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QUASI-OPTIMALITY OF AN ADAPTIVE FINITE ELEMENT METHOD
FOR CATHODIC PROTECTION

GUANGLIAN L1' AND YIFENG XU?%*

Abstract. In this work, we derive a reliable and efficient residual-typed error estimator for the fi-
nite element approximation of a 2D cathodic protection problem governed by a steady-state diffusion
equation with a nonlinear boundary condition. We propose a standard adaptive finite element method
involving the Dorfler marking and a minimal refinement without the interior node property. Further-
more, we establish the contraction property of this adaptive algorithm in terms of the sum of the energy
error and the scaled estimator. This essentially allows for a quasi-optimal convergence rate in terms
of the number of elements over the underlying triangulation. Numerical experiments are provided to
confirm this quasi-optimality.
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1. INTRODUCTION

Let Q be a bounded polygonal domain in R? with its boundary I' consisting of three mutually disjoint parts:
I':=TouUTl'4UT¢, all of which are line segments, such that I'y and I'g UT'4 are closed while I'¢ is open. This
work is concerned with the numerical treatment of the following problem:

—V-(cVu)=0 inQ, (1.1)
Ju ou ou
05 = 0 on Iy, 05 =9 on Ly, 05 = —f(u) onTg¢, (1.2)

where the conductivity ¢ is assumed to be a piecewise W!> function such that oy < o < 0 a.e. in Q with two
positive constants oy and o2, n is the unit outward normal on I' and g € L?(T'4). The system (1.1) and (1.2)
arises in cathodic protection in electrochemistry. In a container 2 occupied by electrolyte, the first boundary
condition in (1.2) describes insulation of the surface I'g by painting. The second boundary equation in (1.2)
reflects the fact that a current density g on anodes I"4 induces an electrical potential u in Q governed by (1.1).
The corrosion process on cathodes I'¢ is slowed down through the nonlinear relation f, which depends on the
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electrode material and is given by [16] either
f1 (u) =Ciu+ OQUB (13)

or the Butler—Volmer function
fa(u) = Cs(e“2" — e “1%), (1.4)

where C;, i = 1...5, are all positive constants.

In problems (1.1) and (1.2), the sudden change of the boundary condition from Neumann type on anodes
and the insulated part to a nonlinear one on cathodes gives rise to local solution singularities in these re-
gions. Furthermore, internal layers may appear due to the discontinuity of the conductivity. Consequently, the
computational efficiency will be compromised if a uniform mesh refinement is employed in the finite element
discretization. One remedy in practice is to employ adaptivity techniques featuring local refinement so that
numerical results can attain better accuracy with minimum degrees of freedom. The aim of this work is to
investigate the computational complexity of an adaptive finite element method (AFEM) for problems (1.1) and
(1.2).

A typical adaptive algorithm comprises successive iterations of the following loop:

SOLVE — ESTIMATE — MARK — REFINE. (1.5)

That is, SOLVE yields a finite element approximation on the current mesh; ESTIMATE computes the relevant
a posteriori error estimator; MARK picks some elements to be subdivided; REFINE produces a new finer mesh.

The module ESTIMATE, depending on some computable quantities, i.e., the discrete solution, local mesh
size and given problem data, plays an indispensable role in (1.5). Since the seminal work [2], a posteriori
error estimation for FEMs has been well understood in scientific computing and engineering [1,27]. As to
the mathematical theory of AFEM, e.g., convergence and computational complexity, there have been great
developments (see the overview [6,22] and the references therein) over the past thirty years. For linear elliptic
problems, this issue has been investigated at depth [4,7,10,12,24]. Recently, the analysis has been extended to
some nonlinear problems; see [3,9] for p-Laplacian and [14,15] for quasi-linear equations.

Recently, we [20] have proposed an AFEM of the form (1.5) for problems (1.1) and (1.2) and proved its plain
convergence, namely the H'-norm error and the sequence of relevant estimators both go to zero as the loop
(1.5) proceeds. This work is a continuation of [20], and it is devoted to the complexity of the algorithm. In the
AFEM, ESTIMATE, MARK and REFINE use a residual-type a posteriori error estimator, Dorfler strategy and
the bisection [19,25], respectively. The main contributions include a contraction property in Theorem 5.1 and
the quasi-optimality computational complexity in terms of the number of elements associated with underlying
triangulations in Theorem 6.4.

Our analysis is inspired by [12], to first obtain optimal marking for the error estimator, ¢f. Lemma 6.2
and then the optimal decay rate for the energy error plus an oscillation term so that the upper bound of the
parameter in Dérfler strategy is independent of the efficiency constant. However, the nonlinear term f on the
boundary I' requires a different treatment. First, due to the presence of the nonlinear term f on the boundary
I'c, the Galerkin orthogonality fails. We employ the energy functional instead of the energy norm as in [9, 15].
By the equivalence of J(ur) — J(u) and |lu — ur||z1(q), ¢f. Lemma 4.2, we prove that the adaptive algorithm
reduces the sum of energy error and the scaled estimator for any two consecutive iterations. Second, instead of
standard arguments for linear problems, we use the generalized Holder inequality and the stability of solutions
to establish a Céa-type lemma for complexity estimate, cf. Lemma 4.7.

The remainder of the paper is organized as follows. Section 2 is devoted to the a posteriori error analysis. An
adaptive algorithm to approximate problems (1.1) and (1.2) is described in Section 3. We prove the convergence
of this algorithm by a contraction property in Section 5 after presenting preliminary results in Section 4. Section 6
focuses on the quasi-optimal convergence rate, which is illustrated by two numerical examples in Section 7. The
paper is ended with some concluding remarks. Throughout, we adopt standard notation for Sobolev spaces and
related norms and semi-norms. Moreover, any generic constant, with or without subscript, is independent of
the mesh size and is not necessarily the same at each occurrence.
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2. A POSTERIORI ERROR ANALYSIS

In this section, we shall derive a residual-type error estimator for the finite element approximation of problem
(2.1), which forms the basis of our AFEM. To introduce the AFEM, we first recall the variational formulation
of problems (1.1) and (1.2): find u € H*(Q2) such that

/GVU-VUdaH— (U)UdS:/ gvds YoveHY (Q). (2.1)
Q Ta

Ie

We refer to [16,17] for its unique solvability. For f defined in (1.3) and (1.4), it is easy to check that f’ is
convex and there exists an o > 0 such that

ff)>a VteR, and f(0)=0. (2.2)
Then by the application of the Poincaré inequality, the boundedness of ¢ and the trace theorem, we arrive
at
61”’0”%{1(9) < /QO'IV’U|2d.’II + Oé/F ’U2d5 < ﬁQH'UH%I1(Q) Voe Hl(Q), (23)
(e}

where 31 and (2 are positive constants depending only on o, o and 2.
Utilizing (2.1) with v := u, together with the mean value theorem, (2.2) and (2.3), we can obtain

ﬂ1||u||§{1(9) §/0|Vu|2da:+oz/ u2ds§/0|VU|2dx—|— f(u)uds
Q T'c Q Ie
— [ guds < lglaellul o,

Ta

Then the trace theorem yields the a priori estimate to problem (2.1):

ull @) < Cswllgllrzra) (2.4)

with Cgp, > 0 being a constant depending only on o, o and 2.
Furthermore, the trace theorem the continuity of the embedding H*(€2) — Hz(T') — L9(T') in 2D for all
g < oo implies the existence of a constant Cipyp 4 > 0 depending on 2 and g, satisfying

[ollzare) < Ciubgllvllay Vv e H (). (2.5)

Next, we proceed to the discretization. Let 7 be a shape-regular conforming triangulation of Q into a set of
disjoint closed triangles such that the coefficient o is piecewise 1> over 7Ty. For each element T € T, we denote
its mesh size hy = \T|é and pr the diameter of the largest inscribed ball. We associate each triangulation 7°
with its shape regular parameter C7 := maxpes 2Z. Over the mesh 7, we consider the usual H'-conforming
finite element space Vi, consisting of all piecewise polynomials of degree less than or equal to m € N4, i.e.,

Vr:={ve HY(Q) | v|r € Pn(T),Y T € T}.

Then the discrete problem corresponding to (2.1) reads: find uz € V7 such that

/ oVur - Vurdz + flur)vrds = / gurds Y our € Vr. (2.6)
Q

T'e Ta

Similar to the continuous case, the following stability estimate holds

lur [l ) < Csenllgll Lz a)- (2.7)
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To describe the error estimator, we need a few notation and definitions. The collection of all edges (resp. all
interior edges) in 7 is denoted by Fr (resp. Fr(£2)) and its restriction on I' (resp. T'g, 'y and T'¢) by Fr(T)
(resp. Fr(Ty), Fr(T'a) and Fr(T'¢)). Analogously, Fr(T') is the collection of all edges in Fr restricted on the
boundary of T' € 7. The scalar hp := |F| stands for the diameter of F' € Fr, which is associated with a fixed
normal unit vector ng in Q with ny = n on the boundary 9. For each T' € T, we denote wr as the union of all
elements in 7 with non-empty intersection with element T'. For any F' € Fr, wp is the union of two elements
that share F. Further, we let

Coy =max#{T €T : T C wr}.
TeT

Let 15 : HY(Q) — V2™ be the Scott-Zhang quasi-interpolation operator over 7 [23]. Then for all v € H*(2),

T eT and F € Fr(T) N Fr, there holds

_1
hp2llv = IF ol L2 r) + byt o — IEvl| 2y < CrlVoll L2, (2.8)

with C; a constant depending only on the shape regularity parameter Cr.
For any vy € Vi, we define the residuals on each element T' € 7 and each edge F' € Fr by

Rr(vy) :=V - (cVur),

[oVur - ng] for F e Fr(Q),

J __JoVur-n for F e Fr(Ty),
rlor) = g—oVur-n for Fe Fr(Ta),
fvr) +oVur -nfor F e Fr(Te),

where [] denotes jumps across interior edges F":

[v](z) = tliré1+ v(r —tng) — tl_l)I(I)lﬁ v(z +tng).

Then the local error indicator on any element T € 7 is defined by

1
17 (vr, T) == || Rr (vr) |22 (p) + 3 > hr | Jr (o) [z (r) (2.9)
FeFr(T)NFr(Q)

+ > hr || Je(vr) |72 (ry-
FeFr(T)NFr (L)

The error estimator over a set of elements M C 7 is

U?F(U%M) = Z U%’(UT,T)-
TeM

Similarly, the oscillation term can be defined locally and globally by

osct (vr, T) i= hi | Re(vr) = Re(vr) ey + Y hellJe(or) = Te(or)ll2ege), (2.10)
FeFr(T)
oscx (v, M) := Z osca(vr, T). (2.11)
TeM

Here, Ry (vr) is the integral average of Ry (vr) over T if m = 1, or the L2-projection on P, _o(T) if m > 2.
Jr(vr) is the L2-projection of Jr(vr) on P, 1(F) if F € Fr \ Fr(T¢). When F € Fr(T¢), Jr(vr,g) is
the L2-projection on Ps,,(F) for f in (1.3) and the L?-projection on P,,_1(F) for f in (1.4). To simplify our
notations, we denote nr(vr) := nr(vr,7) and oscy (vr) := oscr (vr, 7).

The following upper and lower bounds on the error estimator were given in [20]. Here we give a more precise
estimate with respect to the occurring constant. For completeness, we provide the proof, since a related argument
will be used in the proof of Lemma 4.9.
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Theorem 2.1 (Reliability). Let u € H'(Q2) and ur € Vr be the solutions to problems (2.1) and (2.6), respec-
tively. Then there exists a positive constant Cre > 0 depending only on o, a, Q and Cr such that

lu — ur|[F gy < Crel n (ur).
Proof. By (2.3), (2.2), mean value theorem and (2.1) with v := u — ugz, we deduce

ﬁ1||u—uTH§I1(Q) §/0|V(u—u7)|2dx+a/ (u —ur)?ds
Q I¥e]

< / oV (u — ur)Pda + / (F(w) — Flur))(u — ur)ds (2.12)

| el

:/ guds — / oVur - Vudr — f(ur)vds.
Ta Q |6}
The discrete variational equation (2.6) implies
/ gurds — / oVur - Vordr — / flur)vrds =0 Yoy € Vr.
Ta Q T'e
These two estimates together yield

Olju — “T”%il(n) < / g(v —vr)ds — / oVur - V(v —vr)dz — flur)(v —vr)ds Vour e Vr.
T4 Q Tc

By elementwise integration by parts and taking vy := IF%v, we obtain

Billu — UT”%”(Q) < / g(v —ovr)ds — / oVur - V(v —vr)dz — flur)(v —vr)ds
Ta Q e
= Z / V- (oVur)(v—vr)dax — = Z / [oVur - np](v —vy)ds

TeT FE]'-T YNFr (22

— Z / oVur -n(v—ovr)ds + Z / —oVur -n)(v—vr)ds
FeFr(T)NFr(To) FeFr(T)NFr(Ta)

_ Z / (ur) +oVur -n)(v— vﬂds)
FeFr(T)NFr(Tc)

Then a combination of (2.8) and Young’s inequality completes the proof with Cye := 4C2C,, /3%. O

Theorem 2.2 (Efficiency). Let u € H'(Q2) and ur € Vr be the solutions to problems (2.1) and (2.6), respec-
tively. Then there exists a positive constant Ceg depending only on o, «, Q and Cr such that

Cenr (ur) < |[u — ur ||} (q) + oscZ (ur).
3. ADAPTIVE ALGORITHM

Now we present the AFEM for problem (2.1). Let T be the set of all possible conforming triangulations of
) obtained from some initial mesh by successive bisections [19,21,25]. The refinement process ensures that all
constant depending on the shape regularity of 7 € T are uniformly bounded by a constant depending only on
the initial mesh [22,26]. 7, is a called refinement of 7 for 7 € T, if 7. € T is produced from 7 by a finite
number of bisections.

The proposed adaptive algorithm is given below. For each triangulation 7, k € Ny, we denote Vi := Vg,

Nk = N1, and ug := ug,.
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Algorithm 3.1. Given an initial conforming mesh 7 and a parameter 6 € (0,1). Set k := 0.

1. (SOLVE) Solve the discrete problem (2.6) on T}, for uy € V.
2. (ESTIMATE) Compute the error estimator 7y (u, g).
3. (MARK) Mark a subset My, C 7}, with minimal cardinality such that

M (g, M) = 0n (ug). (3.1)

4. (REFINE) Refine each T' € M, by bisection to get Tj1.
5. Set k:=k+ 1 and go to Step 1.

The convergence and quasi optimality of Algorithm 3.1 will be analyzed in Sections 5 and 6. A key ingredient
is the so-called closure estimate over the meshes {7} [18]:

k—1

T, <HTo+Co Y #M,; (3:2)

=0

with the constant Cy depending only on Cr, and #7 denoting the number of elements in 7. This estimate was
first proved in [4], Theorem 2.4 with an admissibility condition on reference edges of 7y, then extended to the
n-simplex case in [25], Theorem 6.1 and the condition for 2D was removed in [18].

4. AUXILIARY RESULTS

This section is devoted to several technical lemmas for the convergence analysis of Algorithm 3.1. As is well
known, Galerkin orthogonality or Pythagoras property is key to the convergence analysis of the linear problems,
which regretfully fails for the nonlinear case. Thus a new equivalent error has to be developed that can play the
role of the Galerkin orthogonality property.

First, we introduce the associated functional to (2.1) by

J(v) ;;[20|vv|2dx+/rc F(v)ds/FA gvds YveH (Q) (4.1)

with F(t) := fot f(r)dr. Then problem (2.1) is equivalent to the minimization problem [20]:

u = argmin J(v).
veH(R)

Let u € HY(Q) and ur € Vi be solutions to problems (2.1) and (2.6), respectively. The non-negative quantity
Elur) = J(ur) = I (u)

is referred to as the energy error throughout this paper.
The next lemma ([17], Lem. 2.1) is useful to handle exponential nonlinearity in (1.4).

Lemma 4.1. Let v € H'(Q) and t > 0, then €'l*l € LY(T"). Moreover, there exists a positive constant Ceyp,
depending only on §2, satisfying

/etwds <1+ + eCe"pt2|‘”|‘§11<n>|F| < 0.
r

Here, |T'| denotes the measure of T'.

Next we show the equivalence between E(ur) and |ju — uT||%{1(Q).
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Lemma 4.2. Let u € HY(Q) and ur € Vz be solutions to problems (2.1) and (2.6), respectively. Then there
holds

Cequllu — “TH%H(Q) < E(ur) < Cequllu — UTH?{l(Q)

with positive constants coqu and Cequ depending only on o, o, Q, T, ||gl|z2(r ) and C; for j=1,...,5.

Proof. Let y(t) :== J(w(t)) for t € [0, 1], with w(¢) := (1 — t)u+ tug. Since w(0) = w is the minimizer of J over
HY(Q), consequently, we can obtain y'(0) = 0. In the meanwhile, we can obtain by Taylor’s theorem that

1
Blur) =y(1) = 9(0) = [ y"(0(1 - 0} (42)
0
To finish the proof, we need to compute y”(t). In view of F’(-) = f(-), an application of the chain rule implies
82
%F(w(t)) = flw@)w'(t) = flw(®)(ur —u),  ZzF(w(t)) = f(wt)(ur —w)?,

which, together with the identity

and the definition (4.1), yields
Y (t) = / oV(ur —uw)Pde+ [ F(w(t))(ur —u)*ds.
Q T'c

Noting (4.2), we arrive at

E(UT)Z/O /Qa|V(uT—u)|2(1—t)da:dt+/O [ ) ur w2 - nasat

This, combined with (2.2) and (2.3), induces the lower bound with ceqy := %ﬁl.
In the following we will prove the upper bound. The convexity of f’ implies

Fw@) = f((1—tu+tur) <1 —1t)f (u) +tf'(ur) for all t € [0,1].

We will discuss the cases f = f1 and f = f, separately.
For f := f; in (1.3), Holder inequality, (2.5), (2.4) and (2.7) imply

fu)(ur —upds =Gy [

(u — ur)?ds + 30, / u?(u — ur)ids
Ie

e T'e

< Cifu— UT||%2(FC) + 302”“”%4(%) [[u— uT”%‘l(Fc)
< (CICime,z + 3C2Cflmb,4csztb||9||%2(FA)) | — UT”?{I(Qy

Similarly, we obtain

[ (ur)(ur —u)?ds = C4 / (u — ur)?ds + 3Cy / ur(u — ur)?ds

T'e I'c
<(C1Clp 2 + 30203 s C2p gl 720 4yl — ur |31 -

T'e

Then the upper bound for f := f; follows from these four estimates above.
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For f := fy in (1.4). We derive by the generalized Holder inequality, together with Lemma 4.1, (2.4) and
(2.5), that

f'(u)(ur —u)?ds = 0305/

e (1 — ur)3ds + C4Cs / e 91 (u — ug)?ds
I'c

Fc 1_‘C

< C3C5 1€ || L2 re lu = urlTagrgy + CaCslle™ | L2 ey lu — ur |74y,

= Cllu = ur|Fary) < CCp allu — ur|3n )

A similar argument yields

g f'(ur)(ur —u)?ds < CCPyp, allu — ur |3 q-
C

Finally, we complete the proof after collecting these estimates above. O

Remark 4.3. Note that let 7, be a refinement of 7 and uz, be the solution to problem (2.6) over 7,. Then
the estimate in Lemma 4.2 still holds should u be replaced with uz,.

The remaining of this section is concerned with the auxiliary results in the analysis: estimator reduction,
Céa’s lemma, oscillation perturbation and discrete reliability.

Lemma 4.4 (Estimator reduction). Let 7 € T, M C 7 and T, € T be obtained from T by Algorithm 3.1
with M being the marked set. Let ur € Vr and ug, € Vg, be the solutions to problem (2.6) over T and 7T,
respectively. Then there exists a constant Cest depending only on o, Q, T', Cr, m and ||g||z>(r ) satisfying

7. (ur.) < (1+9) (n?r(w) - )\ﬁ?r(U%M)) + Cost(1+ 07D uz, —ur|fq Y 3>0

with A =1~ 2.
Before proceeding to its proof, we need an auxiliary result.
Lemma 4.5 (Local perturbation of estimator). Let T € T. Then there holds
1
or ) < @4 i wr D)+ (145) Coma(lor —wrlioy + X lor = wrliage)

FeFr(T)NFr (L)

for all vy,wr € VI, T € T and any § > 0. Here, the constant Ceym 1 depends only on Cr, m, Q, T, o,
vzl (@) and [|wr | g(a)-

Proof. Let e := vy — wr. First, we obtain by the definition (2.9) and Young’s inequality

1
BorT) < (4 8 wr, ) + (145 ) (B9 090l

+ Y hellde@r) = Jr(wn)lfage) V>0
FeFr(T)

The inverse estimate indicates for some positive constant Cj,, depending only on C7 and m, there holds

IVellz2ery < Civhrtllellzzery,  IVell2r) < Cinvh;1/2||ve|\L2(T)~ (4.3)
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Combining these two estimates, we get

ror 1) < (14 8 or ) + (145 ) (Conma Il o
+ Y hrllfen) - fn)a) Y60 (4.4)

FeFr(T)NnFr(Te)

Here, the constant Cyyux 1 depends only on Cr, m and o. Therefore, it suffices to bound the last term.
For f := f1 in (1.3), by the mean value theorem, a direct calculation leads to

|[f(vr) = f(wr)]? < [e*(C1 + 3C2(v7 +wF))? < [e|*(2CF + 36C3 (v + w7 )).
The inverse estimate in Section 4.5 of [5] gives
lellzacr) < Cinvgha! ™ llelliaer) ¥ a>2 (45)

with the constant Cj,y,q depending only on C'z and m.
A combination of these two inequalities with ¢ = 6, together with the generalized Holder inequality and (2.5),
yields

1f (vr) = flwr)llE2 ) < /F |e*(2CF + 36C3 (v + wT))ds < Cauxallellf2(r),

with Cauxo = 2C} + 36C3C? V76h;2/30f1mb76(||v7H‘}{l(m + ||wT||§{1(Q)). Together with (4.4), this proves the

desired result with Csym 1 := max{Caux,1, ~7Caux,2}-
For f := f5 in (1.4), note that the convexity of f'(-), together with the mean value theorem, implies for some
s € (0,1), there holds

|f(vr) = flwr)| = f'(svr + (1 — s)wr)|vr —wr|
< (sf'(vr) + (1 = s)f'(wr))|vr — wrl. (4.6)

Consequently, taking square on both sides of (4.6) and employing the definition (1.4) lead to
F(or) = Flwr)P < ACHel? (CH(e2MT + 20307 4+ CR(e72007 4 720 ).

Then integrating both sides over F' and invoking the generalized Holder inequality, (4.5) with ¢ = 4 and
Lemma 4.1, we get

1/2 1/2
1£(07) = fwr)lfage) < 46 (a% ([ecwras) wez ([ eromras)
F F

12 1/2
+C2 (/ e‘4C4UTds> +C2 (/ e‘4c4w’~’d8) ) lvr = wr|7am
F F

< Caux,?)h;lmllv'f - 'LUTH%’z(F)- (47)
Here

Caux,g L= 4012

n

V4C§ <C§(2+2‘1"|1/2 + (eSC;?CepoUTHiﬂ(Q) +68C§Cex})‘|w7—”ill(g))|1_‘|1/2)

+C2 (24 22 4 (R iy SACon e o 2y

Therefore, from (4.4) and (4.7), the assertion follows with Csym 1 := max{Caux,1, th/ZCaux,g}. O
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Proof of Lemma 4.4. Let T € 7T,. Utilizing Lemma 4.5 with 7 := 7" and vy := uyr, wr = ug,, we can derive

1
(0 D) < (U 0 (o, T) + (145 ) Coma (Jm. = w ey

é
(4.8)
Y un -l
FG]:T(T)OJ:T* (Fc)
Summing over all elements T' € 7, in (4.8) leads to
2 2 1 2 2
(0.} < (14 0)f (ur) + Com (14 5 ) (Conlur, = urlBniey + . = wr e
Now (2.5) implies

7. (uz.) < (L+ 07, (ur) + Cest (14671 lluz, — urinq) (4.9)

with Cogt := Ciym,1(Cov + Oy, 5)- Thanks to the stability estimate (2.7) for uz and ur, , the positive constant
Cest depends only on o, Q, T', C, m ||g| 2(r,) and Cjforj=1,...,5, we split 772T* (ur) as

nr. (ur) =5 (ur, T N T) + 07 (ur, T\T). (4.10)

For each element T € T,\7, there exists a unique T e T\7. such that T' C T and hr < %hﬁ Then by the

definition (2.9), we arrive at

1
0. (ur, TAT) < ﬁn%’(uT,T\T*)- (4.11)
Finally, a collection of (4.9)—(4.11) and the fact M C T\7Z, yields the assertion. O

Remark 4.6. If we exchange ur and uz, in (4.8) and then sum up it over 7 N 7, instead, a similar argument
leads to

W (ur, TNT) < (1L+ 6% (ur,, T NT) + Cose(1+ 0 Yuz, — ur|3pqy ¥ 6> 0. (4.12)

Lemma 4.7 (Céa’s lemma). Let v and ug be solutions to problems (2.1) and (2.6) over some mesh T € T.
Then

2 : 2
v —url[z (@) < Ceea WHelg.T [u = vz |7 (o)
Here, the constant Ceea depends only on o, o, Q, T, ||gl|z2r,) and C; for j=1,...,5.

Proof. We know from (2.12) and the Galerkin orthogonality that for any vz € Vr, there holds

Billu = urlin ) < /Q o|V(u —ur)*dz + /F (f(u) = f(ur))(u = ur)ds

c

:/JV(u—uT)V(ufvT)d:ch/ (f(uw) = f(ur))(u —vr)ds.
Q

I'c

We focus on the second term, and claim

‘ /P (f(u) = flur))(u — vr)ds| < Cauxallu — ur || g @)llv — vrlla (@)
C
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For f := f1 in (1.3), noting |f(u) — f(uz)| < |u — ur|(Cy + 3Ca(u? + u%)) on I'c, we use the generalized
Holder inequality to get

|| (0 = tun))u = vrs| < Crllu = urllaeey fu = vr ez

+3C2||u — ur||La@royllu —vrllLere) <||U||%4(rc) + HU’TH%‘l(FC))'
Thus the claim follows from (2.5), (2.4) and (2.7) with Cauya := C1C 5 + GCQCSthC’ﬁnbAHgH%z(FA). For
f = f2in (1.4), by (4.6), we deduce
() = f(ur)] < Cslu = ur| (Ce®" + Cre™ O 4 G 4 Cye™ 7 ) on T,

Multiplying by w — v, integrating over I'c and using the generalized Holder’s inequality and Lemma 4.1
yield

| [ (@) = )= vr)ds| < Callu—urllse fu = vr sy (o 2+ 24012

+ (ezcgcexPHuHi{I(Q) + eQCgcepo“T”iIl(Q))|F|1/2) + 04(2 + 2|I‘|1/2

+ (€2C§Cexp“u“§;1(m + 62C§CexpHUTH?{I(Q))|1"|1/2)>.

Thereafter, we establish the claim by appealing to (2.5), (2.4) and (2.7) with

2

Cuunst = C5Cluy 4 (Ca(2 4+ 2IT|/2 4 2 /262 ol
0y (2 + 2|F|1/2 + 2|1’\|1/262020exp052tb‘lglliQ(rA))) )
The desired assertion follows from the claim and Young’s inequality with Ceeq := 2(03/87 + C2,i4/01). O

To establish the oscillation perturbation estimate, we follow the proof of Lemma 4.5 to obtain the local
perturbation of oscillation. However, this leads to the issue that the related constant depends on vz and w1 as
Csym,1 in Lemma 4.5. As a result, the constant in the subsequent convergence rate involves the finite element
function vy, which should be avoided in order to establish the quasi-optimality estimate. To this end, we keep
the nonlinear function in the following estimate.

Lemma 4.8 (Oscillation perturbation). Let 7,7, € T with 7. being a refinement of T. If vy € Vr and
vy, € V., then

osc(vr, T NT) < 2087 (vr., T NT) + Copll (v, — v, f(vr.) = f(or))IIZ.,

where Cop depends only on Cr, m, o and Coy,

[0 if =1
P {5 h (413)

and a mesh dependent norm ||(-, ()l := (|| - ||§{1(Q) + 2 reFr (o) hp||f(-)H%2(F))% over Vr.
Proof. Let T € T N7, and denote e := vy — vr,. We obtain from the definition (2.10) and Young’s inequality
that

1 _
o5 (o7, T) < (14 DJosch (o 1) + (145 ) (11Ar(0) ~ el

+ Z hr||(Jp(vr) — Jr(vz)) — (Jp(vr) — jF('U’T*))”%g(F)) vV §>0. (4.14)
FeFr(T)
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By the inverse estimate (4.3), we arrive at

Wil Rr(e) = Re(e)ay + Y, hol(Jr(vr) — Je(vr) — (Jr(vr) = Je(vr) 22 m)
FeFr(T)\Tc

< Caux,5||e||§il(wq")7

where Cyux,5 depends only on C'r, m and o. B
Let f = f1. Since Jp(v) € P3,(Fr(T) NT¢) for all v € Vi and T € 7, and Jp(v) is the L2-projection of
Jr(v) on Ps,, (F'), we obtain

Jr(v) = Jr(v) =0 Vo eVrand F e Fr(T)NTe.
Furthermore, let f = f5. Noting that Jg(v) is the L?-projection of Jx(v) onto P,,_1(F), we have

1(Jr(vr) = Jr(vr.)) = (Jr(vr) = Jr(vr)l2ey < | Jp(vr) — Jr(vr)

|L2(F) VFe fT(T) NIle.

Plugging those estimates above into (4.14) leads to

1
oscZ(vr,T) < (1 + 8)oscx (vr,, T) + <1 + 6) (Oaux,5||€||§11(w)

+2 > hrlf(vr) - flur)

FeFr(T)NTc

Fery) V>0, (4.15)

In the meanwhile, note that oscr, (vr,T) = oscr(vy,T) and vy € Vr,. Then summing over T € 7 N7, in
(4.15) leads to

1
oscx(vr, T NT.) < (14 0)oscx (vr., T NT) + (1 + 5) (CauX75COV\\UT* - UT”%_II(Q)
+2 Y helfern) - Fenliam).
FeFr, (T'c)
The desired result follows by taking 6 = 1 and Cop, := 2 X max{Caux,5Cov, 2}. O

Lemma 4.9 (Discrete reliability). Let 7,7, € T with T, being a refinement of T and let ur € Vr, ur, € Vr,
be solutions to problem (2.6) over T and T., respectively. Then there exists Cqrel > 0 depending only on o, «,
Q and Cr such that

luz. —url ) < Caernz(ur, T\ T2).

Proof. Applying the operator I5? [23] to v := ur, — ur and noting v = I5¥v on unrefined elements in 7 N7,
then by (2.8) the argument of Theorem 2.1 completes the proof with Cyyel := Char. O

5. CONVERGENCE

Now we show each iteration of Algorithm 3.1 reduces a sum of the energy error and a scaled estimator, which
implies the convergence of the algorithm.

Theorem 5.1 (Contraction Property). Let u € H'(Q) be the solution to problem (2.1) and {7, Vi,ur} be a
sequence of meshes, finite element spaces and discrete solutions by Algorithm 3.1. Then there exist constants
B >0 and 0 < p <1, depending only on C'z; and 0, such that

B(ugt1) + Bni g (1) < p(B(ur) + B (ur)).
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Proof. By the equality F(ug4+1) := J (ug1) — T (v) = T (u) — T (u) — (T (u) — T (ug+1)) and Lemma 4.4 with
T =Ty, and T, = Tj,41, we obtain for all 3 > 0 that

E(ug41) + B 1 (urr1) < E(ug) + B(L+ 6) (03 (ur) — A (ug, My))
— (T (u) = T (urt1)) + BCest (1 + 6~ urrs — urllzr o-

Then by taking 0 := %, Lemma 4.2 and Remark 4.3 lead to
es

Blugsn) + 01 g1 (k1) < Blan) + 01 +8) () = Mo (s M),
which, together with the marking strategy (3.1), implies
0 0
Blugin) + O ) < Blw) — 51+ SAGuGa) + 501+ ) (133 ) )

Cequ

Cost(14+671)

E(upi1) + Bnjpyr (us1) < pa(8)E(ug) + p2(8) B (ur,)

Now by Theorem 2.1, Lemma 4.2 and the choice 3 := , we obtain

with pq(d) :=1— 20352’% and p2(0) := (1 +6)(1 — A%). The proof is completed by choosing § > 0 small
enough such that 0 < p := max(u1(9), p2(0)) < 1. O

6. QUASI-OPTIMALITY

Now we give a quasi-optimal convergence rate for Algorithm 3.1. We begin with a generalization of Cea’s
lemma in Lemma 4.7.

Lemma 6.1. Let u and ur be solutions to problems (2.1) and (2.6) over some mesh T € T. Then
= ur s q) + o5 (ur) < o inf, (llu = vrllf o) +oscF(vr)

+ > hellf) = Fer)Ba )

FeFr (Fc)

(6.1)

Jint (lu=vrln tosckr) + Y0 hell )~ Fer)Eae ) € (4 Cuse)llu—ur e, +osch (ur).
FeFr(Teo)

Here, the positive constant Cys depends only on Cr, m, the problem data and Co, while Cyux,6 depends only
on the problem data.

Proof. Given vy € Vr. An application of Lemma 4.8 with vz := ug, 7, := 7T yields

osc}(ur) < 2053 (vr) + Cop (Iur = vrldey + . hellf(ur) = For) e )-
FeFr(Tc)

Then by the triangle inequality, we derive
05} (ur) < 20365 (v7) + 2Cop (Ilu = vr 30 + lu = urllips o

Y bl ) - ) e+ > bl ) = For) g )-

FeFr(Tc) FeFr(Tc)
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Combining this with Lemma 4.7, we arrive at

lu = wrll3ys o) + 0563 (u7) < 20863 (v7) + (2C0p + 2CopCoca + Ceca ) I = v7 1) (6.2)
+200( Y el = F@nBem + D hel ) = for) 3 )
FeFr(Tc) FeFr(Tco)

Let f := f1. Then f = 0 by (4.13). This proves the assertion by taking Cys := max{2, 2Co,+2C,pCeea+Ceea }-
Let f := fo. Then f = fo by (4.13). We can argue as in the first inequality of (4.7) to obtain

1/2 1/2
| fo(w) = four)||72rg) < A4CE <C§ < / 64C3“ds) +C3 < / 6403"Tds)
Fc 1—‘C

1/2 1/2
e < /. €4C4uds> e </ 6404%8) ) = urlfzsre)
T'e Le

Then an application of Lemma 4.1, (2.4), (2.7) and (2.5) results in

Y hellfa(w) = fa(ur) e gr) < Cawxsllu — urllfng)- (6.3)
FeFr(Tc)

Here,

8C5 CoxpClip

2 2 2
(68CSCexpCsthgHL2(FA) + e

2
Cauxs + = A1, 4C2(CF (2 +2I0[/2 + sz p)/2)

+ CZ (2 4 2|F|1/2 + (escfcexpcfchgHsz(FA) 4 escfcexpcsztb”gﬂiz(rA))|F‘1/2)>.
This, together with Lemma 4.7 and (6.2), yields
lu = ur|[F gy + 0scF (ur) < 20865 (v7) +2Cop > bl f(u) = for)|72r)
FeFr(Tc)
=+ (2cop + ZCOpCcea + Ccea + 2C(opC’ceacfauxﬁ) ||U - UT”%—P(Q)'

By taking Cqs := max{2,2C,p 4+ 2CopCeea + Coca + 2CopCeeaCaux,6}, We get the first estimate. The second
estimate can be derived from (6.3) directly. O

We refer to the square root of the left hand side of (6.1) as the total error. Therefore, Lemma 6.1 establishes
the quasi-optimality of the solution w7 in the sense of the total error. Next, we introduce the approximation
class. Let Ty C T be a subset consisting of all triangulation 7 € T satisfying #7 —#7o < N. The approximation
class A, for 0 < s <m/2 is defined by

A= {u] |uls := sup N*¢(N;u,0) < +oo}

with
1/2

€W o)i= it inf (Iuvrlfn toscer) ¢ Y0 hellfw) - Fwr)lar)
FeFr(Tc)

The upper bound m/2 is attained for the uniform refinement if the exact solution to (2.1) is sufficiently
smooth.
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Then we present fundamental ingredients in the analysis, i.e., the optimal marking and cardinality of M.
We follow [12] to derive the optimal marking that relates a strict error estimator reduction to Dérfler marking.
This type of estimate was first given in [24] for the Poisson equation with an H'-norm reduction, and then
extended in [7] to the total error for linear diffusion-reaction problems. Below, we present a version in terms
of the error estimator as in [12] for non-symmetric elliptic problems, the proof of which does not require the
efficiency estimate in Theorem 2.2.

Lemma 6.2 (Optimal marking). Suppose that the marking parameter 6 in (3.1) satisfies

1
0 —_ ] 4
© <0’ 1+ 2C(estc(drel> (6 )

Let T, € T be any refinement of T € T and let ur € Vr, ur, € V7. be solutions to problem (2.6) over T and
7., respectively. Define

N\ = 1—- (1 + 2Cvestcfdrel)e

5 € (0,1).

Assume further that
07 (ur.) < M (ur). (6.5)
Then there holds
7 (ur, T\ T.) 2 007 (ur).

Proof. We get by the estimate (4.12) with 6 = 1 in Remark 4.6, (6.5) and the discrete reliability estimate in
Lemma 4.9 that
ur, T\ T.) + 17 (ur, T N'T,)
ur, T\ T.) + 217, (ur,, T N T.) + 2Cess|lur. — ur | (q)
ur, T\ T.) + 2207 (ur) + 2Cest uz, — urllin o
< (1+ 2Cest Care)i7 (ur, T\ T2) + 2X07 (ur).

INA
S S 3
o Jo Jo

—~

A direct calculation leads to

1-—2\
2 > 2 — 02
nr(ur, T\ T.) > 14920 aC T 2030 Cost ng(ur) = Onz(ur).

This proves the assertion. O

Lemma 6.3 (Cardinality of My). Assume that condition (6.4) holds. Let u be the solution to problem (2.1) and
let {7y, Vi, ux } be the sequence of meshes, finite element spaces and discrete solutions generated by Algorithm 3.1.
If u € Ay, then with X in Lemma 6.2, there holds

1/2s —1/2s
#My. < (ConlCra+ D/ACut)  ull/* (Il = el o + osc ()

Proof. The proof is similar to Lemma 5.10 of [7]. The assumption v € A, ensures that for
~1
e i= ACoutt (Cao(Cra + 1)) (llu = ks + 056 () ) (6.6)
with a fixed k& € N, there exist a triangulation mesh 7; € T and v, € V7. such that

HT —#T0 < [ul)e7%, lu—velfng +oscr () + Y helf(w) = fwn)liep < (6.7)
FeFr, (Te)
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Let 7, be the smallest common refinement of 7; and 7y, i.e., T, := T, ® 7T;,. Then 7, is a refinement of 7;.
Theorem 2.2 and (6.1), combined with two inequalities

osc7, (ve) < oscZ (ve), Yo hellf) = for)lfam < Do hellf() = Flor)Zary

FeFr, (T'c) FeFr.(Tc)

and (6.7), imply
Cesrnizr. (uz.) < |u—ur, ”?{1(9) + osc7. (ur,)
< Cos(llu = el +osch )+ Y. hellfw) = Fon) e ) < Case™
FeFr.(Tc)
This, together with Theorem 2.1, the inequality osc? (u) < 7?7 (ux) and (6.6), gives
0. (uz,) < Mg ().

Consequently, the subset 7}, \ 7. satisfies the Dorfler marking strategy owing to Lemma 6.2. But the module
MARK in Algorithm 3.1 selects a subset M}, C 7} with minimal cardinality such that the same property holds,
which, together with Lemma 3.7 in [7] (also cf. [24]), implies

H#M < #T. — #Ti < #71. — #7To. (6.8)
Therefore, the assertion readily follows from (6.7) and (6.8). O

Now we are in a position to establish the quasi-optimality of Algorithm 3.1.

Theorem 6.4. Let u be the solution to problem (2.1) and {7, Vi, ur} be the sequence of meshes, finite element
spaces and discrete solutions generated by Algorithm 3.1. If uw € Ay and the condition (6.4) on the marking
paramter 8 holds, then

[u— ukH%(l(Q) + osc (ug) < qupt|“|§(#77e —#To) >,
where Cyopt depends only on the problem data, Cz,, m and p in Theorem 5.1 but is independent of s or u.

Proof. Let M := (Cqs(Crel + 1)/ACeqt)/25|ul%/*. By (3.2) and Lemma 6.3, we deduce

k—1 k—1 “1/2s
#Ti— #T < Co Y #M; < CoM Y (Ilu— w2 + osc3(wy))
Jj=0 j=0

Since the oscillation term (2.11) is dominated by the global error, it follows from Theorem 2.2 and Lemma 4.2
that
Coqullt = ;|7 oy + BoscF (uy) < T (ug) = T (u) + 817 (u;) < (Coqu + BCH ) ([lu = ujlFr o) + 0sc? (uy)).
On the other hand, Theorem 5.1 implies that
T (ur) = J (u) + B (ur) < p" =7 (T (ug) = T (u) + By (u)

for 0 < j <k — 1. Now collecting the last three estimates, we arrive at

k—1
#Tx = #To < CoM(Coqu + BCe )1/ 3 (I () = T () + Bnj () ~H/*
7=0
k
< CoM(Coqu + BCH )Y (T (ure) — T (u) + i (ur)) /2 Y /e
j=1

< CoCoM (Cequ + BCe )/**(1/ min(cequ, £))"/?* (|lu — wkl|* + oscf (ur)) ~1/*

with Cp := p'/?%/(1—pu'/?*) bounding the geometric series. Raising this to the sth power and noting Cj§ < C’SR/Q,

Cs <1/(1— pt/™)* <1/(1 — pt/™)™/2 we obtain the desired estimate. O
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0.5

FIGURE 1. Initial uniform triangle mesh with a mesh size h = 0.2.

7. NUMERICAL RESULTS

In this section, we present two numerical examples using Algorithm 3.1 with affine elements. The implemen-
tation of the algorithm is based on [13]. In the experiments, {2 is an L-shaped domain: [—1,1]?\([0, 1] x [~1,0]),
and as in [20], 0 =1, g on T'4 and f(u) on I'c are set to be the same, c¢f. Examples 7.1 and 7.2 below.

The initial mesh 7y is a uniform triangulation of the domain, cf. Figure 1. At the k' adaptive iteration with

triangulation 73 and k =0, 1,2, ..., we employ the Newton method to obtain the corresponding solution uy (of
the nonlinear system). Specifically, we take the initial guess to be the discrete solution from the previous mesh,
i.€.,
(0) 0, k - 0
Uy, =
ug_1, k>0.

The stopping criterion for the Newton iteration is
—1
||u’(€7l) _ ul(;i )||H1(Q) S €

with n denoting the Newton iteration number, and e the prescribed accuracy. In the adaptive algorithm, we
take ¢ = 1077, Algorithm 3.1 is terminated once the sum of error indicators ZTGTk i (ur, T)? falls below a
pre-specified threshold tolerance 7. We take 7 = 1073 for both examples below. After obtaining the adaptive
solution uy, we check whether the stopping condition is satisfied. If not, a refinement is carried out for those
with large error indicators.

In our simulation, the Dorfler bulk criterion is used to mark elements for refinement, i.e., given 6 € (0,1),
we look for a minimal set My C 7} satisfying (3.1). In both experiments we show results with § = 0.1 and
6 = 0.3. To refine the mesh, we apply the newest vertex bisection (NVB) refinement [13] and bisect all edges
of the elements in My, to get a finer mesh 7. Alternatively, we can mark only one edge of those elements in
My, for a refined mesh. Note that a smaller 6 yields a more adaptive mesh and a larger iteration number.

Example 7.1. In the first example, denote I'y = @), I'c as the left boundary, and I' 4 as the rest of the boundary.
We take g(x,y) = 22 +y? and f(u) = u + u>.

Due to the nonlinearity of the problem, the exact solution is not available. Hence, we use the solution on a very
fine uniform mesh with a mesh size h = 1/2000 as the reference solution (and analogously, the Newton method
is employed with a much smaller tolerance e = 10711). The solution on an adaptive mesh is shown in Figure 2A.
Since the solution singularity is localized around the re-entrant corner of the domain and the corners where the
boundary condition changes, the adaptive algorithm properly refines these regions. In Figure 3A, we observe
a convergence rate O(N~%-51) for the error estimator, which agrees well with the convergence rate O(N ~%-54)
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0 4 0 58K
3 1
-0.5 -0.5
2 0.5
_1 | | _1 L |
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
(A) B)
FIGURE 2. The adaptive solution with # = 0.1 and 7 = 1073, Panel A: gives the adaptive
solution with k = 25, d.o.f. = 3248 and the H'(Q)-relative error is 6.48%; Panel B: the adaptive
solution with k = 22, d.o.f. =3070 and the H!(Q2)-relative error of 6.27%.
10’
=#=error ind. =#-error ind.
=6-adaptive . -0-adaptive
uniform uniform
100 L
15 1
o O . a1l
= =10
() [}
102
107 ‘ 1073 ‘
102 104 10° 102 104 10°
dof dof
(A) (B)

FIGURE 3. Error estimator and H'(Q)-error versus d.o.f. with 7 = 1073 for Example 7.1.
Panel A: the slopes of the dashed lines are —0.51, —0.54 and —0.09 for the indicator, the
adaptive refinement H'(Q)-error and the uniform refinement H!(Q)-error, respectively. Panel
B: the slopes of the dashed lines are —0.50, —0.53 and —0.09, for the estimator, the adaptive
refinement H'({)-error and the uniform refinement H*({2)-error, respectively.
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10" ‘ 10"
===error ind. ~&error ind.
R -6-adaptive ~9-adaptive
o oy uniform uniform
10 100+
= S
o
£107) 10
o o
102 102+
-3 ‘
10 103
102 10* 10° 102 10 10°
dof dof

(A) B)

FIGURE 4. Error estimator and H!(Q)-error versus d.o.f. with 7 = 1073 for Example 7.2.
Panel A: the slopes of the dashed lines are —0.50, —0.56 and —0.11, for the estimator, the
adaptive refinement H'(Q)-error and the uniform refinement H'!(2)-error, respectively. Panel
B: the slopes of the dashed lines are —0.51, —0.55 and —0.11, for the estimator, the adaptive
refinement H'(§)-error and the uniform refinement H?(§2)-error, respectively.

in the H'(Q)-norm error of the adaptive solution from Theorem 6.4, numerically verifying the reliability of
the estimator. The adaptive algorithm is more efficient than the uniform refinement. Figure 3B displays the
convergence history with a larger parameter § = 0.3. We obtain a smaller iteration number but more degrees
of freedom are required over each refinement. The convergence rate of the error estimator and the H!(Q)-error
are O(N~959) and O(N~%53), respectively.

In the second example, we consider an oscillatory boundary condition.

Example 7.2. In this example, let T'g = ), I'c be the boundary segments with the re-entrant corner and I'4
as the rest of the boundary. We take

sin(20y), onTy = {-1} x [-1,1],

= _ J5u _ _—b5u
9(@.y) = {sin(x) +cos(y), onT4\T;. and - f(u) =e €

In Example 7.2, the numerical solution on a fine mesh with a mesh size h = 1/2000 and parameter ¢ = 1071}
is taken to be the reference solution. The numerical results for the example are shown in Figures 2B and 4. Due
to the oscillatory boundary data, the region close to the left boundary requires adaptive refinement, in addition
to the re-entrant corner and the corners where the boundary condition changes. On a very coarse mesh, the
oscillatory boundary data is not properly resolved, which leads to a slower decay at the beginning. Nonetheless,
as the adaptive procedure proceeds, the convergence of the algorithm is fairly steady, with the estimator decay
rate O(N~%59) and the H'(Q) convergence rate O(N~9%) for § = 0.1. We observe similar convergence rates
for # = 0.3 from Figure 4B.
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8. CONCLUDING REMARK

In this paper, for a 2D variational problem governed by a linear diffusion equation and a nonlinear boundary
condition, we have analyzed an adaptive finite element method based on a residual-typed a posteriori error
estimator and the Dorfler marking. We established a quasi-optimal decay rate in terms of the number of
elements for the algorithm, which is confirmed by the numerical experiments. One natural question is to extend
the analysis to the 3D case. However, the generalization is not trivial. We need to perform all analysis in a
non-Hilbert space W'3(£2), which is required for Lemma 4.1 to hold in 3D [17].
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