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A DYNAMIC MULTILAYER SHALLOW WATER MODEL
FOR POLYDISPERSE SEDIMENTATION

Raimund Bürger1, Enrique D. Fernández-Nieto2 and V́ıctor Osores1,∗

Abstract. A multilayer shallow water approach for the approximate description of polydisperse
sedimentation in a viscous fluid is presented. The fluid is assumed to carry finely dispersed solid par-
ticles that belong to a finite number of species that differ in density and size. These species segregate
and form areas of different composition. In addition, the settling of particles influences the motion of
the ambient fluid. A distinct feature of the new approach is the particular definition of the average
velocity of the mixture. It takes into account the densities of the solid particles and the fluid and
allows us to recover the global mass conservation and linear momentum balance laws of the mixture.
This definition motivates a modification of the Masliyah–Lockett–Bassoon (MLB) settling velocities of
each species. The multilayer shallow water model allows one to determine the spatial distribution of
the solid particles, the velocity field, and the evolution of the free surface of the mixture. The final
model can be written as a multilayer model with variable density where the unknowns are the average
velocities and concentrations in each layer, the transfer terms across each interface, and the total mass.
An explicit formula of the transfer terms leads to a reduced form of the system. Finally, an explicit
bound of the minimum and maximum eigenvalues of the transport matrix of the system is utilized to
design a Harten–Lax–van Leer (HLL)-type path-conservative numerical method. Numerical simulations
illustrate the coupled polydisperse sedimentation and flow fields in various scenarios, including sedi-
mentation in a type of basin that is used in practice in mining industry and in a basin whose bottom
topography gives rise to recirculations of the fluid and high solids concentrations.
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1. Introduction

1.1. Scope

The process of sedimentation of small particles suspended in a viscous fluid, water or air combined with
the flow of the solid-fluid mixture arises in numerous geophysical situations such as settling and convective
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sediment transport in rivers and estuaries, gravity currents and debris flows, as well as in clarification tanks,
wastewater treatment plants, and thickeners in the mining industry. While for many unit operations in industrial
applications a spatially one-dimensional description, usually in one vertical direction aligned with the governing
body force (mostly gravity) is sufficient, we are here interested in flows that involve a significant horizontal
bulk flow of the mixtures in addition to vertical segregation, and where typically the horizontal dimensions of
the domain are much larger than the vertical. In these situations, instead of solving a fully three-dimensional
model (such as the three-dimensional Navier–Stokes equations for an incompressible fluid), one prefers a so-
called shallow water or Saint-Venant approach that is based on a vertically integrated version of the underlying
model. In the presence of large friction coefficients, considerable water depth, wind, and other effects, however,
the standard single-layer shallow water approach is considered invalid since the horizontal velocity can hardly
be approximated by a vertically constant velocity. In this case so-called multilayer shallow water models are
preferred [1,4,40]. The multilayer approach consists in subdividing the computational domain into M layers in
vertical direction, which leads to a system of Saint-Venant equations (one version of the Saint-Venant system for
each layer). If a hydrostatic pressure is assumed then the unknowns are a horizontal velocity for each layer and
point of the horizontal computational grid plus the total height of the fluid column at that position, along with
the solids concentrations in each layer at that position. The vertical velocity components can be calculated by
post-processing the horizontal velocity components no partial differential equations (PDEs) need to be solved.

It is the purpose of this paper to develop a new multilayer shallow water model framework of polydisperse
sedimentation with these properties, along with a method for the numerical solution in the important subcase
of one horizontal space dimension and neglect of sediment compressibility and viscosity of the mixture. Here
polydispersivity means that the solid particles belong to a finite number N of species that differ in size or
density, and where particles of different species segregate and form areas of different composition. The solid
species and the fluid are described as N + 1 superimposed continuous phases. The main novelty is the choice of
the mass average of the velocities of the N + 1 phases to describe the movement of the mixture, in contrast to
a previous effort [28] where that velocity was defined as a volume average of phase velocities. The advantage of
the present approach is that the mass and linear momentum balance of the mixture are recovered, and therefore
consistency with a single-phase flow model is recovered. That said, we mention that in [28] the vertical settling
velocities of the N solids phases as nonlinear functions of the local composition are determined by the well-
known Masliyah–Lockett–Bassoon (MLB) model [32, 34]. This model is also utilized herein but in a modified
form.

The final model that is eventually solved can be stated as a system of balance laws of the type

∂tw + ∂xF(w) = S(w, ∂xw) + G(w, ∂xw), (1.1)

where t is time, x is the horizontal space coordinate, the unknown w = w(t, x) is a vector of (N + 1)M + 1
scalar unknown functions that represent the total mass of the mixture, the horizontal velocity component in
each of the M layers, and the N solids concentrations in each of the M layers. The flux vector F(w) and the
source terms S(w, ∂xw) and G(w, ∂xw) arise from reduced versions of the balance equations, as well as from
jump conditions across the interfaces between the layers. These ingredients will be specified in later parts of the
paper. The particular form (1.1) is suitable for the application of specialized methods for first-order hyperbolic
systems with non-conservative terms.

1.2. Related work

General references to models of sedimentation include [6, 33]. Models of polydisperse sedimentation in one
space dimension similar to the MLB model, and which give rise to strongly coupled systems of nonlinear
conservation laws or possibly degenerate convection-diffusion equations were thoroughly studied in recent years
including analyses of hyperbolicity [13,23], extensions to flocculated suspensions forming compressible sediments
[8], construction of entropy solutions [7, 24], development of efficient numerical schemes [10, 14, 15], and appli-
cations in geophysics [25], water resource recovery [16], and others (see also references in the cited works). On
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the other hand, theoretical and experimental works on polydisperse gravity currents, with which our numerical
results could in principle be compared, include [9, 21,30].

To put this work further into the proper perspective, we mention that suspended sediment transport in
shallow regimes by using a Saint-Venant or shallow water model combined with passive transport equations for
the different species is a well-known approach [18,26,27,31,35,43]. These models are obtained by averaging the
original three-dimensional equations along the height of the fluid and allow one to simulate sediment transport
with a relative small computational cost. The drawback of these models is that they only take into account the
mean depth-average concentration of solid particles in suspension. The vertical distribution and settling of the
particles suspended within the fluid is not described, which is achieved by the present multilayer Saint-Venant
approach [1–4,40]. In fact, numerical simulations by using a multilayer approach allow one to recover interesting
properties that are not observed when using just a hydrostatic shallow water model [3]. Moreover, in that paper
it is shown that the multilayer approach provides an alternative to the solution of the free-surface Navier–Stokes
system, leading to a precise description of the vertical profile of the horizontal velocity while preserving the
robustness and the computational efficiency of the usual Saint-Venant system. Similar conclusions have been
obtained by applying the multilayer technique to density-stratified flows [5].

To calculate the complete velocity field of the mixture within the approach developed herein, we will use the
mass balance equation of the mixture and the mass jump condition in the interfaces between layers to compute
the vertical velocity of the mixture. As we will see later, this vertical velocity is linear by layer and it has
possibly a jump between adjacent layers given by the jump condition. In [29] the authors introduced this idea
for an incompressible fluid. Here in the mixture each species has a constant density but the mixture itself is
compressible, and due to this modifications it moves as one phase satisfying laws of conservation of mass and
momentum.

The numerical solution of the resulting multilayer model (1.1) is based on recently developed specialized
methods for first-order hyperbolic systems with non-conservative products. In [22] the authors propose a formal
definition for such products and provide a notion of weak solution for the Riemann problem. Numerical schemes
to solve systems of PDEs in non-conservative form are proposed in [20, 37, 38, 42] (this list is not complete). In
[19] the authors introduce new first-order finite volume solvers, so-called PVM (polynomial viscosity matrix)
methods, to solve Cauchy problems for hyperbolic systems of conservation laws with source terms and/or
nonconservative products. This method allows one to compute an approximation of the viscosity matrix by a
polynomial evaluation of a Roe matrix, which avoids the necesessity to compute the complete characteristic
decomposition of this matrix.

1.3. Outline of the paper

The remainder of the paper is organized as follows. In Section 2 we introduce the governing partial differential
equations (PDEs) governing polydisperse sedimentation, starting with the continuity equations (Sect. 2.1) and
the linear momentum balances (Sect. 2.2) for the solids and fluid phases and the mixture. The definition of the
slip velocity, or solid-fluid relative velocity, for each of the solids phases in terms of the modified form of the
MLB model is outlined in Section 2.3. For ease of reference, we summarize in Section 2.4 the governing PDEs
to which the multilayer approach is subsequently applied in Section 3. The layers, interfaces, and boundaries
arising in the multilayer approach are introduced in Section 3.1, followed by definition of some notation in
Section 3.2. The general concept of weak solutions of the governing PDEs in the multilayer setting, based on
the appropriate jump conditions across the interface between adjacent layers, is introduced in Section 3.3. For
the mass conservation and linear momentum balance equations of Section 2.4 the jump conditions give rise
to the mass fluxes across the interlayer interfaces and a relation that in addition to the mass fluxes involves
between the extra (or viscous) stress tensors, see Sections 3.4 and 3.5, respectively. In Section 3.6 we show how
the vertical velocities for each solids species are defined for each layer. The corresponding vertical velocities of
the mixture are derived in Section 3.7. Then, in Section 4 we introduce the assumption of a hydrostatic pressure.
The closure of the model is described in Section 5, and the final form of the equations that will actually be
solved is developed. In particular, in Section 5.1 the treatment is limited to one horizontal space dimension
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and fixed proportionalities of each layer with respect to the total height of the mixture are introduced. The
assumptions stated so far lead to the interlayer mass fluxes in closed form and reduce the model to M(N+1)+1
scalar PDEs for variables from one may recover the primitive variables, namely the solids concentrations and
horizontal velocity components in each layer and the total height of the mixture. This is outlined in Section 5.2.
The expression for the total interlayer mass flux is deduced in Appendix A. In Section 6 we present a numerical
scheme to solve and simulate numerically the polydisperse sedimentation process. Specifically, we demonstrate
in Section 6.1 that the final model takes the form of a first-order system of balance equations, and in Section 6.2
describe the HLL-path-conservative method used for its solution. Section 7 is devoted to the presentation of
four numerical examples (after stating some preliminaries, Sect. 7.1), namely for bidisperse sedimentation in
solely one vertical space dimension (Test 1), bidisperse sedimentation in a horizontal channel with an inclined
bottom (Test 2), sedimentation in a domain whose bottom has a “bump” (Test 3), and cylindrical dam break
involving bidisperse sedimentation over a 3D paraboloid bottom (Test 4) (see Sects. 7.2–7.5). Some conclusions
are collected in Section 8.

In Appendix B, we introduce a bound for the characteristic velocities of the proposed multilayer model
formulated in Section 5. In Appendix C we provide details of some of the calculations that lead to the final
system of Section 4.

2. Governing equations

2.1. Continuity equations

Let us consider N ∈ N species of spherical solid particles dispersed in a viscous fluid. For each solid species j,
j = 1, . . . , N , we denote by φj , ρj , and dj its volumetric concentration, density, and particle diameter, respec-
tively, where we assume that d1 ≥ d2 ≥ · · · ≥ dN . Furthermore, in d = 3 space dimensions we denote by
vj = (uj , vj , wj)T ∈ R3 its phase velocity with the horizontal component (uj , vj) ∈ R2, while in d = 2 space
dimensions (one horizontal, one vertical) the velocity is (uj , wj) ∈ R2 with the scalar horizontal component uj .
In both cases, wj is the vertical velocity component. The same notation is used for the fluid indexed by j = 0.
The model is based on the continuity and linear momentum balance equations for the N solid species and the
fluid. The continuity equations are given by

∂t(ρjφj) +∇ · (ρjφjvj) = 0, j = 0, . . . , N. (2.1)

Since all densities ρj are constant, we may divide the j-th equation in (2.1) by ρj , obtaining

∂tφj +∇ · (φjvj) = 0, j = 0, . . . , N. (2.2)

(Here and in the remaining of the paper, partial derivatives of indexed quantities are always understood in
the sense ∂tφj = ∂t(φj), etc.) Let Φ := (φ0, . . . , φN )T. We define the density of the mixture

ρ := ρ(Φ) := ρ0φ0 + ρ1φ1 + · · ·+ ρNφN . (2.3)

(Notice that while the individual phase densities ρ0, ρ1, . . . , ρN are constants, ρ = ρ(Φ) is variable and depends
on the local composition Φ of the mixture. Since the components of Φ are dimensionless volume fractions, the
dimension of ρ is again a density). Then summing all equations in (2.1) yields that the mass average velocity
of the mixture

v := (u, v, w)T :=
1
ρ

N∑
m=0

ρmφmvm =
1
ρ

[(
ρ−

N∑
j=1

ρjφj

)
v0 +

N∑
k=1

ρkφkvk

]
(2.4)

satisfies the global mass balance of the mixture

∂tρ+∇ · (ρv) = 0, (2.5)
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where we observe that (2.5) has the same form as the continuity equation of a single-phase fluid with variable
density ρ and velocity v; in fact, the mass average velocity v is introduced precisely for the purpose of achieving
this form. Defining the slip velocities ui := vi − v0 (u0 = 0) and λi := ρiφi/ρ for i = 1, . . . , N , we now derive
the identity

ρjφjvj = ρjφj
(
uj + v − (λ1u1 + · · ·+ λNuN )

)
, j = 1, . . . , N ; (2.6)

hence the solids mass balance equations from (2.1) can be rewritten in terms of v and u1, . . . ,uN as

∂t(ρjφj) +∇ ·
(
ρjφj

(
uj + v − (λ1u1 + · · ·+ λNuN )

))
= 0, j = 1, . . . N.

Summing all these equations plus that of the fluid, we recover, again, the mass balance of the mixture.

Remark 2.1. The main difference between the model that we present here and the one introduced in [29]
becomes from the definition of the average velocity v (Eq. (2.4)). In [29] authors consider a multilayer approach
of a polydisperse sedimentation model with the classical MLB settling velocity and average velocity

v :=
N∑
m=0

φmvm. (2.7)

The usual definition of the average velocity only consider the concentrations of the species and the fluid. The
definition of mass average velocity of the mixture (2.4) considers densities and concentrations of each one of
the solids species and of the fluid in which the particles are dispersed. This fact gives a superior behavior to
the proposed mass average velocity because it allows us to recover global mass and linear momentum balance
laws of the mixture. Moreover, using this definition we also propose a modification of the classical MLB model,
which now consider the total density of the mixture too (see Sect. 2.3).

2.2. Linear momentum balances

The respective momentum balance equations for the N solids species and the fluid are given by

∂t(ρjφjvj) +∇ · (ρjφjvj ⊗ vj) = ∇ · T j + ρjφjb+mf
j +ms

j , j = 1, . . . , N, (2.8)

∂t(ρ0φ0v0) +∇ · (ρ0φ0v0 ⊗ v0) = ∇ · T 0 + ρ0φ0b− (mf
1 + · · ·+mf

N ). (2.9)

Here T j denotes the stress tensor of the particle species j, j = 1, . . . , N , T 0 that of the fluid, b is the body
force, mf

j and ms
ji are the interaction forces per unit volume between solid species j and the fluid and between

the solid species j and i, respectively, and ms
j = ms

j1 + · · ·+ms
jN is the particle-particle interaction terms of

species j. In light of considerable experimental and theoretical justification [8], the quantities mji are neglected
at the very low Reynolds numbers considered here.

Summing all equations in (2.8) plus (2.9) and setting T =
∑N
j=0 T j yields

∂t

(
N∑
j=0

ρjφjvj

)
+∇ ·

(
N∑
j=0

ρjφjvj ⊗ vj

)
= ∇ · T + ρb.

Defining the diffusion velocities ud
j := vj − v for j = 0, . . . , N , we may rewrite the above expression as

∂t(ρv) +∇ · (ρv ⊗ v) = ∇ ·

(
T −

N∑
j=0

ρjφju
d
j ⊗ ud

j

)
+ ρb.

Finally, the linear momentum balance equation for the mixture is given by

∂t(ρv) +∇ · (ρv ⊗ v) = ∇ ·Σ + ρb,
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where Σ := T −
∑N
j=0 ρjφju

d
j ⊗ ud

j denotes the stress tensor of the mixture. (This reduces to Σ = T if the
fluid and solid velocities are the same.)

We assume here that the stress tensors of the solid and fluid phases can be written as T j = −pjI+TE
j for j =

1, . . . , N and T 0 = −p0I+TE
0 , respectively, where pj = (φj/φ)(φp+σe(φ)) denotes the phase pressure of particle

species j, p0 = (1 − φ)p that of the fluid. The total concentration of particles is φ = φ1 + · · ·+ φN = 1− φ0.
TE

0 and TE
j are the viscous stress tensors of the fluid and solid phases respectively, and σe is the effective solid

stress.
The interaction solid-fluid force per unit volume is given by

mf
j = αj(Φ)uj + βj(Φ)∇φj , (2.10)

where αj is the resistance coefficient for the transfer of momentum between the fluid and solid phase species j.
Following the arrgument of [8], namely inserting inserting (2.10) into the linear momentum balances, considering
the mixture at equilibrium in a settling column so that all slip velocities and the fluid velocity vanish and
∇p = −ρ0gk, where k is the upward-pointing unit vector, we obtain that β1(Φ) = · · · = βN (Φ) = p. Introducing
the continuity equation (2.1) in the momentum equations (2.8) and assuming that gravity is the only body force,
i.e., b = gk where k is the downward-pointing unit vector, we obtain the linear momentum balances in the
following form:

ρjφjDtvj = ∇ · TE
j − φj∇p− ρjφjgk + αj(Φ)uj +ms

j −∇
(
φj
φ
σe(φ)

)
, j = 1, . . . , N, (2.11)

ρ0Dtv0 = −∇p+
1

1− φ
∇ · TE

0 + ρ0gk − (α1u1 + · · ·+ αNuN ), (2.12)

where we use the standard notation Dtv = ∂tv + (v · ∇)v.

2.3. Explicit formula for the slip velocities uj
An explicit expression for the slip velocities uj is derived in [8] by a dimensional analysis applied to the linear

momentum equations for the solid species and the fluid, (2.11) and (2.12), respectively. This procedure yields
the explicit form

uj = g
φj

αj(Φ)

(
(ρ̄j − ρ̄TΦ)k +

σe(φ)
gφj

∇
(
φj
φ

)
+

1− φ
gφ
∇σe(φ)

)
, j = 1, . . . , N, (2.13)

where we introduce the reduced densities ρ̄j := ρj−ρ0, j = 1, . . . , N and the vector ρ̄ := (ρ̄1, . . . , ρ̄N )T. Following
[8, 32, 34] we choose φj/αj(Φ) = −d2

jV (φ)/18µ0, where µ0 is the viscosity of the fluid, and the function V (φ),
known as hindered settling factor, that is supposed to satisfy V (φ) > 0 and V ′(φ) < 0 for 0 < φ < φmax. A
common choice of this function is the Richardson–Zaki [39] expression

V (φ) =

{
(1− φ)nRZ−2 for φ ≤ 1,
0 for φ > 1,

nRZ > 2. (2.14)

Since we are interested in modelling only the sedimentation process we will not consider effects of sediment
compressibility, so we assume that the effective solid stress σe is equal to 0. Therefore the final form of the slip
velocities is given by

uj = µδjV (φ)(ρ̄j − ρ̄TΦ)k, j = 1, . . . , N, (2.15)

where we introduce the parameters µ := −gd2
1/(18µ0) and δj := d2

j/d
2
1, j = 1, . . . , N , where we recall that d1 is

the largest particle diameter.
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Inserting (2.15) into (2.6) we get

ρjφjvj = ρjφjv + ρjf
M
j (Φ)k for j = 1, . . . , N. (2.16)

Note that we use the mass average velocity (2.4) instead of the classical definition given by the volume average
velocity (2.7). Then we obtain a modification of MLB model, defined by

fM
j (Φ) := φjv

MLB
j = φjµV (φ)

(
δj(ρ̄j − ρ̄TΦ)−

N∑
k=1

λkδk(ρ̄k − ρ̄TΦ)

)
, j = 1, . . . , N. (2.17)

Finally, the continuity and momentum equations for the solids can be written as

∂tφj +∇ ·
(
φjv + fM

j (Φ)k
)

= 0, j = 1, . . . , N, (2.18)

ρj
(
∂t(φjvj) +∇ · (φjvj ⊗ vj)

)
= ∇ · TE

j − φj∇p− ρjφjgk + αj(Φ)uj , j = 1, . . . , N. (2.19)

We remark here that the vertical velocities of particles expressed as combination of the vertical average
velocity of the mixture w = λ0w0 + · · ·+ λNwN and the fluxes fM

j (Φ) satisfy

ρjφjwj = ρjφjw + ρjf
M
j (Φ), (2.20)

moreover we have the identity

N∑
j=1

λjwj = (1− λ0)w +
1
ρ

N∑
j=1

ρjf
M
j

that can be rearranged as

λ0w0 = λ0w −
1
ρ

N∑
j=1

ρjf
M
j .

From the above equation we may define a similar relation as (2.15) for the velocity of the fluid

ρ0φ0v0 := ρ0φ0v + ρ0f
M
0 (Φ)k = ρ0φ0v −

N∑
j=1

ρjf
M
j (Φ)k. (2.21)

2.4. Final form of the model equations

The final form of the model is given by the mass conservation and linear momentum balance equations for
the solids species after introducing (2.13) into (2.19) and the fuid, it can be written as

∂t(ρjφj) +∇ · (ρjφjvj) = 0, j = 0, . . . , N, (2.22)

ρj(∂t(φjvj) +∇ · (φjvj ⊗ vj)) = ∇ · TE
j − φj∇p− φjρgk, j = 0, . . . , N, (2.23)

and where the quantities ρjφjvj are given by (2.16). If we sum up from 0 to N the equations (2.23), then we
have

∂t

(
N∑
j=0

ρjφjvj

)
+∇ ·

(
N∑
j=0

ρjφjvj ⊗ vj

)
= ∇ · T − ρgk, (2.24)

with T =
∑N
j=0 T j = −pI + TE.
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Figure 1. Sketch of the multilayer approach.

3. A multilayer approach

3.1. Layers, interfaces, and boundaries

We shall consider a d-dimensional space (d = 2, 3). For a given final time T > 0 and each time t ∈ [0, T ] we
denote by ΩF(t) the fluid domain and by IF(t) its projection onto the horizontal plane. In order to introduce a
multilayer system, the fluid domain is divided along the vertical direction into M ∈ N∗ pre-set layers of thickness
hα(t,x) with M + 1 interfaces

Γα+1/2(t) =
{

(x, z) ∈ Rd : z = zα+1/2(t,x), x ∈ IF(t)
}
, α = 0, 1, . . . ,M

(see Fig. 1). We assume that the interfaces Γα+1/2(t) are smooth, concretely at least of class C1 in time and
space. We denote by zB = z1/2 and zS = zM+1/2 the equations of the bottom and the free surface interfaces
ΓB(t) and ΓS(t), respectively. The thickness of layer α at time t and horizontal position x is

hα = hα(t,x) = zα+1/2(t,x)− zα−1/2(t,x), α = 1, . . . ,M,

such that zα+1/2 = zB+h1+· · ·+hα for α = 1, . . . ,M . Then the height of the fluid is h := zS−zB = h1+· · ·+hM .
The boundary ∂ΩF(t) of ΩF(t) can be represented as ∂ΩF(t) = ΓB(t) ∪ ΓS(t) ∪ Θ(t), where Θ(t) is the

inflow/outflow boundary which we assume here to be vertical. The fluid domain is split as ΩF(t) = ∪Mα=1Ωα(t),
where we define the layers and their boundaries as

Ωα(t) :=
{

(x, z) : x ∈ IF(t) and zα−1/2 < z < zα+1/2

}
,

such that

∂Ωα(t) := Γα−1/2(t) ∪ Γα+1/2(t) ∪Θα(t), Θα(t) :=
{

(x, z) : x ∈ ∂IF(t) and zα−1/2 < z < zα+1/2

}
.

Hence the inflow/outflow boundary is split as Θ(t) = ∪Mα=1Θα(t).

3.2. Notation

Based in part on the definition of layers above, we introduce the following notation:
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(i) For two tensors a and b of sizes (n,m) and (n, p) respectively, we shall denote by (a; b) the tensor of size
(n,m+ p) which is the concatenation of a and b in this order.

(ii) For x = (x1, . . . , xd−1) and the differential operator ∇ = (∂x1 , . . . , ∂xd−1 , ∂z), we define

∇̄ := (∂t;∇) = (∂t, ∂x1 , . . . , ∂xd−1 , ∂z), ∇x := (∂x1 , . . . , ∂xd−1).

(iii) For α = 0, 1, . . . ,M and for a function f , we set

f−α+1/2 := (f |Ωα(t))
∣∣
Γα+1/2(t)

, f+
α+1/2 := (f |Ωα+1(t))

∣∣
Γα+1/2(t)

.

If f is continuous across Γα+1/2(t), we simply set fα+1/2 := f |Γα+1/2(t). We shall also use the notation

f̃α+1/2 :=
1
2
(
f+
α+1/2 + f−α+1/2

)
.

(iv) We denote by ηα+1/2 the spatial unit normal vector to the interface Γα+1/2(t) outward to the layer Ωα(t)
for a given time t, that is

ηα+1/2 :=
1√

1 + |∇xzα+1/2|2
(∇xzα+1/2,−1)T, α = 0, . . . ,M.

Furthermore, nt,α+1/2 denotes the (space-time) unit normal vector Γα+1/2(t) pointing to Ωα+1(t), i.e.,

nt,α+1/2 :=
1√

1 + |∇xzα+1/2|2 + (∂tzα−1/2)2
(∂tzα+1/2,∇xzα+1/2,−1)T, α = 0, . . . ,M.

(v) Let α ∈ {1, . . . ,M − 1}, and assume that y is a scalar, vectorial, or tensorial quantity defined in Ωα(t) and
Ωα+1(t), such that the one-sided limits of y on either side of Γα+1/2(t), that is

y+
t,α+1/2 := lim

z→zα+1/2
z>zα+1/2

y(x, z, t), y−t,α+1/2 := lim
z→zα+1/2
z<zα+1/2

y(x, z, t),

are well defined. Then we denote by [[y]]t,α+1/2 the jump of y across Γα+1/2(t), that is,

[[y]]t,α+1/2 = y+
t,α+1/2 − y

−
t,α+1/2.

If y does not depend on z within each of the layers Ωα(t) and Ωα+1(t), then this implies

[[y]]t,α+1/2 = (y|Ωα+1(t) − y|Ωα(t))
∣∣
Γα+1/2(t)

. (3.1)

Remark 3.1. If we add the time variable as one more dimension, then the corresponding domain ΩT is actually
given by ΩT = {(t,x, z) : t ∈ (0, T ], (x, z) ∈ ΩF(t)} with ∂ΩT = ΛT ∪ Λ1 ∪ Λ2, where ΛT = {(t,x, z) : t ∈
(0, T ), (x, z) ∈ ∂ΩF(t)}, Λ1 = {0} × ΩF(0), and Λ2 = {T} × ΩF(T ). Since we integrate over ΩF(t), we retain
here the boundary ΛT for the computations even if it means cancelling the tests functions over the boundaries
Λ1 and Λ2.

3.3. Weak solution with discontinuities

Let us recall the conditions to be satisfied by a piecewise smooth weak solution (v0, . . . ,vN , φ0, . . . , φN , p) of
(2.22)–(2.24), where v0, vj are defined by (2.16) and (2.21) respectively.

Definition 3.2. Assume that the velocities v0,v1, . . . ,vN , the pressure p and the volume fractions φ0, φ1, . . . ,
φN are smooth in each Ωα(t), but possibly discontinuous across the predetermined hypersurfaces Γα+1/2(t) for
α = 1, . . . ,M − 1. Then

y := (v0, . . . ,vN , φ0, . . . , φN , p) : ΩT 3 (t,x, z) 7→ y(t,x, z) ∈ RN+1 × RN+1 × R
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is a weak solution of (2.22)–(2.24) if the following conditions hold:

(i) The function y is a standard weak solution of (2.22)–(2.24) in each layer Ωα(t), α = 1, . . . ,M .
(ii) For each α = 1, . . . ,M − 1 and t ∈ (0, T ], the following normal flux jump conditions across the interface

Γα+1/2(t) are satisfied: for the conservation of mass equations,[[
(ρjφj ; ρjφjvj)

]]
t,α+1/2

· nt,α+1/2 = 0 for all j = 0, . . . , N , (3.2)

and for the momentum conservation law corresponding to equation (2.24),[[(
N∑
m=0

ρmφmvm;
N∑
m=0

ρmφmvm ⊗ vm − T

)]]
t,α+1/2

· nt,α+1/2 = 0, (3.3)

where

T = −pI + TE (3.4)

is the stress tensor of the mixture.

In order to develop the multilayer model, we assume the layers thicknesses small enough to neglect the
dependence of the horizontal velocities and the concentrations on the vertical variable inside each layer. More-
over, we assume that the vertical velocity is piecewise linear in z, and possibly discontinuous. Concretely,
for all α = 1, . . . ,M and j = 0, . . . , N we denote vj |Ωα(t) := vj,α := (uα, wj,α)T, φj,α := φj |Ωα(t), and for all
α = 1, . . . ,M , pα := p|Ωα(t), where uα, φj,αwj,α = φj,αwα+fM

j,α, and φj,α, respectively, stand for the horizontal
and vertical velocities and volumetric concentration of species j in layer α. Let us also denote the average
velocity of each layer by

vα: =
1
ρ

N∑
j=0

ρjφj,αvj,α = (uα, wα), α = 1, . . . ,M,

(where we choose an upper index for α to avoid confusion with the lower index j), and assume that

∂zuα = 0, ∂zφj,α = 0, ∂zwj,α = dj,α(t,x), ∂zpα(t,x) = gα(t,x), (3.5)

for some smooth functions dj,α(t,x) and gα(t,x). That is, we suppose that the horizontal velocity uα and the
concentration of each of the species φj,α do not depend on z inside each layer, and that wj,α and pα are linear
in z inside each layer.

There is no hope for such a particular set ((uα, w1,α)T, . . . , (uα, wN,α)T, φ1,α, . . . , φN,α, pα) to be a solution of
the complete equations in the layer Ωα(t). Instead, we shall consider a reduced weak formulation with particular
test functions, that we describe in the following sections. Let us also denote Φα = (φ0,α, φ1,α, . . . , φN,α)T and

ρ̄α := ρ0φ0,α + ρ1φ1,α + · · ·+ ρNφN,α. (3.6)

3.4. Mass conservation jump conditions

In what follows we analyze the jump conditions (3.2) and (3.3), where we recall that (3.5) implies that

u+
α−1/2(t,x) = u−α+1/2(t,x) = uα(t,x), and φ+

j,α−1/2(t,x) = φ−j,α+1/2(t,x) = φj,α(t,x), (3.7)

so that the jumps [[u]]t,α+1/2 and [[φj ]]t,α+1/2, j = 0, . . . , N , are indeed given by (3.1). The mass conservation
jump conditions (3.2) are then satisfied provided that

Gj,α+1/2 := G−j,α+1/2 = G+
j,α+1/2, j = 0, 1, . . . , N, (3.8)
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where we define for j = 0, 1, . . . , N

G+
j,α+1/2 := ρjφj,α+1

(
∂tzα+1/2 + uα+1 · ∇xzα+1/2 − w+

j,α+1/2

)
,

G−j,α+1/2 := ρjφj,α
(
∂tzα+1/2 + uα · ∇xzα+1/2 − w−j,α+1/2

)
.

(3.9)

(We remark that Gj,α+1/2 is the normal mass flux for species j at the interface Γα+1/2(t).) Taking into
account the structure of the vertical velocity, let us denote

w±j,α+1/2 = w±α+1/2 + f±j,α+1/2/φ
±
j,α+1/2. (3.10)

where f±j,α+1/2 must satisfy
N∑
j=0

ρjf
+
j,α+1/2 =

N∑
j=0

ρjf
−
j,α+1/2 = 0.

If we add up in j, it becomes clear that Gα+1/2 = G−α+1/2 = G+
α+1/2, where

Gα+1/2 :=
N∑
j=0

Gj,α+1/2

and

G+
α+1/2 = ρ̄α+1

(
∂tzα+1/2 + uα+1 · ∇xzα+1/2 − w+

α+1/2

)
,

G−α+1/2 = ρ̄α
(
∂tzα+1/2 + uα · ∇xzα+1/2 − w−α+1/2

)
,

(3.11)

which corresponds to the jump condition for (2.5). (The quantity Gα+1/2 will be referred to as total normal
mass flux across the interface Γα+1/2(t).) Then, from (3.9) to (3.11) we obtain

G+
j,α+1/2 =

ρjφj,α+1

ρ̄α+1
Gα+1/2 − ρjf+

j,α+1/2, G−j,α+1/2 =
ρjφj,α
ρ̄α

Gα+1/2 − ρjf−j,α+1/2,

and these two equations allow us to obtain

Gj,α+1/2 = φ̃j,α+1/2Gα+1/2 − ρj f̃j,α+1/2, (3.12)

where we define the averages

φ̃j,α+1/2 :=
1
2

(
ρjφj,α+1

ρ̄α+1
+
ρjφj,α
ρ̄α

)
, f̃j,α+1/2 =

1
2
(
f+
j,α+1/2 + f−j,α+1/2

)
, j = 0, . . . , N. (3.13)

Let us also remark that condition (3.8) can be written as

f+
j,α+1/2 − f

−
j,α+1/2 = Gα+1/2

(
φj,α+1

ρ̄α+1
− φj,α

ρ̄α

)
· (3.14)

Then, from previous equations we obtain

f±j,α+1/2 = f̃j,α+1/2 ±
Gα+1/2

2

(
φj,α+1

ρ̄α+1
− φj,α

ρ̄α

)
·
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3.5. Momentum conservation jump conditions

The momentum jump condition (3.3) is rewritten as

[[T ]]t,α+1/2 ·
(
∇xzα+1/2,−1)T =

N∑
j=0

[[
(ρjφjvj ; ρjφjvj ⊗ vj)

]]
t,α+1/2

· (∂tzα+1/2,∇xzα+1/2,−1)T. (3.15)

Moreover, using (3.8), we have[[
(ρjφjvj ; ρjφjvj ⊗ vj)

]]
t,α+1/2

· (∂tzα+1/2,∇xzα+1/2,−1)T = Gj,α+1/2[[vj ]]t,α+1/2, j = 0, 1, . . . , N,

Inserting this into (3.15) we get

[[T ]]t,α+1/2 · (∇xzα+1/2,−1)T =
N∑
j=0

Gj,α+1/2[[vj ]]t,α+1/2.

As a consequence, condition (3.3) can be written as

[[T ]]t,α+1/2 · ηα+1/2 =
1√

1 + |∇xzα+1/2|2

N∑
j=0

Gj,α+1/2[[vj ]]t,α+1/2. (3.16)

For α = 1, . . . ,M − 1, and consistently with (3.4), the total stress is decomposed as

T±α+1/2 = −pα+1/2I + TE,±
α+1/2, (3.17)

where pα+1/2 is the kinematic pressure and TE,±
α+1/2 are the limit approximations of TE at Γα+1/2. This means

that TE,±
α+1/2 must satisfy

[[TE]]t,α+1/2 · ηα+1/2 =
(
TE,+
α+1/2 − T

E,−
α+1/2

)
· ηα+1/2 =

1√
1 + |∇xzα+1/2|2

N∑
j=0

Gj,α+1/2[[vj ]]t,α+1/2, (3.18)

where Gj,α+1/2 is defined by (3.12). Moreover, by consistency, TE,±
α+1/2 should satisfy

1
2
(
TE,+
α+1/2 + TE,−

α+1/2

)
=: T̃E

α+1/2 =

[
T̃E

h,α+1/2 T̃E
xz,α+1/2(

T̃E
xz,α+1/2

)T
T̃E
zz,α+1/2

]
, (3.19)

where T̃E
α+1/2 is an approximation of TE|Γα+1/2 , to be defined and T̃E

h,α+1/2, T̃E
xz,α+1/2, and T̃E

zz,α+1/2 denote
the horizontal, mixed, and vertical components of T̃E

α+1/2, respectively. Concretely, if we utilize the expression
for a viscous-linear fluid,

TE = TE(v) = µD(v) =
µ

2
(
∇v + (∇v)T

)
,

where D(v) = (1/2)(∇v + (∇v)T) is the infinitesimal rate of strain, then we define T̃E
α+1/2 = µD̃α+1/2, where

D̃α+1/2 is an approximation of D(v) at the interface zα+1/2. Finally, we can solve the system defined by (3.18)
and the equation resulting by multiplying scalarly (3.19) by the vector ηα+1/2. This way, we obtain the expression
of TE,±

α+1/2 that satisfies the jump condition and the consistency condition on the interface. We can solve it easily
and we obtain

TE,±
α+1/2 · ηα+1/2 = T̃E

α+1/2 · ηα+1/2 ±
1
2

1√
1 + |∇xzα+1/2|2

N∑
j=0

Gj,α+1/2[[vj ]]t,α+1/2. (3.20)
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3.6. Vertical velocity of the solid particles

First, we select α ∈ {1, . . . ,M}, and integrate vertically the mass balance equations (2.22) over (zα−1/2, z)
for z ∈ (zα−1/2, zα+1/2). This yields∫ z

zα−1/2

(
∂t(ρjφj) +∇ · (ρjφjvj)

)
dζ = 0, j = 1, . . . , N.

Under the assumptions (3.5) and recalling that vj = v + fM
j (Φ)/φjk = (u, wj) and wj = w + fM

j (Φ)/φj , we
obtain

∂t(ρjφj,α)(z − zα−1/2) +∇x · (ρjφj,auα)(z − zα−1/2) + ρjφj,α
(
wj,α(t,x, z)− w+

j,α−1/2

)
= 0.

This equation implies that the vertical velocity wj,α is given by

wj,α(t,x, z) = w+
j,α−1/2 −

1
ρjφj,α

(
∂t(ρjφj,α) +∇x · (ρjφj,αuα)

)
(z − zα−1/2), j = 1, . . . , N. (3.21)

In addition, from the condition (3.11) at the interfaces, we obtain the quantities

w+
j,α−1/2 =

1
ρjφj,α

(
(ρjφj,α − ρjφj,α−1)∂tzα−1/2

+ (ρjφj,αuα − ρjφj,α−1uα−1) · ∇xzα−1/2 + ρjφj,α−1w
−
j,α−1/2

)
,

where

w−j,α−1/2 = w+
j,α−3/2 −

hα−1

ρjφj,α−1

(
∂t(ρjφj,α−1) +∇x · (ρjφj,α−1uα−1)

)
.

Using the horizontal velocities specified by the model, the average vertical velocities in the layers are computed
sucessively from below to above as follows, where j = 0, . . . , N . First the quantity w+

j,1/2 is determined from the
given mass transfer Gj,1/2, through the bottom condition (3.8) at the bottom by

w+
j,1/2 = ∂tzB + u1 · ∇xzB −

G1/2

ρjφj,1
·

Then, for α = 1, . . . ,M and z ∈ (zα−1/2, zα+1/2), we set

wj,α(t,x, z) = w+
j,α−1/2 −

1
ρjφj,α

(
∂t(ρjφj,α) +∇x · (ρjφj,auα)

)
(z − zα−1/2)

w−j,α+1/2 = w+
α−1/2 −

hα
ρjφj,α

(
∂t(ρjφj,α) +∇x · (ρjφj,auα)

)
,

w+
j,α+1/2 =

1
ρjφj,α+1

(
(ρjφj,α+1 − ρjφj,α)∂tzα+1/2

+ (ρjφj,α+1uα+1 − ρjφj,αuα) · ∇xzα+1/2 + ρjφj,αw
−
j,α+1/2

)
.

3.7. Vertical velocity of the mixture

The vertical velocity of the mixture inside Ωα is obtained summing from 0 to N the vertical velocity of the
species inside this layer, which is given by (3.21). This yields

N∑
j=0

ρjφj,αwj,α(t, x, z) =
N∑
j=0

(
ρjφj,αw

+
j,α−1/2 −

(
∂t(ρjφj,α) +∇x · (ρjφj,αuα)

)
(z − zα−1/2)

)
. (3.22)
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This equality implies that

wα(t,x, z) = w+
α−1/2 −

1
ρ̄α

(
∂tρ̄α +∇x · (ρ̄αuα)

)
(z − zα−1/2),

and using the mass jump condition (3.11), we obtain

w+
α−1/2 =

1
ρ̄α

(
(ρ̄α − ρ̄α−1)∂tzα+1/2 + (ρ̄αuα − ρ̄α−1uα−1) · ∇xzα+1/2 + ρ̄α−1w

−
α−1/2

)
,

where
w−α−1/2 = w+

α−3/2 −
hα−1

ρ̄α−1

(
∂t(ρ̄α−1) +∇x · (ρ̄α−1uα−1)

)
.

Then the vertical velocities of mixture in the layers can be computed successively from below to above as
follows. The quantity w+

1/2 is determined, from the given mass transference G1/2, through the condition (3.8)
at the bottom by

w+
1/2 = ∂tzB + u1 · ∇xzB −

G1/2

ρ1
·

Then, for α = 1, . . . ,M and z ∈ (zα−1/2, zα+1/2), we calculate successively

wα(t,x, z) = w+
α−1/2 −

1
ρ̄α

(
∂tρ̄α +∇x · (ρ̄αuα)

)
(z − zα−1/2),

w−α+1/2 = w+
α−1/2 −

hα
ρ̄α

(
∂tρ̄α +∇x · (ρ̄αuα)

)
,

w+
α+1/2 =

1
ρ̄α+1

(
(ρ̄α+1 − ρ̄α)∂tzα+1/2 + (ρ̄α+1uα+1 − ρ̄αuα) · ∇xzα+1/2 + ρ̄αw

−
α+1/2

)
.

4. A particular weak solution with hydrostatic pressure

The assumption of a hydrostatic pressure means that

pα(t,x, z) = pα+1/2(t,x) + ρ̄αg(zα+1/2 − z), where pα+1/2(t,x) = pS(t,x) + g

M∑
β=α+1

ρ̄βhβ(t,x). (4.1)

Here, the component pα+1/2 is the kinematic pressure at Γα+1/2(t) and pS denotes the pressure at the free
surface. Then, the unknowns of the systems are the layer depths and the horizontal velocities.

Since vj,α is a weak solution of (2.22)–(2.24) in Ωα(t), where vj defined by (2.16), let us begin by considering
the weak formulation of this system in Ωα(t) for α = 1, . . . , N . Assume that vj,α ∈ L2(0, T ;H1(Ωα(t))d),
∂tvj,α ∈ L2(0, T ;L2(Ωα(t))d), φj,α ∈ L2(0, T ;H1(Ωα(t))), ∂tφj,α ∈ L2(0, T ;L2(Ωα(t))) and pα ∈
L2(0, T ;L2(Ωα(t))). Then a weak solution of the original equations in Ωα(t) should satisfy for all ϕ ∈ L2(Ωα(t))
and for all ϑ ∈ H1(Ωα(t))d with ϑ|∂IF = 0 the identities∫

Ωα(t)

(
∂tφj,α +∇ · (φj,αvj,α)

)
ϕdΩ = 0,

∫
Ωα(t)

(
N∑
j=0

ρj∂t(φj,αvjα)

)
· ϑdΩ +

∫
Ωα(t)

(
N∑
j=0

ρj∇ · (φj,αvj,α ⊗ vj,α)

)
· ϑdΩ

+
∫

Ωα(t)

TE : ∇ϑdΩ−
∫

Ωα(t)

p∇ · ϑdΩ +
∫

Γα+1/2(t)

(T−α+1/2ϑ) · ηα+1/2 dΓ

−
∫

Γα−1/2(t)

(T+
α−1/2ϑ) · ηα−1/2 dΓ = −

∫
Ωα(t)

gρ̄αk · ϑdΩ.

(4.2)
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We consider velocity-pressure pairs with the structure given by (3.5) that satisfy the previous system with
particular weak solutions that satisfy (4.2) for test functions such that ∂zϕ = 0 and

ϑ(t,x, z) =
(
ϑh(t,x), (z − zB)V(t,x)

)T
, (4.3)

where ϑh and V are smooth functions that do no depend on z. Now following a similar approach as in [29], after
some straightforward calculations (see Appendix B) we get the mass conservation law

∂t(ρjφj,αhα) +∇x · (ρjφj,αhαuα) = Gj,α+1/2 −Gj,α−1/2, j = 0, 1, . . . , N, α = 1, . . . ,M, (4.4)

where Gj,α+1/2 is defined by (3.12). We remark that taking into account (3.6), we get

∂t(ρ̄αhα) +∇x · (ρ̄αhαuα) = Gα+1/2 −Gα−1/2, α = 1, . . . ,M. (4.5)

The balance of momentum equations now take the form

∂t(ρ̄αhαuα) +∇x · (ρ̄αhαuα ⊗ uα) +
∫ zα+1/2

zα−1/2

∇xpα dz −∇x · (hαTE
h )

+
(
T̃E

h,α+1/2(∇xzα+1/2)T − T̃E
xz,α+1/2

)
−
(
T̃E

h,α−1/2(∇xzα−1/2)T − T̃E
xz,α−1/2

)
=
Gα+1/2

2
(uα+1 + uα)−

Gα−1/2

2
(uα + uα−1). (4.6)

Introducing the notation

p̄α := pS + g

M∑
β=α+1

ρ̄βhβ + gρ̄α
hα
2
, z̄α := zB +

α−1∑
β=1

hβ +
hα
2
,

we obtain the following system for α = 1, . . . ,M :

∂t(ρjφj,αhα) +∇x · (ρjφj,αhαuα) = Gj,α+1/2 −Gj,α−1/2, j = 0, . . . , N,
∂t(ρ̄αhαuα) +∇x · (ρ̄αhαuα ⊗ uα) + hα(∇xp̄α + gρ̄α∇xz̄α)

−∇x · (hαTE
h ) +

(
T̃E

h,α+1/2(∇xzα+1/2)T − T̃E
xz,α+1/2

)
−
(
T̃E

h,α−1/2(∇xzα−1/2)T − T̃E
xz,α−1/2

)
=
Gα+1/2

2
(uα+1 + uα)−

Gα−1/2

2
(uα + uα−1),

(4.7)

where T̃E
h,α+1/2 and T̃E

xz,α+1/2 are defined by (3.19).

5. Closure and reformulation of the model

5.1. Closure of the model in one horizontal space dimension

For the sake of simplicity, we assume that from here on that the extra (viscous) stress tensor TE equals zero,
and we limit the treatment to one horizontal space dimension. In the sequel, we shall denote the horizontal
velocities uα merely by uα, as well as replace x by x, etc. We define layers whose thickness hα is proportional to
the total height h, i.e. we assume that hα = lαh for α = 1, . . . ,M , where with l1, . . . , lM are positive constants
satisfying l1 + · · · + lM = 1. Furthermore, we define rj,α := ρjφj,αh for α = 1, . . . ,M and j = 0, . . . , N , and
qα := ρ̄αhuα for α = 1, . . . ,M . Note that system (4.7) consists of M(N + 2) scalar equations for the same
number of unknowns, namely {h, {qα, {rj,α}Nj=1}Mα=1, {Gα+1/2}M−1

α=1 }. Finally, we define

mα := ρ̄αh =
N∑
j=0

rj,α = ρ0h+
N∑
j=1

ρj − ρ0

ρj
rj,α. (5.1)
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(The second equality is proved in Sect. D.1 of Appendix D.) Then, instead of writing (4.7) in terms of
{{rj,α}Nj=0}Mα=1, we utilize {mα, {rj,α}Nj=1}Mα=1. Moreover, from (5.1) we can recover the height of the fluid
column as

h =
1
ρ0

(
mα −

N∑
j=1

ρj − ρ0

ρj
rj,α

)
. (5.2)

Consequently, by taking into account the definition (3.12) of Gj,α+1/2, we can write the system (4.7) for
α = 1, . . . ,M as follows:

∂tmα + ∂xqα =
1
lα

(Gα+1/2 −Gα−1/2), (5.3)

∂trj,α + ∂x

(
rj,αqα
mα

)
=

1
lα

(
φ̃j,α+1/2Gα+1/2 − φ̃j,α−1/2Gα−1/2

)
− ρj
lα

(f̃j,α+1/2 − f̃j,α−1/2),
j = 1, . . . , N, (5.4)

∂tqα + ∂x

(
q2
α

mα
+ h

(
pS +

g

2
lαmα + g

M∑
β=α+1

lβmβ

))
=

(
pS + g

M∑
β=α+1

lβmβ

)
∂xh

− gmα∂xzb − gmαLα−1∂xh+
1
lα

(
ũα+1/2Gα+1/2 − ũα−1/2Gα−1/2

)
,

(5.5)

where we define

ũα+1/2 :=
1
2

(
qα+1

mα+1
+

qα
mα

)
and note that φ̃j,α+1/2, defined by (3.13), can be written as

φ̃j,α+1/2 =
1
2

(
rj,α+1

mα+1
+
rj,α
mα

)
· (5.6)

Finally, we can also compute an explicit expression of the interlayer mass flux Gα+1/2. The deduction of the
explicit expression of these terms are presented in Appendix A. Moreover, if we introduce the notation

Rβ := qβ −
N∑
j=1

rjβuβ
ρj − ρ0

ρj
, R̄ :=

M∑
β=1

lβRβ ,

we can compute the following difference for the transfer terms (see Eq. (A.5)), which allows us to define them
recursively:

ρ0(ρ̄α+1 + ρ̄α)
ρ̄αρ̄α+1

Gα+1/2 −
ρ0(ρ̄α + ρ̄α−1)

ρ̄αρ̄α−1
Gα−1/2 = lα∂x(Rα − R̄) + ρ0

N∑
j=0

(
f̃j,α+1/2 − f̃j,α−1/2

)
. (5.7)

5.2. Recovery of primitive variables

Finally, we can deduce the definition of Gα+1/2 from previous equations, in terms of the other unknowns of
the problem. As a result we obtain a reduced system with M(N + 1) + 1 equations. The system can be defined
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by the M N equation (5.4), the M equation (5.5) and the sum of the M equation (5.3). This last equation can
be written as

∂tm̄+ ∂x

(
M∑
β=1

lβqβ

)
= GM+1/2 −G1/2, where m̄ := h

M∑
β=1

ρ̄βlβ =
M∑
β=1

lβmβ . (5.8)

Then, once the total mass fluxes Gα+1/2, α = 1, . . . ,M − 1 are specified (see Sect. A), the unknowns of the
system defined by equations (5.4), (5.5) and (5.8) are {m̄, {qα, {rj,α}Nj=1}Mα=1}. From these unknowns we can
recover primitive variables as follows:

h =
1
ρ0

(
m̄−

M∑
β=1

N∑
j=1

rj,βlβ
ρj − ρ0

ρj

)
,

mα = ρ0h+
N∑
j=1

rj,α
ρj − ρ0

ρj
= m̄+

M∑
β=1

N∑
j=1

(rj,α − rj,β)lβ
ρj − ρ0

ρj
,

ρ̄α = mα/h, (5.9)
uα = qα/mα.

6. Numerical schemes

6.1. First-order system of balance equations

In this section we present a numerical scheme to solve the full system composed by (5.4), (5.5) and (5.8). If
we denote the vector of unknowns as

w = (m̄, q1, . . . , qM , r1,1, . . . , rN,1, . . . , r1,α, . . . , rN,α, . . . , r1,M , . . . , rN,M )T, (6.1)

the system can be written as (1.1) in terms of a conservative flux and source terms containing non-conservative
products. The flux function F(w) and the source terms S(w, ∂xw) and G(w, ∂xw) are vectors of dimension
M(N + 1) + 1, defined respectively as follows:

F(w) =



∑M
β=1 lβFmβ

Fq

Fr,1

...
Fr,M

 , S(w, ∂xw) =


0
s
0
...
0

 , G(w, ∂xw) =


0

Gq
Gr,1

...
Gr,M

 .

The components of these vectors are defined in what follows. The first component of F(w) is defined via
Fmα = qα for α = 1, . . . ,M ; moreover, Fq = (Fq1 , . . . ,FqM )T, where Fqα = q2

α/mα for α = 1, . . . ,M and

Fr,α :=
qα
mα

r1,α

...
rN,α

 , α = 1, . . . ,M.

The components of s = (s1, . . . , sM )T defining the vector S are given by

sα := gmα∂x(zb + h) + gh2

((
lα
2

+
M∑

β=α+1

lβ

)
∂xρ̄α + ∂x

(
M∑

β=α+1

lβ(ρ̄β − ρ̄α)

))
, α = 1, . . . ,M,
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where h and ρ̄α are computed as described in (5.2) and (5.9), respectively. Finally, the sub-vectors of G are
defined by Gq = (Gq1 , . . . ,GqM ))T with Gqα = (ũα+1/2Gα+1/2 − ũα−1/2Gα−1/2)/lα for α = 1, . . . ,M and

Gr,α :=
1
lα

Gα+1/2Φ̃α+1/2 −Gα−1/2Φ̃α−1/2 −

 ρ1(f̃1,α+1/2 − f̃1,α−1/2)
...

ρN (f̃N,α+1/2 − f̃N,α−1/2)


 , α = 1, . . . ,M,

where Φ̃α+1/2 = (φ̃1,α+1/2, . . . , φ̃N,α+1/2).
Since we will use the flux function of the unknowns mα to compute the flux function for the unknown m̄, we

also consider the part of the source term related to the unknowns mα, which is defined by

Gmα := (Gα+1/2 −Gα−1/2)/lα, α = 1, . . . ,M.

(see (5.3)). At this point we introduce the following notation which will be used later. We denote

wα =
(
mα

qα

)
, Fα :=

(
Fmα
Fqα

)
, Sα :=

(
0
sα

)
, Gα :=

(
Gmα
Gqα

)
, α = 1, . . . ,M. (6.2)

Note that using this notation, from the definition of the global system we obtain

∂twα + ∂xFα(wα) = Sα + Gα, α = 1, . . . ,M.

6.2. Path-conservative method

We consider an HLL-path-conservative method where we set the path as segments (PVM-1U method, see
[19]). Nevertheless, in what follows we describe the definition of the method in a form that allows us to avoid
the computation of the transport matrix of the system. Moreover, this formulation takes into account that the
flux associated with the unknown m̄ can be written as the average of the fluxes associated with mα. A second
or higher order extentions of the method can be done following [17]. We discretize the spatial domain into cells
Ci := [xi−1/2, xi+1/2] of width ∆x centered at xi = (i−1/2)∆x, i ∈ Z, and discretize time via tn = n∆t, n ∈ N0.
We denote by wn

α,i the approximate value of w(x, tn) for layer α; similar notation is used for other quantities.
The HLL-PVM-1U method is defined by the following two coefficients,

αn0,i+1/2 = (SnR,i+1/2|S
n
L,i+1/2| − S

n
L,i+1/2|S

n
R,i+1/2|)/(S

n
R,i+1/2 − S

n
L,i+1/2),

αn1,i+1/2 = (|SnR,i+1/2| − |S
n
L,i+1/2|)/(S

n
R,i+1/2 − S

n
L,i+1/2).

Here the characteristic velocities SnL,i+1/2 and SnR,i+1/2 are global approximations (they are the same for each
layer) of the minimum and maximum wave speed. Taking into account Theorem B.1 (see Appendix B) we set
the following definition of SnL,i+1/2 and SnR,i+1/2,

SnL,i+1/2 = ūni+1/2 −Ψn
i+1/2, SnR,i+1/2 = ūni+1/2 + Ψn

i+1/2, (6.3)

where

ūni+1/2 :=
1
M

M∑
β=1

unβ,i+1/2,

Ψn
i+1/2 :=

2M − 1√
2M(2M − 1)

(
2
M∑
β=1

(ūni+1/2 − u
n
i+1/2)2 +

ghni+1/2

ρ0

(
ρ0 +

1
M

M∑
β=1

(2β − 1)ρ̄nβ,i+1/2

))1/2

,
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where M is the number of layers. The HLL-PVM-1U method proposed can be written as

wn+1
α,i = wn

α,i −
∆t
∆x
(
F̃n
α,i+1/2 − F̃n

α,i−1/2

)
+ ∆tSn

α,i + ∆tGnα,i,

where here the numerical flux F̃n
α,i+1/2 = (F̃mα,ni+1/2, F̃

qα,n
i+1/2)T is given by

F̃n
α,i+1/2 :=

1
2

(
Fα

(
wn
α,i+1

)
+ Fα

(
wn
α,i

))
− 1

2

(
αn0,i+1/2

(
wn
α,i+1 −wn

α,i + Cnα,i+1/2 + Snα,i+1/2

)
+ αn1,i+1/2

(
Fα(wn

α,i+1)−Fα

(
wn
α,i

)
+ Snα,i+1/2

))
,

where

Cnα,i+1/2 =

( ρ̄nα,i+1 + ρ̄nα,i
2

(zi+1 − zi)
0

)
, Sn

α,i =
1
2
(
Snα,i+1/2 + Snα,i−1/2

)
, Snα,i+1/2 = g

(
0

snα,i+1/2

)
,

snα,i+1/2 =
1
2

(
(mn

i+1 +mn
i )(ηni+1 − ηni ) + (h2,n

i+1 + h2,n
i )

(
lα
2

+
M∑

β=α+1

lβ

)
(ρ̄nα,i+1 − ρ̄nα,i)

+ (hni+1 + hni )
M∑

β=α+1

lβ
(
(ρ̄nβ,i+1 − ρ̄nα,i+1)hni+1 − (ρ̄nβ,i − ρ̄nα,i)hni

))
,

and

Gnα,i =
(
Gmα,ni
Gqα,ni

)
.

To compute Gmα,ni and Gqα,ni we approximate the transfer term Gα+1/2 by setting

Gnα+1/2,i :=
1
2
(
Gnα+1/2,i+1/2 +Gnα+1/2,i−1/2

)
,

where Gnα+1/2,i+1/2 is an approximation at x = xi+1/2. By using the recursivity equality (5.7), we approximate
the transfer term by

ρ0
ρ̂nα+1 + ρ̂nα
ρ̂nα+1ρ̂

n
α

Gnα+1/2,i+1/2 = ρ0
ρ̂nα + ρ̂nα−1

ρ̂nαρ̂
n
α−1

Gnα−1/2,i+1/2 +
lα
∆x
(
Rnα,i+1 − R̄ni+1 −Rnα,i + R̄ni

)
+

N∑
j=1

(
f̂nj,α+1/2,i+1/2 − f̂

n
j,α−1/2,i+1/2

)
(ρj − ρ0),

with

ρ̂nα :=
1
2
(
ρ̄nα,i+1 + ρ̄nα,i

)
, α = 1, . . . ,M ;

f̂nj,α+1/2,i+1/2 :=
1
2
(
fnj,α+1/2,i+1 + fnj,α+1/2,i

)
, α = 1, . . . ,M, j = 1, . . . , N,

where fnj,α+1/2,i is the numerical approximation of the vertical flux f̃j,α+1/2 given by

fnj,α+1/2 =
1
2
(
φj,αv

MLB
j (Φα) + φj,α+1v

MLB
j (Φα+1)

)
− Eα+1

2
(φj,α+1 − φj,α)

− φj,α
2

∣∣vMLB
j (Φα+1)− vMLB

j (Φα)
∣∣sgn(φj,α+1 − φj,α),



1410 R. BÜRGER ET AL.

based on Scheme 8 from [12] and where Φα := (φ1,α, . . . , φN,α)T and Eα := maxj=1,...,N |vMLB
j (Φα)|, where

vMLB
j is the hindered settling velocity given by (2.17). Then we have

Gmα,ni =
(
Gnα+1/2,i −G

n
α−1/2,i

)
/lα,

Gqα,ni =
(
ūnα+1/2,iG

n
α+1/2,i − ū

n
α−1/2,iG

n
α−1/2,i

)
/lα,

ūnα+1/2,i =
1
2

(
unα+1,i+1 + unα,i+1

2
+
unα+1,i + unα,i

2

)
·

Moreover, since the solid concentrations are passive scalars in the system, i.e. Frj,α = (rj,α/mα)Fmα , we use
the following upwinding formula to compute the numerical flux relative to rnj,α:

F̃rj,α,ni+1/2 =

{
(rnj,α,i/m

n
α,i)F̃

mα,n
i+1/2 if F̃mα,ni+1/2 > 0,

(rnj,α,i+1/m
n
α,i+1)F̃mα,ni+1/2 otherwise,

j = 1, . . . , N.

Finally, the numerical scheme to approximate the unknowns of the problem is defined as follows:

m̄n+1
i = m̄n

i −
∆t
∆x

M∑
β=1

lβF̃
mβ ,n

i+1/2,

qn+1
α,i = qnα,i −

∆t
∆x
(
F̃qα,ni+1/2 − F̃

qα,n
i−1/2

)
+

∆t
2

(snα,i+1/2 + snα,i−1/2) + ∆tGqα,ni ,

rn+1
j,α,i = rnj,α,i −

∆t
∆x
(
F̃rj,α,ni+1/2 − F̃

rj,α,n

i−1/2

)
+ ∆tGrj,α,ni ,

with

Grj,α,ni =
1
lα

(
φ̄nj,α+1/2,iG

n
α+1/2,i − φ̄

n
j,α−1/2,iG

n
α−1/2,i

)
− ρj
lα

(
f̂nj,α+1/2,i+1/2 − f̂

n
j,α−1/2,i+1/2

)
,

φ̄nj,α+1/2,i =
1
2

(
1
2

(
rnj,α+1,i+1

mn
α+1,i+1

+
rnj,α,i+1

mn
α,i+1

)
+

1
2

(rnj,α+1,i

mn
α+1,i

+
rnj,α,i
mn
α,i

))
·

7. Numerical tests

7.1. Preliminaries

In all tests we use the global constants g = 9.8 m/s2 (acceleration of gravity), φmax = 0.68 ((nominal)
maximal total solids concentration, a dimensionless volume fraction), and employ the Richardson–Zaki hindered
settling factor (2.14) with nRZ = 4.7. The viscosity and density of the pure fluid are µ0 = 0.02416 Pa s and
ρ0 = 1208 kg/m3, respectively. In all tests the particles are assumed to have the same density ρ1 = · · · = ρN =
2790 kg/m3. These parameters correspond to an experiment by Schneider et al. [41].

We limit the computation of numerical solutions to four tests. Firstly, one case of zero horizontal but one
vertical direction (Test 1), and two cases of one horizontal and one vertical direction (Tests 2 and 3) . In the latter
tree cases, the (horizontal) x-interval [0, L] is subdivided into C subintervals [xi−1/2, xi+1/2] = [(i− 1)∆x, i∆x]
of length ∆x = L/C, centered at xi = (i − 1/2)∆x, i = 1, . . . , C. In what follows, we use the following CFL
condition to determine ∆t in each iteration:

∆t
∆x

max
1≤i≤C

max{|SR,i+1/2|, |SL,i+1/2|} = CFL,

where SR,i+1/2 and SL,i+1/2 are the bounds of the eigenvalues defined in (6.3) and CFL = 0.5. Furthermore, for
Test 3 we compute an approximate L1 error at a fixed end time t = tend of a scalar component gi of the numerical
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solution by means of a reference solution based on a number of Cref cells. Precisely, let us denote by {gi(tend)}Ci=1

and {gref
i (tend)}Cref

i=1 the numerical solution at time tend calculated with C and Cref cells, respectively, where we
assume that ν := Cref/C ∈ N. Then we compute the projected reference solution {g̃ref

i (tend)}Ci=1 using

g̃ref
i (tend) =

1
ν

ν∑
k=1

gref
ν(i−1)+k(tend), i = 1, . . . , C.

Then, we define the approximate L1 error of the numerical solution {gi(tend)}Ci=1 at time t = tend as

eC,Cref (tend) :=
1
C

C∑
j=1

∣∣g̃ref
i (tend)− gi(tend)

∣∣. (7.1)

Finally, a 3D simulation (Test 4) is presented. With the purpose of brevity we do not give the details in the
paper of the model and the numerical method. For the implementation of the numerical method we consider a
rectangular grid in the horizontal 2D domain and the usual application of a 1D finite volume method at each
edge of the cell.

7.2. Test 1: One-dimensional vertical sedimentation

In the first numerical test we consider N = 3 solid species dispersed in a viscous fluid. The solid particle
diameters are d1 = 4.96× 10−4 m, d2 = 3.25× 10−4 m and d3 = 1.0× 10−4 m.

We consider a vertical domain of height h = 0.3 m discretized into M = 50 layers (zi nodes), with initial
solid concentrations φ1(t = 0) = 0.1, φ2(t = 0) = 0.05 and φ3(t = 0) = 0.09 constant in all the domain.
Figure 2 displays simulated concentration profiles at different times. Comparing the simulated behaviour of
the modified MLB model (defined by (2.17)) with that of the original MLB model (that is recovered if we set
λ1 = · · · = λN = 1 in (2.17)), we can see that the modified MLB velocities predict that the solid particles settle
slightly more slowly than when the classical MLB velocities are used. That said, we remark that the 1D vertical
modified MLB model coincides with the proposed multilayer approximation only if the transfer term Gα+1/2 is
set to zero. In other words, if we block the transfer of mass term across the interface in the multilayer approach,
we recover the classical one-dimensional numerical method for polydisperse sedimentation [12] but with the new
MLB velocity.

The 1D vertical model corresponds to solving the following system of ODEs that represent a semi-
discretization of the spatio-temporal model:

∂tφj,α = − 1
hlα

(fj,α+1/2 − fj,α−1/2), j = 1, . . . , N, α = 1, . . . ,M,

where fj,α+1/2 is the numerical approximation of the vertical flux function fj = φjv
MLB
j .

The mass transfer is not equal to zero in this new multilayer model even though the horizontal velocities are
equal zero. In this case, from the definition (A.5) of Gα+1/2 we deduce the transfer term

Gα+1/2 = ρ0

N∑
j=0

f̃j,α+1/2.

Since within the classical MLB model, the average velocity does not take into account the densities of the
particles, it can be deduced that

N∑
j=0

f̃j,α+1/2 = 0.
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Figure 2. Test 1: Concentrations of the solid species with respect the normalized height at
times t = 0, 10, 50, 150, 500, and 1000 s.
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Then Gα+1/2 = 0. With the proposed modification of MLB model, Gα+1/2 6= 0 because this term takes into
account the exact mass conservation, which implies that

N∑
j=0

ρj f̃j,α+1/2 = 0.

As a consequence, the proposed model is able to reproduce a vertical velocity of the fluid generated by
the vertical movement of the solid particles. However, the three models predict fairly similar sedimentation
behaviour of the three models. The larger species settle faster than those with smaller size, and the smaller
particles float (that is, move upward) when the biggest particles settle. This behavior is expected. At t = 500 s
the solution is almost stationary. In Figure 2 a very small variation in the concentration of the smallest particles
can be observed if we compare the figures corresponding to t = 500 and t = 1000 s.

7.3. Test 2: Sedimentation with imposed velocity

In this numerical test we simulate bidisperse sedimentation in a horizontal channel, with an inclined bottom,
of length L = 1 m. Here and in Test 3 we use C = 150 subintervals and M = 10 layers in the horizontal and
vertical discretization, respectively, and in both tests we use N = 2 solids species of diameters d1 = 4.96×10−4 m
and d2 = 1.25× 10−4 m, respectively (these are the original particle sizes used in [41]). The bottom elevation is
given by zB(x) = −0.1x+ 0.1 m for x ∈ [0, L]. We here assume the initial condition

φ1,α(0, x) = 0, φ2,α(0, x) = 0 uα(0, x) = 0 for all α = 1, . . . ,M , for all x ∈ [0, L],

and for the height h(t = 0) = 0.3 − zB. Furthermore, as boundary condition we impose at x = 0 a linear
horizontal velocity u(z)|x=0 = 0.133z + 0.128 m/s, whose average value is 0.15 m/s. A uniform distribution of
the sediment concentrations is set at the left boundary, i.e.,

φ1,α|x=0 =
1
M

M∑
β=1

φ1,β|x=0, φ2,α|x=0 =
1
M

M∑
β=1

φ2,β|x=0 for all α = 1, . . . ,M

with
∑M
β=1 φ1,β|x=0 = 0.05 and

∑M
β=1 φ2,β|x=0 = 0.025. At the right boundary a homogeneous Neumann condi-

tion is imposed.
Here, we are interested in seeing how the particles, besides settling due to the force of gravity, are transported

horizontally when horizontal velocities are imposed on the left boundary. In Test 1 we have seen that some
particles, depending on their size, move downward or upward, and the bigger particles settler faster than smaller
particles (in the same environment). The difference here is that we impose linear horizontal velocities by layers
and fixed concentrations over the left boundary and we want to see the behavior of the particles (horizontal
movement, sedimentation and suspension of some particles). In Figures 3 and 4 for the first species we can
see both phenomena, namely settling and horizontal transport of the particles due to the imposed horizontal
velocity at the fluid. We see for example in Figures 4a and 4c and more clearly in Figure 4e and correspondingly
Figures 3a, 3c and 3e that the particles of bigger size are deposited rapidly over the bottom, furthermore we see
how the concentration goes from initial condition (φ1,α = 0) to high concentration in the first layer, decreasing
from the bottom to the free surface. In all the domain the concentration in the first layer always is greater than
in the upper layers, due to the size of species 1. Furthermore this behavior its present at all times from t = 0 to
t = 100 s.

If we make reference to the applications (water recovery for example), we can say that in the free surface
close to the right boundary we obtain fluid free of particles of species 1 but yet with particles of species 2 at
smaller concentration, as we see in Figures 3 and 4 in lines of concentration by layers and concentration by
color, respectively. On the other hand, we can observe the horizontal movement of both solid species from the
left to the right boundary, see Figures 3 and 4. Clearly, the concentration of each solid species φ1,α and φ2,α
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Figure 3. Test 2: Concentration of solid species φ1, φ2 by layer.
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Figure 4. Test 2: Concentration of solid species φ1, φ2 by colors, η(x) = zB(x) + h(x) m.
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Figure 5. Test 2: Magnitude of the velocity field u and free surface, η(x) = zB(x) + h(x) m.

Table 1. Test 3: Approximate L1 errors for (top) r1,α, (middle) r2,α and (bottom) m̄ and qα,
in each case for α = 2, 4, 6, 8, 10 at time t = 1 s.

C L1 error r1,2 L1 error r1,4 L1 error r1,6 L1 error r1,8 L1 error r1,10

40 7.33e-04 8.93e-05 1.18e-04 7.71e-05 6.76e-05
80 5.45e-04 6.13e-05 8.50e-05 6.56e-05 4.99e-05
160 3.89e-04 4.24e-05 5.87e-05 5.37e-05 3.51e-05
320 2.44e-04 2.73e-05 3.87e-05 3.92e-05 2.35e-05

C L1 error r2,2 L1 error r2,4 L1 error r2,6 L1 error r2,8 L1 error r2,10

40 3.73e-04 4.53e-05 5.94e-05 5.01e-05 3.79e-05
80 2.78e-04 3.12e-05 4.26e-05 3.98e-05 3.03e-05
160 1.98e-04 2.16e-05 2.94e-05 3.15e-05 2.22e-05
320 1.24e-04 1.39e-05 1.94e-05 2.25e-05 1.53e-05

C L1 error m̄ L1 error q2 L1 error q4 L1 error q6 L1 error q8 L1 error q10 cpu time (s)

40 1.27e-04 8.90e-04 3.86e-04 4.80e-04 6.18e-04 3.73e-04 0.16882100
80 3.72e-05 7.42e-04 2.76e-04 3.55e-04 4.65e-04 2.46e-04 0.57736800
160 1.34e-05 5.47e-04 1.81e-04 2.42e-04 3.18e-04 1.47e-04 2.14343400
320 6.92e-06 3.44e-04 1.10e-04 1.51e-04 2.00e-04 8.02e-05 8.82513300
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Figure 6. Test 2: Concentration for different constant velocities imposed in the left boundary
in t = 100 s.



1418 R. BÜRGER ET AL.

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

0.1

0.2

0.3

8.43e-02

1.69e-01

2.53e-01

0.00e+00

3.37e-01

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

0.1

0.2

0.3

4.19e-02

8.38e-02

1.26e-01

0.00e+00

1.68e-01

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

0.1

0.2

0.3

8.43e-02

1.69e-01

2.53e-01

0.00e+00

3.37e-01

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

0.1

0.2

0.3

4.19e-02

8.38e-02

1.26e-01

0.00e+00

1.68e-01

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

0.1

0.2

0.3

8.43e-02

1.69e-01

2.53e-01

0.00e+00

3.37e-01

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

0.1

0.2

0.3

4.19e-02

8.38e-02

1.26e-01

0.00e+00

1.68e-01

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

0.1

0.2

0.3

8.43e-02

1.69e-01

2.53e-01

0.00e+00

3.37e-01

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

0.1

0.2

0.3

4.19e-02

8.38e-02

1.26e-01

0.00e+00

1.68e-01

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

0.1

0.2

0.3

8.43e-02

1.69e-01

2.53e-01

0.00e+00

3.37e-01

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

0.1

0.2

0.3

4.19e-02

8.38e-02

1.26e-01

0.00e+00

1.68e-01

Figure 7. Test 3: Concentration of φ1 and φ2 by color in a domain with a bump, η(x) =
zB(x) + h(x) m.

increases from zero to positive values in all layers. The behaviour of the smaller particles is more difficult to
predict due to the suspension phenomena that to appear when the bigger particles settle faster. For this reason,
we can see how the concentration of these particles decreases more slowly than that of species 1. The particles
of species 2 are in suspension for more time, in other words the sedimentation process for this species is slower.
We can see in Figures 4b and 4d for times t = 0, 5, 10, 15 s that the concentration of the upper layers begins
to increase in the middle of the domain, this means that in this place the particles of species 2 are clearly in
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Figure 8. Test 3: Concentration by color by φT = φ1 + φ2, η(x) = zB(x) + h(x) m.

suspension near to the free surface. In the following times, in Figures 4e and 4f, we see that some particles
begin to settle and the concentration in the second layer increases. We note here that the concentrations in the
first layer for species 2 is small because the larger particles have occupied the space, as we have also seen in
Figures 2e and 2f in Test 1. In Figure 5 the evolution of the velocity of the fluid is presented, where we have
colored the magnitude of the velocity field.

Finally, to see the influence of the velocity magnitude imposed as boundary conditions we have considered the
following values: v = 0.10, 0.15, 0.20, 0.25, 0.30 m/s respectively, constant in all layers as boundary condition
in the left and we have kept the same initial condition and we have simulated the sedimentation process with
the same diameters and solid densities for the particles. In Figure 6, for simplicity we only show concentrations
for species 1 at time t = 100 s for the different horizontal velocities. We can see how for a bigger velocity the
concentration of species 1 increases in the first layer due to a higher velocity, greater flow and therefore there
is a higher influx of particles, which accumulate rapidly at the bottom of the domain. In Figure 6f we see the
difference in the concentration of species 1 in the first layer for different horizontal velocities.

7.4. Test 3: Sedimentation in a domain with a bump

In this numerical test we simulate bidisperse sedimentation process over a horizontal channel with a bump of
length L = 1 m. We use N = 2 solids species dispersed in a viscous fluid; the particle sizes and densities are the
same as in Test 2. The bottom elevation is given by zB(x) = 0.2 exp(−40(x− 0.5)2) m for x ∈ [0, L], the initial
condition for the height is h(t = 0) = 0.3− zB, and for the concentration of each species

φ1,α =
1
M

M∑
β=1

φ1,β(0, x), φ2,α =
1
M

M∑
β=1

φ2,β(0, x), uα(0, x) = 0 for all α = 1, . . . ,M and all x ∈ [0, L],
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Figure 9. Test 3: Velocity field u over concentration φ1, η(x) = zB(x) + h(x).

with
∑M
β=1 φ1,β(0, x) = 0.05,

∑M
β=1 φ2,β(0, x) = 0.025. The sediment concentrations are vertically uniformly

distributed at each point x. As boundary condition we impose a closed basin.

In Figure 7 we present the simulated concentrations of species 1 (φ1) to the right and species 2 (φ2) to the
left. We can see the behavior of the particles of the different species when there is a bump in the domain.
The bigger particles are deposited rapidly over the bottom, in this case to both sides of the bump, where we
can find high concentration of species 1, as we can see in Figures 7a, 7c, 7e, 7g and 7i. The smaller particles
initially remain in suspension, but at larger simulated times these particles begin to settle and occupy where the
concentration of species 1 is small (see Figs. 7f, 7h and 7j). To see the global behavior of all particles dispersed
in the fluid we display in Figure 8 the sum of the concentrations of the all species and we can see how these are
deposited in the bottom on both side of the bump and also as some particles of species 2 are kept in suspension.
In Figures 9 and 10 we show the velocity field of the fluid and its magnitude respectively, which is a consequence
of the particles movement, and we can see how recirculations appear to both sides of the bump. In the first
times high velocities appear avoiding that some particles settle rapidly. We see in Figures 7c and 9c how some
particles are in suspension because they are inside of an eddy. At larger times the velocity decreases and the
particles settle.
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Figure 10. Test 3: Magnitude of the velocity field u, η(x) = zB(x) + h(x).

Finally in Table 1 we show the numerical error computed with (7.1) at time t = 1 s using a reference solution
with Cref = 5120. Only the error of some numerical solution are presented due to the big quantities of them.
CPU times are also presented in Table 1, corresponding to a Laptop with Intel Core I5 (2.20 Ghz × 4) and
8GB of RAM.

7.5. Test 4: Sedimentation in a 3D domain

The last numerical test simulates a cylindrical dam break involving bidisperse sedimentation over a 3D
paraboloid bottom given by

z(x, y) =

{
0.71((x− 0.5)2 + (y − 0.5)2) for (x− 0.5)2 + (y − 0.5)2 ≤ 0.21,
0.15 otherwise,

(x, y) ∈ [0, 1]2. (7.2)

The diameters of the solid particles are as in Test 2. Here we use a rectangular grid of 100× 100 cells in the
horizontal directions and M = 10 layers in the vertical direction. For all α = 1, . . . ,M the initial condition is
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Figure 11. Test 4: Concentration of φ1 by color in a 3D domain, η(x) = zB(x) + h(x) m.

given by

φ1,α(0,x) =

{
0.05 for (x− 0.2)2 + (y − 0.5)2 ≤ 0.1,
0 otherwise,

uα(0,x) = 0,

φ2,α(0,x) =

{
0.025 for (x− 0.2)2 + (y − 0.5)2 ≤ 0.1,
0 otherwise,

along with the height h(t = 0) = 0.3−zB. Figures 11 and 12 show the concentrations φ1 of the big particles and
φ2 of the small particles, respectively, inside the fluid domain and as a vertical cut in the middle of the domain,
all seen from below. We show the solution at times t = 0, 7, 15, 30 s because at these times the movement of
the mixture exhibits interesting features. At short times we can see how both species of particles oscillate from
right to left and back until the particles lose velocity and settle. In Figure 11 we see that the bigger particles
move faster than the small ones and Figures 12 and 14 illustrate how the small particles are carried to the right
wall (from this point of view of the solution) due to the recirculation of the mixture produced. Due to the small
size of the particles of species 2 (φ2), the movement of the mixture moves these particles to point of the domain
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Figure 12. Test 4: Concentration of φ2 by color in a 3D domain, η(x) = zB(x) + h(x) m.

where the concentration of the big particles is small. (This phenomenon can be seen in Test 3.) At large times all
particles settle and we observe a stratification of the sediment as illustrated in Test 1. In Figure 13 we show the
total concentration φT = φ1 + φ2. Figure 14 displays the evolution of the velocity of the mixture. In Figure 14a
(for t = 1s) two circulations can be observed, one at each side of the dam break. At the next instant we see
how the velocity changes its direction in an oscillating manner. Finally, we remark that the velocity decreases
in time; in Figure 14f (corresponding to t = 50s) it is already small. The computational time to compute the
solution for t = 500s was four days and six hours. However, these times do not worry because this code can
easily be parallelized to attain shorter CPU times.

8. Conclusions

We have formulated a multilayer shallow water model framework for polydispere sedimentation that can be
used for simulations in industrial applications such as clarification tanks, wastewater treatment, and thickeners
in the mining industry, but which is especially suitable for the description of natural geophysical process such
as sediment transport and polydisperse sedimentation in rivers and estuaries. This model provides the velocity
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Figure 13. Test 4: Concentration by color by φT = φ1 + φ2, η(x) = zB(x) + h(x) m.

field of the mixture, the concentrations of the each solid species, and the evolution of the free surface. We recall
that the description of the movement of the mixture in terms of the mass-average velocity v has the advantage
that the mass and linear momentum balance of the mixture is recovered. This contrasts with earlier treatments
[8, 11, 28] that are based on the volume-average velocity that is divergence free, and therefore constant in one
space dimension. The latter property is an advantage especially for the description of unit operations with
controllable volume flow rates, but it does not allow for a straightforward derivation of the momentum balance
of the mixture [11].

Clearly, the model framework outlined in Sections 2–4 is more general than the cases treated in the numerical
tests. We are currently implementing an extension of the scheme to two horizontal space dimensions by including
viscous and compression terms. These results will be presented in separate work. On the other hand, still within
the reduced horizontally one-dimensional setting of the present work, there is interest in simulating further
scenarios such as gravity currents akin to those studied in [9, 21,30,43].
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Figure 14. Test 4: Velocity field u over concentration φT = φ1 + φ2, η(x) = zB(x) + h(x) m.

Appendix A. Explicit formula of the total interlayer mass fluxes

For the case of a single density of all phases the definition of Gα+1/2 can be easily deduced, as is shown in [4].
On the other hand, for a multilayer model with variable density proposed in [5] the computation of Gα+1/2 is
done numerically as the solution of a non-linear implicit system. In this subsection we show that although the
model proposed in this paper can be seen as a multilayer model with variable density akin to that of [5], we can
deduce an explicit definition of Gα+1/2 in terms of the other unknowns of the problem. To this end, for a fixed
layer α we consider the sums of the equations (5.3) from layer 1 to layer α and from layer α + 1 to layer M ,
respectively. This yields the equations

α∑
β=1

lβ(∂tmβ + ∂xqβ) = Gα+1/2 −G1/2,

M∑
γ=α+1

lγ(∂tmγ + ∂xqγ) = GM+1/2 −Gα+1/2.

By using (5.1) we can write mα in terms of h and rj,α. Then the above equations can be rewritten as

Lα∂t(ρ0h) +
α∑
β=1

N∑
j=1

lβ∂trj,β
ρj − ρ0

ρj
+

α∑
β=1

lβ∂xqβ = Gα+1/2 −G1/2, (A.1)

(1− Lα)∂t(ρ0h) +
M∑

γ=α+1

N∑
j=1

lγ∂trj,γ
ρj − ρ0

ρj
+

M∑
γ=α+1

lγ∂xqγ = GM+1/2 −Gα+1/2. (A.2)
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Now we can combine previous equations to eliminate the dependence on ∂t(ρ0h). We subtract equation (A.1)
multiplied by (1− Lα) from equation (A.2) multiplied by Lα. As a result we obtain

(1− Lα)
α∑
β=1

N∑
j=1

lβ∂trj,β
ρj − ρ0

ρj
− Lα

M∑
γ=α+1

N∑
j=1

lγ∂trj,γ
ρj − ρ0

ρj

= Gα+1/2 − (1− Lα)
α∑
β=1

lβ∂xqβ + Lα

M∑
γ=α+1

lγ∂xqγ − (1− Lα)G1/2 − LαGM+1/2.

Utilizing (5.4) to substitute ∂trj,β and ∂trj,γ in the previous equation we get

(
Gα+1/2 − (1− Lα)G1/2 − LαGM+1/2

)(
1−

N∑
j=1

ρj − ρ0

ρj
φ̃j,α+1/2

)

= (1− Lα)
α∑
β=1

lβ

(
∂xqβ −

N∑
j=1

∂x(rj,βuβ)
ρj − ρ0

ρj

)
− Lα

M∑
γ=α+1

lγ

(
∂xqγ −

N∑
j=1

∂x(rj,γuγ)
ρj − ρ0

ρj

)

−
N∑
j=1

(
f̃j,α+1/2 − (1− Lα)f̃j,1/2 − Lαf̃j,M+1/2

)
(ρj − ρ0).

Moreover, in view the definition of φ̃j,α+1/2 given by (3.13) or (5.6), the number that multiplies Gα+1/2 is
always positive. In fact, we obtain

1−
N∑
j=1

ρj − ρ0

ρj
φ̃j,α+1/2 =

1
2

(
ρ0

ρ̄α+1
+
ρ0

ρ̄α

)
=
ρ0(ρ̄α+1 + ρ̄α)

2ρ̄αρ̄α+1
· (A.3)

Furthermore, we can use that

N∑
j=0

ρj f̃j,α+1/2 = 0⇔
N∑
j=1

ρj f̃j,α+1/2 = −ρ0f̃0,α+1/2. (A.4)

Introducing (A.3), (A.4), and the fact that f̃j,1/2 = f̃j,M+1/2 = 0, we get the equality

Gα+1/2 = (1− Lα)G1/2 + LαGM+1/2

+
2ρ̄αρ̄α+1

ρ0(ρ̄α+1 + ρ̄α)

(
(1− Lα)

α∑
β=1

lβ

(
∂xqβ −

N∑
j=1

∂x(rj,βuβ)
ρj − ρ0

ρj

)
(A.5)

− Lα
M∑

γ=α+1

lγ

(
∂xqγ −

N∑
j=1

∂x(rj,γuγ)
ρj − ρ0

ρj

)
+ ρ0

N∑
j=0

f̃j,α+1/2

)
.

Appendix B. A bound of the characteristic velocities

In order to find a bound of the characteristic velocities of the proposed multilayer model (5.3)–(5.5), we
rewrite the model in the form ∂tw̃ + A(w̃)∂xw̃ = b with

w̃ = (m1, . . . ,mM , , q1, . . . , qM , r1,1, . . . , rN,1, . . . , r1,M , . . . , rN,M )T.

An explicit bound of the minimum and maximum eigenvalues of A in dependence of the all horizontal
velocities and all densities by layer is provided in the following theorem.
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Theorem B.1. If λk for k = 1, . . . , 2M +NM denote the eigenvalues of A and these are real, then

ū−Ψ ≤ λk ≤ ū+ Ψ for all k = 1, . . . , 2M +NM, (B.1)

where

ū :=
1
M

M∑
β=1

uβ ,

M is the number of the layers, N is the number of solid particle species and the quantity Ψ is defined as

Ψ :=

√
2M − 1

2M

(
2
M∑
i=1

(ū− ui)2 + ghρ−1
0

(
ρ0 +

1
M

M∑
β=1

(2β − 1)ρ̄β

))1/2

.

Since
√

(2M − 1)/(2M) ≤ 1, another bound can be defined by considering only the second factor of ψ. To
prove Theorem B.1 it is sufficient to apply the result presented in [36] to the characteristic polynomial of matrix
A. This result states that if all the roots x of a polynomial of degree n, that is, solutions x of

anx
n + an−1x

n−1 + . . .+ a0 = 0,

are real, then they lie in the range bounded by

−an−1

nan
± (n− 1)

(
a2
n−1

n2a2
n

− 2an−2

n(n− 1)an

)1/2

·

Appendix C. A particular weak solution with hydrostatic pressure:
deduction of equations

We detail here the calculations needed to obtain the system (4.7), starting with the equations of mass
conservation. We choose a scalar test function ϕ = ϕ(t,x) that is independent of z. Then, in general for a weak
solution vj the mass conservation equation (2.22) yields for all α = 0, . . . ,M and j = 0, 1, . . . , N :

0 =
∫

Ωα(t)

(∂t(ρjφj) +∇x · (ρjφjvj))ϕdΩ

=
∫
IF(t)

ϕ(t,x)
(∫ zα+1/2

zα−1/2

(
∂t(ρjφj) +∇x · (ρjφju) + ∂z(ρjφjwj)

)
dz
)

dx

=
∫
IF(t)

ϕ(t,x)
(
∂t

(∫ zα+1/2

zα−1/2

ρjφj dz
)

+∇x ·
(∫ zα+1/2

zα−1/2

(ρjφju) dz
)
− ρjφj,α∂tzα+1/2

− ρjφj,αu−α+1/2 · ∇xzα+1/2 + ρjφj,αw
−
j,α+1/2 + ρjφj,α∂tzα−1/2

+ ρjφj,αu
+
α−1/2 · ∇xzα−1/2 − ρjφj,αw+

j,α−1/2

)
dx.

Moreover, noticing that ∂thα = ∂tzα+1/2 − ∂tzα−1/2, we obtain that for all ϕ(t, .) ∈ L2(IF(t)),

0 =
∫
IF(t)

ϕ(t,x)
(
∂t(ρjφj,αhα) +∇x · (ρjφj,αhα uα)− ρjφj,α∂tzα+1/2 − ρjφj,αu−α+1/2 · ∇xzα+1/2

+ ρjφj,αw
−
j,α+1/2 + ρjφj,α∂tzα−1/2 + ρjφj,αu

+
α−1/2 · ∇xzα−1/2 − ρjφj,αw+

j,α−1/2

)
dx.

(C.1)
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Introducing uα with assumptions (3.5) in the equation (C.1), and taking into account (3.8) and (3.9), we
obtain the mass conservation laws (4.4):

∂t(ρjφj,αhα) +∇x · (ρjφj,αhαuα) = Gj,α+1/2 −Gj,α−1/2. (C.2)

As for the momentum balance equations, we consider test functions ϑ ∈ H1(Ωα) that satisfy (4.3). The weak
formulation (4.2) follows taking into account the structure of v, integrating (2.24) with respect to the variable z
and identifying each of the two components of the vector test functions. However, due to the hydrostatic
pressure framework the equations that correspond to the vertical component can be omitted. This is equivalent
to identifying the weak formulation for test functions in the form (ϑh, 0)T, with ϑh = ϑh(t,x) independently
of z, with ϑh|∂IF = 0. Then, from (4.2) and using these test functions, we obtain for the horizontal momentum
conservation equation∫

Ωα(t)

(
N∑
j=0

ρj∂t(φj,αuα) · ϑh

)
dΩ +

∫
Ωα(t)

(
N∑
j=0

ρj∇x ·
(
φj,αuα ⊗ uα

)
· ϑh

)
dΩ

+
∫

Ωα(t)

(
N∑
j=0

ρj∂z(φj,αwj,αuα) · ϑh

)
dΩ +

∫
Ωα(t)

TE
h,α : ∇xϑdΩ−

∫
Ωα(t)

pα∇x · ϑh dΩ

+
∫

Γα+1/2(t)

(
T−α+1/2(ϑh, 0)T

)
· ηα+1/2 dΓ−

∫
Γα−1/2(t)

(
T+
α−1/2(ϑh, 0)T

)
· ηα−1/2 dΓ = 0

(C.3)

for all α = 1, . . . ,M , where TE
h,α = TE

h (vα). Taking into account the definition of Ωα(t) in Section 3.1 and the
assumption on the independence of z of uα and ϑh and writing (C.3) as I1 + · · · + I7 = 0, where I1, . . . , I7

stand for each of the signed integrals in the left-hand side of (C.3), we obtain

I1 =
∫
IF

(∫ zα+1/2

zα−1/2

∂t
(
ρ(Φα)uα

)
· ϑh dx

)
dz =

∫
IF

hα∂t(ρ(Φα)uα) · ϑh dx,

I2 =
∫
IF

hα∇x ·
(
ρ(Φα)uα ⊗ uα

)
· ϑh dx,

I3 =
N∑
j=0

∫
IF

∫ zα+1/2

zα−1/2

ρj∂z(φj,αwj,αuα) · ϑh dz dx =
N∑
j=0

∫
IF

ρjφj,α
(
w−j,α+1/2 − w

+
j,α−1/2

)
uα · ϑh dx,

I4 =
∫
IF

(∫ zα+1/2

zα−1/2

TE
h,α : ∇xϑh dz

)
dx =

∫
IF

hαT
E
h,α : ∇xϑh dx = −

∫
IF

∇x · (hαTE
h,α) · ϑh dx,

I5 = −
∫
IF

(∫ zα+1/2

zα−1/2

pα dz
)
∇ · ϑh dx =

∫
IF

ϑh · ∇x

(∫ zα+1/2

zα−1/2

pα dz
)

dx

=
∫
IF

ϑh ·
(∫ zα+1/2

zα−1/2

∇xpα dz + pα+1/2∇xzα+1/2 − pα−1/2∇xzα−1/2

)
dx

=
∫
IF

ϑh ·
(∫ zα+1/2

zα−1/2

∇xpα dz
)

dx+
∫
IF

pα+1/2(ϑh, 0)T · ηα+1/2

√
1 + |∇xzα+1/2|2 dx

−
∫
IF

pα−1/2(ϑh, 0)T · ηα−1/2

√
1 + |∇xzα−1/2|2 dx =: I5a + I5b + I5c,

I6 =
∫
IF

(
T−α+1/2(ϑh, 0)T

)
· ηα+1/2

√
1 + |∇xzα+1/2|2 dx,

and where I7 is handled analogously to I6. Moreover, by (3.17), we can simplify
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I6 + I5b =
∫
IF

(
TE,−
α+1/2(ϑh, 0)T

)
· (∇xzα+1/2,−1)Tdx =

∫
IF

(
TE,−

h,α+1/2(∇xzα+1/2)T − TE,−
xz,α+1/2

)
· ϑh dx.

Furthermore, since TE,−
α+1/2 is a symmetric matrix, we have that(

TE,−
α+1/2(ϑh, 0)T

)
· (∇xzα+1/2,−1)T =

(
TE,−
α+1/2(∇xzα+1/2,−1)T

)
·
(
ϑh, 0

)T
.

The sum I7 + I5c can be simplified in a similar way. Then the weak formulation (C.3), corresponding to the
horizontal momentum equation for this set of test functions, can be written as follows:∫

IF

ϑh ·

(
hα∂t(ρ(Φα)uα) + hα∇x ·

(
ρ(Φα)uα ⊗ uα

)
+

N∑
j=0

ρjφj,α(w−j,α+1/2 − w
+
j,α−1/2)uα

+
∫ zα+1/2

zα−1/2

∇xpα dz −∇x ·
(
hαT

E
h

)
+
(
TE,−

h,α+1/2(∇xzα+1/2)T − TE,−
xz,α+1/2

)
−
(
TE,+

h,α−1/2(∇xzα−1/2)T − TE,+
xz,α−1/2

))
dx = 0, ∀ϑh.

(C.4)

Taking into account (3.20) we deduce

hα∂t
(
ρ(Φα)uα

)
+ hα∇x ·

(
ρ(Φα)uα ⊗ uα

)
+

N∑
j=0

ρjφj,α
(
w−j,α+1/2 − w

+
j,α−1/2

)
uα +

∫ zα+1/2

zα−1/2

∇xpα dz

−∇x ·
(
hαT

E
h

)
+
(
T̃E

h,α+1/2(∇xzα+1/2)T − T̃E
xz,α+1/2

)
−
(
T̃E

h,α−1/2(∇xzα−1/2)T − T̃E
xz,α−1/2

)
=
Gα+1/2

2
(uα+1 − uα) +

Gα−1/2

2
(uα − uα−1).

(C.5)

Using (3.22) evaluated at z = zα+1/2 and multiplied by uα, we may write (C.5) in the form

hαρ(Φα)∂tuα + hαρ(Φα)uα · ∇xuα +
∫ zα+1/2

zα−1/2

∇xpα dz −∇x ·
(
hαT

E
h

)
+
(
T̃E

h,α+1/2(∇xzα+1/2)T − T̃E
xz,α+1/2

)
−
(
T̃E

h,α−1/2(∇xzα−1/2)T − T̃E
xz,α−1/2

)
=
Gα+1/2

2
(uα+1 − uα) +

Gα−1/2

2
(uα − uα−1).

(C.6)

On the other hand, combining the equation (C.6) with (4.5) multiplied by uα, we obtain the evolution
equation for the momentum (4.6):

∂t
(
ρ(Φα)hαuα

)
+∇x ·

(
hαρ(Φα)uα ⊗ uα

)
+
∫ zα+1/2

zα−1/2

∇xpα dz −∇x ·
(
hαT

E
h

)
+
(
T̃E

h,α+1/2(∇xzα+1/2)T − T̃E
xz,α+1/2

)
−
(
T̃E

h,α−1/2(∇xzα−1/2)T − T̃E
xz,α−1/2

)
=
Gα+1/2

2
(uα+1 + uα)−

Gα−1/2

2
(uα + uα−1),

(C.7)

where, by (4.1), we obtain∫ zα+1/2

zα−1/2

∇xpα dz = hα

(
∇x

(
pS + g

M∑
β=α+1

ρ(Φβ)hβ + gρ(Φα)
hα
2

)
+ gρ(Φα)∇x

(
zb +

α−1∑
β=1

hb +
hα
2

))
= hα

(
∇xpα + gρ(Φα)∇xz̄α

)
.

(C.8)

Finally, introducing (C.8) in equation (C.7) and adding the equations (C.2) we obtain the system (4.7).
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Appendix D. Miscellaneous technical results

D.1. Proof of 5.1

To see demonstrate that the second equality of (5.1) is correct, we recall that 1 − φ0 = φ = φ1 + · · · + φN
(see Sect. 2.2). In other words, the total volumetric fraction satisfies φ0 + φ1 + · · ·+ φN = 1. Then we have

mα = ρ̄αh =
N∑
j=0

ρjφj,αh = ρ0φ0,αh+
N∑
j=1

rj,α = ρ0h

(
1−

N∑
j=1

φj,α

)
+

N∑
j=1

rj,α

= ρ0h−
N∑
j=1

ρ0φj,αh+
N∑
j=1

rj,α = ρ0h−
N∑
j=1

ρ0
ρj
ρj
φj,αh+

N∑
j=1

ρj
ρj
rj,α

= ρ0h−
N∑
j=1

ρ0

ρj
rj,α +

N∑
j=1

ρj
ρj
rj,α = ρ0h+

N∑
j=1

ρj − ρ0

ρj
rj,α.

D.2. Proof of 3.15

The momentum jump condition (3.3) is given by

0 =

[[ N∑
j=0

ρjφjvj ;
N∑
j=0

ρjφjvj ⊗ vj − T

]]
t,α+1/2

· nt,α+1/2

=

[[ N∑
j=0

ρjφjvj ;
N∑
j=0

ρjφjvj ⊗ vj − T

]]
t,α+1/2

· (∂tzα+1/2,∇xzα+1/2,−1)T

=
N∑
j=0

[[
(ρjφjvj ; ρjφjvj ⊗ vj)

]]
t,α+1/2

· (∂tzα+1/2,∇xzα+1/2,−1)T − [[T ]]t,α+1/2 ·
(
∇xzα+1/2,−1)T.

Finally we get

[[T ]]t,α+1/2 ·
(
∇xzα+1/2,−1)T =

N∑
j=0

[[
(ρjφjvj ; ρjφjvj ⊗ vj)

]]
t,α+1/2

· (∂tzα+1/2,∇xzα+1/2,−1)T.

Remark: The object inside of the jump operator is a matrix of order 3 × 4, ρjφjvj is a column of size 3 and
ρjφjvj ⊗ vj is a matrix of order 3× 3.
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