ESAIM: M2AN 53 (2019) 1841-1870 ESAIM: Mathematical Modelling and Numerical Analysis
https://doi.org/10.1051 /m2an/2019039 WWW.esalm-m2an.org

ADAPTIVE UZAWA ALGORITHM FOR THE STOKES EQUATION

GIOVANNI D1 FRATTA!, THOMAS FUHRER?, GREGOR GANTNER'*
AND DIRK PRAETORIUS!

Abstract. Based on the Uzawa algorithm, we consider an adaptive finite element method for the
Stokes system. We prove linear convergence with optimal algebraic rates for the residual estimator
(which is equivalent to the total error), if the arising linear systems are solved iteratively, e.g., by PCG.
Our analysis avoids the use of discrete efficiency of the estimator. Unlike prior work, our adaptive
Uzawa algorithm can thus avoid to discretize the given data and does not rely on an interior node
property for the refinement.
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1. INTRODUCTION

The mathematical analysis of adaptive finite element methods (AFEMs) has significantly increased over
the last years. Nowadays, AFEMs are recognized as a powerful and rigorous tool to efficiently solve partial
differential equations arising in physics and engineering.

1.1. Model problem

In this paper, we focus on an adaptive algorithm for the solution of the steady-state Stokes equations, which
after a suitable normalization read

—Au+Vp=§Ff inQ,
V-u=0 1inQ, (1.1)
u=0 on JQ.

In the literature, the first equation is referred to as momentum equation, the second as mass equation, and
the third as no-slip boundary condition. Here, Q C R? with d € {2,3} is a bounded polygonal resp. polyhedral
Lipschitz domain. Given the body force f, one seeks the velocity field u of an incompressible fluid and the
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associated pressure p. With
V= H}(Q)?, P:= {qeL2(Q):/quo}, (1.2)
Q

it is well-known that the Stokes problem admits a unique solution (u,p) € V x P, where p can be characterized
as the unique null average solution of the elliptic Schur complement equation; see, e.g., [8]. More precisely, the
pressure solves the elliptic equation

Sp=V-A"'f with the Schur complement operator S:=V-A"'V:P - P. (1.3)
The latter equation can be reformulated as a fixpoint problem for the operator
No:P—P, g (I-aS)g+aV -A"'f. (1.4)

Note that S is self-adjoint. Since the norm of self-adjoint operators coincides with their spectral radius and S
has positive spectrum, one has that ||I — «S|| < 1 whenever |1 — «|S||| < 1. It follows that N, is a contraction
for 0 < a < 2||S||7!; see Appendix A. Moreover, elementary calculation proves that ||S|| < 1. Hence, for all
0 < a < 2 and any initial guess p° € P, the generalized Richardson iteration

P =Ny =(I —aS)p +aV-ALf (1.5)

converges to the exact pressure of the Stokes problem. It follows that w = lim;_.. u[p’] in V with u[p’] :=
—A~Y(f — Vp?), so that, at the continuous level, the full iterative process can be expressed in the form

ulp’] = —A7H(f — V),

P =9 —av -], 0

In the spirit of Kondratyuk and Stevenson [24], the iterative scheme (1.6), usually referred to as Uzawa
algorithm for the Stokes problem, is the starting point of our AFEM analysis.

1.2. State of the art

Although AFEMs for the analysis of mixed variational problems issuing from fluid dynamics have a long
history in the engineering and physics literature, only in the last decade, Dahlke et al. [12] introduced an adaptive
wavelet method based on the Uzawa algorithm for solving the Stokes problem. In [1], the adaptive wavelet
method is replaced by an AFEM. Their numerical experiments suggested that the latter algorithm leads to
optimal algebraic convergence rates. Indeed, by addition of a mesh-coarsening step to this method, Kondratyuk
[23] proved optimal convergence rates. Later, in [24], the original algorithm of Bénsch et al. [1] was modified by
adding an additional loop, which separately controls the triangulations on which the pressure is discretized.

We also note that for a standard conforming AFEM with Taylor-Hood elements, the first proofs of plain
convergence were presented in [25,26]. The work [17] gives an optimality proof under the assumption that
some general quasi-orthogonality is satisfied. This assumption has only recently been verified in [14]. For adap-
tive nonconforming finite element methods, convergence and optimal rates have been investigated and proved
in [2,9,21].

1.3. Adaptive Uzawa FEM

In this work, we further investigate the algorithm of Kondratyuk and Stevenson [24], which is described in
the following: Given a possibly non-conforming partition P; of ), we denote by p; € P; the best approximation
to p, with respect to the S-induced energy norm |- ||p, from the corresponding discrete space P; C P of piecewise
polynomials of degree m — 1 with vanishing integral mean. With the corresponding velocity u; := u[p;] defined
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analogously to (1.6) and the L2-orthogonal projection IT; : L?(Q2) — P;, one can show that (u;,p;) is the unique
solution of the reduced problem

—Au; +Vp;=Ff inQ,
sz cU; = 0 in Q, (17)
u; =0 on 0N.
In general, the velocity u; is not discrete, and hence this problem can still not be solved in practice. It is

thus approximated by some FEM approximation Usji, € V;ji (the use of three indices being motivated by the
structure of the algorithm based on three different iterations) via a standard adaptive algorithm of the form

SOLVE | — | ESTIMATE |— | MARK |— | REFINE

for the vector-valued Poisson problem steered by a weighted-residual error estimator 7;;,. Here, V5, C V
denotes the space of all continuous piecewise polynomials on some conforming triangulation 7;;;, which is a
refinement of the possibly non-conforming P;. In the next loop, we apply a discretized version of the Uzawa
algorithm (1.6) to obtain an approximation P;; € P; of p;. Here, the update reads P;(; 1) = Pi; — IL;V - Uyjy.
The last loop employs an adaptive tree approximation algorithm from [5] to obtain a better approximation
Pi+1 € Piyq1 of p on a refinement P; 1 of the partition P; such that ¥ |V - Ujjrlla < |41V - Ujjkllq for some
bulk parameter 0 < ¥ < 1. We will see in Section 3.1 that ||V -Ujji| o is related to ||p—p;l|p and |[11;11V -Ujjkl o
to ||[pi+1 — pillp- In contrast to [24], in [1] the latter loop was not present, since the same triangulation for the
discretization of the pressure and the velocity, i.e., P; = 7;;, was used.

Under the assumption that the right-hand side f is a piecewise polynomial of degree m — 1, Kondratyuk
and Stevenson [24] proved that the approximations U,;, and P;; converge with optimal algebraic rate to the
exact solutions w and p. To generalize this result for arbitrary f, as in the seminal work [27], which proves
optimal convergence of a standard AFEM for the Poisson problem, Kondratyuk and Stevenson [24] apply an
additional loop to resolve the data oscillations appropriately. However, Kondratyuk and Stevenson [24] only
apply the proof of this generalization. Moreover, as in the seminal work [27], the analysis of Kondratyuk and
Stevenson [24] hinges on the following interior node property: Given marked elements M, ;, of the current
velocity triangulation 7;;i, the next velocity triangulation 7;;(,1) is the coarsest refinement via newest vertex
bisection (NVB) such that all ' € M, and all T’ € T, which share a common (n —1)-dimensional hyperface,
contain a vertex of 7;;(1) in their interior. In particular for n = 3, this property is highly demanding; see, e.g.,
the 3D refinement pattern in [13].

1.4. Contributions of present work

In the spirit of Cascon et al. [11], who generalize [27], we prove that the algorithm of Kondratyuk and
Stevenson [24] without the data approximation loop leads to convergence of the combined error estimator
Nijk + ||V - Uijk|lo (which is equivalent to the error plus data oscillations) at optimal algebraic rate with respect
to the number of elements #7;;;, if one uses standard newest vertex bisection (without interior node property)
for the velocity triangulations. We also prove that the combined estimator sequence converges linearly in each
step, i.e., it essentially contracts uniformly in each step. Moreover, our algorithm allows for the inexact solution
of the arising linear systems for the discrete velocities by iterative solvers like PCG.

On a conceptual level, our proofs show that even for general saddle point problems and adaptive strategies
based on Richardson-type iterations, the analysis of rate optimal adaptivity can be conducted without exploiting
discrete efficiency estimates of the corresponding a posteriori error estimators.

1.5. Outline

The paper is organized as follows: Section 2 rewrites the Stokes problem in its variational form, introduces
newest vertex bisection, and fixes some notation for the discrete ansatz spaces. In Section 3, we consider the
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reduced Stokes problem and the corresponding Galerkin approximations, recall some well-known results on
a posteriori error estimation, and introduce the tree approximation Algorithm 3.6 from [5] as well as our variant
of the adaptive Uzawa Algorithm 3.6 from [24]. In Section 4, we state and prove linear convergence of the
resulting combined error estimator in each step of the algorithm (Thm. 4.1). To this end, we show that each
increase of either i, j, or k essentially leads to a uniform contraction of the combined error estimator. Finally,
Section 5 is dedicated to the main Theorem 5.3 on optimal convergence rates for the combined error estimator
and its proof. As an auxiliary result of general interest, Lemma 5.1 proves that the two different definitions of
approximation classes from the literature, which are either based on the accuracy € > 0 (see, e.g., [24,28]) or
the number of elements N (see, e.g., [10,11]), are exactly the same.

While all constants in statements of theorems, lemmas, etc. are explicitly given, we abbreviate the notation
in proofs: For scalar terms A and B, we write A < B to abbreviate A < C' B, where the generic constant C' > 0
is clear from the context. Moreover, A ~ B abbreviates A < B S A.

2. PRELIMINARIES

2.1. Continuous Stokes problem

The vector-valued velocity fields v € V are denoted in boldface, the scalar pressures ¢ € P in normal font.
Let (-, -)o be the L?(Q) scalar product with the corresponding L?(2) norm | - ||o. With the bilinear forms
a:VxV—-Randb:V xP— R defined by

a(w,v) := (Vw, Vv)g and b(v,q):=—(V- v, q¢q,

the mixed variational formulation of the Stokes problem (1.1) reads as follows: Given f € L2(Q)4, let (u,p) €
V x P be the unique solution to

a(u,v) + b(v,p) = (f,v)q forallveV, (2.1)
b(u, q) =0 for all ¢ € P. )

On the velocity space V, we consider the a(-, -)-induced energy norm ||v||v = a(v,v)/2 = | Vv|q = [[v]| g1 (o).
We note that V - v € P for all v € V and

IV -v|la < |[Vo|la = |v|]ly forallveV, (2.2)

which follows from integration by parts; see Appendix B.
Define the operators A:V —-V* B:V —P* and B’ : P — V* by

Av:=a(v, ), Bv:=b(v,:), B'q:=b(,q).

Then, the Schur complement operator S := BA™'B’ : P — P* ~ P is bounded, symmetric, and elliptic;
see Lemma 2.2 of [24]. Thus, it holds that [|¢||p := (S¢, q>}2/2 ~ ||¢q|lo on P. More precisely, there exists a

constant Cg;y > 1, which depends only on €2, such that

Caiv llalle < llallz < llglle  for all ¢ € P. (2:3)
Here, the upper bound with constant 1 follows from ||S|| < 1, which itself follows from (2.2).

2.2. Partitions, triangulations, and newest vertex bisection (NVB)

Throughout, P is a finite (possibly non-conforming) partition of §2 into compact (non-degenerate) simplices,
which is used to discretize P, while 7 is a finite (conforming) triangulation of ) into compact (non-degenerate)
simplices, which is used to discretize V. Throughout, we use NVB refinement; see, e.g., [22,28] for the precise
mesh-refinement rules.
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We write P’ := bisect(P, M) for the partition obtained by one bisection of all marked elements M C P,
i.e., M = P\P" and #M = #P' — #P. We write P’ € T"°(P), if there exists J € Ny and partitions P; and
M; CPjforall j=0,...,J, such that

P =Py, Pj=nbisect(Pj_1,M;_q)forallj=1,...,J, and P =Py,

We write 7’ := refine(7,M) for the coarsest conforming triangulation such that (at least) all marked
elements M C 7 have been bisected, i.e., M C T\7'. We write 7' € T¢(7T), if there exists J € Ny and
triangulations 7; and M; C 7; for all j =0,...,J, such that

T =17y, T,=refine(T;_1,M;_q)forallj=1,...,J, and T =T;.
Let Tinit be a given initial (conforming) triangulation of 2. We define the sets
T :=T"(Tit) and  TC := T(Tinit) (2.4)

of all non-conforming and conforming NVB refinements of Ti,. Clearly, T¢ C T™¢. We write 7 := close(P) if
P € T"¢ is a partition and 7 € T¢ is the coarsest (conforming) refinement of P. Existence and uniqueness of 7
follow from the fact that NVB is a binary refinement rule, and the order of the bisections does not matter. In
particular, this also implies that refine(7, M) = close(bisect(7,M)) for all 7 € T® and M C 7.
It follows from elementary geometric observations that NVB refinement leads only to finitely many shapes
of simplices T’; see, e.g., [28]. Hence, all NVB refinements are uniformly ~-shape regular, i.e.,
diam(T")

= Su max ————
VT et TP [T/

< o0. (2.5)
Finally, we recall the following properties of NVB, where Cyp, Ceis > 0 are constants, which depend only on
Tinit and the space dimension d > 2:

(M1) overlay estimate: For all P, P’ € T"°, there exists a (unique) coarsest common refinement P @ P’ €
T¢(P) NT"(P’). It holds that #(P & P’) < #P + #P' — #Tinis. If P, P’ € T¢ are conforming, it also
holds that P & P’ € T¢.

(M2) finite number of sons: For all 7 € T, M C T, and 7' := refine(7, M), it holds that | J{T" € T’ :
TCTy=Tand #{T" €T’ : T"CT} < Cson forall T € T.

(M3) mesh-closure estimate: For all sequences 7; € T° such that 7g = Tiniy and 7; = refine(7;_q1, M _1)
with M;_; € T;_; for all j € N, it holds that

J-1
#T7 — #Tiniy < Cois Z #M; for all J € Ny. (2.6)

7=0
(M4) conformity estimate: For all partitions P € T, it holds that

#close(P) — #Tiit < Cas(#P — #Tinit)- (2.7)

The overlay estimate (M1) is first proved in [27] for d = 2, but the proof transfers to arbitrary dimension
d > 2; see [11]. For d = 2, (M2) obviously holds with Cso, = 4, while it is proved in [16] for general dimension
d > 2. The closure estimate (M3) is first proved in [6] for d = 2. For general d > 2, it is proved in [28]. While the
proofs of [6,28] require an admissibility condition on Ty, the work [22] proves (M3) for d = 2, but arbitrary
conforming triangulation Zin;. It is easy to check that (M3) implies (M4); see Lemma 2.5 of [6] for a proof in
2D, which, however, directly transfers to arbitrary dimension d > 2.
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2.3. Discrete function spaces
Given a fixed polynomial degree m € N as well as P € T"® and 7 € T¢, we consider the discrete spaces

P(P):={Qp €P : VT € P Qp|r is polynomial of degree <m — 1},

. . (2.8)
V(T):={Vz €V :VT €T Vg|r is polynomial of degree < m},

which consist of piecewise polynomials.

Remark 2.1. We note that our analysis in principle permits to choose the polynomial degree for the pressure
space P(P) larger than m—1. Indeed, the analysis of Kondratyuk and Stevenson [24] only exploits the assumption
that the degree is not larger than m — 1 to prove the local efficiency ([24], Prop. 5.2), which we do not require;
see also Remark 3.1 of [24]. However, since we investigate (optimal) convergence of error quantities consisting
of pressure as well as velocity terms, enlarging only the degree of the pressure space will in general not affect
the best possible convergence rate; see also Remark 5.4. Moreover, both the present paper and [24] do not allow
for degrees smaller than m — 1, since otherwise the property 7 € T"*(P’) N T could no longer be guaranteed by
Algorithm 3.6, and this condition is essential to ensure that the pressure meshes of the adaptive Algorithm 3.7
are coarser than the velocity meshes.

2.4. Auxiliary problems
Let P € T"°. Then, pp € P(P) denotes the best approximation of the exact pressure p with respect to || - ||p,

i.e.,
— = min - . 2.9
lp — pplle oum lp—Qrple (2.9)
It is well-known that pp can be obtained via the unique solution (up,pp) € V x P(P) of the reduced Stokes
problem

a(up,v) + b(v,pp) = (()f, v)g forallveV, (2.10)

b(up, Qp) for all Qp € P(P);

see Section 4 of [24]. Note that the second condition can equivalently be stated as IIpV - up = 0 in €2, where
Ip : L?(Q) — P(P) is the orthogonal projection with respect to || - [|q. Thus, (2.10) is just the variational
formulation of (1.7).

Even though pp is a discrete function, it cannot be computed since V is infinite dimensional. Given ¢ € P,
let u[g] € V be the unique solution to the (vector-valued) Poisson equation

a(ulq),v) = (f,v)qg — b(v,q) forallveV. (2.11)

Note that up = u[pp].
Finally, let 7 € T"(P) N T° be a conforming refinement of P. Then, Ur[q] € V(7) is the unique solution to
the Galerkin discretization of (2.11)

a(Urlq],Vr) =(f, Vr)a —b(Vz,q) forall V; € V(T). (2.12)

Note that Ur[q] is the Galerkin approximation to w[g] in V(7). Since || - ||y denotes the energy norm corre-
sponding to a(-,-), there holds the Céa lemma

-U = i -V 2.1
lulg] = Urldlllv = | min_llulg] = Vrllv, (2.13)

Recall the operators A, B, B’ from Section 2.1. Note that u[q] — u[r] = A~'B’(r — q) for arbitrary ¢, € P,
which yields that ||ulq] — u[r]||3 = (B'(r — q), A~'B’(r — q))v~xv. By definition of the operator S = BA™'B’
and the norm || - ||p, we thus see that

1Urlg] = Uz[rllv < llulg] — ulr]llv = [lg = e (2.14)
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2.5. Notational conventions

Throughout this work, (u,p) € V x P denotes the exact solution of the continuous Stokes problem (2.1).
All occurring functions wp, u[g], and Ur]g| are approximations of w. All occurring functions pp and Pp are
approximations of p. We employ bold face symbols for velocity functions, e.g., v € V or V& € V(7), and
normal font for pressure functions, e.g., ¢ € P, Qp € P(P). Finally, small letters indicate functions, which are
continuous or not computable, e.g., u, p, and pp, while computable discrete functions are written with capital
letters, e.g., Ur[Qp]. The corresponding partitions P € T"¢ resp. triangulations 7 € T¢ are always indicated
by indices. The most important symbols are listed in Appendix D.

2.6. Abbreviate notation for adaptive algorithm

The adaptive algorithm below generates nested partitions P; € T"¢ and triangulations 7;;, € T for certain
indices (4,7, k) € @ C NJ such that 7;;;, € T"(P;) N T¢. Furthermore, it provides approximations

prPj; eP:=P(P;) aswellas wurUjr € Vi = V(7). (2.15)
More precisely and with the notation from Section 2.4, it holds that?
Py~ p;:=pp, aswellas U, = Ug,, [Pij] = u[Pi;] =: u;. (2.16)
Besides this notation, let
I0; :=Ip, : L*(Q) — P(P) (2.17)
be the L?(Q)-orthogonal projection (with respect to || - ||o) and let
ik = N(Tiji; Uige, Pij) = n(Tiji; Ut [Pijl, Pij) (2.18)
be the computable a posteriori error estimator from Section 3.1 below.

3. ADAPTIVE UZAWA ALGORITHM

3.1. A posteriori error estimation

Throughout this section, let P € T"® be a partition of @ C R? and 7 € T"(P) N T° be a conforming
refinement. We recall the residual a posteriori error estimator: For T' € 7, Qp € P(P), and Vr € V(T), define

nr(Vr,Qp)® = TP ||f = VQp + AVZ|[F + TV [[Qp n — VVz - 0] | 5700, (3.1)

where [-] denotes the jump of its argument over 7. Then, the error estimator reads

n(M;Vr,Qp)? = > nr(Vr,Qp)® forall M CT. (3:2)
TeM

In the following, we recall some important properties of n from [11,24]. We start with the available reliability
results.

Lemma 3.1 (reliability [24], Props. 5.1, 5.5). There exists a constant Cre; > 0 such that, for all Qp € P(P), it
holds that

|lul@Qp] — Ur(Qplllv < Cran(T;Ur[Qp],Qp). (3.3)

3Do not confuse the pressure p; with the iterates p? of the exact Uzawa algorithm (1.6).
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Moreover, it holds that
lup — Ur[Qp]llv + lpp — Qpllr < Cra (n(T;:Ur[Qp], Qp) + [TIpV - Ur[Qp]|0) (3-4)
as well as
lu — Uz [Qp]llv + lp — Qpllp < Cra (n(T:U7[Qp], Qp) + IV - Ur[Qp]lla ). (3.5)
The constant Ce) depends only on ~y-shape reqularity.

For some fixed discrete pressure Qp, we recall the localized upper bound in the current form of [11], which
improves Proposition 5.1 of [24].

Lemma 3.2 (discrete reliability [11], Lem. 3.6). Let T e Te(T). There exists a constant Carel > 0 such that,
for all Qp € P(P), it holds that

|U2(Qr] = Ur[Qplllv < Caran(T\ T:UIQr), Qp). (3.6)
The constant Cqel depends only on y-shape reqularity.

Next, we note that the estimator depends Lipschitz continuously on the arguments. The result is slightly
stronger than Proposition 5.4 of [24], but the proof is standard [11].

Lemma 3.3 (stability [11], Prop. 3.3). Let T € T¢(T). There exists a constant Csiap > 0 such that, for all

~

VzeV(T), Wr e V(T), and Qp, Rp € P(P), it holds that

(T NT;Vz,Qp) = (T N T; Wr, Rp)| < Caan (| V3 — Wrllv + [|Qp — Rplle). (3.7)
The constant Cstar, depends only on the polynomial degree m and y-shape regularity.

The following reduction property follows from the reduction of the mesh-size on refined elements. The proof
is standard [11].

Lemma 3.4 (reduction [11], Proof of Cor. 3.4). Let T € T°(T). Let Qp € P(P). Then, with queq = 2~/ (D),
there holds the reduction property

NT\T;Uz[Qp],Qp) < qrean(T \ T;Uz[Qp), Qp) + Crea ||Uz[Qp] — U7 [Qp]|v- (3.8)
The constant Creq > 0 depends only on the polynomial degree m and ~y-shape regularity.

Finally, for the divergence contribution to the Stokes error estimator, we recall the following equivalence. The
result is slightly stronger than Proposition 5.7 of [24].

Lemma 3.5. Let Cq;y > 1 be the norm equivalence constant from (2.3). Let Ilp : L*(Q) — P(P) be the
L?(Q)-orthogonal projection. If Qp € P(P), then it holds that

eV - u[Qp]llo < IV - (up — u[Qp])llo < [lpp — @pllp < Caiv [PV - u[Qp]lo. (3.9)
If g € P, it holds that

IV -ulgllla < llp —qllp < Caiv |V - u[g]]|a- (3.10)
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Proof. From the definition of the Schur complement operator, we have that

V. (’I,Lp - U[QPD = S(p'p - Qp) (311)
Taking into account (2.3), we obtain that

2 (3.11)

IV (up —ul@p])lg =" (Spp —Qp), V- (up — u[Qp]))a

={pp—Qp, V- (up —ul@Qp)))r < |lpp — Qplle|V-(up — u[Qp])|r
(2.3)
< lpp = QpllplIV - (up —ulQp]) -

Together with IIpV - up = 0, this proves that

[PV - ul@p]llo < V- (up —ul@p])o < lpp — Qplle-

On the other hand, note that IIp(pp —Qp) = pp — @p. The norm equivalence (2.3) and the Cauchy—Schwarz
inequality thus imply that

(2.3)
Caivllpp — Qple [HpV - ulQp]lla > [pp — Qrla [[TIpV - u[Qr]|o
> —(pp —Qp, IpV - ulQplla = (pp — Qp, UpV - (up — u[Qp]))a

= (pp — Qp, V- (up —ulQp))a "= (S(rp — Qp), pr — Qp)a = Ipp — Q|

and therefore ||pp — Qp|lp < Caiv||[IpV - u[@Qp]||q. This concludes the proof of (3.9). The proof of (3.10) follows
along the same lines (with p = pp and hence 0 =V -u =V - up, and ¢ = @Qp). O

3.2. Adaptive refinement of pressure triangulation

To refine the partitions P;, we apply the following algorithm from Section 2 of [4] (which slightly differs
from the well-known thresholding second algorithm of [5]). We will use it in Algorithm 3.7 with parameters
Pi, Tiji, Uiji = u[P;;], and 9. In this context, the idea of Algorithm 3.6 is to achieve that ||p;+1 — Pijllp =
141V - u[P;j]||o dominates |[p — Pijlp ~ ||V - u[P;;]|lo (see Lem. 3.5), and to subsequently proceed to the
iteration in j and improve the Uzawa approximation.

Algorithm 3.6. INPUT: Partition P’ := P € T"¢, triangulation 7 € T*¢(P) N T¢, function Vr € V(7),

adaptivity parameter 0 < 9 < 1.

Loop: Tterate the following steps (i)—(iii) until ¢ ||V - Vr|lq < [|[Ip/'V - Vrq:

(i) Compute e(T) := inf{||V - Vz — Q|2 : Q polynomial of degree m — 1} for all T € P’, for which e(T") has

not been already computed.

(ii) For all T' € P’ for which €(T) has not been already defined, define e(T) := e(T) if T € P and &(T) :=
e(T)e(T)/(e(T) + &(T)) otherwise, where T denotes the unique father element of T

(iii) Choose one element T' € P’ with €(T) = maxy/epr €(1”) and employ newest vertex bisection to generate
P’ :=bisect(P’,{T}).

OuTpUT: Triangulation P’ = binev(P, 7, Vr;9) € T*(P) with 7 € T*(P’') N Te.

According to Theorem 2.1 of [4], the output P’ is a quasi-optimal mesh in T"°(P) with 9|V - Vr|q <
|IILp/V - Vir||o: This means that for all ¥ < ¢ < 1 and all P € T*(P) with ¢ ||V - V| < L5V - Vr|lq, it
holds that #P' — #P < Chpin (#P — #P) for some Cpi, > 1, which depends only on the ratio (1 —9'2)/(1—92).
The same reference states that the effort of Algorithm 3.6 is O(#7 log(#7)) if 0 < ¥ < 1.

To obtain optimal algebraic convergence rates of the error estimator, one has to choose 9 sufficiently small
and 19 sufficiently close to 1J; see Theorem 5.3 below.
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3.3. Adaptive Uzawa algorithm
We investigate the following adaptive Uzawa algorithm, which goes back to Section 7 of [24].

Algorithm 3.7. INPUT: Conforming initial triangulation Py := Zggo := Zinis of §2, initial approximation Pyy =
0, counters i = j = k = 0, adaptivity parameters 0 < k1 < 1, 0 < ko < 1, 0< k3 <1,0<¥9<1,0<6<1,
and Cpak > 1.

Loop: Iterate the following steps (i)—(iv):

(i) Compute U, € Vi, as well as (all local contributions of) the corresponding error estimator 7;; =
10(Zijk; Uijk, Pij) such that the exact Galerkin approximation Uz, [Pi;] € Vi, of u;; satisfies that
1U7,,.[Pij] = Usjillv < K173

(ii) while n;jr + ||HN . Uijk”Q < Ko (m‘jk + ||V . UiijQ) do
e Determine P;; := binev(P;, Tk, Usji; ¥) by Algorithm 3.6.

e Define P(i+1)0 = Pij, and ,T(i-l-l)OO = ij.
e Update counters (4, j, k) — (i + 1,0,0).
end while
(111) if Nijk < K3 Hsz . UiijQ then
e Define P)i(j—i-l) = Pij —IL;V - Uz]k € P;, and IZ;(j—&-l)O = ,Tz'jk-
e Update counters (4, j, k) — (4,5 + 1,0).
(iv) else
e Determine a set M, € T 1, of (up to the fixed factor Crark) minimal cardinality, which satisfies the
Dorfler marking criterion

On75 < n(Mijr; Pig, Uiji)®. (3.12)

e Generate ,Tij(k-&-l) = refine(Tijk,Mijk).
e Update counters (i, j, k) — (4,7, k + 1).
end if

Remark 3.8. The actual implementation of Algorithm 3.7 will replace the triple indices (i, j, k) by one single
index n € N, which is increased in each step (ii)—(iv). However, the present statement of the algorithm makes
the numerical analysis more accessible.

Lemma 3.9. Define the index set Q := {(i,j,k) € N} : Uyjy is defined by Algorithm 5.7}. Then, for (i,j,k) €
N}, there hold the following assertions (a)—(c):

(a) If (1,4, k +1) € Q, then (i, j,k) € Q.
(b) If (i,7+1,0) € Q, then (3,5,0) € Q and k(i,j) := max{k € Ny: (i,7,k) € Q} < o0.
(c) If (14 1,0,0) € Q, then (4,0,0) € Q and j(i) := max{j € Ng : (4,7,0) € Q} < oc.

Throughout, we shall make the following conventions for the triple index: If we write n;i etc. (see, e.g.,
Lem. 4.5), then (implicitly) k = k(i, j). If we write nyy etc. (see, e.g., Lem. 4.6), then (implicitly) j = j(i) and
E = E(Zv l) B

Proof. Each step (ii)—(iv) of the algorithm increases either i or j or k by one. O

Remark 3.10. Unlike the algorithm from [24], our formulation of the adaptive Uzawa algorithm avoids any
special treatment of the data oscillations (i.e., to resolve f by a piecewise polynomial in an additional loop).

Remark 3.11. We note that the choice Uj;, := Ur,,, [P;] (i.e., k1 = 0) is admissible in step (i) of Algo-
rithm 3.7. In the spirit of [15], one can also employ the PCG algorithm ([20], Algorithm 11.5.1) with optimal
preconditioner. With ) and an additional index ¢ € Ny for the PCG iteration and initially £ := 0, repeat the
following three steps, until Uyjy, := Uyjp(e41) satisfies that [|U;jpeeq1) — Usjrellv < &) Mijies1):
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— Do one PCG step to obtain Ujje11) € Vijx from Uyjre € Vi
— Compute (all local contributions of) the estimator 1;;xe41) := 1(Zijr; Uijk(e+1), Pij)-
— Update counters (i, j, k, £) — (i, 7, k, ¢ + 1).

If the preconditioner is optimal, i.e., the preconditioned linear system has uniformly bounded condition
number, then it follows that PCG is a uniform contraction ([15], Sect. 2.6): There exists 0 < gpcg < 1 such that

1UT,. [Pij] — Usjeery Iv < @peg |UT;,, [Pij] — Uijiellv - for all £ € No.

Hence, the PCG loop terminates, and the triangle inequality proves that

q q
U7, [Pij] = Usjrgernyllv < Fpicg 1Usjke+1) — Uijrellv < Fpicg K1 Mijlk(e41)5
dpcg dpcg

i.e., the criterion of step (i) of Algorithm 3.7 is satisfied for k1 := K| gpcg/(1 — ¢peg)-

4. CONVERGENCE

4.1. Main theorem on linear convergence

To state linear convergence, we need an ordering of the set Q from Lemma 3.9: For (i, 5, k), (¢,7,k') € Q,
write (¢/, 7, k") < (4,7, k) if the index (i, j', k") appears earlier in Algorithm 3.7 than (7, j, k). Define

|(3,7,k)| == #{(@,j', k') e Q : (i',5, k) < (i,4,k)} € No. (4.1)

Note that |(i,7, k)| coincides with the single index n from Remark 3.8. Then, we have the following theorem.
The proof is given in Section 4.3.

Theorem 4.1. Let 0 < k1 < 91/2/C’Stab. Suppose that 0 < ko,k3 < 1 are sufficiently small as in Lem-
mas 4.5 and 4.6 below. Let 0 <19 <1 and 0 < § < 1. Then, there exist constants Cy, > 0 and 0 < qin < 1 such
that

i7 -,k _ i/7 */’k/
Nijk + |V - Usjilla < Cringl{H P~ 1ET5R] iy + IV - U jr|la) (4.2)

lin

for all (7,7, K"), (i,5,k) € Q with (¢, k") < (i,4,k). The constants Cyin and qun depend only on the domain
Q, ~-shape reqularity, the polynomial degree m, and the parameters k1, ko, K3, ¥, and 0.

Remark 4.2. The adaptive Uzawa algorithm from Bénsch et al. [1] employs only one triangulation for both,
the pressure and the velocity. Similarly, we can additionally update P; := T;j(,+1) in step (iv) of Algorithm 3.7.
Since 0 < k2 < 1 and IL;V-Uj i = VUjji, then the condition in (ii) will always fail. We note that the convergence
analysis of Section 4.2 and in particular, linear convergence (Thm. 4.1) clearly remain valid for this modified
algorithm, while our proof of optimal convergence rates (Thm. 5.3) fails.

4.2. Auxiliary results

The first lemma provides links between the exact Galerkin solutions Ur;,, [P;;] and its approximations Ujy.
Lemma 4.3. Let (i,j,k) € Q. For all § C T;ji, it holds that
In(S; Ur,,, [Pis)s Pij) — 1(S; Uik, Pij)| < k1 Cstab i (4.3)
where Cgiap, > 0 is the constant from Lemma 3.53. This particularly yields the equivalence

(1 = k1 Cstan) Mijie < 0(Tijn; U, [Pigls Pig) < (1 + K1 Cstab) ik (4.4)



1852 G. DI FRATTA ET AL.

as well as the reliability estimates

luij — Uijillv < Cra(k1) mii, (4.5)
lwi — Uijillv + [lpi = Pijlle < Cla(k1) (mijr + [TLV - Ui lla), (4.6)
lu = Uijillv + [lp = Pijlle < Cla(kr) (i + IV - Uigelle), (4.7)

where CJ (k1) := ((1 + K1Cstab)Crel + £1(Crel + 1)) > Crel with Cre1 > 0 from Lemma 3.1.
Proof. To shorten notation, we set 17, 1= 1(Zijk; UT,,, [Pis], Pij)- The stability (4.3) follows from Lemma 3.3

and |Uz,,, [Pi;] — Uijillv < K1nijk, which is guaranteed by step (i) of Algorithm 3.7. Taking & = 7;;z,, (4.4) is
an immediate consequence. To see (4.5), we use reliability (3.3), step (i) of Algorithm 3.7, and (4.4) to see that

3.3) (4.4)
lwi; = Uijllv < Cranj, + UL, [Pij] = Uijellv < (1 + £1Cstab ) Crel + K1) Niji-

To prove (4.6), we apply (3.4)

(3.4)
lwi = Uigillv + [lpi = Pijlle < Cra(nfe + 1TV - Uz, [Pijllle) + Uz, [Piy] — Uijellv
(4.4)
< (1 + K1Cstab)Crel + K1) Nijie + Crel [[ILV - Ui | -

Similarly, (4.7) follows from (3.5). O

The following three lemmas prove that Algorithm 3.7 leads to contraction if either 4, j, or k is increased.
Throughout, let 0 < ¥ <1, 0 < 6 <1, and, if not stated otherwise, 0 < k1 < 1, 0 < ko, k3 < 1.

Lemma 4.4. Let (i,4,0) € Q and define k := max{k € Ny: (i,j,k) € Q} € NgU {oc}. If 0 < k1 < 0%/2/Cytapy,
then, there exist constants 0 < q1 < 1 and Cy > 0, which depend only on ~y-shape regularity, the polynomial
degree m, k1, and 6, such that

Nijtk+n) < C1q7 Mg for all k,n € Ng with k <k +n < k. (4.8)
Moreover, it holds that
1 1
Mige < e+ IV - Uil < — (1+ ;) e for all 0 < k < k. (4.9)
2 3

If k = oo, this yields that |[u — Ujjillv + [|p — Pijllp — 0 as k — oo with p = p; = P;j.
Proof. We split the proof into three steps.

Step 1. If Ui, = Ug,,, [Py] for all (i,j,k) € Q, step (iv) of Algorithm 3.7 is the usual adaptive step
in an adaptive algorithm for, e.g., the (vector-valued) Poisson model problem. Hence, (4.8) follows from
reliability (3.3), stability (3.7) and reduction (3.8); see, e.g., Theorem 4.1 (i) of [10]. For general Ui, (4.8)
follows from Theorem 7.2 of [10] under the constraint 0 < &1 < 6/2/Cytap.

Step 2. If k < k, the structure of Algorithm 3.7 implies that the conditions in step (ii) and (iii) are false, i.e.,
Nijk + LY - Ujelle > 2 (nigr + IV - Uigrlle) - and - mije > #3 [ ILYV - Uyl

Hence,

1 1 1
Nijie < ik + |V - Uigille < — (niji + LV - Ugjrllo) < — (1 + *) Mijk
K2 K2 R3

which proves (4.9).
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Step 3. For k = oo, the estimates (4.8)—(4.9) imply that

(4.7 (4.9) k—oo
lu—Uijkllv + llp = Pijlle < nige + IV - Uijklla =" nijp —— 0.

~

Note that k = oo also implies that neither ¢ nor j are increased, ¢.e., P;; remains constant as k& — oo. Hence,
p = P;; € P; and therefore also p = p;. O

Lemma 4.5. Let (i,0,0) € Q and define j := max{j € Ny : (i,5,0) € Q} € NgU {oo}. If 0 < k3 < 1 is
sufficiently small (see (4.18) in the proof below), then there exist constants 0 < ga < 1 and Cy > 0 such that

lpi — Pij+m)lle < @3 lpi — Pijllp for all j,n € No with j < j+n <j. (4.10)
Moreover, it holds that
Cy M Ipi = Pijlle < mijk + IV - Uijlla < Ca lpi — Pylle for all 0 < j < j. (4.11)

If j = oo, this yields convergence ||u — Uypllv + ||p — Pyjllp — 0 as j — oo. While qo depends only on the
domain ), ~y-shape reqularity, k1, and k3, the constant Cs depends additionally on k2.

Proof. We split the proof into three steps.
Step 1. If j < j(i) and k = k(4, ), then necessarily k(i, j) < oo. The structure of Algorithm 3.7 implies that

the condition in step (ii) is false, while the condition in step (iii) is true, i.e.,
Mije + LY - Uijelle > k2 (ie + IV - Ugelle)  and g < ks 1LV - Uiji|lo- (4.12)
First, this proves that

ko (i + IV - Uijella) < ik + MLV - Uijrlle < (14 k3) [ILV - Uk lla

< (14 k3) |V -Uiglla < (1+ k3) (migk + |V - Uggilla) - (4.13)
Second, reliability (4.5) gives that
(4.5) (4.12)
LY - (wi; = Uiji) llo < i = Uigellv < Cla(k)mige < k3Cra(kn) [TLV - Uijello- (4.14)
The triangle inequality yields that
(4.14) (4.14)
(1= k3Cla (k1)) TV - Ujella - < LV sl < (14 £3C1(51) [TV - Usjillo- (4.15)
This leads us to
1—k3Cl (K B9 1—k3C (K
Caw 15 njC’ignS Ipe=Piylle < 33 njC’ignii e - s (4.16)

(4.15) ) (4.15) 3
< (1= k30 (k1)) IILV - Ujjille < [TV -wiglla < lpi — Pijlle.

T =

If k3C/ (k1) < 1, the combination of (4.16) and (4.13) proves (4.11).

Step 2. Starting from P;;, one step of the exact Uzawa iteration for the reduced Stokes problem (leading to the
auxiliary quantity p;(;;+1)) guarantees the existence of some 0 < quzawa < 1 such that the following contraction
holds (see [24], Eq. (4.3)):

Ipi = Pig+lle < qUeawa llpi — Pijlle - with  pij11) = Py — LV - u;. (4.17)
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The contraction constant quzawa is the norm of the operator from (1.4) with o = 1. Indeed, the proof of (4.17)
works exactly as in Appendix A if S : P — P is replaced by the operator I1;S : P; — P;. In particular, quawa
does neither depend on 4 nor on j. Since Pj(j11) = Py — II;V - Uy, we are thus led to

||p¢ - Pi(j+1)||]P’ < ||pz - pi(j+1)H]P’ + ||pi(j+1) - Pi(j+1)||lP’
< QUzawa ||Pi — Pijllp + [TV - (us; — Usjr) [

(4.14)
< quaawa [IPi = Pijllp + #5307 (k1) ITLV - Uijello

(4.16) kaC! (K
2 <qum+ 3Cra(r1) )npipijnp: a2 Ipi — Pyl

1-— /ﬁlgC;el(lil)
Let 0 < k3 < 1 be sufficiently small, i.e.,

’%3C/e1("€1)

I

1-— chlel(lil)

T

0< 530;61(:‘4/1) <1l and 0< Q2 ‘= QUzawa + < 1. (418)

Then, induction proves that ||p; — Pij1n)lle < ¢35 |lpi — Pijllp for every j,n € No with j < j+n < j. This
proves (4.10).

Step 3. For j = oo, the estimates (4.10)—(4.11) imply that

(4.7) (4.11) j—o0
[ —Uijkllv +lp = Pille < mijr + IV - Usjelle = "|lpi — Pijllp —— 0.
This concludes the proof. (I

Note that i := max{i € Ng : (4,0,0) € Q} < oo in Algorithm 3.7 implies that either j := j(i) = oo or
k(i,j) = 0o. According to Lemma 4.4 (for £ = oo) and Lemma 4.5 (for j = 00), it only remains to analyze the
case 1 = 00.

Lemma 4.6. Let i := max{i € Ny : (4,0,0) € Q} € NgU {oo}. If 0 < ko < 1 is sufficiently small (see (4.24)
in the proof below), then there exist constants 0 < g3 < 1 and Cs > 0 such that

1P = Pliynyslle < a3 llp— Pille for alli,n € No with i <i+n <i. (4.19)
Moreover, it holds that
Citlp — Pijlle < miji + IV - Uijlla < Csllp = Pijllp - for all 0 < i <. (4.20)

While Cs depends only on the domain ), ~v-shape reqularity, k1 and ko, the contraction constant qs depends
additionally on 0 <9 < 1. If i = oo, this yields convergence |[u — Uyjg|lv + [|p — Pyjllp — 0 as i — oo.

Proof. We split the proof into five steps.
Step 1. According to Algorithm 3.7, it holds that

ik + 1LV - Uijillo < w2 (i + IV - Uigello)- (4.21)
For 0 < k9 < 1, this implies that

K
2 ||V Uyl
Ko =

Nije + 1LV - Usjelle < 5
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Recall that

(4.5)
V- Uikl <V -uijlla + V- (ui; = Ugr)lle < (V- wiglla + Cra (k1) nijk-

We abbreviate C'(k1, k2) := Cly (k1) k2/(1 — k2). For sufficiently small 0 < ko < 1 with 0 < C(k1,K2) < 1, the

combination of the last two estimates implies that ||V - Uijxllo < (1 — C(k1, K2)) L[|V - ujj[lo. With

y  C(k1, k)
C (ﬁl’ KQ) o 1-— O(Hl, /ﬁg)’

we are hence led to

(4.5)
lwij = Uijillv < Cra(k1) (mije + LV - Ugjpllo) < C(k1, k2) |V - Uijilla

0 (4.22)
< Ok, R2) IV -ugglla < C'(ka, k2) [lp — Pyl
Conversely,
(3.10)
Ip = Pylle < CawllV-uijlla < Caiv(IV - Uigella + IV - (wij — Uiji) )
" w1, L)} o (I Uil + i)
In particular, this proves (4.20).
Step 2. Recall from Step 1 that
(4.5)
IV - (uij = Uiji) o + [TV - Ugllo - < max{1, Cigy(k1)} (mige + ITLV - Uijille) (423)

(4.22) ) )
< max{l,Ciy(k1)} C'(k1,K2) [lp — Pijlp-

We hence observe that

(3.9)
Ipi = Piylle < CawlTLV - wgllo < Caiy (|[TLV - (wi; — Ugji)lla + [TLV - Uyjillo)

(4.23)
< Caivmax{l, Gy (r1)} C"(k1, k2) [p — Pyjlp-

T

Step 3. From Algorithm 3.6, we obtain that
VIV - Uijkllo < [Ii41V - Usj|la-
According to (4.22), it holds that

(4.22)
IV -uijllo < [IV-Usjkllo + IV - (wij — Uigr)llo < (1+ C(k1,52)) IV - Usjlla,

as well as

(4.22)
T4V - (wij — Uil < llui; — Uijillv - < C'(k1,52) [V - uig o
Combining the last three estimates, we see that

M2V - wgjllo > [Mia V- Uijllo — M V- (wi; — Usge) [l

>(— - cwiillo.
- (1—1—0(%17%2) C(H17H2)> [V wgla
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Recall the constant Cgiy > 1 from (2.3). If 0 < k2 < 1 is sufficiently small, it holds that C"(k1, ka,9) :=
(m — C'(k1, HQ))/CdiV > 0. This implies that

(3.9)
pit1 — Pijlle = (i1 V- ugjlla > (

(

v /
T G~ O ) IV gl

3.10)
> C"(k1, k2,9) [lp — Pijlp.
Together with the Pythagoras theorem, we are hence led to

Ip = pisillt = lp — Pyl = llpiss — Pillg < (1 = C"(k1, k2, 9)?) [Ip — Py 13-

Step 4. Combining Step 2 and Step 3, we obtain that

Ip = Prigy;lIE = Ip — pirallp + Ipir1 — PsylI2
< (1= C"(k1,k2,9)%) [lp = PijlIp + Ciy max{1, Cle(r1)*} C' (k1 52)* Ip — Prigay; 13-

r

For sufficiently small 0 < ko < 1, i.e.,

!
Clrn, i) = SraliR2 (4.24)
1-— %)
¥ O(/ﬁ HQ) —
0 < (1, k2,9) = - ) Ca, 4.25
(/fl R2 ) 1 + 0(51752) 1 . 0(517/{/2) div ( )
1-— C//(Kl Ko 19)2
0<q?:= A <1, 4.26
BT 102 max{L, 7 (m1)2} O (ky, 12)2 (4.26)
we hence see that
Ip = Pty < 63 llp — Py 12
By induction, we conclude (4.19).
Step 5. For i = co, the estimates (4.19)—(4.20) imply that
(4.7 (4.20) e
lu—Usjkllv +1lp— Pijlle < nije + IV -Usjelle < llp— Pille —— 0.
This concludes the proof. O

4.3. Proof of Theorem 4.1

To prove Theorem 4.1, we need the following two lemmas. A slightly weaker version of the first lemma is
already proved in Lemma 4.9 from [10]. The elementary proof, however, immediately extends to the following
generalization and is therefore omitted. The second lemma states certain quasi-monotonicities for the output of
the adaptive algorithm.

Lemma 4.7. Let (ag)ien, be a sequence with ag > 0 for all £ € Ny. With the convention 0~1/s .= 00, the
following three statements are pairwise equivalent:

(a) There exist a constant C' > 0 such that Y-, a, < Cay for all £ € Ny.

> 9 Z > () suc t (lt a "< a ' ’()7 all 1? S Ii .
b .1 o1 (]ll S () th@? € ex 5158 C h h n=0 %n / C 0 /
C T < q < n > such 1 (“& a n < (_] a ’()7 all n, < 0-
j h67€ € St () 1 a d C () h h 0+ C A /(? IQ

Here, in each statement, the constants C > 0 may differ.
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Lemma 4.8. Let 0 < k1 < 0Y/2/Cyap. Suppose that ko, k3 are sufficiently small as in Lemmas 4.5 and 4.6.
Let (i,7,0) € Q. Then, there hold the assertions (a)—(d):

(a) Ifi>1, then nioo + ||V - Uioollo < Cron (77(1'—1)1@ + ||V - U(i—l)l‘EHQ)

(b) If j > 1, then nijo + |V - Uijolla < Cumon (Mii—1x + IV - Usg—1yklle) -

(©) nijk + IV - Uijklla < Cron (mjk/ +|V- Uijk/HQ) for all0 < k' <k <k(4,7).
(d) ik + IV - Uijklla < Cmon (migre + IV - Uijeilla) for all 0 < 5" < j < j(i )

The constant Cron > 0 depends only on ), Csan, Crel, C1, and Cs.

Proof. To shorten notation, we set 0, = 1(Zijr; Ur,,, [Pi5], Pij) and Uy, == Ur,,, [Pis]. To prove (a), recall
from step (ii) of Algorithm 3.7 that Zjoo = 7(;— 1)k as well as Pjo = P_1);. Hence Uio = U(* 1)k and

K3
consequently njpy = 1(;_yy;), as well as IV - Uolle = IV -Uj_ 1)]k||Q Since xy < 0Y/20;L < CLL, we can
apply the equivalence (4.4) in both directions. With step (i) of Algorithm 3.7, we see that

(4.4)
nioo + IV - Uioolle < mio0 + IV - Ulolle + [[Uio — Uioollv < mio0 + IV - Ulngll + ni00
(4.4) (4.4)
S Moo T IV -Ulplla = 77*2;1)@ +(V- U&fl)@lln S na-nie + IV -Ui-njelle

UG- 16 = U-vjellv S ni-vjk + IV - Ui-pjille-

To prove (b), recall from step (iii) of Algorithm 3.7 that 7;jo = Ti(j—1)x and Py; = Pij_1) — ILV - U1y
According to the discrete variational form (2.12), it holds that

a(Ufo — U(j_1yp> Vijo) = b(Vijo, ILV - Uy(j_1)k)  for all Vijo € V(Tijo) = V(T(i-1);1)-

This proves that [[U, — Ui, 1)kHV S LY - Uig—nelle < IV - Ui-1)klle. First, it follows that

i(j—

IV -Uijolle < V- Ui(j velle + 1Uso — Uig—nellv < IV - Uig-nille + 1Uf50 — Uj—nellv
+ U0 — Usjollv + U7 -1y — Uigg—vellv < IV - Uig—vlle + K1 mijo + K1 10— 1)k

Second, stability of the error estimator (Lem. 3.3), 7;jo = 7;(j—1)x and the previous estimate prove that

—
w

7
M=)k + Cstab (|Uijo — Usg—yellv + MLV - Ui—1yklla)

Nijo <

< (14 £1Cstab) Mi(j—1)k + Cstab [|V - Usi—nyxllo + £1Cstab Nijo-

Recall that 1 Cstap < 6'/2 < 1. Thus, combining the last two estimates, we conclude the proof of (b).
To prove (c), note that Lemma 4.4 implies that

(4.8)
Nijk < 4 Nijk’ for all 0 < K <k <k:= k‘(Z,]) (427)

Moreover, the Pythagoras theorem, reliability (3.3), and the equivalence (4.4) prove that

IV -Uijklle <V -Uiilla + U — U llv + U, = Uijkllv + 11U — Uigir|lv
<NV Ui lla + lwij — Ui llv + 51mijk + K1 miji
(3.3)+(4.27)
S IV Uiwlle + ik + mijre
(4.4)
IV - Uijirllo + nijie-
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To prove (d), note that Lemma 4.5 implies that

(4.11) (4.10) (4.11)
Nije + IV - Uijelle =" llpi — Pille < lpi = Pijrlle =" mijre + IV - Uijrg |-

This concludes the proof. O
Proof of Theorem 4.1. For all 0 < ¢’ <14 < i, define ]( ) € Ng by

i 0 ifd <i,
](2)12{., ey

gt oif i =1,

For all 0 < i’ <i <4 and all j(i) < j < j(i), define k(i, j) € Ng by

k(i, ) 0 ifi<ioryj <j,
7 =
2\ J K if i’ =i and §/ = j.

As for j and k, we write j = j(i) and k = k(3, j) if s and j are clear from the context. Further, we abbreviate

Wijk = Nijk + HV . Uijk”g).
With this notation and according to Lemma 4.7, (4.2) is equivalent to

i 3@ k(i,5)

Z Hijk = Z Z Z Hijk S pir J'k for all ( 7jlvkl) € Q. (428)

(i,j,k)EQ =13/ k=k(1,
(.37, k") < (404, k) J i() =&(0.7)

We prove (4.28) in the following three steps.

Step 1. For k(i,j) < k(4,7) < oo, Lemma 4.8 (c) proves that p;;r < pijr Hence, Lemma 4.4 in combination
with the geometric series allows to estimate the sum over k a

i g k(4,5) 4 (@) k(i,5)— (4 0) i J@) k(i,5)—1 8) i J()
> 2 ZuumZZ Zﬂwk ZZ > 0
=1 j=j(i) k=Kk(i,5) =1 j=j(i) k=E(,) =1’ j=j(i) k=E(4,5) =1’ j=j (i)
@ - (4.29)
] 1
<Z Z pigt = Z e+ Z Z s = Zﬂmw Z Zuwo
=1 j=;(i) J=4 (") =i/ +1 j=j (i) i=i'+1 j=0
Step 2. In this step, we bound the first summand of (4.29) by p; ;. It holds that
3@ 3@
Z/ffzjk—/iz’j/k"— Z Ml]k:_ﬂljlk/—’_ Z Hit50-
j=j'+1 j=j'+1
Lemmas 4.8(b) and 4.5 in combination with the geometric series show that
J(@) (b) J(@) J@)-1 J@H—1 410 34

(4.11) = (4.10) (3.4)
Z o S Z Hir(j-1k = Z Hirje = Z lpir — Prjlle < llpe — Prjrlle S pirjrwr-

Jj=j'+1 Jj=j'+1 Jj=j’
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Step 3. In this step, we bound the second summand of (4.29) by w4 . First, we consider only the terms where
j > 0. As in Step 2, Lemmas 4.8(b) and 4.5 in combination with the geometric series show that

i 40 b) i 30 i 3)- Lem.4.5

Z Z“UO ~ Z ZM(] Dk Z Z Hijk S Z Hiok § H400-

i=i'4+1 j=1 i=i'+1j5=1 i=i'+1 j5=0 =1 +1 1=1"+1
Hence, it holds that

i J() i

Z ZMZ]O_ Z ,u100+ Z ZM”ON Z 500+

i=i'4+1 7=0 1=1'+1 i=i'+1 j=1 1=1'+1
Lemmas 4.8(a) and 4.6 in combination with the geometric series show that

(3.5)

i 4 (420) (4.19)
> uiooN Z (i-1)jk = ZMUk lep Pjle < lp—Pijlle < pirje

1=1'+1 =i +1 =1/ =1/

If j* = j(i'), then Lemma 4.8(c) yields that p;jx = pirjrx S parjrrr- Otherwise, if j* < j(i'), then Lemma 4.8(b)—
(d) yield that -

(c) (b) (d) (c)
Pijk S Hijo S HirG-DE S Hij'k S it

Altogether, we have derived (4.28), which concludes the proof. O

5. CONVERGENCE RATES

5.1. Main theorem on optimal convergence rates

The first lemma relates two different characterizations of approximation classes from the literature, which
are either based on the accuracy € > 0 (see, e.g., [24,28]) or the number of elements N (see, e.g., [10,11]).

Lemma 5.1. Recall that T® = T°(Tini). Let 0 : T — Rxq satisfy that infrepe o(7) = 0. Let s > 0 and define

AS(p) := sup ((N +1)° min g(T)), where TS :={T € T® : #T — #Tiniy < N}. (5.1)
NeNy TeTy

With T¢(0) :={T € T° : o(T) <e} # 0 for e > 0, there holds the equality

AS(g) =sup (= _min (#T — #Tw)")- (5.2)
e>0 TeT: (o)
The minimum in (5.1) exists, since all TS, are finite sets. The minimum in (5.2) exists, since the cardinality
is a mapping # : T"® — N. In either case, the minimizers might not be unique. If T¢ = T°(Zinit) is replaced by
T = T"(Tinit), one can define A2°, TR, and T2°(p) similarly, and the assertion (5.2) holds accordingly.

Proof. We only consider the set T° of conforming triangulations, the proof for the set T"° of non-conforming
triangulations follows along the same lines. For N € Ny, define e := minzers, o(T) > 0.

Step 1. To prove “>” in (5.2), let £ > 0. If 0 < € < &p, there exists a minimal N € Ng such that mingerg o(7) <
e. In particular, it follows that N > 0, TS NTS(o) # 0, and € < mingere, (7). This yields that

N-—1

. . - < s < — C . .
e min (#T —#T)" < _min o(T)N* < sup ((N+1) Jin Q(T)) A%(o) (5.3)



1860 G. DI FRATTA ET AL.

If g < ¢, then Tpni € TE (0) € TE(0) and hence the left-hand side of (5.3) is zero, and (5.3) thus remains true.
Taking the supremum over all € > 0, we prove “>" in (5.2).

Step 2. To prove “<” in (5.2), let N € Ny. If ey > 0, the definition of ¢ yields that #7 — #7in;t > N + 1 for
all 7 € TS, (o) and all 0 < A < 1. This proves that

1
N+ 1) min o(7) < min T — #Thit)’ en < — sup (¢ min T — #Tni)?). 5.4
(N 1) pin ofT) < _min (BT —#Tou)" o < 3 sup (€ min (4T —#To)'). (50)

If ey = 0, then the left-hand side of (5.4) is zero, and the overall estimate thus remains true. Taking the
supremum over all N € Ny, we prove “<” in (5.2) for the limit A — 1. O
The following lemma specifies o(7") and hence introduces the precise approximation class of the present work.

Lemma 5.2. For s >0, let
AS = AS(o), where o(T):=n(T;Urlpr],pr)+ IV -Urlprllla for T € TC. (5.5)

Then, o satisfies the assumptions of Lemma 5.1. Moreover, there exists a constant C' > 0, which depends only
on Csiap and Ciel, such that

oT)<C  min_ ((T:Ur[Qr).Q7) + IV - UrlQrllo). (56)

Proof. Let Qr € P(T). According to (2.14), we have that |Ur[pr] — Ur[Q7]llv < |lpr — Q7llp- Since pr

is the best approximation of p in P(7), it holds that ||pr — Q7llr < |lp — Q7 |lp. Hence, stability (3.7) and
reliability (3.5) of the error estimator prove that

o7) =n(T;Urlprl,p7) + IV - UrlpT]le
¢

w
3
J

S (T Ur[Qr], Qr) + |Urlpr] — Ur[Q7lllv + lpr — Qe + |V - Ur Q7]
ST Ur(Qr], Qr) + IV - Ur(Qrllla + llp — Qrllp.

(3.5)
S n(7;UrQ7], Q1) + |V - Ur[Q7]le-

This proves (5.6). With linear convergence (Thm. 4.1), this yields that

ot

inf o(7) < inf o(Tyx) S inf (nix + IV - Ugrlla) = 0.
TIQTCQ( )7(1'73'1,2)6QQ( ]k)N(i,jl,g)eQ(njk | lle)

This concludes the proof. O

Together with Theorem 4.1, the following theorem is the main result of this work. It states optimal convergence
of Algorithm 3.7. The proof is given in Section 5.2.

Theorem 5.3. Let 0 <9 < C;l and 0 < 0 < Oy := (1 +C2,,C2.))"L. Suppose that

1 — £1Cstab)?0opt — (1 + 671 KIC?
Kl<91/205tab and 9<sup( K1 tb) pt ( + )’K'Jl stab

Sup 155 , (5.7)

i.e., 0 < K1 < 1 is sufficiently small. Moreover, let 0 < ko,k3 < 1 be sufficiently small in the sense of
Lemmoas 4.5, 4.6, and 5.6 below. Then, for all s > 0, it holds that

Al <o = ( su)p (ijk + |V - Ujillo) (#Tijk — #Tinis + 1)5 < 00. (5.8)
i,5,k)EQ



ADAPTIVE UZAWA ALGORITHM 1861

The following remark relates our definition of the approximation class from Lemma 5.2 to that of the so-called
total error. We refer to Appendix C for the proof.

Remark 5.4. (i) The seminal work [24] employs two approximation classes:
AS = AS f T):= i - Vr|v.
o As(u) = Aleu) for 0u(T) = min v = Vrlv

o A¥(p) := Ag°(op) for 0,(P) := Q;relg(lp) lp — Qrlle = llp — prlle.

With the data oscillations for any P € T, osc? := 3 pp 0sc3. where osc? = [T|*/" ||(1 — Ilp) f||3 for all
T € P, we additionally define the approximation class:

o A%(f) :=A2(py) for ¢ (P) := osc(P).
Clearly, the definitions of g,, ¢u, and gy satisfy the assumptions of Lemma 5.1. Moreover,
AL (p) ~ Al(p) := Al(ep) and  AL(f) ~ AL(S) := Al(or) (5.9)
(ii) If we additionally define
o AS(u,p, f) = Af(0up.g) for 0up#(T) = 0u(T) + 0p(T) + 05(T),

then it holds for all s > 0 that

(AS(w) +AL(p) + AI(S)) < Af(u,p, f) < 3 (Af(w) + A(p) + AL(S)). (5.10)

Wl =

In the literature, cf. [10,11], the term g, p £(7) is usually referred to as total error.
(iii) There hold efficiency and reliability in the sense that

A SA(u,p, f) < Cra AG, (5.11)

i.e., our approximation class coincides with the one of the total error. In particular, if the volume force f is
a Tinig-piecewise polynomial of degree less or equal than m — 1, the oscillations vanish and our approximation
class also coincides with that of Section 7 from [24].

(iv) Note that for smooth u,p, and f and uniform mesh-refinement, one expects an optimal algebraic conver-
gence rate of s = m/d. For non-smooth data and adaptive mesh-refinement, the involved approximation classes
can be characterized in terms of Besov regularity; see, e.g., [7,18,19].

5.2. Proof of Theorem 5.3

We start with an auxiliary lemma, which was originally proved in Lemma 6.3 from [24].

Lemma 5.5. Let 0 <9 < < C’d_i\l,. Let 0 < w < 1 be sufficiently small such that

19/
0 < q:=Caiy & <1, (512)
l-w
Let P € T and T € T°(P). Let Qp € P(P). Let Vr € V(T) satisfy that
IV - (u[@p] — V1)[lo Sw[|V - V1|q. (5.13)

Then, binev(P, T, Vr;9) from Algorithm 3.6 returns P’ € T"(P) such that the following implication is
satisfied for all P € T"¢(P)

lp—pslE <(1—a*)p—Qpllp = #P' —#P < Coin (#P — #Tiuit)- (5.14)
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Proof. To see (5.14), let P € T"(P) with ||p — ppll2 < (1 — ¢*) [|[p — Qp||3. Note that
Ip—p5lE <llp—ppll2 <1 -d*)p—Qpl}, where P:=PaP cT(P). (5.15)

The triangle inequality and assumption (5.13) show that

(5.13)
IV-Vrlo <[IV-ul@p]lla + IV (u[@p] = V)l < [V ul@plllo +w|V:-Vrla.
Hence, Lemma 3.5 yields that

1 —-w)? V- V|3 <PV ulQp]ll3

(3.10) , (5.15) , ) , B9 )
< ¢lp=Qrlle < llp—Qrllp—Ilp—psle=llps — Qrllp < Coi sV - u[@Qp]llg-

The triangle inequality together with (5.13) shows that

(5.13)
M5V - u[Qplllo < [T5V - Vrlo+ [TV - (u[Qp] = V7)o < TV - Vrlo+w|V-Vr|a.

Altogether, we derive that
q(1—w) V- Vrlla < Cai TV - u[@Qp]lla < Caiv (1Y - Vrllo + w ||V - V7o)
By choice of ¢ in (5.12), this is equivalent to

(1-w)—Caivw
C1div

By definition, Algorithm 3.6 returns P’ € T*¢(P) such that

9V - Vrllo =2 IV - Vrllo < [TV - Vil

~ (M1) _
#Pl - #P S C'bin (#P - #P) S C(bin (#P - #/Tirlit)~

This concludes the proof. O
The heart of the proof of Theorem 4.1 is the following auxiliary lemma.

Lemma 5.6. Let (i,j,k) € Q with k < k(i,j) and s > 0. Let 0 < 9 < C’d_i\l, and 0 < 6 < Oopy = (1 +
C2 ,C3 )7L Let 0 < Ky < 1 be sufficiently small such that (5.7) is satisfied. For sufficiently small 0 < ko < 1
(see (5.24) in the proof below), there exists Ceomp such that

—1/s

#Mijk < Ccomp(l + (AZ)l/S)(’r]i]’k + ||V . Uijk”Q) (5.16)

The constant Ceomp > 0 depends only on the domain Q, ~y-shape regularity, the polynomial degree m, the
parameters K1, ko, k3,9, 0 Chark, and s.

Proof. The proof is split into five steps.
Step 1. Choose

e =ik + IV - Uijklla- (5.17)

Without loss of generality, we may assume that £ > 0 and Aj < oo. Then, Lemmas 5.1 and 5.2 guarantee the
existence of 7 € T such that

#7T — #Tie < (A/0)'° and (T Uzlp7], p7) + IV - Uzlpzlle <e. (5.18)
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Step 2. Define the uniformly refined triangulations
’?0 :=close(P;) ®7 and Tn+1 = reflne(’fn,’];) for all n € Ny.

Note that P;; € P(P;) C IP’(’?,L) We recall some standard arguments for adaptive mesh-refinement for the (vector-
valued) Poisson model problem. Reliability (3.3), stability (3.7), and reduction (3.8) guarantee the existence of
Cotr > 0 and 0 < ggtr < 1 such that

1(T0; Uz [Pij], Pij) < Cetn qe n(To; Uz [Pig), Pij);

see, e.g., Theorem 4.1 (i) of [1()] According to, e.g., Section 3.4 of [10], there exists CJ,.,, > 0 such that for all
TeTe, T ¢ TC(T),P?E}P(T)
n(T';Uz,[Pz], Pz) < Crooun(T: Uz Pz, P7) (5.19)

Note that Cetr, getr, and C,.,, depend only on ~-shape regularity and the polynomial degree m. With stabil-

ity (3.7) and quasi-monotonicity (5.19), it follows that
n(fn; U’f’n [Pij]a B]) < Cetr qctr (767 U [ Zj] Pij)

(3.7) ~
< Cew 4ot [1(70; Uz, o7 p7) + Cstan (|U7, [Pig) — Uz [p7lllv + 1Py — p7lle)]
(5.19

) _
< Cetr Getr [Craon 1T Uz lp7]s p7) + Cstan (U3, [Pij] — Uz [p7lllv + 1Py — p7lle) |-
With (2.14), we hence obtain that
77(7A'n; Uz [Py, Pij) < Cotr 44y [Cloon 1(T; Uz[p7], p7) + 2Cstab || Pij — p7lp]-
According to the reliability estimates (3.5) and (4.7), it holds that

125 — pzlle < llp — pzlle + llp — Pijlle
< Cla(w1) { (0(T; Uzlpz), p7) + IV - UzlpFllle) + (e + IV - Ugilla) }-

By choice of 7 in Step 1 and for k < k(i, j), we overall obtain that

1(To; Uz [Pij), Pij) < %y Cotr [Chaon + 4 Cistab Crar(51)] (nigi + IV - Ui ll)

(49) ) ) 1 1 (5.20)
< Aetr CCtr [Cmon + 4CS'Gab Crcl(ﬂl)] N (1 + 7) Nijk-
K2 R3
Step 3. To shorten notation, we set 7, := n(Zijr; U, [ Pijl, Pij) and Uy = Ur, . [Pij]. Note that discrete
reliability (3.6) and stability (3.7) imply optimality of Dorfler marking (see e.g., [ ] Sect. 4.5): For any
0 < 84 < Bopt, there exists some 0 < A = A(6,) < 1 such that, for all T € T°(7;;%), it holds that
(T Uz[Py), Py) < Ay = 0. () < 0(Tiji \ T Ui, Poj) . (5.21)
The second inequality in (5.21), Lemma 4.3, and the Young inequality imply for § > 0 that
R ) Ly (32D
(1 = K£1Csan) 04 Nk < 9*(71ijk) < 0(Tizk \T JkaPzJ)
(4.3)

< (4 0(Tije \ T: Ui, Pij)* + (1+ 6 )RICE
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Due to (5.7), we can choose 0 < 6, < fop¢ sufficiently close to Op¢ such that
(5.7)

1 — k1Cstap )20, — (1 + 5 HK2C ~
O < sup U B Z U0 It o (7 \ T Ui, P2 (522
J 5> 1 + 6 J
Let ¢ € Ny be the minimal integer such that
C’ 1 1
——mon___ oo [C! 4Csta1,C —(14+ =) <A\
qctr 1_— Hloqtab t [ mon + tab rel( )] Ko ( + 53) =
Recall 'j:[ from Step 2. For T = ,?g ® Tijk, it then holds that
n(T; Uz [Py,

(5.20) (4.4)
1]) < G on 77(727 U [ 1]] RJ) < A (1 - K/lcs‘?ab) Nijk < )‘nijk
Hence, (5.21) and (5.22) imply that 677,

< n(Tiji \ T; Uiji, Pij)?

Step 4. Since M,;; C 7, in Algorithm 3.7 (iv) has (up to some fixed factor Ciark) minimal cardinality, the
overlay estimate (M1) implies that

1 (5.21 . ~ (VS IN
Cmark#Mijk' < #(Z]k \T) < #T - #%jk < #%

(M2)
>~ - #ﬂnit S son#%
oy, _
< O%on (#Close(Pi) + #T - #,Tinit)
(5.18)
<

~

¢ s —1/s
(A9Y (nijk + IV - Uijilla) /s 4 #close(P;)
Elementary calculation (see, e.g., [3], Lem. 22) shows that

#P — # T+ 1 < #P < # T (#P — #Tuie + 1) for all P € T™
With %% ~ 1S (nx + |V - Usgella) ™

, the conformity estimate (M4) yields that
#close(P;) S

—1/s
Altogether, this step thus concludes that

#Mijr S (L+ (ADY*) (i + ||V - Uijk“Q)_l/s + (#Pi — #Tinit)-

(5.23)
Step 5. Reliability (4.5) as well as Algorithm 3.7 (ii) show for all 0 <4’ < ¢ that
IV - (wirj = Usji)lle < llwiry = Uijrllv < Cla(ka) mirge < Clei(s1) o IV - Urikllo-
Let 0 < ¥ < < Cyl and w := C’ ) (k1)k2/(1 — K2). For 0 < kg < 1 with
,’9/
0<qi=Cu 20 <1, (5.24)

l-w

Lemma 5.5 applies and proves for all P;; € T"¢(P;/) that

Ip—pp, lle < (1= q2)"/2 |p -

Pujle = #Piy1 — #Piv S #Pi — #Tinit.-
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We choose P; from the definition (5.2) of the approximation norm A¢ such that

#Pi — #Tuie < (Al/er)'* with 9(Py;Us,lpp,].p5,) + IV - Us, b5, llle
(1- )"
<ep =" llp— Prjle.
Céel(ml) !
Reliability (3.5) shows that ||p—p5ﬂ llp < Creal (n(ﬁi/; Ufi' [pfw]’pfi')—'— ||V~Ufi, [pﬁ,]HQ) With Cre < CY (K1),
Lemmas 4.6 and 4.7(b) yield that

i—1 1—1 B (b) B
#P;i — #Tinit = Z(#Pi’-H — #Pir) S (ADY? Z lp— Pi’l'H]P’l/ S (A |lp - P(i71)1||1p>1/ :
=0 =0

Next, we prove that |p — P(i—l)l'”[;l/s < (mige + ||V - Uijk”Q)_l/S. To this end, we apply Lemmas 4.8(a)—
(d) and 4.6. For 4, j > 0, it holds that
(c) (b) (d)
Nijk + IV - Usjklla S nijo + IV - Uijolla S mig—1e + IV - Uig-nella S niok + IV - Uioklle
(c) (a) (4.20)
< mioo + |V - Uioolle < n-1yk + IV - U-njelle =" |lp = Pu-v;lle.
Note that the overall estimate is also true if 5 = 0. This proves that #P; — #Tni < (AS)Y/® (mjk +|V-
Uiirlle) ~/°. With (5.23), we obtain that
c s —1/s
HFMig S (L4 (ADY) (mige + IV - Uigella) ~°.
This concludes the proof. (I

Proof of Theorem 5.3. The proof is split into two steps.

Step 1. We show the lower bound in (5.8). Recall that P;; € P(P;) C P(7;,i) for all (4,7, k) € Q. Therefore,
Lemma 5.2 gives that

(5.6) (4.0)
o(Tiji) S n(Tiji; Uz, [Pyl Pig) + IV - Uz, [Pyllle = nijk + |V - Usl|. (5.25)

If there exists some (7,7,k) € Q such that T, = Ty for all (¢,5, k") € Q with (i,7,k) < (¢/,j', k"), then,

o(Tivjir) = o(Tiji), (5.6), and convergence (4.2) yield that o(Z;j5) = 0 and hence AS < oco. Otherwise, let
N € Ny and let (7,4, k) € Q be the largest possible index (with respect to “<”) such that #7;;; — #Zinit < N,
i.e., T € TS . Clearly, it holds that k < k(¢, j). Therefore, the son estimate (M2) yields that

(M2)
N+ 1< #Tj41) — #inie + 1 = #5001 =~ # ik = # ik — # i + 1.
Together with (5.25), this leads to

in (N +1)°0(T) S (#7Tijr — #Tinie + 1) 0(Tijin)-
€Ts,

Taking the supremum over all (i, 7, k) € Q, and then over all N € Ny, we conclude the first step.
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Step 2. We show the upper bound in (5.8). According to the closure estimate (M3) and Lemma 5.6, it holds
for all (¢/,5',k") € Q with Ty jrgr # Tiniy that

(M3)
#Tojnr — #Tmie + 1 = # Ty — #Tmie S > #Mi
(i,3,k)< (2" ,5" k")
k#k(,5)
619 c\1/s —1/s
S (14 (A9?) > (i + IV - Uigiella) "
(1.3, R)S 37 k)
Hence, linear convergence (4.2) in combination with Lemma 4.7(a) gives that
< c\1/s\s —1/s
#Tvjow — #Tmin + 1.5 (14 (ADY*) (irgrwe + IV - Uirjwel)
for all for all (¢/, 5/, k") € Q with Ty j1jr # Tinie. For all other (¢/, 7', k') € Q with 7 = Tinis, the latter estimate
is clear. With (1 + (AS)'/*)* <1+ AS, we conclude the proof. O

APPENDIX A. CONTRACTION PROPERTY OF N,
The norm of a self-adjoint operator 1': H — H on a Hilbert space H satisfies that

T T
Tz, 2)n and M := sup T, 2)n,

IT)| = max{|p|,|M|}, where pu:=
wel\{o} [lz[|% vem(oy  l1zll%

If T is positive semi-definite (i.e., (Tx, )y > 0 for all z € H), then
<Tl', $>H
1Tl = sup o
vemvor  lzll%

Consider H = P. Let 0 < o < 2|S||~!. Since the Schur complement operator S = V-A7V : P — P is
self-adjoint, also the operator T := I — «.S is self-adjoint. Moreover, S is positive definite. Hence,

T=aS)agda_y gy 000 ygs

= 1.
4€P\{0} gl serr(or  llall?
as well as
I —aS S
M= sup a)2q,q>nzl_a 0 <q,;1>9<1.
q€P\{0} llall§, aeP\{0} [lq/|g

Altogether, ||I — aS|| = max{|ul,|M|} < 1 and thus N, : P — P from (1.4) is a contraction.

ApPENDIX B. PROOF OF (2.2)

It suffices to prove the inequality for v in the dense subspace C°(Q)" C H}(Q) = V. Integration by parts
and the fact that 0,0;v; = 9;0,v; show that

n

HVUHSQ): Z<avjaakvk Q= Z 0k3vj,vk 0= Z 88kv],vk
7,k=1

J,k=1 7» k=1
n n 1 n

= > 0wy, ve)a < Y 10kvjlllldivkla =3 > (I10evil1d + 11050el|3) = Vo3
G k=1 Gk=1 j.k=1
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APPENDIX C. PROOF OF REMARK 5.4

Proof of (5.9). Let g € {p, f}. First, AZ°(q) < AS(q) is trivially satisfied due to T® C T"°. To see the converse
inequality, let N € Ng be arbitrary and P" € T} with o,(P’) = minperne 04(P). According to (M4), we have
that close(P) € T . Thus, monotonicity of g, gives that
Teﬂr‘{lin (CasN 4+ 1)°04(T) < (CasN + 1)%g4(close(P’)) < (Cus + 1)°(N + 1)%04(P")

N)

LCa1s

= (Cas + 1)*(N +1)® min ,(P) < (Ces + 1)°A2(q).

PETy?
Finally, elementary estimation yields for arbitrary M € Ny and N := | M/Cqs] that
min (M +1)%04(7) S Te%pin (CasN +1)%0,(T) < 2°A%(q).

~J
TeTS, [C N

cls

Taking the supremum over all M € Ny, we conclude the proof. (I
Proof of (5.10). By definition, we have that 04 (7) + 0p(7) + 0£(7T) = Qup,#(7). Hence,
A(uw) + AS(p) + AY(S) < 3AY(u, p, f).

Moreover, the overlay estimate (M1) also proves the converse estimate.

To see this, let N € Nyg. If N mod 3 = 0, choose n’ = n” =n"" = N/3 € Nyo. If N mod 3 = 2, choose
n=(N-1)/3,n" = (N—-1)/3 € Ny, n'/ = (N +2)/3 € Ng. If N mod 3 = 1, choose n’ = (N —2)/3,
n"” = (N +1)/3 € No, n" = (N +1)/3 € No. Choose T" € Ty, such that 0,(7") = mingere, 0u(7). Choose
T" € T¢, such that p,(7"”) = mingere, 0,(7). Choose 7" € T¢,, such that ,(7"") = minrere,, 0p(7).
Then, n’ +n” +n"" = N and hence T — T aT"aT" ¢ TS, Moreover, the monotonicity of g, g;, and of
yields that

. N +1ys
(N + 1) g s (T) < (

— 2) 1) 0u(T) +
(D) 1 0 (1) < (S0) (stan) + £500) + 45(9)

Since (N +1)/(n’ + 1) < 3, this concludes the proof. O

N +1ys .
) (D e(T)

Proof of (5.11). For all 7 € T¢, it holds that (1 — II7)(—Vpr + AUr[pr]) = 0 and thus osc(7) <
n(T;Urlpr], pr). Together with reliability (3.5), this implies that AS(u,p, f) < Cre AS. A standard efficiency
estimate (see, e.g., [1], Lem. 4.2) together with the triangle inequality and (2.2) show that

[1]
n(7;Urlprl,pr) + IV - Urlprllle < llulpr] — Urlpr]llv + osc(T) + ||V - ulpr]lle
(3.10)
< lu = Ur[pr]llv + |lu — ulpz]llv + [lp — prlle + osc(7)

2.14
CLY \lw — Uz pr]llv + 2llp — prlle + 0se(T).

The hidden constant depends only on 7i,;; and the polynomial degree of m. Moreover, it holds that Us :=
argminy, cy(7)l|lw — Vr|lv = Ur[p]. Hence, (2.14) shows that

(2.14)
[u—Urlprlllv < [lw—Urllv +[|[Urlpl = Urlpr]lv < [[u—Urzllv + p - prlle-

Combining the latter two estimates, we prove for 7i,;t-piecewise polynomial f that

T - < mi - i - 7).
n(7;Urlprl,pr) + |V UT[pT]HQNVTIgggT) [l VTHv+QTHElggT)Hp Qe + o0sc(T)

Overall, we thus get the converse estimate AS < AS(u,p, f) and hence obtain (5.11). O
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APPENDIX D. LIST OF SYMBOLS

The most important symbols are listed in the following table.

Name Description First appear-
ance
a(- ) Bilinear form corresponding to —A Section 2.1
A Operator corresponding to —A Section 2.1
AS Approximation constant on conforming triangulations Lemma 5.2
AS(Y) Approximation constant for given quantity on conforming triangula- Lemma 5.1
tions
A Approximation constant on non-conforming triangulations Lemma 5.2
Ae() Approximation constant for given quantity on non-conforming trian- Lemma 5.1
gulations
b(, ) Bilinear from corresponding to —V- Section 2.1
B Operator corresponding to —V- Section 2.1
B’ Operator corresponding to V Section 2.1
binev(-,-, ;) Output of Binev algorithm Algorithm 3.6
bisect(-,-) Non-conforming refinement function Section 2.2
Ch Linear convergence constant in k-direction Lemma 4.4
Co Linear convergence constant in j-direction Lemma 4.5
Cs Linear convergence constant in ¢-direction Lemma 4.6
Chin Binev constant Section 3.2
Ces Constant in closure estimate Section 2.2
Ceomp Comparison constant Lemma 5.6
Caiv Equivalence constant for norms on pressure space Section 2.1
Clrel Discrete reliability constant Lemma 3.2
Clin Linear convergence constant Theorem 4.1
Cnark Marking constant of adaptive algorithm Algorithm 3.7
Chon Monotonicity constant for estimator Lemma 4.8
Clred Reduction constant Lemma 3.4
Crel Reliability constant Lemma 3.1
") Reliability constant for adaptive algorithm Lemma 4.3
Cson Maximal number of sons Section 2.2
Cstab Stability constant for estimator Lemma 3.3
close(+) Conforming closure of triangulation Section 2.2
d Dimension Section 1.1
n Error estimator Section 3.1
Nijk Error estimator of adaptive algorithm Section 2.6
nr Error indicator on an element Section 3.1
f Given body force Section 1.1
¥ Shape regularity constant Section 2.2
J Maximal index j for given index ¢ Lemma 3.9
k Maximal index k for given indices (i, j) Lemma 3.9
K1 Parameter of adaptive algorithm to approximate Galerkin approxi- Algorithm 3.7
mation

Ko Parameter for i direction of adaptive algorithm
K3 Parameter for j direction of adaptive algorithm
m Polynomial degree

Q Bounded Lipschitz domain

P Exact pressure

Algorithm 3.7
Algorithm 3.7
Section 2.3
Section 1.1
Section 1.1



a3

Qlin
Qred

Q
refine(:,-)
S

']I‘C
T<(-)
T2 ()
Ty
’]TnC
T ()
T2 ()
T
Tijk

init
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Best approximation in discrete pressure space of adaptive algorithm
Best approximation in discrete pressure space

Approximative pressure of adaptive algorithm

Pressure space

Discrete pressure space on non-conforming triangulation
Discrete pressure space of adaptive algorithm

Non-conforming triangulation for pressure of adaptive algorithm
L2-orthogonal projection on non-conforming triangulation of adap-
tive algorithm

L?-orthogonal projection on non-conforming triangulation
Linear convergence constant in k-direction between 0 and 1
Linear convergence constant in j-direction between 0 and 1
Linear convergence constant in i-direction between 0 and 1
Linear convergence constant between 0 and 1

Reduction constant between 0 and 1

Set of possible indices

Conforming refinement function

Schur complement operator

Set of conforming triangulations

Set of conforming refinements

Set of conforming triangulations with given quantity below &
Set of conforming triangulations with bounded element number
Set of non-conforming triangulations

Set of non-conforming refinements

Set of non-conforming triangulations with given quantity below e
Set of non-conforming triangulations with bounded element number
Conforming triangulation for velocity of adaptive algorithm
Initial conforming triangulation

Parameter of Binev algorithm

Dorfler marking parameter of adaptive algorithm

Threshold for Dorfler marking parameter

Exact velocity

Exact velocity for given pressure

Exact velocity to approximate pressure of adaptive algorithm
Exact velocity for best approximation in discrete pressure space
Approximative velocity of adaptive algorithm

Galerkin approximation of velocity for given pressure

Velocity space

Discrete velocity space on conforming triangulation

Discrete velocity space of adaptive algorithm

L2-scalar product

L?-norm

Norm on pressure space

Norm on velocity space

Number of iterations to reach given indices

Overlay of two triangulations

Order relation on set of possible indices

Section 2.6
Section 2.4
Section 2.6
Section 1.1
Section 2.3
Section 2.6
Section 2.6
Section 2.6

Section 2.4
Lemma 4.4
Lemma 4.5
Lemma 4.6
Theorem 4.1
Lemma 3.4
Lemma 3.9
Section 2.2
Section 2.1
Section 2.2
Section 2.2
Lemma 5.1
Lemma 5.1
Section 2.2
Section 2.2
Lemma 5.1
Lemma 5.1
Section 2.6
Section 2.2
Algorithm 3.6
Algorithm 3.7
Algorithm 3.7
Section 1.1
Section 2.4
Section 2.6
Section 2.4
Section 2.6
Section 2.4
Section 1.1
Section 2.3
Section 2.6
Section 2.1
Section 2.1
Section 2.1
Section 2.1
Section 4.1
Section 2.2
Section 4.1
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