore distin-

guish three different cases.
— if S < E Ak then N%b = N.

K tot

—if K < EAS then NJ, = Nos + NE.

— if E < SAk then N = Nos + NP +N B totl{.y+v>,y(yE)} where N7} ot 15 an independent copy of N7
We deduce

K tot

(A1)

E[ K tot] < E[Na%] + E[NN]‘{S/\E>K}] + E[NEl{S/\»oE}]
BN g L5y L v (yy]
< EWVas] + E[N“1{5>n}] (B> k) + EINS1ispn> 5]
+EN) ot Lisans By - (A2)

Using the same arguments as those developed in the proof of Theorem 4.2, we get the existence of two constants
Co(te) > 0 and Cy(tc) > 0 such that E[N.] < Co(te) and E[N1{g54] < Ci(te) for all ¢ > 0. We introduce
z = (a+b)/2 and deduce

ENT ] < Colte) + Calte) + Sl[lp]lEWy’Etot] (SAK> E).
y€la,b
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This result can be generalized for any K < k and therefore we obtain

P.(SAx<E) sup ENZi,] < Colte) + Cite). (A.3)
z€la,b], K<k ’
Let us note that P,(S Ak < E) = P(1,(B*) A & < £) where 7,(B?) is the exit time of the Brownian motion
from the interval [a,b] starting in z and £ is exponentially distributed with parameter ;. Using the scaling
property (2.1), we have

P(7a4(B*) Ak < €) = Ele ™7+ (Tan(BIAR)], (A4)
Combining (A.3) (A.4) and (A.1), we obtain
E :D,l
]E[ :vtot] S ep[ﬁ‘/ [Nn,tot] < ep” Co(te) + Cl (tc) )

ﬁm(x) B /Bm(if) ]E[C_'Y‘F(Tavb(Bz)/\")]
O
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