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COUPLING NON-CONFORMING DISCRETIZATIONS OF PDES BY SPECTRAL
APPROXIMATION OF THE LAGRANGE MULTIPLIER SPACE

SIMONE DEPARIS, ANTONIO [UBATTI AND LUCA PEGOLOTTI*

Abstract. This work focuses on the development of a non-conforming method for the coupling of PDEs
based on weakly imposed transmission conditions: the continuity of the global solution is enforced
by a finite number of Lagrange multipliers defined over the interfaces of adjacent subdomains. The
method falls into the class of primal hybrid methods, which include also the well-known mortar method.
Differently from the mortar method, we discretize the space of basis functions on the interface by
spectral approximation independently of the discretization of the two adjacent domains. In particular,
our approach can be regarded as a specialization of the three-field method in which the spaces used to
enforce the continuity of the solution and its conormal derivative across the interface are taken equal.
One of the possible choices to approximate the interface variational space — which we consider here — is
by Fourier basis functions. As we show in the numerical simulations, the method is well-suited for the
coupling of problems defined on globally non-conforming meshes or discretized with basis functions of
different polynomial degree in each subdomain. We also investigate the possibility of coupling solutions
obtained with incompatible numerical methods, namely the finite element method and isogeometric
analysis.
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1. INTRODUCTION

In numerical analysis, domain decomposition methods are techniques for the splitting of Partial Differential
Equations (PDEs) into smaller and coupled problems defined over subsets of the original domain. The splitting
may be motivated by physical reasons, for instance when the subdomains are characterized by different govern-
ing equations (e.g. in fluid-structure-interaction problems [23]) or by discretization needs, should it be required
to employ specific methods — e.g. finite element method (FEM) or isogeometric analysis (IGA) — or specific
polynomial degrees in certain regions of the domain [45]. Moreover, domain decomposition methods allow the
mapping of the subproblems to separate cores [32] and the computation of scalable and efficient parallel precon-
ditioners. These techniques have become so important to the solution of large scale problems on multiprocessors
or clusters that, nowadays, the term “domain decomposition” is most commonly used in the context of high
performance computing.
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Domain decomposition methods are typically based either on iterative or direct procedures [3]. In the first
class of techniques the continuity on the interfaces of the solution, of its normal derivatives or combinations of
the two are strongly imposed. Typically, these methods require solving the problems defined on the subdomains
separately multiple times while imposing artificial boundary conditions based on the solutions at the previous
iteration. The type of boundary conditions employed on each subdomain is a peculiarity of each algorithm, so
that the literature on the topic commonly refers to the Dirichlet—Dirichlet algorithm, the Dirichlet—Neumann
algorithm, and so on; see e.g. [45] for details. These strategies allow reducing the size of the linear systems to
be solved and, most importantly, to compute the solution in each subdomain in parallel.

In this paper, we present an approach belonging to the class of direct procedures in which the continuity
conditions (often called transmission conditions) are weakly imposed through the use of suitable Lagrange
multipliers. Our method is applied to PDEs written in primal hybrid formulation, and for this reason it shares
some of the features of the well-known mortar method [6,7]. This was originally proposed to solve PDEs by
combining spectral elements and finite elements, or by combining finite element spaces with different polynomial
degrees, in non overlapping portions of the domain [38]. Since then, the mortar method has become the non-
conforming method of choice in many areas of computational science and engineering, for example in contact
mechanics [36], solid mechanics [35], fluid mechanics [26] and fluid-structure interaction problems [33]; see also
[5,29,34]. The implementation of the mortar method is not straightforward, as the algorithm is based on L?-
projections of the traces of functional spaces defined on a group subdomains — the masters — onto the interfaces
of the adjacent ones — the slaves. INTERNODES [25], a recently developed method for the treatment of non-
conforming meshes, overcomes this issue by treating the transmission conditions with the interpolation of basis
functions of the master domains onto the interfaces of the slaves.

As in the mortar method, our approach is based on the idea that the global problem can be subdivided into
a set of smaller problems coupled with weak conditions relying on basis functions defined on the interfaces. In
the mortar method, such basis functions are obtained from the trace space of the adjacent slave domains. This
choice is convenient from the analysis standpoint but makes the implementation of the method cumbersome.
Another drawback is that the final solution is dependent on the choice of master and slave domains. The
originality of our method is to consider basis functions on the interfaces which are completely independent of the
discretization of the neighboring domains: in this paper, we employ spectral basis functions (specifically, Fourier
basis functions). The same choice has been recently adopted in [10] in the context of IGA for the simulation
of electric machines. However, we also consider Fourier basis functions which are not periodic nor orthogonal
by introducing an orthonormalization step and we provide a link with theoretical convergence results. The
advantage of the approach we present is that the resulting global solution is not dependent on the classification
of master and slave domains, which in fact is not required. Moreover, the accuracy of the coupling of solutions at
the interfaces is easily tuned by varying the number of basis functions on the common boundary. Our approach
can be interpreted as a specialization of the three-field method [15], where the space of the three Lagrange
multipliers used to weakly impose the continuity of the solution is (a priori) independent of the spaces defined
on the adjacent domains. As the functional spaces in the subdomains are mutually independent, our choice
of basis functions is well-suited for the coupling of solutions obtained on non-conforming (at the interfaces)
meshes, with finite element spaces with different polynomial degrees, or with different numerical methods, e.g.
FEM, spectral element method, or IGA. In this paper, we specifically consider the coupling of FEM and IGA,
although one of our aims in future works is the consider the coupling of reduced basis solutions by a small
number of basis functions on the interfaces, so that the coupling itself can be considered reduced.

The paper is structured as follows. In Section 2, we present the method on an elliptic problem defined over a
domain partitioned into two regions. Section 3 focuses on the discretization of the weak formulation derived in
Section 2. In Section 4, we briefly compare our method with other non-conforming methods, namely the mortar
method, INTERNODES, and the three-field method, and focus on the similarities and peculiarities with respect
to our approach. In Section 5 we address the matter of the stability of the method, which is strictly related to the
inf-sup condition. In Section 6, the method is used to solve two dimensional and three-dimensional benchmark
problems: we consider the Poisson problem approximated with FEM on two subdomains (Sect. 6.2) and the
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Navier—Stokes equations on three subdomains (Sect. 6.3), numerically solved by employing FEM (Sect. 6.3.1)
and FEM coupled with IGA (Sect. 6.3.2). Finally, in Section 7 some conclusions are drawn.

1.1. Notation

The notation adopted in this paper is standard and commonly found in the literature; see e.g. [39]. Given a
generic open and bounded domain © embedded in R?, we define, for all ¢, :  — R and all ¢, : Q@ — R¢

(0, 9)a == /Q ovdx, (p9)g = /Q o Pdx,

and consider the following Hilbert spaces

LQ(Q) = {‘P Q=R (@790)9 < 00}7
HY Q) :={p € L*(Q) : Vo € [L*(Q)]"},
H(div; Q) := {¢ € [L}(Q)]¢ : divp € L*(Q)},

with the associated norms

”‘»OH%Q(Q) = (¢, 9)a,
lelFr o) = (@ ¥)a+ (Ve, Ve)a,
Hd)”%(div;ﬂ) = (d)v d))Q + (ledelVd))Q

Given a measurable set ¥ C 9Q (where 92 denotes the boundary of ), we also define
HE(Q):={p € HY(Q): ¢ =0o0n X}

If ¥ = 0Q, HL(Q) is equal to H} ().

Under the assumption of sufficient regularity of 3, there exists a unique linear and continuous application
s+ HY(Q) — L%(X) called trace operator [37,42] such that ysp = ¢|s for all p € HY(Q) N C°(Q), having
indicated with C°(Q) the space of continuous functions over the closure of 2. The range of such operator is
denoted H'/?(X) c L?*(X). We recall that

1

Iz = inf Alollm @
peH™ ()

ele=n

is a norm for H'/2(%) [11].

For each linear Hilbert space H, we denote H’ the space of linear and bounded functionals on H, namely its
dual space. In particular, we adopt the notation H=(Q) := (H*(Q))" and H~/2(X) := (H'/?(X))". The action
of an element of the dual space £ € H' on an element of the Hilbert space ¢ € H is indicated (£, ¢)y or simply
(€, ) whenever ambiguity does not arise. Furthermore, we will simply indicate (£, )y, the duality in H~1/2(%).
We note that, for o € H'(Q), we will adopt the abuse of notation (£, p)x with ¢ € H~/2(X) to indicate the
duality of £ with the trace of ¢ on X. Even though not mathematically rigorous, this notation is commonly used
in the literature.

2. THEORY OF PRIMAL HYBRID METHODS

In this section, we recall the theory of primal hybrid methods for the solution of PDEs. These approaches are
based on the primal hybrid principle [40], according to which the continuity across subdomains is weakened by
means of Lagrange multipliers. We refer the reader to [1,4,9] for the theory of primal hybrid methods. Here, we
recall the main ideas by following the presentation in [11]. We also restrict ourselves to partitions comprising
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only two subdomains; however — as we shall see in Section 3.1 — the method extends to an arbitrary number of
subdomains.

We are interested in solving a generic PDE described by a second order elliptic operator on an open and
bounded domain © with homogeneous Dirichlet boundary conditions on 9€). Specifically, we assume that a(¢, ¥)
for o, € HY(Q) is the bilinear form corresponding to the elliptic operator and f is a given forcing term; we
consider problems whose weak formulation can be written as:

(W1) given f € H-1(Q), find u € H}(Q?), such that
a(u,v) = (f,v) Vv e Hi(Q). (2.1)

In the sequel, we will use the Poisson problem
—Au=f inQ (2.2)

with homogeneous Dirichlet boundary conditions (i.e. w = 0 on 9) as representative of this class of problems.
In this specific case, a(p, ) = (V, Vib)q.

Let us assume that the domain €2 can be partitioned into two non-overlapping open and bounded domains,
such that Q = Q;UQs and Q1 NQ = 0; we denote I the interface between the two domains, i.e. T' = Q1NQs. Our
goal is to solve, rather than the global problem W1, two local and coupled problems defined on the partitions
Q;, such that the global solution can be constructed by combining the solutions of the local problems. To this
end, let us introduce for i = 1,2 the functional spaces X'V = H}ono, () and

X :={peL*Q):¢lg, € XD fori=1,2},

which is a Hilbert space when endowed with the (broken) norm

2

el = lelllze o,)-
i=1

The space Hi(Q) is characterized as a subspace of X under suitable conditions [11] which we will state in
the following Lemma and motivate in its proof. We remark that an analogous result is presented in [9].

Proposition 2.1 ([9], ¢f. Prop. 2.1.1).

2
Hy(Q) =V :={peX:) (¢ niploa, =0 Y¢e H(div;Q)},
=1

where n; is the outward unit vector normal to 0€2;.

Proof. Firstly, let us recall that for any ¢ € H(div;2) and for i = 1,2, Green’s formula gives Lemma 2.1.1 from
[9]
| Vet pdivg) dx = (¢ nighon, Ve X, (23)
Q;
Equation (2.3) implies that, since the left hand side is bounded, the duality of ¢ - n; € H~'/2(9£;) on the

trace of p|q, is well-defined.
Clearly V C H}(Q), because for all ¢ € V C L?(Q)

2
/\V(p|2dX=Z/ |Vp|? dx < oo,
Q = Jo
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and ¢ = 0 on 9§ in H/2(99). Let us show the other inclusion. For every ¢ € H}(R), it holds that ¢ € L?(f)
and ¢|g, € X for i = 1,2, which implies that H}(Q) C X. Moreover, by applying Green’s formula as in
equation (2.3), we find, for all ¢ € H(div; (),

2 2
§3¢«mwmm=§:/<Vw¢wwﬂwmdxz/Xwawwﬁwwdx:w»mwmgza (24)
1 =18 Q

where the last equality comes from the fact that ¢ has null trace on the boundary 0f2. Since equation (2.4)
shows that H}(Q) C V, it must be H}(Q) = V. O

Remark 2.2. Proposition 2.1 must be modified if 9Q = I'p UT'y and if the PDE is equipped with homogeneous
Dirichlet conditions on I'p and Neumann conditions on T'y. Following [9], let us introduce the space

Hr, (div; Q) == {¢ € H(div; Q) : (¢p-n,v)oo =0 Vv € Hp, (Q)},
where n is the outward unit vector normal to 992. Then
R 2
Hy(Q)=V:={pecX:) (¢ ni,plo, =0 V¢ € Hr,(div;Q)}
i=1
is a characterization of H{ ().

The condition Z§=1<¢ ‘14, )aq; = 0 for each ¢ € H(div; Q) is global, in the sense that it involves the trace
of p|q, on the whole 012;, even though it essentially constrains the restrictions of ¢ to £ and Q2 to have the
same trace at the common interface I'. Unfortunately, splitting the dualities into two parts corresponding to I'
and 00\ T is not allowed, as the restrictions of the traces to portions of 9€; can lead to unbounded dualities.
To overcome this issue, we introduce

H(}é2(]-—‘i) = {ne HY*(I,) : Eéi)n € HY*(0%,)},

with norm 4
Il 1720,y = 1ES nll 172002,

where Eéi)n is the trivial extension by zero of n to the whole boundary of 9Q; and T'; = 9€; \ 9. In the
following, we will consider HééQ(I‘) = H(%2(1"1) N H(%2(1"2). Let us define the spaces

Koo == {p € X+ [l € Hyf*(T)},
where [p|r denotes by our convention the difference of the traces of ¢|q, and ¢|g, on T', and
-1/2
A= Hy / ), (2.5)

with norm
||77||A = ||77||H0*01/2(F1) + ||77HH(;)1/2(F2)'

Furthermore, we introduce the bilinear form

b(@ag) = <£7 [SD]F>A

for ¢ € Xop and € € A. It can be easily verified [11] that another characterization of H}(Q) analogous to that
in Proposition 2.1 is given by

Hy( Q) =V :={p€ X:b(p,6) =0 VE€ A} (2.6)



1672 S. DEPARIS ET AL.

In the sequel, we will use the letter V to refer to Hg ().

We are now ready to state the primal hybrid formulation of the original weak formulation W1. We remark
that, whenever applied to functions of X, the bilinear form a(-,-) is to be intended as the sum of the bilinear
forms restricted to the two subdomains.

(W2) given f € H Y(Q), find u € Xoo and X\ € A such that

a(u,v) + b(”l}, >‘) = <fa U> Vv € XOO;

b(u,n) =0 Vn € A. 27)

Proposition 2.3. Ifu € V is a solution of W1 and there exists A € A such that

b(v,A) = (f,0) —alu,v) Vo € X, (2.8)

then (u,A) € Xoo X A is a solution of W2. On the other hand, if (u,\) € Xoo X A is a solution of W2, then
u €V and u is a solution of W1.

Proof. Let u € V be a solution of W1, then u € Xyo and the second condition in equation (2.7) is satisfied
because of the definition (2.6). The first condition in equation (2.7) is satisfied when choosing A € A such that
equation (2.8) is verified. Conversely, if (u, ) € Xpo x A is a solution for W2, then u € V because of the second
condition in equation (2.7). Moreover, for each v € V, b(v,£) = 0 for all £ € A and, in particular, for £ = A, and
the first condition in equation (2.7) becomes equation (2.1). O

Remark 2.4. If we consider the Poisson equation (2.2), then equation (2.8) is verified by taking ¢ = —Vu
and by choosing A € A such that ¢-n; = A, n; being the outward unit vector normal to 92;. Indeed, by using
integration by parts we find, for all v € Xy,

b(v,\) = (¢ -ny,[v]r)a = *Z/FVU -n;vds

:g(/ﬂ fudx—/m Vu-Vvdx) = (f,v) —a(u,v),

where we used the fact that n; = —ny. Note that, if we defined the jump across the interface of a function
© € Xyo as the difference of the traces on I' of ¢|q, and ¢|q,, then ¢ - ny = . Hence, the Lagrange multiplier
in equation (2.7) plays the role of the normal derivative of u at the interface I' [47], with the direction of the
normal at the interface being determined by the definition of the jump.

3. DISCRETIZATION OF THE PRIMAL HYBRID FORMULATION

We now consider the discretization of the weak formulation W2. We take two arbitrary finite dimensional
functional spaces X" (1) C XM and X" ¢ X spanned by two sets of basis functions <pl(-1) e XM (with
1=1,.. nl()f)) and <p € X (withi =1,.. .,nl(ff)) respectively. We assume that functions in X" and
X" ) can be trivially extended by zero in the other domain and that such extension belong to Xog. The discrete
version of the global space Xy is consequently obtained by considering the space X" C Xy of dimension
dim(X") = nys = n]glf) + n,(ff) and spanned by the basis functions

n n )
{% nbf _ {‘PZI)} o U{(p } bo

The solution can be then approximated as u &~ u" = Y u;¢;. In the numerical applications in Section 6,
we will consider standard finite element Lagrangian basis functions and B-Splines basis functions for the dis-
cretization of the spaces defined above; in this section we consider — to fix our ideas — the case in which FEM is



COUPLING NON-CONFORMING DISCRETIZATIONS OF PDES 1673

employed. The finite element basis functions are built over suitable triangulations 771 and 7" of Q; and
Q5 respectively; we will always assume that such triangulations meet standard regularity requirements [39], but
we do not require the conformity of the global mesh 7" = 7" U772 We define conforming meshes those
meshes for which the intersection of two elements is either null, a vertex or a whole edge; in non-conforming
meshes, on the contrary, two elements can also share portions of their edges. The discretization parameter h
is generic and defines a family of discretized spaces; when using finite elements, for example, h refers to the
maximum edge length of an element — often called mesh size — in the triangulations of €23 and 2. More gener-
ally, h could be also considered a characteristic of the single subdomain, since — as we already mentioned — the
discretizations in €2 and )5 are independent one of the other and could be obtained from different discretization
methods.

Our proposition is to discretize A as A® by using a set of basis functions & € A, such that A € A is
approximated as A ~ \° = ot Ai&i. We remark that we characterize the refinement levels for X  xh(2)
and A° with different discretization parameters h and ¢: this is to indicate that the discretization of A is indeed
independent of the discretization on €, and {25. For instance, in the two dimensional case, a suitable choice
would consist of choosing as &; the basis functions associated to the low-frequencies of the Fourier basis defined
on the common interface I', and the accuracy of the discretization of A% can be increased independently of h
by adding Fourier basis functions to the set &;. In the numerical simulations of Section 6 we will follow this
approach. Alternative possibilities for the discretization of the Lagrange multiplier space include other spectral
basis functions, such as e.g. Legendre or Chebyshev polynomials.

The discrete space for the approximation of V is then defined as

Vo= {oh e XM b(",€%) =0 V¢ e A%},

Remark 3.1. V"9 is not a subspace of V. As a matter of fact, if A% is not equal to A, then there may exist
€€ A, & ¢ A° such that b(o", &) # 0 for some " € VM9 and therefore " ¢ V. If we replaced V by V" in
W1, we would obtain a non-conforming method, i.e. a numerical method in which the discretized search space
is not contained into the continuous search space. The generalized version of Céa’s lemma [18] for this family
of methods is Strang’s second lemma [19], which states that the solution u” of the discretized version of W1

satisfies
hy _ h
i pns <C( inf fu— o s + sup 1LY 2 (Lt | (3.1)
vheyh.s whePh.s [l ]| y.s
where C' > 0 and || - ||yn.s is a norm for V"9, Note that the consistency error — i.e. the second term of the right

hand side in equation (3.1) — is identically zero for each w" € V™9 if V"% C V because u is a solution of W1.

The discretization of W2 is simply obtained by replacing the continuous functional spaces with their discrete
counterparts, namely:

(W3) given f € H-Y(R), find u" € X" and \° € A? such that
a(u”, o) + b, A%) = (f,o") Vo e XM,
b(u",n°) =0 v € A°.

By expanding u" and \° on their respective bases, equation (3.2) can be rewritten in system form as

5% B b) 63

where A;; = a(p;,¢:), Bij = b(p;,&), Wi = u;, A = A; and f; = (f, ¢;). By arranging the basis functions
o and the degrees of freedom such that all the basis functions corresponding to §2; come before those of €5,
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system (3.3) can be written as

A 0 —B’ir u; f;
0 Ay BI | |u| = |fa2],
—-B1 By 0 A 0

where (B1);; fr <pj §Z ds and (B2);; fr ©; )fl ds are coupling matrices. Clearly, By and Bs are likely to be
sparse if the basis functions internal to the subdomains have compact support, as the integrals are equal to zero
if <p;1 and gp( ) vanish on T'.

In this paper, the computation of the coupling matrices is performed by numerically integrating by Gauss
quadrature rules the integrals. Let us consider for instance the case of 31 in the two dimensional case. The

triangulation 7™ (1) induces on T a partition into nél)r elements, i.e. I' = UZ ellr E Y Given a Gauss quadrature

rule of order 2¢ — 1, the approximation of each term of Bj is computed as

n® n®

(Bl)mn = / (1)§m ds = Z / L:‘7(1)€m ds = Z Z |det<']' (1)(¢1( ))fm((bZ( ))wj7 (34)

where det(J;) is the determinant of the Jacobian of the map ¢; : EZ-(l) — (—1,1) from El(l) to the reference
interval (—1,1), x?q is the jth Gauss quadrature node in (—1, 1) and wj is the associated weight. As it is evident
from equation (3. 4) in order to compute the approximation of B it is sufficient being able to evaluate the

product ¢, (qﬁl( 9))&m (0i(x5Y)) at each quadrature node.

3.1. Generalization to multiple subdomains

In the previous sections we decided to limit ourselves to the case where the domain of the PDE is partitioned
into two subdomains. This choice is motivated mainly by the fact that considering the generic case of multiple
subdomains leads necessarily to complexity in the notation. We refer the reader to the already mentioned
references [4,11] for examples of how the functional spaces we considered in Section 2 could be adapted to
the case of multiple subdomains. One aspect that differentiates our approach from other methods (such as the
mortar method) is that, in the discretization process, our method requires to define a set of basis functions
for the Lagrange multiplier space of each interface. These bases can be chosen independently one from the
other. In particular, in our numerical results we were able to recover optimal convergence without imposing any
requirement on the values of the basis functions in the cross points.

As an example, Figure 1 (left) shows a three-way partition of € into three domains with three interfaces. Each
of the interfaces I'1 and I'y requires the definition of a corresponding space for the Lagrange multipliers. After
the discretization, the matrix of the algebraic system can be written as displayed in Figure 1 (right), where the
matrices (Bij)mn = fFi <p£lj ) ,(fl) ds discretize the coupling between the jth domain and the ith interface. We
remark that the signs of the coupling matrices are determined by the definition of the normals at each interface.
Notice that, besides the choice of the orientation of the normals at the interfaces, there is no hierarchy among
the subdomains.

In Section 6.3, we consider numerical results obtained on a domain whose partition is topologically equivalent
to that presented in Figure 1.

4. RELATIONSHIP WITH OTHER NON-CONFORMING METHODS

4.1. Relationship with the mortar method

The mortar method can be derived from the same problem written in primal hybrid formulation W2 we
considered in Section 2 [47]. Its discretized weak formulation could be rewritten in the form of a saddle-point
problem similar to equation (2.7) in which the space of Lagrange multiplier A%, depends on the discretization of
either Q; or Qo; see [43,44]. In particular, the classic mortar method requires assigning to €1 or to Q5 the role
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A0 o BL, o BL

0 A 0 -BL, —-BL 0

0 0 As 0 BL -BL
By —Bip 0 0 0 0

0 —By By 0 0 0
Bsy 0 —Bsz 0 0 0

FIGURE 1. Left panel: example of a three-way partition of €2 with three interfaces; each interface
corresponds to a Lagrange multiplier space. Right panel: corresponding system matrix obtained
from the discretization of the spaces.

of master and slave domains. The basis functions of A%, are chosen as the trace of the basis functions defined
over the triangulation of the slave domain which do not vanish on I'; the polynomial order of the basis functions
is usually decreased by one over the first and last elements of the partition of T'.

With respect to the mortar method, we believe that the main advantages of our approach are the following:

(1) the accuracy of the coupling can be increased or decreased by varying the number of basis functions for the
space A? independently of the discretization in the subdomains;

(2) the solution is independent of any classification of the subdomains into master and slaves, which is not
required by the method;

(3) the computation of the coupling matrices does not require projections between meshes, which makes the
implementation of the method easier.

One drawback of our method is that the Lagrange multiplier space has to be rich enough to provide the
necessary accuracy, but coarse enough to satisfy the inf-sup condition as described in Section 5.

4.2. Relationship with INTERNODES

The INTERNODES (INTERpolation for NOnconforming DEcompositionS) method [25] is based on an in-
terpolation approach, rather than the L2-projection approach which characterizes the mortar method. Given
each interface, the two adjacent subdomains are given the role of master and slave domains. Similarly to the
mortar method, the traces of the (finite element or spectral element) basis functions defined over the meshes of
the master and slave domains are used to enforce the continuity of the solution and the normal stresses. More
precisely, two interpolation operators — or intergrid operators — are defined: the interpolation operator from the
master to the slave domain is used to ensure the continuity of the solution, while the interpolation operator from
the slave to the master domain enforces the continuity of the normal fluxes. INTERNODES has been proven
to retain the optimal convergence properties of the mortar method.

Being INTERNODES closely related to the mortar method, compared to the former our approach offers
the same advantages we presented in Section 4.1 except for 3. Indeed, INTERNODES has the big advantage
of being simple to implement and allowing for non-matching interfaces, namely interfaces which could either
feature (small) overlaps or holes between them; we refer to this situation as geometric non-conformity. We believe
that our method is as simple to implement as INTERNODES and that it can be extended to non-conforming
geometries with the help of localized Rescaled Radial Basis Interpolation [24,27].
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4.3. Relationship with the three-field method

The three-field method was originally proposed in [15] and analyzed in [14]. Compared to the mortar method,
it has had significantly less impact on the domain decomposition community.
The multidomain extension of the weak formulation W1 by the three-field method reads [38]:

(W4) fori=1,2, findu) € X ¢ ¢ H=Y2(T) and ¢ € H'/*(T) such that

a(u® oMy — <J(1)7U(1)>H71/2(F) = (f, o) v e XM

(W, —uM) gy 1apy =0 vV e H=1/2(1),
<U(1) +03, p>H—1/2(F) =0 Vp € H1/2(F)a (4.1)
@,y — u(2)>H—1/2(F) -0 vn® e H-V2(T),

a(u®,v®) = (6@ 0D gy = (£,0?) V0@ € XD

It can be proven (see [38], Prop. 1.7.1) that if u is the solution of W1 and u(®), ¢, 4 are solutions of W4,
then v = ulgq,, o) = (Viu-n;)r (where Vyu - n; indicates the conormal derivative of u with respect to the
normal vector n;), and ¥ = ulr.

The weak formulation W2 we derived in Section 2 can be interpreted as a particular case of W4. Indeed, let
us firstly restrict the space H'/?(T) to its embedded subset Héé ?(T) and let us consider the particular case in
which A = o) = —¢() € A = H(;Ol/2(l"): then, the third equation in equation (4.1) is automatically satisfied
for all choices of p € H&éz(l“). Moreover, subtracting the second and fourth equations evaluated at the same
nM =n® =y e A yields

(% —uD)a = (9 — @) = (g, ul® —uW)y. (4.2)

Obviously, this duality is well defined only if the trace of u(® — u(!) belongs to Hééz (T"). We, therefore, set
u € Xoo such that u(!) = u|g, and u® = u|g,; equation (4.2) can be then rewritten as b(u,n) = 0 for all
n € A, i.e. the second equation in equation (2.7). The first equation in equation (2.7) is found by adding the
first and last equations in (4.1) tested for all v € Xyo such that v = v|g,, v®) = v|q,; observe that also
in this case it is necessary to restrict the search space for v to Xjyg, in order to ensure the well-posedness of
b(v,\) = (A, 0@ —pM),.

Although W2 and W4 are equivalent, their discretizations are not. Indeed, in the three-field method, it is
necessary to define the discretizations of the variational spaces of o!), ¢(2) and 4. In contrast, when discretizing
W2, the third equation of W4 is not approximated but solved exactly and the second and fourth are merged
into a single equation. As we have shown, setting 0(!) = —¢(?) is efficient because it allows to automatically
satisfy the third equation in equation (4.1), thus reducing the number of variables. Our approach limits to one
the number of spaces to be discretized for each interface, thus allowing better control of the stability of the
method.

5. INF-SUP CONDITION OF THE DISCRETIZED PROBLEM

Problems W2 and W3 are saddle-point problems [37]. As such, their well-posedness depends on the inf-sup
condition [12], also known as Ladyschenskaja-Babuka-Brezzi condition, which sets the requirements for the
uniqueness of the solution as well as the stability of the sequence of problems depending on the discretization
parameters (e.g. the mesh size h or the number of basis functions on the interface nr). We refer the reader to
[12,13] for a comprehensive description of the inf-sup condition from the functional and algebraic point of view
respectively. In this section, we specifically address the well-posedness of W3, and we limit ourselves to recall
that if the space A is characterized as in (2.5), the continuous problem W2 has a unique solution [11].
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Before stating the main stability result for W3, we recall that we characterize a(-,-) and b(-, ) as continuous
if there exist k, > 0 and k;, > 0 such that a(p, ) < kq|l@|lx||¢] x for every o, € X and b(p, &) < kpllellx|I€]|a
for every p € X, £ € A.

The following theorem prescribes the conditions for the well-posedness of W3.

Theorem 5.1 ([13], Thm. 3.2). Assume that a(-,-) and b(-,-) are continuous with constants k, > 0 and k, > 0,
and that there exist a > 0 and > 0 such that X", V*9 and A satisfy the conditions

a(v’, ")
mt  ——a— 2 Q,
vrevhs [[ol|%
b h .6
inf sup M > p. (5-1)
77561\5 vhexh v ||XH77 ||A

Then W3 has a unique solution. Moreover, there exists a constant C > 0, depending only on k4, Ky, o and

3, such that
h ) . h . 5
— A=A <C f — f |IN— 5.2
[l —w{|x + || lla < <vh,12;ch lu—v ||X+,7§2A5 IA=mn IIA>, (5.2)

where (u, \) is the solution of W2.

5.1. Numerical computation of the inf-sup constant

The inf-sup condition (5.1) is satisfied whenever A? is sufficiently “small” compared to X*. In the applications
in Section 6 we ensure that § exists by numerically computing an approximation 5 with the approach presented
in [2], which we briefly summarize here. Let us suppose that Xy € ROw? )X (i +007) and X € Rrrxnr
are norm matrices such that [[v"||% = (Xxv,v) and [[n°||Z = (Xan,n) for every v € X" and every n € A°. In
the previous expressions, we denoted (-, -) the standard scalar product in R™ (m = n&c) + n](ff) or m =nr) and
v and 7 the vectors of degrees of freedom of v and n°. Then, we have

B= inf su 7b(vh7n6) = inf su (Bv,n)
wens prewn [Pl [[P]a — 120 vy (Xov, v)1/2(Xam, 1)1/
1 —-1/2 1T

= inf ——— sup (W,X B 77)

0 (Xam,m)'/? (e *

lwll=1
_ _ 1/2

. f (XX1/2BT,’77XX1/2BT,’I) - (BX;lBTn7n)1/2
= in = in

n#0 (Xam,m)1/2 n20  (Xam,m)!'/?

We remark that the equivalence between the second and the third line of the last equation comes from the
fact that the unitary vector w maximizing its scalar product with y = X;l/zBTn isw=y/(y,y)'/? by the
Cauchy—Schwarz inequality. Introducing now the following generalized eigenvalue problem

Xy BT| |v| _ 0 0] |v
ERIH R o
and recognizing that we have
BX3'BTn,n)
BXy'B'n=0X _ (BXy BTn.m) 5.4
X n TANT] = o (XAT],’I]) ) ( )

we conclude that B can be computed as the square root of the minimum eigenvalue of equation (5.3), i.e.
B = \/Omin- For an application of this strategy, we refer the reader to the results presented in Figure 5.
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5.2. Convergence result for saddle-point problems

We close this section by focusing on the convergence of problem W3. The following proposition gives a sharper
bound than equation (5.2) to the estimate of the approximation error. The proof can be found e.g. in Theorem
16.6 from [37] or in the derivation of equation (5.2) in [28].

Proposition 5.2. Let the assumptions of Theorem 5.1 be satisfied. Then the solution (u,\) of W2 and the
solution (u", \%) of W3 satisfy the following error estimates

_— <(1 @)'f — oM+ 2t A =P 5.5

lu—ulle < {1+ ,,,glébh,a”“ vella + = ngrelml\ 7°lla, (5.5)
5 Ra Kq . h Rp Ra Kb . 5

A=Vl 5 (14 50) it e (1454 5t Ao (5.6)

Moreover, the following error estimate holds

inf |ju—ox < (1+’;’> Uhig(h lu — v"|| 2. (5.7)

vheph.s

Proposition 5.2 shows that, whenever the space of Lagrange multipliers is rich enough (namely the second
term in equation (5.5) becomes negligible compared the first one), the approximation of u is essentially bounded
by the best approximation error on X. However, this richness may lower the inf-sup constant 8 and therefore
loose the approximation (5.7). It is therefore important to find the correct balance.

We remark that from equation (3.1) we have that increasing the size of the Lagrange multipliers space is
equivalent to lowering the size of V*® and, consequently, the supremum in its right hand side. The two error
estimates in (3.1) and (5.5) are therefore equivalent ways of expressing the fact that, if the continuity over the
interface I' is enforced strongly enough, the error converges to zero as the error due to the spatial discretization
in X". As we show in the next section, we are then able to recover the usual convergence orders for u with
respect to the mesh size h when using FEM.

6. NUMERICAL RESULTS

In this section, we focus on the performance of the method presented in Section 2 on two dimensional and
three dimensional problems. The numerical simulations in two dimensions are performed with a set of MATLAB
scripts which can be freely downloaded?. The results we discuss in Section 6.3.2 are obtained with GeoPDEs
[46], a free and open source package written in OCTAVE and MATLAB for IGA. The three dimensional results
in Section 6.2.2 has been obtained using LifeV [8], a C++ library for high performance numerical simulations
with FEM.

For all the simulations, we employ standard piecewise polynomial Lagrangian basis functions defined over
suitable triangulations in the subdomains or B-Splines basis functions, as presented in Section 6.3.2. Regarding
the choice of basis functions for A°, we already anticipated in Section 2 that in this paper we investigate the
possibility of using low-frequency Fourier basis functions built on the interface T'.

Remark 6.1. All the linear systems arising in the numerical simulations, except those in Section 6.2.2, are
solved by means of the backslash operator in MATLAB without any preconditioning.

2https ://github.com/lucapegolotti/coupling_scripts
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FI1GURE 2. Condition number of the discretized system for the Poisson problem on two subdo-
mains (see Sect. 6.2) vs. number of basis functions for the Lagrange multiplier space nr. On
the left, we consider the non-orthonormal basis functions in equation (6.1), while on the right
we consider their orthonormalization.

6.1. Choice of basis functions for the Lagrange multipliers

In this section, we focus on the discretization of one dimensional interfaces. We will provide an example of
how our approach can be generalized to two dimensional surfaces in Section 6.2.2.
Given an interface with length L, we consider & =1 and, fori=1,...,n,

&2i(s) = sin(w;ms), &a2i+1(s) = cos(w;ms), (6.1)

where s is the arc length of the interface I', w; = i/L, and n,, is the number of considered frequencies; it holds that
nr = 2n,, +1. With this definition, the set {&;}'*; forms an orthogonal basis with respect to the L?(0,2L) scalar
product. We choose to employ such basis — instead of the standard Fourier basis orthogonal (or orthonormal)
with respect to the L2(0, L) scalar product — because, by considering basis functions with periodicity L, we
would impose an unnecessary periodicity constraint, in particular, the equality of the functions in A® and
their derivatives at the extrema of I'. As a result, we empirically observed that by employing the standard
L?(0, L) orthonormal Fourier basis functions the optimal convergence of FEM is retrieved for larger values of
np compared to the choice in equation (6.1). However, employing non-orthonormal basis functions (6.1) has a
dramatic influence on the condition number of the resulting linear system, which has exponential growth with
the increasing number of basis functions on the interface; see Figure 2 (left).

In order to retain the convergence order attained by using the Fourier modes in equation (6.1) and, at the
same time, control the condition number of the system, we propose an orthonormalization strategy based on
the Gram-Schmidt algorithm or, equivalently, on the QR decomposition [41]. Even though the coefficients of the
orthonormal basis generated by (6.1) with these algorithms could be analytically derived, their exact expression
quickly becomes complex with np becoming large. With our approach, we aim at obtaining an approximation
of such coefficients relying on a fine sampling of the basis functions on the interval (0, L). We remark that, in
addition to allowing to effortlessly compute a large number of orthonormal basis functions, our approach has
the advantage to be general enough to be applied to any set of non-orthonormal basis functions.

Let {&}:T; be the set of non-orthonormal basis functions defined on I'. Moreover, let {x;};=; be distinct
sample points distributed over the interval (0, L), where L still denotes the length of the interface. We now
introduce the functions {x;};=,, which we identify with the set of standard Lagrangian piecewise linear basis
functions centered on each sample point z;, and the associated mass matrix M;; = fr k;k; dx. Furthermore, let
V = [v1, Vo, ..., Vu| € R™X" he the matrix of the evaluations of the basis functions on the sample points,
namely Vj; = &;(z;). We remark that, for each ¢ = 1,2,...,np, we have H&”%Q(O,L) ~ vl Mv,;. Since M is a
positive-definite matrix, it admits a unique Cholesky decomposition and there exists C € R"s*"s guch that
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CTC = M. Let us now consider the unit matrix Q € R™*"" and the upper triangular matrix R € R""X"r such
that the truncated QR decomposition of CV reads

CV =QR.

By construction, we have
ctQ'mMclQ=Q"cTcTccTQ =1,

thus, the columns of C~1Q represent evaluations at the sample points of functions orthonormal on (0, L) with
respect to the L? product. The matrix R performs the change of variable from the frame of reference of the new
orthonormal basis functions to the frame of reference of the non-orthonormal basis functions. If the sampling is
sufficiently fine, we speculate that the elements of the matrix R~! well approximate the coefficients which are
computed by applying the Gram-Schmidt algorithm to the continuous non-orthonormal basis functions {;};T,
and, in particular, that

5 =Y 4R (6.2)
j=1

From a practical perspective, the matrix R~! is suitable to compute the coupling matrix BS with respect
to the orthonormal Fourier basis functions, knowing the coupling matrix computed without orthonormalization

B. Indeed, we have
nr nr
BG® = / SRILEEDD ( / & ds) B! =) Bull,
r k=1 T k=1

or equivalently BJ® = R™TB. Observe that, being R an upper triangular matrix, the application of R~" is
performed at negligible cost and that the matrix R~7 depends only on the choice of the non-orthonormal
basis functions and can be then computed a priori. We remark that, with this approach, the orthonormal
basis functions are never explicitly computed. Moreover, since the discrete space is exactly the same, the
approximation properties and the convergence orders are not changed. Figure 2 (right) shows that, after the
orthonormalization of the Fourier basis functions (6.1) by the algorithm we presented, the system is more stable
and the condition number increases with the number of Fourier basis functions nr dependently on the refinement
level of the mesh h.

6.2. The Poisson problem on two-way partitioned domains

6.2.1. Results in two dimensions on the unit square

Let us consider the global Poisson problem (2.2) on the domain 2 = (0,1)?, where we take f such that
u = 100zy(1l — x)(1 — y)sin(1/3 — xy?) is the exact solution. We divide Q2 into Q; = (0,0.5) x (0,1) and
Q9 = (0.5,1) x (0,1).

We numerically solve the problem on €; and Q9 by employing structured triangular conforming and non-
conforming meshes with varying mesh size h. The conforming meshes are obtained by subdividing the domain
in the z- and y-direction in the same number of elements. On the other hand, the non-conforming meshes are
built by taking in the y-direction of 25 N + 1 elements, N being the number of elements in the y-direction in
Q7 as well as the total number of elements in the z-direction.

Figure 3 shows how the solutions on ; and {25 obtained with a conforming mesh with N = 20 elements in
each direction change with respect to the number of basis functions on the interface. The results are obtained
with quadratic Lagrangian polynomials in both subdomains. From the contour lines plots in the top row, it
appears that the two solutions match quite accurately at the interface with 5 Fourier basis functions (n, = 2).
In the second row of Figure 3, we plot the approximation by finite differences of the derivative of the solution
with respect to z in the two domains, which is equal to the normal derivative of v and to the opposite of
the normal derivative on 4/ on I' respectively. Observe that, as we already highlighted in Remark 2.4, the
Lagrange multiplier \° takes the role of the normal derivative of " on I.
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F1cure 3. Contour lines of the solution (fop row) and derivatives of the solution at both sides
of the interface, approximated Lagrange multiplier and exact derivative at the interface (bottom
row) when np = 1 (left column), npr = 3 Fourier modes (middle column) and nyr = 5 Fourier
modes (right column) are used to characterize the space A°.

Let us now address the convergence of the global solution to the exact one with respect both to the mesh size
h and the number of basis functions on the interface nr. To this end, we consider meshes with total number
of elements in the z-direction N = 20, 28, 40, 56, 80, 114, 160 and we solve the problems by employing quadratic
Lagrangian basis functions in both subdomains. Figure 4 (top row) depicts the decaying of the error in X'-norm
(the broken norm) with respect to h, as well as the convergence of the error obtained by solving the problem on
a single conforming mesh of  (in black dashed line). When employing both conforming and non-conforming
meshes, the error is optimal — in the sense that we recover the theoretical order of convergence h? of quadratic
finite elements for the H'-error — when nr is large enough, e.g. np > 13. In this case, the error is equal to the
one given by the single domain approach. If nr is too small, on the contrary, the solution is unable to converge to
the exact solution with h and reaches a stagnation point. We remark that this result is perfectly consistent with
Strang’s second lemma (3.1) and with the stability result in Proposition 5.2: whenever the space of Lagrange
multiplier is rich enough (which is equivalent to requiring that V™ be a good approximation of V), the best
approximation error of the interpolation is recovered.

Remark 6.2. In our numerical simulations with non-conforming meshes, we observed that instabilities arise
when using coarse meshes and low-order quadrature rules for the computations of the approximate integrals of
Bj and Bs in equation (3.4). When considering, for example, h = 1/20,1/28,1/40 and 2 Gauss quadrature nodes,
the error starts increasing when nr becomes large (e.g. np > 15). By increasing the order of the quadrature rule
and choosing 4 Gauss quadrature nodes this issue is completely fixed. We did not encounter stability problems
when using conforming meshes, even with low-order quadrature rules.
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FI1GURE 4. Convergence of error in broken norm with respect to the mesh size h and number
of basis functions on the interface nr with conforming (left panel) and non-conforming meshes
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FIGURE 5. Decaying of the inf-sup constant B with respect to nr.

Figure 5 shows the variation of the estimate of the inf-sup constant 5 — computed as the square root of the
minimum eigenvalue of the generalized eigenvalue problem (5.3), as described in Section 5.2 — when the number
of basis functions on the interface changes; the estimate refers to the simulation of the Poisson equations with
conforming meshes and quadratic polynomial basis functions. Due to the difficulties in computing the H&)l/ 2
norm for the Lagrange multiplier, we replaced the estimate given by equation (5.3) with a surrogate where the
space X" is substituted with the space spanned by the traces on I' of the finite element basis functions ¢;;
the L?-norm is used both for such space — we denote X 12(q) the corresponding mass matrix — and A?. For the
result in Figure 5, we employed the orthonormal basis functions §iGS computed as in equation (6.2), so that
Xa = I; therefore, from equation (5.4) it follows that B is simply found as the square root of the minimum
eigenvalue of BG5S X L_zl(Q)(BGS)T. In Figure 5, each curve presents a plateau phase in which the inf-sup constant

stays approximately constant at around E ~ 1.41 with the increment of nr. The width of such plateau phase
increases when i becomes smaller. Indeed, we observe that 3 starts decreasing for smaller values of nr when
the meshes are coarser and that, conversely, for finer meshes the inf-sup constant varies relatively little in the
range nr € (1,31). We remark that, combined with the condition number shown in Figure 2 (right), this result
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FIGURE 6. Left panel: subdomains of the cylinder with corresponding meshes (sizes: h; =
1.61-1071 and hy = 1.76 - 1071). Right panel: the solution u obtained with np = 28.

ensures that for each refinement level, we are able to obtain the optimal convergence of FEM when the basis
functions are orthonormal. Indeed, refining the mesh has the effect of both increasing the range of stability of
the linear system — see Figure 2 (right) — and increasing the number of basis functions on the interface that
can be employed without reaching the fast decaying region of 5 in Figure 5. With regard to this last point,
we recall that it is important to prevent the inf-sup constant to become too small because it appears at the
denominator of the constant multiplying the best approximation errors on v and on X in the error estimates of
Proposition 5.2.

6.2.2. Results in three dimensions on a cylinder

We consider the Poisson problem (2.2) on a three dimensional domain. In particular, we take the cylinder
Q={x=[z,y,2]T €R3:2€(0,2), y* + 2% < R?},

where R = 1/2, and we set the forcing term f such that

Cos (T SP@ LY g2 ey ) singe —
u—25(2 exp2—1)(R Yy~ — z°)sin(x — y) sin(z — 2)

is the exact solution.

We consider the subdomains €2; and 9 obtained by cutting the domain with the plane corresponding to
z = 1. On each subdomain, we define a family of triangulations 7! and 7@ composed of tetrahedra such that,
for each couple (7", 7m®@) ¢ T x TR the resulting mesh is not conforming at the interface. Figure 6
(left) displays one of such global triangulations of the computational domain. We consider finite element spaces
composed of standard Lagrangian linear and quadratic basis functions on €7 and €25 respectively.

For what concerns the discretization of the Lagrange multipliers space, in this test case we exploit the fact
that the interface T' is a circle (before the geometric discretization of §2). We define on the plane z = 1 a
polar system of coordinates centered in xg = (1,0,0) and we denote by u = \/y? + 22 and v = 0(y, z) the two
parametric variables representing the radial distance from the point xg and the angular variable. The function
0(-,-) is defined as 0(y,z) = arctan(z/y) if y > 0 and 0(y, z) = arctan(z/y) + 7 if y < 0. We define in each
of the parametric directions a set of basis functions. In the radial direction, we take &' ;(u) = cos(miu/4R),
for i = 0,...,nY; we employ only cosines with varying frequencies in order to avoid discontinuities in the
derivatives at u = 0. In the angular direction, we take £} (v) = 1, £5;(v) = sin(imv) and &5, (v) = cos(imv),
with i = 1,...,n.. The two dimensional basis functions on the interface are then defined by means of the tensor
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FIGURE 7. Convergence of the H!'-error on the solution u in Q; and Qs (left panel) and con-
vergence of the L?-error on the Lagrange multiplier A (right panel).

product of these two sets of univariate basis functions, namely we define &;;(u,v) = §'(u)§} (v) and the total
number of such basis functions is npr = (n% + 1)(2n?, 4+ 1). In our tests, we consider to simplify the analysis of
the results n, = ny, but the resolution in the two parametric directions is a priori independent.

Figure 7 shows, on the left, the convergence of the H'-error of u in €; and Qs and, on the right, the
convergence of the L2-error on the Lagrange multiplier A\. The error on the solution converges (if nr is high
enough, consistently with what observed in Sect. 6.2.1) in each subdomain with the theoretical rate of the
employed finite element space: order one in 21, where linear finite elements are used, and order two in s,
which has been discretized by using quadratic finite elements. If, on the other hand, the Lagrange multiplier
space is not sufficiently rich, the error does not converge when h goes to zero. We remark that, being the error
in € larger than that in €5 by one order of magnitude, the theoretical convergence of order one is achieved
for smaller nr in that subdomain. The L2-error on the Lagrange multiplier, however, is not monotonic with
respect to the number of basis functions np; see Figure 7 (right). In particular, for larger mesh sizes the error
rapidly increases with np, whereas for smaller mesh sizes the error reaches a minimum for np strictly smaller
than np = 28. This effect is clearly related to the inf-sup stability of the problem and to the fact that, as
we already noticed in Section 6.2.1, the inf-sup constant 8 rapidly goes to zero with np if the mesh size is
too large. The effect of the inf-sup condition being violated is also visible in the plot on the left, where for
coarse meshes the error in 5 increases with the addition of basis functions for A%; however, the increase in the
error on the solution is not as evident as that on the Lagrange multiplier. One plausible explanation for the
inf-sup stability of the problem having a larger impact on the accuracy of A than the accuracy of u is that, by
combining equations (5.6) and (5.7), we see that % appears at the denominator in the error estimate of the
Lagrange multiplier, whereas the constants in the error estimate for v in equation (5.5) depend on 1//.

For this test case we solve the linear system by the GMRES method with tolerance 10~%. We also employ
the block diagonal preconditioner

A 0 0
P=10 A4, 0],
00 M

where A; and A, are the stiffness matrices in the two subdomains and M;; = (&;,&;)r is the mass matrix of
A%, which is computed by selecting the finest mesh on the interface I’ for the numerical integration. During
the application of the preconditioner, each diagonal block is solved by an LU decomposition. Figure 8 shows
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F1GUuRE 8. GMRES iterations for solving the (preconditioned) linear system on the problem
presented in Section 6.2.2 vs. number of basis functions for the Lagrange multiplier space.
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FIGURE 9. Three-way partition of the model bifurcation. The displayed mesh corresponds to
the size h = 1.32- 107 1.

how the the number of GMRES iterations varies with respect to npr and the mesh size. Clearly, the number
of iterations increases by enriching the basis functions on the interface. Nevertheless, it also appears that the
number of iterations decreases when the mesh size becomes smaller. This is a consequence of the fact that, for a
fixed nr, the conditioning and the inf-sup stability of the coupling improve when h becomes smaller (as shown
in Figs. 2 and 5).

6.3. The Navier—Stokes steady equations on three-way partitioned domains
In this section, we test the flexibility of our method by solving the steady Navier—Stokes equations in the
domain Q € R? depicted in Figure 9, which represents an idealized bifurcation in an arterial tree. The equations

read
—pAu+ (u-V)u+Vp=£f inQ,

6.3
divu=0 in , (6:3)

with u =g on I'p and o(u,p)n = h on I'y. Here, u and p are velocity and pressure respectively, u € RT is the
viscosity, I'p and I'y are portions of the boundary such that Tp NT'y = 0Q and Tp Uy = 0, f is a given
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forcing term, g and h are the Dirichlet and Neumann boundary data respectively, and
o(u,p) = pVu—pl

is the stress tensor. In all the test cases we consider, we take I'p = I'yy UT'y,, where Ty, = {0} X (—=7ip, 7in) Wwith
rin = 0.5 is the inflow boundary on the left and I'y, is the wall of the vessel. The Neumann boundary I'y =
Lout, U Tout, is composed of the two outflows on the right. The Dirichlet boundary data is g = (312/7“12;@ —1)Un
on Iy, (where n is the outward normal to the inflow boundary), namely we impose a longitudinal parabolic
inflow with maximum velocity magnitude U, and g = 0 on I'y, (no-slip condition). On the outflows I'y we set
homogeneous Neumann conditions, i.e. h = 0. In the numerical simulations, we set y =1, U =1 and f = 0.

Let us briefly consider the spatial discretization of the Navier—Stokes equations in two dimensions. For a more
complete treatment, the reader is referred to e.g. [37]. Let V = [H'(Q)]? be the space of functions with two
components belonging to H(2) and let Q@ = L?(Q2) be the space of square integrable functions. For all ¢ € V,
1 € Q we introduce the bilinear forms a(p, 1) = (uVe, Vip)q and c(p, 1) = ((p - V), ¥)q. Moreover, let
d(e, ¢) = —(dive, ¢)q for all ¢ € V and for all ¢ € Q. The weak formulation of (6.3) reads

(W5) given f € V', g € [HY?(Ty))?, and h € ([HY2(T'n)]?)" , find (u,p) €V x Q, such that

a(u,v) + c(u,v) +d(v,p) = (f,v) + (h,v)r, WYwve,

d(u,q) =0 Vg e O (6-4)

and such that u|r, = g.

Let us consider the finite dimensional approximations of the velocity u” = Yo @;u; and the pressure

ph = Z?:”l ¢;p;. Upon discretization of equation (6.4) by a Galerkin method — in this section, we consider FEM

and IGA — the system can be rewritten in algebraic form as

A+Cw) DT |r
{ D o %= lol (6.5)
-~
A(w) F
where w = [u1,..., U, D1, Pn,| € R™=* 7 is a vector containing n, degrees of freedom for the velocity and

n, degrees of freedom for the pressure, A;; = a(p;,¢;), [C(W)]; = (V- ¢;)u”, ¢;) (where u" is obtained

by linear combination of the basis functions ¢, multiplied by the degrees of freedom of the velocity in w),
Dij = d((pﬁ (b%) and r; = (f7 901‘) + (h7 (Pi)FN‘

Let us now introduce a partition of the domain Q into three subdomains {€2;}3_; separated by three inter-
faces {I';}3_,, as shown in Figure 9. Since the subdomains are topologically arranged as the ones presented in
Section 3.1, the matrix of the global system maintains the structure of that presented in Figure 1. The global
system reads

Al(Wl) 0 0 Bﬂ 0 B;;Fl W1 F,
0 AQ(W2) 0 —B{Q —B%; 0 Wo F2
0 0 .A3(W3) 0 Bg?) —B?g W3 _ F3 (6 6)
Bll 7B12 0 0 0 0 A1 0|’ '
0 —BQQ 323 0 0 0 )\2 0
B31 0 —333 0 0 0 A3 0

where A; and F; are the matrix and right hand side of system (6.5) referred to the ith subdomain, whereas B;;
is — as explained in Section 3.1 — the matrix discretizing the coupling of Q; and the interface I';. For i = 1,2, 3,
the vector A; contains the Lagrange multipliers corresponding to the ith interface. Even in three dimensions,
the computation of B;; is straightforward and does not require projections or interpolations between meshes.
Indeed, the value of the basis functions at each interface is known a priori.



COUPLING NON-CONFORMING DISCRETIZATIONS OF PDES 1687

Remark 6.3. When applied to the Navier—Stokes equations in two dimensions, the method requires assigning
to each interface two sets of basis functions discretizing the two components of the normal stress. To see why
this is the case, consider the situation in which Q is subdivided into €; and £29; let us denote as always the
interface of the two partitions by I'. Multiplying the momentum equation by a test function v € [H} (2)]* and
integrating by parts on {2y leads to

I Vu:Vvdx—/

pV-vdx—/a(mp)n-vdx: f-vdx+/ h-vdx.
N N r N a

QNN

The integral on T is the coupling term. Each of the two components of the normal stress o(u, p)n must be
discretized by a set of basis functions. In this paper, we choose for simplicity to use the same set for the two
components of the normal stress.

We consider again Fourier basis functions for the approximation of the normal stresses. Since, as explained in
Remark 6.3, we need two Lagrange multipliers for representing each normal stress, the number of basis functions
on the ith interface T® is found as n? ) — 2(2n,i) + 1), where n i) is the number of frequencies. We consider
the same number of frequencies on each of the interfaces, i.e. n, = n,a) = n @ = nye). Therefore, the total
number of basis functions for the Lagrange multiplier space is simply given by np = Z?=1 n%z ) = 6(2n, + 1).
This choice is uniquely made to reduce the number of free parameters and to ease the analysis of the numerical
results. Similarly to what noted in Section 6.2.2, where we employed the same number of frequencies in the two
parametric directions of the two dimensional interface, one could equally decide to vary the number of basis
functions on each interface, if such decision was motivated by the application at hand.

Remark 6.4. The discretized (non-linear) Navier-Stokes equations (6.6) are solved by means of Newton’s
method with stopping tolerance 10~8. We observe that employing orthogonal basis functions on the interfaces
in this context is beneficial because this allows to control the condition number of the Jacobian system. In the
numerical simulations we present, however, we were able to obtain the optimal convergences (i.e. increase np
as much as required) without orthonormalizing the basis functions of the Lagrange multipliers. The non-linear
solver always converged in three iterations or less.

6.3.1. FEM-FEM coupling

We focus on the convergence of the problem when the discrete spaces in the three subdomains are built by
means of finite element functions. We define a family of globally non-conforming triangulations 7" characterized
by the mesh size h, namely the maximum edge length over Q2. We remark that, since the exact geometry features
curved boundaries, these triangulations are associated to a geometric error; this is not the case when some of
the subdomains are discretize by IGA, as in Section 6.3.2. Differently from what done in Section 6.2, we only
focus on non-conforming meshes and we exclusively employ the inf-sup stable Taylor-Hood [30] elements with
quadratic basis functions for the velocity and linear basis functions for the pressure (which in the following
will be denoted P2-P1 basis functions). To compute the error of the solution obtained with the non-conforming
method, we consider a reference solution u obtained with P3-P2 basis functions on a fine conforming mesh
(hine = 1.12 x 1072, corresponding to 1509020 and 335’887 degrees of freedom for the velocity and the
pressure respectively).

Figure 10 (left) displays the contour lines of the solution corresponding to the mesh size h = 7.13 x 10~2 and
n, = 4. For this discretization of the Lagrange multiplier space, the contour lines at both sides of each interface
match quite accurately and, therefore, the continuity of the global solution is well recovered. Figure 10 (right)
shows that, if nr is large enough, the following error estimate for P2-P1 elements

N 1/2 3 1/2
<Zu—uh|?{1(ni>> + (Z ||p—ph||2m(g,.)> < Ch? (6.7)
i=1 i=1
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FIGURE 10. Left panel: solution of the Navier—-Stokes computed on a mesh with size h =
7.13 - 1072 and employing n, = 4 frequencies (corresponding to nr = 54 basis functions for
A%). Right panel: convergence of the error (as defined in Eq. (6.7)) with respect to the mesh
size h, for different values of nr.

holds. In particular, we observe that when only low frequencies are considered, the error on the Lagrange
multiplier A is larger than the finite element error and the global error remains approximately constant when h
tends to zero. For n,, = 4 and n,, = 5, on the other hand, the error on A is negligible and the rate of convergence
of FEM is fully recovered. We remark that, compared to the total number of degrees of freedom for velocity
and pressure in the three subdomains — which ranges in the intervals 3'232—48'978 for 1, 1'463—39'080 for Q5
and 2/760—93'202 for Q3 — the number of basis functions of A° considered in Figure 10 (right) is negligible (we
take at most nr = 66).

Figure 11 shows the distribution of the error [u —u”| on the domain  on two non-conforming meshes, when
different numbers of frequencies are considered. Note that, being the color scale logarithmic, we set the error
on the Dirichlet boundaries (which is zero) to the arbitrary value 10716, In the first two rows, corresponding
to the choice n,, = 0 (top row) and n,, = 2 (middle row), the error is mostly concentrated in correspondence of
the interfaces (in particular I'y) and the maximum values reached for the two different mesh sizes are similar;
this effect is caused by the poor approximation of the Lagrange multiplier spaces. In the bottom row, instead,
the maximum values of the error reached on the finer mesh are significantly smaller than those obtained on the
coarser mesh. Moreover, on the coarse mesh the error is not localized in correspondence of any interface (that
is, the finite element error dominates the error on the Lagrange multiplier reconstruction), whereas on the finer
mesh the larger errors are still found in correspondence of T's.

6.3.2. FEM-IGA coupling

We now investigate the possibility of coupling different numerical schemes by spectral Lagrange multipliers.
Specifically, we consider IGA for the discretization of ; and Q3, and FEM for the discretization of 5.

For the sake of conciseness, we do not focus on the details of IGA and we limit ourselves to recall the general
ideas of the method. The interested reader is referred to e.g. [21,31] for a complete overview, and to [16] for an
application of the mortar method to IGA.

IGA is built upon the isoparametric concept, which prescribes the use of the same basis functions for the
geometry generation and the discretization of the functional spaces where the solution of the differential problem
is sought in. The most common choices for such basis functions are B-Splines and NURBS (Non-Uniform
Rational B-Splines), which are commonly employed in all modern CAD (Computer-Aided Design) software. In
this work, we solely focus on B-Splines, which are sufficient to represent the bifurcation in Figure 9. The principal
advantages of the approach are: (i) the global high continuity of the basis functions, which often entails higher
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FIGURE 11. Error distribution on the bifurcation when employing n,, = 0 (top row), n, = 2
(middle row) and n,, = 4 (bottom row) and a coarse mesh (left column, h = 9.29 - 1072) and a
fine mesh (right column, h = 3.11-1072).

accuracy than standard finite elements functions with equal polynomial degree (which are only C°- continuous
across the edges of the mesh), and (ii) the exact correspondence of geometry and computational domain, that
is, the method does not require any mesh generation and — consequently — no geometrical approximation of
curved boundaries.

Univariate B-Splines basis functions of order p are generated by means of the Cox-De Boor recursion formula
[22] from a knot vector = = [{1, .. ., nqpt1]; we remark that we decided to adopt the usual notation & commonly
found in the literature to denote the individual knots, even though we previously associated such letter to the
basis functions of A°. In this paper we consider open knot vectors, i.e. knot vectors such that & = ... = Ept1
and {41 = ... = {ngpt+1- The continuity of the basis functions across each internal knot §; is determined by
its multiplicity, i.e. the continuity of the basis functions across such point is CP~"". Multivariate B-Splines are
obtained by the tensor product of two sets of univariate B-Splines. In the following, we will denote {@;};™*| a set

of bivariate basis functions; note that, as the polynomial degrees in the two parametric dimensions is a priori
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FI1GURE 12. Global solution obtained by considering 6 x 12 elements and P3-P2 B-Spines basis
functions in Q1, a finite element mesh with size h = 7.16 - 1072 and P2-P1 basis functions in
Qs, 5 x 10 elements and P3-P2 B-Splines basis functions in 3, and n, = 5 frequencies for the
discretization of A?. The control points are marked with red dots.

different, we omit to specify the degree of the bivariate polynomials. Moreover, we introduce the parametric
domain Q € R?, which is the support of the bivariate functions.

B-Splines surfaces are obtained from bivariate B-Splines by means of their linear combination with control
points {b; }{=7, where each b; belongs either to R? or to R? if the surface is embedded in two or three dimensions
respectively (here, we consider the former case). Therefore, the function

Nbf

x(%) = Z 3:(X)b; : Q0 — Q (6.8)

defines a mapping — which we assume invertible for all X € Q - from the parametric space Q to the physical space
Q. By the isoparametric concept, we define a set of basis functions on Q as ¢; = @;ox !, foralli =1, ..., ny;. We
remark that the resulting functional space, even if intrinsically linked to the geometry definition, can be enriched
by knot insertion (h-refinement), order elevation (p-refinement) and a combination of the two techniques (k-
refinement) [20]; such modifications of the knot vectors in the parametric dimensions do not affect the geometry
of the physical domain.

Figure 12 shows as an example the partitioned domain 2 with a finite element triangulation in Qs and a
subdivision into elements of the physical domains 2; and 3. These are obtained from mappings of the form
(6.8), acting from the parametric domains Q=05 = [0,0,0,0,1,1,1,1] x [0,0,0.5,1, 1]. The resulting bivariate
space is then composed of P3/C2 (piecewise cubic with continuity up to the second derivatives) basis functions in
the first direction, and P1/C0 (piecewise linear with C°-continuity) basis functions. The corresponding control
points are marked with red dots.

In order to approximate the two components of the velocity and the pressure appearing in the Navier—Stokes
equations, we define functional spaces as presented above. In particular, in £2; and 25 we employ Taylor-Hood
elements — which, in the context of IGA, have been analyzed e.g. in [17] — of degree p and continuity p — 1 for
the pressure and degree p + 1 and continuity p for the velocity, whereas in {25 we only consider P2-P1 basis
functions. A global solution obtained by using P3-P2 basis functions in ;, P2-P1 basis functions in €25 and
P2-P1 basis functions in {23 is shown in Figure 12.
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FicUrE 13. Convergence of the error in 23 with respect to the mesh size h and number of
basis functions on the interface nr. The basis functions in Q3 are P2-P1 B-Splines (left panel)
and P3-P2 (right panel).

o oo o o o] [ ‘ ] —e—n.-
= E ] E 1 —mn, =1
_‘1, r § r 1 —e—ng,=2
S [ 7 [ 1 —A—n,=3
vt E 3 1 o na-
o g . g 1 —o—ng=5
n " § " §
= 1072} E 8 E
= g E g |
c: L - L -
| 1073 E 8 E
3 i ] i ]

0—4 L | L L | L

7.07-1072 1.19-10~1 2.02-10~1 7.07 1072 1.19-10~1 2.02-10~1

h h

FIGURE 14. Error in 3 (left panel) and Qo (right panel) with respect to the mesh size h in Q3.
In the latter subdomain, we employ P3-P2 B-Splines basis functions.

In this simulation, we test the convergence of the error with respect to the mesh size of a single subdomain,
namely €23. To this end, we fix the number of degrees of freedom in €, and 25 and progressively refine the mesh
in Q3. In Q1, we employ P3-P2 basis functions and 3’200 elements, for a total of 27’390 and 3’655 degrees of
freedom for the velocity and the pressure respectively; in 25 we consider P2-P1 finite element basis functions
on a mesh with 12’448 elements, which correspond to 50’590 and 12’848 degrees of freedom for the velocity and
the pressure respectively. Figure 13 shows the convergence of the error with respect to the mesh size in 3, for
various levels of discretization of the space A%, when P2-P1 (on the left) and P3-P2 (on the right) Taylor-Hood
basis functions are employed. The error is computed with respect to the fine finite element solution obtained
with P3-P2 basis functions we already considered in Section 6.3.1. The results are consistent with what found
in the previous sections, and in both cases we are able to recover the optimal convergence of IGA (quadratic
on the left, cubic on the right). Figure 14 shows the behavior of the error in the first two subdomains when
P3-P2 basis functions are employed in €23 on a mesh with varying size. These results show that the accuracy
of the stress reconstruction at the interfaces has a strong impact on the accuracy of the solution in €; and
Q5. Smaller meshes sizes in 23 together with good approximation of the Lagrange multipliers, indeed, lead to
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smaller errors in the two subdomains even if the number of degrees of freedom of the respective local solutions
remains constant.

7. CONCLUSIONS

We presented a non-conforming method for the coupling of PDEs defined on domains partitioned into non-
overlapping subdomains. At the continuous level, our method and the mortar method are based on the same
weak formulations in which the continuity constraints over the primal (the solution) and the dual (the stress)
variables are enforced via Lagrange multipliers. As we described in the paper, our choice of discretizing the
space of Lagrange multipliers independently of the spatial discretization in the subdomains offers the advantage
of a straight-forward implementation of the method and the possibility of tuning the accuracy of the coupling as
required by the application; we limited ourselves to considering Fourier basis functions defined over the interface.
However, the saddle-point nature of the problem poses constraints over the richness of the discretized space
for the Lagrange multipliers compared to the degrees of freedom of the primal variable: we empirically verified
that the inf-sup constant can be controlled dependently on the mesh size, in the sense that finer meshes allow
considering larger number of Fourier basis functions, without violating the inf-sup stability. In the numerical
experiments, we showed that the optimal convergence of the finite element method was recovered for the Poisson
problem; this was confirmed both when using conforming and non-conforming meshes, and when using different
polynomial degrees in the subdomains. We also verified that the error obtained when employing a sufficiently
rich basis for the Lagrange multiplier spaces is equal to that obtained considering a global conforming mesh with
comparable size (see Fig. 4). Since this represents a lower bound for the error of the mortar method as well, it
can be said that — with an appropriate choice of basis functions for the Lagrange multiplier space — our method
performs at least as well as the mortar method in terms of accuracy. In the last part of the paper, we showed that
the method can be easily extended to the case of non-elliptic equations, such as the Navier—Stokes equations,
and to cases in which multiple partitions of the domain are discretized with different numerical methods, namely
the finite element method and isogeometric analysis. Also in these numerical simulations were able to retain
optimal convergence rates by choosing an appropriate number of basis functions for the approximation of the
Lagrange multiplier space.

We described a coupling strategy based on classical results that showed desirable convergence properties and
we were able to apply such technique to a variety of non-conforming approximations of PDEs. Nevertheless,
there are still matters that need to be addressed. We believe that future improvements of the current work
should discuss, in particular, (i) the development of a priori estimates for the optimal choice of np, (ii) the
theoretical analysis of the conditioning of the system arising from the coupling in terms of number of basis
functions for the Lagrange multiplier space, of their orthonormality, and the number of considered subdomains,
and (iii) the design of ad-hoc preconditioners for the saddle-point linear system.
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