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A DYNAMIC MULTILAYER SHALLOW WATER MODEL
FOR POLYDISPERSE SEDIMENTATION

RAIMUND BURGER!, ENRIQUE D. FERNANDEZ-NIETO? AND ViCTOR OSORES!*

Abstract. A multilayer shallow water approach for the approximate description of polydisperse
sedimentation in a viscous fluid is presented. The fluid is assumed to carry finely dispersed solid par-
ticles that belong to a finite number of species that differ in density and size. These species segregate
and form areas of different composition. In addition, the settling of particles influences the motion of
the ambient fluid. A distinct feature of the new approach is the particular definition of the average
velocity of the mixture. It takes into account the densities of the solid particles and the fluid and
allows us to recover the global mass conservation and linear momentum balance laws of the mixture.
This definition motivates a modification of the Masliyah-Lockett—Bassoon (MLB) settling velocities of
each species. The multilayer shallow water model allows one to determine the spatial distribution of
the solid particles, the velocity field, and the evolution of the free surface of the mixture. The final
model can be written as a multilayer model with variable density where the unknowns are the average
velocities and concentrations in each layer, the transfer terms across each interface, and the total mass.
An explicit formula of the transfer terms leads to a reduced form of the system. Finally, an explicit
bound of the minimum and maximum eigenvalues of the transport matrix of the system is utilized to
design a Harten—-Lax—van Leer (HLL)-type path-conservative numerical method. Numerical simulations
illustrate the coupled polydisperse sedimentation and flow fields in various scenarios, including sedi-
mentation in a type of basin that is used in practice in mining industry and in a basin whose bottom
topography gives rise to recirculations of the fluid and high solids concentrations.
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1. INTRODUCTION

1.1. Scope

The process of sedimentation of small particles suspended in a viscous fluid, water or air combined with
the flow of the solid-fluid mixture arises in numerous geophysical situations such as settling and convective
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sediment transport in rivers and estuaries, gravity currents and debris flows, as well as in clarification tanks,
wastewater treatment plants, and thickeners in the mining industry. While for many unit operations in industrial
applications a spatially one-dimensional description, usually in one vertical direction aligned with the governing
body force (mostly gravity) is sufficient, we are here interested in flows that involve a significant horizontal
bulk flow of the mixtures in addition to vertical segregation, and where typically the horizontal dimensions of
the domain are much larger than the vertical. In these situations, instead of solving a fully three-dimensional
model (such as the three-dimensional Navier—Stokes equations for an incompressible fluid), one prefers a so-
called shallow water or Saint-Venant approach that is based on a vertically integrated version of the underlying
model. In the presence of large friction coefficients, considerable water depth, wind, and other effects, however,
the standard single-layer shallow water approach is considered invalid since the horizontal velocity can hardly
be approximated by a vertically constant velocity. In this case so-called multilayer shallow water models are
preferred [1,4,40]. The multilayer approach consists in subdividing the computational domain into M layers in
vertical direction, which leads to a system of Saint-Venant equations (one version of the Saint-Venant system for
each layer). If a hydrostatic pressure is assumed then the unknowns are a horizontal velocity for each layer and
point of the horizontal computational grid plus the total height of the fluid column at that position, along with
the solids concentrations in each layer at that position. The vertical velocity components can be calculated by
post-processing the horizontal velocity components no partial differential equations (PDEs) need to be solved.

It is the purpose of this paper to develop a new multilayer shallow water model framework of polydisperse
sedimentation with these properties, along with a method for the numerical solution in the important subcase
of one horizontal space dimension and neglect of sediment compressibility and viscosity of the mixture. Here
polydispersivity means that the solid particles belong to a finite number N of species that differ in size or
density, and where particles of different species segregate and form areas of different composition. The solid
species and the fluid are described as N + 1 superimposed continuous phases. The main novelty is the choice of
the mass average of the velocities of the N + 1 phases to describe the movement of the mixture, in contrast to
a previous effort [28] where that velocity was defined as a volume average of phase velocities. The advantage of
the present approach is that the mass and linear momentum balance of the mixture are recovered, and therefore
consistency with a single-phase flow model is recovered. That said, we mention that in [28] the vertical settling
velocities of the N solids phases as nonlinear functions of the local composition are determined by the well-
known Masliyah-Lockett—Bassoon (MLB) model [32,34]. This model is also utilized herein but in a modified
form.

The final model that is eventually solved can be stated as a system of balance laws of the type

Ow + 0, F(w) = S(w, ,w) + G(w, d,w), (1.1)

where t is time, x is the horizontal space coordinate, the unknown w = w(t, z) is a vector of (N +1)M + 1
scalar unknown functions that represent the total mass of the mixture, the horizontal velocity component in
each of the M layers, and the N solids concentrations in each of the M layers. The flux vector F(w) and the
source terms S(w,d,w) and G(w, d,w) arise from reduced versions of the balance equations, as well as from
jump conditions across the interfaces between the layers. These ingredients will be specified in later parts of the
paper. The particular form (1.1) is suitable for the application of specialized methods for first-order hyperbolic
systems with non-conservative terms.

1.2. Related work

General references to models of sedimentation include [6,33]. Models of polydisperse sedimentation in one
space dimension similar to the MLB model, and which give rise to strongly coupled systems of nonlinear
conservation laws or possibly degenerate convection-diffusion equations were thoroughly studied in recent years
including analyses of hyperbolicity [13,23], extensions to flocculated suspensions forming compressible sediments
[8], construction of entropy solutions [7,24], development of efficient numerical schemes [10, 14,15], and appli-
cations in geophysics [25], water resource recovery [16], and others (see also references in the cited works). On
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the other hand, theoretical and experimental works on polydisperse gravity currents, with which our numerical
results could in principle be compared, include [9,21,30].

To put this work further into the proper perspective, we mention that suspended sediment transport in
shallow regimes by using a Saint-Venant or shallow water model combined with passive transport equations for
the different species is a well-known approach [18,26,27,31,35,43]. These models are obtained by averaging the
original three-dimensional equations along the height of the fluid and allow one to simulate sediment transport
with a relative small computational cost. The drawback of these models is that they only take into account the
mean depth-average concentration of solid particles in suspension. The vertical distribution and settling of the
particles suspended within the fluid is not described, which is achieved by the present multilayer Saint-Venant
approach [1-4,40]. In fact, numerical simulations by using a multilayer approach allow one to recover interesting
properties that are not observed when using just a hydrostatic shallow water model [3]. Moreover, in that paper
it is shown that the multilayer approach provides an alternative to the solution of the free-surface Navier—Stokes
system, leading to a precise description of the vertical profile of the horizontal velocity while preserving the
robustness and the computational efficiency of the usual Saint-Venant system. Similar conclusions have been
obtained by applying the multilayer technique to density-stratified flows [5].

To calculate the complete velocity field of the mixture within the approach developed herein, we will use the
mass balance equation of the mixture and the mass jump condition in the interfaces between layers to compute
the vertical velocity of the mixture. As we will see later, this vertical velocity is linear by layer and it has
possibly a jump between adjacent layers given by the jump condition. In [29] the authors introduced this idea
for an incompressible fluid. Here in the mixture each species has a constant density but the mixture itself is
compressible, and due to this modifications it moves as one phase satisfying laws of conservation of mass and
momentum.

The numerical solution of the resulting multilayer model (1.1) is based on recently developed specialized
methods for first-order hyperbolic systems with non-conservative products. In [22] the authors propose a formal
definition for such products and provide a notion of weak solution for the Riemann problem. Numerical schemes
to solve systems of PDEs in non-conservative form are proposed in [20, 37,38, 42| (this list is not complete). In
[19] the authors introduce new first-order finite volume solvers, so-called PVM (polynomial viscosity matrix)
methods, to solve Cauchy problems for hyperbolic systems of conservation laws with source terms and/or
nonconservative products. This method allows one to compute an approximation of the viscosity matrix by a
polynomial evaluation of a Roe matrix, which avoids the necesessity to compute the complete characteristic
decomposition of this matrix.

1.3. Outline of the paper

The remainder of the paper is organized as follows. In Section 2 we introduce the governing partial differential
equations (PDEs) governing polydisperse sedimentation, starting with the continuity equations (Sect. 2.1) and
the linear momentum balances (Sect. 2.2) for the solids and fluid phases and the mixture. The definition of the
slip velocity, or solid-fluid relative velocity, for each of the solids phases in terms of the modified form of the
MLB model is outlined in Section 2.3. For ease of reference, we summarize in Section 2.4 the governing PDEs
to which the multilayer approach is subsequently applied in Section 3. The layers, interfaces, and boundaries
arising in the multilayer approach are introduced in Section 3.1, followed by definition of some notation in
Section 3.2. The general concept of weak solutions of the governing PDEs in the multilayer setting, based on
the appropriate jump conditions across the interface between adjacent layers, is introduced in Section 3.3. For
the mass conservation and linear momentum balance equations of Section 2.4 the jump conditions give rise
to the mass fluxes across the interlayer interfaces and a relation that in addition to the mass fluxes involves
between the extra (or viscous) stress tensors, see Sections 3.4 and 3.5, respectively. In Section 3.6 we show how
the vertical velocities for each solids species are defined for each layer. The corresponding vertical velocities of
the mixture are derived in Section 3.7. Then, in Section 4 we introduce the assumption of a hydrostatic pressure.
The closure of the model is described in Section 5, and the final form of the equations that will actually be
solved is developed. In particular, in Section 5.1 the treatment is limited to one horizontal space dimension
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and fixed proportionalities of each layer with respect to the total height of the mixture are introduced. The
assumptions stated so far lead to the interlayer mass fluxes in closed form and reduce the model to M(N+1)+1
scalar PDEs for variables from one may recover the primitive variables, namely the solids concentrations and
horizontal velocity components in each layer and the total height of the mixture. This is outlined in Section 5.2.
The expression for the total interlayer mass flux is deduced in Appendix A. In Section 6 we present a numerical
scheme to solve and simulate numerically the polydisperse sedimentation process. Specifically, we demonstrate
in Section 6.1 that the final model takes the form of a first-order system of balance equations, and in Section 6.2
describe the HLL-path-conservative method used for its solution. Section 7 is devoted to the presentation of
four numerical examples (after stating some preliminaries, Sect. 7.1), namely for bidisperse sedimentation in
solely one vertical space dimension (Test 1), bidisperse sedimentation in a horizontal channel with an inclined
bottom (Test 2), sedimentation in a domain whose bottom has a “bump” (Test 3), and cylindrical dam break
involving bidisperse sedimentation over a 3D paraboloid bottom (Test 4) (see Sects. 7.2-7.5). Some conclusions
are collected in Section 8.

In Appendix B, we introduce a bound for the characteristic velocities of the proposed multilayer model
formulated in Section 5. In Appendix C we provide details of some of the calculations that lead to the final
system of Section 4.

2. GOVERNING EQUATIONS

2.1. Continuity equations

Let us consider NV € N species of spherical solid particles dispersed in a viscous fluid. For each solid species j,
j=1,...,N, we denote by ¢;, p;, and d; its volumetric concentration, density, and particle diameter, respec-
tively, where we assume that d; > do > --- > dy. Furthermore, in d = 3 space dimensions we denote by
v; = (uj,vj,w;)T € R3 its phase velocity with the horizontal component (u;,v;) € R2, while in d = 2 space
dimensions (one horizontal, one vertical) the velocity is (uj, w;) € R? with the scalar horizontal component w;.
In both cases, w; is the vertical velocity component. The same notation is used for the fluid indexed by j = 0.
The model is based on the continuity and linear momentum balance equations for the N solid species and the
fluid. The continuity equations are given by

O (pj¢;) + V- (pjdv;) =0, j=0,...,N. (2.1)
Since all densities p; are constant, we may divide the j-th equation in (2.1) by p;, obtaining
Dby +V - (650,) =0, j=0,...,N. (2.2)

(Here and in the remaining of the paper, partial derivatives of indexed quantities are always understood in
the sense 0;¢; = 0;(¢;), etc.) Let ® := (¢o, ..., ¢n)T. We define the density of the mixture

p = p(®) := pogo + p1d1 + -+ pNoN. (2.3)

(Notice that while the individual phase densities pg, p1, - .., pn are constants, p = p(®) is variable and depends
on the local composition ® of the mixture. Since the components of ® are dimensionless volume fractions, the
dimension of p is again a density). Then summing all equations in (2.1) yields that the mass average velocity
of the mixture

1 & 1 al N
V= (ua v7w)T = Z PmPmVm = — [(P - ij¢j>v0 + Zpk¢kvk] (2.4)
P =0 P j=1 k=1

satisfies the global mass balance of the mixture

Op+ V- (pv) =0, (2.5)
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where we observe that (2.5) has the same form as the continuity equation of a single-phase fluid with variable
density p and velocity v; in fact, the mass average velocity v is introduced precisely for the purpose of achieving
this form. Defining the slip velocities u; := v; — vg (ug = 0) and \; := p;¢;/p for i = 1,..., N, we now derive
the identity

pidiv; = pidj(uj +v— (Mur + -+ Ayun)), j=1,...,N; (2.6)
hence the solids mass balance equations from (2.1) can be rewritten in terms of v and uy,...,uy as
O(pid;) +V - (pidj(u; +v— (Mur + -+ Ayun))) =0, j=1,...N.
Summing all these equations plus that of the fluid, we recover, again, the mass balance of the mixture.

Remark 2.1. The main difference between the model that we present here and the one introduced in [29]
becomes from the definition of the average velocity v (Eq. (2.4)). In [29] authors consider a multilayer approach
of a polydisperse sedimentation model with the classical MLB settling velocity and average velocity

N
vi= Z GO (2.7)
m=0

The usual definition of the average velocity only consider the concentrations of the species and the fluid. The
definition of mass average velocity of the mixture (2.4) considers densities and concentrations of each one of
the solids species and of the fluid in which the particles are dispersed. This fact gives a superior behavior to
the proposed mass average velocity because it allows us to recover global mass and linear momentum balance
laws of the mixture. Moreover, using this definition we also propose a modification of the classical MLB model,
which now consider the total density of the mixture too (see Sect. 2.3).

2.2. Linear momentum balances
The respective momentum balance equations for the /N solids species and the fluid are given by
8t(pj¢jvj)+v~(pj¢jvj®vj):V~Tj+pj¢)jb+m§+m§-, jil,...,N, (28)
Bi(podovo) + V - (pogovo @ vo) = V - T + podhob — (M + -+ + my). (2.9)

Here T'; denotes the stress tensor of the particle species j, 7 =1,..., N, Ty that of the fluid, b is the body
force, mg and mj; are the interaction forces per unit volume between solid species j and the fluid and between
the solid species j and 1, respectively, and mj = mj, +--- +mjy is the particle-particle interaction terms of
species j. In light of considerable experimental and theoretical justification [8], the quantities m; are neglected
at the very low Reynolds numbers considered here.

Summing all equations in (2.8) plus (2.9) and setting T' = E;V:O T; yields

N N
O (Z quijj) +V- (Z PiPiv; & vj> =V T+ pb.
j=0 7=0
Defining the diffusion velocities u? :=w; —v for j =0,...,N, we may rewrite the above expression as
N
Or(pv) + V- (pv®@v) =V - (T — > pidiul ® u?) + pb.
§=0
Finally, the linear momentum balance equation for the mixture is given by

O(pv) + V- (pv @v) =V - X + pb,
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where ¥ =T — Z?’:O quzﬁju? ® u? denotes the stress tensor of the mixture. (This reduces to X' = T if the
fluid and solid velocities are the same.)

We assume here that the stress tensors of the solid and fluid phases can be written as T; = —p; I —&-T?‘ for j =
1,...,Nand Ty = —poI+T%, respectively, where p; = (¢j/)(dp+0c(4)) denotes the phase pressure of particle
species j, po = (1 — ¢)p that of the fluid. The total concentration of particles is ¢ = ¢y + -+ + oy = 1 — ¢yp.
Tg and T;: are the viscous stress tensors of the fluid and solid phases respectively, and o, is the effective solid
stress.

The interaction solid-fluid force per unit volume is given by

m; = o (®)u; + B;(9)Ve;, (2.10)

where «; is the resistance coefficient for the transfer of momentum between the fluid and solid phase species j.
Following the arrgument of [8], namely inserting inserting (2.10) into the linear momentum balances, considering
the mixture at equilibrium in a settling column so that all slip velocities and the fluid velocity vanish and
Vp = —pogk, where k is the upward-pointing unit vector, we obtain that £ (®) = --- = By (®) = p. Introducing
the continuity equation (2.1) in the momentum equations (2.8) and assuming that gravity is the only body force,
i.e., b = gk where k is the downward-pointing unit vector, we obtain the linear momentum balances in the
following form:

pi¢iD; :V~T;3—¢ij—pj¢jgk+aj(<I>)uj+mj —V(Zjae(gb)), j=1,...,N, (2.11)
1
poDivg = —Vp + mv . T(];: + pogk — (cqur + -+ - + ayuy), (2.12)

where we use the standard notation Dyv = dyv + (v - V).

2.3. Explicit formula for the slip velocities u;

An explicit expression for the slip velocities u; is derived in [8] by a dimensional analysis applied to the linear
momentum equations for the solid species and the fluid, (2.11) and (2.12), respectively. This procedure yields
the explicit form

®; ( T oe(9) <¢j> 1-¢ .
u; =g pi—p ®Pk+ ——=V | — ——Voe(p)), 7=1,...,N, 2.13
RC) (b ) 9%; ¢ 9% (@) (2.13)
where we introduce the reduced densities p; := pj—po, j = 1,..., N and the vector p := (p1,. .., pn)T. Following

[8,32,34] we choose ¢;/a;(®) = —dZV(4)/18u0, where pg is the viscosity of the fluid, and the function V(¢),
known as hindered settling factor, that is supposed to satisfy V(¢) > 0 and V'(¢) < 0 for 0 < ¢ < ¢max. A
common choice of this function is the Richardson—Zaki [39] expression

_JA—g)mzm? for ¢ <1,
V((b) = {0 for 6> 1, nrz > 2. (2.14)

Since we are interested in modelling only the sedimentation process we will not consider effects of sediment
compressibility, so we assume that the effective solid stress o, is equal to 0. Therefore the final form of the slip
velocities is given by

Uj ::u(sjv(d))(ﬁj 7ﬁTQ))k7 .7 = 1;"'3Na (215)

where we introduce the parameters p := —gd?/(1840) and §; := d?/df, j=1,..., N, where we recall that d; is
the largest particle diameter.
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Inserting (2.15) into (2.6) we get

pidiv; = pidjv + pi [} (®)k for j=1,...,N. (2.16)

Note that we use the mass average velocity (2.4) instead of the classical definition given by the volume average
velocity (2.7). Then we obtain a modification of MLB model, defined by

N
FH®) == vy = ¢;uV (9) <5j(Pj -pre) - Z Ak (Pr — ﬁT‘I’)>» j=1,...,N. (2.17)
=1

Finally, the continuity and momentum equations for the solids can be written as
0+ V- (¢v + fY(P)k) =0, j=1...,N, (2.18)
pi (04(djv;) + V - (3505 ®v;)) =V - T5 — ¢;Vp — pjdjgk + a;(®)u;, j=1,...,N. (2.19)

We remark here that the vertical velocities of particles expressed as combination of the vertical average
velocity of the mixture w = Aqwg + - - + Aywy and the fluxes f]M(CD) satisfy

pidjw; = pidjw + p; f11(®), (2.20)
moreover we have the identity
N N
Z)‘ij =1 = 2o)w+ - ZPnyM
Jj=1 j=1

that can be rearranged as
1N
/\owo = )\Ow - = Zp]fJM
Pia

From the above equation we may define a similar relation as (2.15) for the velocity of the fluid

N
Podovo = podov + po fo" (R)k = poov — Z pi [} (®)k. (2.21)
j=1

2.4. Final form of the model equations

The final form of the model is given by the mass conservation and linear momentum balance equations for
the solids species after introducing (2.13) into (2.19) and the fuid, it can be written as

(pj9j) +V - (pj¢jv;) =0, j=0,...,N, (2.22)
pi(0u(djv;) + V - (¢jv; ®v;)) =V - T5 — ¢;Vp— djpgk, j=0,...,N, (2.23)

and where the quantities p;¢;v; are given by (2.16). If we sum up from 0 to N the equations (2.23), then we
have

N N
O (Z PJ‘¢J‘“J‘> tV- (Z PjPiv; ® Uj) =V.-T —pgk, (2.24)

=0 =0

with T =Y T; = —pI + T*.
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ZM+1/2
(I)M(-’Eyt) ’U;M(.?f,t) hM($ t)
’ ZM—-1/2
(I)M—l(xvt) uM,1($,t)
hM—l(xv t)
q)g(iE,t) .
uy(z,t) : 25/2
(I)l(xyt)
hQ(l’, t) ZS/Z
hl(]?, t) 21/2

L

T

FIGURE 1. Sketch of the multilayer approach.

3. A MULTILAYER APPROACH

3.1. Layers, interfaces, and boundaries

We shall consider a d-dimensional space (d = 2,3). For a given final time 7' > 0 and each time t € [0,T] we
denote by Qp(t) the fluid domain and by Ir(t) its projection onto the horizontal plane. In order to introduce a
multilayer system, the fluid domain is divided along the vertical direction into M € N* pre-set layers of thickness
ha(t, @) with M + 1 interfaces

LCat1/2(t) = {(:I;,z) eRY: z= Zay1/2(t,x), T € IF(t)}, a=0,1,....M

(see Fig. 1). We assume that the interfaces I'q11/2(t) are smooth, concretely at least of class C'' in time and
space. We denote by 2p = 212 and 25 = zp741/2 the equations of the bottom and the free surface interfaces
I'p(t) and T's(t), respectively. The thickness of layer « at time ¢ and horizontal position @ is

ha = ha(t,:l:) = Zoz+1/2(tvw) - za—l/Q(tvw)v a=1,...,M,

such that z,41/2 = 2B+h1+- - +hy fora=1,..., M. Then the height of the fluid is h := 25—25 = hi+---+hy.

The boundary OQp(t) of Qp(t) can be represented as 9Qr(t) = I'p(t) U Ts(t) U O(t), where O(t) is the
inflow/outflow boundary which we assume here to be vertical. The fluid domain is split as Qp(t) = UM Q, (1),
where we define the layers and their boundaries as

Qa(t) == {(@,2) ;@ € Ip(t) and 24_1/2 < 2 < Za41/2},
such that

8Qa(t) = Foc—l/Q(t) U Fa+1/2(t) U @a(t), @a(t) = {(213,2) X € aIF(t) and Za—l/Q <z < Za+1/2}.

Hence the inflow/outflow boundary is split as O(t) = UM ,0,(t).

a=1
3.2. Notation

Based in part on the definition of layers above, we introduce the following notation:
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(i) For two tensors a and b of sizes (n,m) and (n,p) respectively, we shall denote by (a; b) the tensor of size
(n,m + p) which is the concatenation of @ and b in this order.
(ii) For & = (x1,...,24—1) and the differential operator V = (04, ,...,0 0,), we define

y YITg_19 Yz
V= (05V) = (04,0 - 100y 1,02), V= (0ayr . Ony )

(iii) For « =0,1,..., M and for a function f, we set

f(;+1/2 = (f|52a(t))|1‘a+1/2(t)7 f;+1/2 = (f|$2a+1(t))|1“

at1/2(t)"

If f is continuous across I'q11/2(t), we simply set fo11/2 = f\pa+1/2(t). We shall also use the notation

. 1 B
fat1y2 = §(fi+1/2 + fa+1/2)'

(iv) We denote by m, /> the spatial unit normal vector to the interface I, 1/2(t) outward to the layer Q24 ()
for a given time ¢, that is
1

o = Vzza =T,
Mat1/2 1+|sza+1/2|2( et/ =)

Furthermore, n; 1/ denotes the (space-time) unit normal vector I'y 1 /2(t) pointing to Qq41(t), i.e.,

a=0,..., M.

1
n 1/2 ‘= atz 12VZ 12—1T a=0,...,M.
t,a+1/ \/1+ |sza+1/2‘2+ (atza—1/2)2( a+1/2s Yala+1/2, ) ) s »
(v) Let a € {1,..., M — 1}, and assume that y is a scalar, vectorial, or tensorial quantity defined in §2,,(¢) and
Qa41(t), such that the one-sided limits of y on either side of I'y 11 /2(t), that is
Yravipp = Mm@ 20,y = lim (e 2t),
>zq41/2 2<zZq41/2

are well defined. Then we denote by [y]; qa41/2 the jump of y across I'qy1/2(t), that is,

— ot -
Wltat1/2 = Yt,a+1/2 ~ Ytat1/2°
If y does not depend on z within each of the layers Q,(¢t) and Q41(¢), then this implies

ﬂyﬂt,a+1/2 = (y‘ﬂa+1(t) - y|Qa(t))|Fa+l/2(t)' (3.1)

Remark 3.1. If we add the time variable as one more dimension, then the corresponding domain Q7 is actually
given by Qr = {(t,x,2) : t € (0,T],(z,2) € Qp(t)} with 0Qr = Ar UA; U Ag, where Ap = {(¢t,z,2) : t €
(0,7),(xz,2) € ()}, A1 = {0} x Qr(0), and Ay = {T} x Qr(T). Since we integrate over Qp(¢), we retain
here the boundary A for the computations even if it means cancelling the tests functions over the boundaries
Al and A2.

3.3. Weak solution with discontinuities

Let us recall the conditions to be satisfied by a piecewise smooth weak solution (v, ..., vn,dg,...,dn,p) of
(2.22)-(2.24), where vg, v; are defined by (2.16) and (2.21) respectively.

Definition 3.2. Assume that the velocities vy, v1, ..., vy, the pressure p and the volume fractions ¢g, ¢1, .. .,
¢n are smooth in each Q4 (), but possibly discontinuous across the predetermined hypersurfaces I', 1 /2(t) for
a=1,...,M — 1. Then

Y= (UOa"'avNa¢Oa"'7¢N7p):QTB (t,m,Z)'—)y(t7$,Z) 6RN+1 XRNJ’_l xR
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is a weak solution of (2.22)—(2.24) if the following conditions hold:

(i) The function y is a standard weak solution of (2.22)—(2.24) in each layer Q,(t), a =1,..., M.
(ii) For each « = 1,...,M — 1 and t € (0,T], the following normal flux jump conditions across the interface
I'q41/2(t) are satisfied: for the conservation of mass equations,

|[(pj¢j;pj¢jvj)]lt,a+1/2 “Nyar12=0 forallj=0,...,N, (3.2)

and for the momentum conservation law corresponding to equation (2.24),

N N
”(Z PmPmVm; Z PmPmVm @ Uy — T)H "Nt at1/2 = 0, (33)
tat+1/2

m=0 m=0
where
T=—pl+T" (3.4)
is the stress tensor of the mixture.

In order to develop the multilayer model, we assume the layers thicknesses small enough to neglect the
dependence of the horizontal velocities and the concentrations on the vertical variable inside each layer. More-
over, we assume that the vertical velocity is piecewise linear in z, and possibly discontinuous. Concretely,
forall « = 1,...,M and j = 0,...,N we denote vj|q_ () = Vja = (Ua, W)L, Pja = ®jla. ), and for all
a=1,...,M, po = plo, (), where uq, ¢joWjo0 = ¢jaWea + fjl\}/la, and ¢; ., respectively, stand for the horizontal
and vertical velocities and volumetric concentration of species j in layer a. Let us also denote the average
velocity of each layer by

N
|
vt = ;ij¢j7a'uj,a = (Ua,wa), a=1,...,M,
=0

(where we choose an upper index for « to avoid confusion with the lower index j), and assume that
8zua = 07 8z¢j,a = 07 azwj,a = dj,oz(ty IL’), 8zpa (t, 53) = ga(t7 11), (35)

for some smooth functions d; o (¢, ) and g, (¢, x). That is, we suppose that the horizontal velocity u, and the
concentration of each of the species ¢; , do not depend on z inside each layer, and that w; . and p, are linear
in z inside each layer.

There is no hope for such a particular set ((wa, w1,6)", .-, (Ua, WN.0)T, d1.as- -+, ON.asPa) to be a solution of
the complete equations in the layer Q,(¢). Instead, we shall consider a reduced weak formulation with particular
test functions, that we describe in the following sections. Let us also denote ®, = (¢0.a;, P1.a,---,PN.a) " and

Po 1= P0¢0,a + p1¢1,a +oF pNQbN,oe- (36)

3.4. Mass conservation jump conditions

In what follows we analyze the jump conditions (3.2) and (3.3), where we recall that (3.5) implies that

uI—l/Q(t7w) = u;+1/2(t’ w) = ua(tvw)v and ¢;’:a—1/2(t’ :B) = (bj_,a+1/2(t’ :I:) = ¢j,a(t7 :B), (3'7)
so that the jumps [u]; 4172 and [@;]¢a41/2, 7 = 0,..., N, are indeed given by (3.1). The mass conservation
jump conditions (3.2) are then satisfied provided that

(Y e I
Gj7oé+1/2 = Gj,a+1/2 = Gj,a+1/2’ ] = 0,1,...,N, (38)
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where we define for j =0,1,..., N

G;:a+1/2 = pj®ja+1 (3t2a+1/2 + Ugt1 sza+1/2 - w;—faﬂ/z), (3.9)
G;a+1/2 = 0j%ja (atza+1/2 + Ua - Vazati/z — w;a+l/2)'

(We remark that G; 412 is the normal mass flux for species j at the interface I'nq1/2(t).) Taking into

account the structure of the vertical velocity, let us denote

+ + + +
Wiay1/2 = Waq12t j,a+1/2/¢j,a+1/2~ (3.10)

*

where fj a-1/2 Must satisfy

N N

+ _ - _
ijfj,a+1/2 = ijfj,a+1/2 =0.
=0 =0

If we add up in j, it becomes clear that G4 1/2 = G(:+1/2 = G;FH/Q, where
N
Gati/2 = ZGj,aH/z
§=0

and

G:_;_l/g = Pa+1 (atza+l/2 + Uqt1 - v:l:Za—i-l/2 - w§+1/2)a (3 11)
G;+1/2 = ﬁa(atza+1/2+ua ~sza+1/2 —U.);+1/2)7 .

which corresponds to the jump condition for (2.5). (The quantity G412 will be referred to as total normal
mass flux across the interface I'y11/2(t).) Then, from (3.9) to (3.11) we obtain

+ o pj¢j,oz+1 4 — - pj¢j,a —
det1/2 = T 5 T Gati/2 — pjfj,a+1/2’ Gj,a+1/2 = Gati/2 — pjfj,a+1/2v
and these two equations allow us to obtain
Gj,a+1/2 = ng,a+1/2Ga+1/2 - ijj,a+1/2, (3~12)
where we define the averages
- L (pjPjat1 | PiPja 7 Loy - :
¢j,a+1/2 = 5 < P + Do 5 fj,a+1/2 = 5 (fj,a+1/2 + j,a+1/2)’ J = 07 s 7N' (313)
Let us also remark that condition (3.8) can be written as
+ _f e’ ¢j»06+1 _ ¢j704) . 3.14
f],a+1/2 j.a+1/2 a+1/2 ( ﬁa+l ﬁa ( )

Then, from previous equations we obtain

- G o 0 )
+ atl/2 j,a+1 j.a
- =f ., + J _ 4 .
fg,a+1/2 f]7 +1/2 2 ( Pat1 Do
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3.5. Momentum conservation jump conditions
The momentum jump condition (3.3) is rewritten as

N

[TTtot1/2 - (Vazatije, —1)T = [(pjdjvsipidjv; ® Uj)]]t,aﬂ/z (OZat1/2: Vazatiz, —1)7T. (3.15)
=0

Moreover, using (3.8), we have
[(pj(ijj; quijj ® Uj)] tat1/2 " (8tza+1/2> vmza+1/27 _1)T = Gj,oz+1/2[['vj]]t,a+1/2a 7=0,1,..., N,
Inserting this into (3.15) we get
N
[[T]]t,a+1/2 . (vwza+1/27 _]-)T = ZGj,a+1/2[[Uj]]t,a+l/2'
5=0

As a consequence, condition (3.3) can be written as

N
T]ta "N Ga Vilt.a . 3.16
[T]t,011/2°m +1/2 = T |V Za+1/2|2 Z jat1/2[Vltav1/2 (3.16)
For a =1,...,M — 1, and consistently with (3.4), the total stress is decomposed as
+ E,+
T 12 = —Patrel + T (3.17)

where pa+1 /2 is the kinematic pressure and Ta 172 are the limit approximations of T at [o41/2- This means

that Ta+1/2 must satisfy
N
E + E,—
[[T ]]t,a+1/2 “MNati1/2 = (Ta+1/2 Ta+1/2) “MNat1/2 = 1+ \V > +1/2|2 Z GJ a+1/2[[vj]]ta+1/2’ (3'18)
where G 11/ is defined by (3.12). Moreover, by consistency, Ta’+1 /2 should satisfy
FE FE
1, 54+ Ty a+1/2 T,. a+1/2
(Tt + T ) = T _ L (3.19)
+1/2 +1 2 a+1/2 = E T #E )
2 atl/ atl/ (Twz,aJrl/?) Tzz,oz+1/2
where TE at1/2 is an approximation of T Ir. 12> t0_be defined and Th at1/2) ng,aJrl/Q’ and Tzz at1)2 denote

the horizontal, mixed, and vertical components of Ta 4120 respectlvely Concretely, if we utilize the expression
for a viscous-linear fluid,

T* = T°(v) = uD(v) = & (Vo + (Vo)"),

where D(v) = (1/2)(Vv + (Vv)") is the infinitesimal rate of strain, then we define Ta t1g = ,uf)a_H/Q, where
D, 1/, is an approximation of D(v) at the interface z,41/2. Finally, we can solve the system defined by (3.18)
and the equation resulting by multiplying scalarly (3.19) by the vector i, , /2- This way, we obtain the expression
of Tg +i1 /2 that satisfies the jump condition and the consistency condition on the interface. We can solve it easily
and we obtain

N
~ 1

7B . =TF . .- § Gig Vilia 3.20

a+t1/2  Ma+1/2 a+1/2 Nat1/2 T 2 I Za+1/2|2 Js +1/2[[ ilt, +1/2- ( )
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3.6. Vertical velocity of the solid particles

First, we select o € {1,..., M}, and integrate vertically the mass balance equations (2.22) over (z,_1/2, 2)
for 2 € (2a-1/2, 2a+1/2). This yields

/ (8e(pids) + V- (pjdjv5))d¢ =0, j=1,...,N.
Za—1/2

Under the assumptions (3.5) and recalling that v; = v+ fM(®)/¢;k = (u,w;) and w; = w+ fY(®)/¢;, we
obtain

6t(pj¢j,a)(z - Za—1/2) +Vg- (pj¢j,aua)(z - Za—1/2) + pj¢j,a (wj,a(ta T, Z) - w;a_l/z) = 0.

This equation implies that the vertical velocity w; o is given by

wja(t, z, 2) = w;:a—l/2 j@ - (0e(pjdja) + Va - (pjdjatia))(z = 2a-1/2), j=1,...,N. (3.21)

In addition, from the condition (3.11) at the interfaces, we obtain the quantities

w;_a—l/Q = #((Pj%a — Pj®ja-1)0kza—1/2
’ Pi P
+(PjPjata — PjPja—1%a—1) * Vaza_1/2 + pj¢j,a—1w;a_1/2)7
where
_ 4 Bo—
Wja-1/2 = Wja—g/2 W (0i(pjdja—1) + Va - (pjdja-1Ua-1))-

Using the horizontal velocities specified by the model, the average vertical velocities in the layers are computed
sucessively from below to above as follows, where j = 0,..., N. First the quantity w;:l /2 is determined from the
given mass transfer G ; /9, through the bottom condition (3.8) at the bottom by

wL/z =0z + U1 - VB — pi;i

Then, fora=1,...,M and z € (za,l/g,zaﬂ/g), we set

wj,oz(ta €, Z) =wl (8t(pj¢j oc) + Ve (pj¢j,aua))(z - za71/2)

ja—1/2 ]ijo/

Wag1jz = Wa_1/s ~ ]¢J ~(0(pjdja) + Va - (pjdjatia)).
1

m ((Pj¢j,a+1 = PjPj.a)0tzat1/2
77,

+ (pjdja+1Uat1 = Pijala) - VaZar1/z + PjGjal; 41 /s)-

+ _
Wjari2 =

3.7. Vertical velocity of the mixture
The vertical velocity of the mixture inside €2, is obtained summing from 0 to N the vertical velocity of the
species inside this layer, which is given by (3.21). This yields

N

N
ijqu,awj,a(t,x, z) = Z (pj¢j7aw;:a71/2 — (0e(pjdja) + Va - (pj5atta))(z — Za—1/2)>~ (3.22)
=0

Jj=0
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This equality implies that
1 _ _
wa(ta Z, Z) = wi—1/2 - ;(8tpa + Vg - (paua))(z - Za—1/2)7

and using the mass jump condition (3.11), we obtain

1 _
w§,1/2 :?((ﬁa - ﬁafl)atza—&-l/? + (Pata — Pa—1Ua—1) - sza—i-l/Q + ﬁaflwafl/g)v
[e%
where B
— a—1 — _
Wo—1/2 = w2_3/2 T Pt (0¢(Pa-1) + Va - (Pa-1Ua-1)).

Then the vertical velocities of mixture in the layers can be computed successively from below to above as
follows. The quantity w;r/2 is determined, from the given mass transference G2, through the condition (3.8)
at the bottom by

G
Wy = Oz + Uy - Vg — L/2
P1
Then, for o =1,..., M and z € (24—1/2, 2a+1/2), We calculate successively
1 _ _
Wa(t,@,2) = w1y = == (O1Pa+ Va  (patta)) (2 = 2a-1/2),
_ ha [ _ _
Wot1/2 = w;rfl/z B ﬁj(atpa +Va - (patta)),
1 _ _ _ _ _
Wot1/2 = Dot ((Pa+1 - pa)at2a+1/2 + (Pa+1%at1 = Palla) - VaeZat1/2 + pawa+1/2)o

4. A PARTICULAR WEAK SOLUTION WITH HYDROSTATIC PRESSURE

The assumption of a hydrostatic pressure means that

M

Pa(t, @, 2) = payi/2(t, ) + pag(zat1/2 — 2), where pay1/2(t,x) =ps(t,x) +g Z pghp(t,x).  (4.1)
B=a+1

Here, the component p,y1/2 is the kinematic pressure at I'y11/2(f) and ps denotes the pressure at the free
surface. Then, the unknowns of the systems are the layer depths and the horizontal velocities.

Since v; o is a weak solution of (2.22)—(2.24) in Q,(t), where v; defined by (2.16), let us begin by considering
the weak formulation of this system in Q4 (t) for @ = 1,...,N. Assume that v;, € L2(0,T; H(Q4,(t))?),
Ovja € L20,T;L2(Q0()?), dja € LXO.T:HY (1), Oidja € LX0.T:LX(Qu(t) and po €
L2(0,T; L?(Q4(t))). Then a weak solution of the original equations in Q,(t) should satisfy for all ¢ € L?(24(t))
and for all 9 € H*(Q,(t))? with 9|57, = 0 the identities

A (at¢j,a +V. (¢j,a’vj,a))(pdﬂ =0,

@

N N
/ (Z pjat(qu,avja)) - dQ + / (Z ij : (qu,avjﬂ ® 'Uj7a)> -9dQ
Qa(t) Qa(t) \j=o

J=0

+/ TE:VﬁdQ—/ pV-ﬂdQ+/ (T i1/09) - Magryedl
Qa(t) Qq (t) Cati/2(t)

B / (T2—1/219) “MNa—12dl = */ gpak - 9 dQ.
Lo—1/2(t) Qa(t)
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We consider velocity-pressure pairs with the structure given by (3.5) that satisfy the previous system with
particular weak solutions that satisfy (4.2) for test functions such that 9, = 0 and

B(t,x,2) = (Du(t, ), (z — 2B)V(t,x)) ", (4.3)

where ¥y, and V are smooth functions that do no depend on z. Now following a similar approach as in [29], after
some straightforward calculations (see Appendix B) we get the mass conservation law

at(pj¢j,aha)+vm . (pj¢j,ahaua) :Gj,a+1/2 _Gj,a—1/27 .7 :0317"'3Na a = 17"'7M7 (44)
where G 11/2 is defined by (3.12). We remark that taking into account (3.6), we get
at(ﬁaha) Jer . (ﬁahaua) = Ga+1/2 7Go¢—1/27 o = 1,...,M. (45)

The balance of momentum equations now take the form

Za+41/2
8t(ﬁo¢h(xuoz) + vm : (ﬁahaua ® ua) + / V:cpoc dZ - va: : (haTE)

Za—1/2

+ (Tg,a+1/2(vwza+1/2)T - ng,a+1/2> - (Tg,afl/z(vmzafl/ﬂT - ng,a71/2)

G, Ga-
— ;1/2 (Uas1 + o) — 22 (uy + ug_y). (4.6)

Introducing the notation
M h a—1 h
Pa Z=ps+g Z ﬁﬁhﬂ+gﬁa77 Za ::zB+Zhﬁ+7a
B=a+1 B=1

we obtain the following system for a« =1,..., M:

at(pj¢j,aha) + vm : (pj¢j,ahaua) = Gj,a+1/2 - Gj,a—1/27 .7 = 0; ceey Na
at(ﬁochaua) + Vg - (ﬁahaua ® ua) + ha(vmﬁa + gﬁavmza)

- VW . (hCVTE) + (TE,aJrl/Z(szaJrl/Q)T - ng,aJrl/Z) - (Tg,afl/Q(szafl/Q)T

- ng,afl/Z)
Ga—l/Q
2

Ga
- ;1/2 (Uat1 + Ua) —

(ua + ua—1)7
(4.7)

where TE,(E-‘,—l/Q and ng,a+1/2 are defined by (3.19).

5. CLOSURE AND REFORMULATION OF THE MODEL

5.1. Closure of the model in one horizontal space dimension

For the sake of simplicity, we assume that from here on that the extra (viscous) stress tensor T" equals zero,
and we limit the treatment to one horizontal space dimension. In the sequel, we shall denote the horizontal
velocities u,, merely by u,, as well as replace x by z, etc. We define layers whose thickness h,, is proportional to
the total height h, i.e. we assume that h, =l h for « = 1,..., M, where with [y, ..., Iy are positive constants
satisfying I; + --- 4 Iy = 1. Furthermore, we define 7, 1= pj@;h fora =1,...,M and j = 0,...,N, and
Ga = Pahug for @ = 1,..., M. Note that system (4.7) consists of M (N + 2) scalar equations for the same
number of unknowns, namely {h, {¢a, {rj@}j-\’:l}i/[:l, {Ga+1/2}éw:_11}. Finally, we define

N N
Ma 1= ﬁah = Z'rj,a = P()h + Z urj,a~ (51)
i=0 PRI
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(The second equality is proved in Sect. D.1 of Appendix D.) Then, instead of writing (4.7) in terms of
{{rja}iotdly, we utilize {ma, {rja}} 1} A5, Moreover, from (5.1) we can recover the height of the fluid
column as

N
1 Pi — Po

h=—{me =3 220 ). (5.2)
Po( =P j’)

Consequently, by taking into account the definition (3.12) of G 44172, wWe can write the system (4.7) for
a=1,...,M as follows:

1
Oymea + 0rqa = T(Ga—f—l/Q - Ga—l/Z)a (53)

87

Tj,ada 1 - 7
0¢Tj,0 + Op (]m) = (¢j,a+1/2Ga+1/2 - ¢j,a71/2Ga71/2)

[

i - . j=1,...,N, (5.4)
- lfj(fj,aﬂ/z - fj,a71/2)a

2 M M
o g
i + Oa <ma + h(ps + Slamatg Y lﬂmza)) = (Ps +9 D, lWﬁ) Ozh

B=a+1 B=a+1 (5.5)
1, -
- gmozawzb - gmaLa—lﬁaxh + T (ua+1/2Ga+1/2 - uocfl/ZGafl/Q)v
where we define
- L 1 Ja+1 do
tootl/2 = 2 (maHrl * mq
and note that (gj’a+1/2, defined by (3.13), can be written as
(&' :1 Tjatl +rj77a . (56)
j,a+1/2 9 Mat1 Me, .

Finally, we can also compute an explicit expression of the interlayer mass flux G,1/2. The deduction of the
explicit expression of these terms are presented in Appendix A. Moreover, if we introduce the notation

N M
Z Pj — Po 5 Z

R/g =dqg — Tngg J P N R := lﬁRﬁ,
J B=1

Jj=1

we can compute the following difference for the transfer terms (see Eq. (A.5)), which allows us to define them
recursively:

_ _ _ N
« + « e + oa— T r3 r
Po(/:’)a;laﬂp )Ga+1/2 - pO(,;apap1 1)Ga—1/2 =1,0,(Ry — R) + po jE:O (fj,a+1/2 - fj7a—1/2)- (5.7)
5.2. Recovery of primitive variables

Finally, we can deduce the definition of G,41/2 from previous equations, in terms of the other unknowns of
the problem. As a result we obtain a reduced system with M (N + 1) 4+ 1 equations. The system can be defined
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by the M N equation (5.4), the M equation (5.5) and the sum of the M equation (5.3). This last equation can
be written as

M M M
Oym + 0y (Z lgq;g) = GM+1/2 —Gl/g, where m := hz,ﬁglg = Zlgmg. (5.8)
B=1 pB=1 p£=1
Then, once the total mass fluxes G412, @« = 1,..., M — 1 are specified (see Sect. A), the unknowns of the

system defined by equations (5.4), (5.5) and (5.8) are {m, {qa,{rja}}_1 AL, }. From these unknowns we can
recover primitive variables as follows:

1 M N e
e ot 0.
Po Pj

f=1j=1

N M N
N o
Mo = poh+ D Tja PiP0 — iy DD (- rp)ls L2,
= Pj =1j—=1 Pi

pa = ma/h7 (59)
U = qa/ma~
6. NUMERICAL SCHEMES

6.1. First-order system of balance equations
In this section we present a numerical scheme to solve the full system composed by (5.4), (5.5) and (5.8). If
we denote the vector of unknowns as

= T
w = (m7Q1a'"7QM3T1,17"'3TN,17"';r1,0u~";TN,OL)"',rl,Ma"'?rN,M) 3 (61)

the system can be written as (1.1) in terms of a conservative flux and source terms containing non-conservative
products. The flux function F(w) and the source terms S(w,d,w) and G(w, d,w) are vectors of dimension
M(N + 1) + 1, defined respectively as follows:

S g Fm 0 0

F1 s gql

Flw) = F! . Sw,ow) = |0, G(w,dw) =]|9"
F:,M 0 gr,M

The components of these vectors are defined in what follows. The first component of F(w) is defined via
Fma =g, for a =1,..., M; moreover, F? = (Fa ... F®)T where Fio = ¢ /m, for a =1,..., M and

T«
Fro .= do : , a=1...,M.
Mg ‘
TN,
The components of 8 = (s1,...,sy)T defining the vector S are given by

M M
la 3 _ _
Sa :gmaaz(zb+h)+gh2<<2+ lﬁ>8xpa+8m< E lﬁ(pﬁ—Pa)>>a a:]‘”"7M’

B=a+1 B=a+1



1408 R. BURGER ET AL.

where h and p, are computed as described in (5.2) and (5.9), respectively. Finally, the sub-vectors of G are
defined by gq = (g‘“, ey ng))T with gq“ = (aa+1/2Ga+1/2 — ﬂafl/QGafl/Q)/la for a = 1, ceey M and

1 Pl(fl,a+1/2 - fl,a—l/Q)

gre = T Ga+1/2i)a+1/2 - Ga—1/2‘i>a—1/2 - : , a=1,...,M,

Q

pN(fN,a+1/2 - fN,afl/Z)

where (I)a+1/2 = (¢1,(x+1/27 B ¢N,a+1/2)~
Since we will use the flux function of the unknowns m, to compute the flux function for the unknown m, we
also consider the part of the source term related to the unknowns m,, which is defined by

gm‘* = (Ga+1/27Go¢—1/2)/lOw CY:].,...,M.

(see (5.3)). At this point we introduce the following notation which will be used later. We denote

Wy = <T;L;> , .7:@ = (?TZ:) , Sa = (8((1) 3 ga = (%T:) ) @ = 17 N '7M' (62)

Note that using this notation, from the definition of the global system we obtain
Owe + 0 Fo(we) =80+ Ga, a=1,..., M.

6.2. Path-conservative method

We consider an HLL-path-conservative method where we set the path as segments (PVM-1U method, see
[19]). Nevertheless, in what follows we describe the definition of the method in a form that allows us to avoid
the computation of the transport matrix of the system. Moreover, this formulation takes into account that the
flux associated with the unknown m can be written as the average of the fluxes associated with m,. A second
or higher order extentions of the method can be done following [17]. We discretize the spatial domain into cells
Ci := [xi—1/2, Tiy1/2] of width Az centered at x; = (i —1/2)Aw, i € Z, and discretize time via t,, = nAt, n € No.
We denote by wy, ; the approximate value of w(z,t,) for layer «; similar notation is used for other quantities.

The HLL-PVM-1U method is defined by the following two coefficients,

ag,i+1/2 = (Sﬁ,i+1/2‘sﬁ,i+1/2| - Sf,i+1/2|Sﬁ,z’+1/2|)/(sﬁ,i+1/2 - Sﬁz’+1/2)a
a?,i—‘—l/Z = (|Sﬁ,i+l/2| - |S€,i+1/2|)/(sﬁ,i+l/2 - Sﬁl,i-&-l/Q)'

Here the characteristic velocities ST, /2 and Sg ;. /2 are global approximations (they are the same for each
layer) of the minimum and maximum wave speed. Taking into account Theorem B.1 (see Appendix B) we set
the following definition of S[* i+1/2 and S i+1/20

Stiv1y2 = U1z — Vit e SRit1/2 = Uitz + Y10 (6.3)

where

| M
U)o = i Z UG it1/2,
5=1

M

M n 1/2
oM — 1 ghii1 o 1
4 = 25 ur —ul 2=/ +—§ 208 —1)p% . ,
i+1/2 ﬁM@M —1) ( ( i+1/2 1+1/2) 2 Po Vi (28 )Pg,1+1/2

B=1 B=1
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where M is the number of layers. The HLL-PVM-1U method proposed can be written as

At , ~ ~
ntl _am E(}-g,m/z — 7"3,2;1/2) + AtS ; + AtGy

lvaj «@,l

(F iy Fisi)e) " is given by

o ~n —
where here the numerical flux F7 ;5 = (F;.%)9

n

- 1 1 n
ayid1/2 = 3 (-7:& (wZ,m) + Fa (le)) 3 (ag,i+1/2 (wg,i-&-l —wg,; +Chiviyo Tt Sa7i+1/2)

+ai i1 (Falwl 1) — Fa(wlh,) + SZ,i-i—l/Z))a
where

n —
ai+1/2 =

Pa,i+1 T Pai 1 0
T T (2 — 2) S". = (8., .+ 8", Suit12 = ( )
( 2 0 ) ,t 2 ( ayl+1/2 0‘77‘_1/2)7 a’l+1/2 g Sa7i+1/2 ’

M
n n n n n n la n n
((mi-H +mi) (i —m') + (h?h +h") (; + Z lﬁ) (Pav,i+1 = Pai)

1
32,1‘-4—1/2 =3
B=a+1

M
+ (hity1 + i) Z lﬁ((ﬁgﬂ‘-H — Poiv1)his — (P5i — Pg,i)h?))
B=a+1
and -
QZJ = (%%Mﬂl)-

To compute G;"*" and G/*™ we approximate the transfer term G,1/2 by setting

n 1 mn n
a+1/2,i = i(Ga+1/2,1’+1/2 + Ga+1/2,i—1/2)7

where G7, | /2,i41/2 is an approximation at x = x;,; /2. By using the recursivity equality (5.7), we approximate

the transfer term by

Po+1 T Po P+ Po—1 l = =
Po 2n+1ﬁnaGg+1/2,i+l/2 = po (;’jnﬁnal a—1/2,i+1/2 T A*U;( ait1 — B — RG G + R})
« (e} alro—

N
+ Z(fﬁa+1/2,i+1/2 - f}?a—l/?,i—&-l/?) (pj = Po),
j=1

with
(ﬁg,iﬂ +ﬁg,i)7 a=1,...,M;

=

f;fa+1/2,z‘+1/2 = M, j=1,...,N,

N = N =

(f;:ba+1/2,i+1 + f;faﬂ/z,i)a a=1,...,
where f;’a 12,0 is the numerical approximation of the vertical flux f~j7a+1 /2 given by

E,
(5,002 (P0) + Dj.as10) P (Pas1)) — Tﬂ(éf’j,aﬂ — bja)

DN |

f;?oz+1/2 =

¢}a
- JT|U}VILB(‘IM+1) — )P (@) [sgn(dj.a41 — Pja)s
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based on Scheme 8 from [12] and where @, := (¢1,0,-..,0N,0)" and E, = maxj—1, N |U}VILB(<I>Q)|, where
U;-\/ILB is the hindered settling velocity given by (2.17). Then we have

M, __ n n
gi - (Ga+1/2,i - Ga—l/Q,i)/la’
qas __ (= mn —n mn
g;m" = (ua+1/2,iGa+1/2,i - ua71/2,iGa71/2,i)/la7
n n n n
1 <ua+1,i+1 T Uq i1 + Ugyq,; T+ ua,i)

ﬂg+1/2,i = 5 9 9

Moreover, since the solid concentrations are passive scalars in the system, i.e. F'5o = (r; o /mq)F ™, we use
the following upwinding formula to compute the numerical flux relative to r7 :

Jat
n n Mo, s Mo,
ﬁ.rj,mn . (rj,a,i/ma,i)]:iJrl/Q if ‘Fi+1/2 >0, j= 1 N
ir1/2 = n n Po—" ! =1,...,N.
(rj7a,i+1/ma7i+1).7:i+‘*1/2 otherwise,

Finally, the numerical scheme to approximate the unknowns of the problem is defined as follows:

At &
_n+l - zmg,n
miT =my — Ar Z lﬁ}-z‘fl/w
B=1
At ~ ~ At
1 s s s
Zt =qn;— Aix(]:gﬂr;z - }—3717;2) + 7(SZ,¢+1/2 + 33,#1/2) + Atgie",

At |, ~p < .
n+1 n Tj,asT _ Tj,a,n TiasM
dai = Tt T AL (7:¢+1/2 j:i—l/2) + Atg; )

with
g"’J a l n GQm _an aqn _ & rn _fn
i =7 (¢j,a+1/2,i at+1/2,i ~ Pla—1/2 a71/2,i) I (fj,a+1/2,i+1/2 fj,a71/2,i+1/2)7
[e3% [e3%

n n n n
o 1 <1 <7“j,a+1,i+1 N Tj,a,z'+1) N 1(7"j,a+1,i N Han’))
ja+1/2i = 5\ o n n 9 n ’
2\2 Mo1,it1 My it 2 May1, m

n
a,i

7. NUMERICAL TESTS
7.1. Preliminaries

In all tests we use the global constants g = 9.8m/s? (acceleration of gravity), ¢max = 0.68 ((nominal)
maximal total solids concentration, a dimensionless volume fraction), and employ the Richardson—Zaki hindered
settling factor (2.14) with nrz = 4.7. The viscosity and density of the pure fluid are py = 0.02416 Pas and
po = 1208 kg/m?3, respectively. In all tests the particles are assumed to have the same density p; = -+ = py =
2790 kg/m?®. These parameters correspond to an experiment by Schneider et al. [41].

We limit the computation of numerical solutions to four tests. Firstly, one case of zero horizontal but one
vertical direction (Test 1), and two cases of one horizontal and one vertical direction (Tests 2 and 3) . In the latter
tree cases, the (horizontal) a-interval [0, L] is subdivided into C' subintervals [z;_1 /2, %;11/2] = [(i — 1) Az, iAx]
of length Ax = L/C, centered at x; = (i — 1/2)Axz, i = 1,...,C. In what follows, we use the following CFL
condition to determine At in each iteration:

At
Az 1r§n%xo max{|Sgr it1/2 [SLit1/2/} = CFL,

where Sg ;11/2 and Sy, ;41,2 are the bounds of the eigenvalues defined in (6.3) and CFL = 0.5. Furthermore, for
Test 3 we compute an approximate L! error at a fixed end time t = tenq of a scalar component g; of the numerical
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solution by means of a reference solution based on a number of Cy cells. Precisely, let us denote by {g; (tena) }$-;
and {gr*f( end)},C“f the numerical solution at time t¢nq calculated with C' and Cief cells, respectively, where we

assume that v := Crer/C € N. Then we compute the projected reference solution {gref( end)}?:l using
g;ef end Zglr/el; 1)+k end)a 1= 17'~~7C~

Then, we define the approximate L' error of the numerical solution {g; (tend)}ic:l at time ¢ = tepq as

ec-,cref end ref end i (tend) ’ . (71)

HMQ

Finally, a 3D simulation (Test 4) is presented. With the purpose of brevity we do not give the details in the
paper of the model and the numerical method. For the implementation of the numerical method we consider a
rectangular grid in the horizontal 2D domain and the usual application of a 1D finite volume method at each
edge of the cell.

7.2. Test 1: One-dimensional vertical sedimentation

In the first numerical test we consider N = 3 solid species dispersed in a viscous fluid. The solid particle
diameters are d; = 4.96 x 107*m, do = 3.25 x 107%*m and d3 = 1.0 x 10~* m.

We consider a vertical domain of height h = 0.3 m discretized into M = 50 layers (z; nodes), with initial
solid concentrations ¢1(t = 0) = 0.1, ¢2(t = 0) = 0.05 and ¢5(t = 0) = 0.09 constant in all the domain.
Figure 2 displays simulated concentration profiles at different times. Comparing the simulated behaviour of
the modified MLB model (defined by (2.17)) with that of the original MLB model (that is recovered if we set
A =---= Ay = 1in (2.17)), we can see that the modified MLB velocities predict that the solid particles settle
slightly more slowly than when the classical MLB velocities are used. That said, we remark that the 1D vertical
modified MLB model coincides with the proposed multilayer approximation only if the transfer term G, /2 is
set to zero. In other words, if we block the transfer of mass term across the interface in the multilayer approach,
we recover the classical one-dimensional numerical method for polydisperse sedimentation [12] but with the new
MLB velocity.

The 1D vertical model corresponds to solving the following system of ODEs that represent a semi-
discretization of the spatio-temporal model:

1

at¢j,a = _ﬁ

(fj,a+1/2_fj,a—1/2)7 j:17"~7N7 Oézl,...,M7

where f; 411/ is the numerical approximation of the vertical flux function f; = ¢;v MLB.
The mass transfer is not equal to zero in this new multilayer model even though the horizontal velocities are

equal zero. In this case, from the definition (A.5) of G1/2 we deduce the transfer term

N

Gati1/2 = po Z fg‘,a+1/2-
j=0

Since within the classical MLB model, the average velocity does not take into account the densities of the
particles, it can be deduced that

.fj,a-&-l/Z =0.

-
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Then G412 = 0. With the proposed modification of MLB model, G1/2 # 0 because this term takes into
account the exact mass conservation, which implies that

N ~
> pifjatie =0.

Jj=0

As a consequence, the proposed model is able to reproduce a vertical velocity of the fluid generated by
the vertical movement of the solid particles. However, the three models predict fairly similar sedimentation
behaviour of the three models. The larger species settle faster than those with smaller size, and the smaller
particles float (that is, move upward) when the biggest particles settle. This behavior is expected. At t = 500
the solution is almost stationary. In Figure 2 a very small variation in the concentration of the smallest particles
can be observed if we compare the figures corresponding to ¢ = 500 and ¢ = 1000 s.

7.3. Test 2: Sedimentation with imposed velocity

In this numerical test we simulate bidisperse sedimentation in a horizontal channel, with an inclined bottom,
of length L = 1m. Here and in Test 3 we use C' = 150 subintervals and M = 10 layers in the horizontal and
vertical discretization, respectively, and in both tests we use N = 2 solids species of diameters d; = 4.96x10™* m
and dy = 1.25 x 104 m, respectively (these are the original particle sizes used in [41]). The bottom elevation is
given by zg(z) = —0.1x 4+ 0.1m for = € [0, L]. We here assume the initial condition

$1,0(0,2) =0, ¢24(0,2) =0 un(0,2)=0 foralla=1,...,M, for all z € [0, L],

and for the height h(t = 0) = 0.3 — zg. Furthermore, as boundary condition we impose at = 0 a linear
horizontal velocity u(z)|;—o = 0.133z + 0.128 m/s, whose average value is 0.15m/s. A uniform distribution of
the sediment concentrations is set at the left boundary, i.e.,

1 1
¢1,a\z:0 = M Z ¢1,ﬁ|m:0u ¢2,a\z:0 = M Z ¢2,[3|x:0 foralla=1,...,M
B=1 B=1

with Zg/le ®1,82=0 = 0.05 and Zgil $2,812—0 = 0.025. At the right boundary a homogeneous Neumann condi-
tion is imposed.

Here, we are interested in seeing how the particles, besides settling due to the force of gravity, are transported
horizontally when horizontal velocities are imposed on the left boundary. In Test 1 we have seen that some
particles, depending on their size, move downward or upward, and the bigger particles settler faster than smaller
particles (in the same environment). The difference here is that we impose linear horizontal velocities by layers
and fixed concentrations over the left boundary and we want to see the behavior of the particles (horizontal
movement, sedimentation and suspension of some particles). In Figures 3 and 4 for the first species we can
see both phenomena, namely settling and horizontal transport of the particles due to the imposed horizontal
velocity at the fluid. We see for example in Figures 4a and 4c and more clearly in Figure 4e and correspondingly
Figures 3a, 3c and 3e that the particles of bigger size are deposited rapidly over the bottom, furthermore we see
how the concentration goes from initial condition (¢1,, = 0) to high concentration in the first layer, decreasing
from the bottom to the free surface. In all the domain the concentration in the first layer always is greater than
in the upper layers, due to the size of species 1. Furthermore this behavior its present at all times from ¢ = 0 to
t =100s.

If we make reference to the applications (water recovery for example), we can say that in the free surface
close to the right boundary we obtain fluid free of particles of species 1 but yet with particles of species 2 at
smaller concentration, as we see in Figures 3 and 4 in lines of concentration by layers and concentration by
color, respectively. On the other hand, we can observe the horizontal movement of both solid species from the
left to the right boundary, see Figures 3 and 4. Clearly, the concentration of each solid species ¢1, and ¢2 o
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F1cURE 3. Test 2: Concentration of solid species ¢1, ¢o by layer.
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FIGURE 4. Test 2: Concentration of solid species ¢1, ¢ by colors, n(z)
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TABLE 1. Test 3: Approximate L' errors for (top) r1,q, (middle) ra,, and (bottom) m and qq,
in each case for o = 2,4,6,8,10 at time ¢t = 1s.

C L' error 1,2 L' error T1,4 L' error 71,6 L' error 71,8 L' error 71,10

40 7.33e-04 8.93e-05 1.18e-04 7.71e-05 6.76e-05

80 5.45e-04 6.13e-05 8.50e-05 6.56e-05 4.99e-05

160 | 3.89e-04 4.24e-05 5.87e-05 5.37e-05 3.51e-05

320 | 2.44e-04 2.73e-05 3.87e-05 3.92e-05 2.35e-05

c L' error o5 | L' error ra4 | L' error rag | L' error ras | L' error r2 19

40 3.73e-04 4.53e-05 5.94e-05 5.01e-05 3.79¢e-05

80 2.78e-04 3.12e-05 4.26e-05 3.98e-05 3.03e-05

160 | 1.98e-04 2.16e-05 2.94e-05 3.15e-05 2.22e-05

320 | 1.24e-04 1.39e-05 1.94e-05 2.25e-05 1.53e-05
C L' error m | L' error g2 | L' error g4 | L error gs | L error gs | L* error qio | cpu time (s)
40 1.27e-04 8.90e-04 3.86e-04 4.80e-04 6.18e-04 3.73e-04 0.16882100
80 3.72e-05 7.42e-04 2.76e-04 3.55e-04 4.65e-04 2.46e-04 0.57736800
160 | 1.34e-05 5.47e-04 1.81e-04 2.42e-04 3.18e-04 1.47e-04 2.14343400
320 | 6.92e-06 3.44e-04 1.10e-04 1.51e-04 2.00e-04 8.02e-05 8.82513300
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FI1GURE 6. Test 2: Concentration for different constant velocities imposed in the left boundary
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FIGURE 7. Test 3: Concentration of ¢; and ¢o by color in a domain with a bump, n(z) =
zp(z) + h(x) m.

increases from zero to positive values in all layers. The behaviour of the smaller particles is more difficult to
predict due to the suspension phenomena that to appear when the bigger particles settle faster. For this reason,
we can see how the concentration of these particles decreases more slowly than that of species 1. The particles
of species 2 are in suspension for more time, in other words the sedimentation process for this species is slower.
We can see in Figures 4b and 4d for times ¢ = 0,5, 10, 15s that the concentration of the upper layers begins
to increase in the middle of the domain, this means that in this place the particles of species 2 are clearly in
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(a) Sum of the solid concentrations, t = 0s

(b) Sum of the solid concentrations, t = 20s
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FIGURE 8. Test 3: Concentration by color by ¢ = ¢1 + ¢2, n(x) = zp(x) + h(z) m

suspension near to the free surface. In the following times, in Figures 4e and 4f, we see that some particles
begin to settle and the concentration in the second layer increases. We note here that the concentrations in the
first layer for species 2 is small because the larger particles have occupied the space, as we have also seen in
Figures 2e and 2f in Test 1. In Figure 5 the evolution of the velocity of the fluid is presented, where we have
colored the magnitude of the velocity field.

Finally, to see the influence of the velocity magnitude imposed as boundary conditions we have considered the
following values: v = 0.10, 0.15, 0.20, 0.25, 0.30 m/s respectively, constant in all layers as boundary condition
in the left and we have kept the same initial condition and we have simulated the sedimentation process with
the same diameters and solid densities for the particles. In Figure 6, for simplicity we only show concentrations
for species 1 at time ¢ = 100s for the different horizontal velocities. We can see how for a bigger velocity the
concentration of species 1 increases in the first layer due to a higher velocity, greater flow and therefore there
is a higher influx of particles, which accumulate rapidly at the bottom of the domain. In Figure 6f we see the
difference in the concentration of species 1 in the first layer for different horizontal velocities.

7.4. Test 3: Sedimentation in a domain with a bump

In this numerical test we simulate bidisperse sedimentation process over a horizontal channel with a bump of
length L = 1m. We use N = 2 solids species dispersed in a viscous fluid; the particle sizes and densities are the
same as in Test 2. The bottom elevation is given by zp(z) = 0.2 exp(—40(z — 0.5)?) m for z € [0, L], the initial
condition for the height is h(t = 0) = 0.3 — zp, and for the concentration of each species

M M
1 1
Pra = i E_:l(z)w(o,x), br0 = M{;m(o,x), ua(0,2) =0 foralla=1,...,M and all z € [0, L],
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(a) Velocity field 4, t = 0s

(b) Velocity field 4, t = 5s
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FIGURE 9. Test 3: Velocity field u over concentration ¢1, n(z) = zg(x) + h(x).

with 2,13\421 #1,3(0,2) = 0.05, Zg/le ¢2.5(0,2) = 0.025. The sediment concentrations are vertically uniformly
distributed at each point x. As boundary condition we impose a closed basin.

In Figure 7 we present the simulated concentrations of species 1 (¢1) to the right and species 2 (¢2) to the
left. We can see the behavior of the particles of the different species when there is a bump in the domain.
The bigger particles are deposited rapidly over the bottom, in this case to both sides of the bump, where we
can find high concentration of species 1, as we can see in Figures 7a, 7c, Te, 7g and 7i. The smaller particles
initially remain in suspension, but at larger simulated times these particles begin to settle and occupy where the
concentration of species 1 is small (see Figs. 7f, 7h and 7j). To see the global behavior of all particles dispersed
in the fluid we display in Figure 8 the sum of the concentrations of the all species and we can see how these are
deposited in the bottom on both side of the bump and also as some particles of species 2 are kept in suspension.
In Figures 9 and 10 we show the velocity field of the fluid and its magnitude respectively, which is a consequence
of the particles movement, and we can see how recirculations appear to both sides of the bump. In the first
times high velocities appear avoiding that some particles settle rapidly. We see in Figures 7c and 9c how some
particles are in suspension because they are inside of an eddy. At larger times the velocity decreases and the
particles settle.
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(a) Magnitude of the velocity field, t = 0s
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FIGurE 10. Test 3: Magnitude of the velocity field u, n(z) = zp(x) + h(z).

Finally in Table 1 we show the numerical error computed with (7.1) at time ¢ = 1s using a reference solution
with Crer = 5120. Only the error of some numerical solution are presented due to the big quantities of them.
CPU times are also presented in Table 1, corresponding to a Laptop with Intel Core 15 (2.20 Ghz x 4) and
8GB of RAM.

7.5. Test 4: Sedimentation in a 3D domain

The last numerical test simulates a cylindrical dam break involving bidisperse sedimentation over a 3D
paraboloid bottom given by

0.71((x — 0.5)2 + (y — 0.5)%) for (z — 0.5)2 + (y — 0.5)2 < 0.21,

1]°. 2
0.15 otherwise, (z,y) € [0,1] (7.2)

2(z,y) =

The diameters of the solid particles are as in Test 2. Here we use a rectangular grid of 100 x 100 cells in the
horizontal directions and M = 10 layers in the vertical direction. For all « = 1,..., M the initial condition is
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FIGURE 11. Test 4: Concentration of ¢; by color in a 3D domain, n(x) = zg(x) + h(x) m.

given by

0.05 for (z —0.2)% + (y — 0.5)2 < 0.1,
$1.6(0, ) = {0 r(z )’ 4 (y )? <

otherwise,

b2a(0.7) = {8.025 for (= 0.2)° + (y = 0.5)° < 0.1,
otherwise,

along with the height h(t = 0) = 0.3 — 2. Figures 11 and 12 show the concentrations ¢ of the big particles and
@9 of the small particles, respectively, inside the fluid domain and as a vertical cut in the middle of the domain,
all seen from below. We show the solution at times ¢t = 0,7,15,30s because at these times the movement of
the mixture exhibits interesting features. At short times we can see how both species of particles oscillate from
right to left and back until the particles lose velocity and settle. In Figure 11 we see that the bigger particles
move faster than the small ones and Figures 12 and 14 illustrate how the small particles are carried to the right
wall (from this point of view of the solution) due to the recirculation of the mixture produced. Due to the small
size of the particles of species 2 (¢2), the movement of the mixture moves these particles to point of the domain



A DYNAMIC MULTILAYER SHALLOW WATER MODEL 1423
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FIGURE 12. Test 4: Concentration of ¢4 by color in a 3D domain, n(z) =

where the concentration of the big particles is small. (This phenomenon can be seen in Test 3.) At large times all
particles settle and we observe a stratification of the sediment as illustrated in Test 1. In Figure 13 we show the
total concentration ¢ = ¢1 + ¢o. Figure 14 displays the evolution of the velocity of the mixture. In Figure 14a
(for t = 1s) two circulations can be observed, one at each side of the dam break. At the next instant we see
how the velocity changes its direction in an oscillating manner. Finally, we remark that the velocity decreases
in time; in Figure 14f (corresponding to ¢ = 50s) it is already small. The computational time to compute the
solution for ¢ = 500s was four days and six hours. However, these times do not worry because this code can
easily be parallelized to attain shorter CPU times.

8. CONCLUSIONS

We have formulated a multilayer shallow water model framework for polydispere sedimentation that can be
used for simulations in industrial applications such as clarification tanks, wastewater treatment, and thickeners
in the mining industry, but which is especially suitable for the description of natural geophysical process such
as sediment transport and polydisperse sedimentation in rivers and estuaries. This model provides the velocity
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(a) Sum of the solid concentrations t = 0s (b) Sum of the solid concentrations t = 7s

0o 05 o7 05 05 04 03 02

04

N

g hr

T\:% ¢T

19802 | 1 9502

o\ / E

—1.458.02 / = .45\q\-02

E A\ / E

“9.64e-03 ) / ~ 9.64e-03

3 \ ] E \

- 4.826-03 \ ~4.826-03 / \
i N \/ Eo T \

- -

-0.00e+00 N Y .00e+00 \R/

\

ot \ o\

198602 / i 198e-02 /
145502 1.456.02 /
49 64003 / %3.64eh)\3 /
- 4.82¢-03 / 482603 / \

e Ya— T = ) )

0.006+00 —_— 0.000+00 —
(e) Sum of the solid concentrations ¢ = 200s (f) Sum of the solid concentrations ¢ = 500s

09 o8 07 06 05 04 03 02

\ | \
Q:’:l; .;‘3\9-02 / d::l; .gge-oz /
1 .45&\-02 // 145802 /
%9A64e.\k;\3 / %.sAeB&)\z /
~4.826-0 / ﬂ.aze-o%/\ \ /
[0.009+oo I “\/ 0.006+00 — I /

FIGURE 13. Test 4: Concentration by color by ¢r = ¢1 + ¢2, n(x) = zp(x) + h(x) m.

field of the mixture, the concentrations of the each solid species, and the evolution of the free surface. We recall
that the description of the movement of the mixture in terms of the mass-average velocity v has the advantage
that the mass and linear momentum balance of the mixture is recovered. This contrasts with earlier treatments
[8,11,28] that are based on the volume-average velocity that is divergence free, and therefore constant in one
space dimension. The latter property is an advantage especially for the description of unit operations with
controllable volume flow rates, but it does not allow for a straightforward derivation of the momentum balance
of the mixture [11].

Clearly, the model framework outlined in Sections 2-4 is more general than the cases treated in the numerical
tests. We are currently implementing an extension of the scheme to two horizontal space dimensions by including
viscous and compression terms. These results will be presented in separate work. On the other hand, still within
the reduced horizontally one-dimensional setting of the present work, there is interest in simulating further
scenarios such as gravity currents akin to those studied in [9,21,30,43].
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FIGURE 14. Test 4: Velocity field w over concentration ¢ = ¢1 + ¢2, n(x) = zp(x) + h(x) m

APPENDIX A. EXPLICIT FORMULA OF THE TOTAL INTERLAYER MASS FLUXES

For the case of a single density of all phases the definition of G,11/2 can be easily deduced, as is shown in [4].
On the other hand, for a multilayer model with variable density proposed in [5] the computation of G412 is
done numerically as the solution of a non-linear implicit system. In this subsection we show that although the
model proposed in this paper can be seen as a multilayer model with variable density akin to that of [5], we can
deduce an explicit definition of G, /2 in terms of the other unknowns of the problem. To this end, for a fixed
layer a we consider the sums of the equations (5.3) from layer 1 to layer o and from layer o + 1 to layer M,
respectively. This yields the equations

> 15(0mp + 02qs) = Gas12 — Grja Y L@y + 02ay) = Gargi2 — Gatyo-
p=1 y=a+1

By using (5.1) we can write m, in terms of h and r; .. Then the above equations can be rewritten as

a N
Ladi(poh) + 3 3 g0y s =0 Z 150293 = Gag1/2 — G2, (A1)
B=1;j=1 5 1
M N —p
(1= La)di(poh) + > > 1, Oy L0 4 Z 1,00¢y = Gari1ja — Gayi/o. (A.2)

y=a+1 j=1 y=a+1
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Now we can combine previous equations to eliminate the dependence on 9;(poh). We subtract equation (A.1)
multiplied by (1 — L,,) from equation (A.2) multiplied by L,. As a result we obtain

ZZZMW — L, Z Zz atrm

B=1j=1 y=a+1 j=1
=Goq12— (11— Z 102q5 + Lo Z 14020y — (1 = La)G1j2 — LaG g1 )2
y=a+1

Utilizing (5.4) to substitute 0;r; g and 0y in the previous equation we get

N
(Gat1/2 — (1 = La)G1j2 — LaGarg1)2) ( )
a M N
_La)zlﬁ< zqﬁ_28 (r5, ﬁuﬂ)p ) Z ( rqw_zaz(rjﬁu'y)pj _‘p0>
B=1 j=1 Pj =« j=1 Pj
N ~ ~
Z f],a+1/2 —La)fins2 — Lafjms172) (05 — po)-
i=1

Moreover, in view the definition of ¢~>j7a+1/2 given by (3.13) or (5.6), the number that multiplies G412 is
always positive. In fact, we obtain

N _ _
1_zﬁj‘ﬂ0q~5_ 12:1( Po +P0>:,00(Pa+1+pa). (A.3)
j=1 J peckt! 2\Pat1  Pa 2papat1

Furthermore, we can use that
N o N o )
> pifiav12 =06 pifjar12 = —pofoatiye (A4)
§=0 j=1

Introducing (A.3), (A.4), and the fact that f‘j71/2 = fj)MH/g = 0, we get the equality

Gat1/2= (1= La)G1j2 + LaGari2

2_a_a
+pp+1< Zlﬁ( Ingza T]5u§ ’ PO) (A.5)

IOO(pa-i-l + pa)

M
pi—p -
—La Z Ly (890‘17 - Zax(rj,vuv) ’ 0 0) + po ij,a-s-l/?) :
j=1

y=a+1 7=0

APPENDIX B. A BOUND OF THE CHARACTERISTIC VELOCITIES

In order to find a bound of the characteristic velocities of the proposed multilayer model (5.3)—(5.5), we
rewrite the model in the form 0w + A(w)0,w = b with

T
w:(mla"'7mM77q17'"aqMarl,la'"7TN,17-~-7T1,]\/f7~-~7rN7M) .

An explicit bound of the minimum and maximum eigenvalues of A in dependence of the all horizontal
velocities and all densities by layer is provided in the following theorem.
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Theorem B.1. If A\ for k=1,...,2M + NM denote the eigenvalues of A and these are real, then

u—V <)\ <u+W¥ forallk=1,....2M + NM, (B.1)
where
1M
u = MZU[},
=1

M is the number of the layers, N is the number of solid particle species and the quantity V is defined as

2M -1 1 V2
— - - 2 -1 -
U= 5 (2 ;Zl(u — ;)" + ghpg (po + E (26 — 1)pg>> .

p=1

Since \/(2M —1)/(2M) < 1, another bound can be defined by considering only the second factor of 1. To
prove Theorem B.1 it is sufficient to apply the result presented in [36] to the characteristic polynomial of matrix
A. This result states that if all the roots = of a polynomial of degree n, that is, solutions x of

—1
anx™ + ap_12™ + ... +ag =0,

are real, then they lie in the range bounded by

ap—1 +( 1) a%—l 202 Yz
_ n— _ .
NG, n2a2  n(n—1)a,

APPENDIX C. A PARTICULAR WEAK SOLUTION WITH HYDROSTATIC PRESSURE:
DEDUCTION OF EQUATIONS

We detail here the calculations needed to obtain the system (4.7), starting with the equations of mass
conservation. We choose a scalar test function ¢ = ¢(¢, x) that is independent of z. Then, in general for a weak
solution v; the mass conservation equation (2.22) yields for all @ =0,...,M and j =0,1,..., N:

0= / (Or(p05) + Vo - (py6505)) 0
Qa(t)

- / so(t,w)< / T Buo05) + V- (p305) + B (py0505)) dz)dw
Ix (t)

Za—1/2

Za+41/2 Za+1/2
= / ( )@(tax) <3t (/ pid; dZ) + Vg - </ (pjpju) dZ) = Pjbj,a0tzax1/2
I (t Za—1/2 Za—1/2

- pj¢j,au;+1/2 : v:13*7:o¢—|-1/2 + pj¢j,aw;a+1/2 + pj¢j,aatza—l/2

+ Pj¢>j,au§_1/2 “Vaza_1/2 — pj¢j,aw;:a_1/2> de.
Moreover, noticing that d;he = 0za+1/2 — Or2a—1/2, We obtain that for all ©(t,.) € L2(Ir (1)),

0= /1 ( )90(157 ) (0(pjdjaha) + Ve  (pjdjahaa) = pjjabiZati/z = Pi®jalei s - Varati/2
r(t

+Pjbj.aW; 010+ Pi9ja0iza 172 + Pibjaty /s VaZa-1/2 = Pidjaly 4 1) A
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Introducing u, with assumptions (3.5) in the equation (C.1), and taking into account (3.8) and (3.9), we
obtain the mass conservation laws (4.4):

O(pjdjaha) + Va  (pjdjahatta) = Gjaris2 — Gja-1/2- (C.2)

As for the momentum balance equations, we consider test functions 9 € H'(Q,) that satisfy (4.3). The weak
formulation (4.2) follows taking into account the structure of v, integrating (2.24) with respect to the variable z
and identifying each of the two components of the vector test functions. However, due to the hydrostatic
pressure framework the equations that correspond to the vertical component can be omitted. This is equivalent
to identifying the weak formulation for test functions in the form (d9y,0)T, with ¥, = Yy(¢, ) independently
of z, with 9y,|or = 0. Then, from (4.2) and using these test functions, we obtain for the horizontal momentum
conservation equation

N
/ (ijat Djatla) 19h>d§2+/ (ijvm (¢).0ta @ uy) - 19h>dﬂ
Qa (t) Qa (1)

J

N
+/ (ijaz(gbj,awj,aua).ﬁh>dﬂ+/ Tf,azvmﬁdﬁ—/ PaVe - On dQ (C.3)
2.t \ 729 Qa () Qa(t)

+/ (T;+1/2(’9h70)T) “Na+1/2 dF—/ (Ta 1/2(1911’0) ) Na-1/2dl =0
Toyi1/2(t) To_1/2(t)

forall @ =1,..., M, where TE@ = T} (v,). Taking into account the definition of Q,(t) in Section 3.1 and the
assumption on the independence of z of u, and ¥y, and writing (C.3) as Z; + --- + Zy = 0, where Z4,...,Z7
stand for each of the signed integrals in the left-hand side of (C.3), we obtain

Zot1/2
= [ ([ o) - oo )iz = [ hadi(p(@a)un) 01 da
IF IF

Za—1/2

Iy = / haVyg - (p(q)a)ua ® ua) -9y de,
Ip

Za+1/2
I3 = Z// 0;0:(¢j aWj ata) 19hdzdacfz/ p]qﬁja ]a+1/2 wja 1/2)ua Iy, de,
Za—1/2

a+1/2
T4 :/ (/ Ty, Vadh dz)daz :/ hoT} ot VeOpde = — | Vg (haTh,) - Onde,
Ip Ip Ir

Fa—1/2

Za+1/2 Za+1/2
I5:7/ </ padz)v'ﬁhdw—/ 19h~Vm</ padz>dw
Ir Za—1/2 Ir Za—1/2

Za+1/2
= / Uy, - (/ Vapa dz + pay1/2Vazatiy2 — pa1/2vw2a1/2) de

Ir Za—1/2
Za41/2 T
=/ Uy - (/ VaPa dz)dw+/ Pat1/2(On,0)" “Nop1/00/ 1+ [Vazagiyel? de
Ir Za—1/2 Ir

- / Pa—172(00,0)" o100/ 1+ [Vaza—1)2|? de =: T5a + Tsp, + Tse,
I

F

IG:/[( a+1/2(ﬂha ) ) 77a+1/2\/1+|vw2a+1/2\2dw,

F

and where Z7 is handled analogously to Zg. Moreover, by (3.17), we can simplify
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Ts +1'5b=/1 (T a+1/2(7‘9h7 0) )'(szaﬂ/za—l)wa:/ (TE;+1/2(V Zat1/2)" —TE;;H/Q) ~Opde.

F Ir

. E— . . .
Furthermore, since T YR LE! symmetric matrix, we have that

(T80 07) - (Vazasjon 1) = (T2, (Voo 1)) - (90,0)"

The sum Z7 + Z5. can be simplified in a similar way. Then the weak formulation (C.3), corresponding to the
horizontal momentum equation for this set of test functions, can be written as follows:

N
/1 "-9h . (haat(p(q)a)ua> + havm ' (p(q)a)ua ® ua) + ij¢j,a(w;a+1/2 - w;'ta_l/g)ua
F j=0
Fockr/2 E E,—
+ / Vmpa dz — Vg, - (haTh) (Th a+1/2(vw2a+1/2) Tm; a+1/2) (C4)

Za—1/2
(TEO‘ 1/2(v Foa— 1/2) Twz+a 1/2)>dw:0’ V79](1

Taking into account (3.20) we deduce

N Za41/2
ha Oy (p((ba)ua) +hoVg - (p(q)a)ua oY ua) + Z PiPj.a (w;a+1/2 - w;:a_l/g)u'oc + / Vapa dz

j=0 Za—1/2
— Vg - (hOéTh) (Th a+1/2(vmza+1/2)T - ng,a+1/2) - (Tg,aq/z(vwzaflﬂ)T - ng,a71/2)

Ga—l 2
= 2 ('U,a_;’_l — ’U/a) + 2 /

Using (3.22) evaluated at 2z = 2,41/2 and multiplied by u,, we may write (C.5) in the form

(C.5)

Ga+1/2

(g — Ua—1)-

Za+1/2
Rap(Pa)Oitbe + hap(Po) e - Vatty + / Vaba dz — Vg - (haTY)
Za—1/2
+ (Tg,a+1/2(vwza+1/2)T - ng,aﬂ/z) - (TE,aq/z(vwza—l/Z)T - ng,a71/2) (C.6)
B Ga+1/2( Ga—1/2
2 2
On the other hand, combining the equation (C.6) with (4.5) multiplied by u,, we obtain the evolution
equation for the momentum (4.6):

ua+1 - ua) + (uoc - ua—l)-

Za+1/2
O (p(Pa)hatta) + Vg - (hap(Pa)ta @ uy) +/ Vapadz — Vg - (haTV)

Fa—1/2
+ (T3 oi1/0(Vazatr12) ' = T agije) = (Thae1/2(Vaza—1/2)" = T, oo1)2) (C.7)
G, G-
_ ;—1/2 (a1 + Ua) — .21/2 (e + Ua1),

where, by (4.1), we obtain

Fee u ha = ha
/ VaPadz = he <vm <pS +9g Z p(q)ﬂ)hﬂ + gp((ba)2> + gp(q)oz)vm (Zb + Z hy + > (C 8)

Za—1/2 B=a+1
= ha(VaDa + 90(®0)VaZa).

Finally, introducing (C.8) in equation (C.7) and adding the equations (C.2) we obtain the system (4.7).
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APPENDIX D. MISCELLANEOUS TECHNICAL RESULTS

D.1. Proof of 5.1

To see demonstrate that the second equality of (5.1) is correct, we recall that 1 — ¢g = ¢ = ¢1 + -+ + dn
(see Sect. 2.2). In other words, the total volumetric fraction satisfies ¢g + ¢1 + - -+ + ¢ = 1. Then we have

N N N N
a = pah = ij(bj,ah = podo,ah + ZV‘j,a = P0h<1 — Z ¢j,a> + er,a

=0 j=1 =1 j=1

N N N
:Poh*ZPo¢j,ah+ZTj,a :Poh*ZPO%%‘,a Z*Tja
= = =

N
= poh — Z Tj,a + Z 77"37 = poh + Z & __ Po Tja-
j=1

Pj

D.2. Proof of 3.15

The momentum jump condition (3.3) is given by

N N
0= H ij¢jvj§zpj¢jvj ®v; =T ﬂ Mg at1)2
j=0 j=0 t,a+1/2

N N
= H Zﬂj%vﬁzpj%vj ®uv; =T ﬂ (OZat1/2: Vazatiz, —1)7T
j=0 §=0 tat1/2
N
= Z (Pjjvi;pidijv; ® Uj)]]t,aﬂ/z (0rzat1/2: Vazatijz, — 1) = [Tlrat12 - (Vazasiyz, —1)"
7=0

Finally we get

N

[[T]]t,a+1/2 : (Vm2a+1/2, *1)T = Z[(Pj(ijj;/’jﬁijj ® Uj)]]t,aﬂ/g : (8tza+1/Za sza+1/z, *1)T
j=0

Remark: The object inside of the jump operator is a matrix of order 3 x 4, p;j¢;v; is a column of size 3 and
pj®jv; ®v; is a matrix of order 3 x 3.
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