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ERROR ANALYSIS OF PML-FEM APPROXIMATIONS FOR THE HELMHOLTZ
EQUATION IN WAVEGUIDES

SEuNGIL Kim*

Abstract. In this paper, we study finite element approximate solutions to the Helmholtz equation
in waveguides by using a perfectly matched layer (PML). The PML is defined in terms of a piecewise
linear coordinate stretching function with two parameters for absorbing propagating and evanescent
components respectively, and truncated with a Neumann condition on an artificial boundary rather
than a Dirichlet condition for cutoff modes that waveguides may allow. In the finite element analysis
for the PML problem, we have to deal with two difficulties arising from the lack of full regularity
of PML solutions and the anisotropic nature of the PML problem with, in particular, large PML
damping parameters. Anisotropic finite element meshes in the PML regions depending on the damping
parameters are used to handle anisotropy of the PML problem. As a main goal, we establish quasi-
optimal a priori error estimates, that does not depend on anisotropy of the PML problem (when no
cutoff mode is involved), including the exponentially convergent PML error with respect to the width
and the strength of PML. The numerical experiments that confirm the convergence analysis will be
presented.
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1. INTRODUCTION

We consider the time-harmonic wave propagation problem in a semi-infinite waveguide Q4
Au+ku=f inQ,

b (1.1)

au_ 0 on 00

v
with a radiation condition at infinity, where v stands for the outward unit normal vector on the boundary 9.
Here €, is a domain such that

Qoo N{(z,y) ERX R ¢ 2> —§} = (—5,00) x O,

1.2
Q=0 N{(z,y) e RxR¥! : z <0} is bounded, (12)

with a constant 6 > 0 and a bounded cross-section © C R?~!, d = 2 or 3 (see Fig. 1), and f is a wave source in
L?(Q) supported in the region for z < —§. We assume that the waveguide 0., and the cross-section © have
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FIGURE 1. Configuration of the waveguide Q. in R2.

sufficiently regular boundaries so that the solution u to the problem (1.1) lies in H?(S2), for example, Q. is a
semi-infinite waveguide with smooth boundary or a semi-infinite convex waveguide with a convex cross-section
O. Also, we assume that k2 is not an eigenvalue of the waveguide ., for well-posedness of the problem. The
existence of eigenvalues of a waveguide can be found in e.g. [13,16].

Numerical study for the problem requires domain truncation techniques that can produce approximate solu-
tions in the region of interest not to be seriously contaminated by the reflection resulting from the domain
truncation. They include methods such as PML [3], truncated DtN approaches [4, 18, 20], rational function
approximations to the DtN operator [14] or complete radiation boundary conditions [19,23,28,29].

In this paper, we study an error analysis for finite element approximations to the waveguide problem truncated
via a PML with a piecewise linear coordinate stretching. The PML application transforms the Helmholtz
equation to an anisotropic partial differential equation with discontinuous coefficients, whose solution lacks the
full regularity. The anisotropy and low regularity may decrease convergence rate, however by observing that
PML approximations can have the full regularity in each subdomain on which coefficients are constant (which
will be verified later) and taking finite element meshes reflecting the anisotropic property of coefficients, we
show that finite element PML approximations converge in a quasi-optimal rate, independent of anisotropy of
the PML problem, including an exponentially decaying reflection error written as e 27+, where o, is a constant
associated with the PML strength and L stands for the width of the PML region.

It is out of question that the PML method is a well-analyzed numerical technique for wave propagation
problems. One of useful approaches for studying the problem in a Cartesian coordinate configuration is based
on the Green’s function of the Helmholtz equation [8,24,26,27]. In this approach, we first study well-posedness
of an infinite PML problem and then use this result to establish the well-posedness of a truncated PML problem
and convergence of approximate solutions. However this approach is not appropriate for studying our case since
the Green’s function is not available in general semi-infinite waveguides. An alternative way presented in [3,9,10]
is one that splits the problem into two parts, one of which is posed in only the artificial absorbing layer, PML, and
the other is the problem posed only in the physical region. The problem in the physical region is supplemented
with a DtN-like operator induced from the problem in PML for an absorbing boundary condition. We follow
this approach to study well-posedness and convergence of PML solutions in the physical domain. In addition, we
use the series expansion method in terms of cross-sectional eigenfunctions in PML to study a regularity of PML
solutions, which is an important ingredient for a quasi-optimal convergence of finite element approximations.

Unlike exterior problems, waveguide problems can involve evanescent modes, and even cutoff modes as well
as propagating modes. In order to handle more efficiently evanescent modes and cutoff modes, we modify the
standard PML in two aspects. The first one is that PML is truncated with a homogeneous Neumann boundary
condition instead of a usual Dirichlet condition. We note that since any coordinate stretching can not make
cutoff modes decay exponentially the PML with the homogeneous Dirichlet condition would doom to fail to
absorb cutoff modes effectively. However, it can be expected that the Neumann boundary condition behaves the
exact radiation condition for cutoff modes in that cutoff modes deformed by any coordinate stretching function
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have no variation along the axis of waveguides. The second one is that we introduce one more parameter in
a coordinate stretching function for reducing reflection of evanescent modes more rapidly, in particular, when
wave sources are too close to the absorbing layer or there is slowly decaying evanescent modes. The coordinate
stretching function # that will be used for PML is defined as & = o(x)x, where o is a piecewise constant function,

_J1 for x < 0,
o) ={ b e i S0 (13

with o,.,0; > 0. 0; is a usual PML parameter responsible for making propagating modes decay exponentially
and o, is introduced for damping evanescent modes more rapidly. The PML strength o, mentioned earlier to
describe the exponential convergence rate is proportional to |og| (see (3.2)).

Here we note that this choice of a coordinate stretching function with low order smoothness causes disconti-
nuity of coefficients of the PML problem and so that the problem falls within the realm of interface problems
[1,12,22,30]. Since solutions to problems with non-smooth coefficients do not have the full regularity, a low
rate of convergence of finite element approximations might occur without special care for finite element spaces.
Nonetheless, it is observed in numerical experiments of [8] that standard finite element approximations of the
PML problem converge in a desired rate without the full regularity. Even though PML solutions are not reg-
ular in the whole computational domain, it turns out that PML solutions can have the full regularity in two
separate domains on which coefficients are constant. It allows us to utilize an idea similar to Schatz’s argument
[31] with the full regularity on each subdomain and derive the quasi-optimal convergence rate of finite element
approximations as long as finite element meshes are aligned along the interface between the physical region and
PML. It is worth noting that there have been intensive studies on the regularity [6,12,22,30] of solutions of
general interface problems (with real coefficients opposed to imaginary coefficients of the PML problem) and
finite element applications [1,5,7,11].

Since the convergence rate e 27#L of PML solutions depends on the product of the PML strength o, and
the PML width L, errors of PML solutions resulting from different pairs (o, L) of the parameters are all the
same as long as 0, L is constant. However, it may not be true any more for finite element problems in that
the PML problem with large o, has highly anisotropic nature. For finite element problems, we need to avoid
using a strong PML strength without special care for meshes in the PML region. In fact, if we set values of o,
and L such that o, L is constant and take a shape-regular and quasi-uniform mesh with fixed mesh size, then
the anisotropy makes finite element errors worse as o, increases. In this paper, we consider anisotropic meshes
reflecting the anisotropic property in the PML region to get rid of the influence of the anisotropy arising from
PML. To do this, when the physical domain €2 is decomposed into shape-regular and quasi-uniform meshes with
mesh size h, in the PML region we take the mesh size hpy, along the axis of the waveguide proportional to
h/|oo| while the cross-sectional mesh size is kept in the same level of h. We note that this approach requires
the number of degrees of freedom for finite element approximations to be invariant in order to keep the same
reflection errors and finite element errors since the number of grid points along the axis of the waveguide in
the PML region is O(L/hpmr) = O(|oo|L/h). However, by doing so we establish a quasi-optimal a priori error
estimate, that does not depend on anisotropy of the PML problem (when no cutoff mode involved), including
the exponential convergence of PML errors.

The outline of the paper is as follows. In Section 2 as preliminaries, we review the exact radiation condition
based on the DtN operator in waveguides and reformulate the PML problem in a variational form. In Section 3
we discuss a selection of the PML parameters and provide some estimates important for the stability and the
convergence analysis. In Section 4 we study the problem posed only on PML and introduce an approximate
DtN operator induced from it. Section 5 is devoted to an analysis on the problem posed on the physical region
Q and convergence of PML approximate solutions to the radiating solution. In Section 6, the well-posedness of
the problem on the whole computational domain and regularity of the solution are investigated. A finite element
error analysis will be delivered in Section 7. Finally, numerical experiments illustrating the theory developed in
the proceeding sections will be presented in Section 8.
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2. PRELIMINARIES

In this section we provide a review on the exact radiation condition based on the Dirichlet-to-Neumann (DtN)
operator in waveguides in terms of series expansions and introduce the PML problem in a variational form. For
simple presentation, we only deal with the case d = 2 throughout the paper and the three-dimensional problem
can be analyzed in the same way without any essential change.

Let {Y,,}22, be an orthonormal basis consisting of Neumann eigenfunctions of the transverse negative Laplace
operator —A, in the domain © associated with Neumann eigenvalues A2 such that

D= < M <...<\, < ...

and A\, — oo as n tends towards infinity. Clearly, there exists IV such that k& > X\, for n < N and k < A, for
n> N.

We denote I'y = {0} x © and so Ty can be identified with ©. Let H*(T), —1 < s < 2, be the Sobolev space
equipped with the norm

oo 1/2
el ey = (Z(l +Ai>8|un2)

n=0
for u = ZZO:O u,Yy. This space of order —1 < s < 3/2 is identical with the usual fractional Sobolev space
H?*(Ty) of order s obtained by the real interpolation. For 3/2 < s < 2, it is thought of as a space of functions
which are in the fractional Sobolev space of order s and whose normal derivative vanishes on 9T [25].
We note that the radiating solution u of the problem has the series representation for x > 0,

W y) = 3 Ane Y, ()
n=0

N o]
=D A Yam) + Y Ave (),
n=0

n=N+1

where p,, = y/k? — A2 with the square root of the negative real axis branch cut and p,, = ifi, with fi, > 0, the
decay rate of evanescent modes for n > N.

Remark 2.1. We assume that k is a fixed positive wavenumber. For a distribution of \,, k¥ may coincide with
An or may not be equal to any of \,,, depending on the position of k£ with respect to A\,. If k = Ay, then the
Nth mode is called a cutoff mode. In case that k is not equal to any of \,, & may be close to A, for some n.
In this case the nth mode is a near-cutoff mode with 0 # |u,| < 1. As the value of |u,| of near-cutoff modes
makes a considerable influence on the stability and the convergence of approximate solutions, some estimates
related with the smallest non-zero |u,| will be given in Section 3.

Now, the radiation condition can be characterized in terms of the so-called Dirichlet-to-Neumann(DtN)
operator ) ]
T : HY?(Iy) — H'/2(T)

defined by

T(u) = Z i tnYn (2.1)
n=0

for u = 300 u,Y, € HY?(Ty), that is, radiating solutions satisfy the Helmholtz equation with the radiation

condition on I'j
Au+k*u=f inQ,

ou _
% =0 on 9N \ Fo, (22)
Ou =T(u) on .

v
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Denoting the L2-inner product on a domain D by (f,g)p = Jp f(2)g(x)dz, and a duality pairing between
H=%(D) x H¥(D) for —1 < s <1 by (-,-)s p, the variational problem for (2.2) is to find u € H'() satisfying

Aq(u,v) = (T(u),v)1/2r, = (f,v)o forallve H'(Q), (2.3)

where
AQ(U7 ’U) = (VU, VU)Q - kQ(Uﬂ U)Q-
We recall the following well-known theorem [4,17]. The proof is provided to keep this paper self-contained.

Lemma 2.2. Assume that k? is not an eigenvalue of the waveguide Qoo. Then there exists a positive constant
C such that for w € HY(Q)

Aq(w, ¢) — (T(w),
fulliy <0 sup  Ralend) Z T hn], (2.4)
0£pEH () o1l 5 (o)

P?OO’. \/\/e ObSerVe tllat
4152 1 1/27 0 Hl( 1 L2 /'LTL n

for w € H*(Q) with w = 377w, Y, on I'y, from which Géarding’s inequality follows,
[Aa(w, w) = (T (w), w)1/2,r,| = R(Aa(w, w) = (T(w), w)1/2r,)

o0

= lwllFr @) = B+ DlwlFagy + Y finlwnl
n=N+1

> [[wll o) — (B + Dlw]Z2 )

Since k? is not an eigenvalue of the waveguide Q,, the Petree-Tartar lemma (see e.g., [15]) leads to the
required inf-sup condition (2.4). O

Along the complex stretched contour given by (1.3), the PML solution @(z,y) = w(Z,y) can be written as

N
u ZA ezﬂnarwe ILnO"LIY Z A e ,“L'ILO.*V"E Zﬂnaizyn(y). (2.5)
n=0 n=N+1

Since the PML solution is a superposition of cutoff modes and evanescent modes whose decay rates are
controlled by o, and o;, it is natural to truncate the infinite domain at « = L (here L is a parameter representing
the width of PML and the resulting boundary is denoted by I';,) and impose a convenient boundary condition
such as a homogeneous Dirichlet or Neumann condition on the fictitious boundary I';,. As mentioned in the
introduction, the Neumann condition will herein be employed in order to achieve the better performance for
cutoff modes.

Let

QPML = (O,L) X@,
Qr = Qo N{(z,y) ERx R ¢ 2z < L}

See Figure 1. Here Qpyr, is the artificial layer to absorb wave fields propagating into it and €7 will serve
as the computational domain containing 2. Denoting ¢ = dZ/dz, the reduced problem supplemented with the

homogeneous Neumann boundary condition on I'y is to find the PML solution @ satisfying
1010
%591 a(z,y) + Ayi(z,y) + k2a(z,y) = f in Q,

0
a—z =0 on 0.

(2.6)
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From now on, for a domain D we will use the weighted norms

||UH%3(D) = (lo|u,u)p,

9 (1 Ou Ou
Il o) = (750 5 )+ (7190 ¥y + (ol )o

in L?(D) and H'(D), respectively. These spaces are denoted by L2(D) and H!(D) to distinguish them from
the Sobolev spaces with the usual Sobolev norms.
The truncated problem (2.6) can be reformulated into a variational problem to find @ € H1(Qr) such that

where A(-, ) is a sesquilinear form defined by

A(u,v) = (igZ’ gi)QL + (0(227 g;)m —k*(ou,v)q, for u,v € HLQL).

We will study the problem (2.7) by splitting it into two sub-problems. One is the problem posed on the
absorbing layer Qpyr,. This local problem is devoted to defining an approximate DtN operator, which can be
substituted for the DtN operator in the problem (2.2) for an approximate radiation condition. The other is
the problem on the physical domain €2, where we are interested in approximate solutions and the convergence
analysis will be conducted in this region. Before we proceed to the analysis for the PML problem (2.7), we
discuss a selection of the PML parameters and some estimates important for the stability and the convergence
analysis in the following section.

3. PARAMETER SELECTION AND NEAR-CUTOFF MODES

In this section, we discuss a selection of the PML parameters and some estimates related with the smallest
non-zero |u,|. These estimates are important for the stability and the convergence analysis and will be used
for norm estimates frequently throughout the paper. We begin with a notational assumption for cutoff modes.
Since Fourier coefficients for cutoff modes are linear functions with respect of =, that are different from those
(exponential functions) of any other modes and so they need a special care, we will reserve the index N for cutoff
modes. Hence, if k% does not coincide with any of eigenvalues of —A, on O, then eigenvalues are numbered
without the index N, that is, ... < Ay_1 < Ayy1 < ...

As we will see later in the convergence analysis, the reflection of propagating modes with axial frequency
iy, is reduced by a factor e 247l and that of evanescent modes with decay rate fi, is decreased by a factor
e~ 2inorL Thus, the overall reflection error is determined by

min{e 2#N-19il =201 LY (3.1)

which is related with the reflection error of near-cutoff modes when puny_1 or fiy41 is very small. In order to
describe the impact of near-cutoff modes on the stability and the convergence of approximate solutions, we
introduce a constant pi, representing the smallest non-zero ||,

Pmin = min{|p,| : pn # 0},

and norm estimates in the rest of the paper will be made with constants involving piy-
According to (3.1), the reflection errors of the propagating component and the evanescent component can be
kept in the same level when py_10; = fin4+10,. Thus we will choose the parameters o, and o; satisfying

UN-10; = jiNy107 > L.
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Here we introduce a constant o, := puny—_10; = fin10, for the PML strength instead of |og|. This choice of
o, and o; implies that

1 i )
00 =0y <~ + > = |00\e“90 (3.2)
HN+1 KN -1

for a fixed 6y € (0,7/2). Then it can be shown that |o¢| is proportional to o,. More precisely, we have

1 V2

o < ool < oy (3.3)
min min
Also, it holds

C
loo| < ——o0, ool < Coy, or

min (3.4)
loo| < Cor, oo| < ——05,

min

depending on whether £ is closer to Ay_1 or Ayy41 than the other. From here on we shall use a generic constant
C that takes different values at different places but depends only on k2, the cross-section © or the domain
but not PML parameters. We further assume that the PML parameters o, and L satisfy

o, L > 1. (3.5)

Remark 3.1. In practice, the exact values of pxy_1 and fiy11 may not be available. In this case, we apply a
Lanczos algorithm to the cross-sectional domain © to compute the eigenvalues nearest k2 and use this informa-
tion to find an appropriate og.

Norm estimates in this paper require upper bounds of |, |*(1 + A2)~! and |w,|~2(1 + A2) for A, # k, which
are also related with upi, as reflection errors depend on it. If we work with a wavenumber k such that k = Ay,

then fimi, is given by min {\/)\?\, -2, \/>‘%V+1 — )\?V}, however in case that k # ), for all n but k is close

to Ay—1 or Any41 instead, we have

1 1
fimin = K2 = Ay_y < 5()‘?\74-1 —AX-1) and )‘?\H—l — k> 5(/\?\/“ —A¥-1), or (3.6)
1 1 ’
anin = )‘?\Prl -k < §(>‘§v+1 - )\?\rq) and k* — )\?\rq > 5(/\?\7“ - )‘?\771)'
In such a case it can be shown that
lunl® K2 = A2
= nl <O 3.7
1+ A2 1+X2 — (3.7)
1+ 22 1+ A2 < C for non-near-cutoff modes (3.8)
|Mn|2 - |k;2 _ )\%| = O/’Lr;iQn for near-cutoff modes ’

Due to the presence of x 7, in (3.8), it will be found that the convergence of approximate solutions becomes
worse if a near-cutoff exists.

4. PROBLEM ON {)ppy1, AND APPROXIMATE DTN OPERATOR

In this section we study the PML Helmholtz equation on {2ppy, and an approximate DtN operator associated
with the local PML problem. Let H(Qpmw) be the subspace of functions in H}(Qpuyr) vanishing on T'y. For
g € HY2(I'y) we consider the variational problem to find w € H}(Qpwr,) satisfying w = g on Ty and

APML(w, ¢> =0 for all (]5 S ﬁ;(QpML), (41)
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where Apwmy (-, -) is the sesquilinear form on I?;(QPML) defined by

10u Ov ou Ov
A = _— — — _ _k2
pML(u, V) (0 oz ax)QPML + (Uﬁy’ ay)QPML (U, V) Qpyrr,

for u,v € .FNI; (Qpmr) with the constant o = 0. Clearly, we can observe that Apyy(,-) is bounded,

[ Apmr (u, v)| < Cllull g1 a1V 22 (Qpas)» (4.2)

and satisfies
Apwmr(u,v) = Apmw (D, @) (4.3)

for u,v € H!(Qpmp). The well-posedness of general source problems associated with the sesquilinear form
Apmr (s, +) in H(Qpr) is established by the following lemma regarding the coercivity of Apyy, (-, ), which can
be proved by the similar idea used in [10].

Lemma 4.1. There exists a positive constant C' such that

(o L)2
w7 (pary < C—25——|Apnr (w, w)] (4.4)
fOT w e ﬁ;(QpML).
Proof. For w € I:T;(QPML), we have
1 1 Ow
;%(APML(%U ,w)) = |a |2 [ ||L2 (@par) T || ||L2 @eae) ~ K017 2 ey (4.5)
1 810
p S(ApmL(w, w)) = |U |2 155 ||L2<QPML) + || ||L2(QPML) kK2 [[w]|72 ey (4.6)
from which it follows that
1 1 2 0w,
Z%(APML(w,w)) - ;Z\S(APML(’W yw)) = o0 ‘2|| o 122 (par) - (4.7)
Since w vanishes on Ty, it is easy to see that
”wHL?(QpML) L2|| HLQ(QPML)v
which implies from (4.5) that
|o0] 1
p R(Apmr(w, w)) > m — (kK + 1)|oo| L? || ||L (Qpwr)
+ ‘OO‘H HLQ(QPML) + |00H|w”L2(QPML) (48)

Now, it can be shown from (4.7) and (4.8) that for v = (k? + 1)|oo|>L?/2

1 1
[ —— (U%(APML(w,w)) - %(APML(w,w))> + \oom(APML(w,w))

3 T

+
= P10y g a0, ) — S Apaa o, w).
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By using (3.3) and (3.4) we are led to

(ULL)Q
[l (e < O ApmL(w, w)],

min

which is the required coercivity.
O

We consider the regularity result of the source problem with F' € L2 (Qpyy) to find w € H}(Qpyr) satisfying

Apur(w, ) = (00F, ¢)apyy,  for all ¢ € HY(Qpu) (4.9)

with respect to the higher order norm

w2 (@paery = 1011772 pane)
1 0%w , 1, Pw O?w
+ |O_O|3 ” Ox2 HL2(QPML) + HHMHLQ(QPML) + |0'0||| 5y72 ||L2(QPML)

by using the method of eigenfunction expansions.
Lemma 4.2. The solution w to the problem (4.9) satisfies

(0,L)?
||wHH§(QPML) <C ,;, ||F||L§(QPML)~

min

Here 0, L is not involved if there exists no cutoff mode.

Proof. Let D := (0,L) C R and {X,,}%°_, be a complete orthonormal basis for L?(D) consisting of eigenfunc-
tions of the Sturm—Liouville problem on D,
B d2X,,
daz?

_ 2 _o WXm

For F' € C*(QpwMmL), we can find an eigenfunction expansion,

oo o0

F(.I‘,y) = Z Z Fn,me(x)le(y)

n=0m=1
Since we look for the solution w of the form
w(xvy) = an(x)yn(y) = Z (Z wn,me(x)> Yn(y)v
n=0 n=0 \m=1
each coefficient wy, ,, solves the problem
(CZ@ + (A% - k2)0(2)) Wn,m = J(%Fn,m-
Since w,, satisfies the same boundary conditions as those that X, does, by the idea used in [25], we have

dJw, = ; .
HW”%P(D) = Z C?g'wn,mﬁ for J= 07 1727

m=1
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from which it follows that

2
Hw”HE,(QpML)

- 1 dzw’l’b 2 2 1 dwn 9 2 4 2
=2 (|JO|3 1 gz ey + (1 Xl oy + (L A%+ A loolllwnl 2 o)
LSy Gt G NIl + (L X4 Aol ool o

n=0m=1 |00|3 |C72n + (>\721 - k2)08|2

2
(0,L)? 2
<0 (%) 1P gy

In the inequality, we have used Lemma A.1. Finally, the proof is completed by the density of C°°(Qpy1,) in
L2 (Qpu). 0

For the problem (4.1) with a boundary condition on T'g, the stability constant is improved.

Lemma 4.3. Forg e H*(Ty), s = 1/2 or3/2, the problem (4.1) has a unique solution w € H(Qpwmy,) satisfying

o L 1/2
Il sy < O (22 ) lallaecry: (.11)

min

Here 0, L is not involved if there exists no cutoff mode.

Proof. Due to the cylindrical geometry of the domain Qpyyg,, we can show that there exists a lifting g €
H} (Qpnw) of g satisfying [|g]| g1 (@py) < Cligllg1/2(ry) (see Lem. A.2). Thus, the standard theory of the elliptic
problem using (4.2) and Lemma 4.1 shows the existence of a unique solution w satisfying ||wl| 1 (Qpy.) <
Cllgll g2 (r,y with C that may depend on (o, L)?u3 . .
For the improved stability constant, let g = >~ ;1 g,Y, € H'2(Ty). Since w can be written as
w(z,y) = (Ay + Byx)Yn(y) + Z (A, eHno0T 1 B e~ Hno0T)Y] (y)) (4.12)
n#N

in Qpumr, the boundary conditions on I'g and I';, require that Fourier coefficients satisfy Ay = gy and By =0
for n = N, and

A7 + DB, = ’
. T P = (4.13)
AnewnooL — B,e ipnool _ 0
for n # N. By solving the above equations, we have
2ipn ool
A, = — 9 and B, = ¢ In (4.14)

- 1 +62i;tn,a'0L 1 +62iunooL

and see that w is given by

w(@,y) = gNYN(Y) + D 9o Bn(@)Ya(y),
n#N

where . ) )
eiHnToT 4 e2ipnooLig—ipnoox

En(m) = 1 + e2iknooL

The denominator and the numerator of E,, satisfy |1 + e2#=o0L| > 1 — |e=20ul

>1/2 for o, L > 1 and

2(e™2Hn0i® 4 @7 21n0i(2L=T))  for p < N,

iy, 0T 2ipnooLl \—ipnoox|2
e +e e < 5 5
| ‘ 2(8 2fin 0T e 2finor (2L z)) for n > 7\7’
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respectively.
Now based on these two inequalities, we shall prove that

dE SC

(14+22)5Y2 for £ =0,1,2. (4.15)

To this end, letting o, represent o; for n < N and o, for n > N, we show that

o1~ “Hd B o

L
HL2(D < Cloo|'~ 22/ |Mn00|2ee_2|””|0"md93
0

(1 7672‘#71'0'71,[4) |Mﬂ‘2£‘0—0|

= Cllu’n|2€|00| |M |0_
n|On

2|Mn|an

We first consider the estimate for n = N £ 1. By using o, |un| > 0, and (3.3) for £ = 0 and by using (3.4)
and (3.7) for £ = 1,2, it is obtained that

d E |00|(1+/\2)1/2(1+)\2)71/2 c (1+)\2) 1/2 for £ =0,

| Ou o Hmin
|00|‘ |2€ o 2 (1_'_/\2)5 1/2 for £ =1,2.
On Hmin

On the other hand, for n # N, N + 1, we employ (3.8) for £ = 0 and (3.7) for £ = 1,2 together with (3.4) to
obtain

|O'0| C
(D) < C ‘ |2€ 1 < (1+/\2)Z 1/2

min

Hence it follows that

w0131 (o) = 100l L(L + A3 g |2

1  dE,
'y ( L4 ol Bnllm + |

2
= ooy o o

<

)

which leads to (4.11) for s = 1/2.
Similarly, for s = 3/2 it holds that

1wllz2 (@paae) = 10122 @ers) + A4 (IGo\L)\gNI2

1 2
+ Z (|0 |3H dz2 ||L2(D /\n| |||

n;éN

dE
2 o + Mool Bl )9

which completes the proof. O

Remark 4.4. Due to the symmetric property (4.3) of Apmr(+,+), the results of Lemmas 4.2 and 4.3 hold for
the adjoint problems.
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We introduce an approximate DtN operator Tpy, : HY/2(Ig) — H~1/2(Ty) as follows: for g € H'/2(I'y) we

define
1 ow

Trom(g) = o0 02

on T'g, where w € H(Qpmr) is the solution to the problem (4.1) with w = g on I'g. By considering the
coefficients A4,, and B,, in (4.14) and ones for n = N it can be shown that

1— e2z,u7, ooL
Trmw(g Z fin mgny’n (4.17)
Here we notice that Tpyy, gives the exact radiation condition for cutoff modes since uy = 0.

The following lemma shows the convergence of the approximate DtN operator.

Lemma 4.5. With the assumption (3.5), for u € HY?(T'y)
(T = Tome) (@ g2y < Ce™ 2l e (py)-

Proof. Let u =3 " ju,Y, € H'/2(Ty). By subtracting (4.17) from (2.1), and by invoking (3.7) and using the
inequality z/(1 — z) < 2z for 0 < z < 1/2, we can see that

2

T~ Torae )0 gy = 301 X2 i P ? |- 250
PML H-1/2(Ty) _n . n Hn A Erererry2

N —2pnoi L 2
2\1/2 2 €
(Z (1+A2)1/2y,| (_e_%m)
—2finorL 2
241/2 2 e

n=N+1
S 06—40'”[/

2
|UHH1/2(F0)’

which completes the proof. (I
Remark 4.6. As noticed in (4.17), the approximate DtN based on the PML with the Neumann boundary

condition on I'y, gives the exact radiation condition for cutoff modes. In contrast, when the Dirichlet condition
on I'y, is used instead of the Neumann condition, the approximate DtN operator is given by

1 + e2iun ooL

—uN :
Temw(u) = ool N T > Hin T gipmaaL Un e
n#N

for u = ZZO:O Uy, Y, . This approximate condition also produces the exponential convergence result for non-cutoff
modes, however it has only linear convergence for cutoff modes with respect to 1/(o,L).

5. PROBLEM ON {2 AND CONVERGENCE OF APPROXIMATE PML SOLUTIONS

In this section, we analyze the well-posedness of the problem on the domain € supplemented with the
boundary condition based on the approximate DtN operator to find @ solving

A+ E*a=f inQ,

ou -
@ =0 on dN \ F07 (51)
o _
% = TPML('LL) on Fo.
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The convergence of approximate solutions on 2 will be established as well.
This problem is reformulated into a weak problem to find @ € H'(Q) such that

Aq(, @) — (Tpmr (@), @)1 /2,0, = (f,¢)o for all ¢ € H'(Q). (5.2)
We first study the inf-sup conditions of the sesquilinear form corresponding to the problem (5.2)

Lemma 5.1. Assume that k? is not an eigenvalue of the waveguide Qoy. Then there exists a positive constant
M > 1 such that for o,L > M it holds that for u € H*(Q)

|[Aa(u, @) — (TemL(u), #)1 /2,0, |

llull iy < C sup (5.3)
0£peH(Q) o1l 5 ()
e [Aa(6,4) — (Tonie (), ubjor,|
Ql@,u) — ({PML yU)1/2,1
[ullgi@) <C  sup JESK (5.4)
0£beH (Q) (]| F7eXes))

Proof. As Aq(u,¢) — (Temw(u), @)1/2,r, = Aa(d,4) — (Temw(9),@)1/2,r,, it suffices to prove the first inf-sup
condition (5.3). We start with the inf-sup condition (2.4) of the sesquilinear form of the Helmholtz equation
with the exact radiation condition based on the DtN operator. By using the convergence of the approximate
DtN operator of Lemma 4.5 we have

(|AQ(U7 #) — (TenmL(w), @) 172,10, | n |{((T" = TpmL) (u), ¢>1/2,F0|)

llullgri) <C sup

0£peH (Q) (]| FZeXes)) (el |F7exes))
A 9 - T )
< C( sup Ao, @) = Tewe (W) Ohrjarol 4 -2,z |u||H1(Q)>
0£peH (Q) ol 1 (o)

for large o, L satisfying (3.5). Now, by choosing o, L large enough so that e~27#»L < 1/(2C), we can have the
desired inf-sup condition (5.3). O

The well-posedness of the problem (5.2) and exponential convergence of approximate PML solutions in 2
with increasing o, L will be presented in the following theorem.
Theorem 5.2. Let M be the constant given in Lemma 5.1. Then for o,L > M the problem (5.2) admits a
unique solution @ € H'(Q) satisfying

lall g @) < Cllfll2 (o) (5.5)
In addition, for the exact solution u € H'(2) to the problem (2.3) it holds that
lu = @l 1) < Ce 72| Fll L2 (@)

foro,L > M.

Proof. The unique existence of a solution satisfying (5.5) is an immediate consequence of the inf-sup conditions
in Lemma 5.1. For the exponential convergence, we use Lemma 5.1 to show that

|Aq(u — 1, @) — (TpmL(u — @), d)1 /2,1,

lu =il g1 < C  sup

0£$eH () 91z ()
_c (T — Tpmr) (1), @) 12,1, |
= sup .

0£peH(Q) 9l 21 (0)

Now, the convergence result in Lemma 4.5 of the operator Tpyr, a trace inequality and the stability of the
problem (2.3) yield that

lu =l 10y < Ce > E |lull gy < Ce™ || fll L2 (),

which completes the proof. O
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6. PROBLEM ON {); AND REGULARITY

In this section, we study the problem (2.7) on the whole computational domain Q;, and regularity of solutions
to the problem when f € L?(12) is supported for z < —4. We observe that two problems (2.7) and (5.2) are
equivalent in the sense of the next lemma, due to the fact that

~__ 1 ~+
o= =t and 20 _L1O0

— — T
ox o9 Ox onto

as traces from Q and Qpyy,, respectively, for a solution ¢ to the problem (2.7).

Lemma 6.1. Let M be the constant given in Lemma 5.1 and assume that o,L > M. If v € HL(2L) is a
solution to the problem (2.7), then 9|lq € H(Q), the restriction of ¥ to €, is a solution to the problem (5.2).
On the other hand, if & € H'(Q) is a solution to the problem (5.2), then the extension ¥ of i defined by

. {u in Q,
v =

w in Qpwmr,
where w is the solution to (4.1) with w = 4 on Ty, is a solution to the problem (2.7).

Lemma 6.1 and Theorem 5.2 yield the well-posedness of the problem (2.7).

Lemma 6.2. Let M be the constant given in Lemma 5.1 and assume that o, L > M. Then the problem (2.7)
admits a unique solution v satisfying

1/2
- o, L
T <C(M“_ ) T,

min

Here o, L is not involved if there exists no cutoff mode.

Proof. The unique existence of solutions is a consequence of Lemma 6.1 and Theorem 5.2. For the stability
estimate, we use Lemma 6.1 and Theorem 5.2 again to show that

lo]alla1 @) < Cllfllz2@)- (6.1)

By using Lemma 4.3, a trace inequality and (6.1) we can also show that

min min min

} p L 1/2 ~ p L 1/2 R . L 1/2
fotar iz < € (22 ) il < € (Z20)  ilallny <€ (222) 7 Wl (62)

Finally, combining (6.1) and (6.2) shows that

- - - o, L
||’UH§{;(QL) = ||U|Q||§11(Q) + ||U‘QPML||%{}7(QPML) <C H_ ”f”%?(ﬂ)ﬂ
Hmin
which completes the proof.
|

We will present the regularity of solutions to the problem (2.7). The Helmholtz equation deformed by PML
with the piecewise linear coordinate stretching function (1.3) has discontinuous coefficients. A regularity result
in such a case can be found in e.g., [6,21], which shows that there is s with 0 < sp < 1/2 such that if 0 < s < s,
then the solution u is in H'T$(Q) for f € (H'7%(Q1))*, the dual space of H'~*(Q1). This regularity result
is not sufficient to obtain the desired convergence rate of finite element approximations, however, in case that
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f € L2(9r) is supported in the region for z < —§, the approximate PML solution can have the higher regularity
in the local subdomains Q and Qpyr,. To show this, we define a Sobolev space

X = {u € H;(QL) : U|Q € Hz(Q)a u|QPML € Hg(QPML)}

with the norm

Jullx = (HUH%IQ(Q) + ||UH%{§(QPML))1/2'

Lemma 6.3. Let M be the constant given in Lemma 5.1 and assume that o, L > M. If f € L2(Qy) is supported
in the region for x < —4, then the solution U to the problem (2.7) is in X and satisfies

} o L 1/2
||U||X§C(M“ ) 1. (6.3)

min
Here 0, L is not involved if there exists no cutoff mode.

Proof. Let Qs = QN {(x,y) € RY : 2 < =6} and Q50 = 2N {(z,9) € R? : —§ < 2 < 0}. The common
boundary of these two domains is denoted by I's = {& = —§} x O.

By Lemma 6.1 the solution @ solves the problem (5.2). In addition, since s is away from the boundary I'y
on which the non-standard boundary condition is imposed, @ is in H?(2s) and satisfies

]l g2 < ClfllL2)- (6.4)

Also, we can find a series expression of the solution @ in 5, as in (4.12), satisfying two boundary conditions
Ulos, = tlg, on I's and Temr(i|a,,) = 0 on Iy. Indeed, by following the computation similar to that used for
(4.14) and invoking the formula (4.17) of the operator Tpumr,, it is easy to show that @ in {25 can be written as

tpn (x+9) + eZiunaoLe—i,un (x—9)

d(z,y) = anYn(y) + Y - Yo ()

n#N

1+ e2ip,n (o0L+4)

for i = 300 i, Yy, € H3/?(Ts). Let E,(z), n # N, be the coefficient of the variable 2 in each mode,

ei,u,,&(ei,unx 4 eZi,unaoLe—i,unz)

En(z) = 1 + e2itn(ooL+5)

whose numerator satisfies

41+ MN)1212 <01+ A2)7Y2) forn < N,

pn O i/ani 2ipnooLl \—ipnx\|2 < - ~ 7
e (e ¢ ¢ )< {262“"5(e2“"m + e2finT), for n > N,

and its denominator complies with |1 + e2#n(70L+9)| > 1/2 since o, L > 1. By using similar computations that
we have done for (4.15) we shall show that

and for all n # N.
For n < N, by using (3.7) it can be easily shown that

ad‘E, |2

dxt

<CO+X2)5Y2 for0=0,1,2 (6.5)
L2(=46,0)

2 0
< C,ﬁf/ (1+22)"V2dz <CA+A2) Y2 for £ =0,1,2. (6.6)
L2(—4,0) -3

dE,
dz?
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For n > N, we begin with the simple computation

0

~ ~ ~ 1 )

/ e 20 (72T 4 2Ty = — (1 — e 2n0), (6.7)
—5 Hn

For n = N + 1 we apply 1 — e~ 2% < 2[,,6 to (6.7) and use (3.7) to have

2

¢ 0
d En S Cﬂi@/ e—Qﬁn,5(e—2ﬂn,z + e2ﬁnr)d$
L2(-4,0) -4

dat

< GO+ A2 21+ X272 < 14 A2

Also, since 1 —e~2#2% < 1, for n > N + 1 we utilize (3.8) for £ = 0 and (3.7) for £ = 1,2 to obtain

Therefore it follows from (6.5) that

a‘E, ||?

dx?

0
SC[LZZ/ e—2un6(e—2unw+e2unw)d$
L2(—6,0) -5

<Op2~t <O+ 2212,

Vs < 0((1 )0l

dE, ||’ aE, |? )
2D Y CEPVLLATRENRAIER ] - &= J1?)
n#N T2 (-50) 7 N2 (-s,0)
< Ol (6:5)

Using it together with a trace inequality given by [25], Theorem 2.13 and (6.4) yields that
1@l 2 (05.0) < Cllll garzryy < Cllallazas) < Cllfll20)- (6.9)
Noting that % is in H? in the vicinity of I's, combining (6.4) and (6.9) shows that

1l g2y < Cllfllz2)-

Furthermore, the H, g—estimate in Qpwmr, is obtained as follows

1/2
N o, L N
il 2 @mee) < C (/» ) il o2

1/2 1/2
o, L B o, L
sc(ﬂ“ ) il o §C<M“ ) T,

min min

by using Lemma 4.3 and a trace inequality, which completes the proof. O

7. FINITE ELEMENT ANALYSIS

We investigate the solvability of the finite element problem pertaining to the problem (2.7) and the conver-
gence of finite element approximations. To describe finite element approximations, let 7 be a finite element
mesh of the domain 2, consisting of quadrilaterals. Here we assume that the finite element mesh of the domain
is aligned with the interface I'y. In case when a large PML strength o, is employed for a fixed computational
domain 27, to obtain an approximate solution with exponentially small error in the continuous level as shown
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in Theorem 5.2, the problem becomes anisotropic in the PML layer and so special finite element meshes, having
different mesh sizes in different directions, are required to capture the anisotropic behavior in Qpyr, in discrete
levels. To do this, we keep quasi-uniform and shape-regular meshes in €2, whose maximal diameter is denoted by
h, however we take rectangular meshes in Qpp1,, whose mesh size along the axis of the waveguide (the direction
of the exponential decay of solutions) is reduced by a scale factor O(1/|og|) compared with the mesh size h
along the perpendicular direction. We also denote a continuous piecewise bilinear finite element space by V},.
Then the finite element approximation @, € V}, is a solution to the finite dimensional problem

A(tn, n) = (f,dn)o  for all ¢, € Vi (7.1)

Let u € HY(Q) and @ € H(2L) be the solutions to the problems (2.3) and (2.7), respectively. The error
e = u — up of the PML-FEM approximation u; consists of the PML approximate error, u — u, controlled by
e 29xL and finite element error, @ — iy, depending on h. Let us denote the finite element error by é = @ — 4y,
and we shall estimate € in two regions 2 and Qpyg,, separately.

We first notice that the nodal interpolation I, satisfies the following error estimates.

Lemma 7.1. For every rectangular element 7 of T contained in Qpn, the interpolation error satisfies

1 ovl]? ov||?
o= @)y < OF s | H
L2(T) oo|? || 0 L) oy L2(r)
forv e HX(Qpmr), and

0 ? 1 H o2 |?
—(—TIn(v < Ch? +lool? || =— ,
Hax( n(v) L2(r) (""0|2 Ox? dxy L2(7‘) i dy? LZ(T)
0 2 1 |||

— (v — I (v < Ch? — H H
Hay( »(v) L2(7) <°’0|4 O L2(r Oy | L2(r) L2(7)

fOT‘ v E Hg—(QPML)-

Proof. 1t suffices to verify the error estimates for an affine transformation F': 7 — 7 defined by
L h .
Fle,9)==%+p, hi+aq),
|oo]

for constants p and ¢, where ¥ = (0,1) x (0,1) is a reference element. As proofs for three inequalities are all
similar, we provide the proof for the second estimate. Let © = v o F' and I, be the nodal interpolation operator
on 7. Since dz/d# = h/|og|, dy/dj = h and |det(D(F))| = h?/|o|, by transforming the integral on 7 to one on
7, using the Bramble-Hilbert lemma and transforming back to the element 7, we obtain that

0 |UO| 2 a2 h? 1
— In( ) — 1 —
|| (U h ||L h2 am h(U))l |0_O|dxdy

25 2512 25
<C|Uo|/<’8 ’gig gy )ddi
T2 R TR 4| 0% loo]
< - | — -
—QW[Q%4%2 ool |9zy| T |5 md@
2
e e H + oo ]| 2 ,
loo|? || 022 2y 102y |2 ay? L2(r)

which completes the proof of the second error estimate. (I



1208 S. KIM

Lemma 7.2. The interpolation error satisfies

”U - Ih(U)HH;(QPML) < ChHU”HE(QpML) (72)
for v e H2(QpmL) and
v = In()l 2 (0r) < Chllvllx (7.3)
forve X.
Proof. We begin by noting that
2

1 ]0
1o = In(0) 712 (pir) EY Hax(v Hv) L2(2pars)

) (7.4)

+ |0

\;;@ L)

+ooll[v = Tn ()12 (@pner)-
L2(QpmL)
Using Lemma 7.1 for each elements contained in Qpy, and summing up all terms with an appropriate weight
log| or 1/|og| give (7.2) for v € H2(Qpymr).
Also, since ||v — Ih(v)||§[é(QL) = |lv— Ih(v)||§{1(m + v — Ih(v)HiI;(QPML) for v € X, the interpolation error
(7.3) follows from (7.2) and the standard interpolation error estimate for quasi-uniform meshes. O

The solvability and quasi-optimal convergence of finite element solutions associated with indefinite problems
such as the Helmholtz equation can be found in [31] based on the Aubin-Nitsche duality argument and regularity
of solutions. Since solutions of the PML problem on €, lack the full regularity, we need to modify this approach
by focusing on each subdomain where solutions have the full regularity. We first investigate the L2-bound of
the error & = @ — @, on Q and Qpyr, with respect to the H}-error.

Lemma 7.3. Let M be the constant given in Lemma 5.1 and assume that o, L > M. Also assume that the
problem (7.1) has a solution Gy. Then it holds that

N o, L
6l < C(u”

1/2
) (h + o2 el a1 .

Here o, L is not involved if there exists no cutoff mode.
Proof. Let w € H(Q) be the solution to the problem
Ag(p,w) — (T($), w)1 /21, = (¢,8)q for all ¢ € H'(Q) (7.5)
and w € Hl(QpML) be the solution to the problem
Ap (¢, @) =0 for all ¢ € Hy(Qpa) (76)

with @ = w on I'y. The existence of a unique solution to the problem (7.5) is an obvious result since @ is the
radiating solution generated by the source function € noting that

AQ(U7 ¢) - <T(’U,), ¢>1/2,Fo = AQ(($7 ﬂ) - <T((5)?’H’>1/2,F0'

One for (7.6) is addressed in Remark 4.4.
The following two facts are of importance for the L?-error analysis. The first ingredient is the full regularity
of w and w,

w20 < Clléll 2

- P A P AN JL1/2~
il ama < € (25 ) " Nollgsrsy <€ (Z2) 7 ey < € (222 el

min min min
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due to the the regularity of the radiating solution and Remark 4.4. It allows us to have that for wy, € V}, which
is the linear interpolation of w in 2 and W in Qpyy, that is wy|g = Ix(w) and wp|ap,,, = Ik(0),

[w —wallar @) < Chlléll2 ), (7.7)

1/2
@ = whllt(@pae) < CRID] 2 (0pan) < C (Z:i) / hllél| 2 (q)- (7.8)
The second ingredient is that w satisfies
Apnp (¥, @) 4+ (TpmL(¥), @)1 /2,7, =0 for all ¢ € Hy(Qpur). (7.9)
Indeed, since the solution w to the problem (7.6) satisfies
A(d,¢) =0 for all ¢ € Hy(Qpu),
we have

0= Apnw(@,¢) + <§%3'J1>1/2,F0 = ApuL (@, ¥) + (TpmL (D), V)1 /2,1,

for ¢ € H(Qpymr), which is equivalent to (7.9) by interchanging two arguments with complex conjugate.
For the L2-error estimate, we begin by taking ¢ = & in (7.5) to obtain

811720y = Aa (@, w) = (T'(&), w)1/2,r,
= Aa(&,w) = (TpmL(€), w)1/2,r0 + (TemL — T)(€), w)1/2,r,-
Here by adding and subtracting the term
Iy := Aq (&, wn) — (TemL(€), wh)1 /2,00
we are led to [|&]|7 gy = I1 + I2, where
I = Aa (@, w —wp) — (Tpmu(€), (w — wr))1/2,v, + (Temr — T)(@), w)1/2,r,-
Now, we shall estimate I; and I5. For I;, we use (7.7) and Lemma 4.5 to obtain
[L| < C(h+e 27 E) 18]l 1o lIEll 2 o) (7.10)
For I, the Galerkin orthogonality,
A&, wp) = Aq(€,wp) + Apmw (&, wp) = 0,
leads to Aq (€, wp) = —ApmL(€, wy), from which and (7.9) it then follows that

Iy = —Apnr (€, wr) — (Tpmn(€), wr)1,2,m,
= Apmp (€, — wp) + (TepmL(€), (W — wr))1/2,0, -

Consequently, by Lemma A.3 for a trace inequality of functions in H}(Qpyr) (in Appendix A) and (7.8), it

can be concluded that

1/2
Bl<c (2t e 8 7.11
I < o &l rr2 @paiw) 1€l L2 () - (7.11)

Combining (7.10) and (7.11) results in

ouL

el 12 SO(
18l 22 (0) .

1/2
) (h+ o2 D) |6l ),

min

which completes the proof.



1210 S. KIM

Lemma 7.4. Let M be the constant given in Lemma 5.1 and assume that o, L > M. Also assume that the
problem (7.1) has a solution @y. Then it holds that

. (0,L)°? AT
€]z (@par) < C%(h‘ﬂa 27 1@ g1 ) - (7.12)

min
Here 0, L is not involved if there exists no cutoff mode.
Proof. Let &, € HL(Q1) be the piecewise function such that &,|q = & and &,|qy,,,, is the solution to the problem

Apap(Er,0) =0 for all ¢ € H(Qpur) (7.13)

with &. = & on I'g. Denoting the zero extension of (6 —&,)|qpy,, 10 Q2 by €, & can be decomposed into € = &, +&.
Here we claim that &, has a certain Galerkin orthogonality in HZ(Qpyr), that is,

Apmr (8o, ¢n) =0 (7.14)
for all ¢;, € V}, satisfying ¢5, = 0 in Q. Indeed, we begin with the Galerkin orthogonality of & in HX(z),
A8, on) = Aq(8, én) + ApmL(€,¢n) =0 for all ¢y € V.
For any ¢, € V} vanishing in €2, the definition of €, results in
0= A(& ¢n) = ApmL(&r + 0, d1) = Apmr (€0, Pn).-
Now, we shall estimate €y. Let wy € ﬁ;(QpML) be the solution to the problem
Apmr(6,wo) = (006,80 )apy,  for all ¢ € HX(Qpyr). (7.15)

By Lemma 4.2 and Remark 4.4, we note that

(0uL)? .
[woll 2 (@pair) < C—5—l180ll L2 (2pir)- (7.16)

min

Since [wo — In(wo) |l 2 (paw) < Chllwoll iz (@pan) < C(0u L) tpinhll€ol| 22 () setting ¢ = & in (7.15), we
have

1801172 (pery = [APML (80, wo)| = [Apmr (80, wo — In(wo))|

(0,1, N
<cC Ig ] h”eOHHé(QPML)”eOHL?,(QPML)

and hence ( )2
~ oL -
180l 22 (@pain) < C—5——hllEoll a2 (@pas)- (7.17)

min

On the other hand, for the estimate of &,, let w, € PNI;(QPML) be the solution to the problem
APML(¢7 wr) = (00¢7é7‘)QPML for all ¢ € ﬁ;(QPML)

satisfying
(0,1 .
||wr||HC2,(QPML) <C % ”eTHLi(QPML) (718)

min




ERROR ANALYSIS OF PML-FEM APPROXIMATIONS 1211

by Lemma 4.2. Here we notice that w, solves the problem
-V - HVw, — k*Gow, = 60é, in Qpwmr, (7.19)

where H = diag(o, ! o). Multiplying (7.19) by &, and integration by parts gives

1 ow,
~T7T - ~r,~r 7.20
(oo ),y = o (7.20)

due to (7.13).
Now we assert that there exists 1w, € H?(12) satisfying boundary conditions

(‘%Dr o 1 8wr aﬁ)’r‘ _

w, =0, 0z 59 02 on Iy, B 0 on 90N\ Ty (7.21)
and
0r] 22y < Cllwell z2 (Qpa)- (7.22)
Once we have it and denote g := —Aw, — k*w, in L*(2), we obtain
Aafeo) - (2.57) =G (7.23)
1/2,T

Since & = &, and 9w, /0z = 5, 'Ow,/0z on Ty, from (7.20) and (7.23) it can be shown that
I&rlZ2 () < |A0(@,@0)] + (8, g)al.
By the Galerkin orthogonality of Aq(€, In(w,)) = 0, (7.22), (7.18) and Lemma 7.3, we can further show that

181172 (@pyery < [A0(@, @r = In(r))| + [(E, g)al
< C(hle]| g () + 1€l L2 @) 1or |72 (o)

(0,L)%/? AN .
< C%UH'G 2055180 12 20 180l 22 (@parn) -

Then (7.12) follows from (7.17) and the above inequality.
It remains to show the existence of w, satisfying (7.21) and (7.22). We define ¢ by a function of the form

((z,y) = Y Ane™ Yo (y) + > Bne®* Y, (y)
n=0

n=0
with a,, = (14 A2)Y/2 for —§ < x < 0 such that
A, + B, =0, an(An +2B,) =7, forn>0,

where 1, is the nth Fourier coefficient of &, ' 0w, /dx on Ty. A direct computation similar to that used for (6.5)

and (6.8) gives
1 ow,

50 ox

1 Jw,
ao or

H1/2(T)

[l < 0] |
H'/2(Dg)

and hence Lemma A.3 for a trace inequality of functions in H2(Qpmr) (in Appendix A) completes to show
”C”HZ(Qs,o) < CHU’THHE(QPML)~

Finally, by using a cutoff function x, which is one for —§/2 < z < 0 and vanishes for z < —¢, the zero
extension of x(|q;,, to €25 can fulfill all conditions for w@,, which completes the proof. O
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Lemmas 7.3 and 7.4 show that there exists a constant CLg > 0 such that

_ (0,L)° 4o, L\||x
181172 ) < Crz =1 + e M) &3, (7.24)

min

for sufficiently large o, L.
We are now in a position to present the Hl-error estimate, of which the proof follows standard Schatz’s
argument applied to Garding’s inequality

Cillel %o,y — Colléliz q,) < A, 8)] = [A(E, @ — In(a))]. (7.25)
for some positive constants C; and Cs.

Theorem 7.5. Let u be the solution to the problem (2.3). Then, there exist positive constants My > M and
ho > 0 such that for o, L > My and 0 < h < hg, the problem (7.1) has a unique solution @y, satisfying

o,L

1/2
u—amensc( ) (h+ 20| L eo-

Here o, L is not involved if there exists no cutoff mode.
Proof. We apply (7.24) to Garding’s inequality (7.25) to show

(0,L)° e . . ; 3
<01 — CoCpz ~—5=—=(h* + e~ 5) ) |léll3 a0,y < Cllellms @l — In(@)]| y oy

min

For such My and hy satisfying C2C2 (0,L)°ul e=*Mo < Cy /4 and C2Cp2 (0,L)°ul h3 < Cy1/4, by Lem-
mas 7.2 and 6.3 we can show that for M > My and 0 < h < hq it holds that

N N o, L
nﬂ%mwschwxsc(;

1/2
) Rl fllz2(@)- (7.26)

Finally, by using Theorem 5.2 we have
lu = tnl[ (@) < llu—allme) + 18— Gnllm(o)

p L 1/2
<c(*ﬁ) (h -+ o250 L e-

This error estimate shows the uniqueness of solutions to the linear problem (4.1) in the finite dimensional
space Vj, by setting f = 0, and thus the proof is completed. O

Theorem 7.6. Let u be the solution to the problem (2.3). Also let My and hg be defined as in Theorem 7.5.
Then, for o, L > My and 0 < h < hg, it holds that

N o,L
lu —tnll20) < Cﬂ“

(h* + e 27 D) | fll 2 ()

min

Here 0, L is not involved if there exists no cutoff mode.
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Relative H' errors

Now, Theorem 5.2 and the above inequality result in
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k = 20,0,L = 4, isotropic mesh

(c) Isotropic mesh on Qpypr,

Relative L? errors

Relative H! errors

k = 20,0,L = 4, anisotropic mesh
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—6—0, =40, L=0.1 )
% 0,=20, L=02
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e 2l ~ 3.3546 x 107
104 .
107 107 102
h
(b) Anisotropic mesh on Qpy,
] k = 20,0,L = 4, anisotropic mesh
10° ;
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—*—o0, =10, L=04
1072 | 9
1073 F 1
e 2ol x5 3.3546 x 10~*
1074 .
107 108 102
h

(d) Anisotropic mesh on Qpr,

FIGURE 2. Relative L?- and H'-errors vs. h with k = 20 and o,L =4.

N o,L
el 2 < C (’L
m

min

o, L do
< CEZ (R + e )| fllp2(q)-

Hmin

1/2
) Gt e iy, < 0

Proof. From Lemma 7.3, (7.26) and a Cauchy—Schwarz inequality, we see that

ouL

(h+ e 75 Rl fll 20

min

lellzzo) < [lu— a2 + 1 — @nll L2 (o)

< Ce_QUH'L”fHLz(Q) +C

O
Hmin

L

(h? + e D) fll L2 o)

o,L og
<CHE=(hP4e? “L)HfHL?(QL),

Hmin
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k =20,L = 0.2, isotropic mesh

k =20, L = 0.2, anisotropic mesh
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Oy Ou
(a) Isotropic mesh on Qpyr, (b) Anisotropic mesh on Qpr,

FIGURE 3. Relative L2-errors vs. PML strength o, with k = 20, L = 0.2.

which establishes the desired L2-error estimate.

8. NUMERICAL EXPERIMENTS

In this section, we provide numerical examples demonstrating the convergence theory developed in the pre-
ceding sections. For a simple example with a known exact solution, we consider the boundary value problem in
Q= (0,0.2) x © C R? with an interval © = (0,1) C R

Au+ku=0 inQ,
Ju

a—:O on (0,0.2) x 00, u=u*" on {0} x ©
v

with the radiation condition on {0.2} x ©, where the exact solution is given by

V-1 e
u(z,y) = Z myn(y)

n=0

The radiation condition on {0.2} x © is replaced by PML with width L, that is, Qpyp, = (0.2,0.24+ L) x ©. We
compute bilinear finite element approximations on quadrilateral decompositions of €27, by using finite element
library deal.II [2]. We take k = 20 and 67 in the example. For k = 20, there is neither cutoff mode nor
near-cutoff mode in the solution as 67 < 20 < 77 and pmin = VA2 — 67 = 1.0726. N = 6 is the largest index
for which e?*~*Yy(y) is a propagating mode so that it has 7 propagating modes, 0 < n < N, and 5 evanescent
modes, N +1 < n < 2N. On the other hand, the case of £k = 67 represents an example with a cutoff mode,
N = 6. To illustrate errors for a case including near-cutoff modes, the wavenumber will be k& = 67 4+ ¢ with
e=10"1,10"2,10"3 and 10~*. Numerical tests are conducted to investigate
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k = 6m,0,L = 4, isotropic mesh k = 6m,0,L = 4, anisotropic mesh
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(a) Isotropic mesh on Qpypr, (b) Anisotropic mesh on Qpyr,
; k = 6m,0,L = 4, isotropic mesh ; k = 6m,0,L = 4, anisotropic mesh
10° : 10° .
> )
—o—0,=40, L=0.1 —o—0,=40, L=0.1
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] ]
= 100k 1 = 100k g
[} (]
~ ~
e 2l ~ 3.3546 x 10~* e 2ol ~ 3.3546 x 1071
107 . 107 .
104 108 102 104 108 102
h h
(c) Isotropic mesh on Qpyr, (d) Anisotropic mesh on Qpyr,

FIGURE 4. Relative L?- and H'-errors vs. h with k = 67 and o,L = 4.

(i) Relative L?- and H'-errors vs. h with o, L fixed,
ii) Relative L2-errors vs. o, with L fixed,
w
iii) Relative L?-errors vs. L with o, fixed.

o
(iv) Relative L2-errors vs. fimin With o, and L fixed when k approaches 6.

Here we set the PML strength o, from which ¢ in the coordinate stretching function is determined by the
formula (3.2) with
pN = Vk? —(6m)%, vy =/(Tm)2 —k?  for k = 20,
pN—1 = k% — (5m)2, Nt =/ (Tm)2 — k2 for k = 6.
The first test for k = 20 is to see errors in PML-FEM approximate solutions as h decreases with o, L fixed.

To do this, we choose different pairs of PML parameters (o, L) = (40, 0.1),(20,0.2), and (10,0.4) with 5, = 4
so that the reflection error is estimated to be e=29xL = =8 ~ 3.3546 x 10~%. The relative L2- and H'-errors
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107 w

k = 6w, L = 0.2, isotropic mesh ; k = 67, L = 0.2, anisotropic mesh
. T T T 10° T T T T :
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h = 1/400 o7 h = 1/400 e -—e——A
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102 %[ —e—h=1/16000" " ] 1028 ek =1/160000 — i

Relative L2 errors
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Opu

80 90 100

(a) Isotropic mesh on Qpnpr, (b) Anisotropic mesh on Qpr,

FIGURE 5. Relative L2-errors vs. PML strength o, with k= 6m, L =0.2.

k =6m, 0, =10 k=20,0,=10
100 T T T 10° T T I
2oL o 20,
—e -h=1/200 —oe -h=1/200
h = 1/400 h=1/400 ||
" — 4+ -h=1/800 |1 " — 4+ —h=1/800
§ —a—h =1/1600 ‘é —a—h =1/1600
5] g |
o™ (]
= oo ~
54 54 —T—e-———6-———-6———06———
= = 3
= =
3 3
~ ~
r —+ == —————
| & & 4
107 ) ‘ ‘
0.1 02 03 04 05 06 07 0.8 0.1 0.2 03 0.4 05 0.6 07 0.8
L L
(a) Isotropic mesh, k = 6 (b) Isotropic mesh, k = 20

FIGURE 6. Relative L2-errors vs. PML width L with o, = 10.

reported in Figure 2 show that PML-FEM approximate solutions converge in a quasi-optimal rate as h decreases,
h =1/100,1/200,1/400,1/800 and h = 1/1600 until reflection errors are dominant. When anisotropic meshes
are used in 2pyr,, the errors are independent of the PML parameter o, as in Figures 2b and 2d. In contrast,
when isotropic meshes are used in Qpyr,, the errors (L2-errors, in particular) are worse as the problem is more
anisotropic with increasing o,,. See Figure 2a. Since it is desirable to have smaller degrees of freedom in numerical
computations, one might want to take a small size PML, Qpy1,, with isotropic decomposition and choose large
o, to compensate small L instead. However, we observe that highly anisotropic nature of the problem with large
0, deteriorates accuracy of finite element approximations. By doing anisotropic mesh refinement in Qpr, (so

that degrees of freedoms of problems for three pairs of parameters are all same), we can keep the same accuracy
of approximate solutions.
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10"
—o— anisotropic
isopropic
100 £ L J
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HMmin

FIGURE 7. Relative L2-errors vs. fimin with I = 0.2 and o, = 20.

TABLE 1. Magnitude of oy = U,L(# + —t—) for o, = 20.

ANt1 HN—1

€ 107! 1072 1073 107

Mmin  1.9442  0.6141 0.1942 0.0614
|oo] 10.44 32.62 103.02  325.74

The second test for k& = 20 is to see errors in PML-FEM approximate solutions as ¢, increases with L
fixed. Here we set L = 0.2 and increase o, from 10 to 100. The results are depicted in Figure 3. As mentioned
in the preceding paragraph, whereas errors in finite element approximations with isotropic meshes in Qpyr,
grow worse with increasing o, due to the anisotropic nature, finite element approximations with anisotropic
mesh refinement in Qpy, have the same level of errors after mesh errors are prevalent. Noting that a priori
information on an optimal PML parameter o, for given h and L is not available in general, it is an advantage
of the anisotropic mesh refinement that finite element errors do not increase with increasing o, opposed to
ones obtained from isotropic meshes. We also obtain the similar results for £ = 6m, for which a cutoff mode is
involved, as see in Figures 4 and 5. One important difference of the results for k = 67 from the case for k = 20
is that since the stability constant depends on o, L, errors in PML-FEM approximate solutions get larger with
increasing o, even though anisotropic mesh refinement is applied to the layer Qpy, as shown in Figure 5b.

The third test is to see errors in PML-FEM approximate solutions as L increases with o, fixed. Here we
set 0, = 10 and take isotropic meshes on the whole computational domain €27,. The results for both k = 67
and k£ = 20 are shown in Figure 6. They show that errors in PML-FEM approximate solutions decay in the
exponential rate as expected until mesh errors are dominant. In addition, errors in approximate solutions for
k = 67 in Figure 6a are found to be worse as L increases due to the dependency of the stability constant on
ouL.

The last numerical test is in regard to the error behavior associated with near-cutoff modes. The wavenumber
k is chosen such that k = 67 4+¢ with e = 107%,1072, 1073 and 10™%. In this test, we set the finite element mesh
h =1/400 and the PML parameters are chosen to be L = 0.2 and ¢,, = 20, by taking into account that errors in
approximate solutions decrease at the same rate as reflection errors until ,, = 20 (when L = 0.2) with ignorable
mesh errors according to Figures 3 and 5. The reflection errors for fixed L = 0.2 and o, = 20 are all the same
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for all €, e 29»L a2 3.3546 x 10~%. The results are reported in Figure 7, which shows that errors in approximate
solutions grow approximately as u, "' (dashed red line) for anisotropic meshes and as p -3 (dash-dot red
line) for isotropic meshes with p;, approaching zero. Here the constant og becomes large with small € as seen
in Table 1. It results in the fast growth of errors in approximate solutions for isotropic meshes that can not
treat anisotropy of the problem properly. In contrast, applying anisotropic mesh refinements provides errors
in approximate solutions that grow slowly as pimin — 0T, in this particular example, slower than ﬂ;iln in the

theory.

APPENDIX A.

Lemma A.1. There exists a positive constant C such that for any n # N and m € N

Gh o+ L+ Ao+ (L4 A2+ MDloo*\* O (A1)
G2, + a5 (A2 — k2)[2 Hinin '
Forn = N, it holds that
/2
CE 4 C2 (14 A2) |00 + (1422 + M) |oo*\ !
( ( )| |£2 |2( )|ool < ClouD)2 (A2)

Proof. 1t is clear that

G+ CE (L4 A2 oo + (14 A2+ Ap)|oo|*
< G 205,14 X200l + (1+2X% + X)) |ool* = (¢, + (14 A2)|oo[*)>.

Also, if (2, are eigenvalues of the Sturm-Liouville problem (4.10) with L = 1, then it holds that (2, = {2, /L?
and (,, > C for m € N. Thus, it suffices to show that

Com * _
G2, — u2ogL?|

G A (L A)|00PLE [ Cpmin) " i #£ N,
- S\C(o,L)? ifn=N (A-3)

for m € N.
We note that the angle between C?n and p202L? in C is given by 26, for n < N and m — 26y for n > N by
(3.2). One can easily show that the denominator of C,, ,,, for n # N is bounded below by

G2 — 120212 = (C2, + |pnooL|* 4 282 |unooL|? cos 260p) /2

1 — | cos 26|
2

>

/2
) (& + lunooLI2).

Since | cos 26p| < 1, in general ((1 — |cos(26p)])/2)/? is bounded below away from zero but it may be close
to zero when 6y ~ 0 or 7/2. When 0 <y < 1 (or 0 < 7/2 — 6y < 1, in this case we work with ag = 7/2 — 6
instead of ), it holds that

1 1
1—|cos26g| =1 — cos26y > 5(290)2 - 5(200)4.

In such a case, since Cpmin < fin+1/pun—1 = tan(fy) < Cép, it can be obtained

B 1/2
(1"320529"') > o1~ 363 > C > Cpi. (A4)
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Therefore, by using (A.4) and (3.8) we can derive that
|Gr — 200 L?| = Cpid i (G2, + (14 A2)|oo|*L?),

from which (A.3) for n # N immediately follows.
On the other hand, when n = N, we have u, = 0 and A\, = k, and hence

(i + (L+ K?)|oo2L?
&
In this case we note that |og| < C|o,| instead of the second inequality in (3.3), since fimin can be considered
as constant. Therefore, by using the fact that {,, > C and ¢, L > 1 in (3.5), it can be shown that

On,m -

Crm < C(UuL)2a

which completes the proof.
|

It is a well-known theory that trace operators from usual Sobolev spaces are bounded and have continuous
right inverses. The following lemmas are devoted to verifying the same results independent of o for the weighted
Sobolev space HL(Qpur). More precisely, we will study on liftings in H}(Qpnr,) of functions in H'/2(T) and
trace inequalities for functions in H}(Qpmw) or H2(Qp).

Lemma A.2. For g € HY/?(Ty), there exists ¢ € H:(Qpar) such that ¢|r, = g and
[l @enn) < Cllgll vz,

Proof. Let g = 300 gnYy in HY/?(T). We define
Zg e~loolanTyr (4 Z On ()Y, ( for (z,y) € QpmL

with o, = (14 A2)/2. A straightforward computation shows that

L L 2
ol [ ata)de = lgnfhou] [ e Hroenzar < B0z
0 0

1 /L
|00| 0

By using Fubini’s theorem and the monotone convergence theorem, we achieve the inequality independent

OfO'O
2 I & 1
1603000 = [} 3 | o

<O (14X 210, = Cllgl oy
n=0

| 2

L
|gn / |00an|26_2“’°|a”$dx < ‘9;‘ (1+)\2)1/2

2
de <
|Uo| 0

L]

+ ool (1 + Ai)czﬁn(ﬂf)l2> dz

which completes the proof. O



1220 S. KIM

Lemma A.3. The following trace inequalities hold,

16l /2 (rgy < Clldllar@pn)  for ¢ € Hi(QpaL) (A.5)

1 9¢
18l g2/2ry)  and H HH1/2(F0 < Clollaz@pn) for ¢ € H3(Qenr). (A.6)

Proof. We will prove (A.6) as (A.5) can be proved in the same way. To this end, we let Qo = R x O be an
infinite waveguide and define an extension ¢ of ¢ to (—L/2,0) x © by

7 _ 3¢(_xay) - 2¢(_2$7y) for — L/2 <z S 0,
o(@y) = {¢(9U7ZU) for0<z < L.

The construction of ¢~> implies that (,Z; and 3({5/ Oz are continuous across I'g. We introduce a cutoff function
x(z) defined by one for |z| < |og|L/4 and zero for |x| > |oo|L/2, that satisfies
L= |
< —_ )
L>=(R) loo| L

C

Lo  |o0?L?

d?x
dz?

dx
oo <1 -
||X||L R) = 4 ‘ 1

<C.

Then the zero extension v(x,y) of x(|oolz)d(x,y) to Qoo satisfies

ol sy < Clollz @onn, (A7)
where
[ pp—— T +1<62”2 ’3 )
HZ(Qoo) o3 || 02 Lg(ﬁx) ool \ Il 9zy |2, Oz (| 25,0
+ oo (H |5 L )
@ 10le@y T E O

Therefore, since v = ¢ and dv/0x = 9¢/dx on Ty and we have the inequality (A.7), it suffices to prove

161}

P (A.8)

HU||H3/2(FO) and < CHU”Hg(ﬁ

Hl/Z(FO)

OO)

for establishing (A.6).
Now, we first observe that

= 3 v (T = 3 L D e 8
IR IABIAD Z( = / A (6) ds>Yn<y>7 (A.9)

where v, (z) = [gv(z,y)Y,(y)dy and o, is the Fourier transform of v,. By invoking Fubini’s theorem, the
monotone convergence theorem and Plancherel’s theorem, we have
1+ 22

> 1
v 2 208 :/ (
| ||HU(QOO) anzo ENE EN
o0 1 §2 ) 2 A )
>0y j/—| £ loul(122)) [0 (6) .
= Jr lool \|ool

On the other hand, the nth Fourier coefficient of the trace of v on I'y can be written as

(0]} r/vn

2
d?v,,

dv,,
prad

E(Uﬂ)

2
+ ool (1 + X2 + )xfl)vn(x)|2>dx

(A.10)
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and the Schwarz inequality yields that

@lral? < </| 7 (|+|Ool(1+/\2))_2d£> (/kj' (|O|+|ao|<1+A2>)2|f»n<§>|2ds>. (A1)

By the change of variables t = £/(|og|\/1 + A2), the first integration term in (A.11) can be evaluated inde-
pendently of og as

/|a|( T lool(1 4 A2) )2d£=/ o0 a¢
0 0 o (oo P+ 22) 1 &2)2

. (A.12)
=(1+A2)73/2 /R mdt = g(l +A2)73/2)
which shows from (A.11) that
e < g [ (S |Uo|(1+/\2))2 [on(©)Ide. (4.13)

Finally, it then follows from (A.13) and (A.10) that

oo

91y = D1+ X010l ol

CZ/

which completes the proof of the first inequality of (A.8).

From (A.9), we have
ov 1 o
(8$|Fo)n = E/R—Zﬁvn(f)dﬁ

and hence the Cauchy—Schwarz inequality and the same change of variables used in (A.12) show again

sjﬁ(/ (& + Il +Ai>)1d§) ([ (& +mla) Sapaterac)

4 2\ ¢2

|oo[? |00l

2
(i +loolt+0)) 10n(©)Fde < Ol

Joo|

1 ov 2

(o) (8:5 ‘FO

IN

It then follows that
1 ov

<C
e ol

(Qc0)

H1/2( )
which proves the second inequality of (A.8). O
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