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WELL-POSEDNESS OF A NON-LOCAL MODEL FOR MATERIAL FLOW ON
CONVEYOR BELTS

ELENA Rossib?*, JENNIFER WEIBEN?, PAOLA GOATIN! AND SIMONE GOTTLICH?

Abstract. In this paper, we focus on finite volume approximation schemes to solve a non-local material
flow model in two space dimensions. Based on the numerical discretisation with dimensional splitting,
we prove the convergence of the approximate solutions, where the main difficulty arises in the treatment
of the discontinuity occurring in the flux function. In particular, we compare a Roe-type scheme to the
well-established Lax—Friedrichs method and provide a numerical study highlighting the benefits of the
Roe discretisation. Besides, we also prove the L*-Lipschitz continuous dependence on the initial datum,
ensuring the uniqueness of the solution.
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1. INTRODUCTION

In this paper, we consider the Cauchy problem for a non-local scalar conservation law in two space dimensions,
namely

{ékp +V - (pv*(z,y) + po B (p)) =0, (t,2,y) € [0,T] x R?, (1.1)
p(0,2,y) = po(z,y), (z,y) € R?,
for any T > 0, where for the weighting factor £ > 0
n . Vin*p
V() = Hlp— puss) T(p)  with I(p) = =L 2L (1.2)
L+ [V (n=p)l

Here, H denotes the Heaviside function which becomes active whenever the maximal density pmax > 0 is
exceeded, while 7 is a positive smooth mollifier. The norm appearing in the denominator of I(p) is the Euclidean
norm in R? so that the denominator acts as a smooth normalisation factor.

The above model was introduced in [9], to describe the flow of objects on a conveyor belt. Specifically,
the model consists of a linear convection term and a diffusion term. The non-local diffusion term is switched
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on when the density exceeds the maximal density, otherwise it vanishes. In particular, the unknown function
p = p(t,z,y) is the density of transported parts, vSt2t is the velocity vector field induced by the conveyor
belt, which is constant in time. So, below the maximal density, parts are transported with the velocity of the
conveyor belt. On the other hand, the dynamic velocity vector field v9¥™ is active only at high densities and
accounts for colliding parts through the operator I(p). The negative gradient of the convolution 7 * p pushes the
mass towards lower density regions. The particular choice of the collision operator I(p) was introduced in [6] to
describe crowd dynamics.

Conservation laws with non-local flux function have been recently introduced in the literature to describe
transport phenomena accounting for non-local interaction effects among agents, such as road traffic flow [3] or
pedestrian dynamics [6]. General well-posedness results have been provided by Amorim et al. [2] in the scalar
one-dimensional case, while [1] deals with systems of non-local conservation laws in multi-space dimensions.
Even if the latter result applies to our problem (1.1), estimates in [1] where obtained for general flux functions
using finite volume approximate solutions constructed via Lax—Friedrichs scheme. The aim of the present paper
is instead to derive sharp estimates for the Roe scheme, which is known to give less diffusive solutions and is
therefore computationally more convenient, especially in the case of non-local problems in multi-D. The same
remark holds for the L'-stability estimates, which have been derived from scratch even if more general results are
present in the literature [14,15]. More recently, an alternative approach based on the method of characteristics
and on Banach’s fixed-point theorem has been proposed in [11,12]. In particular, no entropy condition is needed
to prove uniqueness and stability of solutions, showing that weak solutions are indeed unique. Nevertheless,
these results rely on stronger regularity assumptions on the flux function, and cannot give information on the
convergence of the finite volume numerical schemes studied in this paper.

We finally remark that, even if the original model proposes the use of the discontinuous Heaviside function,
the stability of the numerical schemes requires a smooth approximation of it. Indeed, it can be noticed that
L°°-norm of the derivative H' appears in the estimates (for instance in the CFL condition (3.13) that guarantees
the BV-estimates), which blow up with it.

The paper is organised as follows: for a better overview, we introduce our main results in Section 2 and start
then to prove convergence of the approximate solution constructed by the Roe scheme in Section 3. We also add
a proof of the Lipschitz continuous dependence on the initial data in Section 4. Sections 5 and 6 are devoted
to the comparison of results obtained by the Lax—Friedrichs method. The numerical results, contrasting one
scheme with the other, emphasise the good performance of the Roe scheme.

2. MAIN RESULTS

Throughout the paper, we will denote Z(r, s) := [min{r, s}, max {r, s}|, for any r,s € R. We require the
following assumptions to hold:
(v) vstat € C2(R?;R?).
(H) The function H is a smooth approximation of the Heaviside function such that, setting

f(’/’) = TH(T - pmax)a

the function f has a bounded derivative. In particular, we denote by Ly the Lipschitz constant of the
function f:

Ly =l - (2.1)
(m) 1€ (C°NW»=)(R*RY).
Recall the definition of solution to the Cauchy problem (1.1), see also [1,2,6].
Definition 2.1. Let p, € L=°(R%;R*). A map p : [0,7] — L>®(R%R) is a solution to (1.1) if it is a Kruzkov
solution to

{&sp +V-g(t,z,y,p) =0, (t,z,y)€[0,T] x R?, (2.2)

p(0,2,y) = po(,y), (z,y) € R?,
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V(n*p) .
L+ [[V(n=p)?

stat(

with g(t,z,y,p) = pv>**(z,y) — e p H(p — pmax)

Above, for the definition of Kruzkov solution we refer to Definition 1 of [13].

Theorem 2.2. Let p, € (L N BV)(R%;RY). Let assumptions (v), (H) and (1) hold. Then, for all T > 0,
there exists a unique weak entropy solution p € (L N BV)([0,T] x R%;RT) to problem (1.1). Moreover, the
following estimates hold: for all t € [0,T]

(@)l = llpollss
lp@®)ll < llPollp, €7,

TV (p(t)) < TV (po) 2% + %’@ (251 — 1),
1

lo(t) = plt = 7)lls < 2Ci(t) 7. for 7> 0,

where Coo is defined in (3.12), Ky is defined in (3.16), Ko is defined in (3.17) and Ci(t) is as in (3.40).

The proof of existence of solutions is based on the constructions of a converging sequence of approximate
solutions and follows standard guidelines, see e.g. Theorem 2.3 of [1]. In the literature, this usually relies on
Lax—Friedrichs type schemes. In this paper, we derive the necessary compactness estimates for Roe scheme. The
bounds presented in Theorem 2.2 are obtained by passing to the limit in the corresponding discrete bounds.
Uniqueness is ensured by Proposition 4.1, which provides the Lipschitz continuous dependence estimate of
solutions to (1.1) on the initial data.

3. EXISTENCE

Introduce the uniform mesh of width Az along the z-axis and Ay along the y-axis, and a time step At subject
to a CFL condition, specified later on. For k € Z set

z, = (k—1/2)Az, ye = (k —1/2)Ay,
Tr41/2 = kA-T, Yk+1/2 = kAy?

where (z;,1,y;) and (i, y;11/2) denote the cells interfaces and (x;, y;) are the cells centres. Set Ny = [T'/At]
and let t" =nAt, n=0,..., Ny, be the time mesh. Set A\, = At/Az and \, = At/Ay.
For the sake of brevity, sometimes we will use also the notation x;; = (2:,9;), Tiz1p; = (Tig1p,y;) and
xi,j+1/2 = (l‘i,ijrl/Q).
We approximate the initial datum as follows: for i, j € Z
Tit+1/2 Yj+1/2

1
0 __
pi,j - Azx Ay / / Po(x7y) dxdyu

Ti—1/2Yj—1/2

and we define a piece-wise constant solution to (1.1) as

t e[t tnti, n=0,...,Np—1,
pa(t,z,y) = pi;  for T € [Ti_1/2,Tip1/2[,  where i€, (3.1)
Y € [Yj—1/2,Yj+1/2(, JEL.
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through a modified Roe-type scheme with dimensional splitting, exactly as in [9]:

Algorithm 3.1.

Vi(z,y,u,w) = 0§ (z,y) u + min{0, v5*** (z, y) Hw — u) (3.2)
Fu,w, J(t,2,y)) = J(t 2,y) f(u) +min{0, J (¢, z,y)} (f(w) — f(u)) 3.3)
Va(z,y, u, w) = 03 (2, y) u + min{0, v5*** (z, y) Hw — u) 3.4)
for n=0,...,Np—1

PR = o = N Vi@igasogs P10 o1 s) = VA (@isagogn Py o 1) (3.5)

"‘F(P?j»/’?ﬂ 3 J{l(xz‘-s-l/z,j)) - F(P;Ll,ja P?.,ja J{l(xi—l/z,j))]
n n+l 2 n n n ()
Pz,jl = Pij /2 Ay [‘é(xi,j+1/27pi,jﬂpi,j+1) - ‘/Q(xi,j—l/%pi,jflﬂpi,j) (3.6)
F(Pz‘,j»ﬂz‘,j+1» Jg(xz‘,j—i-l/z)) - F(PZJ;D p?_ja J;(‘ri,j—lh))]
end
Above, we set I(p")(x,y) = (J7(x,y), J¥(x,y)) and the convolution products are computed through the
following quadrature formula, for k: =1,2,

(@m * p) (@i, y;) = Ax Ay > pre O ik, Yj—0), (3.7)
k,LEZ

where 017 = 0,1 and 0on = Oyn. Remark that the choice of evaluating the numerical flux at ¢" for both
fractional steps allows to save computational time, because the convolution products (3.7) are computed only
once per time step.

Introduce the following notation, which is of use below:

Vit1/2 = Uitat($i+1/2)- (3-8)
3.1. Positivity
In the case of positive initial datum, we prove that under a suitable CFL condition the approximate solution
to (1.1) constructed wvia the Algorithm 3.1 preserves the positivity.
Lemma 3.2 (Positivity). Let p, € L (R%R"). Let (v) and (n) hold. Assume that

1 1

2(e + 03" [lp)” Y72+ o5 )

Then, for all t > 0 and (z,y) € R?, the piece-wise constant approzimate solution pa (3.1) constructed through
Algorithm 3.1 is such that pa(t,z,y) > 0.

Proof. Fix n between 0 and Nt — 1 and assume that p}’; > 0 for all i, j € Z. Consider (3.5), with the
notation (3.2) and (3.3), and observe that:

Vi(Zig1 )2, J”Ow,pm )+, 0t I (Tig12,5))
< ™ (@ig1/2,5) A7 T @ia2,5) Fog) < ([[017| e +€) oE5
Vi(®i1/2.5,Pic1,5 Pig) + F(pia j pi gy J1 (Tio1)2,5))
> 03 (wim1y2,5) Py + T (@icay2,5) F(OF) = — (|03 +€) P75
Therefore, by (3.5),
ijl/Q > piy = 22 (o™ ||~ +2) Py 20,
thanks to the CFL condition (3.9). Starting from (3.6), an analogous argument shows that an > 0, concluding
the proof. 0
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3.2. L! bound
The following result on the L! bound follows from the conservation property of the Roe scheme.

Lemma 3.3 (L! bound). Let p, € L= (R%;R*). Let (v), (1) and (3.9) hold. Then, for allt > 0 and (z,y) € R?,
pa (3.1) constructed through Algorithm 3.1 satisfies

[oa(t, 5 ML gey = llPollnr re)- (3.10)
3.3. L°° bound

Lemma 3.4 (L* bound). Let p, € L®(R?;R*). Let (v), (n) and (3.9) hold. Then, for allt > 0 and (z,y) €
R2, pa (3.1) constructed through Algorithm 3.1 satisfies

lpa(t, e gey < llpollpee €, (3.11)
(#2)

where
Coo = [[0a1"™ (| e + (0403 || e + 42 [[V?n][ < llpollLr- (3.12)

Proof. Omitting the dependencies on j and exploiting the notation introduced in (3.8), we observe that (3.5)
attains its maximum for v, 41,2 <0, vi_1/2 > 0, J{'(%11/2) <0 and J*(2;_1/2) > 0. In this case

P?jl/z < pF = Ae (P vigrye + I1(@ig1y2) F(P1)) + Ae (P11 vic1y2 + I (im1y2) Fpi1))

where we use the positivity of each pj' and of the function f and discard all the terms giving a negative
contribution. Moreover, since v; 41/ < 0 and v;_y/5 > 0,

stat

Xo (=pRa vigrye + PPy vic1y2) S Xa 10" e (—viriye +vic1y2) = Aa 0" | (—A2) 0507 (2:)

with Z; €]2;_1/2,Tiy1/2[- In a similar way, since J{'(7;41/2) < 0 and J*(z;_1/2) > 0, exploiting also the fact
that f(r) <r for all r > 0, we get

Az (—J{L(Ii+1/2) f(/)?+1) + J{L(xi—lﬂ) f(P?—O) < As ||Pn||Loo (_J{L(xi+1/2) + J?(Ii—1/2))
<A 10" 26 Az || V20| 0™ [ 1

thanks to (A.2). Therefore,

it < 10" e [L+ A (005, + 2] V0] Do)

In a similar way we get

ot < o ?| [ At (005 e + 2]Vl oo ln)]
An iterative argument completes the proof. O

3.4. BV bound

Proposition 3.5 (BV estimate in space). Let p, € (L NBV)(R?*RT). Let (v), (H), and (n) hold. Assume

that
1 1

’ A S sta ’
3(e Ly + [[v7*** (|, ) Y7 3(e Ly + vl

Then, for all t > 0, pa in (3.1) constructed through Algorithm 3.1 satisfies the following estimate: for all
nIZO,“.,Ahy

(3.13)

> (Aylptiy = ol + Ax el = piy]) < C), (3.14)

i,JEL
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where
2K
Colt) =50 > (Aol = 0]+ Ay ol = pll) + 527 (21 = 1), (3.15)
i,j€Z
with
Ky =6 (|[Vos=t|[ . +2e Ly [[V?n] < llpollis) - (3.16)
Ko = (45 <C1||po||L1 n 02||pouil) +3 ||v2vstaty|w) poll (3.17)

and c1, c2 are defined in (A.6).
Remark 3.6. Observe that the CFL conditions (3.13) are stricter than (3.9).

Proof. We follow the idea of Lemma 2.7 from [1]. First consider the term

2. Ay

i,JEL

n+1/2 n+1/2

Pit1 2J J

In particular, fixing ¢, j € Z and omitting the dependencies on y; for the sake of simplicity, by (3.5) we get

n+1/2 n+1/2 n n n n
Pi+1/ - P 2= Pi+1 — Pi — [V1($7,+3/2)pl+17p1+2) + F(p;- 1 Pigas J1 (%‘4—3/2 )

)
- Vl(fi+1/2a pis i) — F(pis pitas Jf($i+1/2))
- Vl(l’z‘+1/2a P?vﬂ?ﬂ) - F(p, ?+17 J{l(l’i+1/2))
+Vi(@i—1y2, P15 07) + F(pi_1, Pi 7J{L(zi—1/2))}
+ X [Vi(@igss2, 07, piva) + F (o} pitrs J1 (Tig3/2))
—Vi(z Tit1/2, piz1spi) — Fpiy, pi's J{L(l’iﬂ/z))]
= A, — X\ BY

0,50
where we set
Azn,j = P:‘:Ll —pi
= Ao [Vi(@ivsy2, i1, Piva) + F(pihs ooy J1 (@igss2)) — Vi(@igiy2, 07, pir) — F(pi pirs J1H (@51 /2))
+V1(3Ci+1/2; p?fl,p?) + F(P?fp P:'L7 J{L(l"iﬂ/z)) - Vl(xi+3/2, P?vp?ﬂ) - F(P?ap?ﬂv J{l(xi+3/2))] s
By = Vi(wiysso, pi's pi1) + F (07 pise1s T (Tig3y2)) — Vi(@igry2, i, p7) — F(piqs o' J1 (Tig1/2))
+ Vl(ajifl/Qa Pz‘ip/’?) + F(P;Lp pZ’.L, J{L(ﬂfifl/Q)) - V1($i+1/27/)?a P:'LH) - F(ﬂ%ﬂ?ﬂ; JIL(%H/Q))-

For the sake of shortness, introduce the following notation
Hy o (u,w) = Vi(xg,0, u, w) + Fu,w, Ji' (25,0)), (3.18)

so that, dropping the j dependencies, Aﬁj reads

-A?,j = P?-;—l —pi = A [H;L+3/2(P?+1a0?+2) - H;L+1/2(P?vp?+1) + H; +1/2(pz 15 P i) — H?+3/2(P?70?+1)}

n

Pi+2 — p?Jrl)

n n HZTL+3/2(P?+1» Piya) — Hz'n+3/2(l7?+1» Pit1)

=Piy1 — P —Ae n n (
Pit2 — Pit1

H;L+3/2(p?+17 Pig1) — Hﬁ+3/2(p?a i)

Y
’ Py — P

(piv1 — Pi)
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H?+1/2(P?a pis1) — H?+1/2(P?a ;)

+ A T (1 —pi')
Hy (0 p7) = HYy o (P71, 07)
4, 2 R (o — i)
Pi = Pi—1
=01 (Po — PPr) + 07 (0 = piy) + (1 =07 = 924) (P — 07') s
where
HYy (0 pia) — Hi'yy o (07 07)
n _>\m i+1/2 Zl 7Z+1/2 lf p:l 7& p?+1,
o) = Piv1 = Pi (3.19)
0 if pi' = piy1,
HP o (o p2) = Hy o (0P 07) it £ g
Iy = PP Lo (3.20)
0 if pi' = Py
Exploiting (3.18), observe that, whenever p}' # pf’, ,
o = — o Vi(@is1y2, 075 1) + F (O}, pitir I (Tig1)2)) — Vil@igaye, 1, 07) — F (s 07, T (ig1)2))]
it1 P
)\"I/‘ : sta 7 7 : n s 7
T o [min {0, 03" (z;41/2) } (1 — pF) + min {0, J7'(i11/2) HF(pP41) — F(0}))]
it1 P

= — /\x (mln {O, Uitat($i+1/2)} + min {0, J{l(xl+1/2)} f/(’rzn-i-l/Q)) s

with 7%, 5 € T (pr, pitq)- Since f'(r) > 0 and by (3.13) we get

1
srelo. =]
7‘€|:73:|

In a similar way one can prove that 97 € [0,1/3]. Thus,
Z Az < Z [Py = Pis). (3.21)
i,JEZ i,JEZL
We pass now to Bgfj. Consider separately the terms involving V; and those involving F'. Observe that the

maps
T +— min {O7 Ui‘tat(x)} , x +— min {0, J1'(z)}

are Lipschitz continuous, with constant respectively [0,v§""||; - and 25HV277||LOQ||pO||L1. Exploiting (3.2) we
get:

Vl(ﬂﬁi+3/27 P%P?ﬂ) - Vl(%ﬂ/%ﬂ?—uﬂ?) + Vl(%—l/zvp?—hp?) - V1(33i+1/2, p?vp?—i-l)

= Uitat($i+3/2)p? + min {0> Uitat ($i+3/2)} (P?+1 —pi) — Uitat ($i+1/2)ﬂ?
— min {0, 68 (2 1/2) } (01 — 7) (3.22)

stat

+ 03 (25_1)2)pf 1 4+ min {0, v} (21 ,2) } (0} — p}'1)
— 03 (@iq1y2)pi g — min {0,053 (211 2) } (0] — piq) £ (1 (wim1/2) — 07 (wig1/2)) P}
= (3™ (@igs/2) — 208 (@ig1)2) + 03 (i1y2)) PF + (V5 (2i1)2) — 0§ (@ig1/2)) (P71 — P})
+ (min {0, 0§ (2;43/2) } — min {0, 05 (2;41/2) }) (P71 — AF)
+ (min {0, v (2;_1/2) } — min {0, 03" (z;11/2) }) (0f — pi1)
2(Az)? [|02,037" || 17| 4+ Ax]| 0,03 (|0Fn — PP + 2|0 = PFa]) (3.23)

IN
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since

Uitat(l"wg/z) -2 Uitat(l“iﬂ/ﬂ + Uitat(xiﬂm) = Az 0,07 (&i1) — Az 9,07 (&)
= Az (41 — &) 02,05 (i1 /2),

with &§ €]zi_1/2, Tip1/2[ and (12 €16, §ital-
Similarly, exploiting (3.3) we obtain

F(p?ap?-l—lv J{L(Ii+3/2)) — F(pi_1, 0} J?($i+1/2)) + F(piy, pi' J1' (2 i—1/2)) - F(P?vﬂ?—ﬂ: J{L(zi+1/2))
= J(@its2) f(p]) +min {0, JT (ziy3/2) } (f(piy1) — F(0}))

- Jr ($z+1/2)f( i) — min {0 J7 ($z+1/2)} (f(ﬂz+1) f(ﬂ?))

+ 7 (wimy2) f(PP) +min {0, 7 (@1 /2) } (F(0}) — F(pii1)

- Jf(ﬂfiﬂ/z)f(ﬁ’?—ﬁ — min {07 J{l(xi+1/2)} (f ( ) = f(P?—U) + (Jf(xiq/z) - J{l(xi+1/2)) f(P?)
= (Jf(ﬂﬁzH/z) - 2J{L(%+1/2) + J{L(l“z 1/2)) (P ) (Jfb(xz /2) J1n($z+1/2)) (f(P?—1) - f(PZ‘L))

+ (min {0, J7' (i43/2) } — min {0, J7 (zi41/2) }) (f Pz+1) (i)
+ (mm{O Ji(@i—12 } mln{O J7 xZH/Q)}) — f(pi1))
S 2E(A ) C‘pz | +2€Lf AmHVQWHLmHPo”Ll (|p +1 pz | +2 |pz _pz 1

), (3.24)

where we used the fact that f(r) < r, (A.2) and (A.4), with the notation (A.6). Collecting together (3.23)
and (3.24) we therefore obtain

18751 < 2(82)* (|| 05005 [ +2C) Ip7|

zz U1

+ Az (||0:03| o + 2 Lg||V?n]| L pollnr) (030 — o7 + 2|08 — P}y

)

so that

Y e |BE| < 3AL (005w + 26 L[Vl llpollis) D [of — o7
1,j€ZL ©,JEL

+2A¢ (|02, 05| +2C) Az > |ppl. (3.25)
1,jEZL

Therefore, by (3.21) and (3.25), using also Lemma 3.3

SC Aylai = ol < ST Ay (A + s |BE)
1,JEL i,JEZL
< [+ 348 ([|0005 | o +22 Ly [ V20| Nooll)] D Ay ol — 2] (3.26)

1,JEL
+ 2 At [[| 07507 | + € CT llpolla-

Now pass to the term

n—+1/2 n+l/2

Pi J+1 z] ‘

ZAJE

i,jJEL
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Fix 7,5 € Z and exploit (3.5) again to get

n+1/2 n+1/2 _ n n n n n n n
Pij+1 — Pij = Pij+1 — Pij — Az [V1($i+1/2,j+1a pi,j+17pi+l,j+1) + F(pi,j+17pi+1,j+1’ Ji (xi+1/2,j+1))

- ‘/i(xi—l/Q,j-&-lvp?—l,j+l>p?,j+l) - F(P?—l,j-s-la P?,j+1a JlTL(xi—l/Z,j+1))
—Vi(@iv1y2.5:Pijs Pivr;) — F (0L P s JT (Ti1)2,5))
+Vi(@i1y2,5, P11 i) + F (o1 o 07 4o JT (221 2,5))]
+ X [Vl(ﬂfi+1/2,j+1>/)ﬁj,P?H,j) + F (i, Pivr j J1 (Tig12,541))
_‘/l(xifl/2,j+1ap?—Ljvaj) - F(p?—l,japzn,ja J1n(33i—1/2,j+1))]
= Dl + M. D,
where we set
D = i1 — Pl — e (Vi@igtry2, 5410 Pijars Pivtjen) T FOF a1 P jons JT (@i /2,541))
- ‘/1(1'1’+1/2,j+17p3j7p?+1,j) - F(Pﬁjyﬂﬁmy J{L(17i+1/2,j+1))
+Vi(ziz1y241, Pie1 s Pig) + F (PPt 45 P7 g ST (Tim1/2,541))
*Vl(xi—1/2,j+1, p?—l,j+17p?,j+1) - F(p?—l,j+17pzl,j+17 J{L(Ii—l/Z,j-i-l))} )
&L= Vi(@igiy25, 0150 Piva ;) + F(0iys pi s JT (Tiga/2,5))
- Vl(l’i+1/2,j+1a P?,ja P;L+1,j) - F(Pﬁpﬂ?ﬂ,j: J{L(mi+1/2,j+1))
+Vi(ziz1y2,41, Pie1 s Pig) + F (P11 45 P71 (®im1/2,541))
= Vi(®ic12,5:Pi—1,4>Pig) — F(piq ;P15 1 (Tim1/2,5))-

Similarly as before, rearrange Dy ;, exploiting the notation (3.18):
D= pijg1 — Pij — A [Hfﬂ/z,jH(PZjerP?+1,j+1) —H} o i1(07 5 Pi,5)

n T i n 7 T
HH o i1 (P PE5) — Hi 1 o i1 (P 415 Pl jg1)

+ AxHZL+1/2,j+1(PZjaP?+1,j+1) + /\xHin—l/Zj-i-l(p?—l,jap?,j-&-l)

n n n n n n
Hy g 51 (08410 P j1) = Hiva i (07 Pi+1,j+1)( n

— N 3 7
= Pije1 = Pij — Aa ij+1 ~ Pig)

' n
Pij+1 — Pij
n T ' n ' '3
A\ Hi+1/2,j+1(pi,jupi-‘rl,j-‘rl) - Hi+1/2,j+1(pi,j’pi+1,j) n n
— Az (pi+1,j+1 - pi+1,j)

T n
Pit1,j+1 ~ Pit1,j
n n 7 n ' n
Hi—1/2,j+1(pi71,j’ pi,j+1) - Hi—1/2,j+1(pi71,j7 pi,j)

+ >\x
Pijr1— Pij

(Pije1— Pij)

n n n n n n
A Hi—1/2,j+1 (pifl,]#l’ pi,j+1) - Hi—1/2,j+1(pi*1,j’ pi,jJrl)
x

n n
n — n (pi—l,j+1 - pz’—l,j)
Pi14+1 — Pim1j

_— n n T n n n 7 n T 7
= (L=ry; = v )i ie1 — Piy) + Vi1, (Pl ja1 — Piva ) T Rim1(Pim1j41 — Pie1,4)s
where
n ' ' n ' '
\ HY g i (0710 P 1) = Hiy go 510 (0745 P4 1) £ om n
W x n _on it o7 j 1 7 D7y
i Pij+1 = Pij
M n — n
0 if pi'j 1 = Pity
n 7 T n T '
A\ Hi o 51 (i P1a) = iy s o (071 5 01) I n
B B n _on it pFj1 7 07y
i Pij+1 7~ Pi
0

3 3 — N
if pilj 1 = piy-
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ZJ

Z }ID ]‘ — Z |p2,]+1 pz]| (327)

i,JEL i,JEL

1
As for 67 (3.19) and I (3.20), it is immediate to prove that x7';, v'; € [0, 3] for all i, j € Z. Hence,

Pass now to &';: we can proceed analogously to B}';, treating separately the terms involving V7 and those

involving F. First, by (3.2),

7,57

Vi(i41/2,5 ijap?+1,j) ~Vi(®@iy1y2,5115 01 js Piv1g) + Vi(@ic1yo41, P11 Pig) — Vi(@i1y2,5, Pi1 4y PLg)
= Ul ($z+1/2,g)Pz gt min {0 Usm(ﬂﬁiﬂ/z,j)} (p?+1,j - P?;j)
— 03 (@41 /2,541)p1; — min {0, 05 (241 2,541) } (1 — Pis)

+ 3 (@10, 511) P51 j tmin {0, 03" (@;21/2,541) } (Pi; — Piz1j)

- Uitat(mz 1/2,;)[’1 1,5 min {0 Ubta (%‘—1/2,3‘)} (P?,j - Pll,j)
£ (03 (ic1y2,501) — 03 (@im1/25)) AT (3.28)

= (Uitat(xiﬂ/zj) - Uitat(fﬂiﬂ/z,jﬂ) - UTtat(xiq/z,j) + Uitat(fﬂiq/z,jﬂ)) P?,j
( tat (@i 1/2,]+1) - U1 (%‘71/2,]‘)) (P?—Lj - P?,j)
+ (min {0, 03 (2i41/2,5) } — min {0, 03" (2i41/2,541) }) (P71 — Piy)
+ (min {0, 07" (2i1/2,51) } = min {0, 07 (i1 /2,)}) (0F; = Pit1,5)
< Az Ay [|02,05 | L [0l |+ Ay [[0y03 | ([0741,5 — i) + 2085 = piia]) 5 (3.29)
since
Uitat(ﬂfiﬂ/z,j) - Uitat(l‘iﬂ/z,jﬂ) - U?tat(l‘iq/z,j) + Uitat(ﬂfiﬂ/zjﬂ) Ax 0y UStat(fi, Z/y) Az 0, USta (&', yj+1)
= - AmAy@i Stat(ﬁu(yﬂ/z)
with & € Jz;_1/2,%iq1/2[ and (112 € |y;,yj41[- In a similar way, by (3.3),
F(p s P s JU (@ig1y24)) = F(piys piya g J1 (@iv1y2,541))
+ F(pi1,5 Pigy T (Tic1y2,541)) — F(pi1,55 Pi g 1 (Tiz1/2,5))
= ']ln(xiJrl/Zj) f(P?,j) + min {O, J1n(93i+1/2,j)} (f(p?—&-l,j) - f(/)?,j))
- J{L(zi-&-l/zj-&-l) f(ﬂ?,j) — min {07 J{L(xi+1/2,j+l)} ( (Pita +1, ) (Pw))
+ I (@ic1y2,541) F(piy j) +min {0, J7(zi1/2,541) } (F(0i5) — Flpi1 )
— I (xiz1y2,5) f(pi1 ) —min {0, I (2z_1/2.5) } (i) — F(pi1 )
+ (JT(@ic1y2,541) — T (iz1)2,5)) F(OF5)
= (Jln(miJrl/Z,j) — ST (Tiv1/2,541) — ST (®im1)2,5) + JIT (i 1/2,g+1)) fi;)
+ (1 (@ic1/2,541) — I (Tic1/2,4)) (f(ﬂ?—m) (PZ]))
+ (min {0, J3* (i 41/2,5) } — min {0, J7'(iq1/2,541) }) (F(ois1,,) — F(AE5))
+ (min {0, J{(zi—1/2,541) } — min {0, J7 (z-1/2,5) }) (f( Pi) — (pifl,j))
<2e Az Ay ClpP | +2e Ly Ay || V20| llpollis (|81, — o] + 20085 + P 4]) (3.30)
where we used the fact that f(r) < r, (A.3) and (A.5), with the notation (A.6). Therefore, collecting
together (3.29) and (3.30), we get
ezl < A oy (2,5, +22€) 12

+ Ay (0,07 | + 22 Lo |[V2nll o pollin) (o7 s = ois] + 2007 + i)
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so that
> Aal€l] < 320 Ay (0,03 | o + 2 Lil|V2nl| < lpolls) D [ofsa, = o
i,jEZ i,jEZ
+ At (H@iyvit‘“HLm + 250) Ay Z Pij- (3.31)
i,j€Z

Hence, by (3.27) and (3.31), using also Lemma 3.3, we obtain

> Aa P =i < Y A (D] + )

i,jEZ i,5€EZ
< D Awlpln = ol
1,J€EZL
+3 AL ([|0y03|| |« + 2 Ly [ V2] < llpollrr) ZZA?/ i1y — ot (3:32)
1,j€
+ At ([102,05 ) +22C) llpolla-
Setting
K1 = 3 (]|007 || o + [[0503 | 1w + 42 Ly [[VEn]] o llpoll1) (3.33)
Ky = (4gc+ 2|82, 05| + ||c’)§yv?“||m) [1Polly1 (3.34)

by (3.26) and (3.32) we conclude

> (2

i,JEL

+1/2 +1/2
Pyt =i ‘*Am

n+1/2 n+1/2
Pij+1 ~ Pij

<+ ALK Y (Ax oy — o]+ Ay lpf ;= piy]) + At K.
i,J€EZL

Analogous computations yield

> Ayl =it |+ Awlpifi = pi7")

i,JEZL
< (14 ALKy > (Al = g2+ Ay o7 = o)) + ALK,
i,JEZL
where
Ky =3 ([|0s03"™ || o + (10405 || e +4€ Ly [[V0]| e 1 P6lI11) (3.35)
Ky = (4sc+ 202, v5 |, . + |}agyv;tatum) pollp.s - (3.36)

Observe that, using the notation (3.16) and (3.17),
Ky, K3 < Ky, Ky, Ky < Ks.
A recursive argument yields the desired result:
> (Bylptiay = o] + Aol — o))
i,jEZ

2K
< A S (Dalol s = |+ Ay = l) + T (7 ).
i,jEL
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Corollary 3.7 (BV estimate in space and time). Let p, € (L= N BV)(R%RT). Let (v), (H), (n), (3.13)
hold. Then, for allt > 0, pa in (3.1) constructed through Algorithm 3.1 satisfies the following estimate: for all
niil,“.,Ahy

n—1 n—1
Yo A(Ay ot = o]+ A ol = o) + D0 D AwAy |t pi] < Culth),  (337)
m=01,j€Z m=01ij€Z
where
Cat(t) = (Ca(t) +2Ce(t)) (3.38)

with Cy as in (3.15) and C; as in (3.40).
Proof. By Proposition 3.5 we have

n—1
Z Z At (Ay ’pﬁ_m — pznj‘ + Az ‘pZLj—s-l — p:';’) < nAtC,(n At). (3.39)
m=01i,jEZ
Since
st = o] < ot - p?fj““‘ + [ ],
we focus first on
> Aw Ayl ).
i,j€Z
By the scheme (3.5), we have, using the notation (3.8),
PZZ-H/Q — % = = X [Vi(@igry2,, 075, P71 ) + F (i pin o I (Tig1/2,5))

“Vi(@iz1y2,5, P10 PTY) — F (070 s 070 I (@21 )2,5))]
= — Ao [Vigy2,5 P +min {0, 041705} (07415 — pi%)
— V12,5 pit 1 —min {0,012} (P77 — Pty 4)
+ I (@igay2,5) FOT) + min {0, T (@ip1y2.5) } (F(0ia;) — F(o]y))
- Jin(wiﬂ/z,j) f(ﬂ?im) — min {07 an(fﬂiﬂ/z,j)} (f(Pan) - f(p?il,j))
* i1/ 005 £ I (Tio1/2,5) f(P:nj)]
= — X [A2 0,07 (&, y5) P 4 (vie1/2,; —min {0,012, }) (07 — P71 5)
+min {0, v41/2,;} (pit1j — i) + (ST (@ig1y2,) — I (@iz1y2,5)) F(O7)
+ (ST (im1)2,5) —min {0, J7"(zi-1)2,5) }) (F(0]5) — (P71 ;)
+min {0, J7" (i41/2,5) } (f(pii1 ) — f(Pan))]
At ([[0207 | + 2] V20| llpollis) o7
+ X (o1 | +2 L) (03 = o]+ [PThr — o7
where & € ]2;_1 /2,241 /2] and we used f(r) <r, (A.1) and (A.2). Therefore,
> Awdy |t = o) < 2 A (|03 +eLy) D Aylpliy, - ol
i,jET i,jEL
+ AL (|07 | o + 28] VEnl|llpol2) ool
< 2A¢t (||o3*| . +eLyf) Calm At)

+ AL ([|0:03" || o + 22?0l el ) llpols
< AtC/(mAb),

IN

)
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where we set

Co(s) =2 ([[o™ [ + & Lp) Cals) + ([|V0™* [t 2] Vo]l llpollns) oo s (3.40)

Analogously, we get
e _pzljﬂ/z‘ <2t (o) o +eLp) 3 Az

Z Az Ay |p;;

4,j€L 1,jEZ
+ A ([|9y02" | + 2 V2 nll L lpollis) leolles
< 2At (||v5"|| o +€Lyg) Calm At)

+ AL ([|0,057 |« + 2|Vl < llpolln) ool
< AtCy(m At).

Pij+1 Pij

m+1/2 _ m+1/2 ‘

Hence .
Z Z Az Ay |pZ‘j'H — p;”j| < 2nAtCi(n At), (3.41)
m=04,j€Z

which together with (3.39) completes the proof. |

3.5. Discrete entropy inequalities
Following [1], see also [7,8], introduce the following notation: for i,j € Z, n=0,...,Ny — 1 and k € R,
D)0 (u,0) = Vi@ig1y2j,uV K0V E) + FuV g0V EJ7 (Tir12,5))
—Vi(@iqr/2, 5, u N K, 0 AK) = F(u Ak, v A Ky JT (Ti4172,5))s
F2j+1/2(u, v) = Vo2 j41/2,uV K, 0V K) + FuV K0V kK, J3 (2 j11/2))
—Va(@; jp1/2, u N K, v AK) = F(u N Ky v A Ky I3 (25541 /2)),
with V1, V5 and F defined as in (3.2), (3.4) and (3.3) respectively.

Lemma 3.8 (Discrete entropy condition). Fiz p, € (L*° NBV)(R%;RT). Let (v), (H), (1), (3.13) hold. Then,
the solution pa in (3.1) constructed through Algorithm 3.1 satisfies the following discrete entropy inequality: for
i,] €Z, forn=0,...,Np —1 and xk € R,

1
|P?j - ’f| - |P?,j - "i| + Az ((b?-i-l/Q,j(ij’p?-&-l,j) - (I);L—l/2,j(p?—1,j7p?,j))

n+1/2
+ Ao sgn(p T — k) (03 (@ig10) — O3 (2im1/05)) K

+ Az Sgn(ﬂ?;lm — &) (S (@i1)2,5) — I (@im12,5)) [ (K)

+1/2 n+1/2 +1/2 +1/2
+ Ay (F:‘L,jJrl/z(P?,j / ’p2j+{ )_F2j71/2(p2j7{ 7PZ]' / ))

+ Ay Sgn(ﬂ?,}rl — 5) (05 (2 jy1/2) — 05 (25 5-1/2)) K
+ Aysgn(pftt — k) (I3 (2i j41y2) — I3 (25,5-1/2)) f (k) < 0.

The proof is omitted, being entirely analogous to that of Proposition 2.8 from [2], see also Lemma 2.8 of [1].

4. LIPSCHITZ CONTINUOUS DEPENDENCE ON INITIAL DATA
Proposition 4.1. Fiz T > 0. Let (v), (H) and (n) hold. Let p,, 0, € (L= NBV)(R%;R*). Call p and o the

corresponding solutions to (1.1). Then the following estimate holds:

||p(t) o a(t)||L1(R2) < ||po - UOHLl(Rz) €tA(t).

with A(t) defined in (4.2).
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Proof. In the rest of the proof, to avoid heavy notation, we will denote pairs in R? by « or y. Introduce the
following notation:

R(t,x) = (I(p(t)))(z), St,z) = (I(o(t)))(). (4.1)

The idea is to apply the doubling of variables method introduced by Kruzkov in [13], exploiting in particular
the proof of Lemma 4 from [4]. There, a flux of the form f(t,z, p) V(¢,x) is taken into account, with « € R, the
proof being valid also in the multidimensional case, i.e. x € R™. Therefore we are going to use this result for
what concerns the part of the flux of type f(p) R(t,x).

For the sake of completeness, we recall that a flux function of type I(z) g(p) is considered in [10], with € R™,
and the proof of Lemma 4 from [4] follows the lines of that of Theorem 1.3 from [10]. Thus, here we are adding
the dependence on time to the function {(x) considered in [10].

Let ¢ € CL(]0, T[xR?;R*) be a test function as in the definition of solution by Kruzkov. Let Y € C°(R;R™)
be such that

Y(z) = Y(-2), Y(z) =0 for |z] > 1, /RY(Z) dz = 1.

Define, for h > 0, Y,(2) = $Y(£). Clearly, ¥, € C®(R;RT), Yi(2) = Yi(—2), Ya(z) = 0 for |2| > B,
fR Yi(2)dz =1 and Y}, — &g as h — 0, dp being the Dirac delta in 0. Define moreover

t+s x+vy 2
vjzh(t,w,s,y):go( 9 2 )Yh(t_s)gyh(l'z_yz)

Introduce the space Iz = ]0, T[xR? and, from the definition of solution, derive the following entropy inequalities
for p = p(t,x) and 0 = o(s,y):

/// {lo— ol 0w + |p — | Vav**2 () - Voo, + sgn(p — o) (f(p) — f(0)) R(t, @) - Vaiby

HTXHT
—sgn(p — o) o div, v (x) ¢y, —sgn(p — o) f(0) dive R(t,x) ¢y }dzdtdyds > 0,

/// {lo = pl0stn + o — p| Vyv™=*(y) - Vyton + sgu(o — p) (f(0) = f(p)) S(s,y) - Vyihn

HTXHT
—sgn(o — p) p divy v*2(y) ¥y, — sgn(o — p) f(p) divy S(s,y) ¥y } dzdtdyds > 0.

Sum the two inequalities above and rearrange the terms therein, following the proof of Theorem 1 from [13] for
what concerns the linear part of the flux and the proof of Lemma 4 from [4], see also Theorem 1.3 of [10], for
the other part:

//// {lp = ol(0ctbn + 0ston) + sgn(p — o) (pv™**(2) — v™*(y)) - (Vatbn + Vytn)

T xTIr
(0™ () — v**** (@) - Vartbp — divy v**=* () 1]
) - Vytbn, + divy, v°82(3) 4y

)) - Voo — divy R(t, ) ¢y
) - Vytn +divy S(s,y) Y]} dedtdy ds > 0.
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Let A — 0, which gives

/ {Ip = 10 +segn(p — 0) [(p — o) v**** () + S(t, @) (f(p) — f(0))] - Vg

+sgn(p — o) f(p) dive (S(t, ) — R(t,x)) ¢
+ sgn(p — o) f'(p) (S(t,x) — R(t,x)) 0,p(t,x) p} dxdtdyds > 0.

Choosing a suitable test function ¢ leads to
t
[ ot ~ottlde~ [ |pra) ~olra)det [ [ jdiv(S(s,2) - Ris@)| f(pls.2) deds
R2 R2 r JR2

t
+ [ LS = Bl oy TV (p(s)) ds > 0
Observe that, following Lemma 4.1 of [5], the following bounds hold
15(5) = R(s)[ oo 2y < 2€lVnlleellp(s) — o (8)lIL1(g2),
1div (S(s) = R(s)) || r2) < €llo(s) = o (5)l|L1 (re) 1 AN Lo (1 + ||0(8)HL1(R2)||V77HL1) :
Thus, letting 7 — 0 and exploiting the bounds on p and ¢ given by Theorem 2.2, as well as f(r) < r, we get
t
[ t@) = otalldz < [ (@) = oo@de +2e] Tl lpolysesy | [ Iols2) = ols.2)] deds

+ e Ly Al (14 ool oy IVl )
<[ ([ o2 ot 0z ) as
= [ ote) - @z [ a6) ([ 1otsm) — ols.2l o ) ds.

A(s) = 26Vl ol oy + & LDl (14 [0l e [Vl ) TV (6(5)). (4.2)

An application of Gronwall Lemma, together with

/OtA(s) exp (/:A(r)dr> ds = —1+ exp (/OtA(s)ds) ,

||p(t) - U(t)HLl(R?) S ”Po - UOHLI(Rz) 6tA(t).

with

yields the desired estimate

O
Remark 4.2. We can interpret p and o as solutions of the following Cauchy problems:
atp+v9(t’w7p>zoa atO'—f—V'h(t,w,U):(L (taw)E[OaT] XRQ?
p(O,.’B) :po(.’ll), O'(O,SC) = 0’0(113), .’BERQ,

where
g(t,x,r) = rvs(z) + f(r) R(t, ), h(t,z,r) = rovs®(x) + f(r) S(t, ),

so that the L' distance between the solutions at time ¢ > 0 can be estimated by Proposition 2.10 of [14],
see also the refinement in Proposition 2.9 of [15]. However, making use of the explicit expression of the flux
in the present case, one may see that the bound provided by Proposition 4.1 is sharper than that coming
from Proposition 2.9 of [15].
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5. LAX—FRIEDRICHS SCHEME

It is also possible to consider a piece-wise constant solution pa to (1.1) as in (3.1) defined through a Lax—
Friedrichs type finite volume scheme with dimensional splitting. To this aim, let «, 5 > 0 be the viscosity
coefficients. The algorithm reads as follows

Algorithm 5.1.

for n=0,...Nr—1

1. «
F™ (2,y,u,w) = 5 [0 (2,9) (u + w) + J1' (@,9) (f(w) + f(w)] = 5 (w =) (5.1)
1 B
G (@, u,w) = 5 [05™ (2, ) (u + w) + J3 (@, 9) (f(w) + f(w)] = 5 (w—w) (5.2)
Pyt = 0y = N [F™ @i g 02 PR g) = F(@imapags PR 5 07 (5.3)
pznjl = ijl/z =Ny (G (@i a1 pos P Prjg1) — G (@i 1oy P11 1 )] (5.4)
end

The algorithm is close to that studied in [1], except that in the present case to compute p"! the flux is evaluated
at p", instead of p"t1/2,

Following closely the proofs presented in [1], it is possible to recover also for Algorithm 5.1 the bounds on
the approximate solution necessary to prove the convergence. Below, we state only the final results, omitting
the computations.

Lemma 5.2 (Positivity). Let p, € L®(R?;RY). Let assumptions (v), (H) and (n) hold. Assume that

1 1
> stat L M. < 1 — 5.5
a> ||vy HL°°+6 f> = m a’2e Ly + Az [[vi o |~ 9

S T
in< =, : . .
B’ 2e Ly + Ax |05}

Then, for all t > 0 and (z,y) € R?, the piece-wise constant approzimate solution pa (3.1) constructed through
Algorithm 5.1 is such that pa(t,z,y) > 0.

1
g m
1

B = vatatHLoo +ely, Ay < 3 m

Lemma 5.3 (L! bound). Let p, € L>®(R%;R"). Let (v), (H), (1), (5.5) and (5.6) hold. Then, for all t > 0,
pa in (3.1) constructed through Algorithm 5.1 satisfies (3.10), that is

lpa @)l g2y = [lpolles rz)-

Lemma 5.4 (L™ bound). Let p, € L®(R%;R").Let (v), (H), (1), (5.5) and (5.6) hold. Then, for all t > 0,
pa in (3.1) constructed through Algorithm 5.1 satisfies

oA ()l ®2y < [lPoll e b=t

where }
Coo = [[0avi"™ | e + (0405 | o + 42 Ly [ V?nl[ . llpolr-

Remark 5.5. Compare the L>° estimate obtained in Lemma 5.4 using the Lax—Friedrichs scheme with that in
Lemma 3.4, given by the Roe scheme. Although they look very similar, the constants appearing in the exponent
are actually different: when comparing Cso above to Co as in (3.12), we see that in Coo the last addend is
multiplied by L.
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Proposition 5.6 (BV estimate in space). Let p, € (L NBV)(R%RT). Let (v), (H), (1), (5.5) and (5.6)
hold. Then, for allt > 0, pa in (3.1) constructed through Algorithm 5.1 satisfies the following estimate: for all
n::O,“.,Ahy

> Ay oty = ol + Az ol — piy) < Calt™),

i,jEL
where ) oK )
Cult) = 37 (Aol = ol + By ol — ol + 7 (79 1), (5.7)
i,j€Z 1
with

Ky =2||vor[| . +4e Ly [[V2n]| o« llpollLs,
Ko asin (3.17) and c1, c2 are defined in (A.6).

Remark 5.7. Observe that K; < K; in (3.16).

Corollary 5.8 (BV estimate in space and time). Let p, € (L N BV)(R%*RY). Let (v), (H), (n), (5.5)
and (5.6) hold. Then, for all t > 0, pa in (3.1) constructed through Algorithm 5.1 satisfies the following
estimate: for alln=1,..., N,

n—1 n—1
Mo At (Ay oy — o]+ A el = o)+ D0 D Aw Ay |t — | < Cu(th),
m=04,j€Z m=01i,jeZ

where

Cor(t) = £ (Calt) +2C1))

with Cy as in (5.7) and

Ce(s) = 2 ([[o°* | +2 Lg) Cals) + (VO - [| V20l L 196 ) 1o s

6. NUMERICAL RESULTS

We consider the test setting given in [9] to compare the results of the Roe scheme, c¢f. Algorithm 3.1, to the
results of the Lax—Friedrichs type scheme, ¢f. Algorithm 5.1.

6.1. Test setting

A total number of N = 192 parts in the shape of metal cylinders are transported on a conveyor belt
moving with speed vy = 0.42 m/s and are redirected by a diverter. The diverter is positioned at an angle of
¥ = 45 degree with respect to the border of the conveyor belt. Figure 1 illustrates the static velocity field of
the conveyor belt. Parts are transported with velocity vs*2* = (vr,0) in Region A and the diverter redirects
the parts. At the diverter (Region C), the parts are redirected according to the normal vector of the obstacle
surface v5t2* = (cos ) cos ¥, sin ¥ cos ). The area behind the diverter (Region B) is modelled in a way that should
prohibit parts from passing through the diverter, see [9]. The point (x4, yq) marks the end of the diverter.

6.2. Discretisation and solution properties

To numerically model the setting, we introduce a uniform grid Az = Ay on the selected area of the conveyor
belt. Initial conditions for the density at time t = 0 are given by the experimental data and normalised so that
Pmax = 1. The mollifier n which is used in the operator I(p) (1.2) is chosen as follows

g

n(x) = 5-e

—%UHmllg,
2w
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(m(la y(l)

vr

X

FI1GURE 1. Schematic view of the static field of the conveyor belt.

with ¢ = 10000.

In the original model formulation [9], the Heaviside function was introduced to avoid densities larger than
Pmax- In this work, we investigate the performances of two numerical schemes with two types of smooth approx-
imations of the Heaviside function, one sensibly closer than the other. The former is the approximation Hy
(atan), obtained using the inverse tangent

arctan(50(u — 1))

Hy(u) = = +0.5, (6.1)

while the latter is denoted Hj, (polynomial) and it is obtained by cubic spline interpolation with the following
conditions

Hy(u)=0 Yu < d; < 1, Hy(u)=1 Yu > dp > 1,
1
H,(d) =0, H,(1) = 3 H,(d,) =1, H,(d;) =0, H)(d,)=0.
The approximation H, for d; = % and d, = % together with the inverse tangent approximation are depicted in

Figure 2.

Using the inverse tangent approximation corresponds to activating the collision operator I(p) very close to
Pmax- On the other hand, with the polynomial approximation, the collision operator starts activating at % Pmaxs
which implies that clusters with densities values between % Pmax and pmax are already dispersed to some extent.
Numerically, this means that densities above the maximum one are more likely to appear when using the inverse
tangent approximation, while exploiting the polynomial approximation prevents from reaching such high values
of the density.

Clearly, different approximations of the Heaviside function lead to different Lipschitz constants Ly (2.1) and
therefore influence the CFL time steps of the Roe scheme (3.13) and of the Lax—Friedrichs scheme (5.5) and
(5.6). Moreover, the constants o and 3 given by the CFL condition for the Lax—Friedrichs scheme depend on
the Lipschitz constant Ly. Larger Lipschitz constants, and therefore higher viscosity coefficients o and 3, add
additional viscosity to the Lax—Friedrichs scheme and therefore more diffusion, as shown in [16]. Note that in
general, the Lax—Friedrichs scheme is more diffusive than the Roe scheme. To ensure conservation of mass within
the given area of the conveyor belt, we impose zero—flux—conditions at the boundaries of the conveyor belt for
the Lax—Friedrichs scheme. Therefore, at the boundary, the flux that would exit the domain is set to zero.

The Lipschitz constants of the approximations of the Heaviside functions depicted in Figure 2, as well as the
corresponding CFL conditions, are displayed in Table 1, for a fixed space step size Axz. The inverse tangent
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I
—— Heaviside function
------ Approximation (atan)
- -- Approximation (polynomial)

= v i
0.5} A 8
0 i r’, ...... |
0 0.5 1 1.5 2
p

FIGURE 2. The Heaviside function and approximations H; (atan) and H, (polynomial).

TABLE 1. CFL time steps for different Heaviside approximations and fixed Az, Ay.

Approximation Ly Az = Ay [m] CFL time step Roe [s] CFL time step LxF [s]
H, (atan) 16.42 1 x 1072 2.37 x 107* 1.21 x 1074
H, (polynomial) 2.09 1x 1072 1.63 x 1073 9.50 x 107*

approximation has a greater Lipschitz constant, leading to small CFL time steps and thus to an increased
computational effort.

We analyse the amount of parts that pass the obstacle, i.e. the outflow at the end of the obstacle (x4, yq).
The time-dependent mass function U(t) counts the measured parts that are located in the region Qg

17 (xay) GQO

6.2
0, otherwise (6.2)

N
U0 = & D A0,V 0.500) Ao (o.y) = {

where Qo = {(z,y) € R?| z < 24} is the left sided region upstream the obstacle and () (t),3)(t)) is the
position of part 4, ¢ € 1,..., N, at time t. The time-dependent mass function describing the outflow to the
solution of the conservation law is given by

1
U,(t) = W /QO p(x,t) dx. (6.3)

The outflow curves obtained using Roe scheme, Lax—Friedrichs scheme and the outflow measured experimentally
are shown in Figure 3. The parameters chosen for each scheme are those given in Table 1. Figure 4 displays the
L norms of the solution over time.

The outflow curve given by Roe scheme for both approximations of the Heaviside function is closer to the
experimental data, due to the fact that the scheme captures more congestion, as indicated also by the L°° norm.
With Roe scheme, as expected, the density piles up even more when using the inverse tangent approximation.
We observe that a maximum principle is not verified. On the contrary, with the polynomial approximation,
higher densities are avoided, since the collision operator is activated earlier. Due to the influence of the viscosity
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FIGURE 3. Outflow.
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FIGURE 4. Time evolution of the L>° norm of the approximate solutions.

coefficients, an opposite behaviour is observable with the Lax—Friedrichs scheme. Results for the L> norm of
the solution are quite promising using the polynomial approximation, whereas the viscosity of the scheme is too
large in the case of the inverse tangent approximation. The L> norm of the solution is constantly decreasing
over time because of diffusion.

Figure 5 displays the parts’ positions in the experiment and the density distribution computed with Roe
and Lax—Friedrichs scheme using the polynomial Heaviside approximation at time ¢ = 1.5s. The density plot of
the Roe scheme matches the experimental data quite well: regions with higher densities mostly coincide with
regions in the experiments, where the parts are side by side. In contrast, the Lax—Friedrichs scheme produces a
more widely spread density distribution. Even the parts on the upper section of the belt, which are transported
to the right with the velocity of the conveyor belt, are not correctly portrayed.

Since the Roe scheme using the sharper approximation of the Heaviside function provides the best result in
comparison to the experimental data, we analyse its behaviour for Az, Ay — 0. Table 2 shows the L', L2 and



MATERIAL FLOW ON CONVEYOR BELTS

699

FIGURE 5. Experimental data (left), results of the Roe scheme (middle) and the Lax—Friedrichs

scheme (right) at t = 1.5 s.

TABLE 2. Error norms of Roe scheme, with the inverse tangent approximation of the Heaviside
function (6.1), against experimental data.

Az =Ay CFL timestep L'-error LZ-error L™®-error ||pas — pazs2|lin 7(As)
1.6 x1071 3.8x1073 1.74 1.14 0.94 0.0966 0.78
8 x 1072 1.9x 1073 0.77 0.49 0.36 0.0561 1.06
4 %1072 9.47 x 107* 0.42 0.26 0.20 0.0268 0.86
2 x 1072 473 x 107* 0.16 0.10 0.10 0.0148 0.81
1x 1072 2.37 x 1074 0.09 0.07 0.09 0.008
5x 1073 1.18 x 107* 0.07 0.05 0.07

1.2 : :

—_

e
o0
T

<
=~
I

Amount of parts in front of obstacle
= o
[\ (@2}
I I

-+-- Space step 2 - 1072
- - - Space step 1-1072
—— Space step 5 - 1073
= Experiment

Space step 4 - 1072

‘<,
~.
-

o
o

0.5

F1GURE 6. Outflow computed by Roe scheme with different space step

tangent approximation of the Heaviside function (6.1).

sizes using the inverse

L= error of the outflow of the simulations with the Roe scheme and the inverse tangent approximation of the
Heaviside function compared to to the outflow given by the experimental data.

The scheme is evaluated for different space step sizes and their corresponding CFL time steps. We observe
that the error of the Roe scheme decreases as the space step decreases, suggesting the convergence of the outflow
to the experimental data, compare also Figure 6. As in [1], the convergence rate for the approximate solutions



700 E. ROSSI ET AL.

of the Roe scheme

Hpr - pAz/ZHLl )
||pAw/2 - pAw/4||L1

v(Az) = log, (

is computed using the L! distance between the numerical solutions pa, and pa, /2 corresponding to the grid
sizes Az and Az/2 at time t = 1. Note that the Roe scheme was adopted to treat the linear convection term
and the diffusion term of (1.1). If we put the diffusion term aside, the scheme is based on the upwind property
and the scheme therefore is similar to the monotone scheme. Thus, at most first order can be expected. The
results in Table 2 suggest a convergence rate of v = 0.8. Here, the diffusion term including the convolution does
not significantly worsen the performance of the scheme.

APPENDIX A. TECHNICAL LEMMA

Lemma A.1. Letn € (C3NW3>)(R?%;R). Then, forn =0,..., N, fori,j € Z, the following estimates hold:

|l <€ for k=1,2, (A1)
‘Jln(xiJrl/? ]) Jl LTj— 1/2,j)| < 2¢ Ax Hv27’]| LooHp ||L17 (A2)
| T (ig1)2,5) = ST (@iv1/2,541)| < 2€ Ay HVQUHLpr e (A.3)
|3 (i j11/2) — I3 (i j-12)] < 2 Ay || V20| Lo ll0” (1
|3 (g1 ja1y2) — I3 (@i j41/2)] < 26 Az HVQUHLOOHP s
[T (@ig372,5) = 27 (@ig1/2,5) — T (@im12,5)] < 2 (01||P 11+ callp” ||L1) ;o (A4)
5 @i 13/2) = 23 @ g41/2) =I5 @i4-172)] < 26 (B9)? (eallpllps + eallo” [ )
|J{l(xi+1/2,j)_JF(xi+l/2,j+l)_Jin(xi—l/Q,j) Ji (@i 1/2,]+1)| < 2eAzAyC, (A.5)
|3 (@5 j41/2) = I3 (i1, 511/2) =I5 (@5 j—12) = I3 (Tig1 j-1/2)| < 2e Az AyC,
where we set
_ n n|2 _ 3 _ 2 112
C=calpllp+ellp"ln,  a=2Vn| . =3[V (A.6)

Proof. The proof of (A.1) is immediate.
Pass now to (A.2). For the sake of simplicity, introduce the following notation:

D, = \/1 + H(Vn * P")($i+1/2»yj)H2, D_ = \/1 + H(VW * Pn)(mi—1/27yj)||2'

Hence,
|1 (12, 95) — ST (Tiz1/2,Y5)] (A7)
=¢& D Z Pr,e On(Tip1/2—1:Yj—t) — D Z Pr,e on(Ti—1/2—1:Yj—e)
t keez = ktez
Az Ay n
<e D Z Pl.e (3177(37i+1/2—k7yj—z) - 8177(%—1/2—1@79]'—@)) (A~8)
t keez
1 T
+eAzx Ay ‘D - Z ‘pk,g|’3177(357:_1/2—1@7%—2)’- (A.9)

k(€Z
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Consider (A.8): since Dy > 1 and

Tit1/2—k
|01 (i1 /21 yj—e) — On(@i1 j2—, Yj—e)| < / |07 (2, yj—¢)| da,
Ti—1/2—k
we obtain
[(A.8)] < e Az [[0Fy]] o 10" I (A.10)
On the other hand, to estimate (A.9), compute
1| p-D
D, D_| D.D_
Introduce a(z) = Vn * p™(z) and b(z) = (1 + ||z]|*)¥/2, for z € R2. In particular compute ¥ (z) = (1”2|”2)1/2
+ ||z
and observe that [b'(z)| < 1. Then
|Dy — D_| = [b(a(zi112)) — bla(zi—12))| = [V (a(@:)) @/ (&) (Tis1/2 — Tim1)2)]
a(icz) -
= | ———575 0V " (Z;) A
s (0. @) A
< Azl |92l (A11)
Therefore,
1 1 n 2 n
e Az Ay ‘D+ D Z |pk,é||al77(xi—1/2—kayj—2)| <elAz HV 77||Loo||P [l (A12)
k(€T
Inserting (A.10) and (A.12) into the estimate of (A.7) yields the desired result.
Consider now (A.4). Introduce the following notation: for p € {—1; 1; 3} set
2
Do = 1+ (V1 ) @i ) |-
Thus
T (@ivss2,5) = 27 (@ig1)2,5) + I (@io1)2,5)
- . (O1m * p")(Tiy3/2,5) _9 (O1n * p" ) (Tit1/2,5) n (O1m * p")(Ti-1/2,5)
D3 Dl D—l
N (O * p")(Tiy3/2,5) n (O * p" ) (w5-1/2,5)
D1 Dl
= —c| {55 = 75 ) @ p")(@irz25) + = (1 * p") (@igaya,5) — (On* p")(it1/2,5))
D3 D1 Dl

1 n n 1 1 "
+E((8lﬁ # p") (i1 /2,5) — (O * p")(@ig12,5)) + (D1 - D1> (O *p )(%’—1/2,]')) :
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Consider the terms separately, forgetting for a moment the € in front of everything. Focus first on the terms
with common denominator D;:

1
— (01 * p")(@is)2,5) — (O1m * p™)(iv1y2,5) + (O * p") (@iz1/2,5) — (O1n * p")(Zis1)2,5))

Dy
Ax Ay
= D, Z PZ,Z (8177($i+3/27kayj7€) - 8177(951'+1/27k7yj—6)
L peez
+ On(@i—1/2— ks Yj—t) — O1(Tig1/2—1s Yj—2))
Ax Ay " N .
=3 > oo Dx (O Eivr—k,y5—0) — On(Ei—k, yj0))
L peez
Tif1—k
Ax Ay n Wi 3
= D Z Pk.e Az 511177(337%4)(133
L peez s
<2 (AC”)Z ||5i°’1m}|Lm o™ |L1a (A.13)
with &;_p €]x;_1/0_k, Ti11/2-1[. We are left with
o1 (O1m * p™)(x )+ ot (O1m * p™)(x ) (A.14)
Ds Dy 1n*p i+3/2,5 D, D 1m*p i—1/2,5) .
Add and subtract to (A.14)
1 1
(D_1 - D1) (O1m * p™)(Tit3/2,5)-
Hence,
1 1 1 .
Ds 2 Dy + D, (01 p™ ) (Tiv3/2,5) (A.15)
1 1 n n
+ <D1 - D1> ((O1m* p")(wiz1/2,5) — (D1 % p™)(Titz/2,5)) - (A.16)
Consider first (A.16): exploiting also (A.11), we obtain
Dy —D_ .
[(A.16)] = # Az Ay Z P o (012121, yj—0) — On(Tigsja—1,Yj—0))
1=-1 k€7
D D Ti-1/2—k
= ﬁAﬂ? Ay Z I, / 5%177(%113'—4)0136
1= ke A
Ti+3/2—k
2
< 2(A2)*[|[V2n| < 10" 1171 (A.17)
As far as (A.15) is concerned, focus on the terms in the brackets:
1,1 1 DD, -2D;D_1+D;D
D3 D1 D,1 D3 Dl D,1
_ D_y(Dy— Ds) — Ds(D—1 — D1) & D3(Dy — Ds)
Ds Dy D,
_ (D1 =D3)(D1=Ds) D1 —=2Dy+ D3 (A.18)

D3 Dl D,1 Dl D,1
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Inserting the first addend of (A.18) back into (A.15) yields

(D-1— D3)(D1 — D3)

n 2 2 2 n (|12
Ds Dy D_, (Om=p )($i+3/2,j) <2(Ax) HV 77||Loo||P ||L17 (A.19)

(O * p")(Ti13/2,5)
Ds
f (A.18), focus on its numerator: with the notation introduced before (A.11),

D_1—-2D1+D3s=10 (a(xi+3/2)) —-20b (a(l‘i+1/2)) +b (a(x_l/g))
=V (a(Zi1)) @' (Fi11)(Tiysy2 — Tigry2) =V (@) @ (2:)(@ig1)2 — Tie)2)
= Az (V' (a(@i11)) (01Vn * p")(Zig1) — V' (a(:)) (01 Vi * p")(7:))
+ Az b (a(Z:)) (01Vn * p" ) (Ziy1)
= Az b (a(Zi+1)) — b (a(#:))] (01Vn * p")(Zi41)
+ Az V' (a(E:)) [(01Vn * p" ) (Fip1) — (01 Vn * p")(Z4)]
= Azb"(a(Tiz1)2)) @ (Tiz1y2) (Figr — &) (V0 * p") (Figa)
+ Az V' (a(#;) Ax Ay Y pf o (O0Vn(Eig1—k Yj—e) — OV ik, Yj—r))
k,tez
= Axb"(a(Tiy1/2)) @ (Tiy1/2) (Fipr — 30) (01V0 * p") (Fi41)

Tit1—k
+ Az b (a(Z;)) Az Ay Z PZ,Z/ 03 Vn(x,yj—¢) dx

k€T Ti—k

< 1. Concerning the second addend

where we exploit (A.11) twice and use the fact that

where #; €]x;_1/2,%;41/2[ and T 15 €], Ti41[. Now insert this estimate back into (A.18) and (A.15): since
b7 (2)] <1,

D_,—2D; + Dy
Dy D_,

(O * ") igsy2,5)| < 2(80) [0 TnlEc o™ s + 3 Vll " s ] (A20)

Collecting together (A.13), (A.17), (A.19) and (A.20) yields

|J1 $z+3/2ayg) -2J7 (xz+1/27y]) + J1 (i 1/2,%)‘ < 25(Ax (2 ||V377HL90||P HLl +3 ||V277HL(X>||P ||L1) :

The proofs of the other inequalities follow analogously.
O
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