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PERIODIC SOLUTIONS OF A HYSTERESIS MODEL FOR BREATHING

Michela Eleuteri1,*, Erica Ipocoana1, Jana Kopfová2 and Pavel Krejč́ı3,4

Abstract. We propose to model the lungs as a viscoelastic deformable porous medium with a hys-
teretic pressure–volume relationship described by the Preisach operator. Breathing is represented as an
isothermal time-periodic process with gas exchange between the interior and exterior of the body. The
main result consists in proving the existence of a periodic solution under an arbitrary periodic forcing
in suitable function spaces.
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1. Introduction

As pointed out in [18], the first measurements which showed a hysteretic pressure–volume characteristic in
mammalian lungs were obtained in [6] in 1913. There exist different hypotheses about the nature of the forces
which originate the hysteresis behaviour by opposing the lung distension, but up to now, there is no theory
which could explain both small and large volume excursions, as reported in [24]. A mechanical system combining
linear viscoelasticity with the rate-independent Prandtl model of elastoplasticity was used by Hildebrandt in
[12] to describe the breathing process of cats. A morphological study of pressure–volume hysteresis has been
conducted dealing with rat lungs [11]. About twenty years later, the deformation of dogs’ lungs, treated as an
elastic body, was studied in [17]. In 2000, Lai-Fook and Hyatt proposed a model [16] describing the effect of
ages on human lungs, according to the pressure–volume curve.

Several other contributions appeared also in the last years, (see for instance [19] for a survey), with particular
emphasis on the role of hysteresis in mammalian lungs [9]. We point out that most of the research is concerned
with mammalian lungs [4,5,13], in particular with human lungs [20] for medical purposes; some other studies are
concerned with rats [8], some others with pigs [22]. In this paper we refer to the analysis carried out by Flynn
in [10], where the Preisach operator is shown to be an appropriate model for the pressure–volume hysteresis
relationship in mammalian lungs.
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Studying the relationship between pressure and volume in mammalian lungs can be useful in order to ventilate
patients with lung disease [3]. In particular, pressure–volume curves could help in setting the ventilator correctly
and so to prevent the possibility of damaging the patient’s lungs.

One of the strategies used in order to deal with the setting of the ventilator is to understand how the healthy
lungs respond to mechanical ventilation. In [20] a ventilation model simulating hysteretic pressure–volume
relationships in the lungs of a healthy subject is shown. Moreover, pressure–volume loops were used to develop
a new technique for treating patients with Acute Lung Injury (ALI). This procedure gave the same levels of
oxygen but with lower airway pressures and less over-inflation than other techniques [2]. Furthermore, [2] also
shows that this kind of strategy reduced trauma and increased survival, with respect to methods which do not
take into account pressure–volume curves.

Our work focuses on representing the breathing as an isothermal time-periodic process described by a PDE
system with hysteresis. Our model system is derived from the principles of conservation of mass and momentum
under the small deformation hypothesis, so that we deal with the linearized strain tensor. The resulting system
has a similar structure as the model for unsaturated deformable porous media proposed in [1], but with different
boundary conditions. Instead of prescribing boundary displacement as in [1], we prescribe here mechanical
reaction between lungs and their surroundings. The difficulty here is that we look for periodic solutions under
periodic forcing, so that we do not control the initial energy, and the only information available comes from the
dissipation mechanisms. Unlike in [7], we cannot expect here any convexity in the hysteretic pressure–volume
relation, and viscosity of the solid matrix material has to be assumed instead as the main source of dissipation.

The mathematical problem we solve here consists in proving that our PDE system with a degenerating
pressure–mass content term under the time derivative admits a periodic solution for every periodic boundary
forcing with a given regularity.

The structure of the paper is as follows. In Section 2 we present our model and state the main result of this
work, which is Theorem 2.3. In Section 3 we summarize the main properties of the Preisach operator which are
needed in the analysis of the problem. Theorem 2.3 is proved in Sections 4 and 5 in several steps. The degeneracy
of the nonlinearities makes it difficult to estimate the time derivative of the pressure. We therefore regularize in
Section 4 the nonlinearity by means of a cut-off parameter, and construct the corresponding periodic solutions by
Galerkin approximations and a fixed point argument. Subsequently, in Section 5, we use a Moser-type technique
adapted to the time-periodic case to obtain 𝐿∞-estimates of the pressure, which allow us to remove the cut-off
parameter and prove that the solution of the cut-off system satisfies the original degenerate system, too.

2. Statement of the problem

The modeling idea is to represent the lungs as a nonhomogeneous deformable viscoelastic porous body with
gas exchange with the exterior and its motion is controlled by external forces acting on its boundary. Let 𝑢
denote the displacement vector in the solid, let 𝜎 be the stress tensor, let 𝑞 be the gas mass flux and let 𝑠 be
the gas mass content in the pores. Similarly as in [1], we assume that the system is governed by the momentum
balance equation

𝜌𝑢𝑡𝑡 = div 𝜎, (2.1)

where 𝜌 is the solid mass density, and by the gas mass balance

𝑠𝑡 + div 𝑞 = 0, (2.2)

where 𝑞 is the mass flux. We consider constitutive relations

𝜎 = B(𝑥)∇𝑠𝑢𝑡 + A(𝑥)∇𝑠𝑢− 𝑝𝛿, (2.3)

where B(𝑥) (viscosity), A(𝑥) (elasticity) are symmetric positive definite constant tensors of order 4 depending
on 𝑥 ∈ Ω, the symbol ∇𝑠 denotes the symmetric gradient, 𝑝 is the air pressure, and 𝛿 is the Kronecker tensor.
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The pressure–volume relation is assumed in the form

𝑓(𝑥, 𝑝) +𝐺[𝑝] =
1
𝜌𝑎
𝑠− div 𝑢, (2.4)

where 𝜌𝑎 > 0 is the referential air mass density at standard pressure, 𝑓 : Ω × R → (0,∞) is a given function
increasing in 𝑝, and 𝐺 is a Preisach operator defined in Section 3.

We can interpret (2.4) as follows. Under the small deformation hypothesis, the term div 𝑢 represents the
void volume difference with respect to the reference state, hence, at constant pressure, if div 𝑢 increases, then
𝑠/𝜌𝑎 increases at the same rate. Similarly, at constant void volume, the mass content 𝑠 is an increasing function
(with different inflation and deflation curves) of the pressure. Finally, at constant gas mass content, the pressure
increases if the void volume decreases. Notice also that the mass content 𝑠 cannot be negative, so that, e. g., at
constant volume, the pressure term 𝑓(𝑥, 𝑝) +𝐺[𝑝] must be bounded from below. This is why we have to admit
the degeneracy of the partial derivative 𝑓𝑝(𝑥, 𝑝) := 𝜕𝑓

𝜕𝑝 (𝑥, 𝑝) in Hypothesis 2.1 (i) below.
For the mass flux we assume the Darcy law

𝑞 = −𝜌𝑎𝜇(𝑥)∇𝑝 (2.5)

with a space-dependent permeability coefficient 𝜇(𝑥) > 0. The full PDE system thus reads

𝜌𝑢𝑡𝑡 = div (B(𝑥)∇𝑠𝑢𝑡 + A(𝑥)∇𝑠𝑢)−∇𝑝 , (2.6)
(𝑓(𝑥, 𝑝) +𝐺[𝑝])𝑡 = −div 𝑢𝑡 + div𝜇(𝑥)∇𝑝 , (2.7)

for 𝑥 in a bounded connected Lipschitzian domain Ω ⊂ R3 and for 𝑡 ≥ 0. On the boundary 𝜕Ω we prescribe
boundary conditions

−𝜎 · 𝑛
⃒⃒
𝜕Ω

= 𝛽(𝑥)(C(𝑥)𝑢+ D(𝑥)𝑢𝑡 − 𝑔) + 𝑝𝑛 ,
1
𝜌𝑎
𝑞 · 𝑛

⃒⃒
𝜕Ω

= 𝛼(𝑥)(𝑝− 𝑝)− 𝑢𝑡 · 𝑛 , (2.8)

where 𝑛 is the unit outward normal vector, 𝑔 = 𝑔(𝑥, 𝑡) is a given external force acting on the body Ω, 𝑝 = 𝑝(𝑥, 𝑡)
is the given outer air pressure, C(𝑥),D(𝑥) are symmetric positive definite 3× 3 matrices depending on 𝑥 ∈ 𝜕Ω,
𝛽(𝑥) ≥ 0 is the relative elasticity modulus of the boundary at the point 𝑥 ∈ 𝜕Ω, and 𝛼(𝑥) ≥ 0 is the boundary
permeability at the point 𝑥 ∈ 𝜕Ω.

The physical meaning of the first boundary condition in (2.8) is that on the part of the boundary where
𝛽 is positive, the body Ω interacts with the exterior, which is viscoelastic with stiffness C(𝑥), viscosity D(𝑥),
and active traction component 𝑔. There is no mechanical interaction with the exterior on the part of boundary
where 𝛽 vanishes. Similarly, the second boundary condition in (2.8) reflects the assumption that gas exchange
proportional to the inner and outer pressure difference takes place on the part of the boundary where 𝛼 is
positive.

We denote
𝑋3 = 𝑊 1,2(Ω; R3) , 𝑋 = 𝑊 1,2(Ω) , (2.9)

and reformulate Problems (2.6) and (2.7) in variational form for all test functions 𝜑 ∈ 𝑋3 and 𝜓 ∈ 𝑋 as follows:∫︁
Ω

(︀
𝜌𝑢𝑡𝑡𝜑+ (B(𝑥)∇𝑠𝑢𝑡 + A(𝑥)∇𝑠𝑢) : ∇𝑠𝜑+∇𝑝 𝜑

)︀
d𝑥

+
∫︁

𝜕Ω

𝛽(𝑥)(C(𝑥)𝑢+ D(𝑥)𝑢𝑡 − 𝑔)𝜑 d𝑠(𝑥) = 0 , (2.10)∫︁
Ω

(︀
(𝑓(𝑥, 𝑝) +𝐺[𝑝])𝑡𝜓 + (𝜇(𝑥)∇𝑝− 𝑢𝑡)∇𝜓

)︀
d𝑥+

∫︁
𝜕Ω

𝛼(𝑥)(𝑝− 𝑝)𝜓 d𝑠(𝑥) = 0 , (2.11)

and the identities (2.10) and (2.11) are supposed to hold for a.e. 𝑡 > 0.
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We fix a period 𝑇 > 0 and denote by 𝐿𝑞
𝑇 the 𝐿𝑞-space of 𝑇 -periodic functions 𝑣 : R → R for 𝑞 ≥ 1, by 𝑊 1,𝑞

𝑇

the associated Sobolev space, and by 𝐶𝑇 the space of continuous real 𝑇 -periodic functions on R. Similarly, we
deal with the spaces 𝐿𝑞

𝑇 (𝑋) and 𝐿𝑞
𝑇 (𝑋3) of 𝑇 -periodic 𝐿𝑞-functions 𝑣 : R → 𝑋 and 𝑣 : R → 𝑋3, respectively,

as well as with the spaces 𝐿𝑞(Ω;𝐶𝑇 ) and 𝐿𝑞(Ω;𝑊 1,𝑞
𝑇 ).

Hypothesis 2.1. We assume that

(i) 𝑓 : Ω×R → R is such that 𝑓(·, 𝑝) is bounded and measurable for all 𝑝 ∈ R, 𝑓(𝑥, ·) is continuously differentiable
in R for a.e. 𝑥 ∈ Ω, and there exist constants 0 < 𝑓 ♭ < 𝑓 ♯ and 𝜔 ≥ 0 with the property

𝑓 ♭

1 + 𝑝2
≤ 𝑓𝑝(𝑥, 𝑝) :=

𝜕𝑓

𝜕𝑝
(𝑥, 𝑝) ≤ 𝑓 ♯(1 + 𝑝2)𝜔 a.e. ∀𝑝 ∈ R ;

(ii) The permeability coefficient 𝜇 belongs to 𝐿∞(Ω) and there exists a constant 𝜇0 > 0 such that 𝜇(𝑥) ≥ 𝜇0 a.e.;
(iii) The nonnegative functions 𝛼 and 𝛽 belong to 𝐿∞(𝜕Ω) and we have

∫︀
𝜕Ω
𝛽(𝑥) d𝑠(𝑥) > 0,

∫︀
𝜕Ω
𝛼(𝑥) d𝑠(𝑥) > 0;

(iv) The functions 𝑔, 𝑔𝑡 belong to 𝐿2
𝑇 (𝐿2(𝜕Ω; R3)), 𝑝, 𝑝𝑡 belong to 𝐿2

𝑇 (𝐿2(𝜕Ω)), 𝑝 ∈ 𝐿∞(𝜕Ω× (0, 𝑇 ));
(v) The symmetric positive definite tensors A,B ∈ 𝐿∞(Ω; R3×3

𝑠 × R3×3
𝑠 ), where R3×3

𝑠 is the space of real sym-
metric tensors of order 3×3, and symmetric definite matrices C,D ∈ 𝐿∞(𝜕Ω; R3) are given and there exists
a constant 𝑐, independent of 𝑥, such that{︂

A(𝑥)𝜉 : 𝜉 ≥ 𝑐(𝜉 : 𝜉), B(𝑥)𝜉 : 𝜉 ≥ 𝑐(𝜉 : 𝜉) a.e. ∀𝜉 ∈ R3×3
𝑠

C(𝑥)𝑣 · 𝑣 ≥ 𝑐|𝑣|2, D(𝑥)𝑣 · 𝑣 ≥ 𝑐|𝑣|2 a.e. ∀𝑣 ∈ R3 .

Indeed, the lower bound for 𝑓𝑝(𝑥, 𝑝) does not exclude the relevant case that 𝑓 is bounded from below, as
mentioned in the comment on the modeling hypothesis (2.4).

The Preisach operator 𝐺 is characterized by its density function 𝛾, see Definition 3.3 below. We suppose that
it has the following properties.

Hypothesis 2.2. Let 𝛾 ∈ 𝐿∞(Ω× (0,∞)× R) be a given function, 𝛾(𝑥, 𝑟, 𝑣) ≥ 0 a.e., and there exists 𝐵 > 0
such that

𝛾(𝑥, 𝑟, 𝑣) = 0 for 𝑟 + |𝑣| ≥ 𝐵. (2.12)

Moreover, assume that there exists a function 𝛾* ∈ 𝐿1(0,∞) such that for a.e. (𝑥, 𝑟, 𝑣) ∈ Ω × (0,∞) × R we
have 0 ≤ 𝛾(𝑥, 𝑟, 𝑣) ≤ 𝛾*(𝑟), and we put

𝐶*𝛾 =
∫︁ ∞

0

𝛾*(𝑟) d𝑟. (2.13)

Theorem 2.3. Let Hypotheses 2.1 and 2.2 hold. Then equations (2.10) and (2.11) have a solution (𝑢, 𝑝) such
that 𝑢, 𝑢𝑡,∇𝑝 ∈ 𝐿2

𝑇 (𝐿2(Ω; R3)) ∩ 𝐿∞(𝑇, 2𝑇 ;𝐿2(Ω; R3)), 𝑢𝑡𝑡 ∈ 𝐿2
𝑇 (𝐿2(Ω; R3)), 𝑝𝑡 ∈ 𝐿2

𝑇 (𝐿2(Ω)), 𝑝 ∈ 𝐿∞(Ω ×
(𝑇, 2𝑇 )), ∇𝑠𝑢,∇𝑠𝑢𝑡 ∈ 𝐿2

𝑇 (𝐿2(Ω; R3×3)) ∩ 𝐿∞(𝑇, 2𝑇 ;𝐿2(Ω; R3×3)).

The main issue is the possibly degenerate character of the function 𝑓 and of the operator 𝐺, which makes
it difficult to estimate the time derivative of 𝑝. The proof will therefore be carried out in several steps in
Sections 4 and 5 below. The reason why [𝑇, 2𝑇 ] is chosen to be the referential interval for 𝑇 -periodic functions
is related to the properties of the operator 𝐺 and is explained below in Remark 3.7 (i).

3. Preisach operator

We recall here the basic theory of hysteresis operators, in particular of the Preisach operator, which is needed
in the sequel. The detailed proofs of the statements of this Section can be found in [15].
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We construct the Preisach operator 𝐺 in terms of the play operator, which is defined as a solution to the
following variational inequality⎧⎪⎨⎪⎩

|𝑝(𝑡)− 𝜉𝑟(𝑡)| ≤ 𝑟 ∀𝑡 ≥ 0,
(𝜉𝑟(𝑡))𝑡(𝑝(𝑡)− 𝜉𝑟(𝑡)− 𝑧) ≥ 0 a.e. ∀𝑧 ∈ [−𝑟, 𝑟],
𝑝(0)− 𝜉𝑟(0) = max{−𝑟,min{𝑝(0), 𝑟}}.

(3.1)

It is well known (see [14,23]) that for any given input function 𝑝 ∈𝑊 1,1
loc (0,∞) and each parameter 𝑟 > 0, there

exists a unique solution 𝜉𝑟 ∈ 𝑊 1,1
loc (0,∞) of the variational inequality (3.1). The mapping p𝑟 : 𝑊 1,1

loc (0,∞) →
𝑊 1,1

loc (0,∞) which with each 𝑝 ∈ 𝑊 1,1
loc (0,∞) associates the solution 𝜉𝑟 ∈ 𝑊 1,1

loc (0,∞) of (3.1) is called the play
operator and the parameter 𝑟 > 0 can be interpreted as a memory parameter.

As pointed out in [23], the play operator is causal in the sense that the values of p𝑟[𝑝](𝑡) depend only on past
values 𝑝(𝜏) of 𝑝 for 𝜏 ∈ [0, 𝑡]. It is therefore meaningful to consider restrictions of the play operator to inputs
defined on a bounded time interval [0, 𝑇 ] for any 𝑇 > 0.

Proposition 3.1. For each 𝑟 > 0 and 𝑇 > 0, the mapping p𝑟 : 𝑊 1,1(0, 𝑇 ) →𝑊 1,1(0, 𝑇 ) is Lipschitz continuous
and admits a Lipschitz continuous extension to p𝑟 : 𝐶[0, 𝑇 ] → 𝐶[0, 𝑇 ], in the sense that for every 𝑝1, 𝑝2 ∈ 𝐶[0, 𝑇 ]
and for every 𝑡 ∈ [0, 𝑇 ] we have

|p𝑟[𝑝1](𝑡)− p𝑟[𝑝2](𝑡)| ≤ ‖𝑝1 − 𝑝2‖[0,𝑡] := max
𝜏∈[0,𝑡]

|𝑝1(𝜏)− 𝑝2(𝜏)|. (3.2)

Besides, for every 𝑝 ∈𝑊 1,1
loc (0,∞), the energy balance equation

p𝑟[𝑝]𝑡𝑝−
1
2
(p2

𝑟[𝑝])𝑡 = |𝑟p𝑟[𝑝]𝑡| (3.3)

and the identity
p𝑟[𝑝]𝑡𝑝𝑡 = (p𝑟[𝑝]𝑡)2 ≥ 0 (3.4)

hold almost everywhere in (0,∞).

Proposition 3.2. Let 𝑝 ∈𝑊 1,1
loc (0,∞) be periodic with period 𝑇 > 0. Then p𝑟[𝑝](𝑡+𝑇 ) = p𝑟[𝑝](𝑡) for all 𝑡 ≥ 𝑇 ,

that is, p𝑟[𝑝] is periodic for 𝑡 ≥ 𝑇 for all 𝑟 > 0.

In what follows, we consider input functions 𝑝 which depend on 𝑥 ∈ Ω and 𝑡 > 0. For 𝑟 > 0, 𝑞 ≥ 1, and
𝑝 ∈ 𝐿𝑞(Ω;𝐶𝑇 ) we interpret the play p𝑟[𝑝](𝑥, 𝑡) as

p𝑟[𝑝](𝑥, 𝑡) = p𝑟[𝑝(𝑥, ·)](𝑡). (3.5)

Definition 3.3. Let 𝛾 be given and satisfy Hypothesis 2.2. For 𝑝 ∈ 𝐿𝑞(Ω;𝐶𝑇 ) we define the value of the
Preisach operator 𝐺 by the integral

𝐺[𝑝](𝑥, 𝑡) =
∫︁ ∞

0

∫︁ 𝜉𝑟(𝑥,𝑡)

0

𝛾(𝑥, 𝑟, 𝑣) d𝑣 d𝑟, (3.6)

where 𝜉𝑟(𝑥, 𝑡) = p𝑟[𝑝](𝑥, 𝑡) is the output of the play operator applied to 𝑝.

From the properties of the play operator in Proposition 3.1, namely (3.2) and (3.4), we can prove the Lipschitz
continuity and the local monotonicity of the Preisach operator.

Proposition 3.4. Let 𝛾 be a function fulfilling Hypothesis 2.2. Then, the Preisach operator is pointwise Lip-
schitz continuous in 𝐿𝑞(Ω;𝐶𝑇 ) for 𝑞 ≥ 1, i.e., for all 𝑝1, 𝑝2 ∈ 𝐿𝑞(Ω;𝐶𝑇 ), a.e. 𝑥 ∈ Ω, and all 𝑡 > 0, it holds

|𝐺[𝑝1](𝑥, 𝑡)−𝐺[𝑝2](𝑥, 𝑡)| ≤ 𝐶*𝛾 max
𝜏∈[0,𝑡]

|𝑝1(𝑥, 𝜏)− 𝑝2(𝑥, 𝜏)|, (3.7)

where 𝐶*𝛾 is defined in Hypothesis 2.2.
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Proposition 3.5. Let the Preisach operator 𝐺 from Definition 3.3 satisfy Hypothesis 2.2. Then 𝐺 is locally
monotone in the sense that for every 𝑝 ∈ 𝐿𝑞(Ω;𝑊 1,1

𝑇 ), 𝐺[𝑝] belongs to 𝐿𝑞(Ω;𝑊 1,1
𝑇 ), and

𝐺[𝑝]𝑡(𝑥, 𝑡)𝑝𝑡(𝑥, 𝑡) ≥ 0 a.e. (3.8)

Moreover, as a consequence of the energy identity (3.3), we have p𝑟[𝑝]𝑡(𝑝−p𝑟[𝑝]) ≥ 0 a.e. Hence, the inequality
p𝑟[𝑝]𝑡(ℎ(𝑝)−ℎ(p𝑟[𝑝])) ≥ 0 holds almost everywhere for every nondecreasing function ℎ : R → R. We then easily
conclude that the following Preisach energy inequality holds:

Proposition 3.6. Let ℎ : R → R be nondecreasing. Then for every 𝑝 ∈ 𝐿𝑞(Ω;𝑊 1,1
𝑇 ) and a.e. (𝑥, 𝑡) ∈ Ω× (0,∞)

it holds
𝐺[𝑝]𝑡 ℎ(𝑝)− 𝑉ℎ[𝑝]𝑡 ≥ 0 (3.9)

where 𝑉ℎ[𝑝](𝑥, 𝑡) =
∫︀∞
0

∫︀ 𝜉𝑟(𝑥,𝑡)

0
𝛾(𝑥, 𝑟, 𝑣)ℎ(𝑣) d𝑣 d𝑟 is the h-energy potential.

Remark 3.7. Let 𝐺 be a Preisach operator as in Definition 3.3.

(i) By Propositions 3.1 and 3.2, the output 𝐺[𝑝] is time periodic for 𝑡 ≥ 𝑇 , and can be considered as an element
of 𝐿𝑞(Ω;𝐶𝑇 ) with referential interval [𝑇, 2𝑇 ].

(ii) By Proposition 3.4, the Preisach operator 𝐺 as a mapping 𝐿𝑞(Ω;𝐶𝑇 ) → 𝐿𝑞(Ω;𝐶𝑇 ) is Lipschitz continuous.
(iii) The “physical” energy inequality in (3.9) corresponds to the choice ℎ(𝑝) = 𝑝. For the Moser iterations in

Section 5, we also choose ℎ(𝑝) approximating suitable powers of 𝑝.

4. An approximation scheme

As a first step towards the proof of Theorem 2.3, we choose a cut-off parameter 𝑅 > 0, define the function

𝑓 (𝑅)(𝑥, 𝑝) =

⎧⎨⎩ 𝑓(𝑥,−𝑅) + 𝑓𝑝(𝑥,−𝑅)(𝑝+𝑅) for 𝑝 ≤ −𝑅,
𝑓(𝑥, 𝑝) for 𝑝 ∈ (−𝑅,𝑅),
𝑓(𝑥,𝑅) + 𝑓𝑝(𝑥,𝑅)(𝑝−𝑅) for 𝑝 ≥ 𝑅,

(4.1)

and replace the systems (2.10) and (2.11) with∫︁
Ω

(︀
𝜌𝑢𝑡𝑡𝜑+ (B(𝑥)∇𝑠𝑢𝑡 + A(𝑥)∇𝑠𝑢) : ∇𝑠𝜑+∇𝑝 𝜑

)︀
d𝑥

+
∫︁

𝜕Ω

𝛽(𝑥)(C(𝑥)𝑢+ D(𝑥)𝑢𝑡 − 𝑔)𝜑d𝑠(𝑥) = 0 , (4.2)∫︁
Ω

(︀
(𝑓 (𝑅)(𝑥, 𝑝) +𝐺[𝑝])𝑡𝜓 + (𝜇(𝑥)∇𝑝− 𝑢𝑡)∇𝜓

)︀
d𝑥+

∫︁
𝜕Ω

𝛼(𝑥)(𝑝− 𝑝)𝜓 d𝑠(𝑥) = 0. (4.3)

We now choose orthonormal bases {𝜑𝑙}∞𝑙=0 in 𝐿2(Ω) and {𝑒𝑘}∞𝑘=−∞ in 𝐿2
𝑇 as

−𝛥𝜑𝑙 = 𝜆𝑙𝜑𝑙 in Ω, ∇𝜑𝑙 · 𝑛 = 0 on 𝜕Ω,

𝑒𝑘(𝑡) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
2
𝑇 sin 2𝜋𝑘

𝑇 𝑡 for 𝑘 ≥ 1,

1
𝑇 for 𝑘 = 0,

2
𝑇 cos 2𝜋𝑘

𝑇 𝑡 for 𝑘 ≤ −1.

(4.4)

Note that for every 𝑘 ∈ Z we have

𝑒̇𝑘(𝑡) =
2𝜋𝑘
𝑇

𝑒−𝑘(𝑡), (4.5)
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where the dot denotes here and in the sequel the derivative with respect to 𝑡.
For a fixed 𝑚 ∈ N we consider Galerkin approximations of (𝑢, 𝑝) in the form

𝑢
(𝑚)
𝑗 (𝑥, 𝑡) =

𝑚∑︁
𝑘=−𝑚

𝑚∑︁
𝑙=0

𝑢𝑗𝑘𝑙𝜑𝑙(𝑥)𝑒𝑘(𝑡),

𝑝(𝑚)(𝑥, 𝑡) =
𝑚∑︁

𝑘=−𝑚

𝑚∑︁
𝑙=0

𝑝𝑘𝑙𝜑𝑙(𝑥)𝑒𝑘(𝑡),
(4.6)

where the scalars 𝑢𝑗𝑘𝑙, 𝑝𝑘𝑙 are the new unknowns of the problem∫︁ 2𝑇

𝑇

∫︁
Ω

(︁
𝜌𝑢

(𝑚)
𝑡𝑡 𝜂𝑗𝜑𝑙 +

(︁
B(𝑥)∇𝑠𝑢

(𝑚)
𝑡 + A(𝑥)∇𝑠𝑢

(𝑚)
)︁

: ∇𝑠(𝜂𝑗𝜑𝑙) +∇𝑝(𝑚) 𝜂𝑗𝜑𝑙

)︁
𝑒−𝑘(𝑡) d𝑥 d𝑡

+
∫︁ 2𝑇

𝑇

∫︁
𝜕Ω

𝛽(𝑥)
(︁
C(𝑥)𝑢(𝑚) + D(𝑥)𝑢(𝑚)

𝑡 − 𝑔
)︁
𝜂𝑗𝜑𝑙𝑒−𝑘(𝑡) d𝑠(𝑥) d𝑡 = 0, (4.7)∫︁ 2𝑇

𝑇

∫︁
Ω

(︁(︁
𝑓 (𝑅)(𝑥, 𝑝(𝑚)) +𝐺[𝑝(𝑚)]

)︁
𝑡
𝜑𝑙 +

(︁
𝜇(𝑥)∇𝑝(𝑚) − 𝑢

(𝑚)
𝑡

)︁
∇𝜑𝑙

)︁
𝑒𝑘(𝑡) d𝑥 d𝑡

+
∫︁ 2𝑇

𝑇

∫︁
𝜕Ω

𝛼(𝑥)
(︁
𝑝(𝑚) − 𝑝

)︁
𝜑𝑙𝑒𝑘(𝑡) d𝑠(𝑥) d𝑡 = 0, (4.8)

for 𝑗 = 1, 2, 3, 𝑙 = 0, . . . ,𝑚, and 𝑘 = −𝑚, . . . ,𝑚, where 𝜂𝑗 are the vectors

𝜂1 =

⎛⎝ 1
0
0

⎞⎠ , 𝜂2 =

⎛⎝ 0
1
0

⎞⎠ , 𝜂3 =

⎛⎝0
0
1

⎞⎠ .

This is an algebraic system of 3 × 2(2𝑚 + 1) × 2(𝑚 + 1) equations for 3 × 2(2𝑚 + 1) × 2(𝑚 + 1) unknowns
(𝑢𝑗𝑘𝑙, 𝑝𝑘𝑙), 𝑗 = 1, 2, 3, 𝑘 = −𝑚, . . . ,𝑚, 𝑙 = 0, . . .𝑚.

We prove that it has a solution by a homotopy argument. We first derive some a priori estimates.

4.1. A priori estimates

In the sequel, we will systematically use the inequalities∫︁
Ω

|𝑣|2 d𝑥+
∫︁

Ω

|∇𝑣|2 d𝑥 ≤ 𝐶

(︂∫︁
Ω

|∇𝑣|2 d𝑥+
∫︁

𝜕Ω

𝛼(𝑥)|𝑣|2 d𝑠(𝑥)
)︂
,∫︁

Ω

|𝑤|2 d𝑥+
∫︁

Ω

|∇𝑤|2 d𝑥 ≤ 𝐶

(︂∫︁
Ω

|∇𝑠𝑤|2 d𝑥+
∫︁

𝜕Ω

𝛽(𝑥)|𝑤|2 d𝑠(𝑥)
)︂
,

(4.9)

for all 𝑣 ∈ 𝑋 and 𝑤 ∈ 𝑋3, which follow from the Poincaré and Korn inequalities, see [21].
Multiplying (4.7) by 2𝜋𝑘

𝑇 𝑢𝑗𝑘𝑙, (4.8) by 𝑝𝑘𝑙 and summing up using (4.5) we obtain∫︁ 2𝑇

𝑇

∫︁
Ω

(︂
B(𝑥)∇𝑠𝑢

(𝑚)
𝑡 :∇𝑠𝑢

(𝑚)
𝑡 +𝐺

[︁
𝑝(𝑚)

]︁
𝑡
𝑝(𝑚) + 𝜇(𝑥)

⃒⃒⃒
∇𝑝(𝑚)

⃒⃒⃒2)︂
d𝑥 d𝑡

+
∫︁ 2𝑇

𝑇

∫︁
𝜕Ω

(︁
𝛽(𝑥)

(︁
D(𝑥)𝑢(𝑚)

𝑡 − 𝑔
)︁
· 𝑢(𝑚)

𝑡 + 𝛼(𝑥)
(︁
𝑝(𝑚) − 𝑝

)︁
𝑝(𝑚)

)︁
d𝑠(𝑥) d𝑡 = 0. (4.10)

Note that the integral of the time derivative of a 𝑇 -periodic function over the period vanishes.
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From the Preisach energy inequality (3.9), the Hölder inequality, and Hypothesis 2.1 it follows that

∫︁ 2𝑇

𝑇

∫︁
Ω

(︂⃒⃒⃒
∇𝑠𝑢

(𝑚)
𝑡

⃒⃒⃒2
+
⃒⃒⃒
∇𝑝(𝑚)

⃒⃒⃒2)︂
d𝑥d𝑡+

∫︁ 2𝑇

𝑇

∫︁
𝜕Ω

(︂
𝛽(𝑥)

⃒⃒⃒
𝑢

(𝑚)
𝑡

⃒⃒⃒2
+ 𝛼(𝑥)

⃒⃒⃒
𝑝(𝑚)

⃒⃒⃒2)︂
d𝑠(𝑥) d𝑡

≤ 𝐶

∫︁ 2𝑇

𝑇

∫︁
𝜕Ω

(︀
𝛽(𝑥)|𝑔|2 + 𝛼(𝑥)𝑝2

)︀
d𝑠(𝑥) d𝑡 ≤ 𝐶, (4.11)

where 𝐶 denotes here and in the sequel any constant independent of 𝑚 and 𝑅.
The next estimate is obtained when testing (4.7) by 𝑢𝑗(−𝑘)𝑙 and summing up, which yields

∫︁ 2𝑇

𝑇

∫︁
Ω

(︂
A(𝑥)∇𝑠𝑢

(𝑚):∇𝑠𝑢
(𝑚) + 𝑢(𝑚)∇𝑝(𝑚) − 𝜌

⃒⃒⃒
𝑢

(𝑚)
𝑡

⃒⃒⃒2)︂
d𝑥 d𝑡

+
∫︁ 2𝑇

𝑇

∫︁
𝜕Ω

(︁
𝛽(𝑥)

(︁
C(𝑥)𝑢(𝑚) − 𝑔

)︁
· 𝑢(𝑚)

)︁
d𝑠(𝑥) d𝑡 = 0. (4.12)

It thus follows from (4.9), (4.11), and (4.12) together with Hypothesis 2.1 that

∫︁ 2𝑇

𝑇

∫︁
Ω

⃒⃒⃒
∇𝑠𝑢

(𝑚)
⃒⃒⃒2

d𝑥d𝑡+
∫︁ 2𝑇

𝑇

∫︁
𝜕Ω

𝛽(𝑥)
⃒⃒⃒
𝑢(𝑚)

⃒⃒⃒2
d𝑠(𝑥) d𝑡 ≤ 𝐶. (4.13)

We finally test (4.7) by −( 2𝜋𝑘
𝑇 )2𝑢𝑗(−𝑘)𝑙, (4.8) by − 2𝜋𝑘

𝑇 𝑝(−𝑘)𝑙 and sum up to obtain

∫︁ 2𝑇

𝑇

∫︁
Ω

(︂(︁
𝑓 (𝑅)

(︁
𝑥, 𝑝(𝑚)

)︁
+𝐺

[︁
𝑝(𝑚)

]︁)︁
𝑡
𝑝
(𝑚)
𝑡 + 𝜌

⃒⃒⃒
𝑢

(𝑚)
𝑡𝑡

⃒⃒⃒2
−A(𝑥)∇𝑠𝑢

(𝑚)
𝑡 : ∇𝑠𝑢

(𝑚)
𝑡 + 2∇𝑝(𝑚) 𝑢

(𝑚)
𝑡𝑡

)︂
d𝑥d𝑡

+
∫︁ 2𝑇

𝑇

∫︁
𝜕Ω

(︁
𝛽(𝑥)

(︁
−C(𝑥)𝑢(𝑚)

𝑡 + 𝑔𝑡

)︁
𝑢

(𝑚)
𝑡 + 𝛼(𝑥)𝑝𝑡 𝑝

(𝑚)
)︁

d𝑠(𝑥) d𝑡 = 0. (4.14)

In view of (4.11), Hypothesis 2.1, and the piecewise monotonicity of the operator 𝐺 this yields

∫︁ 2𝑇

𝑇

∫︁
Ω

(︂
𝑓 ♭

1 +𝑅2

⃒⃒⃒
𝑝
(𝑚)
𝑡

⃒⃒⃒2
+
⃒⃒⃒
𝑢

(𝑚)
𝑡𝑡

⃒⃒⃒2)︂
d𝑥d𝑡 ≤ 𝐶. (4.15)

We prove the existence of a solution to (4.7) and (4.8) by a topological argument. For 𝜅 ∈ [0, 1] we define a
mapping 𝐻𝜅 : R3 × R2(2𝑚+1) × R2(𝑚+1) → R3 × R2(2𝑚+1) × R2(𝑚+1) by the left-hand side of (4.7) and (4.8),
with 𝑓 (𝑅)(𝑥, 𝑝) replaced by (1−𝜅) 𝑓♭

1+𝑅2 𝑝+𝜅𝑓 (𝑅)(𝑥, 𝑝), 𝐺[𝑝] replaced by 𝜅𝐺[𝑝], 𝑔 replaced by 𝜅𝑔, and 𝑝 replaced
by 𝜅𝑝.

System (4.7) and (4.8) is of the form

𝐻1(𝑌 ) = 0, (4.16)

where 𝑌 = (𝑢𝑗𝑘𝑙, 𝑝𝑘𝑙), 𝑗 = 1, 2, 3, 𝑘 = −𝑚, . . . ,𝑚, 𝑙 = 0, . . .𝑚. The constant 𝐶 in the estimates (4.11), (4.13),
and (4.15) is independent of 𝜅 ∈ [0, 1]. Hence, the equation 𝐻𝜅(𝑌 ) = 0 has no solution outside a ball in
R3 × R2(2𝑚+1) × R2(𝑚+1) of a constant radius. The topological degree of 𝐻𝜅 with respect to this ball and the
point 0 is therefore constant for all 𝜅 ∈ [0, 1]. Since 𝐻0 is linear, its topological degree is odd. We conclude that
the degree of 𝐻1 is nonzero, and therefore the Equation (4.16) admits a solution in R3 × R2(2𝑚+1) × R2(𝑚+1),
see ([25], Sect. 13.6).
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4.2. Solution to the cut-off system (4.2) and (4.3)

The upper bound 𝐶 in estimates (4.11), (4.13), and (4.15) is independent of 𝑚 and 𝑅. More specifically, the
sequences {𝑢(𝑚)}, {𝑝(𝑚)} admit the bounds

⃒⃒⃒
𝑢

(𝑚)
𝑡

⃒⃒⃒
𝐿2

𝑇 (𝐿2(Ω;R3))
+
⃒⃒⃒
𝑢

(𝑚)
𝑡𝑡

⃒⃒⃒
𝐿2

𝑇 (𝐿2(Ω;R3))
+
⃒⃒⃒
∇𝑠𝑢

(𝑚)
⃒⃒⃒
𝐿2

𝑇 (𝐿2(Ω;R3×3))
+
⃒⃒⃒
∇𝑠𝑢

(𝑚)
𝑡

⃒⃒⃒
𝐿2

𝑇 (𝐿2(Ω;R3×3))

+ |𝑢(𝑚)|𝐿2
𝑇 (𝐿2

𝛽(𝜕Ω;R3)) +
⃒⃒⃒
𝑢

(𝑚)
𝑡

⃒⃒⃒
𝐿2

𝑇 (𝐿2
𝛽(𝜕Ω;R3))

≤ 𝐶, (4.17)

1
1 +𝑅

⃒⃒⃒
𝑝
(𝑚)
𝑡

⃒⃒⃒
𝐿2

𝑇 (𝐿2(Ω))
+
⃒⃒⃒
∇𝑝(𝑚)

⃒⃒⃒
𝐿2

𝑇 (𝐿2(Ω;R3))
+
⃒⃒⃒
𝑝(𝑚)

⃒⃒⃒
𝐿2

𝑇 (𝐿2
𝛼(𝜕Ω))

≤ 𝐶, (4.18)

where we let appear the seminorms

|𝑣|𝐿2
𝑇 (𝐿2

𝛽(𝜕Ω;R3)) :=

(︃∫︁ 2𝑇

𝑇

∫︁
𝜕Ω

𝛽(𝑥)|𝑣(𝑥)|2 d𝑠(𝑥) d𝑡

)︃1/2

,

|𝑤|𝐿2
𝑇 (𝐿2

𝛼(𝜕Ω)) :=

(︃∫︁ 2𝑇

𝑇

∫︁
𝜕Ω

𝛼(𝑥)𝑤2(𝑥) d𝑠(𝑥) d𝑡

)︃1/2

.

Still keeping 𝑅 fixed for the moment, we pass to the weak limits as 𝑚 → ∞ in the highest order terms in
(4.7) and (4.8). In the boundary terms and in the nonlinear terms we use the compact embeddings which imply
that {𝑝(𝑚)} is a compact sequence in 𝐿2(Ω;𝐶[0, 𝑇 ]) and 𝐿2

𝑇 (𝐿2(𝜕Ω)) and that {𝑢(𝑚)}, {𝑢(𝑚)
𝑡 } are compact in

𝐿2
𝑇 (𝐿2(𝜕Ω; R3)). Note that the Lipschitz continuity (3.7) of the Preisach operator allows us to pass to the limit

in 𝐺[𝑝(𝑚)].
Hence, we can find convergent subsequences in suitable function spaces and check that the limits of (𝑢(𝑚), 𝑝(𝑚))

satisfy the system

∫︁ 2𝑇

𝑇

∫︁
Ω

(︀
𝜌𝑢𝑡𝑡𝜑+ (B(𝑥)∇𝑠𝑢𝑡 + A(𝑥)∇𝑠𝑢) : ∇𝑠𝜑+∇𝑝 𝜑

)︀
𝜆(𝑡) d𝑥d𝑡

+
∫︁ 2𝑇

𝑇

∫︁
𝜕Ω

𝛽(𝑥)(C(𝑥)𝑢+ D(𝑥)𝑢𝑡 − 𝑔)𝜑𝜆(𝑡) d𝑠(𝑥) d𝑡 = 0, (4.19)∫︁ 2𝑇

𝑇

∫︁
Ω

(︀
(𝑓 (𝑅)(𝑥, 𝑝) +𝐺[𝑝])𝑡𝜓 + (𝜇(𝑥)∇𝑝− 𝑢𝑡)∇𝜓

)︀
𝜆(𝑡) d𝑥 d𝑡

+
∫︁ 2𝑇

𝑇

∫︁
𝜕Ω

𝛼(𝑥)(𝑝− 𝑝)𝜓𝜆(𝑡) d𝑠(𝑥) d𝑡 = 0, (4.20)

for every 𝜑 ∈ 𝑋3, 𝜓 ∈ 𝑋, and 𝜆 ∈ 𝐿2
𝑇 , which is equivalent to (4.2) and (4.3), and the estimates

∫︁ 2𝑇

𝑇

∫︁
Ω

(︀
|𝑢𝑡𝑡|2 + |∇𝑠𝑢𝑡|2 + |∇𝑠𝑢|2 + |∇𝑝|2 +

1
1 +𝑅2

|𝑝𝑡|2
)︀
d𝑥 d𝑡

+
∫︁ 2𝑇

𝑇

∫︁
𝜕Ω

(︀
𝛽(𝑥)(|𝑢𝑡|2 + |𝑢|2) + 𝛼(𝑥)|𝑝|2

)︀
d𝑠(𝑥) d𝑡 ≤ 𝐶 (4.21)

hold as a consequence of (4.11), (4.13), and (4.15).
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To get uniform estimates in time independent of 𝑅 that we need in the sequel, we now test (4.2) by 𝜑 = 𝑢𝑡.
This is indeed an admissible choice, and we obtain

d
d𝑡

(︂∫︁
Ω

(︂
𝜌

2
|𝑢𝑡|2 +

1
2
A(𝑥)∇𝑠𝑢 : ∇𝑠𝑢

)︂
d𝑥+

∫︁
𝜕Ω

𝛽(𝑥)
2

C(𝑥)𝑢 · 𝑢d𝑠(𝑥)
)︂

+
∫︁

Ω

B(𝑥)∇𝑠𝑢𝑡 : ∇𝑠𝑢𝑡 d𝑥+
∫︁

𝜕Ω

𝛽(𝑥)D(𝑥)𝑢𝑡 · 𝑢𝑡 d𝑠(𝑥)

=
∫︁

Ω

−∇𝑝 𝑢𝑡 d𝑥+
∫︁

𝜕Ω

𝛽(𝑥)𝑔𝑢𝑡 d𝑠(𝑥). (4.22)

By virtue of (4.21), (4.9), and Hypothesis 2.1, this is an equation of the form 𝑦̇(𝑡) = 𝑧(𝑡) with 𝑦, 𝑧 ∈ 𝐿1
𝑇 . The

elementary identity

𝑦(𝑡) =
1
𝑇

∫︁ 𝑡

𝑡−𝑇

(︀
𝑦(𝑠) + (𝑇 + 𝑠− 𝑡)𝑧(𝑠)

)︀
d𝑠

implies that the 𝐿∞-norm of 𝑦 is bounded by the 𝐿1-norm of 𝑦 and 𝑧. We thus have in particular

sup ess
𝑡∈[𝑇,2𝑇 ]

(︂∫︁
Ω

(︀
|𝑢𝑡|2 + |∇𝑠𝑢|2

)︀
d𝑥+

∫︁
𝜕Ω

𝛽(𝑥)|𝑢|2 d𝑠(𝑥)
)︂
≤ 𝐶. (4.23)

The next step is to test (4.2) by 𝜑 = 𝑢𝑡𝑡. This is, however, more delicate, since we have no evidence that 𝑢𝑡𝑡(·, 𝑡)
belongs to 𝑋3 for a.e. 𝑡. We have to regularize the solution in time by using the operators 𝐷𝜀 : 𝐿2

𝑇 → 𝐿2
𝑇 defined

by the formula

𝑣𝜀 = 𝐷𝜀[𝑣] ⇐⇒ 𝜀𝑣̇𝜀 + 𝑣𝜀 = 𝑣 a.e., 𝑣𝜀(𝑇 ) = 𝑣𝜀(2𝑇 ). (4.24)

Put 𝑢𝜀 = 𝐷𝜀[𝑢], 𝑝𝜀 = 𝐷𝜀[𝑝], 𝑔𝜀 = 𝐷𝜀[𝑔]. It follows from (4.2) that we have∫︁
Ω

(︀
𝜌𝑢𝜀

𝑡𝑡𝜑+ (B(𝑥)∇𝑠𝑢
𝜀
𝑡 + A(𝑥)∇𝑠𝑢

𝜀) : ∇𝑠𝜑+∇𝑝𝜀 𝜑
)︀
d𝑥

+
∫︁

𝜕Ω

𝛽(𝑥)(C(𝑥)𝑢𝜀 + D(𝑥)𝑢𝜀
𝑡 − 𝑔𝜀)𝜑d𝑠(𝑥) = 0 (4.25)

for a.e. 𝑡. We now test (4.25) by 𝜑 = 𝑢𝜀
𝑡𝑡 and obtain

d
d𝑡

(︂∫︁
Ω

(︁1
2
B(𝑥)∇𝑠𝑢

𝜀
𝑡 + A(𝑥)∇𝑠𝑢

𝜀
)︁
:∇𝑠𝑢

𝜀
𝑡 d𝑥+

∫︁
𝜕Ω

𝛽(𝑥)
(︀
C(𝑥)𝑢𝜀 +

1
2
D(𝑥)𝑢𝜀

𝑡 − 𝑔𝜀
)︀
𝑢𝜀

𝑡 d𝑠(𝑥)
)︂

+
∫︁

Ω

𝜌|𝑢𝜀
𝑡𝑡|2 d𝑥 =

∫︁
Ω

(︁
A(𝑥)∇𝑠𝑢

𝜀
𝑡 : ∇𝑠𝑢

𝜀
𝑡 −∇𝑝𝜀𝑢𝜀

𝑡𝑡

)︁
d𝑥+

∫︁
𝜕Ω

𝛽(𝑥)
(︀
C(𝑥)𝑢𝜀

𝑡 − 𝑔𝜀
𝑡

)︀
𝑢𝜀

𝑡 d𝑠(𝑥). (4.26)

Using the estimates (4.21), (4.22), and Hypothesis 2.1, we conclude similarly as above that

sup ess
𝑡∈[𝑇,2𝑇 ]

(︂∫︁
Ω

|∇𝑠𝑢
𝜀
𝑡 |2 d𝑥+

∫︁
𝜕Ω

𝛽(𝑥)|𝑢𝜀
𝑡 |2 d𝑠(𝑥)

)︂
≤ 𝐶. (4.27)

with a constant 𝐶 independent of 𝜀 and 𝑅. Hence, letting 𝜀 tend to 0, we have

sup ess
𝑡∈[𝑇,2𝑇 ]

(︂∫︁
Ω

|∇𝑠𝑢𝑡|2 d𝑥+
∫︁

𝜕Ω

𝛽(𝑥)|𝑢𝑡|2 d𝑠(𝑥)
)︂
≤ 𝐶. (4.28)
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5. Estimates of 𝑝

We first test (4.3) by 𝜓 = 𝑝(𝑥, 𝑡)𝜆(𝑡), where 𝑝(𝑥, 𝑡) = 1
𝜏 (𝑝(𝑥, 𝑡)− 𝑝(𝑥, 𝑡− 𝜏)) for 𝜏 > 0 and 𝜆 is an arbitrary

nonnegative 𝑇 -periodic Lipschitz continuous function. Passing to the limit as 𝜏 → 0 we infer from, e.g., Lusin’s
Theorem that

−
∫︁ 2𝑇

𝑇

(︂∫︁
Ω

(︀1
2
𝜇(𝑥)|∇𝑝|2 − 𝑢𝑡∇𝑝

)︀
d𝑥+

∫︁
𝜕Ω

1
2
𝛼(𝑥)(𝑝− 𝑝)2 d𝑠(𝑥)

)︂
𝜆′(𝑡) d𝑡

≤ −
∫︁ 2𝑇

𝑇

∫︁
Ω

𝑢𝑡𝑡∇𝑝𝜆(𝑡) d𝑥d𝑡,

(5.1)

where we have also used Proposition 3.5, the monotonicity of 𝑓 (𝑅), and the fact that 𝑝𝑡 ∈ 𝐿2
𝑇 (𝐿2(Ω)). This is

an inequality of the form

−
∫︁ 2𝑇

𝑇

𝐴(𝑡)𝜆′(𝑡) d𝑡 ≤
∫︁ 2𝑇

𝑇

𝐵(𝑡)𝜆(𝑡) d𝑡 (5.2)

for two nonnegative functions

𝐴(𝑡) =
∫︁

Ω

(︀1
2
𝜇(𝑥)|∇𝑝|2 − 𝑢𝑡∇𝑝

)︀
d𝑥+

∫︁
𝜕Ω

1
2
𝛼(𝑥)(𝑝− 𝑝)2 d𝑠(𝑥) + 𝐶 sup ess

𝑠∈[𝑇,2𝑇 ]

∫︁
Ω

|𝑢𝑡(𝑥, 𝑠)|2 d𝑥,

𝐵(𝑡) =
∫︁

Ω

|𝑢𝑡𝑡||∇𝑝|d𝑥,

with a constant 𝐶 > 0. The constant term 𝐶 sup ess𝑠∈[𝑇,2𝑇 ]

∫︀
Ω
|𝑢𝑡(𝑥, 𝑠)|2 d𝑥 in the definition of 𝐴(𝑡) is added in

order to keep 𝐴(𝑡) positive. Both 𝐴 and 𝐵 belong to 𝐿1
𝑇 by (4.21), (4.28), and (4.9).

We now choose arbitrary points 2𝑇 < 𝑟 < 3𝑇 and 𝑇 < 𝑠 < 𝑟 such that 𝑟 − 𝑠 < 𝑇 . Then for each 𝜀 < 𝑟−𝑠
2 we

set in (5.2)

𝜆(𝑡) =
1
𝜀
(𝑡− 𝑠) for 𝑡 ∈ (𝑠, 𝑠+ 𝜀), 𝜆(𝑡) =

1
𝜀
(𝑟 − 𝑡) for 𝑡 ∈ (𝑟 − 𝜀, 𝑟),

choosing 𝜆 constant and continuous otherwise, 𝑇 -periodically extended to the whole real line. This yields

1
𝜀

∫︁ 𝑟

𝑟−𝜀

𝐴(𝑡) d𝑡 ≤ 1
𝜀

∫︁ 𝑠+𝜀

𝑠

𝐴(𝑡) d𝑡+
∫︁ 2𝑇

𝑇

𝐵(𝑡) d𝑡.

Integrating the above inequality over 𝑠 from 𝑟 − 𝑇 to 𝑟 − 2𝜀 we obtain

1
𝜀

∫︁ 𝑟

𝑟−𝜀

𝐴(𝑡) d𝑡 ≤ 1
𝑇 − 2𝜀

∫︁ 2𝑇

𝑇

𝐴(𝑡) d𝑡+
∫︁ 2𝑇

𝑇

𝐵(𝑡) d𝑡. (5.3)

The function 𝐴(𝑡) admits therefore the pointwise bound given by the right hand side of (5.3) at each of its
Lebesgue points 𝑡 = 𝑟. This enables us to conclude that

sup ess
𝑡∈[𝑇,2𝑇 ]

(︂∫︁
Ω

𝜇(𝑥)|∇𝑝|2 d𝑥+
∫︁

𝜕Ω

𝛼(𝑥)𝑝2 d𝑠(𝑥)
)︂
≤ 𝐶. (5.4)

It remains to remove the cut-off parameter 𝑅. This will be done in the following way. We test the Equation (4.3)
by suitable approximations of higher and higher powers of 𝑝 and show by Moser iterations that we can obtain
upper bounds for 𝑝 in 𝐿∞𝑇 (𝐿𝑞(Ω)) for an arbitrarily high exponent 𝑞 > 1, and these bounds are independent of
𝑞 and 𝑅. This will imply that 𝑝 admits an 𝐿∞-bound independent of 𝑅, and choosing 𝑅 sufficiently large, we
easily check that the solution of (4.2) and (4.3) that we have constructed in Section 4 is at the same time a
solution of (2.10) and (2.11).
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More specifically, we define Lipschitz continuous functions 𝑎𝑅,𝑘(𝑝) and their antiderivatives 𝐴𝑅,𝑘(𝑝) with
indices 𝑘 ≥ 1 and with 𝑅 > 0 from (4.1) by the formula

𝑎𝑅,𝑘(𝑝) = 𝑝(1 + min{𝑝2, 𝑅2})𝑘, 𝐴𝑅,𝑘(𝑝) =
∫︁ 𝑝

0

𝑎𝑅,𝑘(𝑠) d𝑠. (5.5)

We have

𝑎′𝑅,𝑘(𝑝) =
{︂

(1 + 𝑝2)𝑘−1(1 + (2𝑘 + 1)𝑝2) for |𝑝| < 𝑅 ,
(1 +𝑅2)𝑘 for |𝑝| ≥ 𝑅,

(5.6)

and

𝐴𝑅,𝑘(𝑝) =
{︂ 1

2𝑘+2 (1+𝑝2)𝑘+1 for |𝑝| < 𝑅,
1

2𝑘+2 (1+𝑅2)𝑘+1 + 1
2 (𝑝2−𝑅2)(1+𝑅2)𝑘 ≥ 1

2𝑘+2 (1+𝑝2)(1+𝑅2)𝑘 for |𝑝| ≥ 𝑅.
(5.7)

With the notation from Hypotheses 2.1 and 2.2, put

𝐹𝑘(𝑥, 𝑝(𝑥, 𝑡)) =
𝑓 ♭

2𝑘
+
∫︁ 𝑝(𝑥,𝑡)

0

𝑓 (𝑅)
𝑝 (𝑥, 𝑠)𝑎𝑅,𝑘(𝑠) d𝑠,

𝑉𝑘[𝑝](𝑥, 𝑡) =
∫︁ ∞

0

∫︁ 𝜉𝑟(𝑥,𝑡)

0

𝑎𝑅,𝑘(𝑣)𝛾(𝑥, 𝑟, 𝑣) d𝑣 d𝑟. (5.8)

We now test (4.3) by 𝑎𝑅,𝑘(𝑝) (note that by (4.21) this is an admissible choice), and obtain

d
d𝑡

∫︁
Ω

(𝐹𝑘(𝑥, 𝑝) + 𝑉𝑘[𝑝]) d𝑥+
∫︁

Ω

𝜇(𝑥)|∇𝑝|2𝑎′𝑅,𝑘(𝑝) d𝑥+
∫︁

𝜕Ω

𝛼(𝑥)(𝑝− 𝑝)𝑎𝑅,𝑘(𝑝) d𝑠(𝑥)

≤
∫︁

Ω

(𝑢𝑡 · ∇𝑝)𝑎′𝑅,𝑘(𝑝) d𝑥 ≤ 𝐶

∫︁
Ω

|𝑢𝑡|2𝑎′𝑅,𝑘(𝑝) d𝑥+
∫︁

Ω

𝜇(𝑥)
2
|∇𝑝|2𝑎′𝑅,𝑘(𝑝) d𝑥. (5.9)

We have used here the Preisach energy inequality (3.9) with ℎ(𝑝) = 𝑎𝑅,𝑘(𝑝). The boundary term will be
estimated from below as follows. We first notice that the function 𝑎𝑅,𝑘 is increasing, hence

(𝑝− 𝑝)𝑎𝑅,𝑘(𝑝) ≥ 𝐴𝑅,𝑘(𝑝)−𝐴𝑅,𝑘(𝑝).

Since the function 𝑝 is bounded, we may take

𝑅 > sup ess 𝑝 (5.10)

and finally get the estimate

d
d𝑡

∫︁
Ω

(𝐹𝑘(𝑥, 𝑝) + 𝑉𝑘[𝑝]) d𝑥+ 𝑐

∫︁
Ω

|∇𝑝|2𝑎′𝑅,𝑘(𝑝) d𝑥+
∫︁

𝜕Ω

𝛼(𝑥)𝐴𝑅,𝑘(𝑝) d𝑠(𝑥)

≤ 𝐶2𝑘+2 + 𝐶

∫︁
Ω

|𝑢𝑡|2𝑎′𝑅,𝑘(𝑝) d𝑥 (5.11)

with constants 𝑐, 𝐶 independent of 𝑅 and 𝑘. The last term on the right-hand side of (5.11) will again be
estimated by Hölder’s inequality as follows:∫︁

Ω

|𝑢𝑡|2𝑎′𝑘(𝑝) d𝑥 ≤
(︂∫︁

Ω

|𝑢𝑡|6 d𝑥
)︂1/3(︂∫︁

Ω

𝑎′𝑘(𝑝)3/2 d𝑥
)︂2/3

.

Using the embedding 𝑊 1,2(Ω) → 𝐿6(Ω) and (4.9) we obtain from (4.28) the pointwise bound(︂∫︁
Ω

|𝑢𝑡|6(𝑥, 𝑡) d𝑥
)︂1/3

≤ 𝐶

(︂∫︁
Ω

|∇𝑠𝑢𝑡|2(𝑥, 𝑡) d𝑥+
∫︁

𝜕Ω

𝛽(𝑥)|𝑢𝑡|2(𝑥, 𝑡) d𝑠(𝑥)
)︂
≤ 𝐶 (5.12)
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with a constant 𝐶 > 0 independent of 𝑡, and (5.11) can be reduced to

d
d𝑡

∫︁
Ω

(𝐹𝑘(𝑥, 𝑝) + 𝑉𝑘[𝑝]) d𝑥+ 𝑐

∫︁
Ω

|∇𝑝|2𝑎′𝑅,𝑘(𝑝) d𝑥+
∫︁

𝜕Ω

𝛼(𝑥)𝐴𝑅,𝑘(𝑝) d𝑠(𝑥)

≤ 𝐶2𝑘+2 + 𝐶

(︂∫︁
Ω

𝑎′𝑅,𝑘(𝑝)3/2 d𝑥
)︂2/3

. (5.13)

Put

𝑤̂𝑘 =

{︃
(1 + 𝑝2)

𝑘+1
2 for |𝑝| < 𝑅,

(1 + 𝑝2)
1
2 (1 +𝑅2)

𝑘
2 for |𝑝| ≥ 𝑅,

𝑤𝑘 =
{︂

(1 + 𝑝2)
𝑘
2 for |𝑝| < 𝑅,

(1 +𝑅2)
𝑘
2 for |𝑝| ≥ 𝑅,

(5.14)

Then 𝑎′𝑅,𝑘(𝑝) ≤ (2𝑘 + 1)|𝑤𝑘|2, and

|𝑤̂𝑘|2 ≤ (2𝑘 + 2)𝐴𝑅,𝑘(𝑝) , |∇𝑤̂𝑘|2 ≤ (𝑘 + 1)|∇𝑝|2𝑎′𝑅,𝑘(𝑝) . (5.15)

From (5.13) we thus obtain

d
d𝑡

∫︁
Ω

(𝐹𝑘(𝑥, 𝑝) + 𝑉𝑘[𝑝]) d𝑥+
𝑐

𝑘 + 1

(︂∫︁
Ω

|∇𝑤̂𝑘|2 d𝑥+
∫︁

𝜕Ω

𝛼(𝑥)|𝑤̂𝑘|2 d𝑠(𝑥)
)︂

≤ 𝐶2𝑘+2 + 𝐶(𝑘 + 1)
(︂∫︁

Ω

|𝑤𝑘|3 d𝑥
)︂2/3

. (5.16)

Note that 𝑐 and 𝐶 denote some non-specified constants, possibly different in different estimates, independent
of 𝑘 and 𝑅. For simplicity, put

F𝑘(𝑡) =
∫︁

Ω

𝐹𝑘(𝑥, 𝑝(𝑥, 𝑡)) d𝑥 , V𝑘(𝑡) =
∫︁

Ω

𝑉𝑘[𝑝](𝑥, 𝑡) d𝑥, (5.17)

and let | · |𝑞 and ‖ · ‖1,𝑞 for 1 ≤ 𝑞 ≤ ∞ denote the norms in 𝐿𝑞(Ω) and in 𝑊 1,𝑞(Ω), respectively. Recall the
interpolation inequality

|𝑤𝑘(𝑡)|3 ≤ |𝑤𝑘(𝑡)|1/3
3/2 |𝑤𝑘(𝑡)|2/3

6 ≤ |𝑤𝑘(𝑡)|1/3
3/2 |𝑤̂𝑘(𝑡)|2/3

6 . (5.18)

Using the embedding of 𝑊 1,2(Ω) into 𝐿6(Ω), the Poincaré inequality (4.9), and the Young inequality we have
(note that 𝑘 ≥ 1)

d
d𝑡

(F𝑘(𝑡) + V𝑘(𝑡)) +
𝑐

𝑘
‖𝑤̂𝑘(𝑡)‖21,2 ≤ 𝐶2𝑘+2 + 𝐶𝑘5|𝑤𝑘(𝑡)|23/2 (5.19)

with some constants 𝑐, 𝐶 independent of 𝑘 and 𝑅. By (5.8), (5.17), and Hypothesis 2.2, we have

0 ≤ V𝑘(𝑡) ≤ 𝐶𝐵2𝑘+2, (5.20)

and from Hypothesis 2.1 we easily get the lower bound independent of 𝑡

F𝑘(𝑡) ≥ 𝑓 ♭

2𝑘
|𝑤𝑘(𝑡)|22. (5.21)

An upper bound for 𝐹𝑘(𝑥, 𝑝) for |𝑝| ≤ 𝑅 is still straightforward, namely

𝐹𝑘(𝑥, 𝑝) ≤ 𝑓 ♭

2𝑘
+
∫︁ 𝑝

0

𝑓 ♯𝑠(1 + 𝑠2)𝑘+𝜔 d𝑠 ≤ 𝑓 ♯

2𝑘
(1 + 𝑝2)𝑘+𝜔+1. (5.22)
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The case 𝑝 > 𝑅 or 𝑝 < −𝑅 is more delicate. For 𝑝 > 𝑅 we have

𝐹𝑘(𝑥, 𝑝) ≤ 𝑓 ♭

2𝑘
+
∫︁ 𝑅

0

𝑓 ♯𝑠(1 + 𝑠2)𝑘+𝜔 d𝑠+
∫︁ 𝑝

𝑅

𝑓 ♯𝑠(1 +𝑅2)𝑘+𝜔 d𝑠

≤ 𝑓 ♯

2𝑘
(1 +𝑅2)𝑘+𝜔

(︀
1 +𝑅2 + 𝑘(𝑝2 −𝑅2)

)︀
≤ 𝑓 ♯

2
(1 + 𝑝2)(1 +𝑅2)𝑘+𝜔, (5.23)

and the same formula holds for 𝑝 < −𝑅 by symmetry. By virtue of (5.14) and (5.21)–(5.23) we thus have

𝑐

𝑘
|𝑤𝑘(𝑡)|22 ≤ F𝑘(𝑡) ≤ 𝐶

∫︁
Ω

(1 + 𝑝2)|𝑤𝑘|2(𝑘+𝜔)/𝑘 d𝑥 ≤ 𝐶|𝑤̂𝑘(𝑡)|𝑞𝑘
𝑞𝑘

(5.24)

with constants 𝑐, 𝐶 independent of 𝑅, 𝑘, and 𝑡, and with

𝑞𝑘 =
2(𝑘 + 𝜔 + 1)

𝑘 + 1
· (5.25)

We now restrict ourselves to 𝑘 sufficiently large such that 𝑞𝑘 ≤ 6, that is,

𝑘 ≥ 𝐾𝜔 := max
{︁

1,
𝜔

2
− 1
}︁
. (5.26)

It follows from (5.24)–(5.26) and from the embedding 𝑊 1,2(Ω) into 𝐿6(Ω) that

1
𝑘
‖𝑤̂𝑘(𝑡)‖21,2 ≥

𝑐

𝑘
F2/𝑞𝑘

𝑘

with some constant 𝑐 > 0. From (5.19) we thus obtain (note that 2/𝑞𝑘 < 1), using also (5.20), that

d
d𝑡

(F𝑘(𝑡) + V𝑘(𝑡)) +
𝑐

𝑘
(F𝑘(𝑡) + V𝑘(𝑡))2/𝑞𝑘

≤ 𝐶2𝑘+2 + 𝐶𝑘5|𝑤𝑘(𝑡)|23/2 +
𝑐

𝑘
(V𝑘(𝑡))2/𝑞𝑘

≤ 𝐶𝑘5 max{𝐶𝑘, |𝑤𝑘(𝑡)|3/2}2 =: 𝑀𝑅,𝑘(𝑡). (5.27)

Put 𝑀*
𝑅,𝑘 = sup ess𝑡∈[𝑇,2𝑇 ]𝑀𝑅,𝑘(𝑡). Then (5.27) is of the form

𝑌̇ (𝑡) + 𝑏𝑌 𝜅(𝑡) ≤𝑀 (5.28)

with a 𝑇 -periodic function 𝑌 and with constants 𝑏 > 0, 𝜅 ∈ (0, 1), and 𝑀 > 0. Let 𝐻 be the Heaviside function
𝐻(𝑠) = 1 for 𝑠 > 0, 𝐻(𝑠) = 0 for 𝑠 ≤ 0. Multiplying (5.28) by 𝐻(𝑌 𝜅(𝑡)− (𝑀/𝑏)) we obtain

d
d𝑡
(︀
𝑌 (𝑡)− (𝑀/𝑏)1/𝜅

)︀+ + (𝑏𝑌 𝜅(𝑡)−𝑀)+ ≤ 0.

Integrating from 𝑇 to 2𝑇 and using the fact that 𝑌 is periodic, we thus have∫︁ 2𝑇

𝑇

(𝑏𝑌 𝜅(𝑡)−𝑀)+ d𝑡 ≤ 0,

which is only possible if 𝑌 (𝑡) ≤ (𝑀/𝑏)1/𝜅 a.e. Hence, (5.27) yields that

F𝑘(𝑡) + V𝑘(𝑡) ≤ 𝐶(𝑘𝑀*
𝑅,𝑘)𝑞𝑘/2. (5.29)

Referring again to (5.20) and (5.24) (note that 𝑞𝑘 ≤ 6 by virtue of (5.25) and (5.26)), we thus conclude that

sup ess
𝑡∈[𝑇,2𝑇 ]

|𝑤𝑘(𝑡)|22 ≤ 𝐶𝑘19 max{𝐶𝑘, sup ess
𝑡∈[𝑇,2𝑇 ]

|𝑤𝑘(𝑡)|3/2}𝑞𝑘 . (5.30)
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Putting for 𝑞 ≥ 1
‖𝑤𝑘‖*𝑞 = sup ess

𝑡∈[𝑇,2𝑇 ]

|𝑤𝑘(𝑡)|𝑞,

we can reformulate (5.30) as (︀
‖𝑤𝑘‖*2

)︀2 ≤ 𝐶𝑘19
(︀
max{𝐶𝑘, ‖𝑤𝑘‖*3/2}

)︀𝑞𝑘 (5.31)

with a constant 𝐶 independent of 𝑘 and 𝑅.
The Moser iteration technique will be applied to the new variable

𝑤 := 1 + min{𝑝2, 𝑅2}. (5.32)

By (5.14), inequality (5.31) can be rewritten as(︀
‖𝑤‖*𝑘

)︀𝑘 ≤ 𝑄𝑘19 max
{︁
𝐿𝑘,

(︀
‖𝑤‖*3𝑘/4

)︀𝑘𝑞𝑘/2
}︁

(5.33)

with some constants 𝑄 ≥ 1, 𝐿 ≥ 1 that we keep fixed from now on. For 𝑘 ≥ 𝐾𝜔 (cf. (5.26)) we thus have

‖𝑤‖*𝑘 ≤ (𝑄𝑘19)1/𝑘 max{𝐿, ‖𝑤‖*3𝑘/4}
𝑞𝑘/2. (5.34)

We are ready now to start the Moser iterations. Let {𝑘𝑗} be the sequence

𝑘𝑗 = 𝐾𝜔

(︂
4
3

)︂𝑗

, 𝑗 = 0, 1, . . . (5.35)

with 𝐾𝜔 from (5.26), and let
𝑃𝑗 = max{𝐿, ‖𝑤‖*𝑘𝑗

}, 𝛿𝑗 =
𝜔

𝑘𝑗 + 1
·

Then, by virtue of (5.25), the inequality (5.34) is of the form

𝑃𝑗 ≤ (𝑄𝑘19
𝑗 )1/𝑘𝑗𝑃

1+𝛿𝑗

𝑗−1 for 𝑗 = 1, 2, . . . (5.36)

The logarithm applied to (5.36) yields

log𝑃𝑗 − (1 + 𝛿𝑗) log𝑃𝑗−1 ≤
1
𝑘𝑗

(︃
log(𝑄𝐾19

𝜔 ) + 19 log
(︂

4
3

)︂𝑗
)︃

=
1
𝐾𝜔

(︂
3
4

)︂𝑗

(log(𝑄𝐾19
𝜔 ) + 19𝑗 log(4/3)),

(5.37)

or, equivalently, putting 𝛿0 = 0,

log𝑃𝑗∏︀𝑗
𝑖=0(1 + 𝛿𝑖)

− log𝑃𝑗−1∏︀𝑗−1
𝑖=0 (1 + 𝛿𝑖)

≤ 1
𝐾𝜔

(︂
3
4

)︂𝑗 log(𝑄𝐾19
𝜔 ) + 19𝑗 log(4/3)∏︀𝑗
𝑖=0(1 + 𝛿𝑖)

. (5.38)

The sequence on the right-hand side of (5.38) forms a convergent series. Hence, there exists a constant 𝐶* > 0
such that

sup
𝑗≥1

log𝑃𝑗∏︀𝑗
𝑖=0(1 + 𝛿𝑖)

≤ 𝐶* + log𝑃0. (5.39)

We have
∞∏︁

𝑖=0

(1 + 𝛿𝑖) = exp

(︃ ∞∑︁
𝑖=1

log(1 + 𝛿𝑖)

)︃
≤ exp

(︃ ∞∑︁
𝑖=1

𝛿𝑖

)︃
≤ 𝐶,
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hence
sup
𝑗≥1

log𝑃𝑗 ≤ 𝐶**(1 + log𝑃0). (5.40)

It remains to prove that 𝑃0 is bounded by a constant 𝐶0 independent of 𝑅, that is,

sup ess
𝑡∈[𝑇,2𝑇 ]

∫︁
Ω

𝑤𝐾𝜔 (𝑥, 𝑡) d𝑥 ≤ 𝐶0. (5.41)

Using again the embedding of 𝑊 1,2(Ω) into 𝐿6(Ω) and Hölder’s inequality, we obtain from (5.19) for every 𝑘 ≥ 1
that

d
d𝑡

(F𝑘(𝑡) + V𝑘(𝑡)) +
𝑐

𝑘

(︂∫︁
Ω

𝑤3(𝑘+1)(𝑥, 𝑡) d𝑥
)︂1/3

≤ 𝐶2𝑘+2 + 𝐶𝑘5

(︂∫︁
Ω

𝑤3𝑘/4(𝑥, 𝑡) d𝑥
)︂4/3

≤ 𝐶2𝑘+2 + 𝐶𝑘5

(︂∫︁
Ω

𝑤3(𝑘+1)(𝑥, 𝑡) d𝑥
)︂𝑘/(3(𝑘+1))

. (5.42)

From Young’s inequality with exponents 𝑘 + 1 and 1 + (1/𝑘) we thus obtain

d
d𝑡

(F𝑘(𝑡) + V𝑘(𝑡)) +
𝑐

𝑘

(︂∫︁
Ω

𝑤3(𝑘+1)(𝑥, 𝑡) d𝑥
)︂1/3

≤ (𝐶𝑘)6𝑘+5. (5.43)

Integrating from 𝑇 to 2𝑇 , using the fact that F𝑘 and V𝑘 are periodic and that 𝐿3(Ω) is embedded in 𝐿1(Ω),
we conclude that for every 𝑘 ≥ 1 we have∫︁ 2𝑇

𝑇

∫︁
Ω

𝑤𝑘+1 d𝑥 d𝑡 ≤ 𝐶

∫︁ 2𝑇

𝑇

(︂∫︁
Ω

𝑤3(𝑘+1)(𝑥, 𝑡) d𝑥
)︂1/3

d𝑡 ≤ (𝐶𝑘)6𝑘+6. (5.44)

We now choose 𝑡 ∈ (2𝑇, 3𝑇 ) and 𝑠 ∈ (𝑇, 2𝑇 ), and integrate (5.43) from 𝑠 to 𝑡 to get (note that V𝑘 is bounded
by (5.20))

F𝑘(𝑡)− F𝑘(𝑠) ≤ (𝐶𝑘)6𝑘+6. (5.45)

By (5.24) and Hölder’s inequality we have

F𝑘(𝑠) ≤ 𝐶

∫︁
Ω

(1 + 𝑝2)𝑤𝑘+𝜔(𝑥, 𝑠) d𝑥 ≤ 𝐶|1 + 𝑝2(𝑠)|3
(︂∫︁

Ω

𝑤3(𝑘+𝜔)/2(𝑥, 𝑠) d𝑥
)︂2/3

. (5.46)

We now integrate (5.46) over 𝑠 ∈ (𝑇, 2𝑇 ). By virtue of (5.4), (4.9) and the embedding of 𝑊 1,2(Ω) into 𝐿6(Ω)
we have ∫︁ 2𝑇

𝑇

F𝑘(𝑠) d𝑠 ≤ 𝐶

∫︁ 2𝑇

𝑇

(︂∫︁
Ω

𝑤3(𝑘+𝜔)/2(𝑥, 𝑠) d𝑥
)︂2/3

d𝑠. (5.47)

Using (5.24), (5.14), (5.45), and (5.47) we thus conclude that

sup ess
𝑡∈[2𝑇,3𝑇 ]

∫︁
Ω

𝑤𝑘(𝑥, 𝑡) d𝑥 ≤ 𝐶𝑘

∫︁ 2𝑇

𝑇

(︂∫︁
Ω

𝑤3(𝑘+𝜔)/2(𝑥, 𝑠) d𝑥
)︂2/3

d𝑠+ (𝐶𝑘)6𝑘+7. (5.48)

In particular, it follows from (5.44) and (5.32) that choosing 𝑘 = 𝐾𝜔 in (5.48), we can find a constant 𝐶0 > 0
independent of 𝑅 such that (5.41) holds, and the Moser argument is complete.

As a consequence of (5.40) and (5.41), we see that the norms ‖𝑤‖*𝑘 are bounded by a constant 𝑃∞ independent
of 𝑘 and 𝑅. We now easily prove that 𝑤(𝑥, 𝑡) ≤ 𝑃∞ for almost all (𝑥, 𝑡) ∈ Ω × (𝑇, 2𝑇 ). Indeed, assume that
there exist 𝑎 > 0 and a set 𝐴 ⊂ Ω× (𝑇, 2𝑇 ) such that 𝑤(𝑥, 𝑡) ≥ 𝑃∞ + 𝑎 for a.e. (𝑥, 𝑡) ∈ 𝐴. Then

(𝑃∞ + 𝑎)𝑞|𝐴| ≤
∫︁∫︁

𝐴

𝑤𝑞 d𝑥d𝑡 ≤
∫︁ 2𝑇

𝑇

∫︁
Ω

𝑤𝑞 d𝑥d𝑡 ≤ 𝑇 sup ess
𝑡∈[𝑇,2𝑇 ]

∫︁
Ω

𝑤𝑞 d𝑥 ≤ 𝑇𝑃 𝑞
∞. (5.49)
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We conclude from (5.49) that

|𝐴| ≤ 𝑇

(︂
𝑃∞

𝑃∞ + 𝑎

)︂𝑞

for all 𝑞 > 1. This is only possible if |𝐴| = 0. Hence, 𝑤(𝑥, 𝑡) ≤ 𝑃∞ a.e. By (5.32), we have 𝑤 = 1 + min{𝑝2, 𝑅2}.
Hence, it suffices now to choose 𝑅 > 𝑃∞, which entails that the solution of (4.2) and (4.3) that we have con-
structed in Section 4 satisfies the condition |𝑝| ≤ 𝑅 a.e., and therefore is the desired solution of (2.10) and (2.11).
This completes the proof of Theorem 2.3.
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