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A RELAXATION SCHEME FOR A HYPERBOLIC MULTIPHASE
FLOW MODEL

PART I: BAROTROPIC EOS

KHALED SALEH*

Abstract. This article is the first of two in which we develop a relaxation finite volume scheme for the
convective part of the multiphase flow models introduced in the series of papers (Hérard, C.R. Math.
354 (2016) 954-959; Hérard, Math. Comput. Modell. 45 (2007) 732-755; Boukili and Hérard, ESAIM:
M2AN 53 (2019) 1031-1059). In the present article we focus on barotropic flows where in each phase
the pressure is a given function of the density. The case of general equations of state will be the purpose
of the second article. We show how it is possible to extend the relaxation scheme designed in Coquel
et al. (ESAIM: M2AN 48 (2013) 165-206) for the barotropic Baer-Nunziato two phase flow model
to the multiphase flow model with N — where N is arbitrarily large — phases. The obtained scheme
inherits the main properties of the relaxation scheme designed for the Baer—Nunziato two phase flow
model. It applies to general barotropic equations of state. It is able to cope with arbitrarily small values
of the statistical phase fractions. The approximated phase fractions and phase densities are proven to
remain positive and a fully discrete energy inequality is also proven under a classical CFL condition.
For N = 3, the relaxation scheme is compared with Rusanov’s scheme, which is the only numerical
scheme presently available for the three phase flow model (see Boukili and Hérard, ESAIM: M2AN 53
(2019) 1031-1059). For the same level of refinement, the relaxation scheme is shown to be much more
accurate than Rusanov’s scheme, and for a given level of approximation error, the relaxation scheme
is shown to perform much better in terms of computational cost than Rusanov’s scheme. Moreover,
contrary to Rusanov’s scheme which develops strong oscillations when approximating vanishing phase
solutions, the numerical results show that the relaxation scheme remains stable in such regimes.
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1. INTRODUCTION

A multiphase flow is a flow involving the simultaneous presence of materials with different states or phases (for
instance gas-liquid-solid mixtures) or materials in the same state or phase but with different chemical properties
(for instance non miscible liquid-liquid mixtures). The modeling and numerical simulation of multiphase flows
is a relevant approach for a detailed investigation of some patterns occurring in many industrial sectors. In the
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oil and petroleum industry for instance, multiphase flow modeling is needed for the understanding of pipe flows
where non miscible oil, liquid water and gas and possibly solid particles are involved. In the chemical industry
some synthesis processes are based on three phase chemical reactors. In the metalworking industry, some cooling
processes involve multiphase flows.

In the nuclear industry, many applications involve multiphase flows such as accidental configurations that
may arise in pressurized water reactors, among which the Departure from Nucleate Boiling (DNB) [28], the Loss
of Coolant Accident (LOCA) [29], the re-flooding phase following a LOCA or the Reactivity Initiated Accident
(RIA) [19], that all involve two phase liquid-vapor flows. Other accidental configurations involve three phase
flows such as the steam explosion, a phenomenon consisting in violent boiling or flashing of water into steam,
occurring when the water is in contact with hot molten metal particles of “corium”: a liquid mixture of nuclear
fuel, fission products, control rods, structural materials, etc. resulting from a core meltdown. The corium is
fragmented in droplets the order of magnitude of which is 100 ym. This allows a very rapid heat transfer to
the surrounding water in a time less than the characteristic time of the pressure relaxation associated with
water evaporation, hence a dramatic increase of pressure and the possible apparition of shock and rarefaction
pressure waves that may also damage the reactor structure and cause a containment failure. The passage of the
pressure wave through the pre-dispersed metal creates flow forces which further fragment the melt, increasing
the interfacial area between corium droplets and liquid water, hence resulting in rapid heat transfer, and
thus sustaining the process. We refer the reader to [3] and the references therein in order to have a better
understanding of that problem, and also to the recent paper [21].

The modeling and numerical simulation of the steam explosion is an open topic up to now. Since the sudden
increase of vapor concentration results in huge pressure waves including shock and rarefaction waves, compress-
ible multiphase flow models with unique jump conditions and for which the initial-value problem is well posed
are mandatory. Some modeling efforts have been provided in this direction in [6,16,17,22]. The N-phase flow
models developed therein consist in an extension to N > 3 phases of the well-known Baer—Nunziato two phase
flow model [1]. They consist in N sets of partial differential equations (PDEs) accounting for the evolution
of phase fraction, density, velocity and energy of each phase. As in the Baer—-Nunziato model, the PDEs are
composed of a hyperbolic first order convective part consisting in N Euler-like systems coupled through non-
conservative terms and zero-th order source terms accounting for pressure, velocity and temperature relaxation
phenomena between the phases. It is worth noting that the latter models are quite similar to the classical two
phase flow models in [2,4,14]. We emphasize that the models considered here are only suitable for non miscible
fluids. We refer to [15,20] and the references therein for the modeling of flows involving miscible fluids such as
gas-gas mixtures.

The existing approach to approximate the admissible weak solutions of these models consists in a fractional
step method that treats separately convective effects and relaxation source terms. The present work is only
concerned with the numerical treatment of the convective part. For the numerical treatment of the relaxation
source terms in the framework of barotropic equations of state, we refer the reader to [6]. Up to now, Rusanov’s
scheme is the only numerical scheme available for the simulation of the convective part of the considered
multiphase flow model (see [6]). Rusanov’s scheme is well known for its simplicity but also for its poor accuracy
due to the very large associated numerical viscosity. Another drawback of Rusanov’s scheme observed when
simulating two phase flows is its lack of robustness in the regimes of vanishing phases occurring when one
(or more) phase is residual and the associated phase fraction is close to zero. Since accuracy and robustness
are critical for the reliable simulation of 2D and 3D phenomena arising in multiphase flows such as the steam
explosion, one must develop dedicated Riemann solver for these models.

The aim of this work is to develop a relaxation finite volume scheme for the barotropic multiphase flow model
introduced in [17]. In particular, we show how it is possible to extend the relaxation scheme designed in [12]
for the barotropic Baer—-Nunziato two phase flow model to the multiphase flow model with N — where N is
arbitrarily large — phases. The obtained scheme inherits the main properties of the relaxation scheme designed
for the Baer—-Nunziato model. Since it is a Suliciu type relaxation scheme, it applies to any barotropic equation
of state, provided that the pressure is an increasing function of the density (see [5,25,26]). The scheme is able to
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cope with arbitrarily small values of the statistical phase fractions, which are proven to remain positive as well
as the phase densities. Finally, a fully discrete energy inequality is also proven under a classical CFL condition.

In [11], the relaxation scheme has shown to compare well with two of the most popular existing schemes
available for the full Baer-Nunziato model (with energy equations), namely Schwendeman-Wahle-Kapila’s
Godunov-type scheme [24] and Tokareva-Toro’s HLLC scheme [27]. Still for the Baer-Nunziato model, the
relaxation scheme also has shown a higher precision and a lower computational cost (for comparable accuracy)
than Rusanov’s scheme. Regarding the multiphase flow model considered in the present paper, the relaxation
scheme is compared to Rusanov’s scheme, the only scheme presently available. As expected, for the same level
of refinement, the relaxation scheme is shown to be much more accurate than Rusanov’s scheme, and for a given
level of approximation error, the relaxation scheme is shown to perform much better in terms of computational
cost than Rusanov’s scheme. Moreover, the numerical results show that the relaxation scheme is much more
stable than Rusanov’s scheme which develops strong oscillations in vanishing phase regimes.

The relaxation scheme described here is restricted to the simulations of flows with subsonic relative speeds,
i.e. flows for which the difference between the material velocities of the phases is less than the monophasic
speeds of sound. For multiphase flow simulations in the nuclear industry context, this is not a restriction, but
it would be interesting though to extend the present scheme to sonic and supersonic flows.

For the sake of concision and simplicity, this work is only concerned with barotropic equations of states.
However, as it was done for the two phase Baer—-Nunziato model in [11], an extension of the relaxation scheme
to the full multiphase flow model with energy equations is within easy reach. This will be the purpose of a
companion paper.

The paper is organized as follows. Section 2 is devoted to the presentation of the multiphase flow model. In
Section 3 we explain how to extend the relaxation Riemann solver designed in [12] to the multiphase flow model
and Section 4 is devoted to the numerical applications on the three phase flow model. In addition to a convergence
and CPU cost study in Test-case 1, we simulate in Test-cases 2 and 3 vanishing phase configurations where two
of the three phases have nearly disappeared in some space region. In particular, Test-case 3 is dedicated to the
interaction of a gas shock wave with a lid of rigid particles.

2. THE MULTIPHASE FLOW MODEL

We consider the following system of partial differential equations (PDESs) introduced in [17] for the modeling

of the evolution of N distinct compressible phases in a one dimensional space: for K = 1,...,N, x € R and
t > 0:

Oravy, + "//[(U)amak =0, (2.13,)

Oy (Oékpk) + Oy (akpkuk) =0, (2.1b)

O (arprur) + 0x (prui + cpr(pr)) + Z%i P (U)0raq = 0. (2.1¢c)

The model consists in N coupled Euler-type systems. The quantities ag, pr and wug represent the mean
statistical fraction, the mean density and the mean velocity in phase k (for k = 1,...,N). The quantity p
is the pressure in phase k. We assume barotropic pressure laws for each phase so that the pressure is a given
function of the density pr +— pr(pr) with the classical assumption that pj(pr) > 0. The mean statistical
fractions and the mean densities are positive and the following saturation constraint holds everywhere at every
time: Zivzl aj = 1. Thus, among the N equations (2.1a), N — 1 are independent and the main unknown U is
expected to belong to the physical space:

T 3N—-1
Qu = {U = (a1,...,aN_1,01P1,. .., ANPN, X1P1UL, ..., aNpNUN) € R ;

such that 0 < aq,...,ay_1 <1 and agpr > 0 for allk:l,...,N}.



1766 K. SALEH

Following [17], several closure laws can be given for the so-called interface velocity ¥7(U) and interface
pressures &y, (U). Throughout the whole paper, we make the following choice:

HO =, amd (S e e e I N 22

With this particular choice, observing that the saturation constraint gives Z;\Ll,l K Oy = —0,qy for all
k=1,...,N the momentum equations (2.1c) can be simplified as follows:

B; (arprur) + 0 (arprud + arpi(p1)) + 31 pi(pr)ducy = 0, (2.3)

O (akpruk) + Oy (akpkui + akpk(pk)) — pr(pr) Oz, = 0, k=2,...,N. (2.4)

Remark 2.1. When N = 2, system (2.1) is the convective part of the Baer—Nunziato two phase flow model
[1]. This model is thus an extension of the Baer-Nunziato two phase flow model to N (possibly > 3) phases. As
for the Baer—Nunziato model, in the areas where all the statistical fractions «aj are constant in space, system
(2.1) consists in N independent Euler systems weighted by the statistical fraction of the corresponding phase.
These Euler systems are coupled through non-conservative terms which are active only in the areas where the
statistical fractions gradients are non zero.

Remark 2.2. The choice ¥7(U) = u; is classical for the two phase flow model when phase 1 is dispersed and
phase 2 prevails in the fluid. It is then natural to take an interfacial velocity which is equal to the material
velocity of the dispersed phase. For three phase flows, the choice ¥7(U) = w; has been made in [6]. When
simulating the steam explosion phenomenon [3,21], it corresponds to taking an interfacial velocity equal to the
material velocity of the corium particles.

The following proposition characterizes the wave structure of system (2.1):

Proposition 2.3. With the closure laws (2.2), system (2.1) is weakly hyperbolic on Qy : it admits the following
3N — 1 real eigenvalues: 01(U) = ... = ony_1(U) = w1, on—14£(U) = up — ck(pr) for k = 1,...,N and
oon—14k(U) = up + e (pr) for k =1,..., N, where ci(pr) = \/P},(pr). The corresponding right eigenvectors are
linearly independent if, and only if,

ap,#0, Vk=1,...,N and lup — ug| # ex(pr), Vk=2,...,N. (2.5)

The characteristic field associated with o1(U),...,on_-1(U) is linearly degenerate while the characteristic
fields associated with on_141(U) and ocan_14x(U) for k=1,..., N are genuinely non-linear.

Proof. The proof can be found in [18]. O

Remark 2.4. The system is not hyperbolic in the usual sense because when (2.5) is not satisfied, the right
eigenvectors do not span the whole space R3V~1. Two possible phenomena may cause a loss of the strict
hyperbolicity: an interaction between the linearly degenerate field of velocity u; with one of the acoustic fields
of the phase k for k = 2,..., N, and vanishing values of one of the phase fractions ay, k£ = 1,...,N. In the
physical configurations of interest in the present work (such as three phase flows in nuclear reactors), the flows
have strongly subsonic relative velocities, i.e. a relative Mach number much smaller than one:

=]
cx(pr)

so that resonant configurations corresponding to wave interaction between acoustic fields and the u;-contact
discontinuity are unlikely to occur. In addition, following the definition of the admissible physical space Qy,
one never has ap = 0. However, ap = 0 is to be understood in the sense aj — 0 since one aim of this work
is to construct a robust enough numerical scheme that could handle all the possible values of aj € (0,1),
k=1,...,N, especially, arbitrarily small values.

< 1, Vk=2,...,N, (2.6)
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An important consequence of the closure law ¥#;(U) = u; is the linear degeneracy of the field associated with
the eigenvalue 01 (U) = ... = on5_1(U) = uy. This allows to define solutions with discontinuous phase fractions
through the Riemann invariants of this linear field. Indeed, as proven in [18], there are 2N independent Riemann
invariants associated with this field which is enough to parametrize the integral curves of the field since the
multiplicity of the eigenvalue is NV — 1. This can be done as long as the system is hyperbolic i.e. as long as
(2.5) is satisfied, which prevents the interaction between shock waves and the non conservative products in the
model.

An important consequence of the closure law (2.2) for the interface pressures &y, (U) is the existence of an
additional conservation law for the smooth solutions of (2.1). Defining the specific internal energy of phase k,
ex by €}.(pr) = pr(pr)/pi and the specific total energy of phase k by Ej = u} /2 + e(py), the smooth solutions
of (2.1) satisfy the following identities:

Oy (cnprEr) + Oy (a1p1Eruy + anpr(p1)ur) + ua E;\iz pi(p1)0zaq = 0, (2.7)
O (arprEr) + 02 (arprErur + arpr(pr)ur) — wipk(pr )0z = 0, k=2,...,N. (2.8)

In [18], the mappings U — (ayprEx)(U) are proven to be (non strictly) convex for all k = 1,..., N. Since, as
long as the system is hyperbolic, the gradients of «y, are supported away from shock waves, it is natural to use
theses mappings as mathematical entropies of system (2.1) and select the physical non-smooth weak solutions
of (2.1) as those which satisfy the following entropy inequalities in the weak sense:

Oy (cnprEr) + Op (a1p1Eruy + cnpr(p1)ur) + ua Elj\iQ pi(p1)0zoy <0, (2.9)
O (akprEy) + 0 (o pr Erur + cnpr(pr)ur) — uipr(pr)Ozar < 0, k=2,...,N. (2.10)

If a shock appears in phase 1, inequality (2.9) is strict and if a shock appears in phase & for some k € {2,..., N}
inequality (2.10) is strict. Summing for k = 1,..., N, the entropy weak solutions of (2.1) are seen to satisfy the
following total energy inequality:

O (Zszl akpkEk) + 0y (Zivﬂ (arprErur + Oékpk:(/)k)uk)) <0. (2.11)

Obviously, for smooth solutions, (2.11) is an equality.

3. A RELAXATION APPROXIMATE RIEMANN SOLVER

As for the Baer-Nunziato two phase flow model, system (2.1) has genuinely non-linear fields associated with
the phasic acoustic waves, which makes the construction of an exact Riemann solver very difficult. Following
similar steps as in [12], we introduce a relaxation approximation of the multiphase flow model (2.1) which is an
enlarged system involving N additional unknowns 7}, associated with linearizations of the phasic pressure laws.
These linearizations are designed to get a quasilinear enlarged system, shifting the initial non-linearity from the
convective part to a stiff relaxation source term. The relaxation approximation is based on the idea that the
solutions of the original system are formally recovered as the limit of the solutions of the proposed enlarged
system, in the regime of a vanishing relaxation coefficient € > 0. For a general framework on relaxation schemes
we refer to [5,9,10].

We propose to approximate the solutions of (2.1) by the solutions of the following Suliciu relaxation type
model (see [5,25,26]) in the limit ¢ — 0:

0, W + 0, (W) + d(W)D, W — ER(WE), TER, >0, (3.1)
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where the relaxation unknown is now expected to belong to the following enlarged phase space:

T 4N -1
Qw = {W = (a1, , ON—1,Q1P1, -, ANPN, ALP1IUL, - . -, ONPNUN, 11 T1, ... ,anpNTIN) €ER ;

such that 0 < aq,...,ay_1 <1, agpr > 0 and agpr 7k >0f0rk:1,...,N},

and where:
U101
_ 0 _ : ) 0 _
u10zaN_1
: 0 :
0 : 0
a1p1U1 0 0
' 5 (W) 5
II;;(W)o,a
_ ANPNUN - - 11 x ] o 0
g(W) = arprui +aam | d(W)0, W = iz R(W) = 0
2’ N )
QANPNUN + ANTN 0
0410171U1 l; HNZ(W)awal 011,01(7'1 — /Tl)
) 1N }
. 0 N
anpNINuN : lanpn (Tn — Tv) ]
L 0 i

The saturation constraint is still valid:
N
Z o = 1. (32)
k=1

For each phase k =1,...,N, 7, = p,?l is the specific volume of phase k and the pressure 7y, is a (partially)
linearized pressure 7y (7%, 71 ), the equation of state of which is defined by:

(7o, T) = Pr(Ti) + ai(Te = 7), k=1,.... N, (3.3)
where 7 +— Pi(7) := pr(77!) is the pressure of phase k seen as a function of the specific volume 7 = p~1.
Accordingly with (2.2) the relaxation interface pressure I (W) is defined by:

{fOl‘If:l,Hll(V\y):71'1(’7'1,7?)7 fOTlZQ,...,N (34)
for k £ 1, Wy (W) = mp (1, Tg), for I =1,..., N, | # k. ’

When N = 2, system (3.1) is exactly the same relaxation approximation introduced in [12] for the Baer—
Nunziato two phase flow model. In the formal limit € — 0, the additional variable 7, tends towards the specific
volume 7, and the linearized pressure law 7y (7, 7x) tends towards the original non-linear pressure law pg(px),
thus recovering system (2.1) in the first 3N — 1 equations of (3.1). The constants (ax)g=1,..~ in (3.3) are
positive parameters that must be taken large enough so as to satisfy the following sub-characteristic condition
(also called Whitham’s condition):

ﬁ>—370@,k:L“wN, (3.5)
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for all the values 7 encountered in the solution of (3.1). Performing a Chapman—Enskog expansion, one can see
that Whitham’s condition expresses that system (3.1) is a viscous perturbation of system (2.1) in the regime of
small €.

At the numerical level, a fractional step method is commonly used in the implementation of relaxation
methods: the first step is a time-advancing step using the solution of the Riemann problem for the convective
part of (3.1):

W + 0, g(W) +d(W)9, W =0, zeR,t>0, (3.6)

while the second step consists in an instantaneous relaxation towards the equilibrium system by imposing 7 = 7%
in the solution obtained by the first step. This second step is equivalent to sending € to 0 instantaneously. As
a consequence, we now focus on constructing an exact Riemann solver for the homogeneous convective system
(3.6). Let us first state the main mathematical properties of system (3.6).

The linearization (3.3) is designed so that system (3.6) has only linearly degenerate fields, thus making the
resolution of the Riemann problem for (3.6) easier than for the original system (2.1). We have the following
proposition:

Proposition 3.1. System (3.6) is weakly hyperbolic on Qw in the following sense. It admits the following
AN —1 real eigenvalues: o1(W) = ... = on_1(W) = w1, on—14£(W) = ug — ar7k, oan—14£(W) = u + ar7, and
osN—1+k(W) = ug for k =1,...,N. All the characteristic fields are linearly degenerate and the corresponding
right eigenvectors are linearly independent if, and only if,

ar #0, Vk=1,...,N and |luy — ug| # apme, Vk=2,...,N. (3.7)
Proof. The proof is given in Appendix A. O

Remark 3.2. Here again, one never has ay = 0 for W € Qw. However, ap = 0 is to be understood in the sense
ap — 0.

We also have the following properties:

Proposition 3.3. The smooth solutions as well as the entropy weak solutions of (3.6) satisfy the following
phasic energy equations:

Oy (alplgl) + Oy (a1p151u1 + OZ17T1’LL1) —+ uq Zl]\iz M0z = 0, (38)
Oy (Otkpkgk) + Oy (akpkgkuk + akwkuk) — Um0z = 0, k=2,...,N, (3.9)
where ) ) - P2T
u s (T, —
5k ::gk(ubTM'ﬂc):—k—l—ek(%)—&— k(k k>2 k( k)7 kzl,...7N.
2 2a3
Summing for k =1,..., N, the smooth solutions and the entropy weak solutions of (3.6) are seen to satisfy
an additional conservation law:
N N
O (Z Ozkpkgk> + 0y (Zk:l o prlruy + Oékﬂ'kuk) =0. (3.10)
k=1

Under Whitham’s condition (3.5), to be met for all the T}, under consideration, the following Gibbs principles
are satisfied fork=1,...,N:

7 = argmin{& (v, 7%, T )}, and  Ex(ug, 7k, k) = Ex(ug, k), (3.11)
Ty

where Ey(ug, k) = u? /2 + ex(pr)-
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Proof. The proof of (3.8) and (3.9) follows from classical manipulations. From the phasic mass and momentum
equations we first derive the evolution equation satisfied by u?/2. We then derive an equation for my (7%, 7x),
using the mass equation of phase k and the advection equation of 7. Combining these two equations and the
fact that 7y is advected, we obtain (3.8) and (3.9). The proof of Gibbs principle follows from an easy study of
the function Ty — Ex(ug, 7k, Tg)- |

Remark 3.4. Since all the characteristic fields of system (3.6) are linearly degenerate, the mixture energy
equation (3.10) is expected to be satisfied for not only smooth but also weak solutions. However, as we will see
later when constructing the solutions of the Riemann problem, in the stiff cases of vanishing phases where one
of the left or right phase fractions oy, 1 or oy g is close to zero for some k € {1,..., N}, ensuring positive values
of the densities of phase k requires an extra dissipation of the mixture energy by the computed solution.

3.1. The relaxation Riemann problem

Let (W, Wg) be two constant states in Qw and consider the Riemann problem for system (3.6) with the

following initial condition:
o W if 2 <0,
W(x,t=0) = {WR, fr>0 (3.12)

3.1.1. Definition of the solutions to the Riemann problem

Following Proposition 3.1, a solution to the Riemann problem (3.6)—(3.12) is expected to be a self-similar
function composed of constant intermediate states separated by waves which are contact discontinuities associ-
ated with the system’s eigenvalues. Since the phase fractions are transported by the material velocity of phase
1, the non-conservative products involving the phase fraction gradients are only active across this wave and the
phases are independent away from this wave. In particular, for a fixed k in {2,..., N}, the phase k quantities
may change across the contact discontinuities associated with the eigenvalues uy — ax7g, Uk, Ur — axTr and uq
and are constant across the other waves. For the applications aimed at by this work, we are only interested in
solutions which have a subsonic wave ordering:

|u17uk|<ak77€, Vki?,,N

Consequently, in the self-similar Riemann solution, the propagation velocity u; lies in-between the acoustic
waves of all the other phases. Moreover, ensuring the positivity of the phase 1 densities also requires the material
wave u1 to lie in between the acoustic waves of phase 1.

U1 t
Uy — a1T] U+ a1m Uk + Ak Tk
x .
Wave structure for phase 1. Wave structure for phase k, k = 2,.., N.

We now introduce the definition of solutions to the Riemann problem (3.6)—(3.12), which is a straightforward
extension of the definition of solutions in the case of two phase flows (see [12], Def. 4.1).

Definition 3.5. Let (Wy, Wg) be two states in Qw. A solution to the Riemann problem (3.6)—(3.12) with
subsonic wave ordering is a self-similar mapping W(z,t) = Wgiem(z/t; Wy, Wg) where the function £ —
Wriem (§; W, Wg) satisfies the following properties:

(i) Wgiem(&;Wr, Wg) is a piecewise constant function, composed of 3N waves (associated with the eigenvalues
Up — ATk, Up and ug + a7y for k =1,..., N) separating 3N + 1 constant intermediate states belonging to
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Qw, and such that:

€< k_r{linN{uk,L — apTk 1} = Wriem(§; Wz, Wg) = Wy,
o (3.13)

ceey

(ii) There exist uj € R and II* = (73,...,7%) € RY~! which depend on (W, Wg) such that the function
W(z,t) = WRiem (x/t; Wi, Wg) satisfies the following system of PDEs in the distributional sense:

W + 0,g(W) + D* (W, Wg)dp(z — ujt) =0, (3.14)
with
D*(Wp, Wg)= (UTAal,...,UTAaN_l,0,...,0,2;1271'an1,—W;AOLQ7...,—7T7VAOZN,O,...,O)T
where for k =1,...,N, Aoy, = o, — O, L.

(iii) Furthermore, the function W(x,t) = Wgiem (z/t; W1, Wg) also satisfies the following energy equations in
the distributional sense:

O (a1p1&1) + 0z (11 &E1u1 + armiug) + uf Zl]i2 70y =0, (3.15)
O (wpr€i) + Oz (cwprErun + cpmpug) — uimpOpay, = —Qp(uy, Wi, Wr)do(z —ujt), k=2,...,N.
(3.16)
where Q. (uj, Wy, Wg) is a nonnegative number.
(iv) The solution has a subsonic wave ordering in the following sense:
ukwL—aka7L<uT<uk,R+akayR, Vk=2,...,N. (317)

Remark 3.6. Following (3.4), there are N — 1 interface pressures corresponding to the phase pressures
(ma,...,mn). Moreover, the saturation constraint (3.2) gives Zl]\;l 14k Opap = —0zay for all k = 1,..., N,
which justifies the simplified form of the non-conservative product D* (W, Wgr)do(z — uit).

Remark 3.7. Equation (3.16) is a relaxed version of (3.9) in which the energy of phase k is allowed to be
dissipated across the uj-wave despite the linear degeneracy of the associated field. As explained in [12] for
the relaxation approximation of the Baer-Nunziato two phase flow model, allowing such a dissipation may be
necessary when an initial phase fraction ay, 1, or ay g is close to zero, in order to ensure the positivity of all the
intermediate densities.

3.1.2. The resolution strategy: a fixed-point research

Following the ideas developed in [12], the resolution of the Riemann problem (3.6)—(3.12) is based on a
fixed-point research which formally amounts to iterating on a two step procedure involving the pair (uf,IT*) €
R x RV~1. We first remark that system (3.14) can be written in the following form:

Ora; + uj0za1 =0,

(S1) Ot (a1p1) + Oz (1prur) =0,
8 (arprur) + 0y (arprud + armi(m, T1)) + Yopy 7 Opcy = 0,
O (a1p1Th) + Oz (a1 p1Thug) = 0,

and for k=2,...,N:

Oray, + ujOpay, = 0,

(Sk) O (awpr) + Oz (rprur) =0,
O (arprur) + 0y (arprui + cmi (i, Ti)) — mp0pou, = 0,
O (o prTx) + Ox (akprTruy) = 0.
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First step: The family of interface pressures IT* = (73, ..., 7%) € RV =1 defining the non-conservative products
0z = mEAagdo(x — uit) for k = 2,..., N are assumed to be known. Hence, system (S7), which gathers
the governing equations for phase 1, is completely independent of the other phases since the non-conservative
terms can now be seen as a known source term and the Riemann problem for (S;) can therefore be solved
independently of the other phases. Observe that system (S7) is very similar to System (4.16) of [12] in the two
phase flow framework. This Riemann problem is easily solved since (S7) is a hyperbolic system with a source
term which is a Dirac mass supported by the kinematic wave of velocity uj. Hence, there is no additional wave
due to the source term.

Consequently, knowing a prediction of the interface pressures II* = (73,...,7y) € RN~1, one can explicitly
compute the value of the kinematic speed uj by solving the Riemann problem associated with phase 1. This
first step enables to define a function:

RN-1 — R

FIWr, Wg;aq] : { (3.18)

IT* = (n5,...,78) — uj.
Second step: The advection velocity uj of the phase fractions ay is assumed to be a known constant. Thus,
for all k = 2,..., N, the governing equations for phase k, gathered in system (Sy), form a system which is
independent of all the other systems (S;) with { =1,..., N, [ # k. In addition to the kinematic velocity u; and
the acoustic speeds uy, & a7y, the Riemann problem for (Si) involves an additional wave whose known constant
velocity is uj. This wave is weighted with an unknown weight 7} Acy, (only for the momentum equation) which
is calculated by solving the Riemann problem for (S;) and then applying Rankine-Hugoniot’s jump relation
to the momentum equation for the traveling wave of speed uf. Here again, we observe that system (Sj) is the
exact same system already solved in the two phase flow framework (see [12], Syst. (4.20)). This is what justifies
the straightforward extension of the relaxation scheme to the multiphase flow model. Solving all these Riemann
problems for (Sy) with £ = 2,..., N, this second step allows to define a function:

GIWr, Wg; (ar)k=2,.. n]: { N (3.19)

uj — II* = (75, ..., 7N)-
Fixed-point research: Performing an iterative procedure on these two steps actually boils down to the fol-
lowing fixed-point research.

Find uf in the interval <k max {ug,r —ar7i,L}, . minN {ur.r + aka,R}) such that

uy = (y[WLaWRQ a1] 0o 9[Wr, Wrg; (ak)kzl,,,,N])(uy{). (3.20)

The interval in which u§ must be sought corresponds to the subsonic condition (3.17) on the one hand, and
to the positivity of the intermediate states of phase 1 on the other hand.
Let us now introduce some notations which depend explicitly and solely on the initial states (W, Wg) and

on the relaxation parameters (ag)g=1,.. . For k=1,..., N:
. 1 1
Up =5 (uk,L + uk,R) — 2ar (76 (k. The,R) — Tk (Th,> Tho1))
ak
w,ﬁ =3 (71 (Th,r> Th,r) + T (The, 1, Thoo)) — 5 (uk,R — Uk,L) ;
(3.21)

ThL=Tho Zk(“i — Uk,L),

t L
Tk, R = Tk,R — a(uk — U,R)-

Remark 3.8. Observe that with these definitions, uy r —ar7s, L = u’,i —akT,g’L and ug, g +arTr R = u’; —|—(lkT]§’R.
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3.1.8. First step of the fixed-point procedure: solving phase 1

In this first step, the interface pressures II* = (73,...,7y) € RN~! defining the non-conservative products
mropay = TiAado(z — uit) for k = 2,..., N are first assumed to be known and one solves the Riemann
problem for (S§;) with the initial condition

Wl(fﬂ,t = O) =

{WI,L if x <0, (322)

Wi r it x>0,

where Wy = (a1, @1p1, a1 p1u1, a1 p171) denotes the state vector for phase 1, and (Wq , Wy g) are the restriction
of the complete initial data (W, Wg) to the phase 1 variables. Observe that the non-conservative products
70z, are not ambiguous here since for all k = 2,..., N, 7} is a known constant. System (Sy) is very similar
to system (4.16) of [12] encountered in the two phase flow framework, and the resolution of the corresponding
Riemann problem follows from the exact same steps. Therefore, we only state the main results and the reader
is referred to Section 4.4 of [12] for the proofs.

The following proposition characterizes the convective behavior of system (Sy).

Proposition 3.9. System (S1) is a hyperbolic system with linearly degenerate fields associated with the eigen-
values uy — a1y, w1 and uy + a171. The eigenvalue uy has multiplicity 2.

Proof. The proof is similar to that of Proposition 3.1 which is given in Appendix A. O

We have the following well-posedness result for the governing equations of phase 1. The Riemann problem
(81)-(3.22) differs from the Riemann problem in the two phase case in Proposition 4.4 of [12] only by the value
of the source term Zz]ig 7} Ozaq. Hence, the proof follows from similar steps as the proof of Proposition 4.4
from [12].

Proposition 3.10. Assume that the parameter ay is such that Tf’L > 0 and TlﬁyR > 0. Then the Riemann
problem (S1)-(3.22) admits a unique solution the intermediate states of which are defined by:

UL —ann Wy Wi

=71,
ﬂ “ u (3.23)
af = Q1R = TR~ alﬁ(uf —uy), uwf =uj, T = Ti.r;
where N
ui =l + S > (7 — 7 Aan. (3.24)
ai(oa,r + o1,R) =
The intermediate densities p; and p are positive if and only if
Ui — o1, < Uy < U1,R+ G171, R- (3.25)

Moreover, this unique solution satisfies the following energy equation in the usual weak sense:

Oy (041,0151) + Oy (a1p151u1 + 0117T1’LL1) + ’Uf'{ Z;\LQ wf&xal =0. (326)
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Proof. The proof consists in solving a system with the unknowns Wi and Wi . All the fields are linearly
degenerated. The components of these state vectors are linked to each other through the Riemann invariants of
the uj-wave. The quantity 2522 7} Oz0y is a given source term in the right hand side of the Rankine-Hugoniot
relation associated with the momentum equation for this wave. W; and W; ; are connected through the
Riemann invariants of the {u; — a;7 }-wave. Wf and W, r are connected through the Riemann invariants of
the {uy + a171 }-wave. We refer to Proposition 4.4 of [12] for more details. O

The expression of uj given in equation (3.24) defines the function .Z[Wp, Wg; a;] introduced in (3.18), since

uj is expressed as a function of II* = (3,...,m%) € RY~1. A convenient reformulation of (3.24) is the following:
N N
Z 7 Aoy = Z ™ Aa; — 01 (u}), (3.27)
1=2 1=2
where
01(u}) = a1 (ar,z + a1r) (u] — uf). (3.28)

3.1.4. Second step of the fixed-point procedure: solving phase k, for k=2,...,N

In this second step, the transport velocity u] of the phase fractions «y is assumed to be known, while the
vector of interface pressures II* = (73,...,7%) € RY~1 defining the non-conservative products 7,0, =
mrAagdo(r — uit) is an unknown that must be calculated by solving the N — 1 independent Riemann problems
for (Sg), for k =2,..., N with the initial condition

- . Wk,L if z <0,
Wy (et = 0) = {Wkﬁ AN (3.29)

where Wy, = (o, axpk, kprur, arprTy) denotes the state vector for phase k, and (Wy, 1, Wy g) are the restric-
tion of the complete initial data (W, Wg) to the phase k variables. System (Sy) is the exact same system
as system (4.20) of [12] encountered in the two phase flow framework, and the resolution of the corresponding
Riemann problem follows from the exact same steps. Here again, we only state the main results and the reader
is referred to Section 4.5 of [12] for the detailed proofs.

Once the resolution is done, applying Rankine-Hugoniot’s jump relation to the momentum equation of (Sy)
gives the expression of 7 Aoy,.

Proposition 3.11. For every k = 2,..., N, system (Sg) admits four real eigenvalues that are up — agTy, Uk,
ugtapTe and ui. All the fields are linearly degenerate and the system is hyperbolic if, and only if |lux —ul| # ax7k.

Proof. The proof is similar to that of Proposition 3.1 which is given in Appendix A. O

We search for Riemann solutions which comply with the subsonic relative speed constraint (3.17). Such
solutions are of three types depending on the relative wave ordering between the eigenvalues uy and uj:

Uk,R + OkTk,R up,, — apte, Wy

Wave ordering uy > uq Wave ordering up < uq Wave ordering ur = u1

We denote & — Wy (&; Wy ., Wy r) the self-similar mapping defining this solution and we may now recall the
following result stated in Proposition 4.8 of [12] in the framework of the Baer—Nunziato two phase flow model.
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Proposition 3.12. Assume that ay is such that ’7']3 . >0 and T,g_R > 0 and define for (v,w) € R x RY the
two-variable function:

114w 1 1402\ 1\ 4
M= 3 (2 (1) J(2Y (1) 24, 50)

which can be extended by continuity to w =1 by setting Mo(v,1) = 0.

— The Riemann problem (Sk)-(3.29) admits self-similar solutions & — Wy (&; Wy 1, Wy r) with the subsonic
wave ordering ur — apTy < uj < U < U + 0Tk, if and only if

u,’i —ui >0 and uﬂk - aleg  <uj. (3.31)

These solutions are parametrized by a real number M and the intermediate states are given by:

_ 1 - Mj _ “ _ _
T, = T/&,Lﬁa uy = uy + apMTy, T, = Trr,
+_ ¢ 1EM +_ + +_
Tk’ = Tk,Lm7 'U,k = 'U/}lk + VkakMTk s 7; = 776,[47 (332)
_ . # f M — M ok MrF T - T
Tk,Rx = T p T Th L Lt oM Uk, Rx = Uy + VEapMT, k, R« k,R-
where vy, = Ok, L , M = Lﬁul, and M varies in the interval (0, Mo (v, wr)] where wy = ——% . These
Ok R axTy, [, 1+Mk
solutions satisfy the following energy identity:
O (Oékpkgk) + Oy (Ozkpké'kuk + Oékﬁkuk) - u’{w,jé)xak = ka(u*{, WL,WR)50($ — u"{t), (333)

where Qp(uf, W, Wg) > 0. When M = Mgy(vg,wi) one has Q(uf, W, Wg) = 0 and when 0 < M <
Mo (vg,wi) one has Qr(uf, Wr, Wg) > 0.

— The Riemann problem (Si)-(3.29) admits solutions with the subsonic wave ordering ug — apTr < U < uj <
ug + arTr, if and only if

u,ﬁC —u; <0 and ui - (lkT;g,L < ujy. (3.34)

By the Galilean invariance of system (Si) written in the mowing frame of speed ui (see [12], Syst. (4.33)),
such a solution is given by & — VWi (2u} — & VW r, VWy, 1) where the operator V changes the relative
velocities uy, — ui into their opposite values

Vi (0, 0P, Ok P, 0k pie i) — (Qk, Qg prey e pie(2u] — ug), e pic i)

The solution also satisfies an energy identity similar to (3.33).
— The Riemann problem (Si)-(3.29) admits solutions with the subsonic wave ordering ug — apTr < ur = uj <
ur + arpTr, if and only if
ub —ut = 0. (3.35)

The intermediate states are obtained by passing to the limit as M}, — 0 in the expressions given in the case
of the wave ordering ui < ug. The solution also satisfies an energy identity similar to (3.33).

Proof. The proof consists in solving a system with the unknowns W, and W;r and Wy, g. (or Wy 1.). All the
fields are linearly degenerated. The components of W, and WZ‘ are linked to each other through the Riemann
invariants of the uj-wave. W, and W, ; are connected through the Riemann invariants of the {ur — apTi}-
wave. Wz‘ and Wy, g, are connected through the Riemann invariants of the uy-wave. Wy, r, and Wy g are
connected through the Riemann invariants of the {uy + a7y }-wave. We refer to Proposition 4.8 of [12] for more
details. O
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Remark 3.13. As mentioned in Remark 3.7, taking Qp(uf, Wy, Wg) > 0 may be necessary when an initial
phase fraction ay,; or oy g is close to zero, in order to ensure the positivity of all the intermediate states
densities. In the case of the wave ordering uy — a7 < ui < up < ur + ax7; for instance, ensuring the
positivity of 7 g« in the regime vy, > 1 (i.e. ay, g — 0) may require taking 0 < M < Mg (vg, wy) which implies
QO (uf, Wy, Wg) > 0. The precise choice of M in the interval (0, Mq(v;,wy)) made in Section 4.5.2 of [12] to
ensure the positivity of 7 g. is still valid and will not be detailed here.

Now that the solution of the Riemann problem (Sk)-(3.29) has been computed, we may apply Rankine—
Hugoniot’s jump relation to the momentum equation of (Sp) in order to determine the expression of
the non-conservative product 7jAcj with respect to the given parameter uj, thus defining the function
GWr, Wg; (ak)k=2,... n] introduced in (3.19). We obtain the following expression which is directly taken form
equation (4.51) of [12]:

TiAy = T Ay + O (u), (3.36)

where the function 6 is defined by:

Or(ul) = ax (o, + ou,r) (u] — Uﬁk)
¢

# Ok, 1- MZ . . up—uj . #
Ok, LT 1, My <a:;71+/\42) ,  with M} = a:ri}j: if up >uj,
+2aj, L (3.37)
f arr 27 Mg ; o upoul oo b o
o,k Ty g Mo (ak‘L, 1 +MZ> ,  with M} = I if wy <wji.

Remark 3.14. This function ), corresponds to an energy preserving solution (with Q(ui, W, Wg) = 0)
assuming all the intermediate densities are positive. If one has to dissipate energy in order to ensure the
positivity of the densities, function ), must be slightly modified (see [12], Sect. 4.5.2 for more details).

3.1.5. Solution to the fixed-point problem

Solving the fixed-point (3.20) amounts to re-coupling phase 1 with the other phases which have been decoupled
for a separate resolution. This is done by equalizing the two expressions obtained for Zgﬁ T Aay, in the first
step (3.27) on the one hand and in the second step (3.36) (after summation over k = 2,..., N) on the other
hand. We obtain that u} must solve the following scalar fixed-point problem :

N
O(ui) = Y _(rf — mf)Aa, (3.38)
k=2
where the function © is defined by O(u) = 61 (u) + ...+ On(u).
We have the following theorem which states a necessary and sufficient condition for the existence of solutions

to the Riemann problem (3.6)—(3.12). One important fact is that this condition can be explicitly tested against
the initial data (Wp, Wg).

Theorem 3.15. Let be given a pair of admissible initial states (Wr, Wg) € Qw x Qw and assume that the
parameter ay is such that T,E’L > 0 and T]g’R >0 forallk =1,...,N. The Riemann problem (3.6)—(3.12) admits
solutions in the sense of Definition 3.5 if, and only if, the following condition holds:

N
@( k:l,z.i.?(,N {uk,L — aka’L} ) < kzﬂ(’frg — wi)Aak <0 ( k:I{IE.I.I’N {Uk,R + CLka’R} ) (339)
The intermediate states of this solution are given in Propositions 3.10 and 3.12 where uj is the unique real

number in the interval (k max {upr — axTkL}, i I{linN {uk,r + aka,R}) satisfying (3.38).

sy 3oy
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Remark 3.16. When simulating real industrial applications, the relaxation Riemann solver used for the con-
vective effects will be associated with another step for the treatment of zero-th order terms enforcing the return
to pressure, velocity (and possibly temperature) equilibrium between the phases. Hence, the pressure disequi-
librium between the phases in the initial states is usually expected to be small, which yields small values of
the quantities 77% — 77,&. Hence, in most applications, condition (3.39) is expected to be satisfied. However, even

away from pressure equilibrium, it is easy to observe that assumption (3.39) is always satisfied if the parameters

ar)k=1.... N are taken large enough. Indeed, denoting a = (ay,...,an), one can prove that:
s g g g
@( max {uk7L — aka,L}) S 7CL|a|2,
k=1,....N |a|—4o00
N
Yo —mAa = O(al),
|a]—+o0
k=2
@( min {ukyR—i—aka,R}) > CR|a|2,
=1,....N |a]—+oc0

where C, and CR are two positive constants depending on (Wp, Wg).
Proof of Theorem 3.15. In order to ease the notations, let us denote

cr, = max {upr — Tk L and cp= min {ug g+ a7 .
kzl,...,N{ k, KTh,LY r=, min {upp+ ey n}

s

Let us prove that each of the functions 6y, is a continuous and strictly increasing function on the open interval
(cL,cr). The function #; defined in (3.28) is clearly continuous and strictly increasing on this interval. Let us
now consider §; for some k € {2,..., N}. We only consider the energy preserving case for which 6y, is defined
in (3.37) (see Rem. 3.14 and [12], Sect. 4.6.2 for the general case). For u} € (cr, cr), we have M} € (—1,1) (see
(3.37) and Rem. (3.8)) and therefore wy, = (1 —M;3)/(14+ M;) € (0, +00). The function w — Moy (v,w) defined
in (3.30) is continuous on R, which implies that the function 6, defined in (3.37) is continuous on the interval

(cL,cr). Let us now differentiate 6.
#

% 1— *
For uj € (CL,unk), we have, denoting vy = ak’L, p= Yk ﬁul, Wi = Mf:
g, R ATy L+ M
oMo dw  dM;
01, (u}) = ak (kL + Ok, R) + 207, kL T~ (ko Wk) + s - —
B L Qw dM;,  duj
d 2 1 2 dM; 1
with wk* == 5 = _ (14 w) and —* = — ;—- Hence, we obtain:
AME T (1+ M) 2 s} art
1

oM
() =14 v+ v (1 + wy) 2 2

Vi, WE ).
ag Ok R 8(4) (k’ k)

It is not difficult to prove that the right hand side of this equality is positive which implies that 6y is strictly
increasing on the interval (cL,u,ﬂc). Actually this exact computation has already been done in the framework
of the Baer-Nunziato model (see [12], Eq. (4.65) for the details). A similar computation proves that ), is also
positive on the interval (uﬁk, cr). We obtain that all the functions 6; are continuous and strictly increasing on
the open interval (¢, cgr) and so is © = 61 +...+0y. The result of Theorem 3.15 follows from the intermediate
value theorem. |

3.2. The relaxation finite volume scheme and its properties

We now derive a finite volume scheme for the approximation of the entropy weak solutions of a Cauchy problem
associated with system (2.1). For simplicity in the notations, we assume constant positive time and space steps
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At and Az. The space is partitioned into cells R = ., Cj where Cj = [z;_1, 2, 1 [ with z; 1 = (j + DAz
for all j in Z. We also introduce the discrete intermediate times t" = nAt, n € N. The approximate solution
at time ¢" is a piecewise constant function whose value on each cell Cj is a constant value denoted by U7. We
assume that At and Az satisfy the CFL condition :

At 1
Ag pJmax  max max {|(ur — ax7i)} |, |(ur + ar7i) 1} < = 5 (3.40)
The Finite Volume relaxation scheme reads (see [12] for more details):
n+l _ n At n mn + n
Uy =1j T Ax (F (U7, U7,) — FT (U}, Uj ), (3.41)

where the numerical fluxes are computed thanks to the exact Riemann solver Wgiem (&; Wi, Wg) constructed
for the relaxation system:

F~(Ur,Ur) = 28 (Wriem (07;.#(Ur), #(Ur))) + ZD" (A (UL), 4 (Ur)) L, 0}
F+(UL7UR) = gzg (WRiem (0+; .//(UL),.//(UR))) - QZD* (.//(UL)7%(UR)) ]l{“T>O}'

The non-conservative part of the flux D*(W;, Wg) is defined in Definition 3.5 and the mappings .# and &
are given by:

Qu — Qw
M { (s N-1 )

=1,..3N—1 — (iﬂl,xz, S TIN—1, X1, T2, N1, L= Y X

9:{ @) Qwy — Qp

i)i=1,..aN—1 — (T1,Z2,...,T3N—1).

At each interface x; 1, the relaxation Riemann solver Wriem (§; # (U7), .# (U7, )) depends on the family of
relaxation parameters (ay)g=1,... ;v Which must be chosen so as to ensure the conditions stated in the existence
Theorem 3.15, and to satisfy some stability properties. Observe that one might take different relaxation pa-
rameters (ag)r=1,.. ~ for each interface, which amounts to approximating system (2.1) by a different relaxation
approximation at each interface, which is more or less diffusive depending on how large are the local parameters.
Further discussion on the practical computation of these parameters is postponed to the appendix B, as well as
the detailed description of the computation of the numerical fluxes F* (U, Ug).

Remark 3.17 (The method is valid for all barotroplc e.0.s.). The Riemann solution Wgiem (&; Wi, Wg) only
depends on the quantities ui, 71'2, 7',2 L and Tk R defined in (3.21) and on the left and right phase fractions ay,r,
and ag g fork =1,..., N. Indeed, the solution of the fixed- point problem (3.38) only depends on these quantities
and so do the intermedlate states (see (3.23) and (3.32)). Therefore, the dependence of the Riemann solution
Wriem (&; W, Wg) on the barotropic equation of state occurs only through the computation of 7y (k1,75 1)
and 7y (7k,r, Tg,r). For (Wr, Wg) = (#(U}), #(U}.,)), we have Ty, 1, = (73)}, and Ty p = ()71, and thus
(T, Thn) = pk((pk)y) and 7 (xR, Th.r) = pk((pk)?H) for all K = 1,...,N. These quantities can be
computed for any barotropic e.o.s. at the beginning of each time step.

We may now state the following theorem, which gathers the main properties of this scheme, and which
constitutes the main result of the paper.

Theorem 3.18. The finite volume scheme (3.41) for the multiphase flow model has the following properties:

— Positivity. Under the CFL condition (3.40), the scheme preserves positive values of the phase fractions and
densities: for all n € N, if (U} € Qu for all j € Z), then 0 < (ak);-”rl <1 and (akpk);”l > 0 for all
k=1,...,N and all j € Z, i.e. ((U?H e Qy forallj €Z).
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— Conservativity. The discretizations of the partial masses agpx, k= 1,..., N, and the total mizture momen-
tum chvzl QpprUE are conservative.

— Discrete energy inequalities. Assume that the relazation parameters (ay)” k=1,...,N satisfy Whitham’s

its’
condition at each time step and each interface, i.e. that for allk=1,... N, neN, j € Z, (czk);”_~_l 1s large
2
enough so that
dPy
n 2
((ak)j+%) > _diTk(?;C)’ (342)

for all Ty, in the solution & — Wriem (§; 4 (U}), 4 (U}, ). Then, the values U?, j € Z, n € N, computed
by the scheme satisfy the following discrete enerqgy inequalities, which are discrete counterparts of the energy
inequalities (2.9) and (2.10) satisfied by the exact entropy weak solutions of the model:

At
(alplEl)(U?+1) < (OzlplEl)(U?) “As ((OZ1,0151U1 + OZ17T1U1)§L+% — (a1p1&1u1 + OZ17T1’ZL1);L%)

At . A . §
_Eﬂ{wm lzo}(ul)j—% Z(”l )i_y (()f = (an)j) (3.43)
N 7732 lKIQ
_Eﬂ{(ui‘)" ) <0}(ui)?+% lz:(ﬂl*)?-s-% ((O‘l)?ﬂ - (045)?) )
it T —2

and for k=2,...,N:

At
(i Ex) (U5 F1) < (awpr i) (UF) “Ax ((%Pk&cw +apmpur) 1 — (rprErur + Oékﬂ'kulc)?_%)
05 )y ()] = @) (3.44)
+A7$]1{(u*)" <0}(UT)?+% (WZ);E% ((ar)Fir = (r)})
Viti=
where for j € Z, (apppErur + akﬂkuk)?Jr% = (wprErur + armpur) (Wriem (0752 (UF), 4 (U},,))) is the
right hand side trace of the phasic energy flux evaluated at Tii1.

Proof. A classical reformulation of the approximate Riemann solver allows to see that U?H is the cell-average
over C; of the following function at ¢ = ¢"*1:

T+
Uapp(,1) = > PWriem (t_tn //{(U?)M//(U;‘H)) La; ;00 (2)- (3.45)
JEZ

Hence, the positivity property on the phase fractions and phase densities is a direct consequence of
Theorem 3.15 and Definition 3.5 which states the positivity of the densities in the relaxation Riemann so-
lution. For this purpose, energy dissipation (3.16) across the uj-contact discontinuity may be necessary for
(ar)y
T

The conservativity of the discretization of the mass equation is straightforward. That of the discretization of
the total momentum is a consequence of the fact that u} is the solution of the fixed-point problem (3.38).

Let us now prove the discrete energy inequalities (3.44) for phases k = 2,..., N satisfied by the scheme under
Whitham’s condition (3.42). Assuming the CFL condition (3.40), the solution of (3.6) over [z; 1,2, 1] x

[t",t"T1] is the function

enforcing this property when the ratio

(or its inverse) is large for some j € Z.

:L'*’Jjj_% mn n
A j1>,///<Uj>) 1,

W(z,t) := WRiem (t—t” 1] (@)
i—3

r—x

1 . .
_7271; %(UJ )7 %(Uj_t,q)) ]l[g;j@ﬁr%](l‘). (346)

+ WRiem ( ¢
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According to Definition 3.5, this function satisfies the phase k energy equation for k = 2, ..., N:
Otk pr€i) + Ou(apprlrug + apmrug)
— (D (@) = (@)f ) do (x5 ) — (i) y (t =)
= (uimk)jh ()41 = (@)F) do (x —jr = (up)f (- t”))
= (@0 (= 2y — @Dy (1) = Q)7 400 (2= py — () (6= 1),

(3.47)

where for i € Z, we have denoted (Q)!" 1= = Oy (( i ///(Uf 1), A (UL )) Integrating this equation over
Joj 1wy [X[E7 t"*t1] and dividing by Az yields:

o [ npi W) o < (oA WD)

™

At
- E(akpkgkuk + armrur) (Wriem (0752 (UY), 4 (U}, 1))

At
+ 5 (awprErun + armyuy) (Wricam (07;.2(U}_)), .4 (U}))) (3.48)
At
+—1
Az {wiy
At . §
" Fxﬂ{ml) +l<o}(u1 m7ey (@) = (ar)7)

ZO}(”T w5y ((aw) = (an)jy)

N=

because (9Qr)" ; > 0and (Q)" 1 > 0. Since the initial data is at equilibrium: W(z, t") = .# (U?) for all z € C;
J— J J

(i-e. (Tx)7} is setQto be equal to (7’]:) ) one has (o piEx) (A (U} )) = (cupr Ex)(U}) according to Proposition 3.3.
Applylng the Rankine-Hugoniot jump relation to (3.47) across the line {(z,t),x = Tjpi,t> 0}, yields:

(arprErur + armpug) (Wriem (07;.4(U}), 4 (U} ,)))
= (akpkgkuk + akﬂkuk) (Wchm (0+; %(U?),%(U?Jrl))) + (Qk)?Jrl {(u 0}.
J+1

2

Hence, since (Qg)", , > 0, for the interface Tii, taking the trace of (apprErur + armrug) at 07 instead

+ 1
of 07 in (3.48) only improves the inequality. Furthermore, assuming that the parameter a; satisfies Whitham’s
condition (3.42), the Gibbs principle stated in (3.11) holds true so that:

1 i+l
A733/ *(kpr Br) (Uapp(z, ")) do < — N / (cvepis)(W(z, 1)) da.

l\?h—t

1
2

Invoking the convexity of the mapping U +— (agprEr)(U) (see [18]), Jensen’s inequality implies that

1 [Ti+s
(awpu Ex) (U < E/ " (i Br) (Uapp (z, t"1)) da,
:l?j71

L

which yields the desired discrete energy inequality for phase k. The proof of the discrete energy inequality for
phase 1 follows similar steps. O
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4. NUMERICAL RESULTS

In this section, we present three test cases on which the performances of the relaxation scheme are illustrated.

We only consider the three phase flow model (i.e. N = 3). In the first two test cases, the thermodynamics of
(4.1)

the three phases are given by ideal gas pressure laws for £k = 1,2, 3:
p(pr) = Erpy”,

and we consider the approximation of the solutions of two different Riemann problems. In the third test case,
we consider the simulation of a shock tube apparatus, where a gas shock wave interacts with a lid of rigid

particles. This third case is also simulated with the three phase flow model although it is a two phase flow. The
thermodynamics of the particle phase is given by a barotropic stiffened gas e.o.s.

We recall that the scheme relies on a relaxation Riemann solver which requires solving a fixed-point problem
in order to compute, for every cell interface z; 1 the zero of a scalar function (see Eq. (3.38)). Newton’s method

is used in order to compute this solution. Usually, convergence is achieved within three iterations.

4.1. Test-case 1: A Riemann problem with all the waves
In this test-case, the thermodynamics of all three phases are given by barotropic e.o.s. (4.1) with the param-

eters given in Table 1.
TABLE 1. E.o.s. parameters for Test 1.

(k3,73)

(K2,72)
(1,1.6)

(’%17 71)
(10, 1.4)

(1,3)

The wave pattern for phase 1 consists of a left-traveling rarefaction wave, a phase fraction discontinuity of
velocity u; and a right-traveling shock. For phase 2 the wave pattern is composed of a left-traveling shock,
the phase fraction discontinuity, and a right-traveling rarefaction wave. Finally, the wave pattern for phase 3 is
composed of a left-traveling shock, the phase fraction discontinuity, and a right-traveling shock. The wu-contact
discontinuity separates two regions denoted — and + respectively on the left and right sides of the discontinuity

(see Fig. 1).
t
Uy
‘
Uy —C1 [
Ug — C2 U~ ' U+ up + ¢
us — C3 ! U9 + €2
h uz + c3
"
1
1
UL y UR
-

FIGURE 1. Structure of a Riemann solution, notations for the intermediate states
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TABLE 2. Test-case 1: left, right and intermediate states of the exact solution.

Region L Region — Region + Region R

a1 09 0.9 0.4 0.4

az 0.05 0.05 0.4 0.4

p1 2.5 2.0 2.06193 1.03097
up  —0.56603 0.3 0.3 —1.62876
p2 0.2 1.0 1.00035 1.25044
uz  6.18311 0.2 0.28750 1.14140
pz 0.5 1.0 1.19853 .59926
uz  0.31861 -0.5 0.13313 —0.73119

The relaxation scheme is compared with Rusanov’s scheme, which is the only numerical scheme presently
available for the three-phase flow model (see [6]). In Figure 2, the approximate solution computed with the
relaxation scheme is compared with both the exact solution and the approximate solution obtained with Ru-
sanov’s scheme (a Lax-Friedrichs type scheme). The results show that unlike Rusanov’s scheme, the relaxation
method correctly captures the intermediate states even for this rather coarse mesh of 100 cells. This coarse
mesh is a typical example of an industrial mesh, reduced to one direction, since 100 cells in 1D correspond to a
108-cell mesh in 3D. It appears that the contact discontinuity is captured more sharply by the relaxation method
than by Rusanov’s scheme for which the numerical diffusion is larger. In addition, the velocity of the contact
discontinuity is not well estimated for the phase 2 variables with such a coarse mesh. We can also see that for
the phase 2 and phase 3 variables, there are no oscillations as one can see for Rusanov’s scheme: the curves are
monotone between the intermediate states. The intermediate states for the phases 2 and 3 are not captured by
Rusanov’s scheme whereas the relaxation scheme gives a rather good estimation, even for the narrow state in
phase 3 between the contact discontinuity and the right-traveling shock. These observations assess that, for the
same level of refinement, the relaxation method is much more accurate than Rusanov’s scheme.

A mesh refinement process has also been implemented in order to check numerically the convergence of the
method, as well as its performances in terms of CPU-time cost. For this purpose, we compute the discrete
L'-error between the approximate solution and the exact one at the final time Ty, = NAt = 0.05, normalized
by the discrete L'-norm of the exact solution:

_ Zj |¢§V - (bea:(mjaTmax)‘Ax
Zj |¢€$(xj7Tmax)|Al‘ ’

E(Azx)

where ¢ is any of the non-conservative variables (aq,as, p1,u1, p2, 2, p3, us). The calculations have been im-
plemented on several meshes composed of 100 x 2™ cells with n = 0,1,...,10 (knowing that the domain size is
L =1). In Figure 3, the error E(Az) at the final time Ty,,x = 0.05, is plotted against Az in a log — log scale for
both schemes. We can see that all the errors converge towards zero with at least the expected order of Az'/2.
Note that Az'/2 is only an asymptotic order of convergence, and in this particular case, one would have to
implement the calculation on more refined meshes in order to reach the theoretically expected order of Az!/2.

Figure 4 displays the error on the non-conservative variables with respect to the CPU-time of the calculation
expressed in seconds for both the relaxation scheme and Rusanov’s scheme. Each point of the plot corresponds
to one single calculation for a given mesh size. One can see that, for all the variables except p; and uq, if one
prescribes a given level of the error, the computational time needed to reach this error with Rusanov’s scheme is
higher than that needed by the relaxation scheme. On some variables, the gain of time can be spectacular. For
instance, for the same error on the phase 1 fraction oy, the gain in computational cost is forty times when using
the relaxation method rather than Rusanov’s scheme which is a quite striking result. Indeed, even if Rusanov’s
scheme is known for its poor performances in terms of accuracy, it is also an attractive scheme for its reduced
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FI1GURE 2. Test-case 1: space variations of the physical variables at the final time T}, = 0.05.
Mesh size: 100 cells.

complexity. This means that the better accuracy of the relaxation scheme (for a fixed mesh) widely compensates
for its (relative) complexity.

4.2. Test-case 2: A Riemann problem with a coupling between a single phase region and
a mixture region

In this test-case, the thermodynamics of all three phases are still given by barotropic e.o.s. (4.1) with the
parameters given in Table 3.

Here, we consider a Riemann problem in which two phases vanish in one of the initial states, which means that
the corresponding phase fractions are equal to zero. For this kind of Riemann problem, the u;-wave separates
a mixture region where the three phases coexist from a single phase region with the remaining phase.



1784 K. SALEH
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FIGURE 3. Test-case 1: L'-Error with respect to Az for the relaxation scheme and Rusanov’s
scheme.

TABLE 3. E.o.s. parameters for Test 2.

(k1,71)  (k2,72)  (ks3,73)
(1,3)  (10,1.4) (5,1.6)

TABLE 4. Test-case 2: left, right and intermediate states of the exact solution.

Region L Region — Region + Region R

a1 0.0 0.0 0.4 0.4

az 0.0 0.0 0.2 0.2

P = - 1.35516 0.67758
up - - 0.3 —0.96764
P2 - - 1.0 0.5

uz  — - 0.3 —2.19213
ps 0.5 1.0 0.99669 1.24587
uz  2.03047 0.2 0.04917 0.70127

The solution is composed of a {usg — ¢g}-shock wave in the left-hand side (LHS) region where only phase 3 is
present. This region is separated by a uj-contact discontinuity from the right-hand side (RHS) region where the
three phases are mixed. In this RHS region, the solution is composed of a {u; + ¢1 }-shock, a {uz + ¢z }-shock
and a {ug + c3 }-rarefaction wave.

In practice, the numerical method requires values of ay j and «s  that lie strictly in the interval (0,1).
Therefore, in the numerical implementation, we take oy 1, = ag , = 10710, The aim here is to give a qualitative
comparison between the numerical approximation and the exact solution. Moreover, there is theoretically no
need to specify left initial values for the phase 1 and phase 2 quantities since this phase is not present in the LHS
region. For the sake of the numerical simulations however, one must provide such values. We choose to set p; 1,
U1,L, P2,L, U2, to the values on the right of the u;-contact discontinuity, which is coherent with the preservation
of the Riemann invariants of this wave, and avoids the formation of fictitious acoustic waves for phases 1 and
2 in the LHS region. For the relaxation scheme, this choice enables to avoid oscillations of the phases 1 and 2
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FIGURE 4. Test-case 1: L'-Error with respect to computational cost (in seconds) for the relax-
ation scheme (bullets, red line) and Rusanov’s scheme (squares, blue line).

density and velocity in the region where these phases are not present, as seen in Figure 5. However, some tests
have been conducted that assess that taking other values of (p1 1, u1,1, p2,1, ue,) has little impact on the phase
3 quantities as well as on the phases 1 and 2 quantities where these phases are present.

As expected, we can see that for the same level of refinement, the relaxation method is more accurate than
Rusanov’s scheme. As regards the region where phases 1 and 2 do not exist, we can see that the relaxation scheme
is much more stable than Rusanov’s scheme. Indeed, the relaxation scheme behaves better than Rusanov’s
scheme when it comes to divisions by small values of a; or as, since the solution approximated by Rusanov’s
scheme develops quite large oscillations. Moreover, the amplitude of these oscillations increases with the mesh
refinement.
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FI1GURE 5. Test-case 2: space variations of the physical variables at the final time T}, = 0.05.
Mesh size: 100 cells.
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FIGURE 6. Test-case 3: sketch of the experimental shock tube apparatus at ¢ = 0.
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4.3. Test-case 3: Interaction of a gas shock wave with a lid of rigid particles

In this test-case, we consider a configuration where an incoming gas shock wave hits a cloud of spherical
rigid particles. A sketch of the shock tube apparatus is given in Figure 6. The tube ranges from x = Om to
x = 3.75m and is closed at both ends. At the initial time ¢ = 0, the cloud of particles lies between z = 2.97m
and x = 3.37m. This test-case is adapted from the experimental setup presented in [7,8].

A gas pressure disequilibrium is initiated at = 0.75m. This initial pressure disequilibrium produces a left
going gas rarefaction wave and a right-going gas shock wave. The rarefaction wave is soon reflected by the left
wall while the shock first hits the lid of particles (producing a small left-going wave) and is then reflected by
the right wall after crossing the lid of particles. In order to retrieve this behavior, four pressure transducers are
located at stations S, for n =1,...,4 (see Fig. 6).

We decide to simulate this experiment with Rusanov’s scheme and the relaxation scheme for the barotropic
three-phase flow model. The particle phase has label 1 while the gas phase has label 2. Phase 3 is an “absent”
phase, the statistical fraction of which is set to az = 10719 everywhere. At time ¢ = 0, the particle phase is
residual outside the lid of particles and we set a; = 10719 for = ¢ (2.97,3.37). In the lid of particles, i.e. for
x € (2.97,3.37) we set a; = 0.0104. At the initial time, all phases are at rest and in relative pressure equilibrium,
with a space pressure disequilibrium at x = 0.75m, thus for k =1,...,3:

ug(x,t =0) =0m.s*,

(z,t=0)= 7.10° Pa, for < 0.75m,
PREE=T = 1107 Pa, for z > 0.75m.

The particle phase follows a barotropic stiffened gas equation of state:

p1(p1) = €ip1 + Pi et

with ¢; = 1500ms™" and P o < 0 is such that pi(p1rer) = 10° Pa where p1 or = 103kgm™3. The gas phase
follows a barotropic ideal gas pressure law:
p2(p2) = K2p3®,

with 79 = 7/5 and kq is such that pa(pa rer) = 10° Pa where pa rof = 1.27kgm 3. In the computations, the same
e.0.s. is chosen for the residual phase with label 3.

Figure 7 displays the numerical approximations on the time interval (0,0.01) of the total mean pressure
P= 22:1 api at stations S, for n = 1,...,4. The obtained computations are run with a 5000 cell mesh with
both the relaxation scheme and Rusanov’s scheme. For both schemes, the observed curves reflect the expected
behavior of the total mean pressure. At station Sy, the pressure first jumps to a value P* when the right-going
gas shock wave reaches x = 2.7m around time ¢ = 0.0037s. The pressure at this location then remains steady
until the reflection of the left-going rarefaction wave meets this position around time ¢ = 0.0058 s which causes
a decrease of the pressure until a second jump occurs (around time ¢ = 0.0088s) due to the reflection of the
right-going gas shock wave which has hit the right wall boundary after crossing the lid of particles. Similar
features are observed at stations Sy and S3 with the (expected) difference that the more rightward the station is
located, the later the first pressure jump occurs and the sooner the second pressure jump occurs. If we now turn
to station Sy, a first pressure jump to the value P* is recorded around time ¢t = 0.0056 s due to the right-going
gas shock wave, soon followed by a second pressure jump (around ¢ = 0.0059s) to a value P** due to the
reflection of this wave on the right wall boundary. The pressure then remains steady until the location of station
Sy is reached by the reflection of the left-going rarefaction wave on the left wall boundary, causing a decrease
in the pressure.

In Table 5, we compare the values of P* and P** obtained respectively in the experiment [7,8], to those
obtained with Rusanov’s scheme and with the Relaxation scheme. We can see that the pressure values obtained
with the barotropic three-phase flow model are slightly over estimated, a behavior that has already been observed
in [6] on the same test-case.
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FIGURE 7. Test-case 3: Mean pressure signals (in Pa) w.r.t time (in s) at stations S,, n =1,...,4.

TABLE 5. Total mean pressure behind the right-going gas shock P* and behind the reflection
of this shock wave on the right wall boundary P**.

Experiment Rusanov’s scheme Relaxation scheme

P* (x10°Pa) =~ 2.4 2.78 2.78
P**( x10°Pa) =~ 5.0 6.85 6.85

5. CONCLUSION

We have extended to the N-phase compressible model developed in [17] the relaxation finite volume scheme
designed in [12] for the barotropic Baer-Nunziato two phase flow model. The obtained scheme inherits the main
properties of the scheme designed for the two phase framework. It applies to general barotropic equations of
state (see Rem. 3.17). It is able to cope with arbitrarily small values of the statistical phase fractions. The
approximated phase fractions and phase densities are proven to remain positive and a discrete energy inequality
is proven under a classical CFL condition.

For N = 3, three test cases have been implemented which assess the good behaviour of the relaxation scheme.
For the same level of refinement, the relaxation scheme is shown to be much more accurate than Rusanov’s
scheme, and for a given level of approximation error, the relaxation scheme is shown to perform much better in
terms of computational cost than Rusanov’s scheme. Moreover, contrary to Rusanov’s scheme which develops
strong oscillations when approximating vanishing phase solutions, the numerical results show that the relaxation
scheme remains stable in such regimes. Given that Rusanov’s scheme is the only numerical scheme presently
available for the considered three phase flow model, the present paper therefore constitutes an improvement in
this area.

Several natural extensions to this work can be considered. First of all, the scheme can be easily extended to
the multidimensional framework. Indeed, the multidimensional version of the N-phase model (see [6] for the
multi-D three phase model) is invariant under Galilean transformation and under frame rotation. Thus, the
one-dimensional relaxation Riemann solver can still be used to obtain a finite volume scheme on two and three
dimensional unstructured grids. An update of the cell unknown is obtained through a convex combination of
1D updates associated with the cell faces. These 1D updates are computed with the relaxation 1D scheme by
considering local 1D Riemann problems in the orthogonal direction to the grid faces. Thanks to the convex
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combination, the positivity and entropy properties of the scheme are still valid for the multidimensional scheme
under a natural CFL condition. We refer to [23] where this extension is detailed for the Baer—Nunziato two
phase flow model, and where 2D-test cases have already been conducted. Another natural generalization is the
extension of the scheme to higher order. A formally order two scheme can be obtained by considering a classical
minmod reconstruction on the symmetrizing variable and a second order Runge-Kutta time scheme (see [13]
for the two phase model). Such a procedure however does not ensure the preservation of the discrete energy
inequality. Designing entropy satisfying second order numerical schemes is an open topic which is still under
investigation. Finally, the extension of the relaxation numerical scheme to the multiphase flow model with non
barotropic equations of state will be considered in a forthcoming paper. The key property of the relaxation
scheme which allows this relatively simple extension is the existence of the discrete energy inequalities (3.43),
(3.44). Thanks to these and to the second principle of thermodynamics which connects the phasic energies
and the transported phasic entropies, one is able to extend the present Riemann solver to the full model
with general e.o.s. through minor adaptations. This work has already been done for the Baer—-Nunziato two
phase model in [11]. The obtained scheme was shown to compare well with two of the most popular existing
available schemes, namely Schwendeman-Wahle-Kapila’s Godunov-type scheme [24] and Tokareva-Toro’s HLLC
scheme [27].

APPENDIX A. EIGENSTRUCTURE OF THE RELAXATION SYSTEM

Proposition A.1. System (3.6) is weakly hyperbolic on Qw in the following sense. It admits the following
4N —1 real eigenvalues: o1(W) = ... = on_1(W) = w1, on—146(W) = ug — ar7k, oan—14£(W) = up + ar7 and
o3N—1+k(W) = uy for k =1,...,N. All the characteristic fields are linearly degenerate and the corresponding
right eigenvectors are linearly independent if, and only if,

ar #0, Vk=1,...,N and |luy — ug| # apme, Vk=2,...,N. (A1)

Proof. Denoting W = (aw, ..., an,p1,u1, T1,. .., pn,un, In)?, the smooth solutions of system (2.1) satisfy the
following equivalent system:
IW + o (W), W =0,

where &/ (W) is the block matrix:

o (W) =
We write 7, instead of mg(7x,7;) in order to ease the notations. Defining My = (up — wuy)/(ag7x), for
k=2,...,N, the matrices A, By,...,Bx and C1,...,Cy are given as follows. Aisa (N —1) x (N —1) diagonal
matrix with u; on the diagonal. By,..., By are 3 X (N — 1) matrices and C1,...,Cx are 3 x 3 matrices defined
by:
1N
B, = Z(ﬂ; — m1)0i,2 0541,k ,
a1p01 h—2 1<i<
1<j<N-1
_(PeMpagTi . o _
Bk = (ak 5271 5]+1,k‘) 1<i<3 s for k = 27 N ,N,
1<j<N—1
Uug Pk 0
Cp = | aird up (p\(Tx) +ai)m |, fork=1,...,N,
0 0 Uk

where 6, 4 is the Kronecker symbol: for p,q € N, 6, , = 1 if p = ¢ and 6, ;, = 0 otherwise. Since A is diagonal
and C}, is R-diagonalizable with eigenvalues uy — ap7i and wup + ax7, and ug, the matrix o/ (W) admits the
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eigenvalues u; (with multiplicity N), u; — a1m1, w1 + a1 and ug — a7k, ug + ax7, and ug for k=2,...,N. In
addition, /(W) is R-diagonalizable provided that the corresponding right eigenvectors span R*¥~—1. The right
eigenvectors are the columns of the following block matrix:

where A’ is a (N — 1) x (N — 1) diagonal matrix defined by A’ = diag(1 — M3,...,1 — M%). B},..., Bl are
3 x (N — 1) matrices and C1,...,C) are 3 x 3 matrices defined by:

1477y 2

N
1
B = <—2 5 Y (mk = m)(1 = M})di 5j+1,k> :
1<

M MyakTy
B;C = (( Pk 51'71 - RARTk 51'72) 5j+1,k) ) for k = 2, e ,N,
(672 Qe 1<i<3

1<j<N-1
pe pe O
Cp=|—-armx ag7x 0], fork=1,...,N.
0 0 1
The first N — 1 columns are the eigenvectors associated with the eigenvalue uwy. For £ = 1,..., N, the

(N +2(k —1))-th, (N + (2k —1))-th and (N + 2k)-th columns are the eigenvectors associated with uy — a7y,
ug + ap7r and uy respectively. We can see that R(W) is invertible if and only if My # 1 forall k =2,... N
i.e. if and only if |ug — u1| # a7y for all k = 2,..., N. In particular, if for some k = 2,..., N, one has u, = uy,
R(W) is still invertible. Denote (R;(W))i<;j<an—1 the columns of R(W). If 1 < j < N — 1, we can see that
the (N + 1)-th component of R;(W) is zero. This implies that for all 1 < j < N —1 R;(W) - Vy(w1) =
0. Hence, the field associated with the eigenvalue w, is linearly degenerated. Now we observe that for all
k=1,...,N:
R o1y W) - Vi (ug — agi) =0,

Rt 2k—1) W) - Vi (ug + agt) = 0,
RN+2k)(W) . Vw(uk) =0.

This means that all the other fields are also linearly degenerated. O

APPENDIX B. PRACTICAL COMPUTATION OF THE NUMERICAL FLUXES

B.1. Computation of the relaxation parameters (ak)kzl,_“,N

In the numerical scheme (3.41), at each interface Tjy1, one must determine the relaxation parame-
ters (ag)k=1,.. n in order to compute the Riemann solution Wgiem (§;Wr, Wr) where Wy = ///(U;’) and
Wr = ///(U;L-s-l)' The parameters (aj)k=1,...,~n, must be chosen large enough so as to satisfy several require-
ments:

— In order to ensure the stability of the relaxation approximation, a; must satisfy Whitham’s condition (3.42).
For simplicity however, we do not impose Whitham’s condition everywhere in the solution of the Riemann
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problem (3.6)—(3.12) (which is possible however), but only for the left and right initial data at each interface:

fork=1,...,N, ax>max (px,r cr(pr,.z), Pr.R k(Pr,L)), (B.1)

where ci(px) is the speed of sound in phase k. In practice, no instability was observed during the numerical
simulations due to this simpler Whitham-like condition.
— In order to compute the solution of the relaxation Riemann problem, the specific volumes 7,57 ;, and T,E’ R

defined in (3.21) must be positive. The expressions of Tg ;, and 7'2 r are second order polynomials in a;l

whose constant terms are respectively 7 1, and 7, . Hence, by taking aj large enough, one can guarantee
that Tg 5, > 0 and Tk R> 0, since the initial specific volumes 75 ;, and 75 r are positive.

~ Finally, in order for the relaxation Riemann problem (3.6)—(3.12) to have a positive solution, the parameters
(ak)k=1,...,v must be chosen so as to meet condition (3.39) of Theorem 3.15. As explained in Remark 3.16,
assumption (3.39) is always satisfied if the parameters (aj)k=1,... n are taken large enough.

Thereafter, we propose an algorithm for the computation of the parameters (ax)r=1,.. .~ at each interface.
We begin with choosing 1 a (small) parameter in the interval (0,1). In our numerical computations, we took
n = 0.01.

— For k =1,..., N initialize ag:
ay := (1 +n) max (pg,r ck(pk,L), Pr,R Ck(Pk,R))-
— Fork=1,...,N:
do {ay := (1 + n)ax} while (T}i ; <0or T}i r <0).
— Do {for k=1,... N, aj, := (1+n)ax} while (not (3.39)).

This algorithm always converges in the sense that there is no infinite looping due to the while-conditions.
Moreover, this algorithm provides reasonable values of (ax)x=1,..n, since in all the numerical simulations, the
time step obtained through the CFL condition (3.40) remains reasonably large and does not go to zero. In fact,
the obtained values of (ag)r=1,.. n are quite satisfying since the relaxation scheme compares favorably with
Rusanov’s scheme, in terms of numerical diffusion and CPU-time performances (see Fig. 4).

B.2. Construction of the solution to the Riemann problem (3.6)—(3.12)

Now, given (W, Wg) € Qw and (ax)g=1,....n such that the conditions of Theorem 3.15 are met, we give the
expression of the piecewise constant solution of the Riemann problem (3.6)—(3.12):

& — Wriem (§; Wi, Wg).

We recall the following notations built on the initial states (Wp, Wg) and on the relaxation parameters

(ak)k=1,...,n, which are useful for the computation of the solution. For k =1,..., N:
# 1
up =35 (kL + ur,R) — 2ar (71 (T, Ti,R) — Tk (The,1, ThyL))

ax

=5 (71 (To,R> Th,R) + Tk (Tk,, ThoL)) — 5 (ur,R — uk,L),

ﬁ L (B.2)
Tpr = Tk + —(uj, — uk,L),

, P

§ L
Tk‘,R = Tk,R — a(uk — uk7R).

The relaxation Riemann solution Wgiem (&; W, Wg) is determined through the following steps:

(1) Define the function 6y by:

01(u) = a1 (oa, +a1.r) (u— ug)
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(2) Define for (v,w) € R% x R% the two-variable function:

1[1+w? 1 14+w?\? 1\> 4

= 142 — 1) -2

Mo(v,w) 2 1w2< +1/> \/<1w2> 7 v’
which can be extended by continuity to w = 1 by setting Mg (v, 1) = 0.

(3) For k =2,..., N define the function 6 by:

Or(uw) = a (ag,r + g r) (u— uﬁk)

* f
# agp L 1-My . x _ Up—u . #
o, Ty, 1, Mo (ak,R, T ) with My = T if up >u,

+ 2a3

appth o Mo (CBm IEMEY i g = M i E <y
kR Tk R 0 ag,L’ 1+Mj )0 k— akagR k=

(4) Define the function © by:
O(u) =01 (u) + ...+ 0y (u).

(5) Assuming (3.39), use an iterative method (e.g. Newton’s method or a dichotomy (bisection) method) to

compute the unique uj in the interval max {ugr —agTkr}, min  {uk g + apTk R}) that satisfies:
k=1,.,N = =1, N '

=1,.., yeeey

N
— # #
O(uj) = E (] — m) Aoy, (B.3)
k=2
(6) The intermediate states for phase 1 are given by:
t
uj
a1 Oéi
U1, — 171,L L T Ul,R + A1T1,R
Uy Uy
T T,
a1,
T1,L Q1,R
w1, L T1,R
U1, R
Ti,L Tin -
where: . .
- _ - _ 1 + _ - _
Q) =aQir, T =T+ E(UT —uy), u =uj, T, =T,
+ + # 1

@ =QiR, Ty =T p— (Tl(uf - Ug)» uf =ui, T," =T g
(7) There are three possibilities for the wave configuration of phase k depending on the sign of ui —uj:

- If u,ﬁC > ui, defining v, = ag, /g r, M} = (u?€ — u’{)/(akrlg ) and My = My (Z/k, %), the interme-
’ k
diate states for phase k are given by:

Uy t up =y = u;r
A Y
Al (Xi
= +

Oék \\ Tk ak,R*

Uk, L — OkTk,L

Wave ordering uy > uq
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where:
1- M
— — k — — —
ap = gL, T :TlgLi, U, = uj + apMy1, T, =T,
1 — My
1+ M3
+ + k + + +
ap =agRr, T, :TgL , u, =uj +vgap My, T =Ty 1,
14 v My

.
_ _ g My — My, _ + _
Ok, R« = Ok Ry Tk,Rx = T, p T Th 1, T oM B = ul + vgarMiTy, T re = Ti,R-
M

- If uﬁk < wuj, defining vy, = ag r/og,L, Mj = —(u;, — uT)/(akT£7R) and M, = My (Vk,%), the

intermediate states for phase k are given by:

* -
ukfuk 7’11%

\ O/;

w‘+*+§+

ap,rLY, Tk

Uk,L = GkTk,L 558 s

The, L+ Ty
A}

Ug,R + QpTk,R

3

QK R
Tk,R
Uk, R
Tk.rR T
Wave ordering uy < uy
where:
*
+ _ v _ ¢ 1-Mj + _ + + _
af =OQpR, T, =Tp g Uy = uj — ap M7y, 7.7 =Ty R,
1 — My
*
— — ﬁ ]. +M}€ _ % — —
a, =opL, T =T p—" u, = ul — vpapMpT T =T.r
k L k FRT & e My, k 1 ko k JRs
ME — M
k k k —
! Uk, Lx = U] — Vpap My, T pe = Ty L.

O Lx = Qk L, Tk, Lx = T;g LT T R oM,
’ ’ M

- If uﬁ = uj, the intermediate states for phase k are given by:

* __ ok
Uy =Up T,
A%
\ af
o +
kv T
I k Uk,R + QkTk,R
Uk, = QkTk,L Tk S U
u, N T,
- A}
kL Ti . QKR
Tk,L . Tk,R
Uk, L “ Uk, R
Th.L Te.r T

Wave ordering ux = u1

where:

_ - _ 4 - _ _ B - _
Qp = Qg L, Ty = Tpp> U = Up = U T, =T,

+ _ + _ 4 + _ k8 o+
Qp = Qk,R, Ty = Ty gy Uy = Up, = Uy, T, = T R
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B.3. Calculation of the numerical fluxes

Given the solution & +— Wgiem(&; W, Wg) where Wy, = #(Ur) and Wi = #(Ug) of the relaxation
Riemann problem, the numerical fluxes are computed as follows:

[ (ui)* Aoy |

(uf)=Aan
app1ul

Fi(UL,UR) = GONPNUN (WRicm (Oi§///(UL),j/(UR)))a
(up)* ZN A
u] 1=2 T A

(ui)*
uj

a1 pruf + arm +

CM1p1U% + aym — W;Aag

(up)*

O
Uy

aNpNUZ + aNTN — TnAaN

where uj is the solution of the fixed-point problem (B.3) and for k =2,..., N, m;Aay = WiAOék + 0k (uf) with

W,ti defined in (B.2) and ay = ag,r — ak,r. In the above expression of the numerical fluxes, we have denoted

(uf)™ = max(uf,0), (uf)” = min(u},0) and the functions z — % are extended by 0 at = 0.
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