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STABLE DECOMPOSITIONS OF hp-BEM SPACES AND AN OPTIMAL
SCHWARZ PRECONDITIONER FOR THE HYPERSINGULAR INTEGRAL
OPERATOR IN 3D

MiICHAEL KARKULIK!, JENS MARKUS MELENK? AND ALEXANDER RIEDER?>*

Abstract. We consider fractional Sobolev spaces H’(T'), # € [0,1] on a 2D surface I'. We show that
functions in H° (T") can be decomposed into contributions with local support in a stable way. Stability
of the decomposition is inherited by piecewise polynomial subspaces. Applications include the analysis
of additive Schwarz preconditioners for discretizations of the hypersingular integral operator by the
p-version of the boundary element method with condition number bounds that are uniform in the
polynomial degree p.
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1. INTRODUCTION

Fractional Sobolev spaces arise frequently in both analysis and numerical analysis when dealing with (frac-
tional) partial differential or integral equations. We mention, for example, the classical boundary integral opera-
tors associated with the Laplacian that lead to the Sobolev space spaces H'/ 2(T). Similarly, for example in screen
problems or fractional diffusion, the natural spaces are often given by Sobolev spaces encoding homogeneous
Dirichlet conditions denoted by H(T).

When discretizing problems posed in such spaces, a standard ansatz space consists of globally continuous
piecewise polynomials of degree p on a mesh 7 that partitions I'. An important tool in the numerical analysis
of such a setting are stable decompositions of such discrete functions into local contributions.

In this work, we consider 2D surfaces I' C R3 and propose a stable decomposition procedure of functions
u € H%(T) into a global low-order contribution of piecewise linears/bilinears and functions with local support
(see Thm. 2.5). This decomposition is constructed such that, if u is a piecewise polynomial on a mesh 7', then
the local contributions are also piecewise polynomials with the same degree distributions. Our construction
accommodates variable polynomial degree distributions (i.e., the polynomial degree is allowed to vary from
element to element) and “mixed” meshes consisting of triangles and quadrilaterals (see Thm. 2.6). Similar
decompositions that emphasize the p-dependence have already appeared in the context of meshes consisting of
quadrilaterals only in [21] for the case § = 1 and [12] for § € (0, 1). For meshes consisting of triangles/tetrahedra
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only, the decomposition in the finite element case of # = 1 was covered in [23] and recently a new decomposition
was proposed in [8] for general simplicial meshes. The decomposition of [8] is similar to our result in that it is also
simultaneously stable in L? and H'!, which implies stability for general § € (0, 1), although this simultaneous
stability is not emphasized in [8] and its ramifications not explored.

An application of our stable decomposition is given by the analysis in Section 3.2 of an additive Schwarz
preconditioner for the p-BEM applied to the hypersingular integral equation. The resulting condition number is
shown to be uniformly bounded in the polynomial degree p employed; here, mixed meshes consisting of triangles
and quadrilaterals are allowed as well as a variable polynomial degree distribution. The numerical performance
of this preconditioner is studied in [10].

A second application of our decomposition result is given in Theorem 3.3, which identifies the interpolation
space between spaces of piecewise polynomials equipped with weighted L?-norms. In fact, in a subsequent work
[15] we will use our decomposition to show that the interpolation space obtained by interpolating (using the
K-method) between a space of piecewise polynomials equipped with the L?- and H!'-norm coincides with the
same space equipped with the appropriate Sobolev norm, i.e.,

((S** @l o) - (S D ey,
((SPHTN ey s (SPHT i) ) o = (SPHT), - laroqry)  (equivalent norms);

= (gp’l(T), - ||ﬁe(p)) (equivalent norms),

here, the implied norm equivalences are independent of the polynomial degree distribution. This result of [15] will
generalize the analysis of the single-element case in [3,5,7,17] and Theorem 4.2 of [6,7] to general shape-regular
meshes.

Outline of the paper

In view of the technical nature of the paper, we have collected the main results in Section 2. Applications
such as the preconditioning of the p-version discretization of the hypersingular integral operator are given in
Section 3. The remainder of the paper is devoted to the proof of the main result, namely, the decomposition of
a function u into local components. The decomposition is such that the local components are supported on the
patches of a mesh, i.e., the union of elements meeting at a vertex or an edge. It is performed in several steps.
In a first step, a piecewise linear contribution u is determined using a Scott-Zhang interpolant. The primary
purpose of this contribution is to remove the h-dependence of the decomposition, i.e., the difference u — u; can
be localized with control of the constants uniformly in the size of the mesh patches. In a second step, “vertex
contributions” for each vertex V' of the mesh are determined with the aid of averaging operators. The vertex
contributions have two important properties: (a) the support of each vertex contribution is the corresponding
vertex patch wy and (b) the function value at V' is reproduced if the function is continuous at V. We collect
these vertex contributions in the function uy. Then the function u — u; — ug vanishes in the vertices of the mesh.
A second averaging operator is applied to this function for each edge to create “edge contributions” supported
by the patches w, associated with the edges. These are collected in a function ug. The difference v —uy —ug —us
is then a function vanishing on the skeleton of the mesh and therefore consists of local “element contributions”.

The stability properties of the averaging operators aplied in these steps of the decomposition have to be
analyzed. In preparation to that analysis, we address in Section 4 the issue that full Sobolev norms do not scale
conveniently under (affine) changes of variables but that seminorms do. Since we define fractional Sobolev spaces
by interpolation, we present and analyze interpolation spaces that are based on interpolating seminorms. These
results come in two flavors: Section 4.1 focuses on the interpolation between Sobolev spaces, and Section 4.2
studies the case of interpolation between weighted Sobolev spaces with weight given by the distance from a
point. The ensuing Section 5 develops averaging operators on the reference element K with the following key
property: “Vertex averaging operators” reproduce the function value in one corner of K and “edge averaging
operators” reproduce function values on one edge of K. The actual construction is performed in several steps
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since these operators should have the additional property that the “vertex averaging operator” should vanish
on the edge opposite the vertex and the “edge averaging operator” should vanish on the other edges of K.
Section 6 uses the averaging operators on the reference element K to generate the vertex or edge contributions
mentioned above. The general procedure for meshes consisting of triangles only is as follows: one selects from
the (vertex or edge) patch a certain element K*. In the discrete case of piecewise polynomials, K* is normally
chosen to have the lowest polynomial degree present in the patch. (In some cases the element with a slightly
higher polynomial degree is favored if it allows one to do the averaging on a triangle instead of a square). The
corresponding vertex or edge contribution is defined for that element K* by applying the averaging operator to
the pullback to the reference element. For the remaining elements of the patch, the contribution is defined by
copying the values from K*.

An important feature of the averaging operators for triangles is that polynomials of degree p are mapped to
polynomials of the same degree. In this way, the above decomposition procedure also yields a stable decom-
position for spaces of piecewise polynomials. The presence of quadrilaterals in a mesh introduces significant
complications. We define the averaging operators on the reference square in terms of the averaging operators
on a triangular part of the square combined with mapping this triangular part to the full square using a Duffy
transformation. When applied to polynomials of degree p, this increases the polynomial degree to 2p. In the
discrete case, we therefore introduce an additional Gauss-Lobatto interpolation step to get back to polynomials
of degree p. Due to the lack of stability of the Gauss-Lobatto interpolation in L?, the stability of the decom-
position in fractional Sobolev norms H?(T') cannot easily be inferred from stability in L?(T') and H*(T) and
an interpolation argument. Rather, a careful analysis in the local H 9_spaces is necessary, which is done in the
present paper.

2. NOTATION, ASSUMPTIONS, AND MAIN RESULTS

We will introduce the necessary notation and present the main results of the present work. Due to the
technical nature of the results, all proofs are relegated to Section 6.

B, (z) denotes the Euclidean ball with radius r centered at . The shorthand a < b expresses a < Cb for a
constant C' > 0 that does not depend on parameters of interest (in particular the mesh size h and the polynomial
degree p). The notation a ~ b is short for a < b in conjunction with b < a.

2.1. Geometric and functional setting

Let Q C R3 be a bounded Lipschitz domain and let I' C 9Q be an open, connected subset of 9 that stems
from a Lipschitz dissection as described in [19], page 99. The Sobolev spaces L?(9f2) and H'(9Q) are defined
as in [19], page 99 by use of Bessel potentials on R? and liftings via the bi-Lipschitz maps that describe 92. For
any relatively open w C 99, we define the space L?(w) of square integrable functions in the standard way. The
spaces H'(w) and H'(w) are defined by

H'(w) = {v]o: v e H'(9Q)}, H'(w) = {v: Boov € H'(9Q)}, (2.1)

where Ej ., denotes the operator that extends a function defined on w to a function on 9 by zero. We recall
that for each u € H'(9) we can define the surface gradient Vu € L?(9€). It can be checked that for (relatively)
open w C 0N and u € H'(w) or u € H'(w) the surface gradient Vu is also well-defined on w and depends only
on the function values of v on w. With the surface gradient in hand, we introduce the seminorm and norm

1
B ||U||%2(w) + \Uﬁ{l(wy (2.2)

el = IVeler Nl = G

Fractional Sobolev spaces are defined by interpolation wia the K-method. For two Banach spaces
(Xo, [Illg), (X1, [1-]l;) with continuous embedding X; € X, and fixed § € (0,1), define the K-functional by
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K2(t,u) == inf,ex, |u —v||% + t?||v]|3 and the interpolation norm by

Jul? | oS = [T g u- o+ 2ol?) (2:3)

u = u)— = inf |lu—v o||f ) — .
(X0,X1)0,2 =0 ’ t =0 veX1 0 ! t

together with the convention that for § = 0 or = 1 we set Hu||?X0’X1)9 , = ||u||§(e

We then define the interpolation space (Xo, X1)g o = {u € Xo : ||ull(x, x,), , < 00} In this way, the spaces

H(w) = (L2(w), H'(@))o,2, H'(W) = (L?(w), H'())o2 as well as Hf(w) = (L*(w), Hj(@))o2, Hf(w) =
(L?*(w), H} (w))g,2 and their corresponding norms are defined. Occasionally, it will be more convenient to work
with seminorms instead of full norms. For two Banach spaces Xy, X; with ||||§<1 = ||§(1 +c? ||||§(0 for ¢ > 0,
we define a seminorm by

g, xor, = [ 2 (inf u—v2+ 2 ) &
(X0,X1)0,2 o vEXS t

For example, on the space H 2 (w) we define in this way the seminorm

o ) dt
|u|%ﬁ(w) = /t:()t 20(ue%11f(w) e = UH%Q(UJ) " t2v|?{l(w)> t - |u|%9(“).

We refer to Section 4.1 on how these seminorms relate to the full interpolation norms.

2.2. Meshes and polynomial spaces

In this section, we further restrict our assumptions on the surface I' and introduce the discretization into
boundary elements which are the image of planar reference elements under suitable transformations.

We require that I' admits a suitable triangulation 7" into open subsets K7, . .., K|7|, satisfying Assumption 2.1
below. As it is standard in FEM and BEM, each element K; is the image of some fixed reference element under
an element map Fg,. To that end, we define the reference triangle and square by

T:={&n) :0<<1, 0<n<&l (2.4)
S:={(&n):0<e<1, 0<n<1}. (2.5)

Often, we will work with functions that are only defined on a subdomain w C I'. Correspondingly, we write
T|y :={K €T : K C w} for the subtriangulation. Throughout the article, the triangulations and the element
maps are required to satisfy the following assumption, which generalizes the usual concept of shape-regularity
to elements on surfaces, where the element maps are mappings R? — R3:

Assumption 2.1. (1) For each element K € T, there exists K e {f, §} and an element map Fx : K — K
that is C* up to the boundary OK.

(2) The element maps Fi are bijections K — K.
(3) With hx := diam K, the Gramian G(x) := (Fi(2))" - Fi(z) has two eigenvalues Amin (), Amax(T)-
The shape regularity of T is characterized by the constant v that satisfies, for all K € T,

h2 AIIl X
sup K __ 4+ az(iﬁ) <A. (2.6)
zeR )\min(x) hK
Note that this implies ||F}(||Lw(f<) < Chg.
(4) The triangulation is regular: The intersection K1 N Ko of two elements K; # Ko € T s either empty,
exactly one vertex or exactly one edge (including its two endpoints). If the intersection K1 N Ko is an edge
e = Fk,(€1) = Fg,(€2) (for two edges €1, €2 of the reference element K ), then Flzll o Fi,le, 1 €1 — €2 is an
affine bijection.
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(5) FEach edge is either fully contained in T' or part of OT .

A crucial role in our construction will be played by the elements sharing a vertex or an edge. We introduce
the following definition.

Definition 2.2. Denote the set of all vertices by V and the set of all edges by £. For a vertex V € V and an
edge e € £ we denote the vertex and edge patches by

wy := interior U K , W, := interior U K
KeT:VeK KeT:eCK

For each patch denote the local mesh size as hy := diam (wy) and h, := diam(w,). The set of vertices V of
the triangulation 7 is decomposed as V = VUV where V" = {2 € V: z € T} and V*% = {» € V: 2 € OT'}.
Analogously we decompose the edges as £ = EMUELY .

We are interested in the space of piecewise polynomials on the triangulation. For p € N, we denote by
P, = span{z’y’: 0 < i,j < pA i+ j < p} the space of polynomials of (total) degree p and by Q, :=
span{z’y’: 0 < i,j < p} the tensor-product space of polynomials of degree p in each variable. We write

PP(K) = {PP ii (2.7)

Q, i

If we want to emphasize the domain under consideration, we write Pp(f?) and Qp(f?) for K € {§, f} for the
two different polynomial spaces. For each element K € 7 we choose a polynomial degree px € N and collect
them in the family p := (px)ker. We define the space of piecewise polynomials as:

SPO(T) = {u € L2(I) : uo Fy € PP*(K) VK € T} .

For the discretization of the space H(I") and H (') we consider spaces of globally continuous piecewise
polynomials:

SPHT) := &PO(T) N HY(T),
SPHT) :=SPHT)NHY(T) = {u € SPY(T) : ulor = 0}.

For subtriangulations 7|, we define gp’l(T |») analogously, i.e., globally continuous piecewise polynomials
that vanish on dw. We introduce the piecewise constant local mesh size function h € S%9(7) as the function
satisfying h|r := diam(K) for all K € 7 and the polynomial degree distribution p € S%9(T) as p|x = px, for
all K € 7. For a set M C R, we denote by dps(-) := dist (-, M) the distance to the set M.

For some results, we rely on the following assumption regarding the polynomial degree distribution wherever
triangles and quadrilaterals meet:

Assumption 2.3. If a triangle T and a quadrilateral S of the triangulation T share an edge e, the corresponding
polynomial degrees pr and ps satisfy

pr <ps or 2ps < pr. (2.8)
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2.3. Main results

The main result of this paper, which underlies the stability of the additive Schwarz preconditioner discussed
in Section 3.2 ahead, states that we can decompose the space SP''(7) into local contributions in an H-stable
way. To that end, define the spaces

Xo= [] L*wv)., Xi= [] Hiwv),
Veyint Veyint

Yo= [ L), vi= [] Hiwe), (2.9)
ecgint Vegint

Zo= [ LK), z = [[ Hi(K),
KeT KeT

equipped with norms and seminorms as described in Section 2.1.
The following theorem has in a similar form already appeared in [12] for rectangular meshes and was presented
for triangulations in Lemma 5.2 of [10].

Theorem 2.4. For 6 € (0,1), there exists a constant Cy that depends only on T', the y-shape regularity of the
triangulation T, and 0, such that for all w € H?(T'), and for all decompositions

U= uy + Z uy + Z ue—l—ZuK

Veyint ec&int KeT

with suppuy C wy, suppue C we and suppug C K, we can estimate:

2 2 2 2 2
HUHFIH(F) < Cy (”ulnﬁe(r) + Z HUVHﬁH(F) + Z ||ue||ﬁ6(r) + Z ||UK||F19(F)>

Vevint eegint KGT
2 2 2 2
< Cy <||u1||ﬁ9(r) + Z HuV”H’Z(wv) + Z Hue”ﬁz(we) + Z |UK||1§Z(K)> .
Vevint eegint KET

Proof. The proof is based on a so called coloring argument, we include it for completeness. The main ingredient
is the following estimate (see [22], Lem. 4.1.49 or [30], Lem. 3.2): Let w;, j = 1,...,n be functions in H%(T) for
0 > 0 with pairwise disjoint support. Then it holds

n
[
i=1

(The implied constant is known for the case of using the Aaronstein-Slobodeckij norm as 5/2, [22], Lem. 4.1.49).
For notational simplicity we only consider the vertex contributions, the edge and inner parts are treated in
exactly the same way. By ~-shape regularity, the number of vertices in a patch can be uniformly bounded
by some constant N.. Thus, we can sort the vertices into sets Ji,...,Jn,, such that vaz"l J; = V"t and
|wy Nwy/| =0 for all V, V' in the same index set J;. Repeated application of the triangle inequality and (2.10)
then gives:

2 n
2
oy S il (2.10)

2

2 Ne
2 2 2
ooy < 2oy +2 | D0 wv|, o < 2lalifo +28e Y0 | 32w,
i=1 VEJ;

Veyint

2 2
S 2 HU’1||H'9 +2NCC Z ||UVH]:I9(I")'
Veyint

To prove the second estimate, see Remark 4.2. O
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The primary objective of the present work is to provide the following converse estimate:
Theorem 2.5 (Stable decomposition of H?(T') — continuous and discrete).
(i) Any function u € L*(T") can be written in the form

u=1u; + Z uv+2ue+ZuK, (2.11)

V eypint ec&int KeT

where the components uy € SVN(T), (uy)yeyine C Xo, (Ue)ecgm C Yo, and (ug)xer C Zo of the decompo-
sition (2.11) depend linearly on u, and the corresponding linear maps have the following mapping properties:

wew  : LD — (51’1(7),||~||L2), H'(T) - (31’1(7),H~|IH1),
we (w)vie (1) S X, H'() — X,
U (Ue)e L*(T) — Yo, ﬁl(l—‘) — Y,
uw— (UK)K: (D) = Z, o\T) — Z,.

The constants of these bounded linear maps depend solely on T', Q, and the shape regularity constant of
T. Additionally, for every 8 € (0,1) there exist constants Cy (depending solely on 0, T, Q, and the shape
reqularity) such that:

2 2
a0y < Co lulZogey

—260
Z |uV|2ﬁg(wv) + hV HU‘VH%Z(wV) < COHU”?}s(F)a
V eypint

> el + b el < CollulZy -

e€gint

2 —20 2 2
Kz; ‘uK|ITI£(K) + hK HUK”L?(K) < OQHUHFIG(F)
S

(i) If T consists of triangles only and if u € SP*(T) then each of the contributions wy, ue, ug is in SP(T).
(iii) If T consists of triangles and quadrilaterals and if u € SP(T), then each of the contributions uy, ue, Uk
is in S?PL(T).

We note that using the decomposition of Theorem 2.5, (iii) in the general case of meshes containing both
triangles and quadrilaterals does not ensure that the contributions are in §p>1(T). This makes Theorem 2.5
not directly applicable for the analysis of additive Schwarz methods on meshes consisting of triangles and
quadrilaterals. A modification, which, however, relies on the function u to be discrete, rectifies this deficiency:

Theorem 2.6 (Stable localization of SP-X(T)). If Assumption 2.3 holds, any function v € SPX(T) can be
decomposed in the way described in Theorem 2.5 with the additional feature that the contributions uy, u., uk
are in SPY(T). If Assumption 2.3 is not satisfied, the stability estimates only hold for 6 € {0,1}.

Theorem 2.7 (Stable decomposition of H?(T") — continuous and discrete). The statements of Theorems 2.5,

2.6 are also true in the spaces H?(T) instead of H?(T). Then, the sums run over all vertices/edges instead of
just the interior ones.

Remark 2.8. While one can prove Theorem 2.5 by first considering the cases # = 0 and § = 1 and then using
an interpolation argument, the proof of Theorem 2.6 is more involved due to the fact that mixed meshes are
considered. Indeed, the decomposition operators that do not increase the polynomial degrees for quadrilaterals
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are only stable when applied to (piecewise) polynomial functions (due to the Gauss-Lobatto interpolation step).
Performing the interpolation step at the end would therefore require a stability estimate of the form

- - < -
||U||((sp,l(7’),\|‘\|L2(F)),($p,1(7'),H‘Hﬁ1(F)))9‘2 ~ ||U||H9(r).

Such estimates are not available in the required generality (in fact, the present decomposition result forms the
basis for a proof of such estimates). Therefore we cannot rely on performing a single interpolation step at the
end. Instead we carefully work with fractional Sobolev norms throughout our proof, making sure to perform
interpolation arguments only on the reference element where the necessary norm equivalences are known (see
Prop. 5.6).

3. APPLICATIONS

3.1. Interpolation of discrete L? spaces with weights

Interpolation of piecewise polynomial spaces equipped with weighted L? norms is common when working
with a non-uniform triangulation or non-constant polynomial degree, and appears, e.g., in the context of inverse
estimates [11]. Theorem 3.3 below provides a general setting for such applications.

It is well-known that the interpolation of L? spaces with different weights gives the L? space with correspond-
ing interpolated weight.

Proposition 3.1 ([27], Lem. 23.1). Let wo,w; be positive, measurable functions, and let w C T' be open.
Let Xo = L*(wiywo) and Xy := L*(w;wy) be the weighted Lebesque spaces with norm ||ull12(w:w,)
([, lu(z)|?w; dz)Y/2. For 6 € (0,1) we can identify the interpolation space as

(X0, X1)go = L2 (w; wi~w?) (equivalent norms).
The implied constants are explicitly known and depend only on 0.

In order to formulate the analog of Proposition 3.1 for discrete spaces, we need the following definition:

Definition 3.2 (Locally comparable). We call a measurable function w : I' — R a locally comparable weight,
if w(z) > 0 (almost) everywhere, and if there exists a constant C,, > 0 such that for all vertex patches wy the
following estimates hold

inf w(zr) < sup w(z) <Cy inf w(x). (3.1)

TEWY TEWY TEWY

Theorem 3.3. Let T satisfy Assumption 2.1. Let wg, wy € L™ (T") be locally comparable weights. Then we can
identify the interpolation space by

(8@l lezann) - (1@ ) ), = (8P @ i) - (3.2)
((Sp’l(T), Il - ||L2(F;w0)) ) (Sp’l(T), [ - ||L2(1“;w1)))9,2 = (Sp’l(T)’ H'”L2(F;wéfewf)> ’ (3.3)
where the norm equivalence constants depend only on I, Q, 0, the shape reqularity of T, and C., from (3.1).

Proof. We will only show (3.2). Let u € SP1(T). We denote by |I-|l, the interpolation norm of the space

((§p71(7)a ||'||L2(F,wo))> (§p71(7)7 H'||L2(F,w1)))9 2’
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The weighted L? norm will be denoted by lullpz = llull 2 wi—?0)- BY Proposition 3.1 and the definition
) 1
of the K-functional as an infimum we have the trivial estimate

lullg Z llull s -

It remains to show the converse estimate. We proceed similarly to the proof of Lemma 23.1 from [27].

Let uq,(uy )y epmne denote the decomposition of Theorem 2.6 (for simplicity of notation we assume that the
edge and element contributions are included in the vertex functions).

By the local definition of the Scott-Zhang operator, it easy to see that it is also stable in weighted L? norms
(with stability constant depending additionally on the constant C,, of Def. 3.2). Since u; is constructed using
this operator (see the Sect. 6), we have by interpolation

leaally < lull

For V. € V™ and j = 0, 1 set (W))v := & (infrew, wj(2) + sup,e,, w;(x)). Since wo, wy are locally com-
parable weights, we have on each patch (wj)y ~ w;. In order to estimate the infimum in the K-functional,
we set:

v(x) = Z (@o)v uy(z) and w(z) —ui(z) —

v(x) @)y
vt @)V + t2(wy)v

= Z o ——uy (z).

2
v @)y + B (wi)v

Since the coefficients are independent of z we have v € SP1(7) and thus u = (u — v) 4+ v is an admissible
decomposition for the infimum of (2.3). Using (w;)yv ~ w; we estimate

@) § ——20 S @) and Jue) - (@) - o(@)] S ——20 S ),

wo(w) + w1 () Veyint wo(w) + t2wi (x) Veyint

where the implied constant only depends on the constant in (3.1). A simple calculation then shows

2
2tu—u _Puwg(@)un(z) uy (z x
K (tvu 1) S/W0($)+t2w1($) (VZ | V( )) dz.

r e

wo(z) .
wi(x) "

For the interpolation norm we then get by using Fubini’s theorem and the substitution ¢t = s

V eyint

2 o] 81720
S/lﬂwg(x)lewl(z)‘g( Z uv(x)|> /0 mdsdz

Vevint

2
,S/Fwo(x)l—ewl(x)9< Z uv(x)|> dx.

Veyint

Since each function uy is supported by the single patch wy, and since the patches only have finite overlap,
a simple coloring argument implies

2 2
lo—wlls 3 /w Ywr (@) fuy (@) de= " lluy 2.
Veypint Veyint

We observe that, since the decomposition (uy )y cyine was constructed in a local manner and wé_ewf is locally
comparable, we can exchange the L2-norm in the stability result of Theorem 2.5 by the Lg norm, which then
concludes the proof. O
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3.2. Additive Schwarz preconditioning for the p-BEM

In this section we apply the decomposition results of Theorems 2.4, 2.5 to the hp-version of the boundary
element method. Our model problem is the hypersingular integral operator D for the Laplacian; for a more
detailed discussion of boundary integral operators and their discretizations, we refer the reader to the mono-
graphs [14, 19,22, 26]. We note that the following setting covers both the case of closed surfaces and screen
problems. This is because in the case of closed surfaces we have H'/2(I') = H/2(T') and 8P (T) = SP1(7).

The hypersingular integral operator D : ﬁ1/2(F) — H~Y2(I) is defined by

(Du) (z) = -0 / aiﬁfG(amy) u(y) dSy, forxzel,
e

where G(x,y) = ﬁ\xiiyl is the fundamental solution of the 3D-Laplacian and 9i'* denotes the (interior) normal
derivative with respect to x.
In the case of a closed, connected surface, the kernel of D consists of the constant functions. In order to get

a well-posed system it is customary to introduce, for some chosen « > 0, the stabilized form
<ﬁu,v>r = (Du,v)p + o (u, 1) (v, 1) Yu,v € HY/*(T), (3.4)

where (-,-). denotes the extension of the standard L2-inner product to H~/2(') x H'/?(T'). This bilinear

form is known to be bounded and elliptic, i.e., there exist some constants ¢, C' > 0 such that | <5u,v> | <
r

C||u||ﬁ1/2(F) ||“||f11/2(1“) and <5u,u>F > cHu||%1/2(F) for all u,v € HY2(T). In the case of an open surface
' # 0Q the kernel of D is trivial and already D is elliptic so that we may set a = 0.

The Galerkin matrix Dy, corresponding to the Galerkin discretization of this bilinear form based on the

space SP'L(T) with chosen basis (¢;); is given by (]Shp) . <l~)<pj, <pi>r.
1,

We will present a preconditioner for this matrix based én the abstract additive Schwarz framework that will
allow for hp-independent bounds on the condition number of the preconditioned system. It is based on the
decomposition into the vertex, edge and element patch spaces, given in (2.11). We briefly recall some important
definitions of the additive Schwarz theory. For a detailed introduction see Chapter 2 of [28].

Let a(+,-) : U x L — R be a symmetric, positive definite bilinear form on a finite dimensional vector space
0. We will write A for the corresponding Galerkin matrix. Let 2U; C U, i =0,..., N, be a family of subspaces
and let R : U, — U denote the canonical embedding operators (we will use the symbol RY for their matrix
representation). Assume that for each subspace 2U; a symmetric, positive definite bilinear form a;(-,-) is given;
its Galerkin matrix is denoted A;. Assume the spaces U; form a decomposition of U, i.e., we can write

N
U =R{Vo+ > RV,
=1

We then define the additive Schwarz preconditioner by:
N ~
B~ :=Y R/ A 'R..
i=0

The preconditioner induced by the decomposition defined in (2.11) is optimal in & and p. This is formalized
in the following theorem:

Theorem 3.4. Let a(u,v) = (Du,v)r. Let Do := SW1(T) be the global lowest order space and RY : Gy —
SPL(T) be the canonical embedding. For every V. € V" we define the space By = {u € SPY(T)
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supp(u) C wy } with canonical embedding R, : By — SPL(T). We use “exact local solvers”, i.e., ay (u,v) :=
<5R‘T/u,R€v>F with matrix representation AV. Let Assumption 2.3 hold. Then the preconditioner defined by

B :=RjA;'Ro+ Y RUAJ'Ry
Veyint

is optimal in the sense that there exists a constant C' > 0 that depends only on T', Q, and the y-shape reqularity
of T such that

)\max(B_lﬁhp) <C
)\min(B_thp) B

Proof. The abstract additive Schwarz theory gives the condition number estimate k < CyC7 in terms of the
following two constants Cp, C; (see [16,18,31]):

H(B_lﬁhp) =

(i) The constant Cy > 0 is such that every u € U admits a decomposition u = E;‘]:o RT w; with u; € U; such
that ZLO a;(ug, u;) < Co alu,u).

(ii) The constant C7 > 0 is such that for every decomposition u = Z;ZZO R v; with v; € U, the following
estimate holds: a(u,u) < C; Z;-]:o a;(vi, v).

Since D is continuous and elliptic, we can replace a(-, -) with the H/2(I')-norm. The requirement (i) then corre-

sponds to the stability statement of Theorem 2.6 (where we absorbed the element and edge contributions into the
vertex parts) in conjunction with Remark 4.2. The requirement (ii) is just an application of Theorem 2.4. ([

We refer to [10] for studies concerning the numerical performance of the preconditioner of Theorem 3.4.

Remark 3.5. The preconditioner of Theorem 3.4 requires a solver for the space Uy = S LY(T) of piecewise
linears. This solver can be replaced with a multilevel method as advocated, e.g., in [2,10,29)].

4. INTERPOLATION OF SOBOLEV NORMS

4.1. Interpolation of Sobolev norms and seminorms

As is well-known, the L?-norm and the H'-seminorm scale differently under affine changes of variables, and
the full H'-norm does not have a natural scaling property. Thus, the effect of domain scalings on fractional
Sobolev spaces, which are defined by interpolation between L? and H!, is not very clear. One way to clarify
the impact of domain scalings is to study the interpolation of seminorms. The following lemma works out the
corresponding norm equivalences.

Lemma 4.1 (Interpolation of seminorms). Let X; C X be two Banach spaces with norms || - ||o and || - |1 :=
H=Ylo+|-|1, where |- |1 is a seminorm and H > 0. Introduce the following two K -functionals:
K2 — inf N — ol + 212 2 — inf Ny — oli2 + 2102,
(w0) = inf flu— ol + 20, Rt = ol + 2ol
For 6 € (0,1) introduce the seminorm |- |9 and the norms || - ||o and || - ||; by
< dt
i = [ R
t=0

e dt
i = [ o,
t=0 t
—26
lullf = H™*|ull + ulg.
Then there exists C > 0, which depends solely on 6 (in particular, it is independent of H ), such that

CHlullg < llullg < Cllullo-
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Proof. We show [|u||; < C|lulle: Obviously, |uls < [|ulls. In order to see H?|julo < C||ulls, we observe that for
arbitrary v € X3

H
lullo < fu = wllo + [[v]lo < llu = vllo + - tllv]ls,

and hence |lullo < max{1, H/t}K (u,t). This implies

1 1 oo oo
H? <+> ul|? =/ t=20 " min{1,t/H}?||lu thg/ 7207 VK2 (u, t) dt = ||ul|2.
20 " 2(1=0) l[ullg - {1, t/H} [Jullg L (u,) [[ullg

Next, we show ||ulg < Cllul|;. We write
H oo
|ul|2 = / t=20 - K2, t) dt +/ t=20- K2 (0, t) dt. (4.1)
=0 t=H

To treat the first integral, we let © be the minimizer of k%(u,t), i.e., ¥ = argmininf,cx, ||u — v||3 + t3|v|3 (If
the minimum is not attained, then select v. with ||u — v.||Z + t|vc|? < k%(u,t) + € and let € — 0 at the end.)
Then

t2 2

. N _ U _ t
K2 ) < = 018 + 21012 < = 318 + 7z 918 + 21 meax {1, £z } #200,0) + gzl

Therefore,

H H H
/ t=2 - K2 (u,t) dtg/ t=20- 12 (u, t) dt+H*2/ t=20 w2 dt < Julf + H2||ul|2.
t=0 t=0 t=0

To treat the second integral in (4.1), we use the obvious estimate K (u,t) < |lullo and see
o0 oo
/ t720 7 K2 (u,t) dt < / t720 7 w||2dt < CH=|ul|2.
t=H t=H

Therefore, ||ul? < H2||u|2 + |u|3 with implied constants depending only on 6. O

Lemma 4.1 gives the following norm equivalence for the standard fractional Sobolev norms and the weighted
versions:

[ul oy + diam (@)~ [[ull ooy ~ [0l oy A [ulgogyy + dinm(@) ™ [ull o) ~ full oy - (42)

Concerning the norms on patches, we note the following:

Remark 4.2. Since for any vertex or edge patch w C I' the operator realizing the extension by zero is bounded
with constant 1 as an operator L?(w) — L*(T') and H} (w) — H'(I") we obtain by interpolation

(4.2) . _ ~
HU”ﬁs(p) S ||UHﬁg(w) ~ |“|ﬁg(w) + diam(w) 9||“HL2(w) Vu € H(w). (4.3)

Next, we study the scaling of interpolation seminorms. The following corollary can be seen as a generalization
of Lemma 2.8 from [13] and provides the application of Lemma 4.1 to the present setting of 2D surface elements.

Corollary 4.3. Let K € T be an element and K be the associated reference element. Suppose that X1 C L*(K)
and X1 C L*(K) are continuously embedded Banach spaces such that for every u € X and its pull-back
u:=wuo Fg to the reference element K there holds u € X1. Let |- |x, and |- |5, be seminorms (or norms) on
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Xy with |u|x, ~ |u]g, . Define |- |o,x and |- |, z as in Lemma 4.1, where Xo = L*(K) and Xo = LQ(IA(). Then
it holds for 6 € [0, 1]

[ulo,ic ~ by ’filg -
In particular, we have
1-0)~
Hu||(L2(K)aX1)9,2 ~ hK ||UH(L2(I?),)?1)912'

Proof. Write k?(u,t) = inf,ex, |Ju — v||2L2(K) + ?|v|%, . Then

= 002, + 101, ~ hi2llu = vlae) + 2ol
Therefore,
: S 2 2,12 < p—27.2
wlél)ffl ”u wHLz(K) +1 |w|X1 ~ hK k (u’thK)v
and thus

oo dt
-~ —2 —260 —2+4-20
|u\3f( < hi /tzot 2012 (u, thK)7 S h 0 Nulf k-

The reverse direction is shown in a similar manner. The equivalence of norms then follows with Lemma 4.1. [

4.2. Interpolation of weighted spaces

The vertex averaging operators defined in Section 5 ahead are such that they reproduce the value in one
corner of the reference element K for functions that are continuous there. For functions with less regularity
near that corner, the difference is measured in a weighted L?-norm. Thus, weighted spaces and interpolation
between weighted spaces are studied in the present section.

4.2.1. Trace theorems and local estimates

We recall some simple trace estimates.
Lemma 4.4. Let V be a vertex off and € an edge with Vee
(i) Then for allv € Hl(f) the following estimates hold provided that the right-hand sides are finite:

N —-1/2
ld5 0l gy S V0l 2y + lld5 0]l 2

—1/2 _
ld5" vl 2 @) S N5 0l 2z + V0]l 2y

(ii) Define, for t > 0, the slabs A2L(t) := {z € T:t< dy(x) < 2t}. Then for all v € Hl(f) the following
estimates hold provided that the right-hand sides are finite:

_ —1/2
g ol gz iy S IVl o ama ey + 145 2l 2o o -
—1/2 _
g0l o ez ey S Mg oll ez + 190] a2 -
(iii) For v e HY(T) with v|s = 0, it holds

Hd’gluHLz(f) < ||V7)||L2(T) . (4.4)
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Proof. The first estimate in (i) follows from standard arguments and an application of Hardy’s inequality: To
keep the notation succinct, consider V := (0,0) and e := (0,1) x {0}; note that dy ~ &. Then u(&,n) =
w(&,0) + [,7, du(&,t) dt and therefore
7
5_1/ ut(§7t)dt
t=0

§
Lemens [etugora |
£ J/n=0
In the last integral, we estimate £~! < n~! and apply Hardy’s inequality. The second estimate in (i) follows
from local trace estimates near e and a covering argument (Besicovitch). The estimates in (ii) follow in a similar
manner using polar coordinates; alternatively, it can be shown by scaling arguments. The estimate (iii) follows
along the same lines, using that «(€,0) vanishes. O

2

dnd€.

Lemma 4.5. Let u € L>®(T) and let V be one of the vertices of T. Then, Hd_l/zuHLz(f) < ||uHLOQ(f).

Proof. For simplicity, we consider V= (0,0) and note that dp ~ §. We compute
1/2
1452 ul2, 7 < Nl / / 1 dnde = [[ul?. . o

4.2.2. Interpolation of weighted spaces
We start with an explicit construction of a function that essentially realizes the decomposition of the
K-functional for a pair of Sobolev spaces:

Lemma 4.6. Let w C R be a bounded Lipschitz domain with diam(w) < Cy, 6 € (0,1), and fiz 8 > 0. Then,
for u € HY(w), there is a function w : (0,00) — H} (w) such that

< dt
/0 20 (Hu —wt)|Z2 ) +t2||w(t)||§{i(w)) — Sl - (4.5)
Additionally, for all subsets w' C w with dist (W', dw) > Bt it holds
lw®llz2w) S ull2U, e Bar e (@) (4.6)

The hidden constants depend only on d, C1, (3, and the Lipschitz constant of w.

If, additionally, @ C w is a subset with diam(w) < Cgiamdiam (@) for some constant Cgiam > 0, and supp(u) C
@, thenw : (0,00) — H} (w) and the right-hand side in (4.5) can be replaced by Hu||gg(a); furthermore, (4.6) holds
for all ' C RY with w on the right implicitly extended by zero. The hidden constants then depend additionally
on Cgiam -

Proof. Denote by H} (R?) the space H'(R?) with norm
|- Hi]}l(Rd) = diam(w) ~?|| - ||%,2(Rd) +1- E’il(Rd)v

and by HY(R?) the interpolation between L?(R?) and H}(R?). From diam(w) < C; we conclude that Stein’s
extension operator E (see [25], Sect. VI) is bounded as L?(w) — L?(R?) and H}(w) — Hj (RY), with a constant
depending only on d, Cy, and the Lipschitz constant of w. Therefore, it suffices to show the existence of a
function w : (0,00) — H}(R?) such that

> —20 E 2 2 2 di < E 4
t72 (1 Bu = w(t)3aga) + E 0O ) T S 1Bl oy (4.7)
0
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To that end, let p € C*°(R?) with suppp C By(0) \ By/2(0) be a mollifier and x; the indicator function
of an interval I. Using the techniques from the proof of Theorem 7.47 from [1] (implications (a) = (b) and
(¢) = (a)), it follows that w(t) := X[0,diam(w)] () - (Pge/2 * Eu) fulfills (4.7) where we used again diam(w) < C}.
The estimate (4.6) is clear. If © C w is a subset as indicated and u € ﬁ,‘f (), then we can extend u by zero to
R? instead of using the Stein extension. (]

The following lemma identifies the interpolation space between L? and a weighted H!'-space:

Lemma 4.7. Let 6 € (0,1), K € {T,S} be the reference triangle or square, and let V be one of
its wvertices. Consider the interpolation space between L?(K) with the standard norm and Hl(K,d‘If) =

{ue H'(K) : ‘dA ‘ + [ld5 2 Then,

— 2
- HU” LQ(K)

_ < oo} with the norm ||ul|? HY(R)

L2(R) HY(R.dZY)

-6
Hu||(L2([?)A,H1(I?,d‘:/1))9 , ~ ”uHHG(IA() + ”d"} u”L?(IA()v
and the implied constants depend only on 6.

Proof. For notational simplicity, we consider the case K = (0,1)2 and V = (0,0); the case of triangles can be
inferred from this one by reflection across an edge of the triangle. We first show the bound 2 in the desired
equivalence. Note that for ¢ > 0 we have

—1
v

2
g, ) 2 K20+ KEw),

. 2 2
e (= ol + 2 ol + 2 510

1 -1
veH (K7d‘7 )

where Ki(u,t) is the K-functional for the interpolation pair (L2(I?),H1(I?)) and Ky is the functional for
(L*(K), L2(K,d‘;1)). By Proposition 3.1 we have (L?(K), L2(K7d‘§.1))0,2 = L*(K, d‘i/e) and obtain the bound

> For the reverse bound, consider u € H?(K) with Hd‘I/GUHLQ(f{) < 00. We extend u to w := (—1,1)? in two
steps by extending symmetrically first across the y and then across the z-axis. The extended function is again
denoted by u. Then, we choose w : (0,00) — H'(w) according to Lemma 4.6 using 3 := 1/2 and get for t < 1/2

0@l 25, 007 < 10O 2280 S Tllz2Ba0) S Nl 20, @i (4.8)
and for ¢t > 1/2
||w(t)||L2(Bt(o)mf() S HEU||L2(R2) S HU”Lz(f()- (4.9)

For t > 0, let x; € C§°(R?) denote a smooth cutoff function with x;(x) = 1 for all x € By /2(0), supp x¢ <
By(0), and [|Vx¢|| oo (ray < Ct~! and define w(t) := (1 — x)w(t). We calculate

lu = @O 2y < = w0l o 2 + Ixew®ll gz < = 00 gy + 10O 25,007
T2 < Ol ) + IOl ) S 0Ol ) + 10Ol 2,0z

and, with the notation B¢(0) = R?\ B,.(0),

—1~ -1
tHdV ( )HL2(K) S tHdA ( )||L2(B§ (0)NK) ~ tlld“ ( (t)) HLQ(Bf/z(O)ﬂIA{) +t||d‘7 uHL?(BtC/z(O)mf{)

S llu—w(t )”Lz(f() +tHd‘7 u||L2(B§/2(o)m?)~
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‘We obtain

2
||UH(L2(I?),H1(1?7(1‘:/1))9,2

o dt
S [0 (- el ag + £ el
0
—20 2 2—260
+/0 t ||w(t)||L2(Bt(O)ﬂf() 7+A 4 de\ U||L2 B, (O)ﬂK) t
o dt o0 dt
< HullémﬁA , 29‘|w(t)|\§2(31(0)mg)7+/0 Lo (4.10)

where we have used Lemma 4.6 in the last step. Since the symmetric extension is continuous in L? and H!,
an interpolation argument shows that |lul| o) < [Jull Ho(R)» and it remains to bound the last two integrals by

Hd‘I/auHLz(f(). For the first term, we use (4.9) to bound

- dt
—26 Cdt -
/1/2t [|w(t )HL?(Bt O)NK) ¢ ~ ||uHL2(K).

We use (4.8) and polar coordinates to bound

1/2 00 dt 1/2 00 dt 1/2 001 2t 21 )
R O A ||u||L2(B%(OmK)t= [ [ el dgara

2
/ / X (r, @)u(r, o)r / t=20- L dtdrde
27 0
</ / Vi (r ()2 dr di < [[d5"ul, 2,

Finally, the second term in (4.10) can be estimated by

d+ o 2|z|
2720 dA1 . = — </ / 1720 272 2 (e dt:/ 2| 2P (x / 17204
|0 e, ooy § o @ [ e [
-2 2—260
S [ I @) a7 = 5l .

The following lemma encapsulates a construction needed later on in the proof of Lemma 4.9.
Lemma 4.8. Let V €V and let wy denote its vertex patch. Fiz one element K C wy and define the annuli
AP (t) := Bp(V) \ Bat(V) fort > 0and0 < a < b.

Then there exists an open set Z C K and a constant 3 > 0 such that

U Bsay»(z:) NI C K (4.11)

z2€Z

and for all v € H}L (wy) there holds, provided that the right-hand side is finite,

||d\_/1UHL2(A2«1(t)ﬁwv) ,S ||d;1'U||L2(A2v1(t)ﬁZ) + HvllH}L(A2v1(t)ﬂwv)‘ (4'12)
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Proof. We first show

Hd‘;1UHL2(A2,1(t)mwv) S Hd;/l/UHL2(A2,1(t)nK) + H’UHH}L(AZJ(t)ﬂwV) : (4'13)

Let K; and K> be two elements of wy sharing an edge e1 2. Applying both estimates from Lemma 4.4, (ii)
and scaling arguments shows

ds 0l 22 (a2 yniy) S Iy 20llr2 a2 (tymen n) + IVl £2 (a2 8y )

Sy vl zeazanks) + VOl L2(az1 (nks) + VOl L2 (421 ()0 Ky)-

Taking a sequence of neighboring elements K’ = K,..., K ; = K, this argument can be repeated j times
and summed up to yield (4.13).

We now construct the set Z. Let Z be a cone on the reference element centered at V := (1,0), symmetric
with respect to the dlagonal of S with an opening angle in (0, 7/ 4) We note the existence of a constant B >0
such that for 7 € Z with |z — V| < 1/4, we have Bpa, @) (T) C K. We set Z := FK(Z N B1/4(V)) (where we
assume that V is mapped to V). To show (4.11), we just have to select § < ﬁ sufficiently small to compensate
for the Lipschitz constants of Fx and F El.

The estimate (4.12) can then be shown completely analogously to (4.13): On the reference element, we can

use Lemma 4.4, (ii) to reduce the estimate to an H! contribution and a d%l/z

-weighted integral on the boundary
of Z. This can then in turn again be estimated by a weighted L?-term and an H'-term on 2, as appears on the
right-hand side of (4.12). The restriction due to the condition ”:E - ‘7’ < 1/4 does not impact the estimate, as

d‘i/l is bounded outside of this region. (I

Lemma 4.9. Let V € V and let wy denote its vertex patch. Fiz one element K C wy. Then the following
estimate holds for all 6 € [0,1] and for all u € H,%(wv), provided that the right-hand side is finite:

"l 2oy = € (14570l ey + Nl ] - (4.14)
The constant depends on 0, the shape regularity constant v, and T'.

Proof. Let ¢; > 0 be such that Be,p, (V) NT is contained in a single chart of I' and B, (V) NT' C wy. This
constant can be chosen to depend only on I' and the shape regularity. Set ay := ¢1/4 and ay := ¢;/2 and let
X be a cutoff function satistying supp(x) C Ba,h, (V) and x = 1 on By, n, (V). Define uy := (1 — x)u and
ug := X u. Then it holds

(1) supp(u1) N Bayny, (V) =10,
(ii) supp(uz) is contained in a single chart parametrizing the surface I,
(iii) Huzllﬁ,‘i(Bthv(V)ﬁF) S Hu||Hz(wv)~
While (i) and (ii) follow directly from the construction and the properties of , property (iii) is seen as follows:

Note that the map u — ugy is bounded as L2(wy) — L2 (Bayny (V) NT) and H} (wy) — H} (Bayny (V) NT). To
see the second boundedness, note that

HV(XU)”Lz(B%hV(V)nr) < ||X||L°°(u.)v) ”VUHH(B%;LV(V)mF) + ||VX||Loo(wV) ||uHL2(Baz,LV(V)ﬁF) S HUHH;IL(WV)

since || VX[ oo () ~ dist (Bayny (V), 0Basny, V)t~ hy', and that uy € I;T,i (Bashy (V) NT). An interpolation
argument and Lemma 4.1 then show (iii). From (i) it follows that

’|d\76“||L2(wv) = Hd\79“1||L2(w) + ’|d\76“2"L2(wv) <hy’ ull 22 oy ) + Hd;/e“?HLz(w) ’
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and hence it suffices to show (4.14) for us.

Let It : R2 — R? denote the chart parametrizing a neighborhood of suppus. We use the set Z and
the parameter § from Lemma 4.8. Since the map Fr is bi-Lipschitz, we can assume (after possibly further
reducing ():

U Bpa, (%) € FU(K). (4.15)
—1 r
z€FL 7 (2)

Now we apply Lemma 4.6 with w = F ! (Beyp, (V) Nwy) and & = F ' (Bayhy, (V) Nwy) to obtain a function
w. Then we take the push forward to (a subset of) wy via Fr and extend it by zero to wy . This function satisfies

< 2 2 dt 2
[ (e = 0o, + 2 o) § 5 Toaligen,e, o (4.16)
and, using w’ = FI;I(AQ’l(t) N Z) in Lemma 4.6 and (4.15) we get (by again taking the push forward and
possibly further decreasing [3)

||w(t)HL2(A2v1(t)nZ) S ||u2||L2(A3’1/2(t)ﬁK)' (4.17)

Next, note that for a function v we have

) - ) - ) dv(x) ¢
[V 72y S [ Iv(@)["log(2)dz < [ [v(z)] ~do
w wy dv(z)/2

14
o 5 dt *° dt
— [ ] @@ = [l o) G
0 wy 0

Hence, applying (4.12) to w, we estimate

—6 2 < > -0 2 dt
lldy, U2||L2(W) ~ . lldy, u2||L2(A2=1(t)ﬂwv) 7

R dt o _ dt
5 / . ||dva(’LL2 —w(t))||%2(Az,1(t)mwv) ? +[_0 t2 29||dvlw(t)||%2(A2~1(t)ﬂwv) 7

S / Ofw (||(U2 — w72 a2 (1yrwn) + Ay w12 420 (AR
t=

dt
+ t2||w(t)||§1,g(,4211(t)mw)) I

* de a0y - dt
< /t:Ot # (”u2 —w(t)|72 () +t2||w(t)||§{}11(wv)) i /t:o t? 29”dvlw(t)||%2(A2»1(t)ﬂKnZ)7a
where we used that dy,' ~ ¢! on A%!(t). Using additionally (4.17), we obtain

> o006y -1 2 de o o201 =1 12 dt o 2
Ot ldy, w(t)”L?(A?vl(t)ﬂZ)? ~J t ldy “2||L2(A3,1/2(t)mK)7 < lldy “2HL2(K)’
t=

where the last estimate can be seen using polar coordinates. Using also (4.16) and point (iii) above shows

ldy sl 2y S Ny ullz2 () + llull g oy - O
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5. AVERAGING OPERATORS

A key tool in the definition of the localization procedure are suitable averaging operators. Given a closed set
M (which will be a corner or an edge of K ) the basic averaging operator is defined in Lemma 5.2 by locally
averaging on a length scale of size O(dist(-, M)). In this way function values are reproduced on M. This basic
operator is modified in several steps in order to yield functions that vanish on parts of K. We study the stability
of these operators in weighted and unweighted norms.

5.1. Preliminaries
The proof of stability of the local averaging operators relies on the following covering lemma.

Lemma 5.1 (Covering lemma). Let M # () be a closed subset of R%. Fiz 3 € (0,1) and c € (0,1) such that

(1+p8)ec< 1.

For each x € R\ M denote by B, := 7ch(z)($) and By = §(1+,8)ch(1)(33) closed balls centered at x with
radii cdy (), (14 B)cdy(x), respectively. Let w C RT\ M be open. Then, there exist (z;)ien C w and a constant
N € N depending solely on the spatial dimension d such that:

(i) (covering property) w C U; By, ;
(i) (finite overlap) sup,cga card{i: z € B, } < N.

Proof. The proof is very similar to that of Lemma A.1 from [20]. We have to address the technical issue that
the radii of the balls are unbounded so that it is not a priori clear that the classical Besicovitch covering theory
is applicable. Fix ¢o > 0 such that (1 4+ f)c < 1 — ¢y and define: ¢ := max{l + ¢p,1/(1 — ¢¢)} > 1. Define, for
each i € Z, the bounded sets w; := {7 € w: ¢* < dp(z) < ¢"1}. For each of these sets, we can find a cover by
balls of the above type. The choice of ¢ > 1 is such that balls with centers in w; have non-trivial intersection
with w; only for j € {i —1,4,7 + 1}. Hence, the overlap properties can be ensured. (Il

The basic lemma for defining the local averaging operators is the following.

Lemma 5.2 (Basic averaging operator). Let M # () be a closed subset of RY. Fiz o € (0,1/3) and let p €
C§°(RY) satisfy supp p C Ba(0) and [p. p(y)dy = 1. For t > 0, set p(y) := t~%p(y/t). Define the averaging
operator AN : L (RY) — C=(R?\ M) by

loc

(Aa(@) = [ uwpay (e =)y
and for a set w C R4\ M the domain of influence

w/I)VI = Uyew SUpp pa,, () (¥ — ). (5.1)
Then, the following holds:

(i) AM1=1.
(ii) If w C R\ M is open, then the conditions dM‘“’fa” € P1 and u\wy € Py imply (A )|, € Pp.

Let a function ¢ € L=(R?) be given that satisfies, for some c € (0,1), C > 0, the conditions
Clo(y) <p(z) < Cply) Yy € Buy@(z) Ve e R\ M. (5.2)
Then for any open w C RY\ M, there holds:

(i) loAMullr2w) S loull L2 (wary provided the right-hand side is finite.
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iv VAMu|| 120y < V| L2(omy provided the right-hand side is finite.
¥ @ ~ 1P (wph)
(v) AM L (w)') — L*(w) and AY - HY(w)') — H'(w) is bounded.
(Vi) If u is continuous at a point z € M, then AN u is continuous at z and (A) u)(z) = u(z).

p
(vii) Ifu e HO R\ M), then ||dy] (u — AN w)|| L2 ar) S el o eas)-

)

i)

(vii) [|[VAY |2y < ||d;ju||Lz(wln)4) provided the right-hand side is finite.

(i) VAN wlacey S el oo,

(x) Assume that dM|ng € Py, then ||dpy V2 AN ul|p20) S ||VUHL2(wg}f)~

(xi) Let K C R be compact with dist (K, M) > 0. Then [[A)Yu|lwix) < CK,p,d,M,j||U||L2(Ky) for all
jeNu{o0}.

All hidden constants depend solely on d, p, M, and 6.

Proof. We start with some preparatory results.
— Elementary considerations show that dy; : R — R is Lipschitz continuous with Lipschitz constant L = 1.
— Let ¢ satisfy (5.2). Then for any ¢ € (0,1) there exists C' > 0 such that
Clo(y) < p(a) <Cply) ¥y € Bayym(2) Vo e R\ M. (5.3)

To see this, it suffices to consider the case 1 > ¢ > ¢. For fixed z € R4\ M and y € Bza,, (z)(), consider a
sequence of L = |¢/(¢(1 —¢))] + 1 points = xg,...,x;, = y on the line connecting x = xg with y = =,
such that x; € Begy(z,_,)(xi-1), ¢ = 1,..., L. For each pair (z;_1,2;), the assumption (5.2) is applicable.
Hence, the claim (5.3) follows with C := CL.

— A change of variables yields

(AM) () = /B o @) dy (5.4)

Proof of (i) and (ii). This follows by a direct calculation.
Proof of (iii). First, we provide a locally finite cover of w. Recall « € (0,1/3). Fix ¢ € (0,1/2) such that
a < c¢/(1+c). Then fix 8 € (0,1) such that a(1+ ¢)/c < 8 and observe

c<c+(1l+ca<e(l+p) <1 (5.5)

According to Lemma 5.1, there are points x; € w, ¢ € N, such that the balls B,, := Ech(xi)(a?i) and the
stretched balls By, := B(148)edy () (i) fulfill

w C U;By,, (5.6a)
sup card{i: z € B,,} < N € N. (5.6b)
z€R4

Setting Em = P(CJF(HC)a)dM(xi)(xi) and taking into account (5.5), we also conclude

sup card{i: = € E%} < N.
zER4
Furthermore, it follows from the Lipschitz continuity of dj; with constant L = 1 that y € B,, Nw implies
SUPP Py, () (Y — -) C Be,, which yields

(Ba, Nw),' C By,
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and consequently

sup card{i: x € (B, ﬂw)iw} < N. (5.7)
z€R

For any z € w, we have the basic estimate

|A£VIU(Z)| 5 dM(Z)id Hu”Ll(supp de(Z)(z—~)) . (58)
For i € N we conclude, using Holder’s inequality and (5.3),
||Q0Af)v[u||L2(Bwiﬂw) 5 ||<puHL2((BT1 Nw)p) - (59)

The covering property (5.6a) and properties (5.7) then yield the result.

Proof of (iv). By Rademacher’s Theorem ([9], Thm. 3.1.6), dps is differentiable almost everywhere with
|[Vda(z)] < 1. Using (5.4), we then write

V.Ai,wu(x) = / (I — Vdu (2)y")Vu(z — dy(z)y)p(y) dy. (5.10)
Ba(0)

Now we can argue exactly as in the proof of (iii).
Proof of (v). follows from (iii) and (iv) with ¢ = 1.
Proof of (vi). This follows from (5.4) and the observation lim,:_,, djs(2’) = 0 for x € M.
Proof of (vii). We start with the case § = 1. Estimate (5.9), (i), and a Poincaré inequality show || A} u —
ullr2(m,,) < dM(xi)HVuHLz(gmi). Dividing by das(x;) and using that das(x;) ~ da on B, yields

ldy, (Ajpwu_ u) lz2(B.,) < HquLz(Emiy

Now we can argue as in the proof of (iii). The case of general 6 € (0,1) follows by interpolation.

Proof of (viii) and (ix). We calculate

O, |0 () At (@)™ = p () (~d)das ()10, ()
{ (dM(fC)) ] <dM(I))

() () o (o) S e (1) )

and conclude for any y € Bag,, (2) () that

|vxde(m)(m - y)| S dM (x)idil'

Hence, we have the basic estimate
M —d—1
‘VAp U(Z’)‘ /S dM('T) ||u||L1(suppde(m)(zf~)) (511)

and can proceed as in the proof of (iii).

Proof of (x). Starting from (5.10), a simple transformation gives for z € w

VA (@) = [ (1= Vs o)y} @)~ 9)7) Va2 - ) d
“p
The assumption dj; € P; implies that Vdy; is constant. Differentiating with respect to z, we can continue
as in the proof of (ix). In particular, the additional term (z — y)d,; (z) and its a-derivative behave like O(1)
and O(d,}), leading to a differentiated version of (5.11).

Proof of (xi). This follows immediately from the basic estimates (5.8) and (5.11) for j = 0, respectively j = 1.
The case j > 1 can be shown analogously. O
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5.2. Averaging operators for the vertex part

We first construct the averaging operators for the vertex contributions. Since it already showcases most of
the difficulties encountered also for the other contributions, we present the construction in more detail.

5.2.1. Averaging operators on the reference triangle for the vertex part

We start with a simple averaging operator on the reference triangle, which will be the basis for the construction
of further operators with additional properties.

Lemma 5.3. Let V be a vertex of T. There exists a linear operator AV L}OC(A) — O™ (f) with the following
properties:

(i) If u is continuous at V, then (A‘A/ )(V) = u(V).

(ii) .Avl = 1. Furthermore, u € P, implies AVy e Pp.

(iii) AV : HY(T) — H°(T) is bounded and linear for 6 € [0,1].
)
)

For ﬁxed v €R, ||d"’ .Avu||L2 <C, ||d u||L2 provided the right-hand side is finite.
(v) For all 0 € [0,1] there exists C > 0 such that for allu € H(T):

(iv

1457 (w = AV W) 25y < Cllull oz

(vi) For every e > 0 we have AV € C>(T.), where T, := {(&,n) € ?|d‘7(§7n) > e¢}. Moreover, for every
j €Ny and € > 0, there exists Cj. > 0 such that

1A  wllws.oe(z) < Ciellull 27

(vii) Let € denote an edge ofT\ with V € e, then

_1/2AV ‘

<C|

d:lu‘
v

(5.12)

L2(?) L2(T)

Proof. To fix ideas, we assume that V= (0,0). We will apply Lemma 5.2, where we assume additionally that
supp p C B, (0 )ﬂT for some a € (0,1/3). We choose 8 < 1 with 3(v/2+a) < 1 and the set M = {0} x R. Define
u(z) == u(fx) for z € T, and extend 1 to R? usmg the Stein extension ([25] Sect. VI), which is simultaneously
bounded in L? and H!. Note that u(V) u(V) if u is continuous at V. Now we define AV v := AN with the

aid of Lemma 5.2. Note that due to the choice of 3 and the support of p, (A‘A/u)|f depends solely on u/z.
Proof of (i). This follows from Lemma 5.2, (vi) and the fact that a(V) = u(V).

Proof of (ii). The choice of M implies du|{z>0y € P1. Furthermore, u € Pp(f) implies u € Pp(ﬂ_lf), and we
conclude with Lemma 5.2, (i) that AYu € Pp(f). Together with Lemma 5.2, (i), this shows (ii).

Proof of (iii). For 6 € {0,1}, note that due to Lemma 5.2, (v) and pr C 87T,

HAVUHHG(:F) S Ha”HG(ﬁ—le“) S HUHHG(T)'
An interpolation argument finishes the proof.

Proof of (iv). We note that due to Lipschitz continuity of dj, the function ¢ := d}, fulfills (5.2). Hence, the
estimate follows from Lemma 5.2, (iii).

Proof of (v). We calculate, using dy ~ djs on T,

15w — AT W) 2y S Nt (= A7) gy < daf @ — AN @) o anany + Idyf (u = D] 2 -
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Next,
0/~ PN ~
|dy/ (u— A,ﬁ/[“)HLZ(JRd\M) S Nl gemavary S ||UHH9@),

where the first estimate follows from Lemma 5.2, (vii), and the last one is due to the boundedness of the Stein
extension operator and the definition of @. It remains to consider ||dyf (u — @)/ (7)- For 6 = 0, this term can

be bounded by ||U||L2(f")~ For 6§ = 1, define the function @(z,y) = u(z, By) and estimate
1 1 x 2
[ i e, p) - e po))? asdy < [ [ (m_l Dru(s, By) ds) dady
T 0 Jy Bz

1 1 x 2 1 1
<[ [ (e [0 amras) asass [ [ oo fasay
0 Jy 0 0 Jy

< [|alu<z,y>|2 dedy,
T

where we used Hardy’s inequality in the second step. Likewise,

1 T Y 2
/Adxi(u(x,y)—u(x,ﬁy)f dady < / / (x_l / |82u(x,s)|ds> dydz
T 0 0 0
1 px y 2 1 px
<[ [ <y / |azu<x,s>|ds) e 5 [ [ 0t )P dyas.
0 0 0 0 0

The triangle inequality then shows that ||dy; (u — W2y S llull gz The case of 6 € (0,1) follows by
interpolation.

Proof of (vi). This follows from Lemma 5.2, (xi).

Proof of (vii). This follows from Lemma 4.4 and Lemma 5.2,(viii), using that dy ~ das on T. O

We now modify AV to construct an operator .Ag that produces functions that vanish on one edge of T and
have a convenient symmetry, making the extension to a patch-supported function easier:

Lemma 5.4. Let V be a vertez of T. There exists a linear operator Ao LI (T) — C>(T) with the following

loc
properties:

(i) If u is continuous at V, then (AO w)(V) = u(V).
(ii) u G Pp implies -Ao u € P, forallp>1.
(iii) AY : H(T) — HP(T) is bounded and linear for 0 € [0, 1].
(iv) For ﬁ:ced v € [-1,0], there holds ||d7 .AO UHL2(T) <C ||dAu||L2(T) provided the right-hand side is finite.
)

(v) For all § € [0,1] there exists C > 0 such that for u € HO(T)
||d59(u - Agu)”m(f) < CHUHHG@)

(vi) For every e > 0 we have .Ag/u € C*(T.), where T, := {(§,n) € T|d (&,m) > e}. Moreover, for every
Jj €Ny and e > 0, there exists Cj . > 0 such that

IAS wllwis(zy < Ciellull 2z
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(vii) Let e denote an edge of T with V € €. Then

(5.13)

_1/2A0 H < C"

dIlu‘
v

L2(e) (D)’

(viil) Let € denote the edge opposite V. Then (.AO u)le =0.

() Let V = (1,0). Then AJu(é,n) = ATu(l —n, 1 - ) for all (¢.7) €
(x) Let V # V be another vertex of T. Then

-1/2 ,V —1/2 1%
lldy, / Agu”m(f) S ||u||L2(T) and |[|dy, / VAXUHB(:T“) S HUHHl(f)'

Proof. As in the proof of Lemma 5.3, we assume V= (0,0). The operator Ag/ is constructed by a sequence of

modifications of u; := A" u, where AV is the operator from Lemma 5.3. Set us(&,n) := u1(§,17)—11(&,n)ui(1,0)—
12(&,mu1(1,1), where [y and 5 are the affine hat functions associated with the vertices (1,0) and (1,1). It follows
immediately with Lemma 5.3, (vi) that

luzllwroe (o) S Null o7 (5.14)

Define g({ n) = uz(1,m)(€ — 17)/(1 —n) and set uz(&,n) = ua(§,n) — g(&,n). It follows immediately that
’LL3(V) = u(V) if v is continuous at V and that usle = 0 if € is the edge opposite to V. Using the properties of
AV, we note

leasll o iy S A7l oy + AT wll oo ) + 1900y S Nallgrogry + 1910,

Using (5.14) we conclude ||g||L2 S ||u||L2(T), and since ug vanishes to first order in the vertices (1,0) and
1,1), we also conclude from (5. 14 that 9l 1 ul| ;2 An interpolation argument shows ||g|| ;¢
HY(T) S L2(T)" HO(T)

~

Hu||L2 = and hence ||u3||H9(T Hu||H9(T) The results obtained so far and a triangle inequality yield |u —
u?,||L2 < Hu||L2 . Next, note that every term of h := uz — AV vanishes at least on one edge containing

V. Hence, by Lemma 4.4, the triangle inequality, and the results obtained so far, we conclude Hd‘71h|| L2(F) <
[[ull p2(7- Lemma 5.3, (v) then implies

Hd‘I/l(u - u3)||L2(f“) < ”d‘:/I (u— AV“)HB(T“) + ”d‘:/IhHLz(f) S ”uHHl(:F)-

An interpolation argument shows ||d‘1/9 (u— 'LL3)||L2( < Hu||H9( 7)- It is seen immediately that us satisfies also
the statement of Lemma 5.3, (vi). Finally, we will show that ug fulfills the statement of Lemma 5.3, (vii). Due
to Lemma 5.3, (vi) and (vii),

-1 —1/2 .V —1/2 1%
g uallrae) < Nldg AT wlaey + (Ildg 2 tllzae + a5 *lalzae) AT w2, ) S el gy,
and furthermore
—1/2
lds'2gll 2oy S luzllpo ) S lull 2z

A triangle inequality shows that ug fulfills the statement of Lemma 5.3, (vii). To show (iv) we note

||d‘1/u3||L2(f) S ||dZ7U2HL2(T) + ||u2||L°°(T1/2) S ||d37u2||L2(7:) + ||u||L2(7:)

S ||d"1,AVU||L2(f) + HAVU||L°°(T1/2) + ||U||L2(f) N Hd%UHm(f)a
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where we used (5.14) for the second estimate and Lemma 5.3 for the last one. Finally, we set

D us(em) + us(e 6 ).

AT (€. m) = ua(m) =

If V = (1,0) we take the average of us(&,n) and us(1 —n,1 — &) instead.

Then, uy fulfills the same bounds as us and satisfies (viii) and (ix). It is easy to see that us(V) = u(V) and uy
is continuous at V. Finally, inspection shows that if w is a polynomial of degree p > 1, then u4 is a polynomial
of degree p. In order to prove (x), we fix a smooth cut-off function ¢ that equals 1 in a neighborhood of V' and
has support in a neighborhood of V' excluding the other vertices. Then,

—1/2 —-1/2 1% —1/2 1%
ldy A ull gy < Ny OAT ull gz + Iy (1 = 6) AT ull 12 7

Due to the support properties of ¢, the second term on the right-hand side is bounded by HAg/uHL2 and

consequently by ||u||L2 . The first term on the right-hand side is bounded by H¢A0 uHLOC(T) due to Lemma 4.5,
and by the support propertleb of ¢ and (vi) finally by |lul| L2(7)- The estimate involving the gradient is shown
analogously. O

5.2.2. Averaging operators on squares for the vertex parts

The vertex averaging operator Ag (see Lemma 5.7) for the square is obtained from an averaging operator

based on a triangle contained in S and then extended to the full square by a Duffy transformation. Prior to
defining Ag, we therefore study the Duffy transformation in the following Lemma 5.5.

Lemma 5.5. We introduce the Duffy transform

To: §7. (f}) . (77(1 —nf) +§>

and the corresponding linear operator as D : u v woTp. Then the following holds:

(i) D is bounded in the norms

—1/2
1Dull g < ld P ull o)

~1/2 ~1/2
HDu”Hl(s) S ||d(1 1) u||L2(T) + ||d(1 1) VUHLz(f)-

(ii) If u € Py(T), then Du € Q,(5).

(iii) If u vanishes on the edge e3 := {(z,z), 0 < z < 1}, then Du vanishes on the edges ea := (0,1) x {1} and
es == {0} x (0,1),

(iv) The values on the edges eq := (0,1) x {0} and ey := {1} x (0,1) are preserved, i.e., Du(&,0) = u(£,0) and
Du(1l,n) = u(l,n). R

(v) Close to the vertex V := (1,0), the Duffy transform is almost the identity in the sense that, provided that
the right-hand side is finite,

1452 (& = D) |y < Nl rogmy + {2l oy (5.15)
(vi) For V :=(1,0) and v € R there holds

—~1/2
1d2, DUHLz(s) < |ld3, UHLZ(T) + ||d(1 1) UHp(f)- (5.16)
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Proof. Proof of (i). The Jacobi matrix of Tp is dTp = (16’7 17¢), hence |det dTp| = 1—7n = 1—y. Transforming
the integral we thus pick up the factor (1 —y)~* ~ d;* (11"

Proof of (ii). Let u = Zf:o,jzo a;x'y) with i + j < p. Inserting the definition of D gives: Du =
D ov_0.j—0 @i,j(n(1 = &) + &)"n’ . Expanding the powers and inspecting the highest polynomial degrees, we observe
that the leading term has the form 3; ; n'¢'n? = 3; ;n"T7¢". Since i + j < p we have Du € Q,,.

Proof of (iii) and (iv). The claims follow by inspection.

Proof of (v). Fix a smooth cut-off function ¢ that equals 1 in a neighborhood of the vertex (1,1) and whose
support excludes neighborhoods of the other 2 vertices. Then

1d5? (= D) [ gy < 1457 (6 = D(gu)) | oy + 145" (L= 9u =D = 9u) oz (5.17)
The first term of the right-hand side can be estimated by
1d5° (¢u = D(6w) |l gz S lléu = D(éw)l 2z S G200l oy < 145 20l gy

where we use the support properties of ¢ in the first step and (i) in the second. For the second term on the
right-hand side of (5.17) note that for # = 0 we obtain with the properties of ¢

11 = 8u = DI = S gy S G120~ D)ull oy S Nl o - (5.18)
For 6 = 1, note that d; > 1 — & and calculate using Hardy’s inequality

2

//dA 01— €)+€m) — (&) d§d77<//(1— —1/:|81v<s,n>ds) dedy

< [ [ ot acan
0 Jn
Applying this to v = (1 — ¢)u shows

45" (1= 6y — D1~ 6)u) oy < 10— S)ulgs iy < ull s,
Interpolating this with (5.18) allows us to bound the second term on the right-hand side of (5.17).
Proof of (vi). Follows by transforming the integral and using dy o Tp ~ dy;. (]

When switching between polynomials on the reference square and reference triangle, the difference in the
definition of @, and P, leads to an increase of the degree by a factor of 2. The main tool to correct the
polynomial degrees on rectangles will be the Gauf-Lobatto interpolation operator. We collect its properties in
the following lemma.

Lemma 5.6. (i) There holds for 6 € (0,1) and p € Ny, and E a collection of edges of S:
(Qpa || . ||L2(§)7 an H : ||H1(§)>9,2 = (Qp7 || . ||He(§)> (equivalent norms)7

(S8 B) 11 25 oS- BVl lings) ), = (95, ). I ogs.m))  (ectuivalent norms),

where ép(:g\ E) C Q, denotes the polynomials vanishing on E, and the ﬁe(g E)-norm is defined via
interpolation of L* and H*(S) N {u: u|g = 0}. The constants in the norm equivalences do not depend on p.
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(i) Let ip : C(g) — Q, be the tensor-product GaufS-Lobatto interpolation operator. Then for every 6 € [0,1]
there exists C' > 0 such that for all p, ¢ € Ny the following stability estimate holds for the operator iy:

lipll @yl 0 )~ ( Qs go ) < C(L+a/(p+1)*7°

(iii) Let V be a vertex of S and set dp = dist(~,‘7). Then there exists a constant C' > 0, such that for all p,
q € Ny, the following estimate holds:

o (= ipu) pois) S CUHa/+ D @) [l o) Vo€ Qu(S).

Proof. Statement (i) is the assertion of Theorem 6 from [3]. For the treatment of boundary condition, see
also Proposition 5 and its preceding remark. To show (ii), the key observation is that the 1D Gauf-Lobatto
interpolation operator 5" is stable in H'(—1,1) by [4], (13.27) and also satisfies the stability estimate
Hz u||L2 1) S C(A+q/(p+1)|Jull 2 (-1 1) for all u € P, by [4], Remark 13.5. Tensor product arguments then
give for all u € Q, the estimates ||zpu||L2(S) (14+q/(p+ 1))2||“||L2(§) and [lipull g1 (5 S (L+q/(p+1))l|ull 1 5
Interpolation, which is possible due to (i), allows us to conclude the proof. To show (iii), note first that for 6 =0
the statement is equivalent to the L2-stability of the Gauf-Lobatto interpolation. For § = 1, we note that by
Lemma 4.4, it is sufficient to bound ||d_1/ (u —ipu) ||2(e) for the two edges emanating from the vertex V. On
such an edge €, the tensor product operator coincides with the 1D Gauf-Lobatto interpolation operator. We
combine the approximation estimate ([4], Thm. 13.4), an inverse estimate (see [24], Thm. 3.91 for the H'-L?
case, the H'-H'/? case follows by interpolation) and a trace estimate to get

—1/2 . . N .
152 (= i) 2oy S Il dist(-,98) /2 (u = i) [ 12e) S ||u||H1(a L ey S 2 s
The general statement then follows from interpolation and Proposition 3.1. (I

Lemma 5.7. There exists an operator Ag LIOC(S) — C°(T)) such that
(i) Ag: HY(S) — HO(T) is linear and bounded for all 6 € [0, 1].
(i) Ag reproduces the value at (1,0), i.e., (Agu) (1,0) = u(1,0) if u is continuous at (1,0).
(iii) ||d(1 0) (u — Agu) ||L2(T) S ||U|,‘\He(§)-
(iv)
)

(v

Agu vanishes on the edge of T' opposite to (1,0).

Let ey, ex be the edges of S with (1,0) € exNeg, and let FS? be the affine map, mapping e1 to ex with
F(1,0) = (1,0). Then the following holds for i := Agu.:

U(z) =to F2(z) Vzcer.

then Agu € Pop(T).

(Vi) Ifu € Qy(5),
1,0) be a vertex of T. Then

(vii) Let V # (
ldy 2 Agull gz S lullpagy, and [y *VAgull oz S lull g g)-
Proof. We define the operator .Zg as
Ag = A o R

where R4 denotes the restriction operator to the triangle T and Aol’o) is the operator from Lemma 5.4 with
V = (1,0). As R39,(S) C Pop(T), we obtain (vi). The properties (i) and (ii) are direct consequence of
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Lemma 5.4 and the properties of the restriction operator. For (iii), we note that on T the restriction operator
is the identity. Lemma 5.4 then yields

||d(1 o)( A§u)||L2(f) S HRTUHHe(f) S ||UHH9(§)- (5.19)

Lemma 5.4 also yields (iv). What is left to do, is to ensure (v). To that end, we introduce the notation
oiP(z,y) = v(1 —y,1 — z) and set

The operator Ag clearly fulfills (i), (ii), and (iv). To show (iii), note first that

||d(1(? (u—Ag U)||L2(T) S ||d(1 O)(u )”Lz + Hd ( - (-’Z§u)ﬂip)HL2(ﬂ
= ||d(1 O)(u - §u)||L2(f) + Hd(Lo) (uP
N ||d(1 0)( - A§U)||L2(T) + ‘|d(1(?0) (u— uﬂip)”m@)

Agu)ll ;- (1)

The first term on the right-hand side is bounded by (5.19), and it suffices to bound the second term. As
[(z,9) = (A =y, 1 = 2)| < 2d10)(2,y),
a simple argument based on the fundamental theorem of calculus and Hardy’s inequality shows that
Iy (a = ) | gy < Ml oy

for @ = 1. The same estimate for § = 0 is trivial. An interpolation argument finishes the proof. The property (vii)
also follows from Lemma 5.4. (]

In order to preserve the polynomial degree also for quadrilaterals, one can modify the construction of Ag.
The only concession one needs to make is the restriction of the domain of definition.

Corollary 5.8. If p > 2, one can define A% : QP(S'\) — Pp(f), preserving the properties from Lemma 5.7.
Proof. We can mimic the proof of Lemma 5.7, defining
T . 4(1,0) .
Ag .—AO ORfOZLp/QJ.
As Q|p/2] (T) C Pp(T T), we sce that Ap maps 9Q,(S S) to P (T T). To show boundedness of Ag, we additionally

use the boundedness of the Gauf- Lobatto interpolation operator (see Lem. 5.6). Note also that (1,0) is a
GauB-Lobatto node so that i|,/2| reproduces point values. Estimate (5.19) then becomes

oy 1,0 .
”d(l 0) ( - -A%“) ||L2(T) = Hd(1 0) (u - A( : °oRp OZLp/2Ju) ||L2(’f)

< ldg’, (u ( — Ap ) 2y + 1400 AT (u = ilp/a) [l
Lem. 5.4 o ) Lem. 5.6, (iii)
S ||UHH8(f) + Hd(Lo) (u— Z[P/QJU)‘ L2(7) N ||7“‘||H9(§) . O
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5.3. Averaging operators for the edge parts

In this section, we develop averaging operators on the reference triangle that reproduce values on one of the
edges and produce functions which vanish on the others. They will be crucial for defining the edge contributions
of the decomposition. We will need an averaging operator for edges.

-~

Lemma 5.9. Let € be an edge of T. Then there exists a linear operator A° : Llloc(f) — C°(T) with the
following properties:

(i) If u is a polynomial of degree p > 0, then A®u is a polynomial of degree p.
i) If u is continuous at a point z € €, then (A%u)(z) = u(z).
) A?: HY(T) — HO(T) is bounded for all 6 € [0,1].
(iv) For every T' C T with dist(T",€) > 0 there exists Cpr such that HAguHLoo(T/) < C’T/Hu||L2(f).

) Let ey, es be the two other edges of T. Introduce for the two endpoints Vi, Vo of € the distance functions
d; »==dy,. Then fori=1, 2:

1/2 ,¢
4 Aull 2oy S llull oy, (5.20)
—1/2 4¢ _
ld; 2 A%ul| 2 ey S Nyl o, (5.21)
1/2 B
ld:" >V A% 12e) S 1V ull o 7y (5.22)

(vi) There holds .
ldz" (u — Aeu)IILz(f) < ||Vu||L2(:F)'

Proof. Structurally, the procedure is similar to that in the proof of Lemma 5.3. To keep the notation simple,
we use the reference triangle T := {(,n) : =1 <& <1, 0<n<1—|¢} and suppose € := (—1,1) x {0}.
Let M = R x {0} D & Select p with suppp C a(T — (0,1)) for some a € (0,1/+/2). Note that this implies
supp p C B1(0) and supp pq,, (z)(z — ) C T for any T € T. Again, with the aid of Stein’s extension operator
([25], Section VI) we may assume that u is defined on R?. Items (i)—(iv) and (vi) follow from Lemma 5.2. In
order to derive Item (v), localized versions of the trace inequalities and covering arguments show for sufficiently
smooth functions v

1/2
ld: 2 vll 2@y S ol o) + 1deVoll o 7y (5.23)
—1/2 -
a7 2ol 2y S ldz "0l oy + IVl (5.24)
1/2
||di/ Vollp2@) S ||VU||L2(T) + Hdévzvum(f“)' (5.25)
Applying the corresponding estimates from Lemma 5.2 finishes the proof. O

The operator A® can be modified so as to enforce homogeneous boundary conditions on oT \ €

Lemma 5.10. Let di and dy be the distances from the two vertices of €. There exists a linear operator .Ag :
L}, (T) — C°°(T) with the following properties:

(i) A§ is bounded in Lz(f).

(ii) For each 0 € [0,1] there is C' > 0 such that, provided the right-hand side is finite,

HAgUHHG(T) < C lull oy + ||d;9u‘|L2(f) + ||d50u||L2(f)} :

(i) (A§u)lyps =0
(iv) If u is continuous at z € €, then (A5u)(z) = u(z).
(v) Ifu is a polynomial degree p and u vanishes in the endpoints of €, then ASu is a polynomial of degree p.
(vi) It holds ~
||d§0(u - SU)HB(T) < CHUHHG(T) + HdIGUHm(T) + ||d§0u||L2(f)-
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(vii) Let V be the vertex opposite of €. Then

—-1/2 se
||d‘7 / 0“”[@(?) S HUHLZ(T“) and

—1/2 e _ _
||d‘7 / VASUlle(f) < ||UHH1(T) + ||d1 1UHL2(T“) + ||d2 1u“ﬁ(f)'

Proof. We assume V = (1,1) and € = {(z,0)|0 < < 1}. We construct AZ explicitly with the aid of A?. For
simplicity of notation, we write u; := A®u. As a first step, we set us := uj; — yui(1,1). Then uy vanishes in
(1,1) and uy has the desired stability properties in L? and H' by those of A®u given in Lemma 5.9. Next, we
correct the behavior of ug on the edge €1 = {(z,z) |z € (0,1)}. We set

us(£,7) = ua(€,m) — §u2<s,s>.

Then ug coincides with us on €, it coincides with us on €2 = {(1,7)]0 < n < 1} in view of ug(1,1) = 0,
and it vanishes on €;. When trying to control the L?-norm of uz the correction part of uz leads to having to
control ||d1/2u2||L2(§1), where d; denotes the distance from V; = (0,0) This is estimated by H“”L?(T) in view of
(5.20) in Lemma 5.9. For the H'-norm, the correction part of uz leads to several contributions which can all be
controlled by Lemma 5.9, (v). In particular, it is responsible for a term Hd1_1/2uQ||Lz(gl), which can be estimated
by Hdl_1u||L2(T) by (5.21), and a term Hdi/QVUQHLQ(é\l% which is controlled by (5.22). The intermediate cases
6 € (0,1) follow by interpolation using Lemma 4.7. We still need to show the weighted L? estimate (vi). We
again restrict ourselves to the case § = 1, the general result follows via interpolation using Lemma 4.7. Since uqy
satisfies this estimate, we only need to estimate the correction term. A simple calculation yields a term of the
form Hdl_l/QuQHLZ(gl), which can again be controlled by ||d1_1UHL2(f) via (5.21). Next, a correction for the edge
e is performed that is completely analogous to that for the edge €;. This produces the final function uy =: gu.
It remains to see that uy is a polynomial if u is a polynomial that vanishes in the two endpoints of €. This
follows by inspection and the fact that A®u is a polynomial if u is a polynomial and that (A°u)|e = ule. The
property (vii) is shown analogously as before. O

6. DECOMPOSITION OF FEM SPACES

In this section, we use the averaging operators defined on the reference elements to construct the vertex-,
edge- and element contributions on the respective patches. The basic structure is to single out from the patch
one element on which to perform the averaging. In the discrete setting, this should be the element with lowest
polynomial degree. The averaged function on that element is then extended to the whole patch by “rotation”.

6.1. The vertex parts

Lemma 6.1. Fiz V € V'™ and let wy be its vertexr patch as defined in Definition 2.2. Then there exists an
operator A, : L*(T') — L*(wy) with the following properties and implied constants depending only on T' and
the shape-reqularity of T :

(i) For all 8 € [0,1], there holds ”A“’Vu”ﬁﬁ(wv) < ||u||H2
(ii) The following weighted norm estimates hold:

(wy) -~
Hdli/e (u_AWVu)HL2(wV) S ||UHH3(WV)> (6'1)
||d\_/‘,9AquHL2(wV) < ||uHHs(wV) for vertices V' # V. (6.2)

(iii) If T|w, consists of triangles only, then Ay, : SP(T) — gp’l(’ﬂwv). If Ty, consists of triangles and
quadrilaterals, then A, : SPY(T) — ST, ).
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Proof. Select an element K C wy with the lowest polynomial degree. Let K be the corresponding reference
element with element map Fx, with (for notational Convenlence) the additional assumption that Fk(1,0) = V.
Depending on whether K is a triangle K=Tor square K= S we define

__ AT K =T,
Agu if K =25,
where U := u o Fr denotes the pullback of u to the reference element and Ag is the operator from Lemma 5.7.

For all elements K/ C wy, let Fg : K’ — K’ denote the element map, with the additional assumption that
Fg:(1,0) = V. We define A, by “rotating” u, i.e.,

o Fil if K =T
./4 U = . K — /\,
Aoy w)lx {ahooFglifkvzs.
If K’ is a triangle, scaling arguments and Lemma 5.4 (if K is a triangle) or Lemma 5.7 (if K is a quadrilateral)
show for 6 € {0,1}
||vau||Hg(K') S Hu||H§(K)- (6.3)
If K’ is a quadrilateral, we additionally use boundedness of the Duffy operator D from Lemma 5.5, (i),
~1/25
oy ullz2iey S hac Dl o) S hace s L2l oy S lull g

1/25 1/2 (6.4)
”vau”H}L(K’ HDUHHI(S) S ||d(1 1) ||L2(T) + ||d(1 1) VUHLZ(T) ~ ||u||H1(K)

The properties of Lemmas 5.7, (v) and 5.4, (ix) ensure global continuity of A,,,, u. The Duffy transform maps
the edge e; := {0} x (0,1) to the edge e := {(x,z), 0 < z < 1}, and the edge ez := (0,1) x {1} to the vertex
(1,1). As w vanishes on e and at (1,1), we get that A, v vanishes on all of dwy . Summing the estimates (6.3)
and (6.4) over all elements K’ of the patch wy, we get that the operator A, is bounded as

L}(K) — L*(wy) and  H}(K) — H}(wy). (6.5)

An interpolation argument yields (i). It remains to show (ii). Using Lemma 4.9 and the statement (i) of the
current lemma, we obtain

ldy (u = Awy W)l L2y S Idy” (u = Avy )l 20y + 6l 5 o) -

It remains to bound the first term on the right-hand side. For notational simplicity assume K=28 , the case
of K = T follows along the same lines but is even simpler, as the Duffy transform can be omitted. A scaling
argument and the triangle inequality yield

dy? (= Ay llz20) S 7 () (@ = DDl oy + 14570 (@ = D) g7, ) -
Since d1 gy is bounded uniformly from below on S \ T, the same arguments as in (6.4) show

||d(1 0)( Da)”m@\f) S ||a||L2(§\T) + ”DaHLz(.?\T) S ||ﬂ||L2(§) N hf_(1||u||L2(K),

where we have used the boundedness of D and Ag. Using the same arguments, we see

||d(_1?0) (a ) ||L2(T) ||d 1,0) ( ) ”Lz(f) + Hd(_l‘?o) (ﬂ - Dﬂ) HL2(f)

(5 15) —1/2~
Hd(l 0) (u—u) ||L2(T) + ||u||H9(T) + ||d(1 1) UHL2(f)
S HU”HG(T)'

Combining these estimates and using Lemma 4.1 gives ||d‘_/9(u —Auyu)llr2x) S ||u||Hg(K).
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To show (6.2), we again only consider § = 1. On the elements K’ with dist (V/, K) > 0 the estimate is just L?
stability, therefore we may only consider elements K’ with V' € K’. We note that V' € Wy, but V # V/ implies
that there exists an edge e C dwy N K’ with V' € €. By construction, A, u vanishes on e. Transforming to the
reference element and applying Lemma 4.4 gives the stated estimate.

Property (iii) follows immediately from Lemmas 5.4 and 5.7 and the fact that the Duffy transform maps
Pp(T) — Qp(9). O

If T consists of triangles and quadrilaterals, an operator analogous to A, from Lemma 6.1 can be defined
which preserves the polynomial degree.

Corollary 6.2. There exists an operator AP, = : SPYT) — SPA(T|,, ), retaining the stability properties of
Lemma 6.1

Proof. We can mimic the proof of Lemma 6.1. For the definition of @, we use the operator A% from Corollary 5.8.
Then, if K happens to be a square, instead of (6.5) we get that AP _ is bounded as

wyv
(U1 llpagae) = L2wy)  and  (Qu(K), |- laryey ) — Hik(wov).
An interpolation argument and Lemma 5.6, (i) show the result. O

6.2. The edge parts

Lemma 6.3. Let w, denote an edge patch. Then there exists an operator A, : L*(T) — L*(w.) with the
following properties:

(i) For all @ € [0,1] and d1 and d2 denoting the distances to the endpoints of e, there holds (provided the
right-hand side is finite)

[Aw.ull go ) S llullgow,) + Id “ull 2w, + lldy Pl L2 o) -
h( ) h
11 or a S B and all other e ges € C We there holds proviae the g t-hand sides are ﬂmte

Id? (u = Aw, ) 2200 S Il g o) + 5 Pull 2oy + s "l 22,

ld2? A ull 2w,y S Null o o + 147wl 22 + ldz Pull 2.

(i) Let u € SPL(T) vanish in all vertices of we. If T o, consists of triangles only then A, u € SPY(T|,.). If
T|.. consists of triangles and quadrilaterals, then A, u € S*P1(T|,,).

Proof. Let K be the element of w, with the lowest polynomial degree, and K’ the other element of w,.. Suppose
that the corresponding element maps fulfill Fix(e) = Fk/(€) = e, where € := (0,1) x {0}, but Fx and Fk
having different orientation on e. We distinguish four cases:

(1) K is a triangle, i.e., K = T: Define @ := A§ (u o Fi), (Auw,u)|x := %o Fi', and

UoFg! MK =T
.Aw u = K’ — Y
Ao w)lx {(m)oF[;} if K7 = 8.
2) K is a square, K’ is a triangle, and px < pxr < 2pg: Define U := AS (u o Fx/) and (A u)|g ==t o Fl.
0 e
On K, define (A, u) |k = (Du) o Fr'.
(3) K is a square, K’ is a triangle, and pr+ > 2pg: Define U := A§ (uo Fi), (Au u)|xr = U o Fg', and
(Ap.u)|x = (D) o Fi* -
(4) K and K’ are squares: Define @ := A§ (u o Fx), (Aw, u)|x := (D) o F', and (Ay, u)|x = (D) o F'.
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Let us show the boundedness in case (1), the other cases follow by the same argument. First, writing @ := uo F,
scaling arguments, and Lemma 5.10, (ii), show for 6 € {0,1}

ool S 1 (MGl + [ 450], 1 ) S 1A (1l + Bl + 5 Bl )
S g + e ulaga + 17wl 2

If K’ is a triangle, the same estimate holds with K’ instead of K on the left-hand side. If K’ is a square, we
additionally invoke Lemma 5.5, (1), and Lemma 5.10, (vii), to show for § =1

)

—-1/2 -1 2 e~
S b (N A5l oy + 4G VAT o 7))
< i (o ey + 15 0l iy + 15 0 )

< Null g ey + 1wl 2 ey + [l *ull 2 xc)-

ety 5 1 (1Al 5, + [PAGE]

The same estimate is true for § = 0. These arguments can be used for the cases (2), (3), and (4). Furthermore,
as U vanishes on T \ €, we conclude that Du and hence A,,_u vanish on S \ €. Summing the last estimates over

all elements in w,, we get that the operator A, is bounded uniformly as
L*(K) — L*(w.),
1 1 ( 1) ~1( ) (6'6)

The statement (6.3) now follows by an interpolation argument and the following considerations: By Corol-
lary 4.3 and Lemma 4.7 we have for 6 € [0, 1]

0-1 ~ ~r 6, g\~
PN oy mryacariar), O () Ry ey 0T+ 5T o),

and according to Corollary 4.3 we have
[ll oy + 105 ? + &5 O)all o 2y ~ % [HUHHg(K) + N1y %ull L2y + Hd2_9uHL2(K)} :

This finishes the proof of (6.3) in the cases (1), (3), and (4). The same argument can be used in the case (2),
only the notation K’ and K has to be adapted correspondingly. In all cases, A, reproduces the values on e,
i.e., u — A, u vanishes on e, and we can use Lemma 4.4, (iii) and 1 < h;ﬁl to estimate

lde™ (u = A )| 2,y S e = Aveull gy ey
Therefore,
ld2? (u = A, ) 200 S llu = Aw,ull o,

and with the triangle inequality and (6.3) we conclude (6.3). The proof of the estimate for ¢’ follows along the
same lines, but using that A,,_u vanishes on e’. Property (6.3) follows immediately from Lemma 5.10, and the
fact that the Duffy transform maps Pp,(T) — Q,(95). O

Corollary 6.4. There exists a modified operator A?, , defined for all u € gp’l(T) that vanish in all vertices of

T\, , such that u is mapped to AL, u € SPY(T|,.). If Assumption 2.3 holds, then the bounds from Lemma 6.3 (i),
(ii) hold. If Assumption 2.3 is violated, the bounds only hold for 6 € {0,1}.
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Proof. We mimic the proof of Lemma 6.3. In the case (1), the operators from Lemma 6.3 already have all the
necessary mapping properties. In the cases (3) and (4), we define

Al = /Tf,e 0ip, 0D o AS[uo Fkl,
with an auxiliary operator gﬁe on the reference square. deu is defined using v := Agv and distinguishing the
cases
(3) K isasquare, K’ is a triangle, and px+ > 2pg: Define (dev)h« := DoFy}, and (dev)h{ i= (ipg 0 DV)oFpt
(4) K and K’ are squares: Set (A%, v)|x 1= (ip, 0 DV) o F!, and (A%, v)|x := (ip, 0 DV) o Fi'.

For functions that vanish on 03 \ &, the operator gfje satisfies the following stability conditions:

(20(8.08\ 8, 1l 25 ) = L2(we) and (Qp(8,05\2), Il yags) ) — Hilwe). (6.7)

This can be seen similarly to Lemma 6.3 using the following insights:

e We additionally have to invoke the stability of the Gaufl-Lobatto operator given in Lemma 5.6, (ii).
e Via Lemma 4.4 (i), we can estimate ||d‘I/1vHL2(§) < Hv||H1(§) for both vertices V of e.

Interpolation of (6.7) vie Lemma 5.6, (i) gives the stability Hﬂgevﬂﬁg(we) S vl ges,08\0 -

We note that the averaging u — D o A§[u o Fi] satisfies via Lemma 5.10, (ii), (vii) and Lemma 5.5:

[P0 Afue il S Wl gy + 1y w2y + Iz w2 e

H9(8,08\¢)
and increases the polynomial degree at most by a factor of two. This and the stability of ¢,, implies that A,
is a stable operator satisfying the bound from Lemma 6.3, (i).

The case (2), which is the case excluded by Assumption 2.3, needs special considerations. If K is a square,
K’ is a triangle, and px < px’ < 2pr, define u = A§ (uo Fy) and (AP, u)|gx = o F'. On K, define
(A2, u) |k := (ip, o D)o Fi'. This operator is then bounded in the L2- and Hj-norms, but the continuity of
the resulting function relies on the fact that u|. € Py, i.e., is of lower degree than the volume function used
for the averaging. In order to derive stability in H ,QL—norms, we would need a result analogous to Lemma 5.6, (i)
for the space {u € PP(T\), ule € Pq Aulyp ;= 0}, which is not available in the literature.

The proof of Lemma 6.3, (ii) can be adapted to the present case in a straight forward way. ]

6.3. Proof of Theorems 2.5 and 2.6
We only show the case for general meshes with all contributions in Spl (T), the other cases follow analogously.
Proof of Theorem 2.6. Let I} denote an operator of Scott-Zhang type and u; := u — I} u. Then
llull oy + 1A~ %]l L2y S [ull 7o ) - (6.8)
For every vertex V € V'™ define uy := A%, u; (see Cor. 6.2). By Lemma 6.1, (i)
Yo vl S D Mgy S lelifoqr - (6.9)
Veyint Veyint

where in the last step we used that the patches (wy )y cypine have finite overlap and (6.8). Extend uy by zero
outside of wy and define uy 1= Y ¢y uy. Set ug := uy — uy. Let dy := dist(-,V) denote the distance to all
vertices of 7. We claim the following estimates:

lazll o oy + 10l 2y S Tl o oy (6.10)

a5 w2l 22y S lull o ry - (6.11)
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To show (6.10), we note that since the contributions wy have local support, we can apply a coloring argument
to localize the norms and apply the estimates (6.8) and (6.9)

— 2 2
aall 0y + 1D 2l ) S a3 g + 10l Bay + 30 v g oy < ol oqr -
Vevint

To show (6.11), we consider a single element K with vertices Vi := {V1,...,Vi}. By shape-regularity,
dy ~ dy, on K, and we also have d;f{ = max;—1, k d‘jje < Zf:l d;je. Using Lemma 6.1, (i) and (6.8), we
conclude

k
-6 9
Iy, “2H2L2(K Z ||d (w1 — Zuw HL?(K
Jj=1

k

k
—0
S0 | e = ) By + D i ey | S D Nalig o, -

J= t#£j Jj=1

=

Summing this estimate over all K € 7 and using the second estimate of (6.9) shows (6.11). Next, define
e = AL _uy for all edges e € &t using AP, from Corollary 6.4. Lemma 6.3, (i) and (6.10), (6.11) then imply

2 2
> el S lulloq, - (6.12)

e€&int

Set ug := Zeesint ue and uz := us — ug. We claim the estimates

- 2
ot 3o ey + 1 sy < lalyoqry (6.13)
Iz 3|3y < lull%, (T). (6.14)

(6.13) follows from (6.12) wvia the usual coloring argument to localize the norm. The weighted estimate (6.14)

follows analogously to the proof of (6.11), using Lemma 6.3, (ii). Furthermore, (6.14) implies that for the

restrictions ug := us|x we can estimate HuK||%9(K) < ||u||%9(r). O
h

Proof of Theorem 2.5. Follows along the same lines as Theorem 2.6, one only has to replace the operators A?,
and AP, with their continuous counterparts from Lemmas 6.1 and 6.3 respectively. (]
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