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VARIATIONAL METHOD FOR A BACKWARD PROBLEM FOR A
TIME-FRACTIONAL DIFFUSION EQUATION

TiNg WEIY™ AND JUN XIAN!

Abstract. This paper is devoted to solve a backward problem for a time-fractional diffusion equa-
tion by a variational method. The regularity of a weak solution for the direct problem as well as
the existence and uniqueness of a weak solution for the adjoint problem are proved. We formulate
the backward problem into a variational problem by using the Tikhonov regularization method, and
obtain an approximation to the minimizer of the variational problem by using a conjugate gradient
method. Four numerical examples in one-dimensional and two-dimensional cases are provided to show
the effectiveness of the proposed algorithm.
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1. INTRODUCTION

Fractional calculus has the natural advantage to describe the hereditary properties of the heterogeneous and
the anomalous diffusion process than integer-order models [1,12]. For the last few decades, fractional calculus has
been widely applied in many fields, such as biology, physics, hydrology, chemistry and biochemistry, medicine
and finance [5,11,12,18,32]. Time fractional diffusion equations can be used to describe superdiffusion and
subdiffusion phenomena [1,13,22]. The direct problems for time fractional diffusion equations have been studied
extensively in recent years [6, 8,10, 12,15, 20, 31]. However, the inverse problems for time fractional diffusion
equations, for examples, to recover initial data or source function or diffusion coefficient and so on by some
additional data have not so many works.

In this paper, we consider a backward problem for a time-fractional diffusion equation with the homogeneous
Dirichlet boundary condition. Let € be a bounded domain in R? with sufficiently smooth boundary 9§ for
d < 3. Consider the following time-fractional diffusion equation:

oy u(xw,t) = Lu(x,t) + F(x,t), €9, tc(0,T], 0<a<l, (1.1)
with the homogeneous Dirichlet condition and initial condition
u(z,t) =0, €0, te(0,T), (1.2)
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u(z,0) = p(x), z€Q, (1.3)

where 9, denotes the Caputo fractional left-sided derivative of order o defined by

1 " ou(z,s) ds
[e% ) < .
oy u(z,t) = a ) /0 s (s 0<t<T, O<ax<l, (1.4)

where T'(+) is the Gamma function, T' > 0 is a fixed final time. And —L is a symmetric uniformly elliptic operator
defined on D(—L) = H?(Q) N H(2) given by

d

d
Lu(z) = Z 81 Zaij(ac)a;:(? +c(x)u(x), x€Q,

Jj=1

for a constant v > 0,
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c(z) <0, 2€9Q, c(z)eC9).

If the functions ¢(x), F(z,t) are given, then the problem (1.1)—(1.3) is a direct problem. The backward
problem in this paper is to recover the initial data ¢(z) in problem (1.1)—(1.3) from the additional data

u(z,T) = h(z), x€f. (1.5)

In this paper, we always assume ¢ € L*(Q), F(x,t) € C([0,T]; L*(Q)), Fy(z,t) € L°°(0,T;L*(2)) and
h(z) € L*(Q) unless other specified.

The backward problem for the time fractional diffusion equation in this paper is ill-posed (See Sect. 4),
i.e. the solution ¢(x) of the backward problem does not depend continuously on the final time data h(x) and
any small perturbation on the given data h(x) may cause large change to the solution ¢(x). And in practical
application, we can not get the exact final time data h(x), we only have the perturbation data h’(x) satisfying
||h(x) — R (2)||r2() < 6, and § is a noise level, thus we need some regularization methods to deal with this
ill-posed problem in order to ensure the stability of the numerical solution. In recent years, there have been
some papers studied the backward problem for the time fractional diffusion equation. Liu and Yamamoto [9]
used a quai-reversibility regularization method to solve the backward problem in one-dimensional case. In [20],
Sakamoto and Yamamoto proved the uniqueness of a weak solution p(z) € L?(Q) for the backward problem
under the condition h(z) € H?(2) N H(Q). Wang and Liu [26] used a truncation method to deal with the
backward problem with the Neumann condition. Wang and Wei [25] used the Tikhonov regularization method
to deal with the ill-posedness of the backward problem. Ren et al. [19] used a projection method to solve the
backward problem. Wei and Wang [28] used a modified quasi-boundary value regularization method to solve
this ill-posed problem. In [24], Wang and Wei used an iterative regularization method to solve the backward
problem. In this paper, we use the Tikhonov regularization method, but finding the minimizer by a conjugate
gradient method without using any spectral information of the operator — L, therefore we can consider numerical
examples in a general domain. The Tikhonov regularization method is well known, however, we have to face
new difficulties on its application in solving inverse problems of fractional partial differential equations by
gradient-type algorithm since we need new integration by parts formula for deducing the adjoint problem.

Our paper is divided into seven sections. In Section 2, we present some preliminary used in this paper. In
Section 3, we prove the regularity of a weak solution for the direct problem (1.1)—(1.3) and the existence and
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uniqueness of a weak solution for the adjoint problem. In Section 4, we formulate the backward problem into a
variational problem and obtain the gradient of the Tikhonov regularization functional. We present the conjugate
gradient algorithm in Section 5. Numerical results for four examples in one-dimensional and two-dimensional
cases are investigated in Section 6. Finally, we give a conclusion in Section 7.

2. PRELIMINARIES

Let AC[0,T] be the space of functions f which are absolutely continuous on [0,7T]. Throughout this paper,
we use the following definitions and propositions in [7,16] if no other specified.

Definition 2.1. The Mittag-LefHler function is

Eqp5(2) = kz:% TehTH € C, (2.1)

where a > 0 and § € R are arbitrary constants.

Proposition 2.2. Let 0 < a < 2 and § € R be arbitrary. We suppose that p is such that ma/2 < p <
min{m, a}. Then there exists a constant C = C(«, B, ) > 0 such that

|Ea,p(2)] <

, < larg(z)| < 7. 2.2
T Sl < (22)

Proposition 2.3. Let 0 < a <1 and A > 0, then we have
4
dt

d

&[ta‘lEa,a(—At“)] =t ?Epa_1(=A%), t>0. (2.4)

Eo1(=MY) = =X E, o(=MY), t>0. (2.3)

Proposition 2.4. Let 0 < a <1 and XA > 0, then we have

d

S Baa(=At7) = —xto7! ((1 — ) Baga(—MY) + Ea,gal(—m)) t>0. (2.5)

Proof. By (2.4) in Proposition 2.3, we have

dt St
= (1 — )t By o(=AtY) + 17" 2B, o1 (—\t%)

iEw(—AtQ) _ 4 (tl—ata—lEa,a(—Atao

=t ! ((1 —@)Eq o —MY) + Ea,a_l(—)\t"‘)>

_ (M) s (ae)
=1 <(1_°‘)Zr(ak+a)+kzor(ak+a1))

o 1 R e
—t 1((1_a)<w—m Zf(a(k—l)—i—Za))

1 o (—At>)k—t
a1 - Zf(a(k1)+2a1)>
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11—« 1
= t71 ( F(a) —+ F(a — 1) — (]_ — Oé))\taEa’Qa(*)\ta) — )\taEa,Qa_l()\ta)>

N <(1 — a)Ey 20 (=A%) + Emga_l()\t‘”)) .

Proposition 2.5. Let 0 < a < 1 and X > 0, then we have

054 Ea1 (=A%) = =AEq 1 (=A%), t>0. (2.6)
Proposition 2.6. (See [17]) For0 < a <1,t >0, we have 0 < E, 1(—t) < 1. Moreover E, 1(—t) is completely
monotonic, that is

(_1)nc-cll?Ea,l(_t) > O7 Vn € N. (27)

Proposition 2.7. (See [17]) For 0 < a < 1, n > 0, we have 0 < E, o(—n) < ﬁ Moreover, Eq o(—n) is a
monotonic decreasing function with n > 0.

Proposition 2.8. (See [27]) Suppose p(t) € L>(0,T), 0 < a <1, A >0, denote

g(t) = /o p(T)(t — T)* P Eq o(—A(t — 7)¥)dr, t€(0,T], (2.8)

and define g(0) = 0, then g(t) € C[0,T].
Proposition 2.9. (See [30]) For 0 < a <1 and A > 0, if ¢(t) € AC[0,T], we have

%. | )t 7 B (<A~ )T
— q(t) — )\/Ot 4Tt =) Epa(=A(t —7))dr, 0<t<T. (2.9)
In particular, if A =0, we have
a0, /Ot g(r)(t — 1) 1dr = T(a)q(t), 0<t<T. (2.10)

Definition 2.10. If f(t) € L(0,T), then for o > 0, the Riemann-Liouville fractional left-sided integral I¢, f
and the right-sided integral I$_ f are defined by

I3, £() = (1a) /O (tf_(ss)ﬁs_ —, 0<t<T, (2.11)
and
IS f(t) = r(la) /t (Sf_(sgﬁsw 0<t<T. (2.12)

Definition 2.11. If y(t) € AC[0, T}, then for 0 < a < 1, the Riemann-Liouville fractional left-sided derivative
D, y and the right-sided derivative D7 _y of order « are defined by

DS =ttt [ e = U0, 0<e<T, (2.13)

and

Dg_y(t) = F(%Q)% /t (Z(f)f; = —%(I;:ay)(m 0<t<T. (2.14)
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Definition 2.12. If y(t) € AC[0,T], then for 0 < a < 1, the Caputo fractional left-sided derivative g,y and

the right-sided derivative 0%_y of order « are defined by

1 ! y'(s)ds l—c,
@ = = @ <
%Bou(t) = rrrmy | B = ()0, 0<t<T.
and .
o -1 yl(S)dS l1—a, /
= < .
0 v = mma [ B = )0, 0<e<T
Proposition 2.13. (See p. 78 in [7]) Let X € C, R(a) > 0, R(B) > 0, R(u) > 0, then
<I§‘+ [(t - a)ﬁ_lEu s(A(t —a)” ) —a)*th- 1Eu a+slA(@ — a)¥],
and
<D2“+ [(t—a)’ ' E, g(\(t — a)" > (z—a)’ " E, oMz — a)!].

Proposition 2.14. Let 0 < a <1 and A > 0, then
Dg, (to‘_lEa’a(—Ato‘)> = - M1E, o (=AY, t>0.

Proof. By Proposition 2.13, we have

1 — (—At*)k -1 o O (=At)Et
=1 <F(O)+Z I'(ak) )‘t (=t )z::r(a(k—1)+a)

Definition 2.15. Let 0 < a < 1, the weighted function space C,[0,7] and CZ[0,T] are defined by
Cal0,T] =A{y(t) | y(t)t* € C[0,T]},

and
C10,T) = {y(®) | y(&)(T —t)* € C[0,T]},

with the norm

Wllcaory = ly@®t*lco,r and [[yllczior = [ly(O)(T = 1)*||lcpo,r) respectively.

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

Lemma 2.16. (See Chap. 2 in [7]) Let R(a) > 0, 0 < R(y) < 1. If R(y) < R(«), then the fractional integration

operators I§, and IF_ are bounded from C4[0,T] and C,? [0,T] into Cla,b] respectively:
16 fllctap) < Cllflley o, and [[17_fllclay < Cllfllczior

where C' = C(a,y) > 0 is a constant.
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Definition 2.17. Let 0 < a < 1, the weighted function space AC,[0,7] and ACZ[0,T] are defined by
ACL[0,T] = {y(t) | y(t)1" € ACD, T]}, (2.22)

and
ACT[0,T) = {y(t) | y(t)(T —t)* € AC[0,T1}. (2.23)

Proposition 2.18. Let 0 < a < 1. If v(t) € AC1_4[0,T], then D§ v € L(0,T). If v(t) € AC{_,[0,T), then
Dg_v e L(0,T).

Proof. Since v(t) € AC;_,[0,T], there exists g(t) € AC[0,T] such that g(t) = v(t)t}~%, we have
1 d " v(s)ds 1 d (" g(s)ds
DG v(t) = £ =
0+ = T dt/o t—sp@  T—a) dt/ t—s)asi @

1 d/l gltrydr /1 '(tr)dr
Tl -a)dt J, (1-71)erl-  T(1—a) ), (1-71)er—’

/0 " Dg ot < < tim / / 1'9_ i_Ta'j_lTadt
T
- F(lia)/o (1;1)7 / g/ (¢r)]dt
1 7T
- F(ll—a)/o (1 _;1)7;7.1—(1/0 lg'(s)|ds
1 T
= r(11fa)/0 (FTd)ZTlfa/o lg'(s)|ds

= F(a)Hg/HL(O,T) < +00.

then

Thus we have D, v € L(0,T). The second result can be proved by the same process, we omit it here. (I

Proposition 2.19. Let 0 < a < 1. Suppose w(t) € AC[0,T], w'(t) € C1_4[0,T], v(t) € ACE_[0,T], then we
have

T T
/O 98, w(t) - v(t)dt = w(T) A0 (T) — w(0)Ih~v(0) + /O W(t) - DE_v(t)dt. (2.24)

Proof. Since w'(t) € C1_4[0,T], we know I);“w'(t) € C[0,T]. By Proposition 2.18, we know D$_v =
— L 177% € L(0,T), then I7-*v € AC[0,T], so we have

[ o= [ st [ (it [ 25 v
B /oT “/(s) (F(ll ) /ST (:(tf)ta) ds = OT W (t) I “v(t)dt

T
:w(t)I;—_%(t)oT—/O w(t )ill “p(t)dt

= w(T)I7-*v(T) — w(0)1;-“v(0) +/O w(t) - D$_v(t)dt.

Thus the proof is complete. O
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Lemma 2.20. (Thm. 2.1 in [20]) Let 0 < o < 1 and F = 0.

(i). Let p € L*(2). Then there exists a unique weak solution u € C([0,T); L*(2)) N C((0,T]; H*(Q) N H}(Q)) to
(1.1)~(1.3) such that 83, u € C((0,T); L*(2)). Moreover there ezists a constant Cy > 0 such that

[ullego,m2) < CillellLz@),

. . (2.25)
lu(, )l m2) + 105wl Ol 2 < Cit™lell2@), t>0,

and we have

Z (0, ) Ea,1 (= Ant®) b (). (2.26)

Moreover w: (0,T] — L*(Q) is analytically extended to a sector {z € C;z # 0, largz| < 7}

(ii). We assume that o(z) € H*(Q)NH(Q). Then the unique weak solution u belongs to C([0,T]; H*(Q)NH(Q)),
5 ue C([0,T); L*(Q)) N C((0,T); H} (Q)) and the following inequality holds:

lulleqormz @) + 11055 ulleqorizz @) < Callelluz@)- (2.27)
Lemma 2.21. (Thm. 2.2(i) in [20]) Let 0 < a < 1 and let ¢ = 0. Let F € L>(0,T; L?(2)). Then there ezists a
unique weak solution w € L*(0,T; H*(Q)NH{ () to (1.1)—(1.3) such that 95, u € L*(Qx (0,T)). In particular,

for any ~y satisfying v > 4 —1, we have u € C([0,T); D((—=L)~")), limy—o ||u(-,t) — ¢l p((—1)-+) = 0, and if d =
1, 2, 8, then lim; ¢ ||u(-,t) — @|[12() = 0. Moreover there exists a constant C3 > 0 such that

Jull L2(0,7;m2(02)) + 11065 ul| L2 (% 0,1)) < C3||F ]| L2(0x (0,1)) (2.28)

and we have

Z (/ 7),0n)(t = 7)1 Ega(—An (t—T)a)dT> bn(T). (2.29)

3. REGULARITY OF THE WEAK SOLUTION FOR THE DIRECT PROBLEM

In this section, we firstly give a stronger regularity of the weak solution for the direct problem (1.1)—(1.3),
then we prove the existence and uniqueness of a weak solution for the adjoint problem which is used in Section 4.
Since —L is a symmetric uniformly elliptic operator, we denote the eigenvalues of —L as A, and the cor-
responding orthonormal eigenfunctions as ¢, € H?(Q) N H}(Q) such that —L¢, = \,é,. We know that
0< A <A< <A, <o) limy, oo Ay = 400, and the sequence {¢,, }nen is orthonormal basis in L2(2).
Define the Hilbert space D((—L)") as

D((=L)") = {w € L*(); Z/\QVI(w on)l* < }

n=1

with the norm:

1Yl D=Ly = (Z)\?I(%%NQ) ;

n=1
where (-,-) is the inner product in L?(2) and v € R. And we have D((—L)?) C H*(Q) for 0 < v < 1, in
particular, D((—L)2) = H}(Q), D(—L) = H%(Q) N HX(Q).
Based on the methods in [20], we give a stronger regularity of the weak solution in Lemma 2.20 and
Lemma 2.21. We firstly introduce two function spaces AC([0,T]; L(2)) and C, ([0, T]; L*(€2)) which are given by

AC([O7T]§L2(Q)> = {u(x7t) | ||u('7t)||L2(Q) € AC[O’T]}v
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and
Ca([O,T];LQ(Q)) = {u(z,1) | Hu('7t)||L2(Q) € Col0,T]}, for 0<a<l.

Theorem 3.1. If p(x) € H*(Q) N HY(), F(x,t) € C([0,T); L%(Q)), Fi(x,t) € L=(0,T;L*()), and d < 4,
the unique weak solution to (1.1)—(1.3) is given by

= > (e160) e +Z ( / 7))t = 7 B a(-A <t—r>“>dr>¢n<x>. (3.1)

Then we can obtain u € C([0,T]; H*(Q) N H}(Q)) N AC([0,T); L*(Q)), 03, u € C([0,T];L*(Q)) and dyu €
C1-o([0,T); L*(Q)). Moreover there exist constants Cy > 0, C5 > 0 such that

lulleqo,m:m2@)) + 11063 ulleqo,r:c2)) < Calllellaz@) + I[Flleqo,m;c2 @)y + 1Ftl Lo (0,1;02(0))) (3.2)

10eu(-, )| 220y < Cs(llellaz) + IFllcqom;r2@) + [|FllLe 0,020t (3.3)

Proof. Based on Proposition 2.5 and Proposition 2.9, by the separation of variables, we can obtain a formal
solution for the direct problem (1.1)—(1.3) as (3. 1)

Denote F,(t) = (F(-,t),¢n) and f,(t) = fo — 1) E, o(=An(t — 7)%)d7, we have u(z,t) =
220:1(<Pa¢n) a1 (= Ant®) on (2 )+Zn 1 fa(t)n(@).

(1). We first verify u € C([0,T]; H*(Q2) N H{(2)), 0§ u € C((0,T]; L*(R)).
By Proposition 2.3, it is easy to prove

/ Fa(m)(t = 7)* Baa (= An(t = 7))d7 (3.4)
=5 (Fn(t) — Fo(0)Eq 1 (—Ant®) — /0 F (1) Bt (—An(t — T)a)d7_>,

then by Proposition 2.6, we have

Al < 3<F5<t> T F2(0)E2, (At + ( JRLACEREONE T>a>|df) )

_3<F3(t)+F3(0)+ </0 |F,;(T)|d7> >
< 3<F3(t) + F2(0) + T/T |F,;(T)|2d7>,
0

thus

PR AGIE <3<ZF3(t)+ZF3(0>+TZ/O IF,’L(T)PdT)

< 3<|F('=t)||2L2(Q) HFC0)[720) + T|Ft||%2(O,T;L2(Q))>

<6|1F||E0.17:020)) + 3T WF L o (0.7, 2202))-
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Therefore

1Zu(, O)[72(0) = ZIA (s Pn) Ba (= Ant®) + An fu (1)

< 2(2 N2|(p, )P B2 1 (—Ant®) + Z IAnfn<t)I2)

< 2(Cullelhr2 () + OIIF 1 o122 + 3T el 2o 0,12 (2)))
< C4(HQD||?—12(Q) + ||FH%’([O,T];L2(Q)) + ||Ft||2L°°(0,T;L2(Q)))7

thus Lu(z,t) is convergent in L2(2) uniformly on ¢ € [0,7]. Note that f,(t) € C[0,T] by
Proposition 2.8, we have Lu € C([0,T]; L?(£2)) by Lebesgue theorem and 95, u € C([0,T]; L*(2)) by (1.1),
then u € C([0,T); H*>(Q) N H(2)) and the estimate (3.2) is true.

(2). We verify dyu € C1_4([0,T); L3(2)) and u € AC([0,T]; L3(2)).
By Proposition 2.3 and (3.4), we have

atu = Z(@7 (bn))\nta_lEma( )‘ ta d)n + Z F ta_lEa,a(_Anta)(bn(x)
n=1
0 t
+y (/ F (7Yt = 7)%  Ba o (—An(t — T)a)d7> én(z)
n=1 0
=1 + I + Is.

For the series I; and I3, using Proposition 2.7, we have

L+ |2 < (2@ + 2ll22 )

(5 @)l )\ELEZQ( Ant®) ) <ZF —A ta)>
(Z (0,60)] v) +F(1®<Z<F<-,o>,¢n>2)

VN
\H ™

IN

IN
S =

=1 n=1

(@)
5(lle

Since A, > Cni,n e N (See [2]) and d < 4, combining with Propositions 2.3, 2.6 and 2.7, we have

|72 + [1Flleqo,m:02(9)))-

o0

t 2 %
s L2 ) = ¢ < Z (/o FL(T)(t —7)* By al(-An(t — T)"‘)dr> )

n=1

2\ %
<o S, 008 ([ 7 Eantneni) )
1 T

Y [ee] 1 2
<T! (Z |Ft|%°°(O,T;L2(Q))/\2>
n=1 n

< Gs[|Fy|| Lo (0,7:02(02)) -

Thus t*~*|[0yu(-, )| L2(0) < Cs(|lellm2)+1Fllcqo,11:02(0) | Fil | Lo (0,7:22()) ) that is t1~*yu(z, t) is conver-
gent in L?(Q) uniformly on ¢ € [0, T]. Since Fy(z,t) € L>°(0,T; L?(12)), we know fg FlI(T)t—1) " Ep a(—An(t—
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7)*)dr € C[0,T] by Proposition 2.8, thus we have t'~*|[0yu(-,t)||12(q) € C[0,T] by Lebesgue theorem. There-
fore, yu € C1_o([0,T); L*(2)) and u € AC([0,T]; L?(£2)), and the the estimate (3.3) is true. Thus the proof is
complete. (I

In this paper, in order to obtain the gradient of the functional J(¢) (See Sect. 4), we have to solve the following
adjoint problem
Dy v(x,t) = Lo(x,t), 2€Q, te(0,T], 0<a<l,
v(z,t) =0, z€dQ, te(0,7), (3.5)
I %v(z,0) = b(z), =z €

Based on the methods in [20], now we prove the existence and uniqueness of the weak solution to (3.5). We
introduce a function space AC,([0,T7; L*(£2)) which is given by

ACL([0,T]: L*(9) = {ula,t) | [Ju(-, )| |z20) € ACa[0,T]},  for 0<a<l.

Theorem 3.2.(i). If b(z) € L3*(Q), then there exists a unique weak solution v € Cy_,([0,T]; L*(2)) N
C((0,T); H*(Q) N HE () to problem (3.5) such that D v € C((0,T]; L*(Q)) and I);“v € C([0,T]; L*(2)),
and limy_o || 157 v (-, t) — b||r2(q) = 0. Moreover, there ezist constants Cg > 0, C; >0, Cs > 0, such that

(-, t)lz20) < Collbllrz)t ™,
[lo(, )1 m2(0) + D50 (- )lz20) < Crllbll L2yt ™, (3.6)
1o+ “vlleqorizz@) < Csllbllzz),

and we have
o0

v(@,t) =Y (0, pn)t" " Eg o= Ant®)dn (). (3.7)

n=1
(ii). If b(z) € H*(Q) N H(Q), then the unique weak solution v € L(0,T; H*(Q) N H(Q)) N AC:_,([0,T]; L*(2))
such that D v € L(0,T; L*(2)). Moreover, there exist constants Cy > 0, C1g > 0 such that
vl Lo, 7512 () + 11DG vl Lio,iL20)) < Collbll 20,
0.t~ *v(@, )| L(o.1:22(0)) < Crollblla2(0)-
Proof. (i). Based on Proposition 2.14, by the separation of variables, we can obtain a formal solution for the

adjoint problem (3.5) as (3.7).
By Proposition 2.7, we have

||1} HL2 @ = Zl t2a 2E2 ( A ta ( ) Z| an t2a 2<C6Hb||L2(Q 20— 2

then t=||v(-, )||r20) < Col[bl|2(0), We have t*~|[v(-,t)]|120) € C[0,T] by Lebesgue theorem, then v €
C1-a([0,T); L*(Q)). By Lemma 2.16, we know that Ij;%v € C([0,T]; L*()), and |17 vl|c(o.rr2(0) <
Clvlle, - wqoryza) = ClIE v Ol oo,y < Csllbllzz(@)-

By Proposition 2.2, we have

a— (0% - o— C 2
1Ll @) = ZAQ PR (i) £ SR ()

<Cit? Z (b, 6n)|* < C272 0172 g

n=1

(3.8)
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s0 Lv = 377 A (b, )t B o (—Ant®) ¢ () is convergent in L?(2) uniformly in ¢t € [dp, T'] with any given
o > 0. Thus we have Lv € C((0,T]; L*(2)) by Lebesgue theorem and v € C((0,T]; H*(Q) N H§(Q)), D§ v €
C((0,T}; 2(9) by (3.5).

By Proposition 2.13, we have ||I5;%v(-,t) — bH%Q(Q) = > (b, dn) P (B (—Ant®) — 1)* < Hb||%2(ﬂ), it
deduces limg_q ||I3“v(-,t) — b||%2(ﬂ) =30 (b, 0n)? limy—o(Ea,1 (—Ant®) — 1)> = 0 by Lebesgue theorem.

Now we prove the uniqueness of the weak solution for (3.5). Under the condition b(z) = 0, we have to prove
that the system (3.5) has only a trivial solution. We set v(z,t) = >0~ (v(-,t), dn)dn(x) := Yoo | Un(t)Pn(z) and
take the inner product with ¢, (z) to the first and third equations in (3 5), if v(x,t) € C((0,T]; HQ(Q) NH(Q)),

then we have
D8+Un(t) = */\nvn(t% te (O,T],
157 %vn(0) = 0,
Due to the existence and uniqueness of the ordinary fractional differential equation (see [7]), we have v, (t) =

0,n € N. Since {¢y, }nen is a complete orthonormal system in L?(£2), we have v = 0 in  x (0, T7.
(ii). If b(z) € H?(Q) N H(Q), by Proposition 2.7, we have

1
||Lv||L(0,T;L2(Q)):/ (Z)\Q )22 2E2 (- M&)) dt

<1/Tta1dt ikz\(bqﬁ )2 %* ZV 7
~ T(a) Jo e

n=1
< Cyl|b]| g2y < +o0,

thus we have v € L(0,T; H*(Q) N H(2)) and D, v € L(0,T; L*(2)) by (3.5), and the first estimate of (3.8) is
true.

We denote u(z,t) =t *v(z,t) = > 0" (b, ¢n) Ea,a(—Ant*)dn(2), in order to prove v € AC;_,([0,T7]; L*()),
we need just to prove u € AC([0,T); L3(Q)).

By the prove of Theorem 3.1, we have known u € C([0,T]; L?(£2)), combining Proposition 2.4, we have

Nl=

o

Oru =" (b, ¢n) 0t Bao(—Ant®)dn(z)

n=1
== (b, ¢) At (1 = @) Ea2a(—Ant®) + Ea2a—1(—Ant®))én (),
n=1

by Proposition 2.2, we have
T ) 2 ) T
/ [|0rul|2(@)dt < 010/ <Z| L dn)|PAZ 20 2) dt < 010Hb”H2(Q)/ tetdt
0 0
< Cuol[b]| 2 () < +o0,
that is Oyu € L(0,T; L*(Q)), so we have u € AC([0,T]; L?(€2)) and the second estimate of (3.8) is true. Thus
the proof is complete. O
Now let v(x,t) satisfy the following problem

Df_v(z,t) = Lu(z,t), z€Q, t€[0,T), 0<a<l,

v(z,t) =0, z€09Q, te(0,7T), (3.9)

I %v(z,T) = b(z), =€Q.

By the similar proof, we can obtain the following theorem.
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Theorem 3.3. (i). If b(z) € L*(Q), then there exists a unique weak solution v € CI__([0,T]; L*(Q)) N
C([0,T); H2(Q) N HE(Q)) to problem (3.9) such that D$_v € C([0,T); L*(R)) and I7-“v € C([0,T]; L*(Q)),
and lim;_,7 |\I%i°‘v(~,t) — bl|r2() = 0. Moreover, there exist constants Cg > 0, C7 >0, Cg > 0, such that

(- )20y < Col[bl| L2y (T — )71,
o(, ) m2(0) + 1DF_v(, ) p2e0) < Crllbl|z2@) (T — )7, (3.10)
3Z0llc o, L2@)) < Csllbll2 (),

and we have
o0

v(@,t) =Y (0,0n)(T = )" Eqa(~An(T = 1)) (). (3.11)
n=1
(ii). If b(z) € H?(Q) N HE(Q), then the unique weak solution v € L(0,T; H*(Q)NH(Q))NACE ([0, T]; L*(2))
such that D$_v € L(0,T; L?(2)). Moreover, there exist constants Cg > 0, Cio > 0 such that

[v[lzo, 782 (0)) + IDF—vllL0,1:22(0) < Collbllm2(0),

N (3.12)
10: (T — )"~ *v (@, )| Ljo,1522(02)) < Crollbllr2(0)-

4. VARIATIONAL METHOD AND THE GRADIENT OF FUNCTIONAL

In this section, we firstly show the ill-posedness of the backward problem, then we formulate the backward
problem into a variational problem by using the Tikhonov regularization method, and lastly we obtain the
gradient of the functional by solving a sensitivity problem and an adjoint problem.

Let F(z,t) € C([0,T); L*(Q2)) such that Fy(z,t) € L>(0,T;L?(£2)) is a fixed function in the direct problem

(1.1)~(1.3), denote g(z) =Yo7, fOT(F(-,T), ) (T — 7)* L E g o (A (T — T)a)dT> On(x).

We define a mapping A4 : ¢(z) € L3*(Q) — uy(z,T) — g(x) € L*(Q), where u,(z,t) is the weak solution
of problem (1.1)—(1.3) with the initial condition u(x,0) = ¢(z) € L?(Q)) and the source function F(x,t) €
C([0,T); L3(Q)), Fy(z,t) € L>(0,T; L*(R)), g(x) is a given function as above. Then the backward problem is
to solve the following operator equation

(Ap)(x) = h(z) — g(x), =z €. (4.1)
From Lemma 2.20 and Theorem 3.1, if ¢(z) € L?(Q) and F(x,t) € C([0,T]; L*(Q)) such that Fy(z,t) €
L>(0,T; L*(2)), we have uy(2,T) — g(z) € H*(Q) N Hg(), and ||uy(z,T) — gllnz@) < Cll¢llr2(q), where
C > 0 is a constant. Because H?() is compactly imbedded into L?(2), then the operator A is a bounded linear
compact operator and the backward problem (4.1) is ill-posed (See [25]).
In order to ensure the stability of numerical solution of the backward problem (4.1), we use the Tikhonov
regularization method and define the following Tikhonov regularization functional

1 " 1 I
J(p) = §HA¢ — (1 = 9)lI320 + 5”@”%2(9) = §\|%(»’U7T) — h|[F2q) + §|\<P||2L2(Q)

1 2 iz
= */Q (up (@, T) = W’ () dx+5/ * (w)de, (4.2)

2 0
where 1 > 0 is a regularization parameter and h°(z) € L?(€) is the noisy function of h(z) which satisfies
1A (@) — (@)l <. (43)
Therefore the backward problem (4.1) is transformed into the following variational problem

Fy .
(o) = min J 44
(pn) = min J(¥) (4.4)
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It has been proved in [3] that there exists a uniqueness minimizer @i to (4.4), and the minimizer goi converges
to the exact solution ¢ as § tends to 0 when p = pu(d) is chosen by a suitable choice.

In order to find an approximation to the minimizer gaz, we use a conjugate gradient method in this paper,
and the key task is to obtain the gradient J'(¢) of J(p) in (4.2).

Based on the method in [23,27,29], we solve the gradient J'(p) by constructing a sensitivity problem and an
adjoint problem.

Let the initial value (z) be perturbed by a small amount dp(z) € L?(£2), then the forward solution has a
small change w = uy45, — Up. From (1.1)—(1.3), we have that w satisfies

Sensitivity problem:

o w(z,t) = Lw(z,t), xe€Q, te(0,T],
w(5,0) = bpla), T, (45)
w(xz,t)=0, x2€dQ, te(0,T),

From (4.2),we have

0J () = J(e + o) — J ()
1 2 K 2
— §/Q(ug,(m?T)—|—<u(gc,T) —h‘s(x)) dx+§/9(<p+§<p) dz
_1 u.(x — AR €T 2 ;L’—E 2 x
5 | o7y =10 @)ar =5 [ g
:/(uw(x,T) —h‘s(x))w(ac’T)dx—i—,u/ popdx
) Q
1 2 K 2
+§/Qw (J:,T)dm—l—i/ﬂ&p dz
Z/(%(%T)—h5($))w($7T)d$+u/ popdr + o(||w(z, T)l|L2) + 106 L2@)-
Q Q

By Lemma 2.20, we have ||w(z, T)||z2(0) < C1]|0¢]|12(q), then
6J(p) = /Q(uso(xaT) — h?(2))w(z, T)dz + M/Q popdz + o([|0¢]|L2(@))- (4.6)

Since H2(2) N H(Q) is dense in L?(£2), then there exist an approximating sequence {d¢,}5°; C H%(Q) N
H () and {hS}22, C H2(Q) N HL(Q) for §p and h? in L2(Q) respectively such that

[0¢n — d0ll2) — 0, as n — oo, (4.7)

|k, — h(sHLz(Q) —0, as n— +oo.

Let wy, is the weak solution of problem (4.5) with the initial condition wy, (z,0) = d¢, (), we have ||wy, (z, T) —
w(z, T)||r2q) < ||60n — d¢l|L2(0) — 0, as n — +oo0 by Lemma 2.20.

Let vy, (z,t) be an arbitrary function in L(0,T; H*(Q)NH(Q))NACT_ ([0, T]; L*(2)), wy, is the weak solution
of (4.5) with wy(z,0) = d¢, (), multiply v, on both sides of the first equation in (4.5), we have

T T
/ /68’+wnvndxdt:/ /Lwnvndxdt. (4.9)
o Ja 0o Ja
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By Proposition 2.19, for the left side of (4.9), we have

T
/ / Oy wpvpdzdt = /(wn(z,T)I%:avn(x,T) — w7l(x,0)1%:avn(z,0))dx
0 Q Q

T
+/ / wp (2, t) DG _vp (2, t)dazdt
o Jao
and for the right side of (4.9), we have

/ / Lw,v,dzdt = / / wy, Lu,dzdt + Z/ / Kon o, nidSdt
o0 ]

7,7=1

where n = (n!,n?,...,n%) is the outward unit normal vector of €.

We rewrite (4.9) as

/ /wn x,t)(DF_vp(z,t) — Lo, (z,t))dadt —

/ / a;;(z n LntdSdt
= 9 Zj

= /Q(wn(x, 0) 17~ vy (2,0) — wy (2, T) 17" vy (2, T))da. (4.10)

In order to obtain the gradient J'(p), we let v, (z, ) satisfies
D% _vy(z,t) = Lo, (z,t), z€Q, te[0,T),
vp(z,t) =0, z€0dQ, te(0,7), (4.11)
I %, (2, T) = uy(x,T) — h(z), z€Q
Since 8¢, € H2(Q) N H(Q) and uy, (z,T) — bl (z) € H?(Q) N HY(), we know w, € AC([0,T]; L2(R)) N
C([0,T); H2(2) M HA(Q)) such that 22 € Cy o ([0, T); L2(R2)) and v, € ACT_ ([0, T}; L2()) N L(0, T; H*()

H(2)) by Theorems 3.1 and 3. 3, then the above calculation deductions are strict by Proposition 2.19.
Since wy, (x,0) = dp,(x), € Q in (4.5), then (4.10) becomes

/wn(x,T)(uw(:r,T) — b8 (z))dx = / Son(x) L1~ vy, (x,0)dz. (4.12)
Q Q

Let v(z,t) satisfies the following adjoint problem.
Adjoint problem:
D% _v(x,t) = Lv(z,t), €, t€][0,T),
v(z,t) =0, ze€0dQ, te(0,T), (4.13)
I (2, T) = u, (2, T) — h(z), =€Q.

Since u,(z,T) — ho(z) € L*(Q), we have v € CL_([0,T];L*(Q)) and I *v € C([0,T]; L*(Q)) by
Theorem 3.3, then

||Ijl1:a’l)n($,0) — I,II«:QU($7O)HL2(Q) S ||,[711:a(’l)n — /U)”C([O,T];Lz(ﬂ)) S CHhi — h6||L2(Q) — 0, as n — 4oo.

Taking a limit as n — o0 in (4.12), note that ||(uy(z, T)—hS (z))— (uy(z, T) =k (2))||12(0) < || —h0||r2(0) —
0, as n — +o00, then we have

/w(x,T)(ug,(x,T) — B8 (z))dx = / S(x) I v(x,0)dw. (4.14)
Q Q
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Together with (4.6), by the definition of gradient operator in L?(2), we have
J'(p) = I1_%v(x,0) + pep(z), z€Q, (4.15)

where v(x,t) satisfies the adjoint problem (4.13).
In order to solve the adjoint problem (4.13) explicitly, we let v(z,t) = v(x, T — t), and we have

d 1 T d 1 Tz, T —
D7_v(z,t) = ) / (v(x’ *) ds = —— % / ol S)ds
t t

_&F(l — S _t)oz (1 —Oé) (S —t)a
- d 1 T_tﬂ T = a 5 _
_d(T—t)F(l—a)/O ((T_t)_T)ad = D, o(z, T — 1),

and

—a B 1 T u(z,s) _ 1 T3, T —s)
Irv(et) = 5 fa)/t G T T fa)/t Gotp

_ 1 T—t v(z,T) s
F(l—a)/o (=) =" = o+ (z,T —t).

Denote 7 =T — t, then ¥(z, 7) satisfies

Dg,o(z,7) = Lo(x,7), 2€Q, 71€(0,T],
v(z,7)=0, x€0Q, T€(0,T), (4.16)
157%0(2,0) = uy (2, T) — R (z), = €Q.

Thus we solve the problem (4.16) instead of (4.13), and then obtain v(x,t) = v(x, T — t).

5. CONJUGATE GRADIENT ALGORITHM

In this section, based on the method in [23,27,29], we use a conjugate gradient method to find an approxi-
mation to the minimizer of the functional J(p).
We denote @i (x) be the kth approximate solution to ¢(z), then the iteration process of conjugate gradient
algorithm is given by
Yr+1 = ¢k + Brde, k=0,1,2,..., (5.1)

where [y is the step size and dj, is the descent direction in the kth iteration. We obtain dj as follow:
do = —Jé, and dp = —J]/C—l—’ykdk,l, k=1,2,..., (52)
where J;, = J'(¢k), and the conjugate coefficient 7, is calculated by

Jo(J})?dx

— 0 k=12,.... 5.3
Ji,_)2dx’ o (5:3)
Q\“k—1

Y% =0, and =

Now we calculate the step size (i, we have

Kt 1) = 5 [ (s o) = W@ o+ 5 [ (ot pidda

1

"2 /s2(u<pk($’T) + Brwr (e, T) — B (x))*da + g/Q(SOk + Brdy)?de,
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where wy(x,t) is the weak solution to the sensitivity problem (4.5) with do(x) = di(z). Let

dJ(or + Brdy)

) 0. ) 4 (5, 7) ~ W@ Tz + 1 [ (14 Prdi)iudo =0,

then we have
Jo(ug, (2,T) — R (z))wg (z, T)dz + p Jo @k(m)dk(z)dz.

Jqwi(z, T)dz + p [, dF (x)dzx

Therefore, we have the following Conjugate Gradient Algorithm to solve the variational problem (4.4):

Be = — (5.4)

—

Initialize po = 0, and set k = 0;

Solve the direct problem (1.1)—(1.3) with the initial value ¢(x) = ¢4, and determine the residual rp =
g, (2, T) — h6($)§

Solve the adjoint problem (4.13) with u,(z,T) — h®(x) = g, and obtain the gradient .J; by (4.15);
Calculate the conjugate coefficient v, by (5.3) and the descent direction dy by (5.2);

Solve the sensitivity problem (4.5) for wy with dp = di;

Calculate the step size Gy by (5.4);

Update the initial value ¢y by (5.1);

Increase k by one and go step 2, repeat the above procedure until a stopping criterion is satisfied.

o

0 N o w

6. NUMERICAL EXPERIMENTS

In this section, we present some numerical results for four examples in one-dimensional and two-dimensional
cases to show the effectiveness of the conjugate gradient algorithm.
The noisy data are generated by adding a random perturbation, i.e.

h® = h+eh - (2rand(size(h)) — 1). (6.1)

The corresponding noise level is calculated by § = |[h® — h|[12(q).
In order to show the accuracy of numerical solution, we compute the approximate L? error denoted by

er = ller(@) — e@)ll2(@) (6.2)

where ¢ () is the initial value reconstructed at the kth iteration, and ¢(x) is the exact solution.
The residual E}, at the kth iteration is given by

Ei = [|up, (z,T) — h5($)||L2(Q)~ (6.3)

In an iteration algorithm, the most important work is to find a suitable stopping rule. In this paper we use
the well-known Morozov’s discrepancy principle [14], i.e. we choose k satisfying the following inequality:

Ep < 76 < Ek’—la (64)

where 7 > 1 is a constant and can be taken heuristically to be 1.01, as suggested by Hanke and Hansen [4]. If
0 =0, we take k = 200.

6.1. One-dimensional case

Without the loss of generality, we assume © = (0,1) and T' = 1. In this case,we take the operator L = A = 88—:2.

We solve the direct problem (1.1)—(1.3) and the sensitivity problem (4.5) by using a finite difference scheme
given in [15,21]. We solve the adjoint problem (4.16) by using a truncation method, and we take Uy (z,t) =
Ziv:lsoo(uw(x, T)—h%(z), pn)t* P Eg.o0(—Ant¥)¢n(x) as an approximation to v(z, ) in problem (4.16). The grid
size for time and space variable in the finite difference algorithm are At = ﬁ and Az = ﬁ respectively.
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FIGURE 1. The numerical results for Example 1 for various noise levels with u = 1.0 x 10766 3.
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FI1GURE 2. The numerical results for Example 2 for various noise levels with p = 0.

Example 1. In the first example, we test a smooth solution. Let the initial data ¢(z) = sin(4rz)e®, and the
source data F(z,t) = 2%(1 — z)*sin(4rz)e™t. The final data u(z,T) is obtained by solving the direct problem
(1.1)—(1.3) by using the finite difference scheme.

Example 2. In the second example, we test a nonsmooth solution with a cusp. Let the initial data ¢(z) =
1 — |z — %] and the source term F(z,t) = sin(57z) + cos(5mz)e’. The final data u(z,T) is obtained by solving
the direct problem (1.1)—(1.3) by using the finite difference scheme.

Example 3. We consider a discontinuous example. Let the initial data

2,z €1[0.2,0.8];
p(z) = {0, x E {0, 0.2) L]J (0.8,1].

and the source term F(z,t) = sin(10x)e® " 4 cos(10x). The final data u(z,T') is obtained by solving the direct
problem (1.1)—(1.3) by using the finite difference scheme.
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FI1GURE 3. The numerical results for Example 3 for various noise levels with p = 0.
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FIGURE 4. The errors e; and Fj for Example 1 for various noise levels with o = 0.5 and
p=1.0x 107383,

The numerical results for Examples 1-3 by using Morozov’s discrepancy principle for various noise levels
in the case of a = 0.3,0.7 are shown in Figures 1-3. We take p = 1.0 x 10663 in Example 1 and ¢ = 0 in
Examples 2-3 respectively. We can see that the numerical results are quite accurate to the exact solutions even
up to 10% and 1% noise added up in the exact final data u(xz,T) = h(z) in Example 1 and Examples 2-3
respectively. We note that the iterative times decrease when « is close to 1, and the numerical results become
less accurate if the noise level increase.

In the following, we investigate the convergence and stability of the proposed algorithm. We also show the
effectiveness of the regularization parameter in the Tikhonov regularization functional.

The approximation errors e, and the residuals Fj for Example 1 with various noise levels are shown in
Figure 4 with a = 0.5, u = 1.0 x 107363 and Figure 5 with a = 0.5, ;4 = 0 respectively. It can be observed in
Figure 4 that if u # 0 the numerical errors decrease quickly and then keep a stable level which are yielded by
the Tikhonov regularization. However, if © = 0 the computing errors show the semi-convergence phenomenon
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FI1GURE 6. The errors e, and Ej, for Example 1 for various g with @ = 0.5 and the noise level
e =0.1.

for a little large noise levels clearly in Figure 5 and the iteration step plays a role of the regularization parameter
by Morozov’s discrepancy principle in this case. From Figures 4 and 5, we can also see that the approximation
errors e; become smaller as the noise levels decrease, and the numerical results are better when p = 0 than
when g = 1.0 x 107383 at the same noise level.

Next, we investigate the effect of the the regularization parameter. The approximation errors e, and the
residuals Fj for Example 1 with various g are shown in Figure 6 with @ = 0.5, ¢ = 0.1. We can see that the
regularization parameter y is smaller, the numerical result is better by using Morozov’s discrepancy principle.
But when p is too small, in particular 4 = 0, that means we do not use the Tikhonov regularization, the
approximation errors ej will increase when the iterative steps become large which indicate the discrepancy
principle plays a role of regularization in this case. Figure 6(b) indicates that if the regularization parameter u
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FIGURE 7. The exact solution and numerical results for Example 4 for ¢ = 0.05 with g = 0.

is too large, the Morozov’s discrepancy principle is fail to use. Since we use Morozov’s discrepancy principle, we
can take p = 0 in this paper. In fact, it is a difficult problem to choose an appropriate regularization parameter.

6.2. Two-dimensional case

Denote the coordinate as (z,y). Let © = (0,1) x (0,1) and T = 1. In this case, we take the operator
L=A-= 88—;2 + 68—;2. We solve the direct problem (1.1)—(1.3) and the sensitivity problem (4.5) by using
a finite difference scheme. We solve the adjoint problem (4.16) by using a truncation method, and we take
on(z,t) = 22;:1625 (up(z,y, T)—=h°(2,y), o)t L Eq o (= Ant®)¢n(z,y) as an approximation to v(z, t) in problem
(4.16). The grid size for time and space variable in the finite difference algorithm are At = & and Az = Ay = &
respectively.

Example 4. In the last example, we take the initial data ¢(z,y) = 2y(1 — z)(1 — y)e™¥ and the source term
F(z,y,t) = zyt(l —x)(1 —y)(1 —¢t). The final data u(z,T) is obtained by solving the direct problem (1.1)—(1.3)
by using the finite difference scheme.
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FIGURE 8. Numerical errors ¢ (z,y) — p(z,y) for Example 4.

The numerical results for Example 4 by using Morozov’s discrepancy principle in the case of & = 0.3,0.7 are
shown in Figure 7 with ¢ = 0, and the numerical errors are shown in Figure 8. We take the noise level ¢ = 0.05
in Example 4. We can see that the numerical results are quite accurate to the exact solutions, and the proposed
algorithm in this paper is effective.

7. CONCLUSION

In this paper, we consider a backward problem for a time-fractional diffusion equation. We obtain a stronger
regularity of the weak solution for the direct problem, and the existence and uniqueness of a weak solution
for the adjoint problem is proved. We formulate the backward problem into a variational problem by using
the Tikhonov regularization method and use a conjugate gradient method to find the approximation of the
regularized solution. Four numerical examples are provided to show that the proposed method is effective.
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