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ERGODIC SDES ON SUBMANIFOLDS AND RELATED NUMERICAL
SAMPLING SCHEMES

WEI ZHANG*

Abstract. In many applications, it is often necessary to sample the mean value of certain quantity
with respect to a probability measure p on the level set of a smooth function € : R = R* 1 <k <d. A
specially interesting case is the so-called conditional probability measure, which is useful in the study
of free energy calculation and model reduction of diffusion processes. By Birkhoff’s ergodic theorem,
one approach to estimate the mean value is to compute the time average along an infinitely long
trajectory of an ergodic diffusion process on the level set whose invariant measure is p. Motivated by
the previous work of Ciccotti et al. (Commun. Pur. Appl. Math. 61 (2008) 371-408), as well as the
work of Leliévre et al. (Math. Comput. 81 (2012) 2071-2125), in this paper we construct a family of
ergodic diffusion processes on the level set of £ whose invariant measures coincide with the given one.
For the conditional measure, we propose a consistent numerical scheme which samples the conditional
measure asymptotically. The numerical scheme doesn’t require computing the second derivatives of £
and the error estimates of its long time sampling efficiency are obtained.
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1. INTRODUCTION

Many stochastic dynamical systems in real-world applications in physics, chemistry, and biology often involve
a large number of degrees of freedom which evolve on vastly different time scales. Understanding the behavior
of these systems can be highly challenging due to the high dimensionality and the existence of multiple time
scales. To tackle these difficulties, the terminology reaction coordinate, or collective variable, is often introduced
to help describe the essential dynamical behavior of complex systems [17,18,26,33, 36].

In various research topics, in particular those related to molecular dynamics, one often encounters the problem
of computing the mean value of certain quantity on the level set

S =¢1(0) = {xeRd ’ {(:E):OERk} (1.1)

of a reaction coordinate function & : R — R* 1 < k < d. Among different probability measures on ¥, the one
defined by

dpg = %e_ﬂU [det(VETVE)] v (1.2)
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is especially relevant in applications and is sometimes called the conditional probability measure on 3. In (1.2),
the parameter 3 > 0, U : R — R is a smooth function, Z is the normalization constant, V& denotes the d x k
Jacobian matrix of the map &, and v is the surface measure on ¥ induced from the Lebesgue measure on R?.
The probability measure u; has a probabilistic interpretation, and the numerical computation of the mean value

7= / f(z) dpn () (13)

for a function f on the level set is involved in various contexts, such as free energy calculations based on the
thermodynamics integration formula [19, 30, 31].

Applying Birkhoff’s ergodic theorem, the mean value f can be approximated by the time average
T fo s) ds along a long trajectory of the process X which evolves on the level set 3 and has the invariant
measure ul For this purpose, it is helpful to construct a diffusion process on the level set with the correct
invariant measure 1, i.e., to write down the stochastic differential equation (SDE) of X in R%. While finding
such a SDE is trivial in the linear reaction coordinate case [41], it is not obvious when the reaction coordinate
¢ is a nonlinear function of system’s state.

In the literature, the problem finding SDEs on the level set of the reaction coordinate function with a given
invariant measure has been considered in the study of free energy calculations [9, 10, 30, 31]. Given a smooth
function U : R? — R, the authors in [10] constructed a diffusion process Y; on ¥ whose unique invariant measure
is pa, given by

1
dps = Ee*BU dv. (1.4)

Tt is also shown in [10] that this process Y can be obtained by projecting the dynamics

dY, = —VU(Y,)ds + /23~ dW, (1.5)
from R onto the level set 3, where W, = (W1,... W3T is a d-dimensional Brownian motion. The dynamics

Y, can be used to sample uo, and therefore to sample the conditional measure p; in (1.2) as well, by either

modifying the potential U or reweighting the function f according to the factor [det(V{Tvg)]fé. In a more
recent work [31], the authors studied the constrained Langevin dynamics, which evolves on the submanifold of
the entire phase space including both position and momentum. It is shown in [31] that the position components
of the constrained Langevin dynamics has the marginal invariant measure which coincides with po. Therefore,
it can also be used to compute the average f with respect to the conditional measure y; (by either modifying

the potential or reweighting f according to [det(VgTvg)] _%). Detailed studies on the numerical schemes as
well as applications of the constrained Langevin dynamics have been carried out in [31].

The same conditional probability measure y; in (1.2), as well as the average f in (1.3), also plays an important
role in the study of the effective dynamics of diffusion processes [14,24,26,44]. As a generalization of the dynamics
(1.5), the diffusion process

vl = — (a,-jggg) (Y,)ds + ;‘Z W) ds + /26 oy (Vo) dWi,  1<i<d, (1.6)

and its effective dynamics have been considered in [44], where the matrix-valued coefficients o, a : R? — R4*4
are related by a = o007, such that a is uniformly positive definite. Notice that, (1.6) is written in component-wise
form with Einstein’s summation convention (the same Einstein’s summation convention will be used throughout
this paper, whenever no ambiguity will arise), and it reduces to (1.5) when ¢ = a = id. The infinitesimal
generator of (1.6) can be written as

PV 9 0
— = (e B, ).
L 7 or, (e aij (‘3xj> (1.7)



ERGODIC SDES AND SAMPLING SCHEMES ON SUBMANIFOLDS 393

Under mild conditions on U, it is known that, for any (smooth, uniformly positive definite) coefficient a, the
dynamics (1.6) has the common unique invariant measure whose probability density is 1 e AU with respect to
the Lebesgue measure on R?.

Motivated by these previous work, in this paper we try to answer the following two questions.

(Q1) Besides the process constructed in [10] that is closely related to (1.5), can we obtain other diffusion
processes on X, which are probably related to (1.6) involving the coefficients o,a, and have the same
invariant measure? In particular, can we construct SDEs on ¥ whose invariant measure is py ?

(Q2) Numerically, instead of sampling ps2, can we directly estimate the mean value in (1.3) with respect to uq,
preferably with a numerical algorithm that is easy to implement?

The main contributions of the current work are related to the above questions and are summarized below.
First, concerning Question (Q1), in Theorem 2.3 of Section 2, we will construct a family of diffusion processes
on X which sample either p; or ps. In particular, we show that the diffusion process

dX;:—(Pa)ng ds"';a(ga < ds +\/2ﬁ71P”dW l<i<d, (1.8)

evolves on ¥ and the invariant measure is the conditional probability measure p; in (1.2), where the projection
map P and the invertible k x k symmetric matrix U are given by

P=id—aVeWtvel, o =velaVe. (1.9)
Correspondingly, the infinitesimal generator of (1.8) is

efUV 9 0
_ BU .
L= i (e (Pa)” j) , (1.10)

which should be compared to the infinitesimal generator in (1.7). Second, concerning Question (Q2), in Section 3
we study a numerical algorithm which estimates the mean value f in (1.3). Specifically, we propose to use the
numerical scheme

1 1 i .
ot =204 <%'8U + 5o j) (@) h+ /28 Thoy (D)), 1<i<d,
8%‘]' ﬂ 8%‘]‘ J

(1.11)
2D = g (2(+3)),

with (9 € ¥, and to approximate f by f,, = 1 Z f(z®). In (1.11), h is the step-size, n1) = (n (l),ng), o ,n((il))

are independent d-dimensional standard Gaus51an random variables, and ©(z) = lirf ¢(x,s) is the limit of
§— 100

the flow map
do(z,s)
ds
with F(z) = 3|¢(2)* = %Zi:l €2 (z). Following the approach developed in [35], in Theorem 3.5, we obtain
the estimates of the approximation error between ﬁl and f. While different constraint approaches have been
proposed in the literature [27,31,43], to the best of the author’s knowledge, constraint using the flow map ¢
has not been studied yet.

Let us comment on the two contributions mentioned above. First, knowing the SDE (1.8) and the expression
(1.10) of its infinitesimal generator £ is helpful for analysis. In fact, in Section 3, the analysis of sampling error
estimate of the scheme (1.11) relies on Poisson equation on X related to £ in (1.10). Furthermore, (1.10) plays
a role in the work [29] in analyzing the approximation quality of the effective dynamics, while SDE (1.8) has
been used in [19] to study fluctuation relations and Jarzynski’s equality for nonequilibrium systems. Second,

—(aVF)(¢(z,s)), ¢(z,0) ==, Ve RY (1.12)
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we emphasize that O(z) in the scheme (1.11) can be evaluated by solving the ODE (1.12) starting from z.
Although O is defined as the limit when s — +00, in many cases the computational cost is not large, due to
the exponential convergence of the (gradient) flow (1.12) to its limit, particularly for the initial state x = z(+2)
that is close to . Furthermore, comparing to the direct (Euler-Maruyama) discretization of SDE (1.8) which
may deviate from ¥ and requires second order derivatives of ¢, the scheme (1.11) satisfies () € ¥ for all [ > 0,
and it doesn’t require computing the second order derivatives of £. Therefore, we expect the numerical scheme
(1.11) and (1.12) is both stable and relatively easy to implement. Readers are referred to Remarks 3.2 and 3.3
in Section 3 and Example 1 in Section 4 for further algorithmic discussions.

In the following, we briefly explain the approach that we will use to study Question (Q1), as well as the
idea behind the scheme (1.11) and (1.12). Concerning Question (Q1), we take the manifold point of view by
considering R? as a Riemannian manifold M = (R%, g) with the metric g = a~!, defined by

g(u,v) = (u,v)y = ui(afl)ijvj, Vu,ve R, (1.13)

A useful observation is that, for £ in (1.7), we have [44]

cf = [—gradM (U + b G) 4 ;AM] f, ¥ smooth f:R? - R,

where G = detg, and gradM, AM denote the gradient and the Laplacian-Beltrami operator on M, respectively.
Accordingly, (1.6) can be written as a SDE on M as

dY, = —grad™ (U + 35 In G) ds + /26~ 1dB,, (1.14)

where B, is the Brownian motion on M [20]. Conversely, SDE (1.6) can be seen as the equation of (1.14) under
the (global) coordinate chart of M. This equivalence allows us to study (1.6) on R? by the corresponding SDE
(1.14) on manifold M. Comparing to (1.6), one advantage of working with the abstract equation (1.14) is that
the invariant measure of (1.14) can be recognized as easily as in (1.5), provided that we apply integration by
parts formula on the manifold M.

A family of ergodic SDEs on ¥ (i.e., Question (Q1)) is obtained by taking the same manifold point of view.
Specifically, consider ¥ as a submanifold of M and denote by gradz, A*, B, the gradient operator, the Laplacian
and the Brownian motion (with generator $A* [20]) on ¥, respectively. Since the infinitesimal generator of the
SDE

dY, = —grad®U ds + /28~ 1d B, (1.15)
is £L = —grad®U + %AE, under mild assumptions on U, it is straightforward to verify that dynamics (1.15)
evolves on ¥ and has the unique invariant measure %e_ﬂU dvg, where v, is the surface measure on X induced
from the metric ¢ = a=! on M = (R, g). Therefore, answering Question (Q1) boils down to calculating the
expression of (1.15) under the coordinate chart of M (not ). This will be achieved by calculating the expressions
of grad”, A* under the coordinate chart of M and then figuring out the relation between the two measures v
and v,.

Concerning the idea behind the numerical scheme (1.11) and (1.12), we recall that one way to (approximately)
sample p1 on X is to constrain the dynamics (1.6) in the neighborhood of ¥ by adding an extra potential to it.
This is often termed as softly constrained dynamics [10,34] and has been widely used in applications. In this
context, one consider the dynamics

i _ _ou 8%
AX = | ay Ox; i dx; < 26 )

where € > 0, 1 <14 < d, based on the fact that the invariant measure of (1.16) converges weakly to u1, as € — 0.
The dynamics (1.16) stays close to 3 most of the time, thanks to the existence of the extra constraint force.

ds + /23 Loy, AW, (1.16)
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Furthermore, only the first order derivatives of £ are involved. In spite of these nice properties, however, direct
simulation of (1.16) is inefficient when e is small, because the time step-size in numerical simulations becomes
severely limited due to the strong stiffness in the dynamics. Indeed, our numerical scheme is motivated in order
to overcome the aforementioned drawback of the softly constrained dynamics (1.16), and the scheme (1.11)
and (1.12) can be viewed as a multiscale numerical method for (1.16), where the stiff and non-stiff terms in
(1.16) are handled separately [41]. In contrast to the previous work [10,13,22], where the convergence of (1.16)
was studied on a finite time interval, our result concerns the long time sampling efficiency of the discretized
numerical scheme.

Before concluding this introduction, we compare the current work with several previous ones. Generally
speaking, Monte Carlo samplers (based on ergodicity) either on R? or on its submanifolds can be classified
into Metropolis-adjusted samplers and samplers without Metropolis step (unadjusted). For Metropolis-adjusted
methods, in particular, exploiting Riemannian geometry structure to develop MCMC methods has been studied
n [16]. The authors there demonstrated that incorporating the geometry of the space into numerical methods
can lead to significant improvement of the sampling efficiency. In line with this development, in Section 4 we
will consider a concrete example where a non-constant matrix a can help remove the stiffness in the sampling
task. On the other hand, despite of the common Riemannian manifold point of view in the current work and
n [16], the main difference is that the current work deals with sampling on the submanifold ¥ instead of the
entire R? (or its domain). The derivations in the current work are more involved mainly due to this difference.
Besides sampling on the entire space, Metropolis-adjusted samplers on submanifolds, using either MCMC or
Hybrid Monte Carlo, have been considered in several recent work [8,31,32,43]. Reversible Metropolis random
walk on submanifolds has been constructed in [43], which is then extended in [32] by allowing non-zero gradient
forces in the proposal move. In contrast to these Metropolis-adjusted samplers, the numerical scheme (1.11)
and (1.12) in the current work is unadjusted (without Metropolis-step) and samples the conditional probability
measure ;1 when the step-size h — 0. This means that in practice the step-size h should be chosen properly
such that the discretization error is tolerable. In this direction, we point out that unadjusted samplers on R¢,
which naturally arise from discretizations of SDEs, have been well studied in the literature [1,7,11,28,35,40].
The current work can be thought as a further step along this direction for sampling schemes on submanifolds, by
applying the machinery developed in [35]. Comparison between the scheme (1.11) and the Metropolis-adjusted
algorithm in [43] can be found in Remark 3.9, as well as in Example 2 in Section 4. We also refer to [28] for
related discussions.

The rest of the paper is organized as follows. In Section 2, we construct ergodic SDEs on ¥ which sample
either py or ps. In Section 3, we study the numerical scheme (1.11) and (1.12) and quantify its approximation
error in estimating the mean value in (1.3). In Section 4, we demonstrate our results through concrete examples.
Conclusions and further discussions are made in Section 5. Technical details related to the Riemannian manifold
M in Section 2 are included in Appendix A. Proofs of the results in Section 3 are collected in Appendix B.

Finally, we conclude this introduction with the assumptions which will be made (implicitly) throughout this

paper.

Assumption 1.1. The matriz o : R — R¥? is both smooth and invertible at each x € R%. The matriz
T 1

a = o0’ is uniformly positive definite with uniformly bounded inverse a™".

Assumption 1.2. The function & : R? — R* is C? smooth and the level set ¥ is both connected and compact,
such that rank(VE) =k at each x € X.

2. SDES OF ERGODIC DIFFUSION PROCESSES ON X,

In this section, we construct SDEs of ergodic processes on X that sample a given invariant measure. The main
result of this section is Theorem 2.3, which shows that the invariant measure of the SDE (1.8) in Introduction
is the conditional probability measure uq in (1.2). Readers who are mainly interested in numerical algorithms
can read Theorem 2.3 and then directly jump to Section 3.
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First of all, let us point out that, the semigroup approach based on functional inequalities on Riemannian
manifolds is well developed to study the solution of Fokker-Planck equation towards equilibrium. One sufficient
condition for the exponential convergence of the Fokker-Planck equation (and therefore the ergodicity of the
corresponding dynamics) is the famous Bakry-Emery criterion [4]. In particular, concrete conditions are given
in [39] which guarantee the exponential convergence to the unique invariant measure. In the following, we will
always assume that the potential U € C°(X) and the Bakry-Emery condition in [39] is satisfied.

Recall that M = (R?, g), where g = a~! and v, is the surface measure on ¥ induced from M. Matrices
P, P;; are given in (A.7) and (A.10), respectively. For 1 < i < d, e; denotes the vector whose ith component
equals to 1 while all the other d — 1 components equal to 0. We refer the reader to Appendix A for further
details. Let us first consider the probability measure g on ¥ given by du = %e_ﬂU dvg, where 3 > 0 and Z is
a normalization constant. The following proposition is a direct application of Proposition A.3.

Proposition 2.1. Consider the dynamics on R® which satisfies the Ito SDE

0[v gt ((@er0) a(VTaTE)] 1 pip

)ij ;
ds + /28~ P; ; AW 2.1
7z, s+ 3 ox, s+ Jé] %4 AW} (2.1)

dY; = —(Pa)y;
for 1 < i < d, where Wy = (WX W2 ... WHT is a d-dimensional Brownian motion. Suppose Yy € %, then
Ys € X almost surely for s > 0. Furthermore, it has a unique invariant measure p given by du = %efﬁU dyg.

Proof. Using (A.10) and Proposition A.3, we know that the infinitesimal generator of SDE (2.1) is

Lf = —(grad®U, grad2f>g + %Azﬁ Vf:2—R, (2.2)

where gradz, A¥* are the gradient and Laplace Beltrami operators on ¥ of M, respectively. Applying Ito’s
formula to &,(Ys), we have

a6 (v2) = L6 (V) ds + V2 122N by g <a<h

Using (2.2), (A.10), and the fact that grad™¢, = Pgrad™¢, =0, it is straightforward to verify that

1
L&, = —(gdeU7 gradE§a>g + Bdivz(gradzfa) =0,

%

7P =0, 1<j<d,
1

on X, which implies d€,(Ys) = 0, Vs > 0. Since Yy € X, we conclude that £,(Ys) = £.(Yo) =0 a.s. s > 0, for
1 < a <k, and therefore Y, € ¥ for s > 0, almost surely.

Using the expression (2.2) of £ and the integration by parts formula (A.15), it is easy to see that p is
an invariant measure of the dynamics (2.1). The uniqueness is implied by the exponential convergence result
established in Remark 1.1 and Corollary 1.5 of [39], since we assume Bakry-Emery condition is satisfied. (]

In the above, we have considered the level set ¥ as a submanifold of M = (R%,g). In applications, on the
other hand, it is natural to view ¥ as a submanifold of the standard Euclidean space R?, with the surface
measure v on ¥ that is induced from the Euclidean metric on RY. As already mentioned in the Introduction,
the following two probability measures

dpy = %e_BU [det(VETVE)] 2 dv, dpg = %e_BU dv, (2.3)
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where Z denotes possibly different normalization constants, are often interesting and arise in many situations
[9,10,26,44]. In particular, y; has a probabilistic interpretation and often appears in the study of free energy
calculation and model reduction of stochastic dynamics [26,30]. In order to construct processes which sample
H1 or fio, we need to figure out the relations between the two surface measures v4 and v on X.

Lemma 2.2. Let vy, v be the surface measures on 3 induced from the metric g = a~! and the Euclidean metric
on R?, respectively. We have

det(VETave)] 2 .
det(VETVE) }
Proof. Let x € ¥ and vy, vs, ..., v4—j be a basis of T, 2. Assume that v; = ¢;je;, where ¢ = (¢;;) isa (d—k) xd
matrix whose rank is d — k. Using the fact (v;, gradM£a>g =0for1 <i<d—k,1<a<k, wecan deduce that
c¢ V¢ = 0. Calculating the surface measures v; and v under this basis, we obtain

dvy = {d“ﬂ "o (2.0

dyy = (det a)*% {

det(ccT)

To simplify the right hand side of (2.4), we use the following equality

T 0 -1
(VfCT a) (e ve) = (vgzacT ngavg) = (CvagT) a (" VE).

After computing the determinants of the last two matrices above, we obtain
1 -1,.T . —1
T T _ T _ ca” ¢t ca” V¢
det(cc ) det(VE aVE) = (det a) det [ <V§T) (c Vﬁ)} = (deta) det ( 0 VfTV§> .
The conclusion follows after we substitute the above relation into (2.4). ]

Applying Lemma 2.2 and Proposition 2.1, we can obtain ergodic processes whose invariant measures are
given in (2.3).

Theorem 2.3. Let ji1, g be the two probability measures on X defined in (2.3). Consider the dynamics X, Y
on R which satisfy the Ito SDEs

dX! = —(Pa);;— ou -ds L Lo(Pa)y 4 V26-1 P dWY, (2.5)
az; ° 1 B o, ’
and
_ 0 |U — 2= Indet(VETVE) _
v} = —(Pa);, Gl o1 | ds ;6(5 S ds 4 /2671 Py AW, (2.6)
J

for 1 <i<d, where 3 >0 and Wy, = (WL, W2 ... WHT is a d-dimensional Brownian motion. Suppose that
X0,Yy € X, then X,,Ys € ¥ almost surely for s > 0. Furthermore, the unique invariant probability measures of
the dynamics Xs and Yy are p1 and s, respectively.

Proof. Applying Lemma 2.2, we can rewrite the probability measures p1, po as

dpy = %efﬁU [det(VfTvg)]_% dv = %exp [—5 (U + %1 Wﬂ dv,,

det (VETCLVS)
=P <U + %1 (deta) det(ngvg)>

(2.7)

1 1
dps = = PVdv = —eXP dvg,

VA

where again Z denotes different normalization constants. Applying Proposition 2.1 to the two probability mea-
sures expressed in (2.7), we can conclude that both the dynamics X, in (2.5) and Y; in (2.6) evolve on the
submanifold ¥, and their invariant probability measures are given by p; and ps, respectively. (]
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Remark 2.4. Under Assumptions 1.1 and 1.2, we can find a neighborhood O of ¥, such that P can be extended

to

O. Furthermore, the relations in (A.9) are still satisfied in O. Due to this fact, in (2.6) we can talk about the

derivatives of P at states x € X.

Remark 2.5. (1) Notice that, similar to (1.7), the infinitesimal generator of X, in (2.5) can be written as

efUV 9 0
_ BU . .
E ; <e (Pa)” ]) (28)

Using (2.7) and (A.15), we can also verify the integration by parts formula

! _ ! — _l a . /
/E (L) F dpor = / (L) s =~ / (PaV ) Vf dyu, (2.9)

for any two C? smooth functions f, f’ : ¥ — R.
Using Jacobi’s formula [38] w = (VETVE);, 18(v577§") and (Pa);j0;¢n = 0, the equation (2.6)

£L'
can be simplified as

; 3U )i
d}/; = —(Pa)ija BQﬂ ( J d + vV 25 1P de,

where the matrix Q = id — V{(VfTV@_lVfT. In the special case when g = a = id, we have vy = v and
P;; = Pj; = Qj; from (A.10). Accordingly, we can write the dynamics (2.6) as

) P,
ayi = ”gU dsJFﬂPljaa " ds + /2871 Py AW
oU 1, ) _ ,
—Pij% ds — B(‘I’ )aryP[j (8lj€a)8ifw ds + v/ 25 1 Pji dWSJ, (2.10)
J
ou

”a ds + Hds+\/26 1Py dWi,

for 1 <4 < d, where H = H;e; is the mean curvature vector of ¥ (see Prop. A.2). In Stratonovich form,
(2.10) can be written as

dy! = ”a ds+ V2B 1Pji0 dWi, 1<i<d. (2.11)

In this case, our results are accordant with those in [10].

The dynamics constructed in Proposition 2.1 and Theorem 2.3 are reversible on ¥, in the sense that their

infinitesimal generators are self-adjoint with respect to their invariant measures. In fact, using the same idea,

we

can construct non-reversible ergodic SDEs on ¥ as well. We will only consider the conditional probability

measure (i1, since it is more relevant in applications and the result is also simpler.

Corollary 2.6. Let puy be the conditional probability measure on X defined in (2.3). The vector field J =
(J1,J2, ..., Ja)T = Jie;, defined on v € X, satisfies

J(x) e T, %, Ve,

05, 0P, . oU (2.12)
+J; ox; — 0 ox; 0-

PG

Consider the dynamics X on R which satisfies the Ito SDE

AX7 = Jyds — (Pa)y; 2 a5+ L) LU ds 4 /2571 Py, dWY

i , 2.1
J@xj 6 a s ( 3)
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for 1 <i<d, where 8 >0 and W, = (WL W2, ... WHT is a d-dimensional Brownian motion. Suppose that
Xy € X, then Xs € X almost surely for s > 0. Furthermore, the unique invariant probability measure of X
18 1.

The proof can be found in Appendix A.

Remark 2.7. We make two remarks regarding the non-reversible vector J.

(1) Notice that, as tangent vectors acting on functions, we have Pe; = P;j-2- 35 € T2 Therefore, the condition
(2.12) indeed only depends on the value of J on ¥. Supposing that J and U are defined in a neighborhood
O of ¥ (see Rem. 2.4), the condition (2.12) can be written equivalently as

J(z) e T, %, Vaoez,
0 2.14
o7, [(PijJ;)e PY] =0, V 2 near X. (2.14)
(2) Recall that, the non-reversible dynamics on R4
=i T ou\ = 1 3@13 _
dY,; = J;(Ys)ds — @iy~ (Ys)ds + 3 oz, s)ds 4+ v/20~ 10” dW? 1<i<d, (2.15)
J
has the invariant probability density Ze*BU, if the vector J = (jl, j% R jd)T satisfies
- O(J;e=PU
div(Je PV) = % —0, VazeRd (2.16)
z;

Comparing (2.16) with (2.14), it is clear that J = J|y satisfies the condition (2.12) of Corollary 2.6 and can
be used to construct non-reversible SDEs on ¥, provided that PJ = J in the neighborhood O. Roughly
speaking, in this case the vector field J is tangential to the level sets of £ in O. In general cases, however,
we can not simply take J = PJ to obtain non-reversible processes on ¥ which sample 1, since (2.14) may
not be satisfied. We refer to Remark 3.8 in Section 3 for an alternative idea to develop “non-reversible”
numerical schemes.

3. NUMERICAL SCHEME SAMPLING THE CONDITIONAL MEASURE ON X

Given a smooth function f: 3 — R on the level set X, in this section we study the numerical scheme (1.11)
and (1.12) in the Introduction, which allows us to numerically compute the average

7= / £(x) dun () (3.1)

with respect to the conditional probability measure pq in (1.2).
To motivate the numerical scheme, let us first introduce the softly constrained dynamics, which satisfies the
SDE

dx:i:[‘aijgf.— OF (Zga) 18%1 (X ds+ V2T Ty (X)W, (32)
J

where € > 0, 1 <4 < d. It is straightforward to verify that (3.2) has a unique invariant measure

k
dp(x) = %exp [ ( %Z >] dz, VzeR% (3.3)

a=1
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where Z¢ is the normalization constant. As e — 0, the authors in [10] studied the convergence of the dynamics
(3.2) itself on a finite time horizon in the case when a = o = id and k = 1. Closely related problems have also
been studied in [13,15,22]. Since we are mainly interested in sampling the invariant measure, we record the
following known convergence result of the measure p€ to p1. We omit its proof since it is a standard application
of the co-area formula.

Lemma 3.1. Let f : R? — R be a bounded smooth function. p. is the probability measure in (3.3) and uy is
the conditional probability measures on ¥ defined in (2.3). We have

fi [ 7(2) / F(@)e U@ [det(VETVE) ()] d / f(@) dun (@

e—0

where Z is the normalization constant given by

1

Z = / e V@) [det(VETVE) (x)] 2 du(x).
>

Lemma 3.1 suggests that the softly constrained dynamics (3.2) with a small € is a good candidate to sample
u1 on 3. However, direct simulation of (3.2) is probably inefficient when e is small, because the time step-size
in numerical simulations becomes limited due to the strong stiffness in the dynamics. The numerical scheme
we will study below can be viewed as a multiscale numerical method for the dynamics (3.2). To explain the
method, let us introduce the flow map ¢ : R% x [0, +00) — R?, defined by

% = *(U,VF)(QD(I’, 5)), o(z,0) =z, V2 eRY, (3.4)
where the function F' is .
Flw) = g6l = 5 3¢l (35)
Under proper conditions [13,22], one can define the limiting map of ¢ as
O(x) = SEIJ&(}@(J: s), vz e RY (3.6)

Since VF|g = 0 and ¥ is the set consisting of all global minima of F, it is clear that © : R — ¥ and ©(z) = z,
for Vaoel. _
With the map ©, we propose to approximate the average f in (3.1) by

n—1

Fo= o S0 50), (37)
=0

where n is a large number and the states z(!) are sampled from the numerical scheme

1 oU 1 0aq;
x§z+é):x§l)+(_aij6 6;;) h—++28 hawnj , 1< <d,
X5

(3.8)
2D = @ (),

starting from z(® € ¥. In (3.8), h > 0 is the time step-size, functions a,o,U are evaluated at z® and

l l
n® = (() @ ())

My sy are independent d-dimensional standard Gaussian random variables, for 0 <1 < n—1.

Remark 3.2. We make two comments about the scheme (3.7) and (3.8).



ERGODIC SDES AND SAMPLING SCHEMES ON SUBMANIFOLDS 401

(1) Since the image of © is on X, the discrete dynamics z(!) stays on ¥ all the time. As in the case of the softly
constrained dynamics (3.2), the numerical scheme has the advantage that only the 1st order derivatives of
& are needed.

(2) When a = id, the numerical scheme (3.8) becomes

20+3) — (0 VU(w(l)) h++/28"ThnW®, 59)
20D — @(IU%))_ '

At each step | > 0, one needs to compute ©(z(+2)). This can be done by solving the ODE (3.4) starting
from x(”%), using numerical integration methods such as Runge—Kutta methods. In the following remark, we
discuss issues associated with the computation of the ODE flow map O.

Remark 3.3 (Computation of the flow map ©).

(1) Exploiting the gradient structure of the ODE (3.4), we can in fact establish exponential convergence of the
dynamics ¢ to its limit O, at least in the neighborhood O of . For instance, we refer to [22] and Chapter
4 of [3]. Here, for brevity, we point out that the exponential decay of F'(¢(z,s)) can be easily obtained and
is therefore a good candidate for the convergence criterion in numerical implementations. Actually, under
Assumptions 1.1 and 1.2, we can suppose

U (x)z > col2)?, VzeRF, VazeO,
for some ¢y > 0, where ¥ = V¢TaVE. Direct calculation gives

dF(p(z,s))

202 (€aan &) (92, 5)) < —colé(9(w,5)) P = ~20Flp(x, 9)), (3.10)

which implies that |£(¢(z,5))]? = 2F(¢(x,s)) < e™2%%|¢(x)|?. In practice, suppose that we choose the
condition [£(¢(x,$))| < €01 as the stop criterion of ODE solvers and set ©(z) = ¢(z, Sode) When the
condition is met at the time syqe. Then the above analysis indicates that we need to integrate the ODE

(3.4) until the time soge = max{é(ln (z(+2))| 4 In ﬁ)ﬂ}, which grows logarithmically as ey, — 0.
Since z(+2) is likely to remain close to ¥ when h is small, we can expect that @(x(”%)) can be computed
up to sufficient accuracy with affordable numerical effort.

(2) As a complement of the discussion above, we point out that adaptivity techniques (e.g., using adaptive
step-sizes) can be used to accelerate the computation of the flow map ©. For instance, instead of (3.4), we

can consider the ODE

4o
L) (a9l (e, 9), .0) = (3.11)
where 0 < x < 1. In fact, from the identity
R T o
VIEF™ = 2Rl V= = (2 KD mﬁvﬁm (3.12)

we know that ODE (3.11) is related to ODE (3.4) by a rescaling of the time s. Accordingly, for each z, the
solution @(x,-) coincides with ¢(x,-) after a reparametrization and therefore can be used to compute the
projection ©(x) as well. Furthermore, similar to (3.10), in this case we have

dF(o(z, s))
ds

from which we obtain [£(5(z, 5))|" < |£(z)]" — 2¢o(2 — K)s, and therefore ¢(z, s) reaches the state O(z) € &
before the finite time soqe = F1o@1

= (2= K) [[€]7"(€aVan &)] (@(x,5)) < —co(2 = K) 2F((w, )]/,

2¢c0(2—kK) "
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In applications, ©(z) can be computed by solving the ODE (3.11) with a proper € [0,1) (and decreasing
step-sizes). From the above discussion, in particular the identity (3.12), we know that this is equivalent to
solving the ODE (3.4) using adaptive step-sizes. We refer to Examples 1 and 2 in Section 4 for numerical
validation.

Our main result of this section concerns the approximation quality of the mean value f by the running
average f, in (3.7), in the case when h is small and n is large. For this purpose, it is necessary to study the
properties of the limiting flow map O, since it is involved in the numerical scheme (3.8). In fact, we have the
following important result, which characterizes the derivatives of © by the projection map P in (1.9) (we refer
the reader to (A.7)—(A.9) for properties of P).

Proposition 3.4. Let © be the limiting flow map in (3.6) and P be the projection map in (1.9). At each x € 3,
we have

& (3.13)
82@i o 8(Pa)il _p 8al,.
i or;0x,  Om ox,

for 1 <14, j<d.

The proof of Proposition 3.4 can be found in Appendix B. R
Based on the above result, we are ready to quantify the approximation error between the estimator f, and
the mean value f.

Theorem 3.5. Suppose that both the step-size h and the number of the total steps n are fixed. Assume that
f: ¥ — R is a smooth function on ¥ and f is its mean value defined in (3.1) with respect to the measure fi;.
Consider the running average fn in (8.7), which is computed by simulating the numerical scheme (3.8) with
time step-size h > 0. Let T' = nh and C' denote a generic positive constant that is independent of h, n. We have
the following approximation results.

1) [Ef. —F| < C(h+1).
=~ 52
(@) Elf. 7| <0+ 3). i
(3) For any 0 < € < %, there is an almost surely bounded positive random variable ((w), such that |f, — f| <

Ch+ TES“;E , almost surely.

We present the proof of Theorem 3.5 in Appendix B, since it is technical and the idea follows the standard
approach developed in [35], where Poisson equation played a crucial role. However, let us emphasize that, in
contrast to [35], in the current setting we are working on the submanifold ¥ and, furthermore, the map © is
involved in our numerical scheme. In particular, in the proof we use the Poisson equation related to the generator
L in (1.10) of the process (1.8), based on the fact that y; is the invariant measure of (1.8) (This is the place
where Thm. 2.3 in Sect. 2 is used in order to establish Thm. 3.5).

Remark 3.6. Theorem 3.5 concerns the long time behavior of the scheme (3.8) with a small step-size, i.e., large
T and small h. This is often relevant in molecular dynamics simulations. While the estimates of Theorem 3.5
are stated in terms of the variables h and T', we should point out that the time T' = nh and therefore it depends
on both h and n. Alternatively (and more precisely), the estimates can be expressed using the independent
variables h and n. For instance, for the mean square error estimate, we have

E|f. — f|” <C(h2+n1h)- (3.14)

Therefore, for a fixed (large) total sample number n, we can conclude that the optimal upper bound in (3.14)
is O(n~%) and is achieved when h = O(n~3). We refer to [35] for related discussions.



ERGODIC SDES AND SAMPLING SCHEMES ON SUBMANIFOLDS 403

In applications, the conditional probability measure p1 often satisfies the following Poincaré inequality [29]

Var,, (f) = /E(f—f)Qdm < —%/wa)fdm = %ﬂA(Pan)-Vfdul, (3.15)

for all f: ¥ — R such that the right hand side of the above inequality is finite, where K > 0 is the Poincaré
constant, £ is the infinitesimal generator (1.10), and the identity (2.9) in Remark 2.5 has been used. Under this
condition, the mean square error estimate in Theorem 3.5 can be improved (i.e., the constant in front of the
O(T~1) term is small when K is large) and we have the following corollary (The proof is in Appendix B).

Corollary 3.7. Under the same assumptions in Theorem 3.5 and further assuming that py satisfies the
Poincaré inequality (3.15), we have

~ 22 _ 2CyVar,, h 1
E|f. — | Slmm+02<h2+T+T2)’

where Cy is any constant larger than 1, the constant Cy depends on the choice of Cy but is independent of both
h and n.

Remark 3.8 (Non-reversible schemes). The idea of using the map O in the constraint step of the numerical
scheme (3.8) is motivated by the softly constrained (reversible) dynamics (3.2). It is natural to consider whether
certain “non-reversible” numerical scheme can be obtained using the same idea. In fact, let A € R%*? be a
constant skew-symmetric matrix such that A7 = —A. The softly constrained (non-reversible) dynamics

A _ L 2| ou . 2 1 aa” €, A
dXs - |:AZJ a (U + Zg ) 2] ax ZJ 8.13 Z g (Xs )dS (316)
26~ 1o (XS A) dw?,

indeed has the same invariant measure u€ in (3.3). Based on this fact, a reasonable guess of the “non-reversible”
numerical scheme that samples the conditional measure 1 is the multiscale method of (3.16), i.e

(+3) _ 0 < ov _, oU 1 3%‘) )1+ /25-1h 0 -
x, =z, +|Aij— —aj—+ = Yh+ /20" hoy; , 1<i<d,
i i gz,  “az, T B og, g oL (3.17)
2D — 9,4( (I+3 ))
where ©4(z) = llrll ¢ (, s) is the limit of the (non-gradient) flow map
d A
75 _ (0 A)VF) (oA (e5), eA@0) =z, VaoeR (3.18)

ds

with the same function F' in (3.5). We expect that the long time sampling error estimates of the numerical
scheme (3.17) can be studied following the same approach of this section as well. For this purpose, however, it
is necessary to handle the non-gradient term in the ODE (3.18), which brings difficulties when calculating the
derivatives of the map ©4 (cf., Prop. 3.4 as well as its proof in Appendix B). We will postpone the analysis in
the future work and readers are referred to Example 1 in Section 4 for numerical validation of the scheme (3.17
and (3.18).

In the literature, reversible Metropolis random walk on submanifold [43] and Hybrid Monte Carlo algo-
rithm [32] have been proposed to sample distributions on submanifolds. A comprehensive comparison between
our scheme (without Metropolis step) and these Metropolis-adjusted approaches is a complicate task and goes
beyond the scope of the current paper. We only discuss this issue briefly in the following remark.
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Remark 3.9 (Comparison to the Metropolis-adjusted samplers [32,43] on submanifolds). We compare the
following three aspects.

(1)

Constraint step. In the scheme (3.8), the map © in (3.6) is used to project the state 2(+3) to the submanifold
Y. Under mild assumptions, the gradient structure of the ODE (3.4) allows to define © for all states at which
the map ¢ is C% smooth (Assumption 1.2). Differently, in [32,43], newly proposed states are projected back
to the submanifold by solving a nonlinear system. One usually uses Newton’s method to find the solution
of the system, with the hope that the convergence can be achieved within a few iteration steps (success),
thanks to the quadratic convergence rate of Newton’s method. In practice, however, it may happen that
either the solution does not exist or, even if the solution exists, the Newton’s method does not converge
(due to local convergence). In these two cases, the constraint step ends without finding a new state on the
submanifold (no success). Although the Markov chain samples the correct invariant distribution regardless
whether the constraint step is successful or not [43], the sampling efficiency is affected by the success rate
of the constraint step.

Computational complexity. Suppose the computational complexity of evaluating the dx k matrix V¢ is O(k-d)
and n states are sampled in total. In each step of both the scheme (3.8) and the Metropolis-adjusted methods
in [32,43], the major computational effort is devoted to the constraint step, i.e., either computing the map
O by integrating ODE or solving equations using Newton’s method. For the scheme (3.8) with a = id, the
overall computational complexity of the constraint step is therefore O(n - k - d - so40/AS), where so40 and
As are the average final time (see Rem. 3.3) and the average step-size in the ODE integration, respectively.
For the Metropolis-adjusted methods in [32,43], in each Newton iteration it is necessary to compute the
matrix product VET (2)VE(2') for two states x, 2. Therefore, the overall computational complexity is O(n -
E2.d- Niter), where Niger is the average total iteration steps of Newton’s method. In practice, one can
implement the method in [43] in a way such that Newton’s method ends within a few Newton iterations,
e.g., Niter < 10. On the other hand, the ODE integration in the scheme (3.8) requires more iteration steps
(for the examples in Section 4, 2040 steps are needed), i.e., Sodo/AS > Niter. However, when comparing the
computational cost of both methods, we should keep in mind that an ODE iteration step is generally cheaper
than a Newton iteration step, since the latter involves both matrix-matrix multiplication and solving linear
systems (the cost of solving k X k linear systems is not major and therefore for simplicity is not included
in the estimation above). While the computational cost of Newton’s method is smaller when & is small, the
ODE integration becomes faster for medium or large k. We refer to Example 2 in Section 4 for numerical
comparison on the computational cost of both methods.

Choice of step-size. To apply the scheme (3.8), one usually chooses a suitably small step-size h and runs the
scheme for sufficient many steps (large n). In concrete applications, one often needs to tune the step-size
h, keeping in mind that a large h will lead to large bias, while a unnecessarily small h will result in large
correlations. See Remark 3.6. For the Metropolis-adjusted methods [32,43], the choice of the step-size (in the
proposal step) is in fact a more delicate issue. Although the Markov chain remains unbiased for large step-
sizes, the sampling efficiency will be possibly limited due to a low acceptance rate in the Metropolis step.
This issue has been discussed in [32], where the performance with different step-sizes has been numerically
investigated. Besides the acceptance rate in the Metropolis step, the success rate of the constraint step also
depends on the step-size used in the proposal step. Taking the (d — 1)-dimensional unit sphere S%~! as
an example, it is not difficult to see that there won’t be corresponding projected state on the sphere (i.e.,
the solution of the constraint equation does not exist), if the norm of the tangent vector generated in the
proposal step (see [43]) is larger than one. This implies that the success rate of the constraint step will
decrease when we increase the step-size in the proposal step. To summarize, it is important to choose the
step-size in the Metropolis-adjusted method in [32,43] properly, such that both the acceptance rate in the
Metropolis step and the success rate of the constraint step are not too small.

Before concluding, let us point out that the approach used in the above proof allows us to study other

numerical schemes on ¥ as well. As an example, we consider the projection from R? to ¥ along geodesic
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curves (instead of using the flow map (3.4)—(3.6)) defined by the metric ¢ = a=! in (1.13), i.e., the metric
on M = (R% g). Let d be the distance function on R¢ induced by the metric g in (1.13). We introduce the
projection function

T(z) = {y ‘ d(z,y) = d(z,%), y € 2} . VzeR% (3.19)

Clearly, we have II|x = id|g. Given any = € ¥, there is a neighborhood Q C R? of 2 such that II|q is a single-
valued map. Furthermore, applying inverse function theorem, we can verify that II is smooth on 2. Similar
to Proposition 3.4, we need the following result which connects the derivatives of II to the projection map P
n (1.9) (note that, comparing to the derivatives of the map © in (3.13), there is an extra term in the second
equation of (3.20)). Its proof is given in Appendix B.

Proposition 3.10. Let IT = (II}, Iy, ..., II;)7 : R? — % be the projection function in (3.19), where II; : R —
R are smooth functions, 1 <i <d. For x € XN, we have

otL;
O — 175,
K (3.20)
u O211; 5 oay, n d(Pa)y n E(Pa)- Olndet¥
" or0r, ‘o, 0x; 2 CF T
for1<i,j<d, where ¥ = VT aVE.
Now we are ready to study the numerical scheme
(+3) _ 0 ( ‘9U 1 8%) )y O .
x; =z, + | —ai;— Yh+ /208~ ho 1<i<d,
oz, T30 (3.21)

D) = H(:z:(”%))7
where () € ¥, and the map IT (instead of ©) is used in each step to project the states 2(+3) back to X.

Theorem 3.11. Assume that f : X — R is a smooth function on X and ? is its mean value

7= [ 1)
1y [det(VETaVE)
dp = —¢ AU et (VETVE) dv. (3.22)

Consider the running average ﬁL in (3.7), which is computed by simulating the numerical scheme (3.21) with
time step-size h > 0. Let T = nh and C denote a generic positive constant that is independent of h, T. We have
the following approximation results.

with respect to the probability measure

(1) |Efn - f\<Ch+ T)-
(2) E|fn f‘ <C(h? + 1).
(3) For any 0 < e < 5, there is an almost surely bounded positive random variable {(w), such that \fn —fl <

Ch+ TE(/L;E , almost surely.

We omit the proof since it resembles the proof of Theorem 3.5.
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Remark 3.12. For the projection map II induced by a general metric ¢ = a~' or, equivalently, by a general
(positive definite) matrix a, implementing the numerical scheme (3.21) is not as easy as the numerical scheme
(3.8). We decide to omit the algorithmic discussions, due to the fact that the probability measure (3.22) seems
less relevant in applications. However, it is meaningful to point out that, when a = id, the above result is
relevant to the one in [10]. In this case, the probability measure in (3.22) reduces to pz = e #V dv in (2.3)
and the numerical scheme (3.21) can be formulated equivalently using Lagrange multiplier. We refer to [10,31]
for comprehensive numerical details.

4. NUMERICAL EXAMPLES

In this section, we study three concrete examples. In the first example, we investigate the different schemes in
Section 3. In particular, the sampling performance of the constrained schemes using different maps ©, ©4, and
I1, as well as the performance of the unconstrained Euler-Maruyama discretization of the SDE (2.5), will be
compared. In the second example, we compare the computational costs of the scheme (3.8) and the Metropolis-
adjusted algorithm introduced in [43]. In the last example, we show that in some cases it is helpful to consider
non-constant matrices ¢ and a. The C/C++ code used for producing the numerical results in the following
examples is available at: https://github.com/zwpku/sampling-on-levelset.

Example 1: Comparison of schemes using different projection maps

Let us define ¢ : R? — R by

2
g(x):<i‘21+x§_1)a vx:($17x2)TeR2a

with the constant ¢ = 3. The level set & = {(z1,z2)" | i—; +x3 = 1} is an ellipse in R?. We have V& = (&, z)7

2
and therefore det(VETVE) = |VE|? = %4 + 23. For simplicity, we choose the potential U = 0 and the matrices
a = o =id € R?*2. The two probability measures in (2.3) on X are

1 (23 L\ 2 1
dp = - <c4 + x2> dv, dups = Z dv,

where Z denotes two different normalization constants and v is the surface measure on X. Since ¥ is a one-
dimensional manifold, it is helpful to consider the parametrization of ¥ by

x1 =ccosl, x9=sinb, (4.1)
where the angle § € [0, 27]. Applying the chain rule % =—c sinﬁa%1 + cos 06%2, we can obtain the expressions
of w1, po under this coordinate as

1 1 1
dp = Ede, dps = Z(CQ sin” 0 + cos? 0) * df. (4.2)

With these preparations, we proceed to study the following four numerical approaches.
(1) Numerical scheme (3.8) using ©. Since U = 0 and a = id, (3.8) becomes

2+ — 2O 4 /26-1hn®,

/ 4.3
20+ — @(x(l+§)), (4.3)
where O(z) is the limit of the flow map ¢, given by

. §Wis))yls) .

i) = —SWONBE) o), 520 (4.4

c2

starting from y(0) = z.
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(2) Numerical scheme (3.17) and (3.18) using ©4. Let us choose the skew-symmetric matrix
0 1/2
A= (0,0) -

20D = 20 425 Th O,

20D — A (I(H%)) 7

Since U = 0 and a = id, we have

where ©4(z) is the limit of the flow map ¢*, given by

() = —€(y(s)) (y” - y”) - da(s) = —€(y(s)) (yl(s) n y2<s>) L sx0, @)

c? 2 2c?

starting from y(0) = x.
(3) Numerical scheme (3.21) using I1. Similarly, since U = 0 and a = id, (3.21) becomes

2D Z 2O 4 /25T D)

4.8
20+ H(x(l+%)), (4.8)

where II is the projection map onto X, defined in (3.19).
(4) Euler-Maruyama discretization of the SDE (2.5). Notice that we have Pa = P, and it is straightforward to

compute
P ctal P _p ximo P 7
W= "33 12 =Pn=——5—7,73 2 = 513
x? + ctad’ x? + ctal’ 22 + ctad

Therefore, discretizing (2.5), we obtain

2D — O 1M = 2)aa5 — Pad b+ /35=Th Ccay gy SPmme
g (2] + cta3)? +v2p 3+ cta 2 x? + ctaj 2 (4.9)
2D — 50 1 (1 —2¢*)ziwy — a3 bt /2317 crizy ) 7 0] '
38 (22 + c1a3)? + v 2+ 4277 +m%+c4x%n2 ’

Based on Theorems 2.3, 3.11, and Remark 3.8, we study the performance of the schemes (4.3), (4.6), and
(4.9) in sampling the conditional measure p1, as well as the performance of the scheme (4.8) in sampling the
measure fs.

In the numerical experiment, we choose 8 = 1.0 in each of the above schemes. For the first scheme using 6, we
simulate (4.3) for n = 2 x 107 steps with the step-size h = 0.01. In each constraint step, @(Jc(H%)) is computed
by solving the ODE (4.4) starting from »(0) = z(*2) until the time when |€(y(s))| < 1078 is satisfied, using
the 3rd order (Bogacki-Shampine) Runge-Kutta (RK) method. The adaptivity technique in the second point
of Remark 3.3 is used with x = 0.5. The step-size for solving the ODE is set to As = 0.1 initially and is divided
by 2.0 whenever we find that the value of |¢| is not decreasing (the numerical error of © is 3.7 x 10~7 on average,
comparing to the reference solution that is obtained by solving the ODE with £ = 0 and the fixed step-size
As = 0.001). On average, we observe that 25 iterations of the RK method are needed in each constraint step in
order to meet the criterion |£(y(s))| < 1078.

For the second scheme using ©4, we simulate (4.6) for n = 2 x 107 steps with the step-size h = 0.005. Notice
that, a slightly smaller step-size h is used, because in this case the non-gradient ODE flow (4.7) produces a drift
force on the level set . In each constraint step, ©4(z(+2)) is computed by solving the ODE (4.7) in the same
way (with the same parameters) as we did in the first scheme. On average, we find that 23 iterations of the RK
method are needed in each constraint step in order to meet the criterion [£(y(s))| < 1078.



408 W. ZHANG

2-

FIGURE 1. Example 1. Given z € R?, TI(x) is the state on the ellipse 3 which achieves the
minimal distance to z, while ©(z) and 04 (x) are the limits of the ODE flows (4.4) and (4.7)
starting from x, respectively.

For the third scheme using II, (4.8) is simulated for n = 2 x 107 steps with the step-size h = 0.01. Using the
parametrization (4.1), we have II(z) = (ccos *,sin §*)T, where

0* = argmin ((z1 — ccos9)? + (z2 —sind)?), =z = (z1,22)". (4.10)
0€[0,27]

Therefore, in each step, H(x(H'%)) is computed by solving (4.10) using the simple gradient descent method. The
step-size is fixed to At = 0.1 and the gradient descent iteration terminates when the derivative of the objective
function in (4.10) has an absolute value that is less than 1078, On average, it requires 32 gradient descent
iterations in each step in order to meet the convergence criterion.

Let us make a comparison among the three schemes (4.3), (4.6) and (4.8). From Figures 1 and 2, we can see
that the three maps ©, ©4 and II indeed have different effects. Roughly speaking, comparing to the projection
map II, both © and ©“ tend to map states towards one of the two vertices (%¢,0), where |V¢| are smaller,
while TT4 introduces a further rotational force on 3. Based on the states generated from these three schemes, in
Figure 3 we show the empirical probability densities of the parameter € in (4.1). From the agreement between
the empirical densities and the densities computed from the analytical expressions in (4.2), we can make the
conclusion that the trajectories generated from the two schemes using © and ©4 indeed sample the probability
measure 1, while the trajectory generated from the scheme using Il samples po.

Lastly, concerning the fourth scheme, we simulate (4.9) for n = 107 steps using the step-size h = 0.0001. In
this case, we find that it is necessary to choose a small step-size h in order to keep the trajectory close to the
level set ¥. As can be seen from Figure 4, even with this smaller step-size h = 0.0001, the generated trajectory
departs from the level set ¥. This indicates the limited usefulness of the direct Euler—-Maruyama discretization
of the SDE (2.5) in long time simulations.

Example 2: Numerical comparison with the Metropolis-adjusted method on the special
orthogonal group SO(11).

In this example, we compare the computational efficiency between our scheme (3.8) using the flow map © and
the Metropolis-adjusted method introduced in [43]. We consider the special orthogonal group SO(11), which
consists of orthogonal matrices of size 11 x 11 with determinant equals to 1. This example is taken from [43]. The
authors there applied their method to the estimation of the mean value of the function f(z) = Tr(x), i.e., the
trace of the matrix x, where x follows the surface measure of SO(11). The manifold SO(11) can be viewed as (one
connected component of) the level set of the map ¢ : R*?! — RY which includes all the row ortho-normality
constraints. Readers are referred to the original work [43] for a detailed introduction on the example.
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Flow map ¢ Flow map ¢* Projection map I
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FIGURE 2. Example 1. Left: the streamline of the flow map ¢ in (4.4). Middle: the streamline
of the flow map p? (4.7) with the matrix A in (4.5). Right: illustration of the projection II.
Points on each straight line are mapped to the same point on 3.

© oA n
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0.2
0.1

0 m2 m 3m2 21 0 m2 n 3m2 2n 0 m2 n 3n2 2n

F1cUrE 3. Example 1. The probability densities of the parameter 6, computed from the scheme
(4.3) using © (left plot), the scheme (4.6) using ©4 (middle plot), and the scheme (4.8) using
IT (right plot). In each plot, dotted curves are the probability densities computed from the
analytical expressions of p1, s in (4.2), respectively. Solid lines are the empirical probability
densities of 0 estimated using the states generated from the schemes (4.3), (4.6) and (4.8),
respectively.

2:X2

FIGURE 4. Example 1. States generated from the Euler-Maruyama discretization (4.9), where
we choose h = 0.0001 and n = 107. In this case, the sampled states deviate from the level set X.

409



410 W. ZHANG

In this numerical study, we implement both the scheme (3.8) and the (Metropolis-adjusted) algorithm in [43]
to estimate the mean value of Tr(x). Notice that, since det(VETVE) is constant, the conditional measure i
in (1.2) coincides with the surface measure of SO(11) when we choose the potential U = 0. In both cases, we
generate n = 10% samples on the same laptop (CPU: Intel Core i5, 2.60 GHz, 4 cores; system: Ubuntu 18.04).
For the scheme (3.8), we choose the step-size h = 0.022. The map O is computed by integrating the ODE (3.4)
with a = id, until the condition |£(p(z,s))] < 1072 is satisfied. To accelerate the ODE integration, we have
applied the adaptivity technique in the second point of Remark 3.3 with x = 0.5. Starting from the initial
step-size As = 0.2, the step-size used in the ODE integration is divided by 2.0 whenever we find that the value
of |¢| is not decreasing (the numerical error of © is 2.0 x 10~* on average, comparing to the reference solution
that is obtained by solving the ODE with x = 0 and the fixed step-size As = 0.002). Furthermore, the new
state will be discarded (and resampled) if its determinant equals to —1. With these parameters, we observe that
on average 37 Runge-Kutta iterations are needed for each evaluation of the map ©. In total, it takes 2676.9s
to generate n = 10° samples, while the estimated mean value of Tr(x) is 3.8 x 1073 with a statistical error
3.9 x 1073, For the algorithm in [43], the maximal number of Newton steps is set to 10 and the proposal length
scale is chosen to be 0.257%. In our experiment, we find that this proposal length scale (different from the one
used in [43]) leads to slightly smaller correlation time. Within the entire computation, the success rate of the
Newton’s method (i.e., the rate that the Newton’s method converges) is 67.2 each time it takes 56 iterations
on average for the Newton’s method to reach convergence (the convergence criteria is [£(2)| < 1077). In total,
it takes 7315.9s to generate n = 10% samples. The estimated mean value is —3.8 x 1073 and the statistical error
is 3.8 x 1073.

The empirical density distributions of Tr(z) using both the scheme (3.8) and the algorithm in [43] are shown
in the left plot of Figure 5, while the autocorrelation functions are plotted in the right plot of Figure 5. From
these results, we can conclude that in this example both approaches provide similar statistical estimations (the
autocorrelation time using Metropolis-adjusted method is slightly smaller with the above parameters). At the
same time, the total computational time using the scheme (3.8) is less than half of the computational time
required by the algorithm in [43]. For this example, although the average number of Newton steps in the latter
algorithm is smaller than the average number of ODE iterations, the computational cost of each Newton step
is indeed larger. We refer to Remark 3.9 for the comparison of computational complexity of both approaches.

Example 3: Removing stiffness by choosing a non-constant matrix a

In this example, we choose the reaction coordinate function

§() = &) = 5 (e +af 4 a1,

M| —

Correspondingly, the level set
S={(@nas. 00 €R |4 ad . 4ad=1)

is the (d — 1)-dimensional unit sphere, and we have

d
VE=(1,22,...,2a)", VETVE=D al.

i=1

In the following, we give an example to show that in some applications it is helpful to use a non-constant matrix
a in the numerical scheme (3.8). Briefly speaking, varying the matrix a properly allows to rescale the scheme
along different directions. It has a preconditioning effect when different time scales (stiffness) exist.

2The roles of the proposal length scale in [43] and the step-size h in the scheme (3.8) are different. The proposal length scale
0.257 used in this example corresponds to a step-size 0.033 (~0.2572/2) in the scheme (3.8).
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FIGURE 5. Example 2. Left: empirical density plots of the statistics Tr(z), where x € SO(11).
Both empirical densities resemble the probability density of the standard Gaussian random
variable. Right: autocorrelation functions of the sampled trajectories. In both plots, the curve
with label “projection by ©” and the curve with label “MCMC” are the results obtained using
the scheme (3.8) and the Metropolis-adjusted algorithm in [43], respectively.
Consider d = 3 and the potential U =

where € > 0 is a small parameter, 6 is the angle of the state
x1 = pcosbhcosp, o= pcosfsing, x3=psind,
where p > 0, 0 € [, 5], and ¢ € [0,27]. We can verify that

T
1 r1x3 T3 2 o\ L
Vo=— |- , — , (7 +x5)2 4.11
f((ﬁ+ﬁﬁ @t T o
Correspondingly, with the choice of 0 = a = id, the scheme (3.8) is

1 1

212 = 2O — Z(6v0)(zD) h 4+ /26 1hnW?,
€

20+ — @(z(l*%))7

(4.12)
where V6 is given in (4.11). Notice that, the coefficients in (4.12) are O(1) when € is small. In particular, it
implies that sampling the invariant measure using (4.12) will be inefficient when ¢ is small, since the step-size
h will be severely limited due to the large magnitude of the coefficients in (4.12).

o1 = (1,22, 33)" =V,

On the other hand, based on the form of U and the expression (4.11), we consider the orthogonal vectors

o2 = (w2, —21,0)7,
o3 = (—( ﬁxlx?’

\/E.TQJ:?,
2} +a3)7

T
Ve(@2+22)7 | = \/epVo,
(:C% i :E%)% ( 1 2) P
and we define o = (01,02, 03) € R3*3. Direct calculation shows that

2,2 2
2 2 €rTTs ET1T2T]
Ty + Ty + Ier:L’% m%+rg (1 — 6),’1}‘1]}3
T 2 2 2
a =00 = €ET1T2T3 2 2 €T5T] B
P a1 + a5+ s (1 —€)xazs
(1—€)xiz3 (1 —€)xoxs

(4.13)
23 + (23 + 23)
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F1GURE 6. Example 3. The empirical densities of the angles 6§ and ¢ are estimated using the
scheme (4.12) which corresponds to a = id. € = 0.005 and n = 107 states are sampled, using a
small step-size h = 0.0002 and a larger step-size h = 0.005. The curves with label “exact” are
the analytical marginal densities computed from (4.16).

Correspondingly, using (4.13), the scheme (3.8) becomes

s 90 1 0a
2D =0 4| 9 2 (Y g /28 Thoy (W), 1<i<3,
8xi 6 8$j J

20D _ (),
where O(z) is the limit of the ODE flow

i(s) = —€(y(5)) (26(y(s)) +1) y(s), y(0) == (4.15)

Importantly, in contrast to (4.12), the scheme (4.14) and (4.15) is no longer stiff when € is small.
Now we compare the numerical efficiency between the schemes (4.12), (4.14) and (4.15). First of all, since
the surface measure on ¥ satisfies dv = cos8df dp, we know that the target measure is

(4.14)

1 2 1 2
dp = Ze* e dy = Ee*% cos 6 df de. (4.16)

In the numerical study, we choose ¢ = 0.005 and generate n = 107 states for both schemes. For the scheme
(4.12) which corresponds to a = id, we use both a small step-size h = 0.0002 and a (relatively) larger step-size
h = 0.005, while we choose a large step-size h = 0.01 in the scheme (4.14) and (4.15). The empirical probability
densities of the angles 6, ¢ for the two schemes are shown in Figures 6 and 7, respectively. From Figure 6, we see
that the step-size h has to be small (h = 0.0002) in (4.12) in order to produce the correct probability density
of the angle 6 (left plot). However, with such a small h, the estimated empirical density of the angle ¢ (right
plot) is still noisy with n = 107. On the other hand, for the scheme (4.14) and (4.15) which corresponds to the
matrix a in (4.13), Figure 7 shows that the probability densities of both angles 6, ¢ are well approximated using
the large step-size h = 0.01. Therefore, we conclude that in this example choosing the non-constant matrix a in
(4.13) indeed helps improve the sampling efficiency.

5. CONCLUSIONS

Ergodic diffusion processes on a submanifold of R? and related numerical sampling schemes have been con-
sidered in this work. A family of SDEs has been obtained whose invariant measures coincide with the given
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F1GURE 7. Example 3. The empirical densities of the angles 6§ and ¢ are estimated using the
scheme (4.14) and (4.15) which corresponds to the matrix a in (4.13). € = 0.005 and n = 107
states are sampled using a large step-size h = 0.01. The curves with label “exact” are the
analytical marginal densities computed from (4.16).

probability measure on the submanifold. In particular, for the conditional probability measure, we found that
the corresponding SDEs have a relatively simple form. We proposed and analyzed a consistent numerical scheme
which only requires 1st order derivatives of the reaction coordinate function. Different sampling schemes on the
submanifolds are numerically evaluated.

The current work extends results in the literature and may further contribute to both the analysis and the
development of numerical methods on related problems, in particular problems in molecular dynamics such as
free energy calculation and model reduction of high-dimensional stochastic processes. Closely related to the
current paper, the following topics could be considered. First, the “non-reversible” scheme (3.17) is supported
by a simple numerical example but theoretical justification still needs to be investigated. This will be considered
in future following the approach described in Remark 3.8. Second, the constrained numerical schemes in the
current work do not involve system’s momentum variables. In view of the work [31], it is interesting to study the
Langevin dynamics under different constraints (such as certain variants of the map © used in this work). Third,
there is a research interest in the literature to study the effective dynamics of molecular systems along a given
reaction coordinate £. The coefficients of the effective dynamics are usually defined as averages on the level set
of £ [26]. As an application of the numerical scheme proposed in this work, we will study numerical algorithms
to simulate the effective dynamics. This topic is related to the heterogeneous multiscale methods [42] and the
equation-free approach [23,25] in the literature.

APPENDIX A. USEFUL FACTS ABOUT THE RIEMANNIAN MANIFOLD M

In this section, we present technical details of Section 2 related to the Riemannian manifold M = (R%, g),
where ¢ = a~!. The main result is Proposition A.3, where we give the expression of the Laplacian-Beltrami
operator A* on the level set ¥ in (1.1), viewed as a submanifold of M. Before that, we first introduce some
notations and quantities related to M and X. Readers are referred to [6,12,21,37] for related discussions on
general Riemannian manifolds.

Under Assumption 1.1, given two vectors u = (uq,uz,...,uq)’, v = (v1,v2,...,v4)T, we consider the space
R? with the weighted inner product

g9(u,v) = (u,v), = ui(a_l)ijvj. (A.1)
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The inner product in (A.1) defines a Riemannian metric g on R? and we denote by M = (R%, g) the Riemannian
manifold R? endowed with this metric.

Notice that M as a manifold is quite special (simple), in that it has a natural global coordinate chart
which is given by the usual Euclidean coordinate. Since we will always work with this coordinate, we will
not distinguish between tangent vectors (operators acting on functions) and their coordinate representations
(d-dimensional vectors). In particular, e; denotes the vector whose ith component equals to 1 while all the other
d — 1 components equal to 0, where 1 <14 < d. At each point x € M, vectors ey, es, ..., ey form a basis of the
tangent space T, M and under this basis we have g = a~1, as can be seen from (A.1).

Denote by gradM, div™ the gradient and the divergence operator on M, respectively. For any smooth
function f: M — R, it is direct to verify that

where g% = (g_l)ij = a;j, and V f denotes the ordinary gradient operator for functions on the Euclidean space
R?. For simplicity, we will also write d; f for the partial derivative with respect to x;, and (aV f); to denote the
ith component of the vector aVf, i.e., 0;f = %, and (aVf); = aij% = a;;0;f.

7 J

The Laplace—Beltrami operator on M is defined by AM f = div"! (gradM f). Equivalently, we have AM f =
tr(Hess™ f), where Hess™ is the Hessian operator on M. The integration by parts formula on M has the form

/ (AM ) fodm = — / (grad™ fy, grad™ f,), dm — / (AM f) fr dm, (A.2)
M M M

for Vfy, fo € C5°(M), where dm = (det g)= da = (det @)~ 2 dz is the volume form, and Cg°(M) consists of all
smooth functions on M with compact support.

Besides the vector basis ey, es, ..., ey, the vectors
o; = (015,02,...,04:)", 1<i<d, (A.3)
will also be useful. Note that a« = oco? = g~ ! implies (0i,05)g = (ail)rlgrigl‘j = §;5. In other words,
o1, 03, ...,04 form an orthonormal basis of T, M at each x € M.

Denote by VM the Levi-Civita connection on M. Given z € M and a tangent vector v € T, M, VM
is the covariant derivative operator on M along the vector v. For two vectors w = (u,us,...,uq)’, v =
(v1,va,...,v4)T, the Hessian of a smooth function f : M — R is defined as

*f of
M _ M — s M e = s B
Hess™ f(u,v) = u(vf) — (V4 ') f = ujv;Hess™ f(e;, ;) = uv; (5‘%6‘:@- I 90 ) (A.4)
where
1 0g; 0g; g 1 da=1); d(a™1); a1y o
Fl__zflr ir Jjr o W) — Zq ur Jr 2 , 1< ,l<d A5
W= 99 <8xj ox; oz, gt oz, + ox; ox, =bhht= (A-5)

are the Christoffel’s symbols defined by Vé\:‘ej = Féjel, for 1 <i,5 <d.
Now let us consider the level set

$=¢0)={ze M=R" | {@2) =0 c R*} (A.6)

of the C? function ¢ : R — RF with ¢ = (£1,&,...,&)T, 1 < k < d. Applying regular value theorem [5], we
know that ¥ is a (d — k)-dimensional submanifold of M, under Assumption 1.2.
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Given r € ¥ and a vector v € T, M, the orthogonal projection operator (d x d matrix) P : R? — T,% is
defined such that (v — Pv,u), = 0, for Vu € T,X. It is straightforward to verify that P = id — aVEW~1VET
or entry-wise,

‘Pij = 6ij - (“Ij_l)oé’Y (a v&x)iajgvv 1<q4,j< d, (A?)

where ¥ is the invertible k x k& symmetric matrix at each point z € X, given by
Vo, = (grad™e,, grad™e,), = (VETaVE) e, 1<a,y <k (A.8)

In the above, V¢ denotes the d x k matrix with entries (V&);q = 0;€q, for 1 < a <k, 1 <i < d. We can verify
that
aP” = Pa, P*=P, P'V¢(, =0, 1<a<k. (A.9)

Let us further assume that v € T, X is a tangent vector of ¥ at . Since {o0';}1<i<q forms an orthonormal basis
of the tangent space T, M, we have v = (v, 0;)40;. Using the fact that Pv = v, we obtain v = (v, p;),p;,
where p; = Po; € T,,X. If we denote p; = P; je;, then it follows from (A.7) to (A.9) that

P j = (Po)j =05 — (¥~ )av(avfa) (U V& )i

- o (A.10)
PPy = (Pa)ij = (aP")ij = aij — (I ") ay (aVEa)i(aVE,);,

for 1 <i,j < d.

Let gradz, divg, A, Hess” denote the gradient operator, the divergence operator, the Laplace—Beltrami
operator and the Hessian operator on X, respectively. It is direct to check that the Levi-Civita connection and
the gradient operator on X are given by v: = pyM ‘and gmdZ = PgNradM7 respectively. In particular, for
f € C®(X) and let f be its extension to M such that f € C°(M) and f|yx = f, we have

grad® f = Pgrade: PaV]?.

Let v4 be the surface measure on ¥ induced from the metric g on M. We recall that the mean curvature vector
H on X is defined such that [2,10]

/div%dug = —/<H,v>gdyg, (A.11)
z P

for all vector fields v on M.
We have the following lemma, concerning the operators on X.

Lemma A.1. Let f € C°°(X) and f € C°°(M) be its extension to M. u € D(TM) is a tangent vector field
on M and we recall the vectors p; = Po;, 1 <1i < d. We have

(1) div* u*<V “u,p;)g-

(2) (div¥p,)p; + PVMpl =0.

(3) AEf Zz 1p1f+ (le pz)pzf 21 1p1 (PVM )f

(4) A¥f = Hesst(pwpl) + Hf, where H is the mean curvature vector of the submamfold 3.

(5) In the special case when g = a = id, we have (div™p;)p; = PVMpL =0, and A = Zi:l p3.

Proof. The first two assertions can be directly verified. Let us prove the last three assertions. Let x € ¥ and
assume that v;, 1 <14 < d—k, is an orthonormal basis of T,,3. We have v; = (v;, pj>gpj. For the third assertion,
by definition,

A¥f = div™ (gradzf) = div> (P gradM fv) = div™> ((grade, Di)g pi)

= div” ((p.f Zplf-l- (div®p,)p,f = sz (PVy'p) ],

i=1 i=1
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where the second assertion has been used in the last equality.
For the fourth assertion, starting from the third assertion, using the definition of Hess™ in (A.4), and applying
Proposition A.2 below, we obtain

d
Af=>"pif—PV)'p,f

i=1

= Hesst(pi,pi) + |- P)Vﬁfpz} f: HGSSMJ?(PwPi) + HJ?

For the last assertion, when g = id, we have Flij = 0, for V1 < i,7,1 < d. Also, it follows from (A.10) that
]Dz',j = }Dij = Pji and PilPlj = R] We obtain

L%
(div=p)p; = (V3'P; ps)g P;
= j,le,j’Pi,i’ <V£l/l (Pi,rer)7ej’>g €

Py
= Py——PFi ey
! 8.’1}[ €
aPil aBT
= P — Py | ey
8xl (%l ¢
= 0’
and the other assertions follow accordingly. |

Proposition A.2. Let H be the mean curvature vector defined in (A.11) on the submanifold .. We have

H=(I-P)Vy'p,

~ 1 a1y PICA%Y ] (A12)
= (U1, 5 (Pa)i;(aVea): o L+ Py e, avg,.
In the special case when g = a = id, we have
0F; _
H = Py ter = = (U )ay Py 06a] V&, (A.13)
J

Proof. Given a tangent vector field v on M, from the definition of P we have v = Pv+(U 1), (v,aVE, ), aVE,.
Since Pv is a tangent vector field on ¥, using (A.11) and the divergence theorem on 3, we know

/E<H,v>gdyg = —/EdivE (I — P)v] dy, = —/Zdiv2 (T oy (v,aVE,) g aVEs] dug. (A.14)
For the first expression, we notice that ((I — P)v,p;)y =0, 1 < i < d. Applying Lemma A.1, we have
- a1 =Pyl vy = = (V3T = ol p dv,
== [ pdr = Ppyav,+ [ (1= Pho.V3p) v,

- / (v, (I — P)VMp,), dv,.

Comparing the last equality above with (A.14), we conclude that H = (I — P)ngpi.
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For the second expression, we notice that (aV&,,p;)y = 0, and also recall the expressions (A.5), (A.8) and
(A.10). Applying Lemma A.1, integrating by parts, and noticing the cancellation of some terms, we can derive

div? [(71)aq (v,aVE)g aVE] = (VR (T oy (0,aVEy) g aVEa]  pi)g
= (‘Pil)a'ﬂ”v aVéy)g (Vﬁj(aV§a),p,—>g
= (\I]_l)a'y <’U, av£v>g Pi7,jf)i,l<v}/g\;[ ((av&x)rer) P el>g

= (0 )y (0,056, )y (Pt [ (980) T #2701y

= (T Y0y (v,aVE, ), (Pa)i; B(avga)la(%;l)m + 8(@@foa)l(a—1)u] .

The second identity in (A.12) is obtained after comparing the above expression with (A.14).
In the case g = a = id, we have I'), =0, 1 <i4,I,r < d. It follows that

diVE [(\Ijil)a'y«va av£7>g avéa] = (\Ilil)ory <’U, av’g’y>g Pij aizjgoz

and we obtain that H = — [(¥™!)q, Pj; 8%

o] V&, . Using (A.7) and (A.9), we have

0Py (T 0y 01€a0ity) B
P; 87jei =—Py a;j i = — [(T oy Py 9380 08y e; = H,
and therefore the first expression in (A.13) holds as well. 0

Next, we study the Laplace Beltrami operator A¥ on the submanifold . Clearly, A* is self-adjoint and,
similar to (A.2), we have the integration by parts formula on ¥ with respect to the measure v, as

/ (A f)) fody, = — / (grad® f1, grad” fa), dv, = / (A* f2) f1 dvy, (A.15)
> b b

for Vf1, fo € C°°(X). The expression of A* can be computed explicitly and this is the content of the following
proposition.

Proposition A.3. Let ¥ be the submanifold of M defined in (A.6), P be the projection matrix in (A.7), and
A* be the Laplace—Beltrami operator on ¥. We have

92 d(Pa); 1 oln ((deta)~tdet(VETaVeE)) | 8
_ . v il - .
AT = (Pa)” axlaxj alﬂj + 2 (Pa)w 8.’[j 8%1 (A16)
In the special case when g = a = id, we have
A% zd:pQ Py p, 000
= i = L lj
i—1 axzaxj 8(EJ 8$Z (Al?)
)
v 63?18%] ! o%i ’

where H = H;e; is the mean curvature vector of the submanifold 3.
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Proof. Let f € C*°(X) and f € C*°(M) be its extension to M. Using Lemma A.1 and Proposition A.2, we
have

AT f = Hesst(p,,,pr) + Hf
= PanT,lHesst(ej, e+ Hf

o*f . of
= (Pa);i <3xj3xl B Fjl(?:m)

- (0, [P,

of
lal'i

AaNj 9(aV&y)r
ox, + Fir ox;

(aV&a)

Notice that we have already obtained the coefficients of the second order derivative terms. For the terms of the
first order derivatives, let us denote

I, = —(Pa)jlrj.l

I, = —%(\I/_l)a"/(Pa)jl(av&x)i(av&’Y)Ta(g;x?q)jl (A18)

I3 = —(\Iffl)ayplr(avga)ia(%aj)r'

Using the expression of Pa in (A.10), the property PaV¢, = 0, and integrating by parts, we easily obtain

1 Oa™1);
IQ = 5((Pa)“« — air)(Pa)leai)jl
or A.19)
opP, (A
I3 = aml (aiT — (P(l)“n)
For I, direct calculation using (A.5) gives
_ 1 9@ , 9@ t)jr M)
h= 7§(Pa)]law ( Ox; + ox; B oz,
8(04_1)” 1 6(@‘1)jl
- _ o - . A2
(P 2G5 (P, N (A.20)
. 8(Pa)ij anr 1 6(a_1)jl
= o, o, tr T (P50
Therefore,
_ O0(Pa)ij 0P 1 9a M)y 1 (a1
Il+[2+[3—Tj Tl‘l(Pa)”n‘f'i(Pa)]la”-Tzr+§((PCL)”- alr)(Pa)JlTxr
8(Pa)ij 0P, 1 8(0,_1)jl
Wi Yl poy L 2 (P (Pa) e 23t
oz oz (Pa)ar + 2( @ir (Pa)ju oz,

Applying Lemma A.4 below to handle the last term above, we conclude

d(Pa);; 1 Olndeta 1 Olndet ¥
Z\ Y L Ty i

—(Pa);r A (Pa);, oz,

L+ +13=
1+ 12+ 13 oz, 5

o |
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Finally, when g = a = id, applying Lemma A.1, we can obtain
AZf = Hesst(pi,pi) + Hf

2 s s ~

:Pl,iPl,j< i Fl-'af>+Hf

axiaxj B ”axl
o*f of
j6$i81‘j + A

fr— PZ 3 .
8331'

The other equality in (A.17) follows from Proposition A.2.
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O

We point out that the proof of Proposition A.3 is indeed valid for a general Riemannian manifold M and its

level set 3 as well. In this case, (A.16) holds true on a local coordinate of the manifold M.
The following identity has been used in the above proof, and will be useful in Appendix B as well.

Lemma A .4.
1 8(a*1)jl 1 Olndeta orP, 1 OlndetW
i(Pa)W(Pa)]lTxr = —i(Pa)”«TxT + (PG)WTM + i(Pa)“«Txr'
Proof. Using the expression of Pa in (A.10), the relations
Olndeta da;; Olndet ¥ ov
P = - = -1 . J — 1 o oy
aVey =0, Oz, (@) ox,’ ox, ( ) ox, '
and the integration by parts formula, we can compute
1 8(@71) il 1 _ 8(@71) il
g(Pa)ir(Pa)leT] = 5 (Pa)ir (ajt = (¥71)ay (aVEa); (aVEy 1) Tr]
1 Olndeta 1 _
= *i(Pa)irTxr - §(Pa)ir(‘1’ 1)a7(aV§a)l 312r§v
1 . (aVeE,),
+ §(P(J,)“~(\IJ l)a'yalga axr’y
1 OJlndeta _ 1 Olndet¥
= _i(Pa)"TT. — (Pa)ir (U1 )an (aVEL)1 O} & + §(Pa)"679:r
1 Olndeta oP, 1 OlndetW
=——(P ir P ir —(P ir .
2( @) ox, + (Pa) ox; + 2( @) oz,

We conclude this section with the proof of Corollary 2.6 in Section 2.
Proof of Corollary 2.6. Notice that the infinitesimal generator of (2.13) can be written as

0
J _ .
L —JzaxiJrE,

where £ is the infinitesimal generator of (2.5). Using the fact J € T, X, the same argument of Proposition 2.1
implies that (2.13) evolves on 3 as well. Since p; is invariant with respect to £, to show the SDE (2.13) has the

same invariant measure, it is enough to verify that

T
div™ {Jexp [—5 <U+ Q;Inw>]} =0, Vzex,

(A.21)
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where we have used the expression of pq in (2.7). Applying the formula of div® in Lemma A.1, we can compute
the right hand side of (A.21), as

T
div™> {Jexp [—ﬂ (U+ %ln W)} }

1 . det(VETaV
= <V£;1 {exp [—6 (U+ %ln e(degtag)ﬂ Jiei} 7pj>g

1 . det(VETaV
= P P;, <Vﬁl’1 {exp {ﬂ <U+ %ln e(degt(jg))] Jie} ,er>g.

which implies that (A.21) is equivalent to

0J;
a.’tl

U
ir Ba:l

0= (Pa)ir == (a"Yir + (Pa)iJi T; (@™ )y — B(Pa)iJi(a™h)

! 0 [ det(VETave)
B §(Pa)l“]i(a )ir% {ln deta}

Y oU 1 o [ det(VeTave)
- Bz% + IDIT’JZ Fli - /BBZJZ% - ijjlzjz% |:1ndeta )

where F;; are the Christoffel’s symbols satisfying Vé\l/‘ei = F}'i/erf. Using the expression (A.5) of F}'i/, the fact
Ji = P;;J;, and Lemma A .4, we can further simplify the above equation and obtain

;o1 o) det(VETaVE)
P Ji T} — =Py J; -2 |In S80S AVS)
tre Ji Ll 2 “JZ&Q {n deta
1 a1y 1 9 det(VETaVE)
— 2 J.(Pg), 22 e —pog @ VS 9VS)
2Jl( @ir ox; 2 llJZaxl . deta
OP,:
= J. =Y.
J 81'1
Therefore, we see that (A.21) is equivalent to the condition (2.12). O

APPENDIX B. PROOFS IN SECTION 3

In this section, we collect proofs of the various results in Section 3.

First, we prove Proposition 3.4, which concerns the properties of the flow map © defined in (3.4)—(3.6). While
the approach of the proof is similar to the one in [13], here we consider the specific function F' in (3.5) and we
will provide full details of the derivations.

Proof of Proposition 3.4. In this proof, we will always assume x € . For a function which only depends on the
state and is evaluated at x, we will often omit its argument in order to keep the notations simple. Also notice
that, repeated indices other than [ and I’ indicate that they are summed up, while for the indices [, I’ we assume
that they are fixed by default unless the summation operator is used explicitly.

Since VF = 0 on X, from the equation (3.4) we know that ¢(z,s) = z, Vs > 0. Let us Denote by V2F the
Hessian matrix (on the standard Euclidean space) of the function F in (3.5), i.e., VF = (9};F)1<i j<d. Since
&(x) = 0 € R¥, direct calculation gives

0’F

2
F)ij = air
(aV7EF)yy = a 0x,0x;

= (aVeveET)y,  1<ij<d. (B.1)



ERGODIC SDES AND SAMPLING SCHEMES ON SUBMANIFOLDS 421

Meanwhile, it is straightforward to verify that aV2F satisfies
(aV?Fu,v), = (u,aV>Fv),, Y u,v € RY
(aVPFu,u), = |VETul> >0, VucRY
(aV?F)u = aVEVE u = 0, VueTl,X.
Therefore, we can assume that aV2F has real (non-negative) eigenvalues
M=X=...= X =0 < Ag_p+1 < ... < Ay, (B.2)

and the corresponding eigenvectors, denoted by v; = (v;1, V42, - - -, viq)T, 1 < i < d, are orthonormal with respect
to the inner product (-,-)4 in (A.1), such that vi,va,...,v4—k € T X.
The projection matrix P in (A.7) can be expressed using the vectors v; as

d—k
Py = Zvli(ail)jrvlra 1<i,j<d, (B.3)
=1
and we have
d—k d
Z'U“Ulj = (Pa)ij, Qi5 — (Pa)ij = Z V1305 (B4)
=1 I=d—k+1
It is also a simple fact that the eigenvalues of the k x k matrix ¥ = VETaVE are \g_ i1, Ad—k+2, - - -, Ad, With
the corresponding eigenvectors given by VET vy i1, VETvg_ 112, ..., V& vy, In particular, this implies
d
IT A =det(vE"avVe) = det . (B.5)
i=d—k+1

In the following, we study the ODE (3.4) using the eigenvectors v;,. Differentiating the ODE (3.4) twice, using
the facts that ¢(z,s) = x, Vs > 0, and VF = 0 on X, we obtain

, 2 )
d Op; (1‘75) _ (aiw 0°F ) 0 v; (1‘,8)

ds Oz J Oz, 0z ) Oxj
d 0%, dair  O0*F 0*F 0 i Do
a 4 — (oY Y7 i 4 i B.6
ds Oz ;0z, (2,5 < Oz Oxp Oy ta 6%/8@/8%/) oz (2,5) ox, (2,5) (B.6)

82F 82 9074'/
B (aw 3xrr6xi1> O0x;0x, (@,3),
fors>0and 1 <4,j,r <d.

(1) The first equation of (B.6) implies

— ; = — ir! ; <[ <d. .
L (05 w9) == (org i) (G ws) . 1214 (B.7)

Since ¢(+,0) is the identity map, we have

i

vlj%j(x, 0) =wvy, ats=0. (B.8)

Because v; is the eigenvector of aV2F, we can directly solve the solution of (B.7) and (B.8) and obtain

d

9w,
v ~— (@, s) = e My, — SO»Z (z,s) = Zefklsvli(afl)j,.vl,, Vs>0, (B.9)
0x; O0x; —
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for 1 <1i,j <d. Sending s — 400, using (B.2) and (B.3), we obtain

00,
: li (@™, = Pij. B.10
8a:j s—>r-i{1<x> 817] Z'Ul J vl J ( )

(2) We proceed to compute QJTW 1 <7 < d. For this purpose, let us define

1 82@1'
Ai(z,s) = (a )ijfvlj/ajrm(x,s), 1<1<d,
] T

D?p; 4
<~ ajrm(ff,s) = Z’U”Al(st).

Using the second equation of (B.6), the solution (B.9), and the orthogonality of the eigenvectors, we can
obtain

dar Zd:[ dair O°F , _, BF
(@™ )i

—2Aprs
d 8;1,‘ ax al. + 78(17 ,855-,895 ] :| Vi O 5 UL e A — AlAl (ﬂf, S),
i’ r 7 T i J

for 1 <1 < d, from which we get

d—k d
da; O*F OBF s
- 2 - -t i/ P - — 1500 51 Vet VY _)\ls/ ()‘l—2>\z/)ud
Z Z [ Oz 0,0 /( )] + 8$r/a$i/3xj/]vl Vy 1 Vi Vg € ; e "

d—k
8(a_1)i/T aSF < N
p— 2)\ ’ - /i/ 14 r z —_ l/ U d )
Z [ ! Ox; Dz, 020z, VY VY VLU /0 e U

To further simplify the last expression above, we differentiate the identity

0’F
al‘i/ 8l‘j

vy = Arr,

where [’ is fixed, 1 < I’ < d, along the eigenvector v;, which gives

83F OO 82F 81}1/1-/ ] 8>\l/
Oz, 0wy dz; I T ’

. Ovyy Oy
= 2\ (a 1 ilp! Ut et ——— U -
1 ( )1 r’ Uy 8.137- Ir + 633,,
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Therefore, taking the limit s — +00, using the relations (B.4), (B.5), and Lemma A.4, we can compute

0?0

Piiajra——F—
@ 0z 0z,
2,
= SE{P -P’Ll’ajT 88 ‘ng (:C, S)
14 )\ ’ s
= SE{POO Z Z |:2Al' Ul/ 1y g + 2)\[/( )]T’vl/r’% — (ler :| VUL /0 672)\11 v du
=d—k+1 I=1
8((1’1)1-/7, 10(a 1) 1 Olndet ¥
= Tx](am — (Pa),/])(Pa)W — §T7,J(ajT/ — (Pa)jT/)(Pa)ir — E(PG)WTZCT
da;r  OP; O(Pa);r  OP;
= —p, 2T St (pg),, + P, I SO0 (g,
o 833‘]‘ &vj ( Cl) rt Lo al'j + ax]- ( CL)Z»,«
da,; O(Pa),
=—P,— 2 4+ P, s B.11
8:5]- + 81']' ( )
On the other hand, differentiating the relation £(©(x)) = 0 twice and using (B.10), we get
¢, 020y 9%¢, 00, 00, o2%¢,
= — = — P’i/jpj/T7
Oxy 0z 0z, Oxy 0z Ox; Oz, O0xy 0z s
for 1 < < k. Therefore, using PaP” = P?a = Pa and PaV¢, = 0, we can compute
0?0, 0&, 0%0;
(5“/ — Pii/)ajrm = (\I/ )av(avga)z (El/ Ay ax]a;r
_ ¢
:*\Illoz Vaii’yp P’r'r
(T (aVea)i g o0 “ (B.12)
= _(\Ilil)a'y(avé'a)z(a/ ’g’y)(Pa)
0Py
= P 112 Ur~ammd
( a) J 81']/
Summing up (B.11) and (B.12), we conclude that
9*0;  0(Pa);; _p dar;
@ 85613% Ox; o Oz,
(Il

Now, we prove Theorem 3.5.

Proof of Theorem 3.5. Since we follow the approach in [35], we will only sketch the proof and will mainly focus
on the differences.

First of all, we introduce some notations. Let (), I = 0,1,..., be the states generated from the numerical
scheme (3.8) and let ¢ be a function on ¥. We will adopt the abbreviations () = ) (z®)), PO = P(z(1) etc.
For j > 1, Diy[uy, ug, ... ,u;| denotes the jth order directional derivatives of ¢ along the vectors w1, ua, ...,
u;, and |D71)| is the supremum norm of D71 on ¥. Similarly, D?O[uq, us, ..., u;] denotes the d-dimensional
vector whose ith component is D70;[u1, us, ..., u;], for 1 <i <d.

Define the vector b¥) = (bgl), bél), ce b,(jl))T by

b(l) . ( - 8U l@aij

= @ 1<i<d B.1
g+ 5 ) @), 1<i<d (B.13)
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for/=0,1, ..., and set

8O =bOh 4+ /28 1ThoWn®. (B.14)
We have
50 = g0+ _ 0 and 2D = 0(22)) = 0 (2 + 60). (B.15)

Let £ be the infinitesimal generator of the SDE (2.5) in Theorem 2.3, given by

ou o 1 6(Pa)ij 0 1 32
— (Pa)i 22 4= “(Pa)ss——m
=Py om Y 5 0n, om " 5TV 9m00; 510
PV 9 —gU 0 '
=—— e (Pa)ij=— ) »
ﬂ 8xi 81:j
in Remark 2.5. We consider the Poisson equation on X
Lp=f—F. (B.17)

The existence and the regularity of the solution ¥ can be established under Assumption 1.1 and 1.2, and the
Bakry-Emery condition in Section 2. Applying Taylor’s theorem and using the fact that ©(z®) = z(® since
z® € ¥, we have
w(l+1) = (¢00) (x(l) + 5(1))
I DisO1 1 L2 Dis®) 5O L3 Dis® 5O 5O 1 (B.18)
=y 4 D(po0©)V[8 J+5D (1o ©)D[sW 5 J+5D (10 ©)D W 60 0] 4 RO,

where the reminder is given by

0

1
RO = é (/ $* DA (1p 0 ©) (2 + (1 — )5 ds) [5“),5(”,5“),5(”} .

Now we apply Proposition 3.4 to simplify the expression in (B.18). Using the chain rule, the expressions
(B.14)—(B.16), we can derive

’l/)(lJrl)
— O 1 Dy {P(l)g(l) + Lp2e050 5(1)]} + 1 p2g0pgt) p) 5o
2 ’ 2 ’
n éD3(¢ 0 ©)D[6® 50 50 4 RO
2
— ¢(l) + (El/))(l)h + /287 1h Dw(l)[(pg)(l)n(l)] + %qu(l) {DQG(Z) [b(l), b(l)}
h2
1,2 Du® [D2e® O sOp®] 4 7~ p2yp®p0p® pU)p®
+ V26 1hE Dy [D@ b, o0n ]}+ S D20 POBY, POBY)]
l
RETRE DR [POBD (poyOg] 4 MPLY (D200 [0, 60n®] —a® : 7260
) /8 )
1
+ % <D2w(l)[(p(j)(l)n(l)7 (Po)OnW] — (Pa)® DQw(l)) + 6D3(w ° @)(l)[(;(l)7 50, 5(1)] +RrY, (B.19)

where in the last equation we added and subtracted some terms, and we used the identity

Dy® [P(l)b(” + %a(” : v%ﬂ”} + %(Pa)(l) V2 = (Ly) D, (B.20)
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which can be verified using Proposition 3.4, (B.13) and (B.16). In (B.20), a : V2O is the vector whose ith
component is given by ajr%, and (Pa) : V24 is defined in a similar way.
Summing up (B.19) for [ =0,1,...,n — 1, dividing both sides by T, and using the Poisson equation (B.17),

gives
n—1 5
~ _ 1 IS _w(O) 1
_F_ 1t Wy _ LN S B.21
fo—f ”l:of(x )= f= Z int = Zm (B.21)
where
My, = —\/28- hZDw” [(Po)Wn"),
=0
n—1
= 2503 Y Dy [DQG(Z)[b(l)p(”n(l)}] ,
=0
n—1
Ms, = —— ZDW [nga [0, cOyp®] — 4O :V2@<l>} ’
l 0
n—1
— /23 1} 3 D2y {P(l)b(l)7 (PO-)(l),r,(l)} : (B.22)
=0
hn71
My =7 (D20 [(Po)Dn®, (Po)In®]| — (Pa)): D2y},
=0
and
Sy, = _’ﬁfl)wm [D2@<l>[b<l> b“)]]
,n 2 ) I
2 n—1
Z D%y m[ PO, p(l)b(l)}7 (B.23)

n—1
S3n = — Z RO, Sin= —é > DHwoe) [50,60,60).

=0
Using (B.14), the last term Sy, above can be further decomposed as

S4,n = MOJL + SO,TL7

where
V28T 3 QY IROMO RO RROM 3 O [p® O 00
Moy = =¥ hzz 2 D30 0) [ n Loy ]+3hD(1/;o@) [b b0 g0y } :
=0
R /6
T (ﬂD3(¢ 0 0)1 60,00 o Vn] + nD(w o 0)" [, b0, b0 )

1=0
(B.24)
Notice that the terms M; ,, 0 < i < 5, are all martingales and in particular we have EM;,, = 0. Therefore,
since the level set ¥ is compact (Assumption 1.2), the first conclusion follows from the estimates
|S1,n| £ ClDY|oo h T, |S2.n| < CID*Y|oo BT, (B.25)
E[Son| < C|D*Y|oc hT,  E|S3,| < C|D*|hT, '
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while the second conclusion follows by squaring both sides of (B.21) and using the estimates

E[So.n|* < CR*T?|D*Y[3,, E[S3.0[* < CR*T?| D3,
E|Mo,,[* < CR*T|D*¢|%, E|My,[* < CT|DY 3, E|My,,[* < Ch*T| Dy, (B.26)
E|Ms,,[* < ChT|DY[Z,, E|My,|* < CR*T|D*pI,, E|Ms,,[* < ChT|D*[Z,.

As far as the third conclusion (pathwise estimate) is concerned, notice that (B.21) implies

SO ) _ @] 1S3 1
T e S o VAR oA

T T &~ T & B
1 1< '
< _ . .
<C <h+ T) +7 ;:0 [M; .,

where we have used the estimates (B.25) for [S1,,|, [S2,»|, and the upper bounds

n—1

|So,n| < Ch? Z N2+ Chin < ChT, a.s.
1=0
n—1

S < CR?Y " InW|* + Ch*n < ChT,  as.
1=0

n—1
which are implied by the strong law of large numbers for = > |77(l) |*, when n — +oco. Finally, we estimate the
1=0

1
martingale terms M; ,, in (B.27). Notice that, for any » > 1, we can deduce the following upper bounds (see
[35])

1 ) C 1 o _ Ch?"
— T < — T <
T2TE|MM| <7 TQTE|M2,n| <
1 o _ CH" 1 5. _ CR?"
— < — T<
TQTE|M3,n| < S TQTE|M4,n <
1 Ch" 1 Ch?"
EM;, |7 < —, —E|M,,|* <
T2r | ) | - Tr ? T2T l 0, - Tr ’
which give
1S o d c
E f§ M; , <—§ E|M, ,|*" < —. B.2
(T ’L:O| ) |> — TQT — | » | — TT ( 8)

Now, for any 0 < € < é, the Borel-Cantelli lemma implies that there is an almost surely bounded random

variable ((w), such that

5
1 ((w)
NN VAN . B.29
72 Mol < 25 (B.29)
Therefore, the third conclusion follows readily from (B.27) and (B.29). O

Next, we prove Corollary 3.7.

Proof of Corollary 3.7. From the estimates in (B.26), we know that it is only necessary to consider the term
M, in (B.22). Recall that v solves the Poisson equation (B.17) and we can assume fz ¥ du; = 0 without loss
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of generosity. Applying the Poisson equation, the Poincaré inequality, and the Cauchy-Schwarz inequality, we
have the standard estimates

Lot <~ [ @

o] (fre)
— & | L7 dm} (Lozam)".

(/21#261/11); sé[//g(f—fﬁdmr and —/E(C¢)¢du1 s%/z(f—?)?dul- (B.30)

Since the term M ,, in (B.22) is a martingale, we have

which implies

1 28711 %
T2 BIMyn[* = ﬁ E:E[ fm<”kuw-v¢ﬂﬂ.

Applying the first estimate in the conclusion of Theorem 3.5, using (2.9) in Remark 2.5, as well as the estimate
(B.30), we obtain

LB < 2 [ Pave)-Toau +0 (G + 75)

2&ff2mu+c<h 1>

IN

KT T T7

The conclusion follows by squaring both sides of (B.21), applying Young’s inequality, and using the same
argument of Theorem 3.5. a

Finally, we prove Proposition 3.10, which concerns the properties of the projection map II defined in (3.19).

Proof of Proposition 3.10. For 1 < | < d, recall that p, = (Po);ey is the tangent vector field defined in
Appendix A such that p; € T, at each x € ¥. Since II;(x) = x; for z € X, 1 < i < d, taking derivatives along
p; twice, we obtain

oIl
9, L)t = (Po)a,
J
B.31)
0211 a(PO')ll 81_[1 3(P0')jl (
Oz 0z, (Po)ju(Po)r = (Po)n ox, B Ox; (Po)r ox,

Notice that, for a function which only depends on the state and is evaluated at = € 3, we will often omit its
argument in order to keep the notations simple.

On the other hand, the vector o) — p; = ((I — P)o)iey € (TpX)* (the complement of the subspace 7,% in
T,M). Let ¢(s) be the geodesic curve in M such that ¢(0) = z and ¢'(0) = o; — p;. We have IL;(¢(s)) = z;,
Vs € [0,¢) for some e > 0. Taking derivatives with respect to s twice, we obtain

oll; do;(s) _
Oz (9(s)) ds 0,
82Hi d¢j(5) dQST(S) _ QHZ d2¢j(8) _ 31'[2 J d¢r(5) d(,ZST/ (S)
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for 1 < ¢ < d, where ¢; denotes the jth component of ¢, and the geodesic equation of the curve ¢ has been
used to obtain the last expression above. In particular, setting s = 0, we obtain

oI,

ij(ajl — (Pa)j) =0,
B.32)
821_[1‘ I5)1 P (
axjaxr (Ujl - (Po—)jl)(arl - (PJ)Tl) = %jriw (Jrl — (PO’)N) (0’7./[ — (Po)r’l)'

Combining the first equations in both (B.31) and (B.32), we can conclude that ‘gi = P;; at x € X. Since (B.32)

holds at any x € 3, taking the derivative in the first equation of (B.32) along the tangent vector p; € T3, we

obtain ) 8( (Po) )
0°1l; o1, oj1 — (Po)ji
7axjaxr aixj(PO')Tl—axr . (B33)

Combining (B.31)—(B.33), using Lemma A.4, the expression in (A.5), the relations

(0ji = (Po)ji) (Po)y = —

(Po)ji(Po)r = (PaPT);. = (Pa)jr,
(0” - (PU)H) (O—T’/l - (Pg)r/l) = Qppr — (Pa)m,/,

and the integration by parts formula, we can compute

%11, ‘
alﬂjaxr aJT
O°1l; (Po + (o — Po)) ., (Po + (0 — Po))
&Ejaxr gl rl
0°11; %11, 0°11;
= 90,00, (Po)ji(Po)n + anjaxr (0 — Po)ji(Po)n + da,0m, (0 — Po)ji(oc — Po)y
_ 8(Po—),-l a(PO')jl 8(0’jl — (Pa)jl)
= (PU)TZT:ET — PZJ(PU)TZT:L‘T — QRJ(PU)TZ(?—:I;T
+ PijFZ‘r’ (Jrl - (PJ)Tl) (Ur’l — (PU)T/1>
8(P0)il a(PO') il 80"1 ;
= [(P(T)rl . + Hj (PJ)HTTJ — 2Pij (P(T)rl 8JJJT + PijFﬁT,/ (aW - (PCL)M,/)
6(130')1'1 8Pi' 6(Pa)“ 8R
= [2(PO-)M.%'T — (PU)jl(PU)rlGT: — 2(P(T)HT + Q(PJ),«ZO'J'[ ax:
A(a™Y)y; 1 a1,
+ (Pa)ijTTj(alr - (Pa)lr) - §(Pa)z‘jTj(alr - (Pa)lr)
_ (Pa),; 2P Oa; OB | p O(Pa) OB L p,, Olndetd
= (Pa)y; 2, + [ P;; o (Pa)i; oz, + Py oz, + (Pa)yj oz, + 5 (Pa);; oz,
_, Oagy  O(Pa)y 1 ~ Olndet¥
= —hy oxy + O0x; + 2(Pa)” Ox;

]
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