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A LOCAL DISCONTINUOUS GALERKIN GRADIENT DISCRETIZATION
METHOD FOR LINEAR AND QUASILINEAR ELLIPTIC EQUATIONS

ASSYR ABDULLE* AND GIACOMO ROSILHO DE SOUZA

Abstract. A local weighted discontinuous Galerkin gradient discretization method for solving elliptic
equations is introduced. The local scheme is based on a coarse grid and successively improves the
solution solving a sequence of local elliptic problems in high gradient regions. Using the gradient
discretization framework we prove convergence of the scheme for linear and quasilinear equations under
minimal regularity assumptions. The error due to artificial boundary conditions is also analyzed, shown
to be of higher order and shown to depend only locally on the regularity of the solution. Numerical
experiments illustrate our theoretical findings and the local method’s accuracy is compared against the
non local approach.
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1. INTRODUCTION

Partial differential equations with high contrast are notoriously difficult to solve. In order to capture strong
variations of the exact solution in the numerical approximations of the PDE, non uniform grids are usually
required. The construction of such grids is often based on an iterative process, where a solution is computed
and an a posteriori error estimator is used to indicate the regions where the mesh has to be refined, see [2,4,23,25].
In such approach, the solution is computed on the whole domain at each step, even if the mesh has changed
only in a small portion of the domain.

In this paper we propose an algorithm for elliptic PDE, based on a decomposition of the computational domain
in local subdomains adapted to the variation of the solution. In each subdomain, only local problems need to be
solved and no iterations are needed between subdomains (e.g. as in domain decomposition method), as we define
artificial boundary conditions and compute the solution only once in each local domain. We concentrate here
on the a priori error analysis of our scheme, while we postpone the a posteriori error analysis to a companion
paper [1]. The local scheme proposed in this paper is more efficient than the classical schemes for elliptic PDEs
with strong variations for several reasons.

— For linear problems, when using an iterative solver such as the conjugate gradient (CG) method we have
smaller problems to compute on the finer meshes, while the non-local classical schemes need the solution of
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global linear systems with a large number of degrees of freedom (DOF) (recall that the CG method has a
convergence rate that is super-linear with respect to the DOF of the system).

— When solving a linear system arising from PDEs with CG methods, preconditioners are usually needed,
a usual choice for CG being the incomplete Cholesky (IC) factorization. For non-local schemes, the high
contrast of the PDE leads to systems with high condition number (due to mesh and data variations). For the
local scheme, as each subdomain involves smaller variations of the solution and data the condition number
is smaller, leading to faster convergence of the iterative method.

— Finally for nonlinear problems, in addition to the computational saving described previously, only a nonlinear
problem on a coarse global mesh needs to be solved for the local scheme, while the subsequent local problems
are linear. The computational saving is therefore significant for such problems.

The local method that we propose in this paper relies on the discontinuous Galerkin discretization, more
precisely on the Symmetric Weighted Interior Penalty Galerkin (SWIPG) scheme [8,11]. We consider the elliptic
model problem

-V (AVu) = f in Q, (1.1a)
u=0  indQ, (1.1b)

where Q C R? for d = 1,2,3 is an open bounded polytopal connected set, u € H}(Q) and f € H~(Q). The
matrix A is symmetric, positive definite and can possibly depend on u, since we consider both a linear and a
quasilinear case.

The idea of solving local elliptic problems to improve the numerical solution’s accuracy is not new in the
literature. The first important difference of our scheme with respect to the other methods is that the a priori
error analysis is performed under minimal regularity assumptions for linear and quasilinear equations, that is,
assuming u € H}(Q) and f € H~1(2). This is achieved by recasting the SWIPG scheme into the Gradient
Discretization (GD) framework [10,12]. The GD method is a framework suitable for studying the a priori
convergence of various types of diffusion problems: linear and non linear, steady state or transient. For our
scheme, the GD framework is convenient to decompose the sources of errors in the local problems. Furthermore,
applying the pointwise estimates from [7], we can prove (in some particular cases) that the errors coming from
the artificial boundary conditions are of higher order and depend only locally on the regularity of the solution.
Finally, we stress out that the GD framework is only used for the analysis, indeed another advantage of the
scheme is that it fits very easily in existing codes that use the popular discontinuous Galerkin scheme without
needing additional data structures nor additional memory requirements.

One of the first local methods to appear is the Local Defect Correction method (LDC) presented in [16], it
is an iterative process that at each step solves a global problem on a coarse mesh and a local problem on a
fine mesh. The solution of the global problem provides artificial boundary conditions to the local problem. The
solution of the latter is then introduced into the coarse system to estimate its residual. The coarse system is
solved again but adding the residual to its right hand side, leading to a more accurate coarse solution and hence
better artificial boundary conditions for the next local problem. Two similar methods are the Fast Adaptive
Composite grid algorithm [20] and the Multi-Level Adaptive Technique [6]. In [14] it is shown that under
reasonable assumptions the three methods lead to the same solution. In their original form the schemes were
defined for finite difference methods but finite volumes or finite element versions exist, see [21,26]. Only recently
has the LDC scheme been coupled with an a posteriori error estimator in order to automatically select the local
domains [5]. The scheme that we propose is different from the LDC method in the sense that it computes only
one global solution on the full domain and all the subsequent computations are localized around the singularities.

Since our local scheme computes a solution similar to the one given by the non local method but at a smaller
cost, it could in principle be used as a preconditioner for the non local scheme. Related preconditioning strategies
are for example the multilevel domain decomposition methods (see, e.g. [3,13]). Numerical investigation such
a preconditioning strategy and comparison with multilevel domain decomposition methods is however beyond
the aims and scope of this paper.
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The paper is organized as follows. In Section 2 we present the Gradient Discretization framework and the
Symmetric Weighted Discontinuous Galerkin Gradient Discretization (SWDGGD), which is equivalent to the
SWIPG scheme. At the end of the section we introduce a local version of the SWDGGD. In Section 3 we present
the local scheme and establish an a priori error analysis for linear equations. In Section 4 we introduce the
scheme and the a priori error analysis for quasilinear equations. Finally, Section 5 provides numerical results
and comparison with the classical scheme. The equivalence between the SWDGGD and SWIPG methods is
postponed to Appendix A.

2. NOTATION AND PRELIMINARY RESULTS

Our local scheme is based on the traditional SWIPG scheme but the analysis is done in the GD framework,
this allows for minimal assumptions and further generalizations as quasilinear problems. Whence we introduce
in Section 2.1 the notation for the GD setting and in Section 2.2 we define a particular GD scheme which is
equivalent to SWIPG, their equivalence is shown in Appendix A. The method presented in Section 2.2 is a slight
modification of the one proposed in [12], the main difference is that the latter is equivalent to the Symmetric
Interior Penalty Galerkin (SIPG) method. We opted for the SWIPG scheme instead of SIPG since it is known
to have improved stability in problems with high diffusivity contrasts [11] and also to be suitable for a locally
vanishing diffusion [9]. In Sections 2.1 and 2.2 we mainly follow [10] and [12]. In what follows we make the
following assumptions on the data for the linear case

Assumption 2.1.

~ Q C R? is an open bounded polytopal domain, 7
~ A:Q — R4 s such that A(x) is a symmetric matriz measurable with respect to @ and there exists A, A > 0

such that it has eigenvalues in [\, A,
— the forcing term is f € H-1(2).

For the quasilinear case, we will assume
Assumption 2.2.

~ Q C R% is an open bounded polytopal domain,

- Az, s) = (aij(m,s))ﬁjzl is such that a;; : @ x R — R is continuous in @ and Lipschitz continuous in s.
Furthermore A(zx,s) is a symmetric matriz with eigenvalues in [\, \],

— the forcing term is f € H=(Q).

For simplicity, the dependence of A on « is left out in our notation. Under Assumption 2.1 the unique weak
solution of equation (1.1) is u € Hg(£2) such that

/ AVu - Vudz = (f,v) for all v € HJ(9), (2.1)
Q

where (-,-) denotes the pairing between H~1(Q) and H}(Q2). Under Assumption 2.2 we have existence and
uniqueness of the solution of the quasilinear problem obtained by replacing A by A(u) in equation (2.1). The
continuity of A with respect to x is needed to ensure uniqueness of the solution and simplify the presentation
in Section 4, but it is not needed by the local scheme.

2.1. The Gradient Discretizazion method

We start by defining the GD method for homogeneous Dirichlet boundary conditions as introduced in [12]
along with some of its properties.
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Definition 2.3. A gradient discretization method D for homogeneous Dirichlet boundary conditions is defined
by D = (Xp,lp, Vp), where

(1) the set Xp is a finite dimensional real vector space,

(2) the reconstruction function Ilp : Xp — L?(Q) is a linear mapping that reconstructs, from an element in
Xp, a function over €,

(3) the gradient reconstruction Vp : Xp — L2(Q)? is a linear mapping which reconstructs, from an element of
Xp, a gradient over (2. This gradient reconstruction must be chosen such that ||Vp - || 2(q)e is a norm on
Xp.

Example 2.4. Among others, the conforming P; finite element Galerkin method can be written as a GD
method. Given a partition of Q into simplices, let Vj, C H}(Q) be the set of piecewise linear and continuous
functions on this partition. Let {e;};cr be a basis of V},, we define Xp = {¢ = ({;)ier : ¢ € Rforall i € T},
pp = > ,c;Gei and Vpo = > . (;Ve;. In what follows when we consider sequences (D, )nen of gradient
discretizations, it is useful to think that each D,, is associated to a mesh of size h,, with lim,,_,, h, = 0.

In the following (D, )nen is a sequence of gradient discretizations.

Definition 2.5. If D is a GD, define Cp as the norm of Ilp:

B Ipé] 120
D= X Tl o
sexp\{0} [V | L2

A sequence (Dy,)nen of GD is coercive if there exists C, € Ry such that Cp, < C), for all n € N.

We observe that coercivity implies a kind of Poincaré inequality.

Definition 2.6. If D is a GD, define Sp : H3(Q) — [0, 00[ by
Sp(v) = min ([Tp¢ = vllr2@) + [IVDe = VollL2a)e).
A sequence (Dy,)nen of GD is consistent if lim,, o, Sp, (v) = 0 for all v € H} ().
Definition 2.7. If D is a GD, define Wp : Hgi (©2) — [0, 00[ by

\Y% v+ 1IpoV-v)d
Wp(v) =  sup o (Voo v D¢V - v) a:|
$eXp\{0} VDol L2

A sequence (Dy,)nen of GD is limit-conforming if lim,, .. Wp, (v) = 0 for all v € Hg;, ().

The limit conformity of the method implies that the gradient discretization method satisfies asymptotically
the Stokes theorem.

Definition 2.8. A sequence (D,)neny of GD is compact if, for any sequence ¢, € Xp, such that
([IVD, énll2(0)2)nen is bounded, the sequence (Ilp, ¢ )nen is relatively compact in L?(9).

In order to use the GD to solve equation (2.1) it is useful to write f € H () as

d of;
f=fotd 3-=fo+V-F,
i=1 "

where © = (71,...,2q4) € Q, fo,f1,...,fqa € L*(Q) and F = (f1,...,fa)" € L*(Q)% With this notation,
equation (2.1) becomes

/AVu-Vvda::/(va—F-Vv)dm for all v € H} (). (2.2)
Q Q

We next define the Gradient Scheme used to approximate u solution of equation (2.2).
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Definition 2.9. For a given gradient discretization D, the Gradient Scheme (GS) for problem (2.2) is defined
by: find ¥ € Xp such that

/ AVpY - Vpodx = /(fo IIpp — F - VD¢) dx for all ¢ € Xp. (23)
Q Q

The convergence of the above scheme is given by Theorem 2.10, which is proven in Theorem 2.28 of [10]. Notice
that under Assumption 2.1 and u € Hg(2) we have AVu+ F € Hy;iy (), indeed —V - (AVu+ F) = fy € L%(Q).

Theorem 2.10. Let D be a GD, then there exists one and only one 9 € Xp solution to equation (2.3) and it
satisfies

1
||Vu — VDﬁHLz(Q)d § XWD(AVU + F) + (1 + H(A))SD(U), (24)

where k(A) = \/A is the condition number of A.

Corollary 2.11. If (D,)nen is a consistent and limit-conforming sequence of GD and ¥,, € D,, is a sequence
of solutions to equation (2.3), then

lim ||Vu - anﬁn”L%Q)d =0.
Proof. Follows from equation (2.4) and the definitions of consistency and limit conformity. |

Convergence rates are obtained under stronger regularity hypothesis on the data and the solution, upon
the introduction of a mesh and depend on the underlying discretization method. We refer to Corollary 2.17
at the end of Section 2.2 for such results. The compactness hypothesis of Definition 2.8 is needed to establish
convergence of the gradient scheme when applied to nonlinear problems.

2.2. The Symmetric Weighted Discontinuous Galerkin Gradient
Discretizazion

Inspired from the method proposed in [12] we define the Symmetric Weighted Discontinuous Galerkin GD
(SWDGGD).

A polytopal mesh T = (M, F,P) is defined as follows. M is a finite family of non empty polytopal open
disjoint elements K C €2 such that Q = Ugea K. We suppose that K is star shaped with respect to an zx € K
and denote P = (g )kem- Let F = F, UF; be the set of faces of the mesh, where F,, F; are the boundary and
internal faces, respectively. The set of faces of K is Fx ={oc € F : 0 C 9K}. For each K € M and o € Fx we
denote by dg , the orthogonal distance between xx and o, hence

drko = (Yy— oK) ng, foralyeo,

where ng , is the unit vector normal to o outward to K. We denote by Dk , the cone with vertex xx and
basis o, that is

Dio={zx +s(y—xk) : s€]0,1, y €o}.

Finally, we define the mesh size and a constant measuring the regularity of the mesh. For o € F let M, =
{K € M :0 € Fk} and let hg be the diameter of K € M, then

h :max{hK K e M},

h h
Ng =max —T+fK:J€.7-},Mg:{K,T} U
hx  hr

hi
dK,(T

:KGM,JG}'K}

U{#fK:KGM}),
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the term {#Fk : K € M} is needed in Lemma 3.14 of [12] to bound the jumps on the faces of the elements.
Let V ={v e L%(Q) : v|x € Py(K), VK € M}, where P;(K) is the space of polynomials in K of total degree
. Let (e;)icr be a basis of V' such that supp(e;) is restricted to one element of M. We set

Xp={¢=(C)ics : GERSforalliecl} (2.5)

and define the operator Ilp : Xp — L2(Q2) by

po =Y Gei. (2.6)

el

For K € M we note by Ilz=¢ := Ilp@|z the restriction of IIp¢ to K extended to K and define V¢ = VIIz¢.
Let a €]0,1[ be a user parameter and v : [0,1] — R such that 1(s) = 0 on [0,a[ and 9|41 € Pe—1([a, 1])
satisfying

1 1
/ Y(s)s?lds =1 and / (1 —s)'p(s)s?'ds =0 fori=1,...,0—1. (2.7)

In the case where ¢ = 1 we have 9(s)|(o,1) = d/(1 — a®). This choice of ¥ is fundamental to show the
equivalence with the SWIPG method, see Appendix A. The discrete gradient Vp : Xp — L?(Q)? is defined as
follows. For ¢ € Xp, K € M and o € Fg, we set, for a.e. © € Dk ,

[¢]K,a(y)

dK7O'

Vpo(x) =Vio(x) +1(s) NK,o, (2.8)

where ¢ = xx + s(y — xx) with s €]0,1[, y € o and

if o € F; with 0 = 0K N OT then [k »(y) = wk,o IFé(y) — Hzro(y)),
if o € F, with o0 = 0K N 0N then [¢]k o (y) = 0 — Hrd(y).

For o € F, with 0 = 0K NO? and K € M it is useful to set wg » = 1. If instead o € F; with 0 = 0K NOT
and K,T € M the weights wg ,,wr , are two non negative numbers such that

WK,s T wr,e = 1. (29)

In the original Discontinuous Galerkin GD (DGGD) method introduced in [12] the weights are (wgk o, wr,o) =
(1/2,1/2) and it is proven that D = (Xp, IIp, Vp), with Xp, IIp, Vp as in equations (2.5), (2.6) and (2.8), is a
GD method. Moreover, any sequence (D, )nen of DGGD defined from polytopal meshes (%, )nen with (9g, Jnen
bounded and haq, — 0 1is a coercive, consistent, limit-conforming and compact sequence of GD. Thanks to the
particular choice of 1 it is possible to show that in the linear case with piecewise constant diffusion the DGGD
scheme is equivalent to the well known SIPG method.

In our case we want to be equivalent to the SWIPG method, hence we define the weights as follows. Let
K e M and o € Fg, we set

5K70 = 'I‘L}JA|K’I’7,K7U.
For o € F; such that 0 = 0K N OT with K,T € M we define

5T,a 5K,a
WT, o

_ ’ - Ko | 2.10
6[(,0 + 6T,a ’ 6K,0’ + 6T,c7 ( )

WK, o

Upon changing the constants in Lemma 3.8 of [12] we deduce from Lemma 3.10 of [12] that ||Vp-||12(qy« With
the choice of weights given by equation (2.10) is a norm on Xp and hence D = (Xp,Ip, Vp) with (wk,»,wr,s)
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as in equation (2.10) is a GD method. It can be used to solve diffusion problems with homogeneous boundary
conditions as in Definition 2.9. From now on we refer to this method as the Symmetric Weighted DGGD scheme
(SWDGGD). Apart from the weights definition, the only difference with respect to the original DGGD method
is a factor

C, = ) 2.11
Kegggﬂwm/ (2.11)

multiplying the constant Cp of Definition 2.5.
In the foregoing analysis we need the jump semi norm on Xp, defined by

o= 3 Y g [k,

KeMoeFk

We define a stronger version of Sp which controls the jumps.

Definition 2.12. If D is a SWDGGD, define Sp_; : Hj(Q2) — [0, 00[ by

Sp.j(v) = Jg}&(”ﬂbcﬁ —v|z2) + IVDd — Vvl L2()a + (9] ;)

We quote two improved estimates on Sp, Sp_; and Wp.

Lemma 2.13. There ezists Cs > 0 depending only on |Q|, o, ¢, d and p such that for all v € H?(Q) N Hg(Q)
Sp(v) < CshMHU”Hz(Q) and SD“](?}) < CshM||U||H2(Q).
The result for Sp_; is obtained following the lines of the proof for Sp, which is given in Lemma 3.14 of [12].

Lemma 2.14. There exists Cyy > 0 depending only on |Q|, «, £ and d such that for all v € H*(Q)?
Wp(v) < Cwhpm||v| g aya-

Lemma 2.14 has been proven for the DGGD scheme in Lemma 3.15 of [12]. The proof uses the fact that
(1/2,1/2) is a partition of unity. Thanks to equation (2.9) the same result holds for the SWDGGD method.
Next, Theorem 2.15 establishes the asymptotic properties of the SWDGGD schemes.

Theorem 2.15. Let (Dy)nen be a sequence of of SWDGGD defined from polytopal meshes (Tp)nen with
(nz,, )nen bounded and hpq, — 0 for n — co. Then it is a coercive, consistent, limit-conforming and compact
sequence of GD.

Proof. Coercivity and compactness are proven as in Lemmas 3.12 and 3.13 of [12]. Consistency follows from
Lemma 2.13 and Lemma 2.16 of [10]. Limit-conformity follows from the compactness of the scheme, Lemma 2.14
and Lemma 2.17 of [10]. O

In the SWDGGD scheme the C}, constant depends continuously on C,, from equation (2.11). We note that,
even if C,, is mesh dependent it can be bounded by terms depending only on A. In the following Lemma we
show, by usual density arguments, that even if v is only in H} () we have lim,,—,o Sp, s(v) = 0.

Lemma 2.16. Consider the same assumptions of Theorem 2.15 and v € H}(Q). Then we have
limnHOO Spn’](v) =0.
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Proof. Let v € Hg() and € > 0. Then there exists v. € H?(Q) N H§(Q) such that [|[v — vel|p2(0) + [[Vv —
VUE||L2(Q)d <e. Let

b = %;rgmin(\lﬂm¢ — Vell2() + VD, & = Vo r2(0)e + |91 ,)-

Dn
Hence
Sp,,,1(v) < ||Up, ¢n — vllL2(0) + VD, & — VUl 1200y + [Pl ;
< e+ Csha, |lvell m2(0),
using Lemma 2.13 lim,, . Sp, 7 (v) < €. Since ¢ is arbitrary the result follows. O

Corollary 2.17 (Of Thm. 2.10). Let D be a SWDGGD, under the same assumptions of Theorem 2.10, u €
H2(Q) N HE(Q) and F € HY(Q)?, the solution ¥ € Xp to equation (2.3) satisfies

1
19 = Votllaqoys < haa (§OwIAVU+ Fllniays + (14 K(A)Csllul ey ).

Proof. Follows from Theorem 2.10 together with Lemmas 2.13 and 2.14. (]

2.3. The local weighted discontinuous Galerkin gradient discretization

Let {Qk}ﬂ/[: 1 be a sequence of polytopal domains with €; = Q and € C €2. We consider as well a sequence
(Te)M | = ((My, Fr, Pr))AL, of polytopal meshes on © and denote Fj, = F,, U Fy; with Fy, and Fy ; the set
of boundary and internal faces of M. Moreover, (T;)M | satisfies the following.

Assumption 2.18.

(a) Foreachk=1,...,M, Qr =Ugem,. kca, K-
(b) Fork=1,...,M —1
D {KeMpi : KCQ\ Qe ={KeMy : KCQ\Qi1},
(i) of K,T € My, with K C Qgq1, T CQ\ Qer1 and OK NOT # () then K € M1,
(iii) if K € My and K C Qg11, either K € Myiq or K is a union of elements in My1.
(c) We suppose the existence of C, > 0 such that
(i) fork=1,....M -1, if K € My, and K € My, with K C K and 0 € F, & € Fr with & C o then
dK,a < Crdf{'ﬁ7
(i) fork=1,...,M, ifc = 0K NOT with K,T € My, T C Q\ Qy and K C Qy, then dx » < Cidrs.
(d) It exists p > 0 such that ns, < p fork=1,..., M.

The above assumptions on (Tk) _, ensure that Ty, is a refinement of %) and that this refinement occurs
inside the subdomain Qk+1 Let 35, = (Mk,]:k,Pk) with ./\/lk ={K € My : K C Q}, Py = {x, € Py :
x, € Q) and fk .7:;.c p U fk ; the set of faces of ./\/l;C ,with fk b and .7-';C ; the boundary and internal faces of
Qy, respectively. Condition (a) in Assumption 2.18 assures that Tk is a polytopal mesh on Q. (b) guarantees
that in Q \ Qx4+ and in the neighborhood of 911 the meshes My and My, are equal and that M4 is a
refinement of My, in Q1. (¢) and (d) ensure mesh regularity, will permit equivalences between jump norms
and make the constant Cs of Lemma 2.13 uniform in k. An example of meshes satisfying Assumption 2.18 is

given in Figure 1.
Given (‘Zk)kle we define a sequence Dy, = (Xp,,p,, Vp,) of SWDGGD. Let

VkZ{Uk ELQ(Q) : vk|K€Pe(K),VKEM}g} (2.12)
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FIGURE 1. Example of possible meshes for three embedded domains €1, Qs, Q3.

and (ex;)icr, be a basis of V), such that supp(ey ;) is restricted to one element of Mj. We set

Xp, = {¢r = (Cr,i)icr, : Cri € Rfor all i € Iy}

IIp, and Vp, are defined as in equations (2.6), (2.8) and (2.10).

We can write Xp, = Yp, @ Zp,, where supp(Ilp, pr) C Qi for ¢ € Yp, and supp(llp, &) C 2\ Q for
&k € Zp,,. For k =1 we have Yp, = Xp, and Zp, = {0}. For k > 2 and ¢,_1 € Xp,_, there exists { € Zp,
such that Ilp, _, dr.—1xo\q, = [Ip,&k- By abuse of notation we will denote §, = ¢r—1X0\q,, hence xq\q, is seen
as an operator from Xp, , to Zp,.

In what follows Il is the restriction of IIp, to Yp,. Let us define as well a gradient on Yp, which will

be used to impose inhomogeneous Dirichlet boundary conditions. Let ¢ € Yp, and &, € Zp,, for K € M\k,
0 € Fix and @ € Dk, the gradient V5, ¢ () is defined by

Vi, 6, 94(@) =Vigpn(a) + () Ploa Wy
' dK,J
where @ = i + s(y — ¢k ) and
[‘pk}K,Uka (y) = [@k}K,a(y) ifoe fk,i or o € ﬁk,b N Frp,
(] K06, (Y) = TE — Hzrpn if o e fk,b \ Fip with 0 = 0K NOT

andKGM\k, TGMk\M\k.
We will denote V5 4 by Vg .
Theorem 2.19. The triple D), = (Yp,, 115 ,V5,) is a SWDGGD scheme for each k=1,..., M.

Proof. We notice that Zsk is the SWDGGD corresponding to the local polytopal mesh ‘Ek, hence it is a SWDGGD
by construction. O

In what follows we will call ﬁk the local SVYDGGD. Remark that Lemmas 2.13 and 2.14 and Theorem 2.15
are valid if we replace D, Q, haq and T with Dy, Qy, h//T/l\k and Ty.
Observe that for ¢y € Yp, we have V5, Pk # Vp, ¢k, indeed V5, 18 missing the wg o factor in the jumps at

the faces o € .7?1@)1, \ Fip- Adding the wg , factor in those faces would prevent the limit consistency of @k.
In what follows Sﬁk and Wﬁk are the operators defined by Definitions 2.6 and 2.7 but with Q, D, and Xp

replaced by €, ﬁk and Yp, . We define as well the jump semi norms on Xp, and Yp, . For ¢, € Xp, we define

b= > 3 7 [oke(widy

d
KeMy oc€EFK K,o
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and for & € Zp,,, o € Yp, we set

|(pk%(k),§k = Z Z

KE./T/[\)C oceFK

1

dK,o‘

/ [or) K06 (y) dy.

Since in our local scheme (to be defined in Sect. 3) we solve local elliptic problems with artificial boundary
conditions we need a local version of Sp, ; which measures the error of the method on the boundary.
Definition 2.20. Let &, € Zp, and ﬁk be a local SWDGGD, define
Sp, ren H} () — [0, 00[ by

SBi.a s (v) := wgl}gk(uvﬁmgk@ = Vllp2(9,) + \<P|f(/c),5k)~

The L?(Q4) norm is not taken into account in Sﬁk JEn since our convergence results are in energy and jump
norms.

Lemma 2.21. Let v € H}(Q) N H%(Q), then fork=1,...,M

S Sp,.5¢W) < Cshgg vl 2(a)-

Proof. Follows the lines of Lemma 3.14 from [12]. O

In order to provide bounds on Sﬁk Je, We need an additional norm to measure the error at the interface
between subdomains. Let ¢, € Xp, , we define

\Gbk@% = Z Z i/UHT(ZSk(y)Qdy-

KE./(-/l\k ce€FkNFr
TGMk\//\./l\k

The minus in | - | o0; refers to the fact that in the integral the argument lives outside M\k Later, |- | o0t will
be defined as well. '

Lemma 2.22. Let ki, & € Zp, and v € HE(Q). Then
Sﬁk,J,nk (v) < Sﬁk,J,gk (v) + Calrp — §k|8§2;7
where Cg =1+ Cy and C}, = f; ¥(s)2s4=1ds. If moreover v € H2(Q) N HE () we have

Sﬁk,J,fw (v) < Cghﬁk_ ||U||H2(Qk) + Cylkr — §k|69; for & = arg;nin Sﬁk,J,f(v)'
€Zp,,

Proof. Let ki, & € Zp,,, v € Hi(Q) and ¢y € Yp, defined by

Pk = argmin(||V5k’§k<p - vU”L2(Qk)‘i + |<p‘f(k),§k)7
PEYD,

we have

W(s)?
”vﬁk,nkwk - vﬁk,gkspk"%?(ﬂk)d = Z Z / 2 (lor]Kom (¥) — [@k]K,quk(y))zd:L
KE./T/l\kUGJ:Kr\I]?th Koo Ko
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where x = i + s(y — xi) for s € [0,1] and y € 0. Using the change of variables de = dKVJsd’ldsdy yields

Hvﬁk,ﬁk<‘0k Dk fkgpk”Lg(Qk)d - Z Z / / d2 ([or] K00 (Y) — [Pk] K04 (y))ZdKJSd_l dsdy
KeM,, 0€FxNFip Ko

~2 Y Y = [(edkon® - ledkea )y

— ~ dK,O’
KeMpocFrNFrp

If in the above sum o € Fyp, then [¢rlr,ox, — [PklK,0.e, = 0. Else, if 0 € Fy; there is T € My, \ M\k such
that o = 0K NIT and

(k) K ome — [Pk K 0,6, = Dk — I,
which implies

2
”Vﬁk,ﬁk Pk — vﬁlmfk Pk ”Lz(Qk)d

1
=Cp D > / T ( — &) (y)* dy = Cy e — &kl (2.13)
KE./T/l\k cEFNFr K,o Jo
TEMk\/T/(\k

For the jump term |g0k|f(k) x,» We have

2 _ 2
01Ty e = 1900 T00

D DD DI / (k] o (8)? — [k s (9)2) . (2.14)

— ~ dK,a
KeMy o€FxNFip

If o € Fip then [px)2 [apk]%g,&k =0, else, if 0 € Fy; with o =0T NOK, T € My \ ./\//\lk we have

K,o,kL
[@k‘}K’a‘J{k - [@k]%(,a,ﬁk = ([@k]K,a,rak - [@k]KJék)([wk]Kﬁv’% + [@k]K,a,&k)
= (Mg — Ng&e) Mprr — U + 2[er] wogn)-

Using equations (2.14) and (2.15) we obtain

1
|‘Pk|?7(k)’ﬁk < |‘Pk|(27(k)75k + Z Z T/GHT(/% —&)(y)* dy

KE.K/I\IC ceFxkNFr Ko
TEMk\M\k

+2 Y >

KG/’\./(\}C ceFxNFr
TGMk\M\k

(2.15)

Mk — &) ()| dy

< |80k|j“)7(k),5k + |5k — 5k|§m; + 22k 50, [k — Eklaq,

= (“Pkb(k),fk + [k — fk|aQ;)2
Using the above estimate and equation (2.13) we get
S (V) S V5, 0= Vollaua + ekl 5,
< ||vﬁk,5k90k - vUHL?(Qk)fi + “Pk|j(;g) £n
+ (1+Cy)lrr — &kloa-
=55, 76, (V) + (1 + Cy)lrr — §k|aQ;.
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If moreover v € HE(Q) N H?(Q) and & = argmingg 7, Sp, 7¢(v), Lemma 2.21 yields Sz ;. (v) <
Cshgg vl 204 4
3. THE LOCAL ELLIPTIC SCHEME

We introduce here our local SWDGGD elliptic scheme before embarking into its a priori error analysis.
Set Yo = 0 and define iteratively ¥, € Xp, for k=1,..., M as

U = ’l§k + Kk, (3.18,)
where ki € Zp, is defined as
Kk = Uk—1X0\Qy (3.1b)

and 1§k € Yp, is the solution of the local problem

/ AVs Ok Vs wdw:/ (follz ¢ — F -V ¢)dx (3.1¢)
Qp e * Qp F k

for all p € Yp, .
Remember that Vﬁk = Vﬁk 05

of V5, the inhomogeneous Dirichlet boundary condition xj is weakly imposed on U%. We have k1 = 0, hence

hence we use homogeneous boundary conditions for . Due to the definition

Wt = 191 € Xp,. Then, for k > 2 the scheme (3.1) computes a new local solution 1§k on a refined mesh /\//Tk;7
where the boundary condition is inherited from the previous solution ¥4_1.

In Section 3.1 we perform the a priori error analysis for the local solutions Jx and provide bounds for the
errors in the local domains €. Section 3.2 improves the results of Section 3.1 in a particular case, showing that
the error due to artificial boundary conditions is of higher order. Finally, Section 3.3 provides error bounds for
the global solution .

3.1. A priori error analysis for the local solution

In this section we proceed with the a priori analysis of the local elliptic scheme presented in Section 3. Before
proving convergence of the scheme we need the following interpolation result.

Lemma 3.1. Let&—1 € Zp,_,, ox—1 € Yp,_, and & = (§p—1+9r—1)Xo\Q. € Zp, - Then there exists o € Yp,
such that

Hvﬁk,gk% - vﬁk71,5k71@k71“L2(Qk)d < Ci‘¢k71|j(k_1)7§k71, (3.2a)
|901c|f(k),g,c < Ci‘¢k71|f(k71)’5k*17 (3.2b)
with C; = V2Cu(1 4+ C2,C)Y2, Cup = maxgem, ocrx w;(,lo, Cy from Lemma 2.22 and C, from

Assumption 2.18.

Proof. Since M\k is a refinement of M\k_l in Qy, there exists ¢, € Yp, such that Hﬁkgpk = Hﬁk,l‘/’k—ﬂﬂk'
Hence

||V'5kvfk gok_vﬁk—hfk—lwk_l ||2L2(Qk)d

<2y ¥/

Kei, 067K DK

+zzz/

KeMyg_10€FK DK*”
KCQy

2

(s) [or] ke ()|

dK,U

2

@k—l]K,Uagk—l(y) de,

dK,a’

b))
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— G2
Kz 5, Q and Q4_, bounded by thick lines —,
K, o1 CK1=[A(1,1 Uf(l,m
[’52 64 09 = T2 with (59,02) € ]?k,b X .7?16,1,1),
| 03 € Fhis
G4 = 04 with (64,04) € ]?k,b X -7/‘:1@71,1'-

FIGURE 2. Example of a situation described in the proof of Lemma 3.1.

since the broken gradients of Hﬁk,lwkfﬂﬂk and Hﬁk pr cancel each other out. With the change of variables

de = dKVUsd’ldsdy we have

/DK’(-,

and similarly for ¢,_;. Using C2 = fl

«

2 1
w<s)W‘“&°(”‘ do = - / (s)?s? ds / [Pk] K06 (¥)*dy

dK,a dK,a o

P(s)%s91ds yields
1

dK,cr

V5, ek = Vo, e Phtllizne <205 > Y /[@k}K,o,sk (y)*dy

KE.K/I\)c cE€FK

1
+2012b Z Z dK(,/J[%‘l]KJ’fk*l(yfdy

KeMy_1 0€FK
KCQy

2 2 2
<20y (|@k|f<k>,sk T |<Pk*1|f<k—1>,sk71) :

To obtain equation (3.2a) it remains to prove |¢’“'?f(k) o S Cc? kC’r|<p;€,1|§A(k D We write |ka|§(k) e B8
Sk ’ —1)Sk—1 'Sk

oibne= X X X o [idraa @i

KeMp_1 ReM, 6€EF % ,6
KCQw  Rek

e ,Aan6 e as in the above sum, either & C and so |pk|z - . = 0 or there exists 0 € Fx suc
Let K, K and 6 b the ab th K and Pklg 5.6, = 0 or th t F h
that 6 C o. In that latter case, if (5,0) € ﬁk,b X j':k—l,b or g € j?k,i then [pr] g 5 6 = [Pk—1]K,0.6, .- If instead
(6,0) € .7?;.3,17 X j':k—Li then [or]7 5 o = w;{}a [Yk—1]K.0,6,_,- See Figure 2 for an illustration of the above cases.

Since wf(la > 1, we obtain in all cases

[P 2 5.6, < Wil [Pr-1]K 060 1| < CopllPr-1]K 060 4 -
10,8k

Furthermore, by Assumption 2.18 we have di , < Cidj ,. These considerations together give

1 1
> > r/[@k]ﬁ,6,£k(y)2dy SCIiCr D 5 /[@k—l]K,mfkfl(y)zdya
Rem, 6€Fg 10070 C
Kck
2 2 2 . s . PR
hence |@k|f(k),§k < Cw,kcr|‘p’f—1|f(k_1),gk,l and equation (3.2a) is proved. In Section 6.1 of [12] it is shown that

Cy > 1, hence Cw,kC’;/z <C; = \/§C¢(1 + Cg7k0r)1/2 and equation (3.2b) follows. O
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The next lemma has been proved for the DGGD scheme in [12] and is valid for the local SWDGGD method
as well.

Lemma 3.2. Let ﬁk be a local SWDGGD scheme, then there exists Coq > 0 depending only on «,f and d such
that

[0kl 71,0 < Ceall Vg, Pkl L2(0)2 for all ¢y, € Yp, .

Proof. Follows the lines of Lemma 3.8 from [12]. O

The next lemma shows that the error of the local solution depends as usual on the regularity of the solution
and data but also on the error committed on the artificial boundary condition. The proof is inspired from the
one given in [10] leading to equation (2.4) and uses Lemma 2.22.

Lemma 3.3. Let u € H}(Q) be the exact solution to equation (2.2), kx € Zp, and Uy € Yp, be solution of
equation (3.1c). Then

. A 1+C .
|IVu — vﬁk,nkﬁkHLQ(Qk)d + |’l9k|f(k),nk < Tqu,Bk (AVu+ F)+ C4 min (Sﬁwa,{k (u) + Cylkr — fk|39;)

Ex€ZD,,
(3.3)
with Ca = Ceq(1 + k(A)) and Cy from Lemma 2.22.

Remark 3.4. Observe that Lemma 3.3 is valid for any s, € Zp, and not only xj given by scheme (3.1).

Proof. Since Zsk is a SWDGGD scheme, by Definition 2.7 for any v € Hqai () and ¢y, € Yp, we have

/Qk(v@k@z;k “v + Hﬁkwk V-v)dx

<NV, YrllLz0)eWp, (v).
As —V - (AVu + F) = fo € L?>(Q) we can take v = AVu + F and obtain

< ”VﬁkwkHLZ(Qk)dW@k (AVu+ F).

| (Vo0 (AVut F) = Mg, i f) da

Using equation (3.1c) we get

ﬁk) : Vﬁkwk dx

A(Vu -V

Q Di ki <V, Ykllz0)aWp, (AVu + F).
k

Let ¢y € Yp,, we have
Ak A(Vﬁk,lﬁk@k — vﬁk#‘ékﬂk) . vﬁkﬂ)k dx

< V5, ¥kll L2 0)a W, (AVu + F) + , AV
k

< IV, ¥ell20,)2(Wp, (AVu+ F) + A[V5, . ok — Vil r2(0,)4).

Di,kk

wr — Vu) - V5, Yk dx

Di,kk

We choose 9, = o — U, since V5, x Pk — v’b\k’ﬁkﬁk = Vﬁk’o(ﬁpk - 1§k) =V5, (or — 1§k) we get

AV, (1 — Dl < / AV, ok~ Vo 0%) -V, (0 — 0p) da

k
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and hence

- 1
V5, (er = )20 < Wp, (AVu+ F) + k(A)[V5, . or = Vul L2

This gives
[Vu — Vﬁmﬁkllm(w < Vu—=V5, . erllee@ne +1IVa, (or — D)l L2 ()
A
Using |1§k‘f(k),m€ < 1okl 5k) 0 + |9, — @kl 71y 0» Lemma 3.2 and equation (3.4) yields

; C
0k 70y mn < 1901 70y + %Wﬁk (AVu+ F)

+ Ceqh(A)|IV5, ., 0r — VullL2 ()
Summing equations (3.5) and (3.6) and taking the infimum over ¢;, € Yp, we get

1+ Ceq

IVu—=Vs5 . Okllz@ne + 19l 50, . <

W@k (AVu + F)

+ Ceq1+ 1(A)Sp_, . (1),

We conclude using Lemma 2.22 and taking the inf over &j.

1
S *Wﬁk (AV’LL + F) + (1 + H(A)) ||V’LL — vﬁk,nk@kHLz(Qk)d'

1283

O

Lemma 3.5. Let ((k, ﬁk))kle be the sequence defined by the local elliptic scheme (3.1a)—(3.1c). Then for k > 2

Dy, kk—1

min (Sp_ ;. () + Colrr — &klpg-) < 2Gi (HVA 191@—1—VUHLz(Qk)d+\1§k—1\j(k_1)7,€k71),

Ex€Zp,,
where C; is defined in Lemma 3.1.

Proof. Taking &, = ki we have

§krélin;>k (Sﬁkn]»gk (u) + Colrr — £k|8ﬂk_-) < SﬁkJ,Hk ().

Since ki = (kgp—1 + ﬁk_l)xg\gk by Lemma 3.1 there exists ¢y € Yp, satisfying

Hvﬁk,ﬁk(‘bk - vﬁkflvﬁkflﬁk_1||L2(Qk)d < Ci|79k—1|j(k_1)7,€k717
‘@klj\(k)’nk S Ci|'l9k71|:]\(k71),ﬁk71

and so

S (W) = inf (‘lvﬁk,ﬁkw = Vullr2(aue + |¢‘f<km)
k
< NIVE, e r = VullLz@os + 195 5() 1,

< HV'\ ’l§k_1 — VU“LQ(Qk)d + 2Ci|’l§k_1|f(k—1),nk,1‘

Di,kk—1
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Let H C Ry be a countable set with zero as only accumulation point. For each h € H we consider a polytopal
mesh sequence (T, x) M, = (Mg, Fnk, Pri))iL, satisfying Assumption 2.18 with h = maxz—;__ Py, s
where hpq, , = max{hx : K € Mpi}. Let Dy, and ﬁh,k be the global and local SWDGGD schemes given by
those meshes Tj, .. In the following the index h in Dj, j, and ﬁh,k is left out of notation for the sake of simplicity.

Theorem 3.6. Let Dy, and D, be global and local SWDGGD. Let ((nk,ﬁk))g/le be the sequence defined by the
local elliptic scheme (3.1a)—(3.1c) and u € H}(Q) the exact solution to equation (2.2). Then for k=1,..., M

lim [|Vu — Vs Okllz2@0) + 10kl 54y e = O- (3.7a)
If moreover u € HY(Q) N H%(Y), the coefficients of A are Lipschitz continuous and F € HY(Q)? there exists
C1,Cs,C3 depending on a, £, d, p, Cy, |Q|, A, F and u such that
IVt = V5, Okl 20010 + 1951 70y, < Cibh (3.7b)
IVu =V, . Okllr2 @0 + 10kl 55 0, < Cohr, + Calrir — Erlonr s (3.7¢)
where &, = argminge 7, S5, re(w).

Remark 3.7. The above theorem gives three important results. The first one equation (3.7a) asserts that
the numerical solution given by the local scheme (3.1a)—(3.1c) converges to the exact solution even under weak
regularity of the solution and data. Assuming more regularity we recover in equation (3.7b) the usual convergence
rate. In equation (3.7c) we establish that the error on the local domain depends on the local mesh size and the
error committed on the artificial boundary.

Proof of Theorem 3.6. Let
Eﬁk = ||Vu — Vﬁk7ﬁ‘/k’lgk||l/2(ﬂk)d + |19k|f(k),mc'
Since k1 = 0 and Zp, = {0} by Lemma 3.3 we have

1+ Ceq
Ep, < ——

Wﬁl (AVU + F) + CASﬁl,J,O(u)

and by Lemmas 3.3 and 3.5 we have, for k > 2,

E-~ < 1+ Ceq + Ceq

B, = by Wﬁk (AV’U, + F) + 2CiCAEﬁk,1'

Let o = 2C;iC4y, since S5, ;(u) < Sp,,s(u) it holds

14 Coy
k— e k—j
Ep, <o*'Ep + T‘* > " IWp (AVu + F)

=2

1+ Coq
)

(3.8)

k
> " Wp (AVu + F).

j=1

< CAOékil»SDl,J(U) +

We have thus proved equation (3.7a) thanks to equation (3.8), Lemma 2.16 and the limit conformity of lsj
for j =1,...,k (we recall that D; is a SWDGGD and hence a sequence of D; is limit conforming). Under the
additional assumptions on the data, from Lemmas 2.13 and 2.14 for D we have

5py,0(u) < Csha ||l m2(o),
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and so
k-1 1+ Ceq - k-1
Eﬁk < Cha CShM1||u||H2(Q) + \ Zla th/\//\leAvu-l-F”Hl(Qj)d,
A
which implies equation (3.7b) with
k-1 14 Ceq - k-1
C1:=Ca CS||UHH2(Q) + h Za CwHAVU-I—F||H1(Qj)d.
A

Let & = argmingc 5, Sp, ;. (u), it holds

gglzigk (Sﬁk,.],g(u) + Colky — §|GQ;) < S@,ﬁj’gk (u) + Calrx — §k|aQ;a

using Lemma 2.21 we get Sz, ;. (u) < Cshgy |l #2(0,) and again from Lemma 3.3 and equation (3.9) we
obtain the bound equation (3.7¢) with

o
Cy := CaCs|lulla2(,) + TWHAVU + Flg oy, (3.10)

where 03 = CAC@. U
3.2. Improved local estimate

Under stronger conditions and using the pointwise error estimates proved in [7] we can further improve the
local estimate equation (3.7c) for k = 2.
Let z € Q, the weight function o, p(x) = h/(h + | — 2z|) and || - HWZEO(Q) a weighted Sobolev norm defined
by
o

0%v
||U||Wj;;°(9) = 20 ‘MW;:‘,’:’ |”|W;‘:;;° = ‘Iglif Hoz,h@HLw(Qy

We will use the following lemma, which is a version of Corollary 5.5 from [7].

Lemma 3.8. Let A = aly with I; € R the identity matriz and a > 0. Let u € W, >°(2) N W2(Q) be
solution of equation (2.1) with f € L*(Q), U1 € Xp, solution of equation (3.1c). Then there is a constant
Cos > 0 such that for any z € Q)

[u(z) ~ TIp, 91 (2)] < Cochlog(h™ ") fully2 o (3.11)

Applying Lemma 3.8 to equation (3.7¢) we obtain a better bound on the local error for k = 2, as explained
in the following theorem.

Theorem 3.9. Let u € Wy ™ (Q) N W2>(Q) be solution of equation (2.1) with A = aly and f € L*() as in
Lemma 5.8. Let Dy, and Dy be global and local SWDGGD schemes and ((ky,Vx))s_, the sequence defined by

the local elliptic scheme (3.1a)—(3.1c). Under the assumption that h < Cmingeam, hx with C > 0 independent
of h, there exists Cy independent of u and h such that

IVu=V 5, ., P2l 2202y + 102l 55 o,
(3.12)

< Coho 4 Cu | h |ulmz(p,) + B ?log(h™)  su || yyy2.00 ,
2 57, 4< M2| | (D2) g( )yeaQRaQ” Hwy‘h Q)

where Dy is a neighborhood of Qo specified below.
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Remark 3.10. Equation (3.12) bounds the error in the local domain 9 and has three terms in the right. From
equation (3.10) we see that the first term depends on v and F in 5. The second term depends on u in a small
neighborhood of 5. The last term depends on the regularity of u in the whole domain, but it is of higher order
and is measured in a weighted norm which weight is O (1) close to the artificial boundary and O (k) far from
it. Hence the error in {29 depends mostly on the regularity of v and F inside or very close to (2a.

Proof. First we observe that equation (3.7¢) for k = 2 is valid with & € Zp, such that IIp,&s is the orthogonal

projection of u onto Ilp, Zp,, indeed even for this choice of & we still have S5, ;. (u) < Cshyy [lul|r2(q,). Let

K e M\g, Te MQ\M\Q and o € Fxg NFr. From Assumption 2.18b we have K, T € M; and Assumption 2.18d
implies hx < php. There exists Cry ([8], Lem. 1.59) independent of u, T' and hy such that

/ Tt — ul(y)? dy <Crh ufpa .

Using Assumption 2.18d we obtain 1/dk » < p/hk, hence

1
S Y o [ Irt - @ dy < Cuph Julteo,,
KeMy OE€FrNFr Ko Jo

TEMa\ M,

with Dy = T. From Lemma 3.8 we have

U{TeMQ\/%:aTmaK;é@,Ke/\?g}

/ u — Tlmro| (y)? dy = / |u —TIzth | (y)* dy < [o]|C2 A log(h™")? sup IIU||3V;;;°<Q>'

yco

Since h < Cmingepm, hi it follows that 1/dk » < Cp/h and thus

1 _
D S A e U T Y 1

KGM\2 ceFxNFr yeSQQ\OQ
TEM2\ M
Applying a triangle inequality on |ke — &a| ooy In equation (3.7¢) we get equation (3.12). O

3.3. A priori error analysis for the global solution

We next study the error on the whole domain €2 of the numerical solution ¥y € Xp, defined by our local
scheme equation (3.1). The next Lemma 3.11 is the main ingredient for the global error bound.

Lemma 3.11. Let u € H}(Q) be solution to equation (2.2) and (9)M., be the sequence defined by scheme
(3.1a) to (3.1c). Then we have

IVu = Vo, kL2 + 9kl 0y < C5(IVu = Vo, Okl L2 )e + [9k-1] y-1))

+C5(IIVu = Vi, o Okll2 @ + 19k 50 -

where Cs = v/2(1 4+ Cy) (1 +/2C, 1).
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Proof. We have

Uik .o
HVU — VDkﬁk||%2(Q)d = Z Z ‘vu Vfﬁk(:B) - w(s)[kh(J'nK,(ﬁ2 dx

d
KeMyoeFk Drk.s Ko

= Y Y [ [Vule) - i) — () e e

d
TEMk\Mk ceFr Dt 5 T,o

* Z Z |VU v?ﬁk(m) - w(s)w

Kei, 0€Fk DKoo dic.o
=1+11.

nK,g\zdm

For the first term I, we have the following considerations. Let T € My \M\k, then T' € My_; and V7, =
Vili—1. Let o € Fr,if o ¢ .7?;@’;, then [Vg]r,e = [Pk-1]re. 0 € .7?;@’6 then o = 0K NOT with K € M, and by
Assumption 2.18b K € Mj,_;. Using equations (3.1a) and (3.1b) we have

k)70 — [k-1]7.0 = wro (M — Tm¥y_1) — wr o (M1 — Mdg_1)
= wT)g(Hflgk — Hfﬁk,l).

Next, adding and removing [¢x—1]r., from [O]r., we get

Vi—1lT,0
r<z Y [ Vulw) - Vgt @) - o) By 2
— D dTO'
TeM\My o€Fr T ’
(T — Mgy
+2 / aJTa b 7 Kk 1)(y)|2dzc.
KeMk ceFrNFk Dr,o T,o
TEMk\Mk

Since wr , < 1, using a change of variables we have

I <2|Vu—Vop, 917200

1 ~
veci Y Y o [(ligd - o))y
Keﬂk ceFrNFk To Jo
TEM}C\/(/l\k

=2|Vu—Vp, ¥k H%?(Q\Qk) + 203,\?% - 79k—1|§u;’

where for ¢, € Xp,

1
Pk EQ}T_ =y > ?/H?%(y)z dy.
KE./\//\lk oceFkNFr 7 Jo
TeM\Mj

For the second term I we have [Vy]k o = [@k]KJﬁk_ ifo e ]?;“ oro € ]?hbﬂfk,b and [V k.0 = Wi, o [Vk] K0,
if 0 € Fip \ Fip- Hence

IT <2||Vu — vﬁk nﬁk”izmm

/ 1 - WK,U)[’ék’}K,o,nk (y) |2 dx
Dk,» dK,a

+2
KGM c€FrNFK
TEMy \Mk
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. 1 .
<2AVu=Vp, il 208 X Y o [k @) dy

d
KE./T/Tk ceFrNFi Ko
TeM\M,,

<2|Vu - Vﬁk#@kékniz(ﬁk)d + 2Ci|1§k|2j(k)ﬂik'

We then obtain

[Vu — V’Dk/&kH%Q(Q)d < 2||Vu - V'Dk—lﬁk*IHiQ(Q)d +2([Vu — Vﬁk,mkéknifz(m)d

21,9 2 21,9, 12

(3.13)

Using similar arguments, we have

= Y / el (y)2dy

d
KeMy, oeFx Ko

> Y g [k

d
KeM,, °€Fk foo

LI DD D e A e

—~ dT o
TeEMp\My oeFr ’

+2 Y > —

Keﬂk ceFgNFr ’
TGMk\Hk

N 9 .
< |19k|.27(k),nk +2 |ﬂk—1|J(k) + 2|9 — 19’“_1%9;' (3.14)

IA

/ Wi, (Tl — Ty _1)(y)2dy

Combining equations (3.13) and (3.14) we get
IVu =V, Okl L2)e + 19kl ) < \/§(||Vu = Vo, P12
+IVu—V5, . Okllr2(eu) + Culdr — Dr—1lp0y
+ Cw|1§k|f(k),nk) +V2 (‘nglf(k),mk +0e—1l ) + |0k — ﬂkfl\aﬂ,j)
< \/§(||Vu Vo Onillzioye + Prtl s + Ve = Vs, . Dellr2an
(L4 Co)lDtl 740, ) + V2 + Colic = Vil
Since we easily get
|0y, — ﬁk—1|ag$ < \/ﬁcw,k(|1§k|j(k),,{k + k-1l k)
we obtain
IVu = Vo, Ol 2y + [0kl < V(L + Cp)(1+ V2Co) (IVu = o Bhall 2y + 111 )
FVEL+ C)(1+VECw ) (V= T, el + il 5y v, )

and the lemma is proved. O
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Theorem 3.12. Let u € H(Q) be solution of equation (2.2) and (V%)¥L, be the sequence defined by scheme
(3.1a) to (3.1c). Then fork=1,....M

}IIILI%) HVu — VDk'l?k”LQ(Q)d + |’L9k‘J(k) =0. (315)

If moreover u € HY(Q) N H%(Y), the coefficients of A are Lipschitz continuous and F € H'(Q)? there exists
Cs depending on o, £, d, p, Cy, ||, A, F and u such that

||VU — Vpk§k||L2(Q)d + |19k|J(k) < Cgh. (3.16)
Proof. Follows from a recursive argument, Theorem 3.6 and Lemma 3.11. (Il

4. A PRIORI ERROR ANALYSIS FOR QUASILINEAR PROBLEMS

In this section we analyze our local SWDGGD scheme for a class of non linear problems satisfying Assump-
tion 2.2. For the sake of simplicity we consider f € L2(f2), but the algorithm and the results can easily be
generalized to f € H~1(Q). Under Assumption 2.2 there exists a unique weak solution u € Hg(Q2) of

AW)Vu-Vode = [ fode  forallve H} (). (4.1)
Q Q

The local elliptic scheme for problem equation (4.1) is given as follows. Set 11 € Xp, a solution of

/ A(leﬁl)leﬂl . le ¢1 dex = / fHD1 gbl dx (4.2&)
Q Q

for all ¢1 € Xp,. For k > 2 we set

Or = ki + Vg, (4.2b)
where ki € Zp, is given by
Kk = Uk—1X\Qy (4.2¢)
and @k € Yp, is solution of
/ A(Hﬁkilﬁk,l)vﬁkﬁkﬁk . vﬁk90k dx = f Hﬁ,ﬂ‘Pk dx (4.2d)
Qe Qp

for all ¢, € Yp, .

We define again a subset H C Ry with zero as only accumulation point and for each h € H a sequence of
meshes (Thyk),]fw:l satisfying Assumption 2.18 with A = maxg—1,..a ha,. From (Th,k),iw:l we define (§h,k)£il as
explained after Assumption 2.18. We consider the weighted gradient discretization methods Dy, x, ﬁth deriving
from % and ‘/E\hh as defined in Section 2.3. The following theorem establishes the convergence of the non
linear local SWDGGD scheme equation (4.2). The proof is inspired by a result in Chapter 2.1.4 of [10] for global

non linear schemes.

Theorem 4.1. For any h € H there exists exactly one U1 € Dy 1 solution to equation (4.2a). Moreover,
p, Yn1 converges strongly in L*() to a solution u of equation (4.1) and Vp, Un1 converges strongly in
L2(Q)? to Vu as h — 0.

We will prove that the same result holds for ¥, ; with k£ > 2. We start by proving convergence of the local
solutions ¥}, ;.. For simplicity we drop the index h in what follows.



1290 A. ABDULLE AND G. ROSILHO DE SOUZA

Theorem 4.2. Let Assumption 2.2 hold, ((xx, @k))gil be the sequence given by the local schemes (4.2a)—(4.2d)
and u € H () be solution of equation (4.1). Then fork=1,..., M

lim |Vu — V3
h—0

Dy,kk

lim [04] 7)., = 0, (4.3b)

1§k||L2(Qk)d = 0, (433)

where the limit is taken for h € H.

Proof. We will prove equation (4.3) by recursion. For k = 1 we easily get equation (4.3a), indeed k1 = 0, T
and by Theorem 4.1 we get

lim IVu = V5, . D1llz2ie = lim [Vu =V, 91| 12(0)a = 0. (4.4)
Let ¢1 € Xp,, we have
‘1§1|j\(1),111 = |191‘J(1) < |191 - ¢1|J(1) + |¢1|J(1) :
From [12] we infer the existence of a constant Cey depending only on «, ¢, d such that
[ = &1l 51y € Ceq|| VD01 = Vi, d1 | 1204
hence
‘7§1|j(1),,€1 <Ceq||Vp, 91 = Vi, 1122 + [d1] 51y -

Taking ¢1 = argming x,, (IMp, @ = ullz2) + [V, ¢ = Vull L2(0)a + 6] ;1)) We get equation (4.3b) for k =1
using the triangle inequality, equation (4.4) and Lemma 2.16. ~
Let k£ > 2 and suppose that equation (4.3) holds for k£ — 1. By Lemma 3.1 there exists ¥, € Yp, satisfying

||vﬁk,nk§k - vﬁk,hl‘ik,]ﬂk_lHL2(Qk)d S Oi|ll§k_1|j\(k‘—1),l£k,17 (4 5)
10k1 700y . < Cilb1] 5—1)

Let 1§k € Yp, be solution of

Ak—1(V5k7M5k + V@kﬁk) . Vﬁkgok de = / fﬂﬁkgak dz
Qk glk

for all ¢ € Yp,, where A;_; = A(Hﬁk,ﬁk—l)' Since V&, ke (I, + @k) = V35, Kkak + V@,ﬁk it follows that
Up = Up + ). From equation (4.3) for k — 1 and equation (4.5) it follows that V5, .. Uk — Vu strongly
in L2(Q4)¢. Thus if Vﬁkﬂk — 0 strongly in L?(Q4)¢ then V5

equation (4.3a) holds for k. From the coercivity of A

0 — Vu strongly in L2(€)? and whence

kyRk

AV, TelZ gy < /Q Ay 1Vp i Vi O da
k

:/ fHﬁlﬁkda:f/ Ap1Vsp, . Ok Vp Opde

Qk Qk

12200 M5, IkllLz0h) + AV 5, 4, InllL2 002 IV 5, Dkl L2 ()
< (Collfllzz@u) + NV, o Frllzz@ue ) 195, Fillz2(0,ye

IN

A
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and hence ||V Oy | L2 (04 )e is bounded. Tt follows from the compactness of Dy and Lemma 2.15 of [10] that there
exists w € Hy(Q%) and a subsequence ' of H such that II5 Ux — w strongly in L2(€,) and V5, I — Vw

weakly in L?(Q)? as h — 0 with h € H’. We will show that w = 0, that the convergence holds for the whole
sequence H and that V@k J), converges strongly. Let v € H}(Qy) and

or = argmingey, (IMp,% = vllr2ay + 1V, = Vell2@ue + 1915000 -

Since Dy, is a SWDGGD, from Lemma 2.16 we have that I3, ¢ — v strongly in L?(Q) and Vs, ok — Vv
strongly in L?(Q4)¢. From equation (4.3a) V5 Ux_1 — Vu strongly in L2 ()%, furthermore by coercivity

Dr—1,kk—1
and consistency we can show that Hﬁk,lﬁkfl — u strongly in LQ(Qk) as well. The same holds for ¥;. Hence
by the non-linear strong convergence lemma in Section D.4 of [10] we obtain

A<Hf5k71'l§k71)v,5k o) — A(u)Vo strongly in L?(Q)?,
A(Hﬁk_lﬁkq)vﬁk Nkﬁk — A(u)Vu strongly in L*(Q)%.

It follows from weak-strong convergence lemma in Section D.4 of [10] and symmetry of A that

/ A(u)Vw - Vodx = Vw - A(u)Voudz

where the limit is for h € H’. On the other hand we have
/ A 1Vp Uk -V orde :/ flip, orda
Qp Qp
_ Ap 1Va
and taking the limit we get
lim / Ap1Vp Vs gpdz= [ fode— [ A(u)Vu-Vodz =0. (4.7)
h—0 Qi k k Qp Qe

Putting together equations (4.6) and (4.7) and using the symmetry of Ax_; we obtain
/ A(w)Vw - Vudx =0
Qy,

for all v € Hg () and so w = 0. We can repeat the same reasoning for each subsequence of Vﬁk Y}, and obtain

the same limit w = 0, hence Hﬁkﬁk — 0 strongly in L?(Q) and Vﬁkﬁk — 0 weakly in L?(Q)? for the whole
sequence H. Furthermore

/ Ak—lvﬁkgk . v'ﬁk&k de = fﬂﬁklgk dx
Qk Qk

— | AxaVs, . Ok vﬁk{ék de

Qe

and so

li A1V 0 - Vs Upde =
hli% o k 1VDk_’l9k kaﬂk dx 0,
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which shows that limj,_. ||v5k7§k||L2(Qk)d = 0 and hence the strong convergence of Vﬁkﬁk. It rests to show
equation (4.3b), we have

95l 5k me < 1961 50y, T 1901508 0
< Ci|19k71|f(k71)7,%71 + Ceq”vﬁkﬂkHL?(Qk)d

and the result follows. O

The next Theorem can be proved with similar arguments as used in Section 3.

Theorem 4.3. Let Assumption 2.2 hold. Consider (93)YL,, the sequence given by the local scheme (4.2a)—(4.2d)
and u € HE () the solution of equation (4.1). Then for k =1,..., M, we have

lim [Vu = Vo, 0llL2)a + [l ) = 0,

where the limit is taken for h € H.

5. NUMERICAL EXPERIMENTS

In the following numerical experiments, we will use examples where the subdomains {Qk}JkVI:1 and meshes
{Tk}i\.‘[zl are defined a priori. This might be realistic in applications where the location of the singularities or
high contrast of the solution are known a priori. When such a priori knowledge is not available, we should use
instead a posteriori error estimators for detecting the local subdomains. This is developed in a companion paper
[1].

In what follows {Qx }+L | will be a sequence of embedded domains but we recall that this is not a requirement.
In the examples we consider f € L?(Q) and denote by (, € Xp, the solution of

/ A(HDka)VDk Ck . kad)k de = / fHDk st dx for all ¢k c ka, (51)
Q Q

we refer to (i as the classical solution, that is, the one obtained by the usual scheme which solves the equations
in the whole domain after eAach mesh refinement. We can write (; = (i + nx with (x € Yp, and ny € Zp,. We
will often compare ¥, and ¥ the solutions of equation (3.1) or equation (4.2) against ( and (i respectively.

Computational cost. As in our setting, the meshes are defined a priori only the most accurate solution
Cnr need to be computed. For the iterative schemes (3.1) and (4.2) instead it is imperative to compute ¥y
for k = 1,..., M. If for example a conjugate gradient method is used to solve the linear systems, then the
computational cost of the local scheme can be considerably smaller than the classical scheme due to the smaller
problems solved on the fine meshes. For nonlinear problems, the local scheme might be faster for any linear
solver, as the non linear system is solved only on a coarse mesh (see Sect. 4). This is illustrated in our numerical
experiments.
It is useful to define the quantities

Local Err(zgk) = HVU — Vﬁkyﬁkékan(Qk)d + "ék|f(k),nk7
Global Err(dy) = [|[Vu — Vp, Ikl r2(0)e + 9k 51 -

Similarly we define Local Err((;,) and Global Err(¢y) for the local and global error of the classical solutions.
The local and cassical schemes have been implemented with the help of the C++ library 1ibMesh [18].
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-1 T T ] -1 T T T 7
2 B Local Exror(da) 2 5 Global Errror(ds)
o-2 | i Local E}:ror(@)i 02| i Global ]irrror(@)i
S S
g 923 | 8 93 B
- :
5 2—4 f— - m’-—‘ 274 L |
2=5 1 - 9-5 - i
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272 273 9274 927% 272 273 274 9275
h h
(a) Local error in Q4. (b) Global error in €.

FIGURE 3. Experiment 5.1: Convergence of the local ¥4 and classical (4 solutions letting i — O.

5.1. Convergence rates

In this example we want to verify the results of Theorem 3.6 (Eqgs. (3.7b) and (3.7¢)) and of Theorem 3.12
(Eq. (3.16)), hence we consider an example with smooth solution. Let Q = [—1,1] x [—1,1], A = I5 the identity
matrix and f € L%(Q) such that the exact solution is

u(x) = e 120lll3 (5.2)

Let M = 4, the local domains are such that @ € Q, if ||z|c < (5 —k)/4d for k=1,...,4.

In the first experiment we want to verify the estimates equations (3.16) and (3.7b), i.e. the convergence of
the local and global errors with respect to the global mesh size. For a fixed h we consider uniform simplicial
meshes ./\/lk on ), with mesh size h"k = h/2%~1 and apply the local algorithm equation (3.1), we let h — 0
and verify the convergence rates. From Figures 3a and 3b we see that equations (3.16) and (3.7b) are verified
for the local solution 4. We also see that the classical scheme gives results with the same accuracy as the local
scheme, both for the local and the global error. This example also indicates that if the high gradient regions
are localized then there is no need of solving the problem in the whole domain after refinements.

In the next experiment we want to see the influence of the second term (boundary layer term) in the righthand
side of equation (3.7¢) on Local Error(das). Let r €]0, 1], we set M = 2, Q) = Q and Qy = [—r, 7] x [r,7]. We fix
hat, = v/2/8 the mesh size of M; and let h 1, — 0. We plot the results for different values of r (an illustration
of this numerical experiment is given in Fig. 5). In Figure 4a we see that when r is large enough the local error
scales with the local mesh size. If, instead, r is too small to cover the high gradient regions then the local error
saturates very quickly. With » = 1/8 we get nice convergence up to h/vll/h/% =16 and with r = 1/4,1/2 we
do not see any saturation effects. In Figure 5 we see that r = 1/16 is too small to cover the local variations
and indeed the local error does not converges. In Figure 4b we plot the total error on 2. We remark that the
error saturates for r = 1/16,1/8. It is interesting to compare the results for » = 1/8 in Figures 4a and 4b, in
the first one there is a nice convergence while in the second an immediate saturation. This indicates that even
if the error outside of {25 is important, it does not propagate quickly into (2. Notice that the results displayed
in Figure 4b are not in disagree with equation (3.16) in Theorem 3.12 since in this experiment h = h a4, is kept
constant.

In Figure 6 we plot the results of the same experiment shown in Figure 4 but for (4 instead of ¥4. We see
that, again, the classical scheme gives similar results.
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o r=1/2
—>—r=1/4 Py
27t —~—r=1/81 & 271
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= o
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(a) Local error in 2. (b) Global error in Q.

FIGURE 4. Experiment 5.1: Effect of the size of {25 on the local solution ¢ when h o, 0.

v
e

(a) Solution in Q. (b) Zoom around the point (0,0).

FIGURE 5. Experiment 5.1: Solution u from equation (5.2) with the size of domains Q5 depend-

ing on 7.
‘ o r=1/2
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3 2~ & 27t ——r=1/8 |
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£ =
= 2—37 = 2—3, |
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(a) Local error in Qa. (b) Global error in Q.

FIGURE 6. Experiment 5.1: Effect of the size of {25 on the classical solution (; when h w1, — 0
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9-3 |- LE— Local ‘Error(ﬁz)f
— h32log(h™ 1)
274 B h3/2

Error in Q9
b
&
I
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FIGURE 7. Experiment 5.2: Convergence order of artificial boundary conditions error term.

In practice it is desirable to avoid the saturation effects seen in this experiment. For this reason, in [1] we
developed a posteriori error estimators for the local scheme. These error estimators are capable of detecting the
large error regions and defining the local domains accordingly and can thus mitigate saturation errors.

5.2. Influence of artificial boundary conditions

The goal of this experiment is to verify the result of Theorem 3.9, we want to illustrate numerically that the
error due to artificial boundary conditions is of higher order as proved in estimate (3.12). We consider the same

problem as in Section 5.1 with M = 2, Q; = Q and Qy = [—r, 7] X [—r, r] with » = 1/16. We saw previously that
with this choice of r the error originating from the artificial boundary conditions dominates the local error in
Q2. We solve equation (3.1) with different mesh sizes h = hq, using hgz = h/2% as local mesh size, with this

choice of h gz the dominating term in equation (3.12) is the last one, i.e. the one in h3/?1log(h~1). We measure
the local errors in €25 and plot the results in Figure 7. We see that indeed the local error satisfies equation (3.12)
and converges even slightly faster than predicted.

5.3. Non regular problem: Discontinuous data

We next want to probe numerically the convergence of our local scheme for a solution only belonging to
H'¢(Q) (for small ¢ > 0). The convergence is predicted by estimates (3.15) and (3.7a). We consider a problem
that has been studied in [17,22] (in the context of a posteriori error estimators).

Let Q@ = [-1,1] x [-1,1] and consider Problem (1.1) with f = 0. We divide the computational domain in
four equal parts. Let the tensor be defined as A(x) = a1l in the 1st and 3rd quadrants and A(x) = asls in the
2nd and 4th quadrants. The exact solution is given by wu(r, ) = r7u(0), where

cos((m/2 —o)y)cos((8 — /24 p)y) if0<O<m/2,
() = cos(py)cos((6 — w+ o)) ifr/2<6<m,

cos(o7y) cos((6 — m — p)7y) if m<6<3n/2,

cos((m/2 — p)y)cos((6 —3w/2 —o)y) if 3n/2 <6 < 2.
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(a) Local errors of 94 and (4. (b) Global errors of ¥4 and 4.

FIGURE 8. Experiment 5.3: Convergence of (4 and ¢4 letting A — O.

The parameters v, p, o and R := a1 /ag satisfy the following non linear equations

R = —tan((7/2 — o)y) cot(p7),

1/R = —tan(py) cot(op),

R = —tan(py) cot((7/2 = p)7),

max{0,my — 7} < 2vp < min{my, 7},
max{0,7 — 7y} < —2vy0 < min{w, 27 — 7y}

It is known that u € H'T7=¢(Q) for any € > 0. In this example we choose v = 0.1, ¢ = —197/4, p = 7/4 and
R =~ 161.

In order to verify the estimates (3.15) and (3.7a), we perform the same experiments as in Section 5.1, shown
in Figure 3. We take M = 4 and the same domain and mesh sequences. We let h — 0 and show the results in
Figure 8. We find a convergence rate of 0.09, which is consistent with the results of [19] and the fact that u
is almost in H!1(Q). As was observed in Section 5.1, we see that the two solutions 9, and (4 have the same
errors, both in the local and global domains.

The influence of the term |kj — £k|aQ; in equation (3.3) on Local Error(dy) is established next, repeating
the experiment of Section 5.1, taking Q> depending on r €]0, 1[ and letting h gz — 0. The results for > and
(o are plotted in Figures 9 and 10 respectively. In contrast to the previous experiment, we do not have any
saturation since the error inside the local domain largely dominates.

5.4. Computational cost of local versus non-local scheme for a linear equation

In this experiment we want to compare the numerical efficiency of the classical and local schemes on a linear
equation, by computing a sequence of solutions with each scheme and plotting the accuracy against the cost.

We consider equation (1.1) with Q = {x € R? : ||z||s < 37}, a diffusion tensor A(z) = ¢ + 1 — sin(||z||2)'?°
with € = 1072 and the force f is 1 if « is the first or third quadrants and —1 else. An illustration of the solution
is given in Figure 11. We choose five local domains defined as 1 = €2 and

3
U= JH{z e R |22 — (2) — V)7/2| < 2°7F} fork=2,...,5.
j=1

The meshes /\//\lk are built so that hﬁl ~ 0.3 and for k = 2,...,5 we have hﬁ/[\k = hﬂkil/Q.



A LOCAL DISCONTINUOUS GALERKIN GRADIENT DISCRETIZATION METHOD

—1.8 -]
2 o r=1/2
——r=1/4
X ——r=1/8
=2 —A—r =1/16
5 — joos
mss:: 272 [ Mo
=
Q
Q
—
2_2'2 = | | | =
275 276 9-T 9-8
v

(a) Local error in Q2.

FIGURE 9. Experiment 5.3: Effect of the size of 25 on the local solution 95 when A o, 0.
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FicUrRE 10. Experiment 5.3: Effect of the size of 25 on the classical solution (; when h i, — 0
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F1GURE 11. Experiment 5.4: Solution and norm of the gradient.
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FIGURE 12. Experiment 5.4: Performance comparison in a linear case.

We run the local scheme and at each level we compute the full error and cost of ¥. As a measure of the
cost for ¥, we take the sum of the time spent solving the linear systems up to level k£ using the conjugate
gradient (CG) method with incomplete Cholesky (IC) factorization as preconditioner. In [15] it is shown that
this approach is the most robust and efficient for such problems. Then we run the classical scheme (5.1) on each
mesh My and obtain a sequence of solutions (. For each k = 1,...,5 we compute the full error and cost of
(k. The cost is given by the time spent for solving the linear system at level k, where we use again CG with
IC as preconditioner. Observe that here the cost is not cumulative as in the local method, since the classical
scheme does not need (;_; in order to compute ;. In Figure 12a we plot the global error against the cost for
both schemes, we see a significant speedup for the local scheme. In Figure 12b we plot the speed up in function
of the error, the graph is obtained dividing the two curves seen in Figure 12a.

For linear problems such as in this experiment, the reason for the speed up is not only the reduced number
of degrees of freedom but mostly the condition number of the linear system. The classical scheme solves linear
systems arising from FE discretizazion on the whole domain, hence the matrix has high variations in its com-
ponents due to possibly high contrasts in the tensor and the variation in the measure of the different elements.
Instead, the local scheme uses matrices built from local discretizations, hence the tensor has milder variations
and the elements of the local mesh have uniform size. This leads to matrices with smaller condition number.
We see in Figure 13a that the number of degrees of freedom of the two schemes is almost the same, while in
Figure 13b it is shown that the condition number of the stiffness matrix is much lower for the local scheme.

5.5. Quasilinear equation

In our last numerical experiment we want to compare the efficiency of the local and classical methods when
solving a quasilinear equation. We consider the stationary Richards equation in pressure head form, given by

=V - (A(z, h)V(h — z2)) = 0. (5.3)

It describes the movement of a fluid in an unsaturated media and can be put in the form of equation (4.1)
with the change of variables u = h — xo. We consider Q = [—50, 50] x [—50,50] and add the Dirichlet condition
g(x) = 10(50 — x2) + 3(50 4+ z2). The diffusion tensor is given by A(x, h) = As(x)A,(h), where As(x) is the
conductivity in saturated conditions and A,(h) is the relative conductivity. These latter quantities are defined
by

-3 if || — (a n—1 a n\—m)2
e
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FIGURE 14. Experiment 5.5: Solution and norm of the gradient for the Richards equation.

The model A,(h) has been taken from [24], where m = 1 — 1/n is chosen. The parameters a,n are soil
dependent: we choose a = 1/500 and n = 2.68, which is in the range of real case parameters. Remark that
the tensor is discontinuous in « and hence does not satisfy Assumption 2.2. We plot in Figure 14 the reference
solution and the norm of its gradient, we see that the gradient is highly discontinuous.

Let M = 4, Q) = Q and Q for k = 2,3,4 defined by € Q. if ||z < 20(1 4+ 27%). First, we fix
hﬂk = 100\/5/24'HC and compute the local solutions ¥ given by the local method equation (4.2). At the first
level £ = 1 we need to solve a nonlinear problem on a coarse grid using Newton iterations, where the initial
guess is an extrapolation of the Dirichlet condition g(x) on the whole domain. In the next levels k > 1 the
local scheme solves a linear system using the Picard iteration step defined in equation (4.2d). At each level we
compute the full error and cost of ¥%. As a measure of the cost for 9 we take the sum of the time spent solving
the linear and non linear systems up to level k. Since at kK = 1 we perform a linearization of the system, it is
no more symmetric because of the additional term, hence it has to be solved with the GMRES iterative scheme
with incomplete LU (ILU) factorization as preconditioner, instead of CG with IC. In the following iterations
with & > 2 we solve a linear system and hence the CG scheme with IC is used.

Then we compute similar solutions with the classical method and compare the costs. For the classical solution
we need, for each k = 1,2,3,4, to solve equation (5.3) with the Newton method. As initial guess we take again
g(x) and the Newton iterations are stopped when the error of the classical solution (j is similar to the one of
Y. In about 3 or 4 Newton iterations we obtained errors differing by only about 1%. To measure the cost for
(x we consider the time spent in solving the non linear system at level k. The cost here is not cumulative as in
the local method but on the other hand the linear systems to solve are not symmetric and the GMRES scheme
with ILU preconditioner is used. In Figure 15(a) we plot the error against the cost for this experiment. We see
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FIGURE 15. Experiment 5.5: Performance of classical scheme, local scheme and local scheme
with Newton iterations instead of one Picard iteration.

that the local scheme performs much better than the classical scheme in terms of computational cost versus
accuracy.
Finally we compare the accuracy and cost of solving the local systems equation (4.2d) replacing Hﬁk,lﬁkfl

with Hﬁkﬁk, i.e., defining nonlinear local problems. These local systems have now to be solved by Newton
method and GMRES with ILU. We denote by 6} the solution where we use one Newton iteration and by 67 the
solution with two Newton iterations. In Figure 15(b) we plot the error against the cost for 9, 6} and 67. We
see that one Picard iteration gives very similar error to the one or two Newton iterations but at a smaller cost,
thanks to the CG scheme.

6. CONCLUSION

In this paper we introduced a local scheme for linear and quasilinear elliptic equations. The method does not
rely on an iterative procedure and only needs one global solve on a coarse mesh. All subsequent computations are
local. The a priori error analysis has been performed under weak regularity assumptions thanks to the gradient
discretization framework. Numerical experiments have shown the efficiency of the scheme when applied to
equations with localized high gradient regions. In a forthcoming paper [1] the a posteriori error analysis of the
same scheme will be presented. Thanks to the a posteriori error estimators the local domains can be defined
even when the singularities are not known a priori. We note that the extension of the local scheme to parabolic
problems is also of interest. In particular, we believe that the techniques developed for a priori and a posteriori
error analysis for the local scheme for elliptic PDEs also allow to analyze local time stepping schemes for
parabolic PDEs.

APPENDIX A. EQUIVALENCE TO SWIPG SCHEME

In this appendix we show that the SWDGGD scheme described in Section 2.2 is equivalent to the SWIPG
method of [8,11]. In particular we show that equation (2.3) with D = (Xp, IIp, Vp) as defined in Section 2.2 is
equivalent to equation 4.63 of [8], in order to do that we follow [12], where the equivalence of a GD to the SIP
method is shown. We suppose that A(z,u) = A(x) and Ax = A|k the restriction of A to an element K € M
is constant, that f € L?(Q2) and hence f = fo.
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Starting from equation (2.3) and developing the gradients we get

/Avpﬁ Vppdr = > / A Vgl - Vg da

KeM

DD SN

KeMocFy ” Pr.o VK0

>y Mw<s>2wJK,a<y>[¢1K,g<y>dm

KeMoeFy / Pr.o
=T+ I1I+1I1.

(VKo (W) Vro(x) + [8lk,o(y) VEI(T)) - i, do

Since = zx + s(y — xk) for s €]0,1[, y € o and V9 € Py_1(K)?¢ then
Vid(x) ngo = Vegi(y nKU+ZpJ )(1 —s)!

with p;(y) polynomials of £ — 1 degree in the components of y. It follows from equation (2.7) that

1
| T0@) s o) ds = Vo) i
0
hence, using the change of variables de = s%~1d K,0-dsdy we get

M= % [ Al V500) + 6w V() nic

KeMoeFk

For 0 € F; with 0 = 0K N 0T let n, = nk , and
[Mpd]e = Mgt — 0, {AVIIpY} . o = wi o A|k VIIEY + wr o Al VIIFY.

If o0 € Fy with 0 = 0K N0 let n, = ng, and

[Mp], = T, {AVIIpY}e o = Al VIT0.
It holds [V k,» - Nk,e = —wk o [IIpV]s - N» and similarly for ¢, hence
m==> > / w0 ([IpV]o Ax V¢ + [Ipg]s Ax VIIZY) - n, dy
KeMoeFg

--3 / [Mo0], {AVIID6}oo + [Modlo {AVIIDI} o) - ny dy.

oceF

For II1I, using C2 = fl ¥(s)%s9~1ds and by the usual change of variables, we obtain

HI=CH Y > L U/[[Hpﬁ]]g[[npd]ady

KeM 0’6.7:}( Ko

Zﬁa /HDW] [Mp¢], dy,

ceF
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where h, is the diameter of ¢ and ~,, 7, for o € F; are defined by

o 25K,05T,0
- 6K,U + 6T,<7 ’

0K or h WK .o Wr, o
002( 70w20+ 70w20)‘702h0( 7 )
K ¥ dK,O' K, dT,O' T Yo v dK,O' dT,O'

Yo

and for o € Fp, by

he
dK,J

Yo = 6K,G’7 Noe = Oz

Summing I, I1, 111 we get the equivalence of [, AVp?-Vp¢da and equation (4.64) of [8] with the parameter
71, chosen as above. Under the additional hypothesis that the mesh sequence satisfies

he
min{dtKEM,UE}—K}ZC}'>O,
K,o

we have that 7, > Cin. Since Ci > d/(1 - a?), letting a« — 1 we can have 7, as large as desired.
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