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MULTILEVEL WEIGHTED LEAST SQUARES POLYNOMIAL
APPROXIMATION

ABDUL-LATEEF HAJI-ALI!, FABIO NOBILE?, RAUL TEMPONE** AND SOREN WOLFERS®*

Abstract. Weighted least squares polynomial approximation uses random samples to determine pro-
jections of functions onto spaces of polynomials. It has been shown that, using an optimal distribution
of sample locations, the number of samples required to achieve quasi-optimal approximation in a given
polynomial subspace scales, up to a logarithmic factor, linearly in the dimension of this space. However,
in many applications, the computation of samples includes a numerical discretization error. Thus, ob-
taining polynomial approximations with a single level method can become prohibitively expensive, as
it requires a sufficiently large number of samples, each computed with a sufficiently small discretization
error. As a solution to this problem, we propose a multilevel method that utilizes samples computed
with different accuracies and is able to match the accuracy of single-level approximations with reduced
computational cost. We derive complexity bounds under certain assumptions about polynomial approx-
imability and sample work. Furthermore, we propose an adaptive algorithm for situations where such
assumptions cannot be verified a priori. Finally, we provide an efficient algorithm for the sampling from
optimal distributions and an analysis of computationally favorable alternative distributions. Numerical
experiments underscore the practical applicability of our method.
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1. INTRODUCTION

A common goal in uncertainty quantification [23] is the approximation of response surfaces

y = f(y) = Q(uy) € ]Ra

which describe how a quantity of interest @) of the solution wu, to some partial differential equation (PDE)
depends on parameters y € I' C R? of the PDE. The non-intrusive approach to this problem is to evaluate the
response surface for finitely many values of y and then to use an interpolation method, such as (tensor-)spline
interpolation [9], kernel-based approximation (kriging) [15,31], or (global) polynomial approximation [23].
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In this work, we study a variant of polynomial approximation in which least squares projections onto finite-
dimensional polynomial subspaces are computed using values of f at finitely many random locations. More
specifically, given a probability measure p on the parameter space I' and a polynomial subspace V C Li(F),
the approximating polynomial is determined as

Iy f := argmin || f — vy, (1.1)
veV

where [|-|| y is a discrete approximation of the LZ(T') norm that is based on evaluations in finitely many randomly
chosen sample locations y; € I, j € {1,..., N} and a weight function w: I' — R

The case where equally weighted samples are drawn independently and identically distributed from the
underlying probability measure itself, y; ~ p, has been popular among practitioners for a long time and has
been given a thorough theoretical foundation in the past decade [4,8,28]. More recently, the use of alternative
sampling distributions and non-constant weights was studied in [6,18,29]. In particular, Hampton and Doostan
[18] presented a sampling distribution v, and a corresponding weight function for which the number of samples
required to determine quasi-optimal approximations within V' is bounded by dim V" up to a logarithmic factor.
(This result was proved in [18] for total degree polynomial spaces and generalized in [6] to more general function
spaces.) Since this distribution depends on V, it is natural to ask how samples can be efficiently obtained from
it and whether there is an alternative that works equally well for all polynomial subspaces V. To address the
first question, we present and analyze an efficient algorithm to generate samples from vy, in the case where I' is
a product domain and p is a product measure. For more general cases, we also study Markov chain methods for
sample generation and analyze the effect of small perturbations of the sampling distribution on the convergence
estimates of [6,18]. To address the second question, we provide upper and lower bounds on v, in the case where
I is a hypercube. The lower bound allows us to make the error estimates obtained in [6] more explicit. The
upper bound shows that the arcsine distribution, which was proposed in [29], performs just as well as v, up to
a constant that is independent of V' but increases exponentially as the dimension d of I' increases.

To motivate the main contribution of this work, namely the multilevel weighted least squares polynomial
approximation method, we note that the response surface f from the beginning of this introduction cannot be
evaluated exactly. Indeed, in most cases, the computation of Q(u,) requires the numerical solution of a PDE.
Thus, we can only compute approximations of f whose accuracy and computational work are determined by
the PDE discretization. If we simply applied polynomial least squares approximation using a sufficiently fine
discretization of the PDE for all evaluations, then we would quickly face prohibitively long runtimes. For this
reason, we introduce a multilevel method that combines numerous cheap samples using coarse discretizations
with relatively few more expensive samples using fine discretizations of the PDE. In the recent decade, such
multilevel algorithms have been studied intensely for the approximation of expectations [16, 19, 21, 22]. The
goal of this paper is to extend this earlier work to the reconstruction of the full response surface, using global
polynomial approximation and estimating the resulting error in the Li norm.

To describe the multilevel method, assume that we want to approximate a function f. Assume furthermore
that we can only evaluate functions f; with f;— f as | — oo in a suitable sense and that the cost per evaluation
increases as [ — oo. A straightforward approach to this situation is to apply least squares approximation to
some f, that is sufficiently close to f. The theory of (weighted) polynomial least squares approximation then
provides conditions on the number of samples required to achieve quasi-optimal approximation of f; within a
given space of polynomials Vy. However, this approach can be computationally expensive, as each evaluation
of fr requires the numerical solution of a PDE using a fine discretization. As an alternative, our proposed
multilevel algorithm starts out with a least squares approximation of fy using a relatively large polynomial
subspace V; and correspondingly many samples. To correct for the committed error f — fy, the algorithm then
adds polynomial approximations of f; — f;_1 that lie in subspaces V;, 1 € {1,..., L}.

Since we assume that f; — f in an appropriate sense, the differences f; — fj_; may be approximated using
smaller polynomial subspaces for [ — oo. Exploiting this fact, it is possible to obtain approximations with
significantly reduced computational work. Indeed, we show that under certain conditions the work that the



MULTILEVEL WEIGHTED LEAST SQUARES POLYNOMIAL APPROXIMATION 651

multilevel method requires to attain an accuracy of € > 0 is the same as the work that regular least squares
polynomial approximation would require if f could be evaluated exactly. It is clear that such a result is not
always possible. For example, if f were constant, then polynomial least squares approximations in any fixed
polynomial subspace would yield the exact solution given a sufficiently large sample size. This means that the
work required to achieve an accuracy € > 0 would be bounded as ¢ — 0, which can clearly not be true for
an algorithm that uses evaluations from approximate functions f; that become more expensive to evaluate as
I — oo. Instead, the computational work required for an accuracy of € > 0 in this case is determined by the
convergence of f; — f and by the work that is required for evaluations of f;. Theorem 4 show that under certain
conditions the two cases described above are dichotomous: the computational work of the multilevel method is
either that of solving a single PDE or that of performing polynomial regression of a function that allows exact
evaluations.

The remainder of this work is structured as follows. In Section 2, we review the theoretical analysis of weighted
least squares approximation. In Section 3, we discuss different sampling strategies. We propose algorithms to
sample the optimal distribution and we discuss the consequences of using perturbed distributions. In Section 4,
we introduce a novel multilevel algorithm and prove our main results concerning the work and convergence of
this algorithm. For situations in which the regularity of f and the convergence of f; are not known, we propose
an adaptive algorithm in Section 5. We discuss the applicability of our method to problems in uncertainty
quantification in Section 6. Finally, we present numerical experiments in Section 7.

2. WEIGHTED LEAST SQUARES POLYNOMIAL APPROXIMATION

In this section, we provide a short summary of the theory of weighted discrete least squares polynomial
approximation, closely following [6]. Assume that we want to approximate a function f € Lﬁ(l"), where I' C R¢
and p is a probability measure on I'. The strategy of weighted discrete least squares polynomial approximation
is to

— choose a finite-dimensional space V' C Li(F) of polynomials on I

— choose a function p: I' — R that satisfies [.. p(y)u(dy) =1 and p > 0
— generate N > 0 independent random samples from the sampling distribution v defined by g—; = p,

y,~v, je{l,...,N}.

Here, 3—: denotes the density, or Radon—Nikodym derivative, of the probability measure v with respect to
the reference measure p.

— evaluate f at y;, j € {1,..., N}

— define the weight function w:=1:T - R

— and finally define the weighted discrete least squares approrimation

Iy f :=argmin || f — vy, (2.1)
veV
where
1 N
l9lx = (g.9)x := 57 D_w(yylgly;)* Vg:T —R. (22)
j=1

It is straightforward to show that the coefficients v of Iy f with respect to any basis (B;); of V are given by
Gv =c, (2.3)

with G;; := (B;, Bj)n,and ¢; = (f, Bj)w~, i, € {1,...,m}, assuming that G is invertible. If G is not invertible,
then (2.1) has multiple solutions and we define ITy f as the one with the minimal L?(T') norm.
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Remark 2.1. Assembling the matrix G requires O(m?N) operations. However, using the fact that G = MTM
for M;; := N~'/2\/w(y,)B;(y,), matrix vector products with G can be computed at the lower cost O(mN) as
Gx = M (Mx). See Remark 4.5 below for the computation of products of the form G~!x.

Since wp = 1, the semi-norm defined in (2.2) is a Monte Carlo approximation of the L? (") norm. Therefore,
we may expect that the error ||f —IIy f[| ;2 r is close to the optimal one,
m

evalf) = min | = ol (2.4)

Part (iii) of Theorem 2.2 below shows that this is true in expectation, provided that the number of samples N
is coupled appropriately to the dimension m = dim V' of the approximating polynomial subspace and provided
that we ignore outcomes where G is ill-conditioned. For results in probability, we need to replace the best Li (I
approximation by the best approximation in a weighted supremum norm,

evancolf) = 1nf sup |/ (y) = v(y) [V (y). (2.5)

Theorem 2.2 (Convergence of weighted least squares, [6], Thm. 2). For arbitrary r > 0, define

1/2 —1/2log 2
kKR= "
147

Assume that for all y € T there exists v € V such that v(y) # 0 and denote by (B;)jL; an Li—orthonormal
basis of V. Finally, assume that

- N
.f 2 .

Ky = wZBj < M og N (2.6)

= e

(i) With probability larger than 1 — 2N~", we have

1

IG -1 <3, (2.7)
where G is the matriz from (2.3), I is the identity matriz, and ||| denotes the spectral matriz norm.

(ii) If |G —I|| < 1/2, then for all f with sup,cr |f(y)|\/w(y) < oo, we have
1f =Ty fll g2 ) < (1 + V2)evuoo (f)-
(ili) If f € L2(T), then

4K

E|f - f| 20 < (14 ——
IF =105 ey < (14 g

2 _
) ) + 2110 N,
where E denotes the expectation with respect to the N-fold draw from the sampling distribution v and

e . [Tvf if |G-T| <3,
Iy f = {0 otherwise.

Proof. Tt is proved in Theorem 2 of [6] that the bound in part (ii) holds for a fixed f with probability larger
than 1 —2N~". A look at the proof reveals that the bound only depends on the event |G —I|| < 1/2 and not
on the specific choice of f. The remaining claims are exactly as in [6]. O
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3. SAMPLING STRATEGIES

It was observed in [6] that the constant Ky, in (2.6) satisfies

m= [ 3 1B;w)Putdy)

< (/wl(y)u(dy)> wéB?

= KV,w

(3.1)

L= (T)

and that the inequality becomes an equality for the weight wy, = p’{,_1 that is associated with the density
* 1 S 2
Pry) = —> B (3:2)
j=1

For this choice, Theorem 2.2 roughly asserts that the number of samples required to determine a near-optimal
approximation of f in an m-dimensional space V is smaller than C'mlogm for some C' > 0. In the remainder
of this work, we refer to wy,, py,, and
.

=i (3.3)
as the optimal weight, density, and distribution, respectively. Since the optimal distribution v§, depends on V/,
practical implementations need to address the question how to obtain samples from v§, for general subspaces
V. Furthermore, since pj, depends on V, the weight in ey, o0 (f) in part (ii) of Theorem 2.2 does as well. To
address these issues, we present two types of results in this section.

First, we discuss how to obtain samples from vy,. For the case where is a product domain equipped with a
product measure, we propose a method for the generation of N samples whose computational work is bounded
in expectation by the product Kd/N with a constant K that depends only on the measures p;. For non-product
domains or measures, we briefly discuss how to use Markov chain Monte Carlo (MCMC) sampling for the
generation of samples from approximate distributions and how perturbations of the sampling distributions
affect the error estimates.

Second, we prove that the density of the optimal distribution 1§, associated with any downward closed
polynomial subspace on [0, 1]¢ with respect to the Lebesgue measure d\ satisfies

* .

Vv.

d *
c~ < dLAV < ¢, (3.4)

where 0 < C' < oo is independent of V', and p3° is the Lebesgue density of the d-dimensional arcsine distribution,

) =] e ©5)

The lower bound in (3.4) implies that the optimal weight w}, is bounded above by C¢, which can be used
to make the error estimate in part (ii) of Theorem 2.2 more explicit. By the upper bound, we may use samples
from the d-dimensional arcsine distribution instead of the optimal distribution. Indeed, the upper bound implies
that the weight function w associated with the arcsine distribution satisfies Ky, < C%m. Thus, the required
number of samples is increased at most by the factor C?, which is independent of V. Preliminary numerical
experiments indicate that the true factor is smaller than 4 even for d = 10. The advantages are that samples
from the arcsine distribution can be generated efficiently, that we can use samples from the same distribution
for all polynomial subspaces, and that the weight w is easy to analyze and independent of V.
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3.1. Sampling from the optimal distribution

We now describe an efficient algorithm to obtain samples from 17, in the case when I is a Cartesian product,
1 is a product measure, and V is downward closed.

Definition 3.1 (Downward closedness). Let N := {0,1,...}. A set T C N% is called downward closed if n € T
implies 7 € Z for any ' € N¢ with 7/ < 7 componentwise.
A space V of polynomials on a Cartesian product domain I' = H?Zl I; with I; C R is called downward closed

if it is the span of monomials,
d

V = span y":Hy;“:neI ,
j=1

for some downward closed set Z C N¢,

Remark 3.2. Observe that any non-trivial downward closed polynomial space V' includes the constant func-
tions and thus satisfies the assumption of Theorem 2.2 that for all y € T' there exists v € V' with v(y) # 0.

We first discuss the case I' = [0,1]? and p = ) the Lebesgue measure. For any downward closed subspace
V =span{y” :n € I} C L3([0,1]%)
with Z € N? and |Z| = dim V = m, an orthonormal basis is then given by
(Py)nez
where

d
Py(y) =[] Po, (wy)
j=1

and (P,)nen are the Legendre polynomials on [0, 1], which are orthonormal with respect to the one-dimensional
Lebesgue measure. By orthonormality, each P,? may be interpreted as a probability density with respect to the
Lebesgue measure. Thus,

1
o =
nex

may be interpreted as mixture of m probability densities. An efficient strategy to obtain samples from vy, is
therefore to first choose 1 € 7 at random and then generate a sample from the distribution with Lebesgue
density P?. Since P} = H?Zl th, samples from this distribution can be generated componentwise. Finally, to
obtain samples from the univariate distributions with Lebesgue densities P2, n € N, we use a rejection sampling
method with the arcsine proposal density p$°. By Theorem 1 of [30] the Legendre polynomials satisfy

|P(y)|? < 4ep$®(y) Yy € ]0,1] Vn € N. (3.6)

Therefore, the theory of rejection sampling ([12], Chap. 4.5) ensures that if we repeatedly generate y ~ p3° and
U ~ Unif(0,1) until U < |P,(y)|?/(4ep3°(y)) holds, then the resulting sample is exactly distributed according
to P? and the required number of iterations until acceptance has a geometric distribution with mean 4e. The
total expected computational work for the generation of N samples from vy, is thus 4e/Nd, if we assume that
the computation of P2(y) is O(1). In practice, a 3-term recurrence formula whose work is bounded by 3n can
be used to compute P, (y). This increases the upper bound for the expected work to 126N% > onez Il

Equation (3.6) holds more generally for probability measures on [0, 1] with Lebesgue densities of the form
Cdi—‘/( = C(o, B)y*(1 — y)?, a, 3 > —1/2 ([30], Thm. 1). The bound on the associated orthogonal polynomials

(P%P),.en, which are commonly called Jacobi polynomials, is

d
BROy)P L <202+ Va2 £ Bpy)  Vyelo1] vneN.
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Even more generally, the same inequality holds with a constant C,, independent of y and n for orthogonal
polynomials with respect to a wide class of measures p that are absolutely continuous with respect to the
Lebesgue measure on [0,1] ([33], Thm. 12.1.4). When C,, is unknown, however, rejection sampling cannot be
applied. As a substitute, we could use MCMC sampling (which we also discuss below as an alternative method
to sample directly from v* in cases when no product structure of T or g can be exploited). The error due to
the fact that the resulting samples would not be distributed exactly according to | P,|? can be controlled using
Proposition 3.3 below.

For orthonormal polynomials (H,)nen with respect to rapidly decaying measures supported on the whole
real line, such as Gaussian measures, it is shown in [24] that |Hn(y)|2d—‘; is exponentially concentrated in an
interval [—ay,, a,] with C~1n® < a,, < Cn® for some b > 0 and C' > 0 depending on g, and that for some C,,

—-1/2
y /

Qn

du
H 2
[Ha(y) PS5 <

Yy € [—an,a,] Vn eN.

Together with the stability result in Proposition 3.3 below, this shows that the previous results can be
transfered to measures on the real line, if we simply ignore the mass outside [—ay,a,] and apply rejection
sampling or Markov chain methods with the proposal density %1 — ain|’1/ 2. Alternatively, a different result
in [24] shows that on [—ay,a,] the density |Hn(y)|23—’/< is bounded by the uniform probability density up to a
factor that grows sublinearly in the polynomial degree n.

The previous example motivates looking at situations where exact sampling from the optimal distribution is
not practical or feasible, and one resorts to inexact sampling, instead. This will also be the case when Markov
chain Monte Carlo samplers are used, as discussed below. The next proposition quantifies the effect of inexact
sampling in the results of Theorem 2.2.

Proposition 3.3 (Stability with respect to perturbations of the sampling density). All results in Theorem 2.2
that are valid for the optimal choice v{, with ;’ = py, of the sampling distribution hold true if we instead use
samples from a distribution 7 (but keep the weight function wj, = 1/p},) that satisfies

l6/py =L~ < ¢
or
. ) c
17 = vy lpy == ||P PV”Ll(F) = 9m

(1—2¢)*
(1+r)10°

for p:= g—z and ¢ € [0,1/2), provided that we replace k by

Proof. The proof of Theorem 2.2 in [6] is based on large deviation bounds for the matrix G of (2.3). In particular,
it is based on the observation that G is a Monte Carlo average,

X
=5 2%
i=1
of independent and identically distributed matrices

X = (U’ik/(yi)Bj(yi)Bk(yi))j,kg{Lm,m} with y; ~ vy

that satisfy
EX; =1

by L2(I)-orthonormality of the basis polynomials B;, j € {1,...,m} and ||X;]| < m almost surely by def-
inition of w{,. A Chernoff inequality for matrices then provides the bound on P(||G —1I|] < 1/2) in part
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(i) of Theorem 2.2 from which everything else follows. The crucial insight is that this inequality permits
small perturbations of the expected value. Indeed, if we replace vy, by ¥ in the definition of X;, then The-
orem 1.1 of [34] yields the same bound on P(||G —I| < 1/2), with the new value of x, provided that
M| = supj,=1(Mz,2) < cfor M := EX; — I (note that pmax/R from Thm. 1.1 of [34] is then larger
than (1 — ¢)N/m > log(m)(1 4 r)10/(1 — 2¢)? and that (1 4 &)~ (*9) exp (§) from the same theorem is smaller
than exp (—(1 —2¢)3/10) for (1+9) := 3/(2(1+c¢))). To show ||M]|| < ¢, we observe that the entries of EX; are
given by fr wy BBy dv = fr p/pi, BBy dp. Hence, we obtain the representation

(M, 2) = / (3/py — D,

dm,

where 7, is the probability measure defined by .

= (E;”:l z;Bj)?. This shows that [[M]| < ¢ if
16/p3 — 1|~ < c. Furthermore, since

dr, dm, dp
dvy, ~dp dvy,

2
i m
— EZ,B,
127 m 2
= > j=1B;
<m

by the Cauchy-Schwarz inequality, the same estimate holds if [|5/py, — 1|11 () =16 = PVl 12 (p) < ¢/m. O
V(K/ M

So far, we have assumed that I' and p exhibit product structure, which allowed us to generate samples
coordinate-wise, exploiting known bounds on univariate orthogonal polynomials. For more general cases, we
now briefly discuss Metropolized independent sampling, which is a simple MCMC algorithm, for the generation
of samples from the optimal distribution »§;. For an extensive treatment of the theory of MCMC algorithms we
refer to [26].

The general strategy of MCMC algorithms for the generation of samples from vy, is to construct a Markov
chain for which vy, is an invariant distribution. Ergodic theory then shows that under some assumptions the
location of this Markov chain after n >> 1 steps is approximately distributed according to vy,. Metropolis—
Hastings algorithms are MCMC algorithms that construct Markov chains based on user-specified proposal
densities p(y,-), y € T' (with respect to u) and a rejection step to ensure convergence to the desired limit
distribution vy,. More specifically, the transition kernel of a Metropolis-Hastings algorithm has the form

p(y,y') min {1, %} p(dy’) if y#y
(2)p(2,y)

K(y,dy') := . / '
1= fZ;éyp(y’Z) min {17 m} u(dz) if Yy =w.

(3.7)

This kernel can be interpreted (and implemented) as proposing a transition from the current state y to a new
state y' drawn from the density p(y, ), and rejecting this transition with a certain probability determined by
the values of p{, and p at the current state y and the proposed state y’. The rejection probability is designed
to ensure the detailed balance condition v{, (dy)K (y,dy’) = v{;(dy’)K(y’,dy), which in turn guarantees that
vy, is invariant under K.

Metropolized independent sampling is the name of the subset of Metropolis—Hastings algorithms for which
the proposal density p is independent of the current state y. If we denote the corresponding state-independent
proposal density by p(y’) and define g := inf,ecr p(y)/p3 (y), then it can be shown Section 3.2.2 of [25] that
starting from any distribution 7 we have the bound

K" T — vy llpy <2(1—9)" (3.8)
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for the total variation distance between the nth step probability distribution K™7 of the Markov chain and
the target distribution vj,. This means that if the proposal density satisfies g := infyer p(y)/pi (y) > 0, then
n := g~ !log(24m) Markov chain steps suffice to ensure that
—1 1
K" — vk <9(1 — )9 log(24m) < ,

[ vy < 2( 9) = Toam
as required by Proposition 3.3. To generate N > 0 independent samples from K"z, we have to run N independent
copies of the Markov chain, which differs from the more common practice to use IV successive, thus dependent,
steps of a single Markov chain.

3.2. Sampling from the arcsine distribution

In Proposition 3.4 below, we determine lower and upper bounds for the optimal sampling distributions of
downward closed polynomial subspaces on [0, 1]%. Although we restrict ourselves to the Lebesgue measure, the
results can be extended verbatim to more general measures on the hypercube.

The lower bound can be used to make the bound in Theorem 2.2 more precise. Indeed, it implies that the

weight wj, = 412 appearing in ev,ws, 0o Satisties
v

wy < 04 (3.9)

The upper bound provides an alternative sampling strategy: Instead of sampling from the optimal distri-
bution, we may simply sample from the arcsine distribution with Lebesgue density p3° without using Accep-
tance/Rejection or Markov chain methods. Indeed, using the arcsine distribution for sample generation amounts
to using the sampling density p = p3° and the weight function w := (p(‘ic)_1 in Section 2. Hence, the upper
bound shows that the corresponding constant Ky, in Theorem 2.2 satisfies

KV,w

I
g
™

<%

Lo (D)
ar (3.10)

dA

o

Le=(T)
< C%m,

which is larger than the optimal value, m, only by the factor C¢. The advantages are that exact and independent
samples from the univariate arcsine distribution can be generated efficiently as (sin(X) + 1)/2 for a uniform
random variable X on [—7/2,7/2], that we can use samples from the same distribution for all polynomial
subspaces, and that the weight w that enters the error estimate in Theorem 2.2 through ey, o is known
explicitly, vanishes at the boundary, and is independent of V.

Proposition 3.4 (Bounds on the optimal distribution). There exists a constant 0 < C' < oo such that the
optimal sampling distribution v, associated with any finite-dimensional downward closed space V' of polynomials
on [0, 1]¢ equipped with the Lebesgue measure satisfies

dvy
i< Y <oipy. 3.11
=TS Pq ( )
Proof. Equation (3.11) was shown to hold for the univariate optimal sampling distributions v} associated with
univariate spaces of polynomials of degree less than or equal to & € N on [0,1] in equation (7.14) of [27]. We
prove the case d > 1 by induction.
Since V is downward closed, we have

V= SpannEICNd{Pn(y) = Py, (y1) - Pya(ya)}



658 A.-L. HAJI-ALI ET AL.

for some multi-index set Z C N¢. We define the sliced multi-index sets Z; :={neZ:m =j}, j € Nand the
corresponding spaces

‘73' = SpanntecNd{Pn(g) = Py, (y2) - Py, (ya)}

of polynomials on [0, 1]¢~1 with associated optimal distributions 7; on [0, 1]¢~!. This allows us to write

U () = i (w)

=%Zﬁ@

nexl
1 ~0 .
= EZPJ‘Z(M) Z P3<y)
JEN nel;

! , di

which, by the induction hypothesis for the case d — 1, entails

*
duvy,

—(d-1) <
c A(yr) < KB\

(y) < Ay1)C 32 (9) (3.12)

with .
A(yr) = [l ZPJ-Q(yl)|Ij|-
JEN
We now use the fact that A(y;) can be written as a weighted average of the univariate densities (il—”)\:(yl) =
§ i PP

1 > du*
A - Pk
(y1) S o g:lpk D (y1)

with py == |{j : |Z;| > k}|.
Together with the induction hypothesis for the case d = 1, this implies

C™' < A(yr) < Cp (1),

which, when inserted into (3.12), yields

— —(d— — V* — (oo} o0 fod oo
C™=CTNeT < (y) < CTIOPF (w1 )pgt (8) = CUpE (v).

4. MULTILEVEL WEIGHTED LEAST SQUARES APPROXIMATION

In this section, we define a multilevel weighted polynomial least squares method and establish convergence
rates for the approximation of a function fo: I' C R? — R, d € NU{oc} in a normed vector space (F, | -||r) —
(L2, Il .2 (ry) of continuous functions on I', under the following assumptions.

i

— A1 (Convergence of approximations). There exist functions f,, € F, n > 1 such that

[l foo — anF S n=F

Hfoo - anLﬁ,(F) S n=Fv

for some G5 > 0 and (3, > fs.
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— A2(p) (Polynomial approximability). There exist downward closed spaces of polynomials V,,, m > 1 on I'
such that
dim V,,, <m?,

emp(F) Sm™

for some ¢ > 0,a > 0, and p = 2 or p = oo, where e, 2(F) := supfer and e, o (F) =

EVNL,'LU;*,L,oo(f)
SUPrer —T7ll,

— A3 (Sample work). The work required for a single evaluation of f,, satisfies Work (f,,) < n” for some v > 0.

We use < to denote inequalities that hold up to factors that are independent of n and m.

Remark 4.1. In Assumption A2(p), we have introduced the exponent o, which in contrast to previous sections
may be different from 1, to be able to apply our results with common sequences of polynomial subspaces without
the need for reparametrization.

Example 4.2 (Polynomial approximability).

— For univariate Sobolev spaces F' = H*(T"), I' = (0,1) with o > 0, Theorem 1 in [32] shows that
em2(H* (L)) S m™

for the space V,,, of univariate polynomials with degree less than m and for g = A the Lebesgue measure.
Analogous results also hold in higher dimensions. Here, optimal sequences of polynomial approximation
spaces depend on the available smoothness. In particular, optimal polynomial approximation spaces for
functions in Sobolev spaces H*(I') with I' ¢ R? and o > 0 are of total degree type, whereas functions
in Sobolev spaces H2, (T') of dominating mixed smoothness can be optimally approximated by hyperbolic
cross polynomial spaces [11].
Similar results for the best approximation in the supremum norm hold for functions in Hélder spaces F' =
C*Y(T), s e N, t €[0,1] ([3], Thm. 2) (and their dominating mixed smoothness analogues).

— Alternatively, we may simply define the space F' via polynomial approximability of its elements. Assume
that we have a sequence (V;,,)>°_; of downward closed polynomial spaces on I' C R? with d € NU {co}. If
for some a > 0 we define

P {f: P —R: || fllr = sup ev,, p(f)me < oo}
meN

with the auxiliary definition V; := {0}, then it is easy to show that |- || is a norm of F' and that Assumption
2(p) holds with the given a. The choice of the sequence of subspaces V, can be based on truncating a
orthogonal decomposition of Li(l") such as to include only basis functions whose contribution is above a
given threshold in V;,,. For more information on this construction, see Section 5 and [10,17].

We now define the multilevel least squares method for a fixed number of levels L € N. We introduce the
subsequences
my = Mexp (k/(c+a)), ke{0,...,L} (4.1)

and
n:=exp(I/(v+Bs)), 1€{0,...,L}

with M = exp (LJ), § := % >0ifv/Bs > o/a and M :=1 else. For our analysis we assume that m and
n can take non-integer values; in practice, rounding up to the nearest integer increases the required work only
by a constant factor. Abusing of notation, we keep the simple notation Vi, ey p, and f; for the quantities V,,, ,

€my.p, and fp,, respectively.
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Next, we draw independent, identically distributed, random samples

L ={Ye1>-- Yoyt €T, k€{0,....L}

with y, ; ~ v}, where v} := vy, is the optimal sampling distribution of V}, from (3.3). To ensure accuracy of
our approximations, we couple the numbers of samples to the dimensions of the polynomial spaces via

Ty | 1 log?2
7 < < 2mg Vk 0,...,L h =—_—
mj, €{0,...,L}, where S rar

m K 4.2
P = Mog Tk — (4.2)

By (3.1), this guarantees that the assumption of Theorem 2.2 is satisfied with » = L. Alternatively, we may
replace k by C~% with C from Proposition 3.4 if I' and p < X are products and if we use the arcsine distribution
to generate samples, or we may choose k as in Proposition 3.3 if we use samples that are only approximately
distributed according to the optimal distribution.

Finally, we denote by II;: F' — Vi the random weighted least squares approximation using evaluations in
Tk, k€ {0,...,L} and define the multilevel method

L
Sifoo) =Trfo+ Y Tpi(fi = fi1)
=1 (4.3)

L
=Y T (fi = fi1)
=0

where we used the auxiliary definition f_; := 0.

To clarify (4.3), let us summarize the common case where f(y) is a scalar quantity of interest Q(uy) of the
solution u, to some PDE with parameters y, and where f,(y) is the corresponding approximation Q(uy,»)
obtained by solving the PDE with a finite element solver of maximal element diameter h := n~!. In this case,
we start out by solving the PDE with a coarse resolution kg for a large number |T'z| of randomly chosen values
of the parameters y and extrapolating these results to the entire parameter domain by means of a weighted least
squares approximation in a large polynomial subspace V1. Next, to reduce the error due to the low resolution
ho, we compute the difference between using h; and hg for a smaller number of |I';,_1| samples and extrapolate
this difference to the entire parameter domain again by means of another weighted least squares approximation
in a smaller space V1. This process is continued until we arrive at the difference fr, — fr,_1, which is of smaller
magnitude and can thus be extrapolated at roughly the same accuracy as the previous levels using only very
few samples.

The computations in the proofs of below are similar to those appearing in multilevel Monte Carlo methods
[14], though some more care has to be taken care about the choice of norms and about failure probabilities. We
denote by < any inequality that holds up to a factor depending only on «, (s, 3,7 and on the factors from
assumptions Al, A2(p) and A3.

Theorem 4.3 (Convergence in probability). Denote by

L
Work (S (fao)) = [T |Work (fo) + 3 [Fz—t| (Work (f7) + Work (fi—1)) (4.4)
=1
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the work that Sr.(fs) requires for evaluations of the functions fi, 1 € {0,...,L}. Define

\.o 0/ if v/Bs<o/a
T 0v/Bs +(1—0)o/a with 0 := B,/B it ~/Bs>0/a
and

2 if v/Bs<o/a

s |3tosa it a/s=o/a

)1 if v/Bs>oc/a and By, = s
2 if v/Bs>0/a and B, > 0

Let 0 < € < 1. If Assumptions A1, A2(c0), and A3 hold, then we may choose L € N such that

Work (S1,(fs0)) < € *loge|' log |loge|,

~

and such that in an event E with P(E°) < 81198 <l the multilevel approzimation satisfies

[ foo — SL(fOO)HLﬁ(F) <e (4.5)

Proof. The strategy of this proof is to establish bounds on Work (S.(f)) and || foo — Sz.(fso)[| 2 () for arbitrary
m

L € N first, and then to show that, for the right choice of L, the latter is smaller than ¢ and the former is

bounded by ¢~ *|log ¢|* log | log €|.

Work bounds. We may deduce immediately from (4.2) the rough upper bound

T 2 o o
Tl < < —-M° k—— ) <(L+1)M° k
vaivy o< MTexp (ko S L+ 1M exp | k——

on the number of samples at level k € {0,...,L}. Using (4.2) again and inserting the previous estimate, we
obtain the finer estimate

g
ITx| < (L +1)M? exp (ko m a) log |Tx|
< (L +1)M°(log(L + 1) + log M%) exp (ki) (k+1).
g «

Since
Work (f;) + Work (fi—1) < exp (lv-l:yﬁs)

by Assumption A3, we may conclude that

L
o 4 g i
Work (Sz.(foo)) S (L + 1)M (log(L + 1) + log M );exp ((L—l)m) (L—1+1)exp <l7+,6’s)

= (L + 1)M° (log(L + 1) + log M) exp (Laia> (4.6)

L
g g
Xlz_;eXp<_l<a+a_’y+ﬁs>> (L—-1+1).

We now distinguish three cases.




662 A.-L. HAJI-ALI ET AL.

(a) v/Bs < o/a: In this case /(0 + ) > /(v + Bs). Thus, the sum on the right-hand side of (4.6) satisfies

oo (15 2 0z e (15 25)

<SLA+1.

Together with the fact that M =1 in the case under consideration, this shows that
o
Work (S1.(feo)) S exp (LM> (L+1)%log(L + 1).

(b) v/08s = o/a: In this case /(0 + ) = v/(v + Bs). Thus, the sum on the right-hand side of (4.6) equals
Zleo( —1+1) < (L+1)? and we obtain

Work (S1.(f)) < exp (L&) (L +1)3log(L + 1).

since M = 1.
(¢) v/0Bs > o/a: In this case 0 /(0 + ) < /(v + Bs). Thus, the sum on the right-hand side of (4.6) satisfies

D)
:@w<L<vzﬁs_aia)>§;%p<4<vjﬂs_aia)>a+n

5 o
Sexp<L<’y+ﬂs —nga)).

If 8, = Bs, then M =1 and we obtain

Work (81, (fs0)) < (L + 1)M? (log(L + 1) + log M) exp (L i )

Y+ Bs
5@m<L<7:ﬁ>>(L+DbgL+1)

S

If instead 8, > (s, then M = exp (L) and we obtain

Work (S.(foo)) S (L + 1) M7 (log(L + 1) + log M) exp (L’Y 153)

< exp <L ('y -Zﬁs + 05>) (L +1)*log(L +1).
Residual bounds. First, we show that with high probability
IId = gl p— 2y S M™% exp (—ka/(0 +a)) VEk€{0,...,L}. (4.7
By part (ii) of Theorem 2.2 together with Assumption A2(c0), it suffices to show that the event
E:={|Gr —I|| <1/2VEk € N}

has a high probability, where Gy, is the Gramian matrix from (2.3). But by the first part of the same theorem,
the complementary probability that |Gy — Ix|| < 1/2 for a fixed k € N decays as the number of samples ||
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increases. Since the sets I'y, grow exponentially in &, by (4.2), we may conclude using a crude zeroth moment
estimate and a geometric series bound:

P(E°)=P(3k eN: |G — I > 1/2)

P([|Gr — Ll > 1/2)

IN
ANk

0

< QZ|Fk|7L
=0

<okbM—oF ex <—kL g )
- kZ:o P o+«

2I$LM70L

1—exp (fLa_%a)
<Lk

(4.8)

Assuming now that the samples Ty, & € N are such that (4.7) holds for the associated operators I, we
obtain

[ foo — SL(foo)“Lﬁ(F) =

L L
foo — (Z — fi1) =Y =T ) (fi — fie 1))
=0

=0

L2(I)
L
< oo = fL”Lﬁ(F) + Z [1d — HL—l”F—)Lﬁ(F) Ife = fl—1||F
1=0 (4.9)

< exp (—L f’ﬁs) + M~ Zexp (—(L—l)(}i}) exp <_17_%6s>

=0

B Ca Bs
= exp <_L’Y+ﬁs>+M eXp( L)Zexp( (U—i—a_’y—i—ﬂs))’

where we used Assumption Al. Again, we distinguish the cases (a)—(c).

(a) v/Bs < o/a. In this case a/ (0 +a) < Bs/(7+Fs). Thus, the sum on the right-hand side of (4.9) is uniformly
bounded in L and we obtain

[foo = SLlfoo)ll 2y < exp (_L iﬁ) ex p( Lzﬂa—a)

Sexp (_Laia> )

where we used the fact that 3, > (s for the last inequality.
(b) v/Bs = o/a. In this case a/(0 + &) = Bs/(v + Bs). Thus, the sum on the right-hand side of (4.6) equals
L + 1 and we obtain

e = Sl S oo (-2 ﬁ e (<L) @+

where we used the fact that 3, > (s for the last inequality.
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(¢) v/Bs > o/a. In this case a/(c + a) > Bs/(y + Bs). Thus, the sum on the right-hand side of (4.6) is a
divergent geometric series and we obtain

Bu —a Bs
e = Sl Sexp (222 ) 2o (—2 L)

B
con (1)

where we used the definition of M = exp (LJ) and 6 in the case v/Bs > 0/, in the last inequality.

Conclusion. It remains to choose L such that the residual bound equals € and insert this choice of L into the
work bound. For simplicity, we assume L can be any real number. In practice, rounding up to the next largest
value decreases the residual and increases the work only by a constant factor. One final time, we distinguish
the cases (a)—(c).

(a) v/Bs < o/a. Defining L as the solution of

exp <_Loia> =€,

we obtain the second inequality in the following estimate:

Work (Sg.(f-0)) < exp (Laj_a) (L +1)2log(L + 1)

~

< e loge|?log |loge|.
(b) v/Bs = o/a. Since we assumed that € < 1 there is a unique positive solution of
a

—-L—— | (L+1)=e

e (<L) (L) =
With this choice of L we obtain the second inequality in the following estimate:
Work (S1.(fx)) < exp (Li) (L +1)%log(L +1)

o+«

< e Mloge ™ log |logel.

(¢) v/Bs > o/a. We assume (,, > [, the case §,, = Bs can be treated analogously. Defining L as the solution

of 3
exp | —L—= =,
p( 7+ﬁs)

we obtain the second inequality in the following estimate:

Work (Sz(fs0)) < exp <L (7 jﬂs + 05)> (L +1)2log(L + 1)

< e *loge|*log | loge|.
In all cases, our choice of L satisfies L > |loge|, thus P(E¢) < L= < eosllogel by (4.8). O

Remark 4.4. The proof does not exploit independence of samples across different T'y, k € {0,...,L}, but
instead relies on a simple union bound (see (4.8)). Thus, we could alternatively first create I';, and then define
all I'; with [ < L as subsets of it.
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Remark 4.5. After the functions f; — f;_1 have been evaluated in all y € I';_;, determining the polynomial
coefficients of Iy, _;(f; — fi—1), 1 € {0,..., L} with accuracy e > 0 requires

L L
[loge| > mi” =|loge| >  M* exp (2ko /(0 + a)) < |log | M*7 exp (2Lo /(0 + )
k=0 k=0

operations. Indeed, matrix vector products with the Gramian matrices Gy of (2.3) require m|Tx| = O(m37),
according to Remark 2.1. Furthermore, in the event F in which the estimate of the previous theorem holds, the
condition numbers of these matrices are bounded by 3, such that suitable iterative algorithms require O(|loge|)
iterations to achieve accuracy € > 0.

Inspection of the proof of the previous theorem shows that, even if we include this cost in the work specifi-
cation, the conclusion holds true with slightly different logarithmic factors and the exponent

;._{2a/a it /0. < 20/a
Tl v/08s i v/Bs > 20/,

instead of A (assuming for simplicity that 85 = (. ), provided that we change the definition of the subsequence
my in (4.1) to

my, := exp (k/(20 + a)).
However, in our numerical experiments, we stick to my := exp (k/(0 + «)) since the cost to determine the
polynomial coefficients is practically negligible.

To obtain mean square convergence, we replace the least squares approximations Il by the stabilized versions
IT¢ from part (iii) of Theorem 2.2, and define

L
Si(foo) =105 fo + > M5 _;(fi = fio1)- (4.10)

=1

Theorem 4.6 (Mean square convergence). Let 0 < € < 1. If Assumptions A1, A2(2), and A3 hold, then we
may choose L € N such that

E ”foo - Si(foo)”ii(r) < € (4.11)

and
Work (85 (/o)) S €| log e[ log | log e,

~

with X\ and t as in Theorem 4.3.

Proof. The work bounds from the proof of Theorem 4.3 hold unchanged.
We next establish residual bounds for arbitrary L € N as before, using the error representation

L
foo - Sz(foo) = foo - fL + Z(Id - Hifl)(fl - fl71)~

=0

1/2

The triangle inequality of the norm (E ||||2L2 (ry)'/* implies that

L

1/2 1/2 1/2
(Elfo = SiFolizm) < (M= fulizm)  + 20 (BI04 =15 )0 = )35 0y )
=0
L

5 RNV
S oo = frllpeqn + Z (e%/L,l,z(fl = fien) + i = fl—1||Lg(r) Tp 2/ )

=0
= (%)
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where we used part (iii) of Theorem 2.2 together with the fact that L > 2a/o for small enough € for the second
inequality. We observe that

— by Assumption Al, we have

B
e = Fullzny S xp (-222

— by Assumptions Al and A2(2), we have

2
Gt — 5o 5 (e (~@ -0 0o (122

2
w «
A e e S R )

v+ Bs o+

— by (4.2)

Combining these observations we arrive at

(*)SGXP(L b )+M“2L:exp((Ll) S Ps >
1=0

Y+ Bs ota v+ fs
L
w) e (i) B (5 -797)
< —L + M~ —L—— l — .
Nexp( v+ B P o+ ;exp oc+a v+ 06
From here, the proof may be concluded exactly as that of Theorem 4.3. ([

5. AN ADAPTIVE ALGORITHM

We introduce in this section an adaptive algorithm for the case when an optimal sequence of polynomial
subspaces, the rate of convergence f; — fo, or the cost for evaluations of f; are unknown.

To describe our algorithm, we restrict ourselves to the case when I' = [0,1]%, d € N and when pu = X is
the Lebesgue measure. By the results in Section 3.2, we may then use samples and weights from the arcsine
distribution instead of the optimal distributions. An alternative strategy for sampling in adaptive algorithms is
presented in [1].

We start by describing the building blocks that are used by our adaptive algorithm to select polynomial
approximation subspaces.

Definition 5.1 (Multivariate Legendre polynomials).

(i) We denote by (P;);en the univariate L3 ([0, 1])-orthonormal Legendre polynomials and define their tensor

products
d
P, .= ® P, 0,14 - R,
Jj=1
d
P’r](y) = H Pnj (y_])
j=1
for n € N4

(ii) For each multi-index k € N?, we define the polynomial subspace

Py :=span{P, : 2% — 1 <y < 2T — 1} < L2([0, 1%, \).
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Remark 5.2 (Orthonormal decomposition). Since polynomials are dense in L3 ([0, 1]¢), the subspaces (Py )yene
form an orthonormal decomposition of L3 ([0, 1]4). We use exponentially large subspaces instead of the simpler,
one-dimensional subspaces Px = R - P to avoid computational overhead resulting from slow construction of
large polynomial subspaces.

We use the notation f_; := 0 to avoid separate treatment of the term corresponding to [ = 0 in the following.
To describe a multilevel approximation, we need to construct a sequence (Vk)£:0 of polynomial subspaces,
such that the difference f; — f;_1 is projected onto V,_; using weighted least squares approximation. The final
approximation is then defined as

L
ZHLfl(fl — fi—1)- (5.1)

=0

where II; projects onto Vi for 0 < k < L. As in Section 4, if the samples used by IT; are distributed according
to the optimal distribution of Vi, then we require that the number of samples Ny satisfy

Ny,

I{log Ny,

> dim Vi (5.2)

for some x > 0. As an alternative, we may use samples from the arcsine distribution, which is independent of
the polynomial subspaces Vj. By Section 3.2, this increases the number of required samples only by a constant
factor.

To construct the sequence of polynomial subspaces in an adaptive fashion, our algorithm constructs a (finite)
downward closed multi-index set Z C N+, Given such a set, we let

Vi := &y P 0<k<L,

keNe:(k,L—k)eZT

where
L:=max{l e N:Jk e N’ s.t. (k,1) € T} < oo,

which means that we project the difference f; — f;_; onto the subspace V;_; that is determined by the slice
7, :={k € N?: (k) € T} of the multi-index set Z. Let

Ak, ) = {(K, ") e NI\ T : |k — K|+ |l —I'| =1 and ZU {k,} is downward closed}

denote the set of admissible multi-indices that are neighbouring (k,!). For each multi-index (k,l) € Z, we
compute the norm of the projection of f; — fj_; onto Pk. This norm represents the gain that was made by
adding (k,!) to Z. Furthermore, we estimate the work that adding this multi-index incurred. The work could
be estimated directly using a timing function, or it can be based on a work model, e.g. the product of work
per samples times number of needed samples in (5.2). With these ingredients, we can construct Z similarly to
[13,20]. We simply start with Z = {0} then for every iteration of our algorithm, we find the index (k,1) € 7
which has a non-empty set of neighbouring admissible multi-indices and which maximizes the ratio between
the gain and work estimates. Finally, we add those neighbours to the set Z and repeat. Algorithm 1 gives a
summary of our algorithm in pseudocode.

The adaptive algorithm can fail, for example, when there are multiple zero coefficients, which would prevent
the algorithm from exploring further non-zero coefficients beyond them. We expect the algorithm to perform
optimally when the coefficients decay monotonically (or are not too far from doing so) but we cannot prove this
conjecture. Instead, we refer to the numerical experiments in Section 7 below, where the adaptive algorithm
performs as good as the method that exploits a priori information.
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Algorithm 1. Adaptive multilevel algorithm.
function MLA((f;)ien,STEPS)

1:

2 7 +— {0}

3 X, —@VieN

4: A —0VlieN

5: for 0 < i < STEPS do . N

6 (k,1) « argmaxq ez H VJV%QK&(TZ))”L%
7 L={l': ¥,I') e Ak, )}

8 for I’ € £ do

9: Ny «— N(Zy Uik : (K,I') € Ak, 1)}) — N(Ty)
10: for 0 <j < Ni do

11: Generate y ~ pg°
12: y— (fi = fi-1)(y)

13: X — XiU{(y,y)}
14: end for
15: Ay — T (fi — fir)
16: end for
17: T —TUAk,I)

18: end for
19: return ), . A
20: end function

6. APPLICATION TO PARAMETRIC PDE

We assume in this section that u (-, y) is the solution of some partial differential equation (PDE) with param-
eters y € I' C R? and that we are interested in the response surface

Y~ fooly) = Q(u(,y)) € R,
where Q(u(-,¥)) is a real-valued quantity of interest, such as a point evaluation, a spatial average, or a maximum.
In most situations, we cannot evaluate fo(y) exactly, as this would require an analytic solution of the PDE.
Instead, we have to work with discretized solutions u, (-, y) for each y, which yield approximate response surfaces
fn: T =R
Y — Qun(y)).

For example, if we employ finite element discretizations with maximal element diameter h := n~', then the
work required for evaluations of f,, grows like h~™7 = n?” for some v > 0. To apply the multilevel method of
Section 4, we need to verify the remaining Assumptions Al and A2 from there.

As a motivating example, we consider a linear elliptic second order PDE, which has been extensively studied
in recent years [2,5,7,19],
glr) in UCRP
u(z,y) =0 on OU, (6.1)

with a: U x ' — R and T := [0, 1]%.

Proposition 6.1. For any n € N, let u,, be finite element approximations of order r > 1 and maximal element
diameter h := (n+1)7!, and let f,(y) := Q(u,(-,y)). Assume that g and U are sufficiently smooth, that

inf 0 6.2
me;}}yera(x,yb ; (6.2)

and that @ is a continuous linear functional on L?(U).
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(i) fa € C"(U x T) for some r > 1, then

1foo = full oy S B

and

”foo - fn”CT—l(F) ,S hz-

(i) If for some 7, s > 1 we have

aeC(U)®C3(T) = {a: UxT = R:|[05050] oy <00V Irls <7, sh < s} : (6.3)
then
Hfoo - fn| Cs(I) S; hH_l'

Proof. In both cases, the standard theory of second order elliptic differential equations shows that y — (-, y)
is well defined as a map from I' into H"+1(U), with

all oo (s (1)) < 00

Next, we observe that the derivatives 8yju(~, y), j € {1,...,d} satisfy PDEs with the same operator as in (6.1)
but with new right-hand sides

() ==V - (9y,a(z,y)Vu(z,y)).
The regularity of this right-hand side now depends on the assumptions on the coefficient a. In case (i) we have
Iy, a(-,y) € C™Y(U) and thus § € H"2(U). Therefore, dy,u(-,y) € H"(U) for each y € I' and, moreover, we
have the uniform estimate

8y ]
H y; ¢ Lo (T;H(U))

In case (ii) we have dy a(-,y) € C"(U) and thus g € H"™Y(U). Therefore, Oy, u(-y) € H™1(U) for each y € T

and, moreover, we have the uniform estimate

HﬁyuH < 0.
7L (D HT (V)

Repeatedly applying these arguments yields

[ull g1 m2(0ry) < 005

and

Il oo (s 0y) < 005

in cases (i) and (ii), respectively. We may now conclude by using standard finite-element theory. In case (i), we
have
[foo = full L2ry < NQIHIw = wnll 20y 20y

Sh ||u||L2(r;Hr+1(U))

and
| foo — fn”cr—l(r) S lu— Uanr—l(r;LQ(U))

S h? ||u||CT*1(F;H2(U)) )

whereas in case (ii), we have

o=y S v = nllcs L2y
SAH|ul

O (D HT (1)) 1
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Remark 6.2. In case (i) of the previous proposition, differentiating with respect to y reduces the number of
available derivatives in z, which are required for convergence of the finite element method. Thus, the convergence
in L2(T) is faster than that in C"~!(T). Case (ii), on the other hand, describes the so-called mized smoothness
of the coefficient in z and y, meaning that differentiating in y does not affect the differentiability with respect
to x.

If the coefficients depend analytically on y, then the same holds for f.,, which can be exploited to obtain
algebraic polynomial approximability rates of f., even in the case of infinite-dimensional parameters [5,16], as
shown below.

Proposition 6.3. Let I' := [—~1,1]°°. Assume that @ is a linear and continuous functional on L?(U), that
0 < inf, 4 a(z,y) < sup, , a(z,y) < oo, and that
a(z,y) = a(z) + Zijj($)7
§=0

2

a(x,y) = d(x) + Zijj(x) )
=0

or
o0
a(z,y) =exp [ > y;v;(x)
=0
If there exists rmax > 1 such that
%51

then, for any » € N with 1 < r < rpa, finite element approximations with maximal element diameter h :=
(n+1)~! achieve

cr(U) S (J + 1)_(Tmax+1_7ﬂ) VJ € Nv 0 <7 < Tmax,

||foo - fn||L°°(F) < ChT+1

with a constant C' independent of n. Furthermore, for any such r, there is a sequence (V;;,)men of downward
closed polynomial spaces with dim V;,, = m such that finite element approximations with order » and maximal
diameter h := (n + 1)~! achieve

eV, 100(foo = fn) CmM+1) 7R VO < <rpax —7
with a constant C independent of n and m.

Proof. Tt was shown in Theorem 4.1 and Section 5 of [5] that for each 0 < r < rpax there exists a set ', € C*,
I' € Ty such that [|lafl pe(r, .o (7)) < 00 and such that y — u(-,y) may be extended to a complex differentiable
map from T, into H'*"(U) with

llull oo (p, s 1 )y < 00 (6.4)

For a detailed description of the sets I',. we refer to [5]. For our purposes it suffices to know that the better the
summability of ([[1;]| . (U)) jen, the larger I';. can be chosen; and the larger I',. the better the polynomial approx-
imability properties of complex differentiable maps defined on I',.. In particular, the results of Section 2 of [5],
show that when restricted to the smaller set I" such maps may be approximated at algebraic convergence rates
within downward closed polynomial subspaces. More specifically, equation (2.27) of [5] shows that if a function
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® 7
3 @A) |
A(0,1)
2t @ |
B A(1,1) = A(0,2)
T ° 'Y .
A(2,0)
ol @ ° 'Y o
| | | |
0 1 2 3

FIGURE 1. Example with d = 1 of a multi-index set Z and the associated non-empty sets of
neighbouring admissible multi-indices A(, -). In this example L = 1, V; = span{1,y,...,y%} =
span{Py(y), ..., Ps(y)}, and Vo = span{l,y,y*} = span{Po(y), P1(y), P2(y)}-

e is complex differentiable on I',., then for any m € N there exists a downward closed polynomial subspace V.,

such that
sevi 2o o 16 = Ol iz S (m A+ D72 el oo o, 20

for all @ < rpmax — 7. Applying this estimate with e := u — u,, shows

B (Foe = £) = vllzey S NQI 0, = ) = 3l oy

S m+1)7% lu = unll oo r, 2200y -
By standard finite element analysis we finally obtain
llu— uﬂ”Lw(Fr;L?(U)) < Ch™! ||u||L°C(FT;H7‘+1(U)) :
with C' = C/( lall o r,.cr@) ) < 0o. Combining the previous two estimates with (6.4) concludes the proof. [

Remark 6.4. Similar results can also be shown for PDEs of parabolic type and for some nonlinear PDEs [5].

7. NUMERICAL EXPERIMENTS

To support our theoretical analysis, we performed numerical experiments on linear elliptic parametric PDEs
of the form
=V - (a(z,y)Vu(z,y)) = in U:=[-1,1"

1
(7.1)
u(z,y)=0 on OU,

as in Section 6.
We let

a(z,y) =1+ |[lzl|5 + |yll3, yel:=[-1,1]"
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FIGURE 2. The running time of computing a single sample of (7.2) with d = 6 using a discreti-
sation with a constant mesh size h; = 27!/8. In theory, the work should grow like O(h;?), i.e,
0O(23"). However, for most levels, the work grows on average like O(22!), hence we choose v = 2
in our numerical tests and discussion. Note that level 12 does not follow the model O(2%).

forr:=1,s:=3, D:=2and d € {2,3,4,6}. Our goal was to approximate the response surface

Y fy) = Qu(-y)) = /U u(-ry) de (7.2)

in L2(T).

The numerical scheme we used to solve (7.1) employs centered finite difference approximations of the deriva-
tives with a constant mesh size, h;, for the discretization level, I, and a GMRES solver. Such a numerical scheme
converges asymptotically at a rate of O(h?) in the L? norm and requires a computational work of O(h; ), since
the PDE is two-dimensional and we are using GMRES. This corresponds to the values §; = 3, =2 and v =3
for the parameters in Assumptions A2 and A3. However, we noticed that v = 2 is a better fit for most dis-
cretization levels that we use, for h; = 27!/8; see Figure 2. Hence, we fix v = 2 in our tests and the discussion
below.

To estimate the projection error of our estimate we evaluate the L? error norm using Monte Carlo,

M
If = SLAIF2r = me y,;) — SLf)(y,)> (7.3)

The number of samples, M, is chosen such that the estimated error of the Monte Carlo approximation is less than
10% of the norm that is approximated. In our tests we employ both the non-adaptive and the adaptive algorithms
from Sections 4 and 5 with the random points being sampled from both the arcsine and the optimal distribution
(using Acceptance/Rejection sampling for the latter). We also consider using the arcsine distributions with the
non-adaptive algorithm. As a basis for the non-adaptive algorithm, we use total degree polynomial spaces
Vi := span{P, : |n|1 < m}, where P, is a tensor product of Legendre polynomials as in Section 5. We also
compare the multilevel algorithm to the straightforward, single-level approach, which for a given polynomial
approximation space V,, uses samples from a fixed PDE discretization level that matches the accuracy of
the polynomial best approximation in V,,. To find these matching PDE discretization levels, we consider the
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complexity curve of the single-level method as the lower envelope of complexity curves with different PDE
discretization levels. Even though such a method is not practical, the choice of discretization level for a given
tolerance is always optimal.

Before presenting the numerical results, let us derive some a priori estimates of the complexity of the single-
level and multilevel projection methods. From Proposition 6.1, if a € C"(U) ® C*(T"), then using finite elements
of order r and mesh size h would yield convergence in the space F' := C*(T") with the values f; = 8, =7+ 1 of
the parameters in Section 4, and optimal solvers would require the work O(h~7), v := D. Furthermore, since
functions in C*¥(T") are approximable by polynomials of total degree less than or equal to k at the rate O(k~*) in
the supremum norm [3], we expect at least « = s. Even though our choice a(z,y) = 1+||z||5+ ||y satisfies only
a € O~ LY U) ® C*~11(T), we do not expect different rates than those derived above for a € C"(U) @ C*(T').

Finally, the dimension of total degree polynomial spaces V,,, equals (mjd) and asymptotically we have (m;d) <

~J
mé, i.e. o =d.

Thus, we expect the complexity of the single-level method to be O (e_%_% log(e_1)>7 while the complexity

of the multilevel method is of O (e_ max( 1. ¢) log(e_l)t), where

D d

e p B

= 3+r+1 rBlzg’
2 a1 < 5

Hence, for r = 1 and s = 3, the complexity of the single-level method is O (6717% log(efl)) and the complexity
of the multilevel method is O (e* max(1,5) log(efl)t> where

1, d<3,
t=<4, d=3,
2, d>3.

Figure 3 shows the work estimate as defined in (4.4) vs. the L? error approximation in (7.3). The theoretical
rates satisfactorily match the obtained numerical rates, which show an improvement of the multilevel methods
over the single-level method. They also show that sampling the random points from the arcsine distribution
does not have a significant overhead compared to sampling these points from the optimal distribution. Note that
the work estimate does not include the cost of sampling random points, the cost of assembling the projection
matrix and computing the projection nor does it include the cost of finding the set Z for the adaptive algorithm.
On the other hand, Figure 4 shows the total running time in seconds of the four different methods, including
the cost of generating points, the cost of assembling the projection matrix and computing the projection but
not including the cost of finding the optimal set Z for the adaptive algorithm. While Figure 4 still show the
same complexity rates as Figure 3 for all the methods, there is a small discrepancy with the theory for d = 6
and very small tolerances. This is due to the fact that for small tolerances, the discretization level [ = 12, whose
work does not adequately follow the work model with v = 2, is employed; see Figure 2.

8. CONCLUSION

We have presented a novel multilevel projection method for the approximation of response surfaces using
multivariate polynomials and random samples with different accuracies. For this purpose, we have discussed
and analyzed various sampling methods for the underlying single-level approximation method. We have then
presented theoretical and numerical results on our multilevel projection method for problems in which samples
can be obtained at different accuracies. The numerical results show good agreement with the computational
gains predicted by our theory. Future work will address the application to problems in uncertainty quantification
with infinite-dimensional parameter domains and multi- or infinite-dimensional quantities of interest.
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FIGURE 3. L%([-1,1]¢)-error, approximated using (7.3) vs. work estimate (4.4) of single-level,
non-adaptive multilevel and adaptive multilevel methods for a linear elliptic PDE with non-
smooth parameter dependence. We also show the work estimate for a non-adaptive multilevel
method with random points sampled from the arcsine distribution. This figure shows the agree-
ment of the numerical results with the theoretical rates. It also shows that using the arcsine
distribution does not have a significant overhead compared to using the optimal distribution
for the random points.
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FIGURE 4. Similar to Figure 3, but showing the total running time of the methods instead of
their work estimate. The discrepancy with the theory for d = 6 and small tolerances is due to
the non-asymptotic behaviour of the work-per-sample, as seen in Figure 2. Note that for small
tolerances, level 12, whose work does not follow the work model with v = 2, is employed.
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