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DERIVATION AND ANALYSIS OF COUPLED PDES ON MANIFOLDS
WITH HIGH DIMENSIONALITY GAP ARISING FROM TOPOLOGICAL
MODEL REDUCTION

FEDERICA LAURINO2 AND PAOLO ZUNINOL*

Abstract. Multiscale methods based on coupled partial differential equations defined on bulk and
embedded manifolds are still poorly explored from the theoretical standpoint, although they are suc-
cessfully used in applications, such as microcirculation and flow in perforated subsurface reservoirs.
This work aims at shedding light on some theoretical aspects of a multiscale method consisting of cou-
pled partial differential equations defined on one-dimensional domains embedded into three-dimensional
ones. Mathematical issues arise because the dimensionality gap between the bulk and the inclusions
is larger than one, that is the high dimensionality gap case. First, we show that such model derives
from a system of fully three-dimensional equations, by the application of a topological model reduction
approach. Secondly, we rigorously analyze the problem, showing that the averaging operators applied
for the model reduction introduce a regularization effect that resolves the issues due to the singularity
of solutions and to the ill-posedness of restriction operators. Then, we exploit the structure of the model
reduction technique to analyze the modeling error. This study confirms that for infinitesimally small
inclusions, the modeling error vanishes. Finally, we discretize the problem by means of the finite element
method and we analyze the approximation and the model error by means of numerical experiments.
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1. INTRODUCTION

The topological (or geometrical) model reduction techniques play an essential role in the simulation of mul-
tiscale, multiphysics, multimodel systems. For example, small inclusions of a continuum can be described as
zero-dimensional (0D) or one-dimensional (1D) concentrated sources in order to reduce the computational cost of
simulations. Many problems in this area are not well investigated yet, such as the coupling of three-dimensional
(3D) continua with embedded (1D) networks, although it arises in applications of paramount importance. For
example, such models have been introduced since three decades (at least), for modeling wells in subsurface
reservoirs in [35,36] and for modeling microcirculation in [5,17,18,42]. A similar approach has been recently
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used to model soil/root interactions [23]. However, these application-driven seminal ideas were not followed by
a systematic theory and rigorous mathematical analysis.

Seminal works featuring the formulation and analysis of bulk 3D with embedded 1D PDEs, due to D’Angelo
and co-workers [12-14,30], have appeared much later than their applications. From the point of view of numerical
approximation and analysis of such problems, besides the works by D’Angelo, we mention [4,6,24-28,33]. More
precisely, in [4, 24, 25] optimal a-priori error estimates for the finite element approximation of elliptic equations
in with Dirac sources are addressed. The solution of 1D differential equations embedded in 2D is studied in
Kuchta et al. [27], recently extended to 3D-1D in Kuchta et al. [28]. The consistent derivation of numerical
approximations schemes for PDEs in mixed dimension is addressed in Wietse Boon et al. [6], while Notaro et
al. [33] focuses on the approximation of 3D-1D coupled problems with mixed finite elements. Relevant topics
related to the 3D—1D coupling have also been addressed in [21,44], where regularization of singularities is studied
for PDEs with singular source terms.

We believe that these studies do not cover the many facets of a comprehensive theory of coupled PDEs
on embedded manifolds with heterogeneous dimensionality. The main issues consist in the poor regularity
of solutions of (second order, elliptic) PDEs with singular forcing terms, combined with the ill-posedness of
restriction operators (such as the trace operator) applied on manifolds with co-dimension larger than one. We
envision different ways to overcome this theoretical obstacle. One is the application of weighted Sobolev spaces
to handle singular functions, already adopted in [13,14]. The other one is the introduction of regularizing
operators. This work explores the latter path, with the main purpose to extend the work of Koppl et al. [26] to
the more challenging case of 3D-1D coupled equations.

We start from a system of fully 3D second order elliptic equations, coupled by means of Robin type
(or mixed type) interface conditions that mimic the flux type interface conditions that are typically used in
the applications cited above. This represents an idealized problem of transport/flow through a network of small
inclusions embedded into a bulk domain. We identify three general assumptions that allow us to transform
the original problem into a simpler one, by means of a topological model reduction technique based on local
averaging. The resulting equations consist of 3D-1D coupled elliptic equations. Since the mathematical tools
used for the derivation of the reduced model are related to the geometric multiscale method, see for example
[39] for a recent review, but are applied here to model small inclusions embedded into a bulk, we call this new
approach the geometric embedded multiscale method.

We show that the averaging operators introduce in the problem a regularizing effect, such that the weak solu-
tion exists in classical Hilbert spaces. As a consequence, the reduced problem can be naturally approximated by
means of finite elements and, thanks to some additional regularity results, the convergence of the approximation
method can be proved and the corresponding rates are observed in numerical experiments. We notice that if the
small inclusions are shaped as a network, the 1D subproblem consists of a quantum graph, see [3] for details,
and its finite element approximation can be addressed with the tools recently developed in [2]. Furthermore, the
systematic derivation of the reduced model reveals the structure of the modeling error, allowing us to perform
a rigorous analysis of it. This analysis ends up with the conclusion that for infinitesimally small inclusions, the
reduced model is equivalent to the fully 3D one.

We believe that building sound mathematical foundations for the 3D—-1D approach to model embedded
inclusions will benefit to the theoretical knowledge and it will also improve the reliability of the method for
relevant applications, as for example the ones already addressed by the authors and co-workers in [9, 10,31, 32,
37,38], see Figure 1 (right panel) for an illustration of these results.

2. PROBLEM SETTING

We address here the geometrical configuration of the domain and we set up a problem based on Robin-
Neumann coupling conditions. Figure 1 (left panel) shows a qualitative sketch of the problem setting. Then, we
present the formal derivation of the reduced problem, consisting of 3D-1D coupled equations. A rigorous analysis
of it will be considered in Section 3.



COUPLED PDES ON MANIFOLDS WITH HIGH DIMENSIONALITY GAP 2049

B - root uptake

A - migrocir: ulxtion

C - reservoir/well interaction

FI1GURE 1. Left panel: qualitative sketch of the geometrical setting of the problem. Right panel:
illustrates three significant applications for which the geometric embedded multiscale method
has been already successfully used: case (A) represents microcirculation, addressed in [9,10,31,
32,37, 38]; case (B) shows a preliminary study of the interaction of soil and roots pursued in
Raimondi [40]; case (C) represents a prototype simulation for the interaction of reservoirs and
wells performed with the approach described in Cerroni et al. [11].

2.1. Geometrical setting

The domain is denoted as 2 and composed by two parts, 3 and Qg := Q \ . We assume (2 is convex and %
is completely embedded into 2, such that the distance between 92 and 9% is strictly positive.

Let ¥ be a generalized cylinder, that is the swept volume of a two dimensional set moved along a curve in
the three-dimensional space, see for example [19]. More precisely, let A(s) = [£(s),7(s),{(s)], s € (0,5) be a
C?-regular curve in the three-dimensional space. Let A = {A(s), s € (0,5)} be the centerline of the cylinder. For
simplicity, let us assume that ||A’(s)|| = 1 such that the arc-length and the coordinate s coincide. Let T, N, B
be the Frenet frame related to the curve.

Let D(s) = [z(r,t),y(r,t)] : (0,R(s)) x (0,T(s)) — R? be a parametrization of the cross section. Let us
assume that D(s) is convex for any s € (0,5). The cross section can change size along A but not shape. Let us
also parametrize the boundary of the cross section as dD(s) = [dx(r,t),dy(r,t)] : (0, R(s)) x (0,T(s)) — R?,
and let us assume that 9D(s) is a piecewise C2-regular curve. Then, the generalized cylinder ¥ can be defined
as follows

Y ={A(s) +z(r,t)N(s) + y(r,t)B(s), r € (0,R(s)), s € (0,5), t € (0,T(s))},
and the lateral boundary of it, denoted with I, is
I ={X(s) + 9z(r,t)N(s) + Oy(r,t)B(s), r € (0,R(s)), s € (0,5), t € (0,T(s))}.
Let | - | denote the Lebesgue measure of a set. If |D(0)|, |D(S)| > 0 then ¥ has top and bottom boundaries,

which are X\ T' = {X(0) + D(0)} U {A(S) + D(S5)}. For simplicity of notation we write I'y = {A(0) + D(0)}
and I's = {A(S) + D(5)}.
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Thanks to the geometrical structure of the generalized cylinder, we decompose integrals as follows, for any
sufficiently regular function w,

/wdw: // wdads:/ |D(s)|w(s)ds, where w(s) = |D(s)|_1/ wdo,

by A JD(s) A D(s)

/ wdo = // wd’yds:/ |0D(s)[w(s)ds, where w(s) = |6D(s)|_1/ wdry,
o)) A JOD(s) A 0D(s)

being dw, do, dvy the generic volume, surface and curvilinear Lebesgue measures.

With little abuse of notation, for a straight cylinder we identify the function w(s) : A — R with the function
on ¥ obtained by extending the mean value to each cross section D(s). The same extension can be also applied
to ', namely w(s) can be either regarded as a function on A or on I.

Let us now formulate a fundamental assumption (A0O) on the proportions of X.

A0: We assume that the transversal diameter of X2 is small compared to the diameter of 2. The small parameter
(defined below) is denoted with the symbol e.

Let D = max,c(o,s)diam(D(s)) be the largest diameter of the cross sections of ¥, that is the transversal
diameter of ¥. The central assumption of this work is that D < diam(€2). Let us now scale the domains € and
Y. Let xo(z) = x/diam(Q) be a scaling function and let be Q, = xo(22), X, = xa(X) be the scaled domains.
The previous assumption implies that for the scaled domains e = D, = D/diam(?) is such that 0 < e < 1. For
simplicity of notation, and without loss of generality, form now on we will implicitly refer to the scaled domains
dropping the subindex x.

2.2. Fully 3D coupled problem formulation

We describe here a version of the problem arising from Robin-Neumann conditions. After straightforwardly
rearranging the Robin-Neumann conditions as Robin—Robin ones, the problem consists to find ug, ug (where
@, © denote the exterior and the interior of 3, respectively) such as:

—Aug = f in Qg, (2.1a)
—Aug =y in X, (2.1b)
—Vug - ng = K (ug — ug) on T, (2.1¢)
—Vug - ng =k (ug — ug) on T, (2.1d)
—Vug -ng =0 on IyUTg, (2.1e)
—Vug -ng =0 on TyuUTlg, (2.1f)
ug =0 on ON. (2.1g)

It is assumed that the interface of ¥ is permeable, namely it is crossed by a normal flux proportional to
k (ug — ug). The coefficient k plays the role of permeability or transfer coefficient and it assumes a uniform value
on each cross section 9D(s). As a result of that, x is only a (regular) function of the arc-length s. For the boundary
conditions on the top and bottom faces of the cylinder, we make the assumption that |D(0)|, |D(S)| > 0. In
applications, the domain ¥ consists of many cylinders, representing channels carrying flow, fibers or inclusions.
The numerical approximation of PDEs on such domain may thus become very demanding, due to its complex
shape. The main disadvantage is that it requires the resolution of the full geometry of the inclusions, which in
many real applications can be difficult to handle. For this reason, we aim to apply topological model reduction
techniques, based on averaging, in order to transform the problem on ¥ into a simpler one.

The objective of this work is to consider a simplified version of problem (2.1), where the domain ¥ shrinks
to its centerline A and the corresponding partial differential equation is averaged on the cylinder cross section,
namely D. This new problem setting will be called the reduced problem. From the mathematical standpoint it
is more challenging than (2.1), because it involves the coupling of 3D /1D elliptic problems.
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2.3. Topological model reduction of the problem on X

We apply the averaging technique to equation (2.1b). In particular, we consider an arbitrary portion P of the
cylinder, with lateral surface I'p and bounded by two perpendicular sections to A, namely D(s;), D(s2) with
s1 < s2. We have,

/ Augdw = / Vug -ngdo = 7/ Osugdo +/ Osugdo +/ Vug - ngdo.
P oP D(s1) D(sz) I'»

By the fundamental theorem of integral calculus combined with the Reynolds transport Theorem, we have
S2
—/ Osugdo +/ Osugdo = / ds / Osugdods
D(s1) D(s2) s1 D(s)

:/ d?s/ uedads—/ ds / vug dy | ds,
S1 D(s) s1 9D(s)

where v denotes the normal deformation of the boundary along (0,S). More precisely, we observe that v is
uniform on 9D(s), because we assume that D(s) can not change shape. Then, the following identity holds true,

4,(|D(s)]) = /8 oV = 19D (2.2)

Substituting in the previous equality, we obtain

/ d‘;‘s/ uedads—/ d, (/ uu@m) ds:/ [@2,(1D(s)[T0) — du(v|0D(s)[70)] ds
s1 D(s) s1 OD(s) s1

[ pe)e) - . (@.(pe)e)] as

S1

By means of (2.1d) we obtain,

S2 §2
/ Vug - ngdo = 7/ k(ug —ug)do = —/ / K(ug — ug)dyds = 7/ k|0D(s)|(ug — Ug) ds.
I'p I'p S1 QD(S) S1

From the combination of all the above terms with the right hand side, we obtain that the solution ug of (2.1)
satisfies,

So S2
| FEPETe) + d. (@D ) + 0D(s) st~ 70)] ds = [ P(5)Fds
s1 s1
Since the choice of the points s1, so is arbitrary, we conclude that the following equation holds true,
—d2,(|D(s)[ae) + ds (ds(|D(s)|)us) + [0D(s) |k (us —us) = [D(s)[g on A, (2.3)
which is complemented by the following conditions at the boundary of A,

|D(s)|dste =0, dg|D(s)]=0, on s=0,85. (2.4)

Then, we consider the variational formulation of the averaged equation (2.3). After multiplication by a test
function V' € H'(A), integration on A and suitable application of integration by parts, we obtain,

/Ads(\D(S)Iie)dsVds — ds(|D(s)[ae) V1= — /A(dSID(S)DﬂedsVdH (ds[D(s)Jus V=5

+/A|8'D(s)|/ﬁ(ﬂe—ﬂ@)Vds:/Aﬂ)(s)@Vds.
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Using boundary conditions, the identity ds(|D(s)[us) = |D(s)|dsus + ds(|D(s)|)us and reminding that
ds|D(s)])/|0D(s)| = v, we obtain,

(dstug, dsV)a,p| + V(s —Ts),dsV)a,jop) + (K(Ts — Tg), V)a,jop| = (9, V), D|- (2.5)

where we have introduced the following weighted inner product notation,

S
(Uv V)A,w = /0 U/(S)U(S)V(S)ds

Let us now formulate the modelling assumption that allows us to reduce equation (2.5) to a solvable one-
dimensional (1D) model. More precisely, we assume that:

A1: the function ug has a uniform profile on each cross section D(s), namely ug(r, s, t) = U(s).

Therefore, observing that U = U = ﬁ, problem (2.5) consists to find U € H'(A) such that
(dsU,dsV)a,ip) + (KU, V) 00| = (KT, V)a oo + (G, V)a,p) YV € H'(A). (2.6)
Remark 2.1. By formally writing the strong formulation of equation (2.6) we obtain,

—d2.U + |fDD||mU = fpplmu@ +9, onA.

We observe that the relative magnitude of the flux terms, that are (|0D|/|D|)x(U —4g), scales as (|0D|/|D|)k
with respect to the volumetric terms, namely d2,U + g. This sheds light on the behavior of the model when
€ — 0. More precisely, for a bounded , what matters is the limit of |0D|/|D|. Assuming that dD is rectifiable
and the cross section D is characterized by two axes, of length € and € respectively (where the parameter «
controls the aspect ratio of the cross section), we have lim._,q |0D|/|D| ~ e~ * + e ~ ¢~ max(@1) Unless o > 1,
the scaling of |0D|/|D| is e 1. Going back to the strong formulation of (2.6), this entails that the flux terms
diverge when ¢ — 0. This observation explains, from an heuristic yet physical standpoint, why the coupling
between the 3D and the 1D models becomes ill posed when the radius of the 1D inclusion vanishes.

2.4. Topological model reduction of the problem on Qg
We focus here on the subproblem of (2.1) related to Qg, that is

—AU@ = f in QEB’ (27&)
—Vug ng = k (ug — ug) on T, (2.7b)
ug =0 on 0. (2.7¢)

Integrating by parts and using boundary and interface conditions, we obtain:

fodw= — Augvdw = Vug - Vodw — Vug - ngvdo
Qg Qo Qs g

= / Vug - VodQ + / k(ug — ug)vdo.
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Now, we apply a topological model reduction of the interface conditions, namely we go from a 3D-3D to
a 3D-1D formulation. To this purpose, let us write the solution and the test functions on every cross section
0D(s) as their average plus some fluctuation,

U :ﬂ@—Fﬂ@, Ug :ﬂ@—Fﬂ@, ’U:E—‘r’a, on 8D(8),

where g = s = 0 = 0. Therefore, using the coordinates system (r,s,t) on T, for * = @&, © we have,

/Kzu*vdoz/n/ (ﬂ*—&—ﬁ*)(ﬁ—i—ﬂ)d’yds:/f<;|6D(s)|ﬂ*Eds+/ﬁ/ U, vdyds.
r A Jop(s) A A Jop(s)

Then, we make the following modelling assumptions:

A2: we identify the domain Qg with the entire €2, and we correspondingly omit the subscript @ to the functions

defined on Qg, namely
/ ug dw ~ / udw.
Qs Q

A3: we assume that the product of fluctuations is small, namely

/ U 0dy ~ 0.
aD(s)

By means of the previous deductions, reminding that for assumption Al we have that ug = U and putting
together the terms of the weak form of (2.7), we obtain that u solves the following problem,

(Vu, Vo)o + (K, 7)4 jop| = (KU, 0)a jop) + (fiv)a, Yo € Hg(Q). (2.8)
2.5. Extension of the 1D problem to a metric graph

The embedded domain ¥ was defined starting from its centerline, namely the curve A. We now discuss the
generalization to the case where A is a network. In our case, the edges of the network are curves A;(s;) =
[€i(8:),Ti(84),Gi(84)], si € (0,8;), i=1,...,N that are connected at a number M of vertices,

yj:)\i(O):Ag(Si), i,ie{l,...,N},j:l,...,M.

The set of vertices is denoted with Y = {yj e R, = , M}, while I;, represent all the indices @
that are connected with the vertex j. Furthermore, K; can be decomposed into le_ and IC;F, where ICj_ =
{ie{l,...,N}: y; = Xi(0)} are the branches originating in the j—th vertex, according to their orientation.
The complementary is ICJ-+ denoting the branches that end into the same vertex. We denote with i € B the
indices of segments with a dead-end, which can be similarly split into B, B~. Obviously, each edge has an arc-
coordinate s; and a length S;, under the assumption ||A}|| = 1. With these two propositions, the network is also
a metric graph. In this more general setting the embedded domain ¥ is defined as the union of all the generalized
cylinders generated by swiping suitable sections 9D(s;) along the centerlines A; = {\;(s;), s; € (0,S5;)}, namely
Y= Uf\il ;.

We observe that the topological model reduction approach can still be applied branch by branch individually,
but it can not be adapted to the entire ¥ at once, because in proximity of the junctions ¥ is no longer a
generalized cylinder. For this reason we define the reduced problem directly from the differential formulation of
a single branch. Equation (2.3) applies to each edge A; and it must be complemented with suitable matching
conditions at the vertices, which correspond to the application of (2.4) at the endpoints of each A;. Such
conditions turn out to be the Kirchhoff ones that for the j-th vertex can be written as,

S DS, Ui(S) — S [D(0)]ds, U(0) =

ekt iek;
UZ(O) = Ui(Sg), Vi € ’C;,i S K:;r,
d,.|D(0)] = dy, |D(S:)] = 0, Vi € K.
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The first conditions corresponds to balance of current or fluxes, while the second states that the solution
on each edge must be continuous at the vertices. The third condition is just an assumption on the shape of
each branch at the endpoints. The reduced problem on the network consists to find a collection of functions
U;, i=1,..., N such that

d2,(ID(50)|Ui) + ds, (ds, [D(s:)|Us) + [0D(s:) |3 U; (2.9a)
= |0D(s;)|kitug + |D(s:)[7, onA;, Vi=1,...,N,
D(0)| = ds,|D(S -)|=o VieK;, Vji=1,...,M, (2.9b)
Z ID(S:)|ds, Us(Si) = Y D(0)]ds, Ui (0) = Vi=1,...,M, (2.9¢)
zelcj i€k
U;(0) = Ui (S), Vie Ky ,Vie KI,Vji=1,...,M, (2.9d)

For the definition of the variational formulation of problem (2.9) we introduce Sobolev spaces defined on a
metric graph, see for example [2,43] and references therein. In particular H'(A) = @, H'(A;) NC°(A), namely
the space of all continuous functions V' : A — R, such that their restriction V; to each edge A;, i =1,..., N
belongs to H'(A;), where H'(A;) denotes the usual H! space defined on the manifold A;. The norm of H'(A)
is naturally defined as, V]2 y) = Sy 1Vill% -

Let us now take U,V € H!(A) and derive the variational formulation of (2.9). From (2.9a), we obtain,

S=8+ (kUi Vi), o))

2200+ ds, (ID(s) DUV

N
Z [(dsiUivdsVi)Ai,lp\ - dsb(|D( )|U)

N
Z Kilig, Vi) A, jop) + (G, V), D)

After using (2.9b) and reordering the terms at the endpoints of each edge we have,

N
ST ID(S)ds, Ui(S:)Vi(S:) — [D(0)]ds, Ui (0)V;(0)]
=1

M
> | 2 IDESilds,Uics — 3 [D(0)]d,, Us(0)Vi(0)

iekt ieK;

+ D ID(S)]ds, Ui(S = > [D(0)[ds, Ui (0)Vi(0).
ieBt i€B~
Since the test functions are continuous on A, they can be factorized and all the terms on X; and B disappear
owing to (2.9¢)—(2.9e)—(2.9f). Finally, conditions (2.9d) are stongly enforced through the definition of H!(A). As
a result of that, the variational formulation of the reduced problem on the network consists of finding U € H'(A)

such that
N N

> (Ao, Ui, dVi), o) + (5:Us, Vi) sy jop) ] = D _(Kille, Vi)a, jop) + (3 V)a,p)- (2.10)
i=1 i=1
Endowed with problem (2.10) the metric graph A becomes a quantum graph, namely a metric graph equipped
with a differential operator on the edges complemented with vertex conditions, see for example [3]. In the simple
case of constant cross sections, namely ds|0D(s)| = 0, the differential operator on A is L(U) = |D|d2,U +|0D|xU
(also called as a Schrodinger-type or Hamiltonian operator) and the vertex conditions are the Kirchhoff equations
reported above.
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3. MATHEMATICAL ANALYSIS AND NUMERICAL APPROXIMATION OF THE PROBLEM

We study the existence, uniqueness, stability and regularity of solutions of problem (2.6)—(2.8). The main
focus of this section is to show how the formal derivation of the 3D—1D coupled problem actually provides a
mathematically sound definition of the coupling operators from a 3D domain, €, to a 1D manifold, A, and vice
versa. This is a non trivial result, because the standard trace operator form a domain §2 to a subset A is not
well posed if A is a manifold of co-dimension two of ).

3.1. Coupled problems with hybrid dimensionality

Let us now introduce the following bilinear forms:

aq(w,v) = (Vw, Vo)q,
ap(w,v) = (dsw,dsv)a,p|,
bf\(wvv) = (Kwav)A,\BDL

After averaging of the equation on Qg and of the interface conditions, for any f € L?(2), g € L?(A), the
weak formulation of the reduced problem consists to find u € H} (), U € H'(A) such that

aq(u,v) + by (w,v) = b4 (U,7) + (f,v)a Yov € H&(Q), (3.1a)
ar(U, V) + 03 (U, V) = b4 (@, V) + (3, V)a,p| YV e HY(A). (3.1b)

This problem is an extension to 3D of the one considered in Koppl et al. [26] for two space dimensions.

For what follows, it is convenient to introduce a compact formulation for problem (3.1). In particular, we
define V = [v, V] a generic function of the space V = H}(Q) x H(A) and we name U = [u, U] the couple of
unknowns of problem (3.1). Any function V € V is endowed with the norm ||V||* = ||'UH§—11(Q) + ||VH§11(A)7|D‘.
Then, we introduce the following bilinear form in V x V|

AU, V) = aq(u,v) + ap (U, V) + b3 (u— U, 7 - V),

and the linear functional in V, F(V) = (f,v)a + (7, V)a,p|- Then, the compact form of problem (3.1) consists
of finding U € V such that
AU, V) = F(V), YVeV. (3.2)

3.2. Well-posedness analysis

The mathematical properties of problem (3.2) are studied below. Before proceeding, we list the main assump-
tions on the domain and on the coefficients, at the basis of the existence of a solution (E1-E3). From now on,
the dependence of D and 9D from the arclength s will be omitted in the notation.

E1l: A CC Q are bounded and domains in R%~2 and R? respectively, with d = 3.

E2: The domain X is a generalized cylinder with strictly positive minimal diameter ming |D(s)| > 0 for any
s € (0,5). As a consequence X has planar faces |D(0)[, |D(S)| > 0 at the endpoints of A.

E3: There exist positive constants Cp, Cyp independent of s, such that

|D| = Cp (diam(D))?, |0D| = Cyp diam(D). (3.3)
E4: The parameter k € L>(A) is strictly positive and lower bounded by Kmin > 0.

Remark 3.1. Assumption E2 prevents that the generalized cylinder ¥ pinches at any interior or extremal
location of the centerline A, i.e. the cross section of the cylinder can not collapse. In particular, this entails
that the cylinder must have blunt (planar) tips. This is an essential requirement in the analysis, because the
boundedness of the bilinear form depends of the minimal radius of the cylinder, as shown in Lemma 3.7. This is
due to the fact that, if a cross section collapses, then the coupling between the 3D and the 1D problem becomes
ill posed. This is equivalent to observe that, if |D| — 0, then we loose control of U in the weighted norm |||I/].
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Remark 3.2. Assumption E3, namely that Cp and Cyp are independent of s means that the cross section of
> can not change its shape, but it can be subject to a homothetic map and rotation.

Theorem 3.3. Under the assumptions E1-E/, problem (3.2) has a unique solution U € V satisfying the fol-
lowing stability estimate,

)l < Csa (I1f 1122y + 1l L2y, D) (3.4)
with

2y/1+ (1 + Cp(Q))* CAl13
min (Cr ([l Le, 2(1 4+ (1 4+ Cp(Q2)) Crllsl L), Cop/Cpkmin)’

where the meaning of constants will be clarified in what follows.

Cs1 =

Before addressing the central result, we present some auxiliary tools that will be useful in the analysis.

Lemma 3.4. Ifv € HY(Q) or alternatively v € L*(T), then v € L2(A) and the following inequality holds
@11 Z2(a) 100 < 001720y < O, Q)|0]171 (0 (3.5)

being O (T, Q) the (positive) constant of the trace inequality from L*(T') to HY(Q). Moreover, Cr(T',) =
(9(61_2%5), for § > 0 sufficiently small, therefore it tends to 0 when € tends to 0.

Proof. If the inequality (3.5) holds, it follows immediately that ¥ € L?(A), since v € H(Q2), or alternatively
v € L?(T"). Therefore, we consider

1 2
7|2 :/ a'D’UZdS:/(/ vd’y) ds. 3.6
H ||L2(A),|8'D| Al | A |8D| oD ( )

Using Jensen’s inequality, we obtain

5y ([, ) s [
—_— vd ds < v°dyds 3.7
/A|3D| < oD 7 “JaJop 7 3.7)

17122 a), 0m) < /A/SD v?dvds = [[v]|2s () < Cr(0,D0ll3 o)- (3.8)

We now prove that the constant Cr (T, 2) tends to 0 when e tends to 0 analyzing the behaviour of the trace
constrant C(T, Qg) from L?(T') to H'(Qg) and exploiting the fact that for any function v € H'(Q) we have

[0lZ2ry < Cr (T, Qa) [0l () < Cr(T, Qo)lv]7 o)

and consequently

Therefore, let v € H'(Qg), then the trace of v on I' is in H2 (') and by Sobolev embedding theorem we have
that Hz(T) is embedded in LP(T") for p < 4. Using Hélder inequality with positive exponents 2 — & and %, for
0 > 0 sufficiently small,

2 2 2-9 e 425\ 0 =L 2
[lz2y = [ vido < | [ 1759 do v <075 ol aces
T r I

< T2 Cr (094, Qo) 0]| 71 ()

where Cr(0Qg,g) is bounded as ¢ — 0. Indeed, the problem of studying the asymptotic behaviour of the
constant in the trace inequality from L*729(0Qg) to H'(g) as € — 0 can be reformulated as the problem
of studying the behaviour of the trace constant as the external boundary 99 expands (we recall that 9Q =
0Qg \ T'). Then, from Theorem 1.3, item 2 from [16], taking p = 2, ¢ = 4 — 2§, we have that Cp(0Qg, Q)
is uniformly bounded with respect to the size of the domain and the relative size of the boundary. Therefore
Cr(T,Qg) < \F|17ﬁCT(8Q@,Q@) = O(elfﬁ) when € — 0, because the surface area of I' is proportional
to e. (]
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Lemma 3.5 (Poincaré inequality). For any v € H(Q), there exists a positive constant, Cp(Q), s.t.
[0]1Z20y < CP(QNIVOlF2(0)-

We now address the well-posedness of problem (3.2) on the basis of the theory for linear variational problems
in Banach spaces. More precisely we use Theorem 2.6 of [15] (also named the Banach-Necas-Babuska Theorem),
which for the sake of clarity is adapted here to the notation used for (3.2).

Theorem 3.6. Let V be a reflexive Banach space; let A(-,-) be a bounded bilinear form on'V x V; let F be a
bounded linear functional on 'V, i.e. F € V'. Problem (3.2) is well-posed if and only if:

. AW, V)
Jda>0: inf sup——+—~7—"2- > q, BNB1
W S WV (BNBY)
YWev: (AW,V)=0YWeV)=V=0. (BNB2)

We first analyze the boundedness of the bilinear form and of the functional.
Lemma 3.7. Under the assumptions E1-E4, the bilinear form A is bounded with respect to the norm ||-||,

AUY) < IAHIAIHIPN, - v, v eV,

by the constant
2

Al = 2+ [l#[] ( Cr(T, ) + \/CD minsciiam(D))>

The functional F is bounded in V owing to the inequality,
FOW) < (Ifllz2) + 1l 2a). o) V-
Proof. We start by recalling the definition of the global bilinear form,
AU, V) = aq(u,v) + ap (U, V) + b4 (u — U,v - V).
For the first and the second terms it easily follows that
aq(u,v) < [JUIIVI,  aa(U V) < UV
For the last term we have
ba@—U,0-V) = (k(@—U),0 = V)aop| < |6l T — Ullz2(a),j0p| 17 = VL2(A), 10D
<|[6llze (I[@llz2ay,jom) + 1UllL2ay10m1) (101122 Ay, j0m) + 1VIIE2(A) 10m)) -
We notice that, using (3.3), VV € H*(A)

2 |0D| 2 Cop / 1 9
Cm) 2 CaD 2
< 2 < 1 . .
~ Cp ming (diam(D)) IViz (ALIPI = Cp ming (diam(D)) IVl ()17 (3.9)

Consequently, using Lemma 3.4,

IA

1Tl 22 Ay, 10p1 + IV IIL2(A), 0D

Cop
Tl Doy + \/ G mim, (@i 1V 00

IN
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Therefore we have,

2

S C
b (@ — U, 5= V) < ||kl p= ( Cr(T,Q) +\/ o0 ) APl

Cp min, (diam(D))

The boundedness of F is easily shown owing to Cauchy-Schwarz inequality,

FV) = (fv)a+ @ Vapl < Ifllzz@llvlcz) + 1122 ollVIizz@y, o < (1fllz2@) + 1G] z2).00) IVII-

d

Lemma 3.8. Under the assumptions E1-E4, the operator A satisfies (BNB1)—-(BNB2) with a constant o in-

dependent of e.

Proof. In order to prove that the bilinear form A satisfies (BNB1) it is sufficient to prove that there exists a

positive constant « such that YW € V we can find V € V satisfying

AW, V)
— = > Q.
IVIIVIE—

We subdivide the proof in the following steps. We prove that:

(i) Imq, ma, m3z >0:

AW, Y) 2 malvllFq) +melVIEay, o) + mallo = Ve, op, YV EV.

(i) WeV,IVeVand a; >0:
AW, Y) = i [W)?

(iii) and Jag > 0:
VIl = azl[VII.

From the last two inequalities we obtain that (BNB1) holds for o = ajas. In details:
(i) By definition of A,
AWV, V) = aq(v,v) + aa(V, V) + 04T - V,5-V)

and for the first term we have
aq(v,v) = (Vv, Vo)g = (1+ Cp(Q) " [vllF g
where Cp(2) is the Poincaré constant. For the second term we have,
ar(V,V) = VI |-
Finally, for the last one we have
Vi@ =V, o =V)=(k@=V), U= V), jop| = Fminl[V - VIIZ2(a),0m-

Therefore (3.11) holds and m; = (1 + Cp(Q))~L, ma =1, m3 = Kmin-

(3.11)

(3.12)

(3.13)
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(ii) For any W = [w, W], we choose V = W + §[0, W] and from (i) we have
AW, W + 5[0, V]) = AW, W) + 6AW, [0, W])

> m1||w||§11(9) + m2|W|iIl(A),\D| + mg|[w — WH%Z(A),\BD\
+ 0 (aq(w,0) + ap (W, W) 4+ b4 (w — W, =W))
> ma ||wl[Fq) + m2lW 5 a)p)
+46 (|W|%11(A),\D| + (k(w = W), —W)A,|az>|>
> my [[w]| 1) + (M2 + 0)|[WH s )
— 0 ((kw, W)y jop| — (KW, W)a joD)) - (3.14)

We notice that using Young inequality and Lemma 3.4 we obtain

1
(K’E7W)A,\8D\ = / ‘8D‘H@Wd8 < 5 (/ ‘aD‘m@st—‘r/ 8DHW2d3>
A A A

IN

1 _
5 (IRl 13 ) o) + (W, W) o))

1
5 (Cr@ Al ol ) + (KW, W) o) -

IN

As a consequence of Lemma (3.4), there exists an upper bound C7r for the trace constant Cr (T, ) independent
of €. Therefore, we have

1
(50, W) jom) < 5 (Crlixli=llwli @) + (-W. W)ajop) )

Substituting in (3.14) we have,

6 )
AW, W +6[0,W]) = (ml - CT||"«'|L°°> w31 0y + (M2 + )W G () 1o + 5 5 (8W. W) jo|

and we choose § = - s \ll so that my — 07|k~ = " and it is positive. Using assumption (3.3) and
reminding that diam(D) < 1, we have,
Cap
(/QW W)A |6'D| > Kmln/ |8D|W2 dS = Kmln/ C’DTHI()‘ID|W2C1 > TDKmIII‘|W||%2(A),|DI. (315)
Therefore

m
AW W + 60, W]) = = [[wllF o)

0 Cop
—|—(m2—|—5)|W|H1(A \D|+ 2o fimln”WHL?(A ),|D|

my . d Cop
2 7”“’“%{1(9) + min <m2 + 4, 2C“min> W3 a),1m1

2
> arl[W]|

3 Coap . _ . 1 1_ 1 CopKmin
with oy = min ( 5, M2+ 0, § Co ”mm> = min (2(1+CP(Q))7 1+ (A+Cr Q) CrlrllLoe’ 2 cD(1+cP(Q))CT|\H\|Lm>

(iii) We show that there exists a constant ay such that

Il = asllw + 5[0, Wi. (3.16)
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The inequality above can be proved as follows:

W+ 810, W < IWIIZ + 6210, WII* = llwlFs ) + (148 IW 33 a1 < (L+ 6P

-1
2
Therefore (3.16) holds with ap = (V1 +462)7! = (\/1 + ((1+Cp(9);CTHnHLoc> ) . Being oy and ay inde-

pendent of ¢, it follows that also « is independent of e.
For the proof of (BNB2) we choose W =V and being A(V,V) = 0, from (i) we have

m1||v\|%p(9) + m2|v|§ll(A),\D| + mg|[v — V||2L2(A),|a73| =0,

and consequently
vl 1) =0, Vg, p =0, [0 = VlL2(a), )00 = 0. (3.17)

Then, v =0 and |V|g1(a),p| = 0 with HV||L2(A o = 0 imply V' = 0. O

Combining Lemma 3.8 and Theorem 3.6, we obtain the well-posedness of (3.2). In order complete the proof
of Theorem 3.3, it remains to show that the stability estimate (3.4) holds. Hence,

]l < = sup = —Sup —or
avev [IVIl avev IVII

where the last inequality follows from Lemma 3.7.

(
Laup AU _ L 200 < L)y 4 1120, m)

3.3. Additional regularity of the solution of the problem in 2

We observe that the weak formulation (3.1a) could have been formally written in strong form as
—Au=f—rér(@—-U)dr inQ, u=0 on I, (3.18)

where dr is the Dirac measure of the surface I' and & denotes an extension operator from A to I'. More precisely,
given a continuous function ¢ € C°(A), for any s € (0,5) the extension operator is such that

Erp(r,t;s) = p(s) vr e (0,R), t € (0,T),

namely, the extension operator spans the point-wise value ¢(s) on {A(s) + 9D(s)}, preserving the regularity
of the function. It is straightforward to show that (k&r (u — U) dr,v), becomes b§ (@ — U,7) in the variational
formulation, as follows

/HSF(H—U)Uéde:/KJEF(H—U)vdU:/K;(ﬂ—U)/ Udvds:/ |0D|k(u — U)vds.
Q r A oD(s) A

Due to the presence of the Dirac source dr, global H?-regularity can not be recovered and the question arises
to which interspace X with H?(Q) C X C H}(Q) the solution u belongs to. This property will be addressed
in Theorem 3.11. Our analysis is based on the following regularity properties of elliptic equations studied in
Gong et al. [22]. More precisely, we introduce two auxiliary Lemmas, which in turn require some additional
assumption on the regularity of domains, listed below.

Lemma 3.9. Let Q be a generic bounded, convex domain in RY. Let v C Q be a C%-surface such that the
distance between vy and 0 is positive and v C 0D for some three-dimensional C*>-domain D CC €. Consider
the following problem

(3.19)

—Ay = ¢d, inQ
y=20 on 012,
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with 8., being the Dirac measure of v and ¢(z) € L?(7). Problem (3.19) has a unique solution y and y €
H%_"(Q) N HY(Q) for each n > 0. Furthermore the function y, suitably extended to R, can be decomposed as

y=z+w  withz € HX(Q), w e H2 "(R?)

respectively solutions of

—Az=—yA(l-F)—-2V(1 - F)Vy in £,
z=0 on 09,
—Aw = —yAF — 2VFVy + ¢d, in RY,

where F is a regular function such that —yA(1 — F) —2V(1 — F)Vy € L*(Q) and —yAF — 2VFVy € L?(R%).
Proof. For the proof see Theorem 2.1, case (iii) from [22]. O

Lemma 3.10. Under the assumptions of Lemma 3.9 and the additional assumption that Q has a C* boundary
99, problem (3.19) satisfies the following stability estimate in H2—"(Q): there exists a positive constant Cg
such that

Proof. From the decomposition of Lemma 3.9 we have
191300y < el + ol 3

For the sake of simplicity, we will denote the positive constants appearing in the following inequalities always
with the simbol Cg, even if they might have different meanings and values. Being 9 of class C2, since z € Hg (),
from Theorem 8.12 from [20] we obtain that there exists a constant Cr such that

121l m2(0) < Cr (2]l L2@) + [yAQ = F) +2V(1 = F)Vy| 12(0)) -
Then, owing to the standard H!-stability of the Poisson problem with right-hand side in L?(2), we obtain
[2llm2(0) < CrllyA(l = F) 4+ 2V(1 = F)Vyllr2(0) < Crllyllm @)

Still exploiting the H!-stability of the Poisson problem with H~!(Q) right-hand side, reminding that ¢d, €
H~271(Q) € H(Q), we obtain

Hy”Hl(Q <ORH¢6 H ***ﬂ(Rd)

and consequently

I2l2() < Crlldd: -y g

Concerning the upper bound of the function w, we exploit the theory of pseudo-differential operators. More
precisely, we use the generalization of the Garding inequality to fractional Sobolev spaces, see in particular
Proposition 5.4 of [1] and its consequences, to show that there exists a constant C'z such that

0l gy < Cr (1AWH -y gy + 0l ey ) -

Then we have

1AWl g gy < IWAF + 29 FVyl 2y + 1983 - -0 gy < Crllllir i + 166 -3 g
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and for the stability of the Poisson problem in H'(R?) we obtain

sy < Cr (Il + 168,013 0 g ) -

Therefore,
ol 3 gmay < Cr (Il + 160311 o )
< ORHQS(S'YHH—%—T/(]Rd)
Putting together all the previous estimates, we obtain (3.20). O

In order to apply Lemma 3.9 to our case, we require that the domains {2 and X satisfy the following regularity
assumptions (R1-R3):
R1: Qis a convex domain in R? with C2?-regular boundary 9.
R2: ¥ € R? has a C%-regular boundary 9¥.
R3: X is completely embedded into €2, such that the distance between 02 and 0¥ is strictly positive.

Theorem 3.11. Under the assumptions R1-R3, in addition to those of Theorem 3.5, the sub-problem on
enjoys additional reqularity u € H%_”(Q) for any n > 0 and the following estimate is satisfied,

||U||Hgfn(m < Cs2 (I fll2) + 11l L2a),p)) (3.21)

Cso :=Cp {1 + 2max <\/CT(F, 0 CL(T,Q), %CpcﬁiiF’gzgsl?D))) C'sl} .

Proof. The proof of Theorem 3.11 is a direct consequence of Lemmas 3.9 and 3.10. Owing to Theorem 3.3 we
have —k&r (U — U) € L%(T), so that Lemma 3.9 can be directly applied to equation (3.18). For the upper bound,
inequality (3.20) implies that

where

[0l 50y < O (172 + 1T g + WUy 0y ) (3.22)
From the definition of || - ”H—%—"(Q)’ we have
&ru,
HgFﬂ&FHH’%’"(Q) = sup M
wGH%Jr"(Q) ||wHH%+77(Q)
w#0

Then, we apply trace inequalities to derive the following upper bound,

(€rt, w)p < |[ull 2y jopy 1wl L2 ) < \/CT(FaQ)Oé“(r7Q)”uHHl(Q)Hw||H%+n(Q)7
where C/ (', Q) is the constant in the trace inequality from L2(T") to H=+7(£2). Reasoning as in Lemma 3.4 for

Cr(T',Q), we observe that C4.(T', Q) is (at least) upper bounded when e tends to 0. Proceeding similarly for the
last term of (3.22) and using (3.9) we obtain,

C%(F7Q)C8D
€U gy <V Cr L DU L2a) o) < \/O’D win, (diam (D)) Uz (a). |

Putting together the previous inequalities we obtain,
lled |} ;

(T, Q
V CT(F,Q)C%(F,Q),\/ Cril,9)Con
that combined with (3.4) gives the desired result. O

p < 2 2
HuHH%*W(Q) = YR {”fHL ) + 2max CD mins (dlam('D))
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4. MODEL ERROR ANALYSIS

We study the error introduced by replacing the model (2.1) with (3.1). We recall the a posteriori analysis
of modeling error developed in Braack and Ern [7] for general abstract problems and we apply it here to
the particular case of topological model reduction for small cylindrical inclusions. The main objective is to
characterize the dependence of the modeling error on the radius of the inclusion, namely e. To this purpose, we
split the modeling error in three components, corresponding the assumptions A1, A2, A3 described in Section 2.
Each component will be analyzed in one of the following subsections.

Before proceeding, we recall the abstract theory developed in Braack and Ern [7], for the particular case of
linear elliptic problems. Let u be the solution of the reduced problem and let u,ot be the one of the reference
problem, which are respectively defined as follows:

find tpes € X ¢ arof(Urer, v) = Fret(v), Vv € X, (4.1)

find u € X : a(u,v) = F(v), Yv € X,
where X is a suitable Hilbert space, X’ its dual space and a,.f and a are the bilinear forms that characterize the
reference and reduced problem respectively. We assume that a..s and Frer can be expressed as a modification

of the form a and the functional F as follows

arof (U, v) = a(u,v) + d(u,v), Yu,v € X,
fref(’v):]:(v)'i‘l(v), Yv € X,

As a result, the modeling error e = u,ef — u € X satisfies the following equation,
ale, v) + d(uyer, v) = 1(v), Yv € X.

Let j(-) : X — R be a linear functional. We aim to estimate the modeling error measured by j(e) using the
dual weighted residual approach. We define the dual problem with respect to (4.1),

find zyer € X : aret (v, 2vef) = j(v), Vv € X.

Following the approach presented in Braack and Ern [7], under the assumptions stated above, we obtain that
the error output functional is represented as follows,

](6) = aref(ea Zref) = a(e, Zref) + d(uref —u, Zref) = l(zref) - d(”v Zref)- (43)
The aim of this section is to analytically characterize the asymptotic behavior of the error when the small
parameter ¢ — 07. We introduce two fundamental propositions that will be analyzed case by case later on.

One is that the bilinear form d and the functional ! are bounded in suitable norms || - ||, and || - ||o. The second
proposition concerns stability estimates for the solutions of the reduced primal and reference dual problems.

Proposition 4.1. There exist constants ||d||«o, ||l|lo such that
d(u, zrer) < [|dllxollull« Izvetllos  U(zrer) < [11flo]2ret]lo- (4.4)
Furthermore, the constants ||d||xo and ||l||o asymptotically vanish with e — 0.
Proposition 4.2. There exist constants ||lall« and ||avet||o, uniformly bounded with €, such that

[ulls < llall[|Fllxr Nzretllo < llaretllo 1]l x-- (4.5)
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Combining Propositions 4.1 and 4.2 we obtain the characterization of the asymptotic behavior of the modeling
error with respect to e. We are particularly interested in the case j(v) = (e, v) 2, because it allows us to derive
the following bound,

el = j(e) = Uzver) — d(u, zret) < [lellol|zvetllo + lldllxollull | zvetllo < (1Ullo + lldll<ollall | Fllx7) lasellollell 2z,

which directly entails the L? control of the modeling error.

We will pursue this analysis for the three sources of error, corresponding to assumptions Al, A2, A3. As a
result, we will study three different operators d*)(-,-) and {*)(-) with k = 1,2, 3, each one corresponding to a
different source of error. Before proceeding, we introduce some results that will be useful in what follows.

Lemma 4.3 (Stekloff inequality [29]). Let 9D be an ellipse or a rhombus. There exists a positive constant C
such that for any function v € H' (D) satisfying

/ vdy =0, (4.6)
oD

the following inequality holds
/ vidy < C/ (Vv)2do.
oD D

More precisely if 9D is an ellipse (z1/a1)? + (x2/a2)? = 1 then C < max[ay,az]. If D is a rhombus
|71 /a1| + |va/az] = 1, then C < (a? + a2)2 /minfa /az, az/a4].

From the previous lemma combined with assumption AQ, we conclude that there exists Cg, independent of

€, such that for any v € H*(X), with k > 2, satisfying (4.6), we have

/FUQda < Cge/(Vv)de. (4.7)

P

Lemma 4.4 (Poincaré-Wirtinger inequality [34]). Let D € R? be a conver domain of diameter D. For any
function v € H' (D) such that
/ vdo = 0,
D

D2
/ vido < = / (Vv)2do. (4.8)
D ™ Jp

we have,

Lemma 4.5 (Extension theorem for domains having small geometric details [41]). Let s be a nonnegative
integer. There exists an extension operator s from H*(Qg) to H*(X) such that

1€l ) < Crllvlas e Vv € H (Qo)
where the constant Cg is independent of ¥ = Q \ Qg .

Lemma 4.6 (Poincaré-Friedrichs inequality [8,34]). There exists a positive constant Cpr(X) such that for any
v € HY(X) it holds,

lollfzy < Cor(®) (10320 + Il ) (4.9)

and Cpr(X) tends to 0 for e — 0.
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Proof. Integrating by parts we have:

2 2 2
PN PN NAE ATEEEINN
2 2 2
v == v®-1ldods = —— 2v—ux;dods + = vir;n; dyds,
|| HLZ(E) 2; AJp 2; AJp 8%1 2; A Jop

where x1, z2 is a generic system of coordinates for D and n; is the ith component of the outward unit surface
normal to D. Then, using Schwarz and Young inequalities we obtain

2 2
1 ov 1
Il < 3 3 2delioee g+ 53 elblay
i=1 vilL2 (%) i=1
2 2
1 1 ov
< Slvlifae) + 5 > _2€¢° || o— +ellol3a )
i=1 i1lL2(s)

IA

Sl + N0l + il
from which it follows that
ol ) < max (2¢2,2€) (IV0ldaqm) + lolia))
Thus, Cpr(X) = max (2€%,2¢) and it tends to 0 when e tends to 0. O

4.1. Analysis of the modeling error of the one dimensional problem (assumption A1)

We aim to study the modeling error of replacing the equation (2.1b) with (2.6). Since this analysis refer to
the assumption Al, we will endow the general operators of the previous section with the apex (1). The reduced
problem (reported here for the sake of clarity) is to find U € H'(A) such that

(dsU,ds V) o) + (KU, V) A jop| = (KU, V)aop| + (0, V)a, o) YV € H'(A).

where ug is the weak solution of (2.1) and it belongs to the space of functions of H'(f2g) with null trace on
09, denoted as H}, (). The reference problem in the weak form consists of finding ug, € H'(X) such that

(VU@, VU)Z + (K’UG7U)F = (K’UGB7U)F + (971))27 Vo € Hl(z)
We define the modeling error el as the difference between ug and U. To this purpose, we exploit the
cylindrical configuration of the domain ¥ and its local coordinate system. In particular, we uniformly extend
U(s) on every cross section D(s) of the cylinder and with abuse of notation we still denote the extended function
with U. Thanks to the regularity of U on A, we have that the extension on X belongs to H!(X). Referring to
the general notation introduced in the previous section we have that the solutions of the reference and reduced

models are ugt) = ug and uY = U both in the space X() = H'(X). As a result, the modeling error is
(1)

ref —

e =y uY) = ug — U € H'(X). The bilinear forms of the reference and reduced problems are

a(l)(u,v) = (Vu,Vv)s + (ku,v)r,

ref

a® (u,v) = (dsT, 0,0)a 1| + V(T — ), D50)a, 19| + (KT, T)a om0,
= (dsu, 0sv)s + (v(u — @), Osv)r + (KU, v)r,

where oV (u,v) is a generalization of the bilinear form of the reduced problem that can be applied to any function
u,v € HY(X). More precisely, it is the generalization to any test function v € H*(X) of (2.5). When applied to

U,V € H'(A) the bilinear form o) (U, V) coincides with (2.6). We aim to quantify the difference a(l)(u,v) -

ref
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aM(u,v). Using the expression of the gradient in cylindrical coordinates V(-) = [95(-),0,(-), 7 3 (-)]’, the
difference operator d)(-,-) becomes

dD (u,v) = al) (u,v) — ™ (u,v)

ref

= (0su — dyt, 05v)x, — (v(T@ — 1), O5v)r + (k(u — @), v)r + (Opu, 0,0)s + (r ' Opu, v~ '9pv)s. (4.10)

Similarly, the difference I () of the right hand sides is

(D) = ((Z - ()g,v)s + (5T = ())ue, v)r (4.11)
We now aim to prove Properties 4.4 and 4.5 for the operators dV), 1" and a(!, afiz respectively.
Lemma 4.7. The operator d(-,-) satisfies Proposition 4.1 with ||[d"||,, = 0.

Proof. Let U € H*(X) be the extension to ¥ of the reduced problem on A. We observe that d(U,v) = 0 for any
v € HY(X), because 0,U = QU =0 and U =U = U. O

Lemma 4.8. Under the assumption that g € H? (X) and ug € H}o ()N H?(Qg), the operator IV (-) satisfies
Proposition 4.1 with the norm || - |2 = || - ||L2 = T ||L2 and with the constant

€
110l = ~llgllas ) + I8ll=Ci v/ Csellua | -

Proof. For the upper bound of the right hand side, we observe that g € H3 (¥) implies that gp € HY(D). Then,

(T - U) g satisfies the assumptions of the Poincaré-Wirtinger inequality, which allows us to conclude that

(@-Dhgvs < ( [@-0w7) ([ )’ / [ (@~ Dharaoas) olzzcs

(diam(D))? H
<( /A e P /D (Vpg)2dods)” [ola) < = lgllmes)llvllo

™

where, from now on Vp () = [0,(-),7 720y (+)] denotes the gradient in a local coordinate system of D.
For the second term of (V) we use the Stekloff inequality,

1

(62 = oo < o ([ @=Ter?)* ([ 02)°

< H/-ellLoo\/OTe(//(vpszu@fdads)2||v\|L2(F)
AJD
< |6l v/ Csell€stg | mr () vl 22y < 6]l Crav/Csellug |1 ag)v]lo,

where & denotes the extension operator of Lemma 4.5. The previous inequalities show that (4.4) is verified for
this component of the modeling error with the constant,

€
1Ol = Zllgllm ) + I8l Cv/Cselluo o).

Lemma 4.9. The dual problem, that is to find zref € HY(X) such that

(Vo, V2D + (k0,2 ) = O (), Yo € HY(D), (4.12)
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with jM (v) = (e,v)s, satisfies the following stability estimate with the norm || - |lo = || - | z2¢s) + || - |2
2
1
lzretllo < lellzee)-

min (2 CIS},(E), C;};(Z) Kmin, nmin)
As a result, Proposition 4.2 is satisfied with the following constant, which is bounded for ¢ — 0,

(1) 2

a o — '
|| ref || min (2 C};}l?(z% CE}‘(E) Kmins ﬁmin)

Proof. Owing to Poincaré -Friedrichs inequality (4.9) we have,

. 1 _ 1
aref(V,v) = (Vv, Vu)y + (kv,v)r > min <1, 2/$min> Cpr (E)||v||%2(z) + inminHvH%Z(p),

Y

1
B min (2 Cprr(2), C’;}p(Z) Kmin, nmin) v||?, Vv e H ().
As a result of that we obtain,

1 . _ _
5 it (2054 (Z), Cpp(E) Fmin, Amin) 2467 12 < aret (21 2(af) = (e:251)s

1 1
< llellzz 122wy < llellzze 28 o,

from which it follows that

ol = e
ve min (2C51(E), Cpp(E) fmins Fmin)
and for Lemma 4.6 the constant ||agz |lo is bounded for € — 0. O

4.2. Analysis of the modeling error relative to the domain (assumption A2)

This component of the modeling error arises because we identify the domain Qg of (2.1) with the entire
domain Q. Let us assume for simplicity that f € H'(Qg) and let us denote by Esf its extension to H!(3). In
this case the reference and reduced models are respectively

find ug € Hjo(Qe) : (Vug, Vo)a, + (kug, v)r = (f,v)as + (kU,v)r, Yo € Hjo(Qas), (4.13)
find u® € HJ(Q) : (Vu®,Vv)q + (ku'?,0)r = (Zag + Es)f,v)a + (KU, v)r, Yv € Hi(Q). (4.14)

We extend the solution of (4.13) from Qg to Q, with the extension operator & which takes the function ug,
on g and extends it to the interior of the domain. Then, the reference solution relative to assumption A2 is

ugig = (Zo, +Es)ug € Hg(Q). The solution of the reduced problem is instead u® € H}(Q). The functional space

where we set the modeling error is X(?) = H}(Q) and error is e(?) = uiig —u® = (Iq, +E)ug —u? € HH(Q).

Then, subtracting (4.14) from (4.13), it is straightforward to determine the expression of the difference operators
d® (u,v) and 13 (v),

d? (u,v) = —(Vu, Vo)s, 1P(@)=—(Esf,v)s Yu,v e HL(Q). (4.15)

Lemma 4.10. The operators d®(-,-) and 1®)(-) satisfy Proposition 4.1 with the norms || - ||, = || - ||H%,n(9),

fora any n >0, and || - |lo = || - [| 1 () and inequality (4.4) is satisfied with constants

1-2n 1—

1@ 4o = C(SCp) =" 5 C(1/2 = 0,3/(1+m),9),  [IP]le = (1 + Cp)Cu(SCp)2e| £l ()
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Proof. Let us start with the upper bound for d® (u,v), that is d® (u,v) < ||Vul|p2(s)[| V| 12(s). Let us assume
that u € H*(Q) with 1 < k < 2, then Vu € H*~1(Q) and for Sobolev embedding theorem we have Vu € L™ ()
with p* = 6/(5 — 2k). Then we apply Holder inequality and (3.3) as follows,

V] s = (/Z(Vuﬁdw); < (/Eldw);q(/E(Vu)%dw);T

1 1 1
< [SI3 |[Vull sy < (SCp) e8| Vul sy

where ¢, 7 must satisfy 1/¢ + 1/r = 1. The maximum exponent for which the previous inequality holds true is
p* =2r =6/(5—2k). Then, r = 3/(5 — 2k) and 1/q = 2(k — 1)/3. Denoting with C'(k — 1,p*,Q) the constant
of the Sobolev inequality of the embedding H*~1(Q) C LP"(Q), we have
[VullL2(s) < (SCp)2aed|[Vul| o sy < (SCp)2iea || Vaul| o (o
< (SOp) e C(k = 1,p", Q)| Vul o1 () < (SCp)Zer Ok = 1,p", ) ull v 0.
Being u(® € H2-7(Q) and zref € H), (), we obtain,

1

(), (Tag + Ex)2wer) < Cp(SCp) T2 FC (12 = 1.3/(1+ 1)) 0@l 3 g et L1015

Proceeding similarly, using the minimal regularity requirement s f € H'(X) combined with Hélder inequality
and Sobolev embeddings, namely H'(X) C L°(X), we have

((Zag + Es)zret) = — (Enf, (Zag + Es)2ret)s < CE|Es fllL2(m) |2ret | 21 (020)
< Op(SCp)5 €8 ||Ex fll o (my || 2ot 11 (00) < Cr(SC)3 €8 ||(ZTag + Ex) fll Lo (@l zret |l 11 (00
< Cp(1+ Cp)(SCp) e C(1,6, Q)| £l 11 (00 |2ret | 11 (02

being C(1,6,2) the constant in the Sobolev embedding of H'() in L°(Q). O
Lemma 4.11. The solution of the reduced problem u'® satisfies the Proposition 4.2 with the norm | - ||, =
| - HH%W(Q), for any n > 0 and the inequality (4.5) is satisfied with the positive constant, uniformly upper

bounded for e,
o]l = 2Cgmax [(1+ Cp), (1+ Cp(@) (1 + Cu)v/Cr(T,Q), ] e /Cr (T, Q), Il /T (T, D) |

Proof. We notice that (4.14) in the strong form reads as
—Au® = (Zﬂ@ + 5;;) f—k (u@) — U) op in Q, u® =0 on o0.

Then, owing to Theorem 3.11, u® € H3~"(Q) N H} () and using (3.20) we obtain the following upper
bound,

150y < Crll (Zag +E2) 1 =5 (u® = U) bl g (4.16)

HE (@) =
By the Sobolev embedding H'(2) ¢ H~2~"(Q) we have,
I (Zas + Ex) f||H"7n(Q) (L+ Ce)lf I q)-

From the definition of || - HH*%*"(Q)’ we have

kUdr, w
| kU Sp|| sup M
wEH%Jr”(Q) ||w||H%+"(Q)
w#0

H™ 3 "(Q)
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Then the following upper bound holds,

(wUdr, w)g = (KU, w)p < |8l = |Ull 2y w22y < l18llzee/Cr T DUl 20 10p1 [0l 340 g

where C/,(I', Q) is the constant in the trace inequality from L2(T') to H=17(£2). Proceeding similarly, we obtain
the following estimate,

I8l -y < Il e o O (T DN ey < 1l w0y O (T, Q)T Q)[4 1,

~3-n(q)

Then, we notice that problem (4.14) satisfies the following stability property in H'(Q),
(14 Cp() ™ u? ) < (Vul?, VuP)g + (su®, uP)r < ((Za, + Ex) f,uP)a + (U, u®)r
< (L4 Co)lf L o) 16 1) + 1Bl oo ) v/ O (T, Q)1 U | 22 (), jop) 112|121 (2)
that is,

Ju® @) < (14 Cp()) max (1 + Cr), [kl 0y v/ Cr (T, D)) (1l @) + 1T 28y jomy) -

Combining the upper bounds for each term on the right hand side of (4.16) we obtain the desired result,

lu® |l < 20k max ((1 +Cr), [kl /Cp (T, Qe), [[£] 2o \/CT(R (T, Qe)(1+ Cp)(1 + Cp),

||5]|7 .~ Cr (T, ) C'T(F,Q@)> (1111 2e) + 1Tl 22(a),10m)) - (4.17)
O

Lemma 4.12. The solution of the reference dual problem, that is to find zgf) € Hjo () such that
(Vo, Ve, + (w0, 2200 = P (v), Yo € Hjo(Qe), (4.18)
with 73 (v) = (e, (Za,, + Es)v)a, satisfies the following inequality,

2 2
(1 + CP(QEB)) 1||Zref HQ@ = (vzref’vzref)ﬂea + (’%Zr(ef)’zlgef))r = (6(2) (IQ +52) ref)Q
2
< (1+ Cp) €@l 22 122 111 (0

As a result, Property 4.2 is satisfied with the norm || - |lo = || - [| g1 (g) and with the constant,

a2}l = (1 + Cp(Qe))(1 + Ck).

ref
4.3. Analysis of the modeling error of the transmission conditions (assumption A3)

The interface conditions between ¥ and {lg must be adapted to the topological model reduction of the
problem on X. This is achieved by averaging the solution ug on cross sections of the interface 9D(s) before
enforcing the interface condition between ug and U. The error that arises in this process corresponds to neglect
the fluctuations of ug at the interface, as stated in assumption A3. In this case, the reference problem is (4.14),
with solution uizg = u(?, while the reduced problem is (2.8) so that u(® = u, being u the solution of the final
reduced model on 2. For the sake of clarity, as was done in the previous cases, we report the reference and the
reduced problems here:

find u® € H}(Q) : (Vu'?, Vv)g + (ku?,v)r = (Zag, + ) f,v)a + (U, v)r, Yo € H}(Q),  (4.19)
find u € H(Q) : (Vu, Voo + (54,0)a 90| = (Zay +Ex)fiv)a + (kU D)pjop), Vv € HY(Q).  (4.20)



2070 F. LAURINO AND P. ZUNINO

The modeling error is easily defined as e® = u8) — 4(® = 4@ —y € H} () for any u,v € H}(Q2). Provided

ref
that U is uniformly extended from H'(A) to H'(X) the difference operator between (4.19) and (4.20) is
d®) (u,v) = (ku,v)r — (K, 7)a,jop| = (K(Z — (-))u, V)r, (4.21)
1) (v) = (KU, v)p — (KU, U)a,jop| = 0. (4.22)

Lemma 4.13. Under the assumption that u € HY(Q)NH?2 (%), the operators d® (-,-) and I®)(-) satisfy Propo-
sition 4.1 with the norms || - ||« = || - |lo = || - [|m1 () and with constants

1910 = lIallz~ /Cr(T, )/ Cse, 1] =0.

In particular, if we take into account the dependence of Cp(T,2) on €, using Lemma 3.4, we obtain that
4o = O (722,

Proof. Since u € H3(X), we have that ulpsy € H'(D(s)) for any s € (0,5). Then we can apply Stekloff
inequality on any cross section of ¥. Combining it it with Cauchy-Schwarz and trace inequalities, we obtain,

1

2

d(g)(u, Zrot) = (K(Z — () zret)r < ||K||L= v/ Cse </ / (Vpu)?do ds) l| zret | 22 (1)
A JD(s)
< ||kl v/ Csel| Vull L2y | 2ret | L2 0y < |8l 2o v/ Cr (T, )/ Csel|ull g o) | 2vet | 51 (0)-

O
Lemma 4.14. The solution u®® of problem (4.20) satisfies the following inequality
[0 s sy < (14 Co()) max (1 + ). [l v/Cr(T.D)) (1 Lrs () + VL2 01 -
As result, Proposition 4.2 is satisfied with the norm || - ||, = || - ||m1() and with the constant
la® . = (1 + Cp(2)) max ((1+ Cp), 6]l v/Cr (T, D))
Proof. From problem (4.20) we obtain,
(1+Cp()~" HU(S)H%I(Q) < (Vu, Vu)q + (K1,) 5 19D
< [(Zae + &) Fllzz@lu® 2 ) + 18]l U2 (a), jo ]| 2 (a) jop|
< (14 Co) I f | 2o 4@ 1 () + 18] 2 v/ Cr (T, Q)| U| 28 o 14 | 21 ()
from which it follows that
[ im0y < (14 Cp(@) max (1+ C, Il VO (T, Q) (11100 + 10 220)10m) -
Consequently,
la®, = (1+ Cp()) max (1+ Co, 1~ v/Cr(T, Q) .
O
Lemma 4.15. The solution of the reference dual problem, that is to find ZSf) € H () such that
(Vo, V2o + (k0,20 = j9) (v), Yo € Hy(Q), (4.23)

with 73 (v) = (e®),v)q, satisfies the following inequality
lzvet s < (1 Co(@)]1e® 2o,
As result, Proposition 4.2 is satisfied with the norm || - ||o = || - |[g1(q) and the constant

a)lo = 1+ Cp(S).

ref
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4.4. Conclusions of the model error analysis

In the previous sections we have analyzed three different components of the model error. In particular, we
recall that

6(1) — ugilz — u(l) = ’U,e - U € Hl(z)

e®@ =3 _ @ = (Za, + Es)ug — u® e H&(Q)
e® = ul®) —u® =@ —y e HY(Q)

As a result, the total model error, on X and € respectively can be straightforwardly decomposed as
exs +eq = (ue — U) + ((IQEB + 5E)UEB — u) — 6(1) + 6(2) + 6(3),

with ex = eV € HY(X) and eq = e + e € HL(Q). Then, for a suitable choice of the model error output
functionals used in the reference dual problems, if Properties (4.1) and (4.2) are satisfied, the following inequality
holds true,

. k
79 = 1e®llzs < (I9s + 149 o la® LI F)Lx ) 0o, & =1,2,3,

For ey, if ug € H)o(Qs) N H*(Qg), we have

1 1 1
Iz < (IO o + 14D aolla® L 1FlLx ) lallle = 11D o0l = O(e?), (4.24)

because [IV ], = O(e2) for Lemma 4.8, ||d||,o = 0 for Lemma 4.7 and ||a£ig |o is uniformly bounded with

respect to €. For eq, if u € HL(Q) N H?2(X), from Lemmas 4.10-4.12 we obtain

2 1—2
le®llzay < (19 llo + 14 aolla® L (1 121 @0) + 10120 19m1) ) laltlle = O, (4.25)
and from Lemmas 4.13-4.15 we have
3 1
le® 2@y < 14D o lla® [l (11l 26) + 1Tl 2(a),10m1) llallllo = O(e?). (4.26)

By combining the previous upper bounds for ||e(®||12(q) and [[e®)||12(q) we obtain the following estimate for
leallrz(o)

leallzs < 1 ollalle + (142 holla® Lol llo + 14 o lla® 140l ) (1F112r120) + 102208, 0m1)

which entails that [leq||z2q) = O(e%) as € — 0.

Remark 4.16. The model error analysis relies on two additional regularity assumptions, ug € H?(Qg) and
u € H?(%). These are technical assumptions required to use the Stekloff inequality (4.7). The former one is
more restrictive because Exug € H?2 (Qg) requires ug € H2(Qg) since Lemma 4.5 works for Sobolev spaces
with integer index. We remark that none of the constants appearing in (4.24)-(4.26) involve neither |lug || g2 (q.)
nor Hu||H3/z(2).

Furthermore, we observe that these regularity assumptions are local regularity properties on subregions of
Q that do not cross the surface I'. As a consequence, these properties can be justified with classical regularity
results for elliptic equations with regular coefficients and on domains with smooth boundary, see for example
Theorem 3.10 of [15] and references therein. We report below a sketch of the proofs, although we do not claim
to be fully rigorous.

For the former assumption, we consider problem (2.1) and we fix ug € H'(X). Then ug solves a Poisson
problem with Robin boundary conditions on the inner boundary of g and homogeneous Dirichlet conditions
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on the outer boundary, which are disjoint. Given a C? regular domain, a right hand side f € L?(Qg) and a
forcing term of the Robin condition that is g = kug € H2 (T'), we conclude that ug € H2(Qg).

For the latter assumption, we observe from equation (2.8) that the restriction of u to X solves the following
problem in the weak sense,

—Au=f in X,
—Vu-n=rér(t—U) on T,
—Vu-n=0 on OX\T.

Given the standard H'-regularity of Theorem 3.3 we have & (u — U) € H2(T'). If this function smoothly
vanishes approaching 0% \ T', then this problem is a Neumann problem with H %—regular data on the boundary.
As a result, standard H?-regularity also apply to the restriction of u on X .

5. NUMERICAL EXPERIMENTS

The purpose of this section is twofold. First we introduce the basic aspects of the numerical approximation of
the problem by means of finite elements. In this context, we validate the numerical solver on a simple problem
for which the solution is available explicitly. Second, we use the numerical method to calculate a local error
estimator of the modeling error. This is a preliminary attempt of a posteriori model error analysis, that is used
here for a qualitative investigation of the spatial distribution of the model error.

5.1. Finite element approximation

Let us consider a quasi-uniform partition 7' of Q and an admissible partition 7 of A with comparable
characteristic size, denoted by h, and let V; = VhQ X fo\ C V be continuous ki, ke-order Lagrangian finite
element spaces defined on Tél, 7, /(1 respectively. The numerical approximation of the variational formulation
(3.2) consists of finding Uy, € V), solution of

A(uh, Vh) = f(Vh) VVh S Vh. (5.1)

We notice that in problem (5.1) it is implicitly assumed that numerical integration is performed exactly.
In practice, the average operator () is approximated by means of numerical quadrature. The effect of the
latter approximation shall be analyzed in a future development of this work. Owing to this assumption, the
discretization method is consistent and conformal with (3.2).

For the numerical discretization, we first address the discrete counterparts of (BNB1)—(BNB2), namely,

. A(qu Vh)

Jap >0: inf sup —————— > ay (BNB1,,)
Wi€Vn v, v, [[Walll [Vl

YV, € Vy, : (.A(Wh,vh) =0VYW, € Vh) =V, =0, (BNBQh)

which are not necessarily implied by the corresponding continuous properties. As shown in Proposition 2.21
of [15], if the test and the search space of (5.1) are the same, namely W;, = V), then (BNB1},) is equivalent
to (BNB2,). As a consequence of that, we can verify either (BNB1,) or (BNB2;,). We prove the latter using
(3.11) that holds true because of the consistency and the conformity of the method. Owing to this property,
AV, Vi) = 0 implies that

vl ) = 0, [Vilgiay, o) = 0, [[on — Vallzz(ay,jom = 0,

which is equivalent to v, = 0 and [Vi|g1(a),jp| = 0 with [[Vi[|72(5) 1op| = 0, that is V4 = 0.
We exploit the consistency and conformity of the discretization method combined with (BNB1,) and Lemma
3.7, in order to prove that Uj, satisfies a Ced-type inequality ([15], Lem. 2.28),

A .
|HZ/[ *uhm S <1 + |||||> inf (Hu - ’UhHHl(Q) + ||U - Vh||H1(A),|D\) . (52)

[0 TJhGVth,Vh,GV}fX
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The convergence of the finite element method follows from (5.2) combined with approximation properties of
the finite element spaces. For the latter property, we exploit the additional regularity of the solution in 2 proved
in Theorem 3.11 and the fact that the solution U on A is in H2(A). The regularity of U descends from the
standard properties of elliptic operators in one space dimension, as the right hand side of equation (3.1b) belongs
to L2(A). From now on, let a < b be equivalent to the inequality a < Cb where C is a generic constant, possibly
dependent on €, A but independent of the parameters of the problem. Concerning the solution u in Q, let 7
be the Scott-Zhang interpolation operator from Wh4(Q) N H(Q) to V¥ with 1 < ¢ <ooand 0 <1 < kg + 1,
with the additional constraint > 1/q when ¢ > 1. Then, the following interpolation estimate holds true in the
norm of W%4(Q) with ¢ <1 (see for e.g., Lem. 1.130 from [15])

o = 7"v[lwrea) S A vlwrao)-

The estimate above applies to the problem at hand, knowing that u € H%*’I(Q) N HL(Q), with t = 1,
l=3—¢ q=2, ki =1, obtaining

. 1_
inf |l —onl[mr @) S 027wl

3_,, .
vhEV), H277(Q)

For the solution U on A and ko = 1, the standard finite element approximation estimate ensures that

inf ||U -V, S h||U .
ng U = Villasay RO e

Therefore, combining (5.2) and the previous inequalities for piecewise affine approximation, we obtain

1
et = Unlll S 7= ull g ) + BIU N 1r2(a)-

We have tested the previous convergence results by means of numerical experiments based on a problem for
which the analytical solution is known. Precisely, we consider 2 = (—1,1)> C R? and ¥ is the cylinder with
constant circular cross section of radius R = 0.25 and centerline A = {(z,0,0),2 € (—1,1)}. We assume U =1,
therefore the problem reduces to find only the solution u in 2. Concerning the other parameters, we choose
f =0and k = 0.1. With appropriate boundary conditions, the exact solution u. of the problem can be obtained

by uniform extension along the z-coordinate the 2D solution given in Koppl et al. [26], which is

uZP(y,z) =

Ut r(y,z) < R,

{Ulin (1-Rln%(y,2),) r(y,2) > R,
14k

where 7(y, 2) is the Euclidean distance from the origin. In particular in our case u.(x,y,2) = u??(y, ). Starting

from a quasi-uniform triangulation of 2 and applying different uniform subdivisions along the y and z axes
(denoted as # sub.), we calculate the discretization error e, = ue — up, and the rate of convergence with respect
to the H'- norm. The numerical results reported in Figure 2 agree with the theoretical estimate.

5.2. A posteriori model error analysis

Starting from the definitions of the difference operators d*)(-,-) and I*)(-) k = 1,2, 3, defined in Sections 4.1
4.3, we compute a given model error output functional, through the error representation formula (4.3). In
particular, we localize the error on the elements of the triangulation Z* of Q. To perform this task, we interpret
(4.3) as the sum of residuals weighed with the dual solution.

First, we introduce the local error estimator using the abstract setting defined at the beginning of Section 4.
Let X} C X be a suitable finite element space of dimension N. We denote with u; and zj ¢ the discrete
solutions of the reduced problem and reference dual problem, respectively. Considering the Lagrangian nodal
basis {¢;} C X}, we define the vector of residuals, p = {pi}i]il, with p; =1 (¢;) —d (up) (¢;). According to (4.3)
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U, Up

5.15e-02 6.47e-02 7.79e-02 9.11e-02 5.16e-02 6.47e-02 7.79e-02 9.11e-02
|

*Hl‘ H\\H\I!ﬂ “l“.l“\\l“

|#Sub.| ||€h||H1(Q) | Rate |

8 1.77839e-02 -
16 1.21790e-02 | 0.54618
32 8.63759e-03 | 0.49569
64 6.10750e-03 | 0.50005

FIGURE 2. On the top we show a visualization of the exact solution w. and the numerical
solution uy, superposed to the quasi-uniform mesh used for the convergence test. On the bottom
we report the approximation error and the corresponding convergence rate.

the local weights, w;, correspond to the degrees of freedom of the discrete dual solution, namely z, = vazl w;id;.
Let (-,-) be the Euclidean scalar product in RY. The model error output functional is then j(e) = (p,w) and
the components of the local error estimator 7 € RY are 1; = p;w;. The vector 17 can be represented on Q as
a finite element function 7, = Zfil 1:¢i. Each nodal component of 1 represents the localization of the error
on Th.

Using this general approach we explicitly calculate the estimators 7, 15, 73 of the model error of
Sections 4.1-4.3. To this aim, we must compute the residuals p*) and the weights w® for k = 1,2,3. For
the weights, we recall that zr(;f) € HY(D), z£§2 € H), (), zg’f) € H} (). Then, we introduce V;=, Vhﬂ@7 Vi
the finite element spaces over X, Qg, €2, respectively. Furthermore, we assume that the following direct sum
decomposition holds V,{* = th ) Vhﬂ@. In practice, we consider the particular case of a mesh ’Tg’; that nodally
conforms with the interface I' and we assign all the nodes on the interface to Vhﬂ@. According to this notation
the discrete reference dual solutions are szl’zef € VZ, zgzef € th@, z,(jgef € V. However, for computational

convenience, we define the all the weight functions on the finite element space VhQ C H}(Q). Let N, ,? = dim (Vhﬂ)

Q
be the degrees of freedom of such space and let {qﬁi}ivz"l be the corresponding finite element basis. As a result,
all the vectors of weights and residuals belong to RY. " . Such weights are obtained from the dual solutions by
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means of the following extensions,
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() N =
wl(l) _E Bhper = Doty Zidi Z = 17'2' - Nj; o (5.3a)
0 i=N; +1,...,N;
0 i=1,...,N>”
wl@) _ @ N7® h (53b)
Zit et = ity Ziti i=NF+1,..., N
P Q
G = 2 Z}<j>f =N 2o i=1,...,N. (5.3c)

We then build the residuals p*) for k = 1,2, 3, depending on the discrete reduced solutions uy, and Uy, com-
puted by means of (5.1). Using the definitions of (4.11), (4.15), (4.21), for i = 1,..., N} the nodal components
of the residuals are,

pi) = 10(60) = dM (Un, 60) = (T = (g, d)s + (KT = ())un, d0)r (5.4a)
PP =1P(¢)) — d® (up, ¢;) = (Vun, Véi)s — (Exf, ¢1)s, (5.4D)
p§3) = l(g) (gf)l) - d(S) (Uh, (,bz) - 7(53(1- - U)Ufu d)i)Fa (54C)
Finally, we combine the weights and the residuals in order to compute the local estimators,
0D = o o = o (T =g, 00) + (KT = (Dun, d)r | (5.52)
' = W@ p® = @ (Vuy, Véi)s — (Esf, di)s], 5.5b)
0 =w pl” = w® [*(H(I ~ ()un, ¢i)r} : (5.5¢)

Remark 5.1. We observe that when the mesh nodally conforms with I', the advantage in terms of computa-
tional cost of the reduced versus the full (reference) problem almost vanishes. However, we remark that this is a
particular case specifically designed to simplify the computations presented below and practically feasible only
when the radius of ¥, R, is comparable with the diameter of €.

For the computation of the local model error estimator, we consider the 3D domain = (—1,1)% x
(—0.51,0.51) and the 1D segment A from (—0.51,0,0) to (0.51,0,0). We define on 2 a a quasi-uniform regular
mesh, with characteristic length h = 1/32, for a total of 354’753 tetrahedra. The 1D domain is discretized with
1281 points. The parameters of the problem are chosen for simplicity as R =0.25, k=1, f =1 and g = 1.

The discrete solutions wuy and Uy are computed using piecewise linear finite elements. We calculate the
residuals p*) by means of (5.4). We then address the discretization of the reference dual problems (4.12),
(4.18), (4.23). To obtain computable solutions, the model error output functionals must not depend on the error
itself. We use instead the following definitions,

(v) = / vdQQ.
Q

j(l)(v):/vdE,
b

These output functionals provide the mean value of the error components over 3 and €2, respectively. Given
the mesh 72 that is nodally conforming with the surface I', we define the spaces V2, Vhﬂ@, VhQ using piecewise
linear elements, we solve the problems (4.12), (4.18), (4.23) and we compute the weights w®) using (5.3).
According to (5.5) the nodal values of the local estimators are the combination of residual and weights. We
represent them as piecewise linear finite element functions on €.

In what follows, all the results refer to 3D functions in €2, but the meaningful data are strictly inside the
domain, because of the homogeneous Dirichlet condition on his boundary. Therefore, in order to successfully

j(2) i(3)

(11):/Q(IQea + Ex)vdQ, j (5.6)
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FIGURE 3. Analysis of the residuals p; ™, the weights w;," and the local estimators 7, ", repre-
sented as piecewise linear functions on the mesh 7.
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TABLE 1. Variation of the error output functionals j(’“)(e) and of the error estimators 7'

2077

k)

when the radius of the inclusion ¥ decreases from R = 0.25 to R = 0.1.
j(l)(e) _ Zz m(l) -(2)(6) _ ZZ m@) j(?’)(e) — Zz m(3)
R=0.25 2e—04 —le—02 —1le—05
R=0.1 9e—07 —3e—05 —1e—06
TI(l) ,,7(2) 77(3)
min; max; min; max; min; max;
R=025 —8e—21 4e—08 —1le—05 9e—07 —1le—25 3e—08
R=0.1 —le—11 4e—10 —8e—09 1le—07 —3e—11 8e—10
Case f=1
(Z = ()u, ¢i)r

Case g =1

(Z—())g,bi)s

Y

X
“~

-6.624e-20 2e-19
—

Case g =1+ 3y

g

s
“—
5.993e-19 -1.9e-24 2e-07  3.4e-07
Case f=1+y
(T = ())u, ¢i)r

(Z—())g,bi)s

&y
r
<

-7.945e-05
—
FIGURE 4. Left column: comparison of (g, ¢;)s and ((+))g, ¢;)x. in the case g = 1 and g = 1+ 3y.

w

o«
<

0 5.0e-05

-4.1e-05

0 7.709e-05

Right column: comparison of (u, ¢;)r and (u, ¢;)r in the case f =1 and f =1+y.
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represent the information of the plots, we show only a 2D slice embedded in the 3D domain. The bounding box
of Q is also shown in the plots.

For the discussion of Figure 3 we start from the residual p™), in particular ((Z — (-))g, ¢;)s. This term
measures the error due to the average on the cross section D of the forcing term. Since in the simulation of
Figure 3, we have used g = 1 this residual should vanish. A different test using g = 1 + 3y is addressed in
Figure 4 (left column). The comparison among the two cases conforms that, g is variable on D, the residual
reproduces the variation of g.

Similar considerations apply to the residual p(?). It represents the model error due to extending the 3D
problem into . However, even though the magnitude of this residual is the largest among all p®*), k =1,2,3,
we notice that it is combined with w(?)| which according to (5.3b) vanishes in the interior of . As a result, the
estimator n(® turns out to be rather small and localized in the neighborhood of the interface.

We also discuss terms on the interface (k(Z — (-))u, ¢;)r that appear in p™") and p(®. These residuals depend
on the function f. Precisely, if f is constant, then also the solution u does not vary along 9D and u(s) = u(s).
Therefore, the residuals p) and p®® become relevant especially when f is not constant around the inclusion.
The comparison of these residuals in the case f =1 and f = 1+ y, shown in Figure 4 (right column), confirms
the expected behavior.

Finally, we consider a test case with a thinner inclusion, namely a cylinder with radius R = 0.1. The domains
Q and A as well as the parameters k, f and g are the same as in the previous case shown in Figure 3. The
computational mesh has been slightly refined in the neighborhood of the cylinder, to comply with its size. The
visual analysis of the error estimator (not shown here) confirms that the spatial distribution of the error is the
same as the one of Figure 3. In Table 1 we show a quantitative comparison of the two cases. As expected, the
results confirm that the model error decreases with the size of the inclusion.

6. CONCLUSIONS

This work illustrates the foundations of a multiscale method for solving partial differential equations on bulk
domains with embedded network-shaped cylindrical inclusions. The method consists of applying a model re-
duction technique first, aiming at transforming the original problem into a simpler one. Such problem features
equations in a bulk domain coupled with a collection of one-dimensional problems. After showing the well posed-
ness of the reduced problem, we have approximated it by means of finite elements and proved the convergence
of the discretization scheme. Finally, we have pursued the analysis of the modeling error, namely the difference
between the solutions of the original problem and the simplified one. We have shown that for infinitesimally
narrow inclusions, representing for example a bulk material perfused by narrow channels, the reduced model
converges to the original one. Although realistic applications require to address more complicated equations,
which have not been fully analyzed yet in this context, we believe that the sound mathematical properties
proved here strengthen the significance of this approach to applications. However, there are still many open
questions to be addressed. For example, this work should be extended to other types of interface conditions
among the bulk and the inclusions, addressing for example Dirichlet type constraints. In the same spirit, we are
studying the method for partial differential equations in mixed form, in order to better model flow problems.
Important and pressing questions also arise at the level of numerical discretization and solvers. For example,
the role of quadrature in the approximation of the averaging operators on the global accuracy of the approach
is still unexplored. At the level of numerical solver, efficient solution methods and preconditioners for coupled
partial differential equations on embedded domains must be investigated.
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