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UP-WIND DIFFERENCE APPROXIMATION AND SINGULARITY FORMATION
FOR A SLOW EROSION MODEL

GIUSEPPE MARIA COCLITE!, FRANCESCO GARGANO? AND VINCENZO SCIACCA®*

Abstract. We consider a model for a granular flow in the slow erosion limit introduced in [31].
We propose an up-wind numerical scheme for this problem and show that the approximate solutions
generated by the scheme converge to the unique entropy solution. Numerical examples are also presented
showing the reliability of the scheme. We study also the finite time singularity formation for the model
with the singularity tracking method, and we characterize the singularities as shocks in the solution.
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1. INTRODUCTION

We consider in this paper the model for granular flow proposed in [31] in the slow erosion (or deposition)
limit. The model can be expressed in the form presented in [1]:

u + (f(w)Elu]), =0, (1.1)

where u = u(z,t), (z,t) € R x (0,400). We denote with (-); the partial derivative with respect to ¢ and
analogously with (), the partial derivative with respect to the x variable. The erosion function f(u) is defined
as follows:

flu) = (1.2)
and E[u] is
Bl = e ([ ptute ) ac). (13)

The function u+ 1 gives the slope of the standing profile of granular matter, that is influenced by the occurrence
of small avalanches. The function f = f(u) is the erosion function and has the meaning of the erosion rate per
unit length in space covered by the avalanches. A more detailed derivation of the model can be found in [41].
For more general f we refer to [2,41].
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We augment (1.1) with the initial condition
u(z,0) = ul(z), r € R, (1.4)
and we assume that
u’ € L' (R), —-1<d’ <o, f(®) € LY(R) N L7 (R), for some 3 < 0 < oc. (1.5)
We use the following notions of solution for (1.1) and (1.4).

Definition 1.1. Let u : R x [0,00) — R be a function. We say that v is a weak solution of (1.1) and (1.4) if
for any test function ¢ € C°°(R?) with compact support we have that

/OOO/R(uatwf(u)E[u]am) dtdx—i—/RuO(x)qS(x,O)dx:O. (1.6)

Definition 1.2. Let v : R x [0,00) — R be a function. We say that u is an entropy solution of (1.1) and (1.4)
if for any nonnegative test function ¢ € C*°(R?) with compact support and any convex entropy n € C?(R) with
entropy flux ¢ € C%(R), defined by ¢’ = 7' f’, we have that

/OOO /R (U(U)at¢ + q(u)Eu]dz¢ + (f(u)n' (u) — q(u))f(u)E[u]¢) At da

(1.7)
+ [ @)ote.0)de >0,

R

In [1,2] the authors studied the well-posedness of the entropy solutions of (1.1) and (1.4) assuming that

u’ € BV(R) (1.8)
and that (1.5) holds with
o= 00, (1.9)
which means
1< -A<d’ <o, (1.10)

for some constant A with A =1 — k¢ € (0,1). Using a front tracking algorithm, they proved that the Cauchy
problem (1.1) and (1.4) admits a unique entropy solution u such that:

u e L¥(0,T; L*Y(R)) N L>®(0,T; BV(R)), T >0; (1.11)
for any T' > 0 there exists Ap s.t. —1 < —Ap <4 <0 a.e. in R x (0,7). (1.12)
Moreover, they show that the map ug — w is Lipschitz continuous, in the sense that if u and v are two entropy

solutions of (1.1) satisfying (1.5), (1.8), and (1.10) at time ¢ = 0, then for any 7' > 0 there exists a constant
Ly > 0 such that

[[u(-,t) — U('vt)”Ll(R) < Lr u(-,0) — U('vo)”Ll(R) ) a.e. 0 <t <T. (1.13)

In [13] the author proved the existence of entropy solutions for (1.1) and (1.4) under the assumption (1.5)
considering the following vanishing viscosity approximation of (1.1) and (1.4) (see [11,12,14])

(1.14)

Opue + Oy (f(ue)Elue]) = €02, ue, t>0, zeR,
ue(z,0) = up (), z € R,
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where £ > 0 and ug . is a smooth approximation of u°. They bypass the lack of BV bounds on u. arguing as
in [15,16, 18] and using the compensated compactness result in [44] for conservation laws with discontinuous
fluxes.

To the best of our knowledge, neither rigorous numerical results nor information on the process of singularity
formation and its character are known for this model. Moreover, in recent years growing interest has been
devoted to the numerical analysis for non-local conservation laws, see [9,24].

The purpose of this paper is twofold. First we propose an Engquist—Osher type numerical scheme, which in
this particular case is equivalent to an up-wind difference approximation, and we prove its convergence to the
unique entropy solution (1.7) of the Cauchy problem in L¥ (R x RT), with 1 < p < 400, for initial datum in
Ll(R; [—1 + Ko, 0]), where kg is a positive constant, using compensated compactness arguments.

The second purpose of this paper is to follow the process of singularity formation for the erosion model (1.1),
using the singularity tracking method in the complex plane. This method allows to determine the position and
the characterization of the complex singularities of the solution nearest to the real axis. Singularity tracking
has been widely used to analyze loss of analyticity in many equations arising in fluid dynamics: Euler flow
[4,10,25,36,38], boundary layer flow [19,21,26,27], Camassa-Holm and Degasperi-Procesi equations [17,21,39],
KdV equation [28,33], vortex-sheet flow [3,6,29,34,40,42]. We refer also to Caflisch et al. [5] for a recent review
on the various singularity tracking procedures. By applying the singularity tracking method we determine the
time in which the singularities hit the real domain, the positions in which they form, and their character. In
a previous paper [41], it was shown that, under suitable regularity assumptions on the erosion function f,
different kind of singularities can develop in finite time. We shall see that our initial set-up leads to a finite time
singularity having a different character from those reported in [41]. In particular, we show that the solution of
the model develops a finite time singularity manifesting with a blow-up of the first derivative; this singularity
is similar to the shock singularity of the Burgers solution, see [17,21,43].

The paper is organized as follow. We propose a convergent up-wind scheme for (1.1) and (1.4) in Section 2,
providing the convergence of the approximate solution to the unique entropy solution of (1.1). Then in Section 3,
we study the finite time singularity formation for (1.1) using the singularity tracking method.

2. THE UP-WIND NUMERICAL APPROXIMATION

In this section we introduce the up-wind numerical discretization for equation (1.1), we prove the convergence
of the method, and we show some numerical experiments.
We write equation (1.1) as
us + F(u), =0,

with
F(u) = f(u)Elu].

We denote by Az the grid spacing and by At the uniform time step. Set z; = jAz and t" = nAt. We use also
Tjpi0 =2+ Aw/2 = (j£1/2)Ax.
We write

u? = u(xj,t"), (2.1)
u"(z) = uj forxz € [(j —1/2)Az,(j +1/2)Az),

uag(z,t) = u"(x) for t € [nAt, (n+ 1)At).
The numerical discretization is given by the following formula (up-wind numerical scheme):

A
with =l — A—i (f(u?)E[u]?+1/2 - f(U?71)E[U]?71/2> , (24)
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where, using (2.3), the expression of Eful}, , is
Hoo _u(EtT) g = '
Bl s = efzj+1/2 e exp Z 1—|—Zu7.L Az |, (2.5)
i=j+1 i

and analogously for F [u];tl /2 We observe that in this particular case the up-wind scheme (2.4) is equivalent
of the Engquist—Osher discretization. To show this equivalence, consider the Engquist—Osher discretization:

At
n+l _ o om EO EO
up = ujL T Ar (Fn,j+1/2 - Fn,j71/2> ) (2.6)

where the Engquist—Osher flux is defined as (see [22])

Fyfenye = (FP0 ), uip) Blulfyy o, (2.7)
Fvligo'—lm = (fFuj_y,u})) Elulf /5, (2.8)
with
a b
fEC(a,b) = / max(f'(v),0)dv+ [ min(f'(v),0)dv + £(0), (2.9)
0 0
and E[u]? given by (2.5). As
rooN 1
f (u) - (1+u)27
then
f29(a,b) = f(a), (2.10)

and the numerical scheme (2.6), with (2.7)—(2.9) can be written as (2.4).
We suppose that the initial datum u° satisfies

—1+ro <u’<0, (2.11)

where kg is a fixed positive constant.
We define the CFL condition as

S Bl <1, (212)

which must be valid for the initial datum ug. In particular, for the initial datum u°, using (2.11) and the
monotonicity of f (u) and the fact that Flu] < 1, we have

’ 1
I () B0 < —5 5 (2.13)
Ko
then we consider a more restrictive, with respect to (2.12), CFL condition:
At
— < koZ 2.14
Ag =10 (2.14)

The CFL condition (2.14) has the advantage to be dependent only to the initial datum wug. In the next lemma,
we prove the stability of the range [—1 + ¢, 0] and the stability in L° norm of the numerical scheme, using
(2.11) and (2.14).

We remind that the conservative scheme (2.4) or (2.6), with (2.7)—(2.9) and (2.5), is not monotone (see [20]).
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Lemma 2.1. Suppose that the initial datum u® € L* (R; [~1 + ko, 0]), where kg is a positive fized constant, and
the CFL condition (2.14) is satisfied, then u™ € [—1 + ko, 0] for each n € N and moreover

inf 19 < u <su u 2.15
inf u; < Sup 1y, (2.15)
for each n € N. In particular,
sup|u;7+1| <sup [uf| < [|4°]] 50, (2.16)
JEZ JEZL

and the CFL condition (2.14) is preserved at each time step.

Proof. We suppose that u™ € [—1 + kg, 0], we want to prove that u"*! is in [—1 + g, 0]. The preservation of
the CFL condition (2.14) at each time step is an easy consequence.
We start from (2.4):

W = ( Wl — F )}y )
A
()~ S-) Bl o~ o (Bl o — Bl ) FOi-)
e > f( N VA, . .
I A PR

n At uj J*l n At n n n
= R T ) e~ g (P = Bl ) S50

- Az (1T+u?) (14u? )

At uj 1E[U]?+1/2 At n n n
E (1 + U?) (1 + u;‘l—l) - E (E[u]j-i-l/Q - E[u]j—1/2> f(uj—l)'

We consider the last two terms

g Uj— 1B ]J+1/2 _ ﬁ
Az (l—i—uj) (1—|—uj71) Az

Eluliyy o
= ﬁj"(u?_l) <H]+/ — E[ul} s + Eu]}_ 1/2)

(E[u]?Jrl/Z - E[u];‘lf1/2) f(u;lfl)

A (14 )
- % (u;ﬂl) (—f(un)E[ ]]+1/2 +E[ ]g 1/2) <0.

Then
At E [u];ﬂrl /2

ntl cmn 1 22 )
“J —“J< Ax(1+uﬂ)(1+uy_l)>

As uj € [-1+ ko, 0] and 0 < E[u]}, ,, <1, we have that

At E[u]?+1/2 At
<= < ,
- Ax (1 + uy) (1 + u?ﬁl) = ko2Ax

then A
t
n+l -, n 1 =
uj S U ( HOZAJ?) )
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and from the CFL condition (2.14) and the fact that u™ < 0 we obtain that u"*! < 0.

As sup,czuf = 0, because the initial datum u° is in L' (R; [~1 + o, 0]), then the right inequality of (2.15)
is proved.

We now prove (2.16) and as a consequence we have that u"*! > —1 + ko. We start again from (2.4) and
using the same procedure, we have:

" o At n n
uj+1 =u; — N (f(UJ)E[ ]g+1/2 “ 1) ]J 1/2>

=u"|1-— At +1/2
’ Az (1+ u (1+ uf
At i Bl ]a+1/2 At . §
Aw (1+uf) (1+uj (E Wiz~ Blu ]j—1/2) fluj_y)

s 1 At Elu ]j+1/2 At uj—lE[u]?+1/2 '
- Az (1+uf) (1+uj_)) Az (1+uf) (1+uj_))

If u} <wu?_; then, from the previous inequality one obtains that u?“ > uj.
Now suppose that u} > uj_;, and because by the CFL condition (2.14)

ﬁ E[U]?+1/2 < At
Az (1 + u;l) (1 + “?—1) ~ KkolAz

<1,

we have

At Elul?
n+1 n__ =Y Jj+1/2 )
Uy 2>y Az (1 +un) (1 =+ “?—1) (Uj U]—l)

> u? - (uj uJ 1) = “?—1»

which completes the proof of inequality (2.15). Because u™ < 0 and u"*! < 0, for each n € N, then
|U?+1| S max (|U§L|7 |u;1—1|) ’
which gives (2.16) and the proof is complete. ]

As a consequence of Lemma 2.1 and the conservation form of the numerical scheme (2.4), we have the
following lemma on the stability of the numerical scheme in L':

Lemma 2.2. Suppose that u® € L' (R;[—1 + ko, 0]), where kg is a fived positive constant, and the CFL condi-
tion (2.14) is satisfied, then

sz uf| = sz |U?| < Wl 1wy (2.17)
J J
for each n € N.

Proof. Since u° € L' (R;[—1 + ko, 0]) and the CFL condition (2.14) holds, then, by Lemma 2.1, we have that
b€ [-1 + Ko, 0]. We prove (2.17) for n = 1: using (2.6) we have

A
3l = 3l - S (FBO g = O, ) =0, (2.18)
J

observing that |F(§3jo+1/2| — 0 as |j| — oo, because u’ € L' (R;[—1+ £o,0]), hence u goes to zero for
4] — oo
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We proceed by induction on n: u} € [~1 + ko,0] by Lemma 2.1, then

n—1

nfll i ,

]

= "
¥ = uJ—i—u

and from (2.6) we have

At

k k— o) o)

Z ‘“ﬁ - Z ‘“2‘ = Z Z (‘u]| - |uj 1|) = Z Az Z (Flil,jH/Z - Fl?fl,jfl/Q) =0, (2.19)
J J 1<k<n j 1<k<n J

observing that |FE_O1 j+1/2| — 0 as |j| — +o0, because uf_l goes to zero for |j| — 4oo, for 1 < k < n, as

(2.17) is valid, i.e. Az}, \u§71| < |[u®llpr(ry, for 1 < k < n by the induction hypothesis and the proof is

complete. 0

2.1. Convergence analysis
In this subsection we prove the following main theorem:

Theorem 2.3. Suppose that the initial datum u® € LY(R;[—1 + ko, 0]), where ko is a fized positive constant,
and suppose that the CFL condition (2.14) is satisfied. If un, is the numerical solution of the up-wind scheme
(2.4), or (2.6) with (2.7)~(2.9), and (2.5), then

UAg — U a.e. andin LP (RxRT), for <p< +oo, (2.20)

loc

where u € L (R x Ry) is the unique entropy solution (1.7) of the Cauchy problem (1.1)—(1.4).

The convergence proof for the scheme is based on the following crucial lemma, which is an adaptation of the
compensated compactness result by Tartar [44].
Let (1, q) be the convex entropy/entropy flux pair for (1.1), ¢.e. n(u) is a convex function of u and

In particular, we denote by no(u) = |u — k| and go(u) = sgn(u — k)(f(u) — f(k)), the Kruzkov entropy/entropy
flux, with k& constant.

Lemma 2.4 (see [44]). Let {u,}
R,), and

uso be a family of functions defined on R x R . If {u,} is bounded in L> (R x

{(no(ww)); + (q0(u)) 4}, 50

lies in a compact set of ngi(R xR,), for all real constants k, then there exists a sequence {v,}, n € N, v, — 0
and a function u € L (R x Ry) such that

Uy, —u a.e. and in L (R xR;), 1 <p < 4o0.

n

Hence we prove as a first step that the sequence

{atno(qu) + (QO(qu))z}Aw s (221)

with ua, given by (2.3) which satisfies (2.4), or (2.6) with (2.7)-(2.9), and (2.5), is compact in H, ! (R x RT)
(Lem. 2.7 below). This guarantees, by Lemma 2.4 that there exists a function v € L (R x R} ) such that (2.20)
is verified. Finally, starting from a discrete entropy inequality proved in Lemma 2.8, we prove that u satisfies
(1.7), which means that u is the entropy solution and the Theorem 2.3 is proved.

The following to lemmas are needed in order to prove Theorem 2.3. The first lemma gives an estimate of the
discrete L? bound of the time variation of (O
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We denote by D, the spatial shift operator:
Dyaj = ajp1 — oy, (2.22)

and by D; the time shift operator
Dia" = o™t — ", (2.23)

We have:

Lemma 2.5. Suppose that u® € L' (R;[—1 + ko, 0]), with ko a positive constant, and the CFL condition (2.14)
18 satisfies, then:

Az (D) < C, (2.24)
J

where C' is a constant which does not depend on At and Azx.

Proof. We consider the numerical scheme (2.6) with (2.5)—(2.7):

At
+1 FFEO fEO
uy uj = A ( n,j+1/2 n,j—1/2)7

and multiply both members with 2u?+1. Then we obtain:
()2 = ()2 + (0 =) = 2y =) = 2 (PR, — FED )
At
=2 (FnE,S‘)+1/2 - FE?—I/z) (2.25)
At w1 ny ((EO EO
—25 (U] —U]) (Fn,j—‘rl/Q_Fn,j—l/Q) .
Defining
QSS+1/2 = QEO(U?)E[U]?H& - qEO(U?—ﬁE[U]?—l/za

where

a
™) = [ sf(s)ds,
0
and using a simple integration by parts (see [32]), we can write:

U? (FE?-H/Q - F7Ii§)—1/2> = U? (f(U?)E[U]?H/z - f(U?_ﬂE[U]?_yz)

= uj f(ui)Elulfyq o —uf_ fuj_)Eul_q o +uj_y fuf_ ) E]f_q o —uj fuj_ ) Eu]i_ o

ke n
J

= (/0 sf'(s)ds + o f(s) dS) E[U]?—H/Q_ </0 . 8f'(8)d3—|—/0 ' f(s)ds) E[u}?_l/Q

+uf_y fuf ) By e —uf f(uf_)Eu]f_q )

= QEO(U?)E[U]?H/Q - qEO(u?—l)E[u}?—l/Q + / (f(s) - f(u?_l)) ds) E[u]?—l/Q

-
u}L
+ ( | f(s) ds) (E[U]?ﬂm - E[“]?—lm) = (Q52+1/2 - Q52—1/2) +On; +En s

with
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B = (/Ou? f(s) ds) (E[u]gﬁrl/z — E[U];‘Llﬂ) :

Thus, (2.25) can be written as:

and

n " At At _
At +1 n EO EO .
—2%, (uj™ —uj) (Fn,j+1/2 B Fn,j—1/2> '
Multiplying (2.26) by Az, summing over n =0,1,..., N — 1 and j € Z, we obtain:
AxZ(uj —i—AxZ ntl_ +2Atz (©n; +Enj)
J
< sz SIS |u”+1 W | Sy = FE 1ol (2.27)
n,j
Observing that since f is negative and increasing in u and E[u](z,t) is increasing in z, then Z,, ; > 0.
Following [23], we prove that:
1 2
nj> = (FEO FEO_ ) 2.28
© J = 2Hf/(u)E[uH|oo ( n,j+1/2 = fn,j-1/2 ( )

To do that, we suppose that u}_; < u} and we consider the function h(s) = f(u}_,) for s € [u" (N I] and
h(s) = f(uj_q) + (s —u} + l)G for s € [u —Lu” ] with IG = f(u}) — f(u}_;). Therefore we have:

On,; = </“ (f(s) - f(“?—1)) ds) E[u}?—1/2

. ( [7 w0~ 1) ds) B
l g
2
l
2

= gm0~ S050) Bl (F O Elulr o — i) Eluly_ )

1
1
2[|f"(w) Efull| o0

() Bl 12— SO Bl )

(F) Ll — 103 B} )

and analogously if uj < uj_;. We recall that [|f'(u)E[u]l[o is bounded by the CFL condition (2.14) and
Lemma 2.1. Then, from (2. 7) and using (2.28), we have:

. At 2
MZ uw')? +MZ o)+ mZ(Fﬁ?ﬂ/z—Fﬁ?—l/z)

n,j
< sz e wz = | [FEQ, = FEO. .
J 4

n,J
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Using the expression (2.6) we have

Az )
Azl I —ul)? < | gy + 24 n+l _gn
. ( + At”f’(U)E[U]Hoo) Z(uj ui)” < 72wy + l‘Z (u] uj) ,

n,j n,j

which implies

Az
Az -1 u T — w2 < Wl 2 p,s
<At||f’(U)E[U]Iloo )Z( i) s e

n,J

and by the CFL condition (2.14), we have

Ax !
Az ) (uith —ul)? < ( - 1) W72 < C. 2.29
2.5 = = mp e 1) e < (229)
In particular (2.24) is proved. O

We prove now the next crucial lemma, which states that (2.21) is compact in H, ! (R x R*). To prove this
lemma, we use the following important result, given in [37]:

Lemma 2.6 (see [37]). Let  be a bounded open subset of R?, with d > 2. Suppose that the sequence {Ly}, o
of distributions is bounded in W~1°°(Q). Suppose also that
‘Cn = [/Ln + £2,na

where {L15}, oy 18 in a compact subset of H () and {L2n},en 18 in a bounded subset of Mioc(S2). Then
{Ln}, ey is in a compact subset of Hy . (€2).

Then
Lemma 2.7. Let (19, qo) be the KruZkov entropy/entropy flux pair, i.e.
mo(u) =u—kl,  qo(u) =sgn(u—Fk)(f(u) — f(k)),

where k is a constant, and suppose that u® € LY(R;[—1 + ko,0]), with ko a positive constant, and the CFL
conditions (2.14) is satisfied. Then the sequence

{Oimo(uaz) + (q0(uac))et s »
with upy given by (2.3) which satisfies (2.4), or (2.6) with (2.7)~(2.9), and (2.5), is compact in H;}(R x RT).
Proof. Let na, and qgg be a family of smooth convex approximations of 79 and qg, such that

Naz € CQ([_LO])? qgg € CQ([_170]>7

Mae >0, RS =nh,f,

1az(0) = qas(0) =0,  |na,l <1,
[mas = mollLee(—1,0) < Az,

Az =m0l (1,00 = 0 as Az — 0.

Let ¢ be a function in C}(R x RT) and set

(Laz, @) = (Omo(uas) + (90(vas))s, ¢)
<£~Aa:; ®) = (Omaz(uaz) + (qg(x) (uaz))zs ),
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and

<£Aa:a ¢> = <£~Awa (b) + <£A:v - Esz ¢>
It is clear that La, — L, is compact in H (R x RT) as

(L — Fan @) < / Inae(uas) — mo(uas)| ¢ dz dt

RxR+
[ tuan) — ean)f (war) ol do de
RxR+

< Cll¢t]l Loe ®xr+)Maz — Mol (~1,0)
+ Cllpall Lo mxrt) 1Az = MollLr (=1,0) 1| Lo [=14r0,0»

because || f’|| Loe[—1+4x,0 18 finite and C' is a constant that depends on the domain of support of the function ¢.

Let consider ¢(x,0) = 0 and we can write La, as

A Tjt1/2

(Lo 0) = Y (nan(uf™) —naa(u))) / o(x, ") do
o tn:m (2.30)
+ Z (90(wf1) = qo(uf)) /t O(j41/2,1) dt.

n=>0,j

Denote by
tn+

¢ = AtA:c /t

we want to write the above expression of LAz using ¢7. The error we make in doing this in the first term of
(2.30) is

x1+1/2
/ o(x,t) de dt,
xT;

j—1/2

S (nae () —nas () ( / T ) de m;)

n>0,7 ji—1/2

1J+1/2
< I7hallsc Z |un+1 — At/ / oz, t" ) — p(z,t)| dz dt

n,j j=1/2

Tj+1/2
< ||77'AI||OOZ|U?+1 u At/ / / |8t¢(a: s)|dsdz dt
n,j z

i—1/2

tn+

Tjsr2 "t ¢ 1/2
< Z Ju Tt — —/ Vintl —¢ / 10:p(z, 5)|* ds dz dt
n,j ! Y At Tj-1/2 t
5 . § Zi41/2 gt . 1/2
<32l - VAL / ool s)Pds ) do
n,j Tj-1/2 L2
Tjpr2 " 1/2
< fZWH u?|VAtAz (/ / 10, 6(, 1)|? dxdt)
Ti_1/2 n
1/2
Ci+1/2
< o VAR Y ( / / ool 0P dxdt)
n,j Tj—1/2 "
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1/2
gt /

j+1/2
< f||u0||oo 2AtA Z/ / |8, ¢(, )|? dz dt
Tj—-1/2

< §||U0||oo V2AtAZ|| Al g1 (mxr+),
where for the last inequalities we have used (2.16). We perform a similar computation for the second term in
(2.30):

tn+1

> (aR20u) — aR2(w))) < /

n=0,j

%+1/2
< > ek (ufi) — a8 (uf \Aw/ / 625412, ) — d(x,1)| dedt

n>0,7 i—=1/2

Tj+1/2  [Tjt+1/2
<C Z Ax/ /1 / |0:0(2,t)| dz dadt

n>0,j i—1/2

Tjt+1/2

1/2
Tjt+1/2
=¢ Z Aw/ /z Vit =@ (/m 1026 (2, )| dz) da dt

i—1/2 j—1/2
i Tjy1/2 12
< fc > F/ (/ 0,6z, t)|° dz) dt
n>0,j Tj—1/2
2 trt $1+1/2 1/2
n>0,j tr I] 1/2
2 Tj+1/2 1/2
<3C > VAzAt (/ / 10, 6(z, 1) dzdt)
n>0,j Tj-1/2
T pwae 1/2
< fC' Z VAzAt (/ / |0, 6(z, t)|* dxdt)
n>0,j Tj-1/2
gt it+1/2 e
< 70\/M > / / |0,0(2, t)|* da dt

n>0,7 i—1/2

2
< SOV2A2AY 6]l i rxr),

using the hypothesis that ¢k € C2([-1,0]).
Then, by summarizing what we have done, we can write

_ 1 natl n 1 E n 1
(Laz, @) = A:cAtZ <At (nAx(UjJr ) — UAz(Uj)) + Ax (qu(ujJrl) ‘JA:L’( ))) ; (2.31)

+ compact terms in H }(R x RY).
We will decompose (2.31) as the sum of three terms:

(Laz,d) = (A, @) + (B, d) + (C, ¢) + compact terms in H, (R x RT). (2.32)
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We will prove that A and B are in Mi,(R x RY), while [(C, ¢)| is a compact term in H,,} (R x RT), and in this
way the proof of the lemma is complete using Lemma 2.6.

We now start to prove (2.32). We consider the first term in the right hand side of (2.31), and using the Taylor
expansion of na, and the numerical scheme (2.6), we have:

a0 1) = e 0) = w0 )T — ) = Skl T —
- _%n/ﬁr(uyﬂ) (FE?HN - FE?71/2) - %n&(fﬁ“/z)(ug“ - u;.’)z
N _%nlﬁw(“ﬁ (FEi1so = B 112) (2.33)
_ 2—; (7 (W) — a0 () (F,E?H/Q - Frﬁ?—w)
1.

n+1/2 n n
- inm(fj / )(U’j+1 — Uy )27

where §?+1/ % is an intermediate value. Now, we want to relate the Engquist-Osher flux 9., 5 with the

numerical entropy flux Q%0 (n,j + 1/2) = qgg(u?)E[u};‘H/Q, where we recall that

g0 (a) = / Can () (s) ds.

To do that, we consider

EO

() (FEQy 1y = FEOy o) = nina () (£ Bl )0 = F( )BTy 2)
(uh)f

(U?)E[“wﬂm - n/Az(u?—l)f(u?—l)E[u]?—l/Q
+ 77Ax(“?71)f(U?71)E[U]?71/2 - ﬁ/Am(U?)f(“?q)E[U]?q/z

=d4az (U;l E[U]?H/z - (JE?(U?A)E[H]?A/Q

+ ( [ ) (56) = s_0) ds> Bl ),

+ ( /0 Y )106) ds) (Blulfa/ — Bl o)

where the last equality is obtained by a simple integration by parts (see [32]). Introducing the following notation:
Zae(n, ) = ( / Naw(5)f(5) ds) (Blulfyajo = Bl js) -

Onz(n,j) = (/u] n;x(S) (f(s) - f(U?—l)) ds) E[U]?—l/z,

we obtain

n

Observe that since f is increasing in u and Efu(x,t) is increasing in x, then Oa,(n,j) and Ea.(n,j) are
both non negative.



478 G.M. COCLITE ET AL.

Using (2.34) in (2.33) we can write:

n n At t - .
Nz (uf ™) = nag(u}) = ~ Az (QR2(n,j +1/2) = QK2 (n,j — 1/2)) — Ay (Oaa(n,7) + Eaa(n, 5))
At n n 1 » n 2 n n
T Ar (n/Aw(uj+1> - n/A:p(uj)) (FE,?H/z - FE,S‘JA/z) - 577Aw(§ o )(UJ - Uj)Q’

(2.35)
and finally, using the above expression (2.35) in (2.31), we have proved (2.32), with

(A, 0) = AzAtY A7¢Y,  (B,g)=AxAtY Bje},  (C,¢) = AzAty Cjey,

n,j n,j n,j
and

Ar = 1A Mag (€T3 (it —u)? — ﬁ(@m:(naj) +Eaa(n, ),

B =~ () — s a) (Fﬁ?m AL

cr = —Aix (QRQ(n,j +1/2) — QEQ(n,j — 1/2)) — (429 (u74y) — ¢RO(ul))) -

We now prove that A is in Mioc(R x R). To do that, we multiply (2.35) by Az and [¢}| and we sum over
n=0,...,N and j, obtaining:

sznm )7 + AxZn (€2 @it —u)2(¢8] + ALY (Oas(n,j) + Eac(n, j)) |67

n,j

FEO

< ACUZWAm )97 -|—2H77AI||OOAtZ|u”+1 u?| n,j+1/2 _FE?—Uz‘ |97

n,j

and finally, using (2.24) and (2.6), we have

Ax " n n n . —_ .
AzALY " ATG} | < 18]l mxrr) | 5o D Mae(§ @ =) + ALY (Oas(n. ) + Eau(n. )
n7j Tl,j n7j

IN

n n2
sznAz )+ 2lnaclloodz > (it —uf)” | [[ll e murh)

n,j
< C||¢||Loo(Rx]R+)-

Similar is the proof that B is bounded Mjo.(R x RT). In fact, using again the expression of the numerical
scheme (2.6) and (2.24), we have

[(B,6)| = |AzALY " Bre?| < AvAt|lls Y |BY]

n,j n,j
< At rxre) D e (™) = nao ()] | Faiays = FnEJQ*l/?‘
n,j

< At oo mxi 1Az oo D [ = [ | FES o = FRS
s Lo (RxRH) [[MAz ||oo i i n.j+1/2 naj—1/2

n,j

1" 2

<A@l Lo mxr+) 1Az oo Z (uft —ul)

n,j

< Clloll e @xr+) nazllo-
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Finally, we prove that [(C, ¢)| is a compact term in H ! (R x RF):

AzALY " Crot | =AY ((QRO (1,5 +1/2) — QRO (n.j — 1/2)) — (qa% (ully,) — qhS (u}))) ¢7
w i
= (e (@20 172 - 20 1
<AxAtZ</O an () F/(5) ds E[u]y+1/2+;qgg(ug+1)|> 'Tf‘
< Aeat Y (|08 (w))| + a2 () )]) DA‘f
n,j

1/2

D¢\ ?
< CVAzAt [ AzAt) ( Aqi” ) < OVALAL] ar@xry),
n.j

where we use again the hypothesis that ¢59 € C%((—1,0]). O

We prove the following lemma, where the discrete entropy inequality for the numerical scheme (2.6) is proved:

Lemma 2.8. Suppose that the initial datum u® € L'(R;[—1 + ko, 0]), where ko is a fized positive constant,
and suppose that the CFL condition (2.14) is satisfied. If u;”'l is the numerical solution of the up-wind scheme
(2.4), or (2.6) with (2.7)—(2.9), and (2.5), then

n At
U(Ujﬂ) < 77(“?) T Az (QEO(U?)E[U]?H/z - QEO(U?A)E[U]?AQ) (2.36)
At n n n n .
- 5 () = 20 w))) (Bl — Bluli_y o)
for each convex entropy function n € C%(R), with entropy flux qEOI =nf.
Proof. We write the numerical scheme (2.6) as
uptt = o — S ) (E[u]jH/Q - E[u]j_l/Q) , (2.37)
with
n n At n n n
T T AL (f(uj) - f(uj71>) E[U}j71/2~ (2.38)

Gw) = v — 5o (1) = F(0y1)) Blal}_y .

where we use the notation v = (vj)jeZ' We prove that G(v) is monotone: let w = (wj)jez such that, for each
J € Z, wj < v; and suppose that v; > —1 4+ ko, for each j € Z, with k¢ that satisfies the CFL condition (2.14),
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then G(w) < G(v), because
At At

G(v) = G(w) = (vj —wj) = 7 (F(vg) = f(0j—1) Blulj_y o + 5 (Fwy) = flwj—1)) Blulj_1/
= (0 —wy) — o (7o) ~ Fwy)) Blulfy 0+ S0 (P05 1) = Flwg 1)) Blaliy o

At 1 i At .
= (vj — wy) (1 - MMW‘%)) Elu]}_y )5+ Ar (f(vj—1) = flwj=1)) Elu]}_; )5

> (05— w) (1= So o) Ellis + 5o (F(0500) = Fwgoa)) B

A A
> (05— 03) (1 Sy ) B+ 5 (F(0500) = o) EL >0

where in the last inequality we use that f is non-decreasing. This implies (see [30]) that from (2.38) we have
() < n(uf) — S0 (¢ () — PO (_y)) Blul] (2.39)
Mz ) = Ny, Az q j q i—1 j—1/2 .
where 7 is a convex entropy in C2(R), and ¢®© is the associated numerical entropy flux

EO(y) = u’s "(s)ds.
¢ (u) /On()f()d

From (2.37) and the fact that 7 is convex we have that

77(Zj) > U(Uj +1) + E’?’(“j“)f(“j) (E[u]j+1/2 - E[U]j—1/2) : (2.40)
Collecting (2.39) and (2.40), we prove (2.36). O

We are finally ready to prove Theorem 2.3:

Proof of Theorem 2.3. In Lemma 2.7 was proved that the sequence

{atUO(UAz) + (qO (uAr))Z}Ax

is compact in H;} (R xR*). Therefore by Lemma 2.4 there exists a subsequence {ua }, which we do not relabel,
and a function u € L>=(R x R") such that

Uz — U a.e. and in L (R x R™), for any p > 1.

loc

We prove now that the limit function w is the unique entropy solution of (1.1). In particular, uniqueness is
guarantee from [13]. We prove that the limit function u satisfies (1.7). With the notation of D; and D, of (2.23)
and (2.22), the discrete entropy inequality (2.36) obtained in the previous lemma can be written as

1

n 1 1 n n n n n
AtDtU(Uj) + = De 5971/2 + Az (77/(% H)f(“j) - qEO(Uj )) (E[U]j+1/2 - E[U]jq/Q) <0, (2.41)

Az

where QPO (n,j —1/2) = ¢"C(u?

7_1)E[u]}_, s, with n a convex entropy in C2(R) and ¢%°" = 1/ f/ the associated

entropy flux. Let ¢ € C§°(R x R{) be a positive test function and let define

tn+1

1 Tjy1/2 ded
= t t.
¢J Az At /ﬂﬁjl/z ~/t" P(z,t)dz
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We multiply (2.41) by AzAt¢} and doing a partial summation for n € N and j € Z, we find that
AxZDtr] = —AxZn Z n(u?)Dt¢?_l,
j,n>1

and

Aty D:QR 18} = —AtY QrGi 1 Dadf,

VRD n,j

then (2.41) can be written as

szn D)+ Az Y n(uf) Dt N+ ALY QRO Dady

j,n>1 n,j
Io 11 12
—AE Y (0 () ) = ) (Elulfy o — Blull_yj2) ) = 0.
Jmn=>1
I3

Since

u"(v) = uj for x € [(j —1/2)Az, (j +1/2)Ax),
uaz(x,t) =u"(x) for t € [nAt, (n+ 1)At).

the first term can be written as

7+1/2 At T,S
IOfoZAx/ ,0)) ¢(At)dsdx

Tj— 1/2 0

Tiy1/2 pAL 0
/]R (uaz(z,0))p(x,0) d:r:—i—AmZn Ax/ MST;NMdsdx.

Tj—1/2

The last summation can be estimated by

s Atws) o(2,0)
Az Zn A:lc /IJ o Tdsdx

L [rve (8 g(r,s) — ¢(x,0)

Tit1/2 ] At dsd
/x_ Aa;At/O sas ey
ji—1/2

which implies that it goes to zero as At — 0, because ||n(u®)| 1 is finite by hypothesis and ||0;¢|| is finite as
¢ is a test function. Then, using the bounded convergence theorem and the CFL condition, we have:

< Ay )

At
<10 lloo | Az D In(uf) < S 19e8lloolIn(u®) vy
i

AlgiﬁIEOIo :/Rn(uo(x))qb(x,O) dz. (2.42)
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We start to analyze the I integral:

Zit1/2 gl n
Az Z n(u;?)thS?*l — Z AxAt/ (/ ¢(x,t)dt — o(z,1) dt) dx

jn>1 -2 \/t" et
£it1/2 gl

_ _?/I / (62, ) — bz, t — AL)) dt dz

]n>1 j=1/2
ZiH1/2 yntl
= 8t¢ x,8)dsdtdx
]n>1 Tj—1/2

ZI+1/2 gt

= 3 ) / / By, 1) dt da

jm>1 j—1/2 Jt"
pdt1/2 g+l
Ohd(x,s) — Orp(x,t
/ / / i D) g dt de
]n>1 Tj-1/2 At At

1

We prove now that J; — 0 as At — 0 :

ZI+1/2 g1

Ono(x,7)drdsdtde
L L s

il < D In(y

j,n>1
j+1/2 gl
10
< Z |n(u] / / / 196l oo ft(z)”m —s)dsdtdx
j,n>1 Tj—1/2 At

£]+1/2 tn+1

Sl [ [ louol G deds
jm>1 Tj_1/2 SV
Zit1/2 gt

ousl S [ [ maeas

jm>1YTi-1/2

At
< ||att¢||007H77(uA$("t))”Ll(R) —0  as At =0,

IN

| A

and consequently

+oo
lim 1, = /O /R n(ulz, )0,6(x, 1) dt dz. (2.43)

Azx—0

We now analyze the integral I

I, = At Z QE,?Jrl/QDjd)?

n,j

EO 1 e Zjt+1 Tj+1/2
_Zq J+1/2Am/ / ¢(m7t)dx—/ Gz, 1) de | dt

j+1/2 j—1/2
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1 tn+1
EO EO n n
= u)Elu ) —
-3 Borp — BN 57 [

Tjt1 Tjt1/2
/ o(x,t) d:vf/ oz, t)dx | dt
Tj+1/2 Tj=1/2
J2
Tjt1 Tjt1/2
/ o(x,t) dxf/ oz, t)de | dt.
Tj+1/2 Tj_1/2

J3

tn+1

n n 1
F OB 5 [
n’j tW,

Using a change of coordinate we can write Js as

=> ¢} /
n,j
Tjt+1/2 —Azx
=" o) / / / 205D godray
n,j Tj—1/2 z

Rare A 85 ) B ar )
=2 ¢w)E ”/ L " (/ ats Z)x $@,1) 45 1 3m¢(x,t)> da dt
n,J

trtt

/wj+l/2 Xz — A$7t) - (Vb(m?t) d dt
- Az .

i=1/2

trtt

i—=1/2

gttt Tjp1/2 — Az s ¢
:Zqu(u?)E[u]?/ / J / / 90 21) 4 gy drat
nd tn z; 1,2 JO 0 Az

i+1/2
+3 W) / / By (. t) dz dt
n,j i

j—1/2
then

+oo
Jz = Jy +/ / ¢"° (une) Elua)0p6(z, t) dz dt.
0 R

Repeating similar arguments, we have that
tn+
EESIEY iy

A
< 7||8acm¢||oo||QEO(UA93)||L1([7M,M]><[O,T]) —0 as Az —0,

+1/2 A
/ B 01
X,

j—1/2

where M and T are such that ¢(z,t) =0 for ¢ > T and |z| > M. Then

Az—0

lim Jy — / = / EO (4 (a2, 1)) Bl (x, )05 (x, £) dt da. (2.44)

We now prove that Alim0 Jz = 0 and this implies with (2.44) that

Az—0

lim Iy — /m / EO (4(z, 1)) Elu] (z, )05 6(x 1) dt . (2.45)
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We start from the definition of Js:

= EO(yn n _ n L e Li+1 do — ZTj+1/2 4 1
1 = |2 (Bl = £07) 5 [ ( [ sear- [T s x) t

Tjy1/2 i—1/2

Az

Elu|? — BElu]? D"
<> Azg®O(ul) e~ Bl (A:cAt i%)
. T
n,J

< Aw]¢" (), Blul |90l 1 e
< Asr:||u0||oo||QEO(U)f/(U)E[U]||oo||a:c¢HL1(Rng)v
where the last inequality is obtained observing that
O Elu] = —f(u)Elul,

hence
O Elu] = —f(u)Elu] < —uf'(u)Elu],
that implies

lim JQ =0.
Az—0

. Elu]? —Eu]?
We now analyze the integral I3. As a first step it is easy to consider [U]J““Az LISVERY —f(u})Elu]}, plus
other terms of order less then Ax. Then we write the integral I3 as

AmAtZ u T f(uf) — ¢"°(uf)) f(u})Eul} ¢} (2.46)
It is easy that
“+o00
i Awat ST ") ) Bl 6] = / / 4% (u) £ (u) E[u da. (2.47)
j,’n

We can consider the other term in (2.46):

AtAz Y N (@it = o (u])) (W Eu]} ) — AtAz Y > o (ulf Elu]?¢7 . (2.48)

n>0 j n>0 j

Js Je

lim Jg = /+OO/ Elu]¢ dx. (2.49)

Az—0

The term Jg satisfies

The term J5 goes to zero as Ax goes to zero because 1’ is continuous, then for each ¢ < Az there exists a ¢
such that |7/ (s) — n'(u )| << Az, for |s — u”| < 0. Moreover ua, is a Cauchy sequence, then, from (2.3), we
have that |u) ™" —u?| < 5, for At < A0

Finally, combining (2.42), (2.43) and (2.45) with (2.47) and (2.49) we have that the limit u of ua, satisfies

| [ (w06 -+ =) Elons + (7 ) - @) f L) deda + [ @)ote.0)ds > .

for every positive test function ¢ € C§°(R x R{), which means that u satisfies (1.7) and the theorem is
proved. O
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FIGURE 1. (a) Time evolution of the solution of the up-wind scheme (2.4) with initial condition
(2.50) with A =1 — kg and ko = 0.1, for t = 0 up to t = 0.2 (time intervals of 0.04). (b) The
evolution in time of the CFL condition (2.14) and the less restrictive CFL condition (2.12),
of the solution of the up-wind scheme (2.4) with initial condition (2.50) with A =1 — k¢ and
ko = 0.1. (¢) Time evolution of the flux function F with initial condition (2.50) with A = 1— k&g
and kg = 0.1 for t = 0 up to t = 0.2 (time intervals of 0.04). (d) Time evolution of the E[u] in
(2.5) with initial condition (2.50) with A =1 — ko and ko = 0.1 for ¢ = 0 up to ¢t = 0.2 (time
intervals of 0.04).

2.2. Numerical experiments

In this subsection we apply the numerical scheme (2.4), with (2.7)—(2.9) and (2.5). In particular we consider
the following initial datum

up(z) = —Ae ™, (2.50)

with A = 1 — kg and we choose the value ko = 0.1.

The computational domain considered is the finite interval [—5,5] and we have chosen Az = 0.01 and
At = k3 Az according to the CFL condition (2.14). In Figure la it is shown the time evolution of the solution
of up-wind scheme (2.4) with initial condition (2.50) for ¢ = 0 up to ¢t = 0.2 with time intervals of 0.04.

In Figures 1c and 1d it is shown the time evolution, respectively, of the flux function F' and of F[u] with
ko = 0.1 for £ = 0 up to t = 0.2, with time intervals of 0.04.
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FIGURE 2. The local error with initial condition (2.50) with A =1 — k¢ and kg = 0.1 at time
t = 0.2 and CFL condition (2.14) equal 0.95. The convergence rate is of the first order in Ax.

Koy = Ax

— — —Kop = Az|log Az|
0.75

0.45

t %107

FIGURE 3. Time evolution of the CFL condition (2.12) for numerical solutions of the up-wind
scheme (2.4) with initial conditions (2.50) with ro; = Az, koo = Az|log(Az)| and ko3 = Az

In Figure 1b it is shown the evolution in time of the CFL condition (2.14) and the less restrictive CFL
condition (2.12).

The convergence rate of the numerical method is shown in Figure 2, where it is evident that the convergence
rate is of the first order in Ax.
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Remark. It is not straightforward to prove that the less restrictive CFL condition (2.12) remains valid in time
for the numerical solution ua, for fixed Az and At. However, it is numerically evident in Figure 1b that the
CFL value (2.12) decreases in time. We also show, only numerically, that one can consider initial data with
minimum close to the critical value —1. In particular, we consider the initial datum defined in (2.50) with
A =1 — kg and different values of kg: ko; = Az, koo = Az|log(Az)| and kg3 = Az?. The evolution in time
of the less restrictive CFL condition (2.12) is shown in Figure 3. This is a possible numerical evidence of the
convergence of the numerical scheme (2.4), also for initial datum u® € (—1,0]. These are arguments for possible
future investigations.

3. SINGULARITY FORMATION

In this section we present the analysis of the singularity formation for the slow erosion model (1.1) using the
singularity tracking method.

The singularity tracking is based on the link between the asymptotic properties of the Fourier spectrum and
the width of analyticity of a real function. In particular, suppose that u(z) is a real function having a complex
singularity in z* = 2* 4+ i6* and that

u(z) & (2 — 20, (3.1)

using a steepest descent argument it is possible to give the asymptotic (in k) behavior of the spectrum wuy of
u(z) (see [8]):
u = Ck~ 0+ e=0F gin(ka* + 7 log(k) + ¢). (3.2)

Therefore an estimation of §* and z* gives the complex location of the singularity z*, while determining the
rate of algebraic decay 1+ « and the rate of oscillatory behavior 7 allows to classify the singularity type. C and
¢ are constants related to the strength and phase of the singularity. In particular, if at a specific time ¢4 results
that 6*(ts) = 0 then the width of analyticity of the solution is zero and w or its derivative, depending on the
value «, can blow-up.

The evaluation of these parameters involves numerical fitting procedures, and in particular we have used for
our analysis the procedure adopted for instance in [3]. Namely, we determine the parameters in specific band of
wavenumber k by supposing that (3.2) (actually its logarithmic form) holds point-wise for each k, and equating
six modes uk_5, Uk—4, Ug—3, Uk—2, Uk—1, Uk tO the form in (3.2) we retrieve a nonlinear system for the parame-
ters C, «, 0%, x*, T, ¢ whose solution is obtained numerically with a Newton’s method. Although this procedure
involves a k-dependent evaluation of the parameters, one actually needs to search for wavenumbers range where
the parameters are in practice k-independent, and this generally happens in the first 1000 wavenumbers range.
Hence at each time we assume as values for the various parameters in (3.2) those obtained in this range of
wavenumbers.

3.1. Fourier spectral numerical scheme

The application of the singularity tracking method is based on the analytic continuation in the complex
domain of numerical solutions, and this typically involves high-resolution numerical computation preserving
spectral accuracy (see [5]). As the initial datum (2.50) is a rapidly decaying to zero function, we use a large
enough numerical domain [—M, M] so that we can impose periodic boundary conditions without spoiling nu-
merical accuracy. This allows to write the Fourier expansion of the numerical solution of (1.1) along with a
Fourier-Galerkin method which maintains spectral accuracy (see [7]). In particular, the dynamics of the generic
k-th Fourier coefficient 4, of the solution is given by

du Tk - _
ditk = —sz(u)E[u]k, ur(0) = ugp, (3.3)

where g}, are the Fourier coefficients of the initial data.
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TABLE 1. Convergence of the spectral numerical solution of (3.3) to the numerical solution
obtained through the numerical scheme (2.4) at T = 0.2 for initial datum (2.50) and A = 1— kg
with kg = 0.1.

Grid T =02
(K) L? L™

128 0.0125 0.024
256 0.0064 0.0129
512 0.0032 0.0067
1024 0.0017 0.0034
2048 0.00086  0.0018
4096 0.00047  0.00092
8192 0.00021  0.00053
16384 0.00011  0.00028

Notes. The numerical solution of (2.4) is obtained with 16 385 grids points. In order to guarantee the CFL conditions
(2.12), the time step is fixed to At = 107" in all cases.

The system (3.3) is solved using an explicit Runge-Kutta method of the 4th order as temporal discretization.
The product f(u)FE[u] is evaluated with a pseudo-spectral multiplication (see [7]), and as F[u] is not periodic
in the computational domain [—M, M], we extend both f(u) and E[u] in the domain [—M,3M] with even
symmetry with respect to the axis x = M, so that pseudo-spectral multiplication is performed in [—M,3M].
The integral term in Efu] is evaluated with a standard Fourier-spectral integration. The convergence of the
spectral numerical solution is shown in Table 1.

3.2. Finite time singularity

We solve (1.1) with the initial condition provided in (2.50), and 0 < A < 1.

To show how the singularity forms in finite time, we present the solution of (1.1) with initial amplitude
A = 0.95. The time evolution of u is shown in Figure 4a from ¢ = 0 up to ¢ = 0.25 (time steps of 0.05). At
ts = 0.25 the solution results in the formation of a shock with a blow-up of the first derivative of the solution as
shown in Figure 4b. The shock formation is revealed by the singularity tracking method, as at t; the solution
u loses analyticity being 6* ~ 0. At t5 we also found that o = 0.36 and x* & 1.423. The results of the fitting
procedure of (3.2) applied to the spectrum of the solution at ¢4 is shown in Figure 4c in the range of wavenumber
50-500; the values o, x*,0* are almost k-independent in the range 250-450 of wavenumbers. We mention also
that the imaginary part 7 of the complex characterization is almost negligible (order of 10~%). This implies
that, in view of (3.1), the solution has a blow up of the first derivative in a* ~ 1.423.

The singularity has the typical &~ 1/3 character of the nonlinear transport motion, manifesting with a shock
singularity as in the Burgers solution, see [43], and in particular with a blow-up of the first derivative. More
precisely, prior the singularity time t¢s, when the exponential decay of the spectrum dominates in (3.2), the
characterization « of the singularity is close to the value 1/2, and rapidly approach to the value 1/3 when
the complex singularity approaches the real axis. This phenomenon is essentially due to the interaction of this
singularity with the symmetric one w.r.t. to the real axis, The variation of the character in time can be observed
in Figure 4d where the (almost k-independent) value of a obtained from the fitting procedure is shown at various
time up to ¢4 in the range 200-400 of wavenumbers.

The character ~1/3 of this singularity means that standing profile z(z) = [ (u + 1)dz of the granular
matter, experiences a blow-up of its curvature despite its profile remains regular. As the profile curvature affects
the acceleration and deceleration of granular matter and therefore erosion and deposition, the physical meaning
of this singularity formation is that strong deposition is followed by a strong erosion when singularity forms.
This kind of singularity is different from those reported in [41], where under general assumptions on the erosion
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FIGURE 4. (a) Time evolution of the solution of (1.1) with initial condition (2.50) with A =
0.95 (ko = 0.05) for t = 0 up to t; = 0.25 (time steps of 0.05). At t; a shock forms in the
solution. (b) Time evolution of the derivative dyu for ¢ = 0 up to t; = 0.25 (time steps of
0.05). At ts the derivative blows-up revealing the shock formation. (¢) k-dependent values of
x*, 0%, v in (3.2) evaluated with the fitting procedure at ¢,. In the range 200-400 of wavenumbers
these values are almost k-independent. (d) k-dependent values of « in (3.2) evaluated with the
fitting procedure at various time. In the range 200-400 of wavenumbers these values are almost
k-independent.

function f, it was proven that three different kind of singularity, namely the kink, hyperkink and jump, can
develop in finite time. Our results shows that these are not the only possible singularities of the model, and
other kind of singularities can develop.

We stress here that the shock singularity we have found is related to the specific initial datum we have chosen.
It will be interesting to prove analytically under which conditions the initial datum develops a shock singularity,
following for instance the analysis performed in [35], or to prove the existence of other kind of singularity by
changing the initial datum.

We conclude this section by investigating how the initial amplitude A in (2.50) affect the singularity formation.
In Figure 4a it is shown the time ¢t of singularity formation for various A, up to A =1 — Az (where Az is the
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FIGURE 5. (a) Time ¢, of singularity formation for various values of the initial amplitude A of
the initial condition (2.50). (b) Singularity tracking in the complex plane of the singularity z* of
the solution from t,/2 up t, (15 total times) for different initial amplitude A. (c¢) Time evolution
of the characters a in (3.2) from /2 up ts (15 total times) for different initial amplitude A.

spatial mesh size), and one can see that the singularity time is anticipated for increasing A. In Figure 5b the
tracking of the singularity z* +i6* in the complex plane is shown for various A from ¢,/2 up to ts. The position
x* where the singularity forms at ¢; diminishes with increasing A. Finally in Figure 5c¢ the time evolutions of the
characterization « are shown for various A from t,/2 up to ts, and one can see that, in all cases, the singularity
has a ~#1/3 characterization.

Acknowledgements. The work of the author GMC has been partially supported by GNAMPA of INdAAM. The work
of the authors FG and VS has been partially supported by GNFM of INAAM. The work of the authors FG and VS
has been partially supported by the grant PRIN2017 2017YBKNCE: “Multiscale phenomena in Continuum Mechanics:
singular limits, off-equilibrium and transitions”. The authors thank the anonymous referees for valuable suggestions and
comments that helped improving the presentation of the paper.



(1]
2]

(3]

(4]
(5]

(6]

[7]
(8]

(9]
(10]

11]
(12]

(13]
(14]

(15]
(16]
(17]
18]
(19]
20]
(21]
(22]
23]
(24]
25]
[26]
27]
(28]
29]
(30]

31]
(32]

(33]

(34]

UP-WIND DIFFERENCE APPROXIMATION AND SINGULARITY FORMATION 491

REFERENCES

D. Amadori and W. Shen, Front tracking approximations for slow erosion. Discrete Contin. Dyn. Syst. 32 (2012) 1481-1502.
D. Amadori and W. Shen, An integro-differential conservation law arising in a model of granular flow. J. Hyperbolic Differ.
Equ. 9 (2012) 105-131.

G.R. Baker, R.E. Caflisch and M. Siegel, Singularity formation during Rayleigh-Taylor instability. J. Fluid Mech. 252 (1993)
51-75.

R.E. Caflisch, Singularity formation for complex solutions of the 3D incompressible Euler equations. Phys. D 67 (1993) 1-18.
R.E. Caflisch, F. Gargano, M. Sammartino and V. Sciacca, Complex singularities and PDEs. Riv. Mat. Univ. Parma 6 (2015)
69-133.

R.E. Caflisch, F. Gargano, M. Sammartino and V. Sciacca, Regularized Euler-a motion of an infinite array of vortex sheets.
Boll. Unione Mat. Ital. 10 (2017) 113-141.

C. Canuto, M.Y. Hussaini, A. Quarteroni and T.A. Zang, Spectral Methods. Scientific Computation. Springer, Berlin (2007).
G.F. Carrier, M. Krook and C.E. Pearson, Function of a Complex Variable: Theory and Technique. McGraw—Hill, New York
(1966).

C. Chalons, P. Goatin and L. Villada, High-order numerical schemes for one-dimensional nonlocal conservation laws. SIAM J.
Sci. Comput. 40 (2018) A288-A305.

C. Cichowlas and M.E. Brachet, Evolution of complex singularities in Kida—Pelz and Taylor—Green inviscid flows. Fluid Dyn.
Res. 36 (2005) 239-248.

G.M. Coclite and M.M. Coclite, Conservation laws with singular nonlocal sources. J. Differ. Equ. 250 (2011) 3831-3858.
G.M. Coclite and L. di Ruvo, Well-posedness of the Ostrovsky—Hunter equation under the combined effects of dissipation and
short wave dispersion. J. Evol. Equ. 16 (2016) 365-389.

G.M. Coclite and E. Jannelli, Well-posedness for a slow erosion model. J. Math. Anal. App. 456 (2017) 337-355.

G.M. Coclite, H. Holden and K.H. Karlsen, Wellposedness for a parabolic-elliptic system. Discrete Contin. Dyn. Syst. 13
(2005) 659-682.

G.M. Coclite, K.H. Karlsen, S. Mishra and N.H. Risebro, Convergence of vanishing viscosity approximations of 2 x 2 triangular
systems of multi-dimensional conservation laws. Boll. Unione Mat. Ital. 2 (2009) 275-284.

G.M. Coclite, S. Mishra and N.H. Risebro, Convergence of an Engquist—Osher scheme for a multidimensional triangular system
of conservation laws. Math. Comput. 79 (2010) 71-94.

G.M. Coclite, F. Gargano and V. Sciacca, Analytic solutions and singularity formation for the peakon b-family equations. Acta
Appl. Math. 122 (2012) 419-434.

G.M. Coclite, L. di Ruvo, J. Ernest and S. Mishra, Convergence of vanishing capillarity approximations for scalar conservation
laws with discontinuous fluxes. Netw. Heterogen. Media 8 (2013) 969-984.

S.J. Cowley, Computer extension and analytic continuation of Blasius’ expansion for impulsively flow past a circular cylinder.
J. Fluid Mech. 135 (1983) 389-405.

M.G. Crandall and A. Majda, Monotone difference approximations for scalar conservation laws. Math. Comput. 34 (1980)
1-21.

G. Della Rocca, M.C. Lombardo, M. Sammartino and V. Sciacca, Singularity tracking for Camassa—Holm and Prandtl’s
equations. Appl. Numer. Math. 56 (2006) 1108-1122.

B. Engquist and S. Osher, One sided difference approximations for nonlinear conservation laws. Math. Comput. 36 (1980)
45-75.

R. Eymard, T. Gallouét, M. Ghilani and R. Herbin, Error estimates for the approximate solutions of a nonlinear hyperbolic
equation given by finite volume schemes. IMA J. Numer. Anal. 18 (1998) 563-594.

J. Friedrich, O. Kolb and S. Goéttlich, A Godunov type scheme for a class of LWR traffic flow models with non-local flux. Netw.
Heterogen. Media 13 (2018) 531-547.

U. Frisch, T. Matsumoto and J. Bec, Singularities of Euler flow? Not out of the blue! J. Stat. Phys. 113 (2003) 761-781.

F. Gargano, M. Sammartino and V. Sciacca, Singularity formation for Prandtl’s equations. Phys. D 238 (2009) 1975-1991.
F. Gargano, M. Sammartino, V. Sciacca and K.W. Cassel, Analysis of complex singularities in high-Reynolds-number Navier—
Stokes solutions. J. Fluid Mech. 747 (2014) 381-421.

F. Gargano, G. Ponetti, M. Sammartino and V. Sciacca, Complex singularities in KdV solutions. Ricerche Mat. 65 (2016)
479-490.

F. Gargano, M.M.L. Sammartino and V. Sciacca, Fluid mechanics: Singular behavior of a vortex layer in the zero thickness
limit. Rend. Lincei Mat. Appl. 28 (2017) 553-572.

E. Godlewski and P.-A. Raviart, Hyperbolic Systems of Conservation Laws. In: Mathematiques et Applications. Ellipses, Paris
(1991).

K.P. Hadeler and C. Kuttler, Dynamical models for granular matter. Granular Matter 2 (1999) 9-18.

K.H. Karlsen and N.H. Risebro, Convergence of finite difference schemes for viscous and inviscid conservation laws with rough
coefficients. M2AN 35 (2001) 239-269.

C. Klein and K. Roidot, Numerical study of shock formation in the dispersionless Kadomtsev—Petviashvili equation and
dispersive regularizations. Phys. D 265 (2013) 1-25.

R. Krasny, A study of singularity formation in a vortex sheet by the point-vortex approximation. J. Fluid Mech. 167 (1986)
65-93.



492 G.M. COCLITE ET AL.

[35] D. Liand T. Li, Shock formation in a traffic flow model with Arrhenius look-ahead dynamics. Netw. Heterogen. Media 6 (2011)
681-694.

[36] T. Matsumoto, J. Bec and U. Frisch, The analytic structure of 2D Euler flow at short times. Fluid Dyn. Res. 36 (2005)
221-237.

[37] F. Murat, L’injection du céne positif de H~! dans W19 est compacte pour tout ¢ < 2. J. Math. Pures Appl. 60 (1981)
309-322.

[38] W. Pauls, T. Matsumoto, U. Frisch and J. Bec, Nature of complex singularities for the 2D Euler equation. Phys. D 219 (2006)
40-59.

[39] T. Rehman, G. Gambino and S.R. Choudhury, Smooth and non-smooth traveling wave solutions of some generalized camassa-
holm equations. Commun. Nonlinear Sci. Numer. Simul. 19 (2014) 1746-1769.

[40] M.J. Shelley, A study of singularity formation in vortex—sheet motion by a spectrally accurate vortex method. J. Fluid. Mech.
244 (1992) 493-526.

[41] W. Shen and T. Zhang, Erosion profile by a global model for granular flow. Arch. Ration. Mech. Anal. 204 (2012) 837-879.
[42] S.-I. Sohn, Singularity formation and nonlinear evolution of a viscous vortex sheet model. Phys. Fluids 25 (2013) 014106.
[43] C. Sulem, P-L Sulem and H. Frisch, Tracing complex singularities with spectral methods. J. Comput. Phys. 50 (1983) 138—161.

[44] L. Tartar, Compensated compactness and applications to partial differential equations. In: Vol. IV of Nonlinear Analysis and
Mechanics: Heriot—Watt Symposium. Vol. 39 of Res. Notes in Math. Pitman, Boston, MA-London (1979) 136-212.



	Introduction
	The up-wind numerical approximation
	Convergence analysis
	Numerical experiments

	Singularity formation
	Fourier spectral numerical scheme
	Finite time singularity

	References

