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A SATURATION PROPERTY FOR THE SPECTRAL-GALERKIN
APPROXIMATION OF A DIRICHLET PROBLEM IN A SQUARE
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Abstract. Both practice and analysis of p-FEMs and adaptive hp-FEMs raise the question what in-
crement in the current polynomial degree p guarantees a p-independent reduction of the Galerkin error.
We answer this question for the p-FEM in the simplified context of homogeneous Dirichlet problems
for the Poisson equation in the two dimensional unit square with polynomial data of degree p. We
show that an increment proportional to p yields a p-robust error reduction and provide computational
evidence that a constant increment does not.

Mathematics Subject Classification. 656N35, 65N30, 65N50.

Received December 20, 2017. Accepted February 18, 2019.

1. MOTIVATION AND STATEMENT OF THE RESULT

High order finite element methods (FEMs) can exhibit exponential convergence for elliptic problems with
piecewise analytic data, and thus have become the methods of choice in computational science and engineering
for such problems. The seminal work of Babuska and collaborators [1,15,16] has established the mathematical
foundations for the a priori design of meshes and distribution of polynomial degrees, and proved exponential
convergence for corner and edge singularities. In contrast, adaptive hp-FEMs hinge on a posteriori error estima-
tors, which help determine whether it is more convenient to locally refine the mesh or increase the polynomial
degree to improve the resolution. Although exponential convergence is observe experimentally, it has never been
proved rigorously with the exception of [9].

Our adaptive hp-FEM of [9] hinges on a quasi-best hp-approximation module due to Binev [6], which in
turn guarantees instance optimality and thus exponential convergence. As any other adaptive hp-FEM, ours
also has a module to reduce the PDE error by a fixed fraction for piecewise polynomial data thereby avoiding
data oscillation. In fact, denoting by v € V' (a Hilbert space) the solution of the PDE, given an hp-partition D,
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this module needs to find a refined hp-partition D such that the Galerkin approximations vp and vz from the
corresponding finite element spaces Vp and Vi satisfy, for a universal constant 0 < o < 1,

lv—vpllv < allvg —vp|v. (1.1)

Thanks to Galerkin orthogonality w.r.t. to the energy scalar product, this is indeed equivalent to the global
saturation property
[v=ovpllv S llvg —vpllv. (1.2)
The module to reduce the PDE error in [9] was based on h-refinements driven by the a posteriori estimator
of Melenk and Wohlmuth [17]. Since this estimator is not p-robust, saturation uniformly in p could not be
guaranteed. In [10] we turned to the more efficient p-refinements driven by the equilibrated flux residual estimator
of Braess et al. [7], and Ern and Vorahlik [13,14], which lead to a p-robust constant a. We showed that the
global norm of the residual r(vp) € V' of vp, satisfying ||r(vp)|v: = |[v—vp||v, can be localized to stars around
the nodes a € A of D, i.e.,
Ir@o)li? = 3 Irwn)li,
acA
where V, is a local space on the star. We further exploited that the data is piecewise polynomial in Vp to infer
(1.2) from the local saturation property

[r(vp)llv; < lIr(wp)llvenvgys  Vae A (1.3)

We finally reduced the validity of this property to the validity of a similar one for three auxiliary functionals
defined on the reference triangle, involving interior or boundary polynomial data depending on Vp (see [10],
Thm. 6.3). We presented overwhelming computational evidence in [10] supporting the fact that in order to
obtain a p-robust constant in (1.3), the local polynomial degree p of Vp should be increased by an amount
proportional to p.

In this paper we take up this question again in a further simplified setting and give a rigorous answer. We
denote by 2 the reference element, which we assume to be the square = I? for d = 2, where [ = (—1,1). For
p > 0, let P, (2) denote the space of polynomials of total degree < p restricted to €, and let V), := P, (Q)NH{ ().
Given f € P,(Q) we consider the functional ¢ = ((f) € H~'(Q) given by v — [, fv for all v € Hj(Q). The
local saturation property (1.3) formulated in 2 for the functional ¢ thus reads

11 S [1€llv (1.4)

for some ¢ > p. We point out that ¢ is similar to one of the three functionals derived in [10]; we expect that our
argument below extends to the remaining two functionals, but omit the details.

If we equip Hg () with the energy inner product (-, Jup@) = (V+, V) r2(0) and resulting norm | - || g1 ().
the Riesz representation u = u(f) € H}(Q) of £ is the solution of the variational problem

(u, V) mpy = (f0)e2) Vo € Hy(Q); (1.5)
in turn, this is the weak form of the classical Poisson equation
—Au=f in, u=0 on JQ. (1.6)

On the other hand, the Riesz representation of the functional ¢ restricted to V; is the Galerkin projection of
wonto Vg, i.e., ug = ug(f) € V, satisfying

(uqavq)Hé(Q) =(f vq)LQ(Q) Yv eV, (1.7)

(note that V, reduces to {0} unless ¢ > 4, which we assume in the following). With the notation just introduced,
the desired inequality (1.4) is therefore equivalent to

lull ) < llugllap ) (1.8)

which is another expression of the saturation property. We aim at establishing the following rigorous result.
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F1GURE 1. Constants Cp 4 vs ¢ = p+ k for: k = 2 (solid), k = 4 (dashed), k = 6 (dashdot),
k = 10 (dotted). The dependence is clearly linear rather than constant but the growth is
moderate.

Theorem 1.1 (Saturation property). There exists a constant C' > 0 such that for all A\ > 1, any mapping
p— q=q(p) satisfying q(p) > max(Ap,p +4) yields

A
lullmye) < O3 Nugllmg@y  Jor all p >0 and f € By(®). (19)

Since most hp-FEMs in the literature perform p-enrichment upon adding a constant increment to p, typically
1 or 2, one may wonder whether the preceding sufficient condition on ¢ is also necessary. We now investigate
this question computationally upon defining

o = MAX ||ur||H3(Q)

Febp() |lugll (o)
where 7 > ¢ is chosen computationally so that u, is sufficiently close to u in HE(); note that this is not a
hidden saturation assumption because the value of r is not predetermined but found once the number Cp,, .
stabilizes. This calculation reduces to an eigenvalue problem, already used in [10], and leads to Figure 1 for
g =p+k with £ = 2,4,6,10. We thus realize that C, ,, exhibits a modest but linear growth on ¢ = p+ k
for k constant, which confirms that this choice is not p-robust. For moderate values of p this might still be
acceptable computationally, but it could compromise computational complexity for extreme values of p as in
spectral algorithms [8].

Even though the saturation property is quite delicate, it has been often used in a posteriori error analysis of
low order AFEMs until now. It originates in the work of Bank and Weiser [2], and Bornemann et al. [3]; see
Nochetto [18] for related work. Dorfler and Nochetto [12] proved the saturation property for p = 1,¢ = 2 and
d = 2 provided data oscillation is small relative to |[u — upl| g1 (o) but showed counterexamples for piecewise
constant forcing f.

We stress that (1.9) is not asymptotic: it is valid for any p > 0 and any f € P,(Q2). Since u, — u in H}(Q)
as ¢ — oo it is obvious that C} 4« — 1 as ¢ — oo. It is for this reason that Theorem 1.1 has some intrinsic
value in the theory of FEMs and might have implications beyond a posteriori error analysis.
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The proof of Theorem 1.1 proceeds as follows. We perform a multilevel decomposition of V,
q
v, =Ppw;, (1.10)
j=1

where W; are polynomial subspaces of total degree j. Since this decomposition is quasi-orthogonal in the sense
that
Wi LW, foralll #j—2,7,5+ 2,

we need to account for interactions between neighboring spaces WW;. We study the angle between subspaces W;
and show it is larger than 7/3; this is the content of Proposition 2.2. This in turn allows us to find the precise
decay of high frequency modes of uy, which leads to (1.9).

Such a rather technical derivation exploits the cartesian structure of the square €2, which allows the use of a
tensor-product modal basis in V,. Similar arguments work for the hypercube Q for d > 2, at the expense of an
increased complexity. If €2 is the reference simplex for d = 2, the Duffy transform maps the Koorwinder-Dubiner
warped tensor-product basis in €2 to a subset of the tensor-product basis on the reference square examined in
this paper. Therefore, the analysis below might also be relevant to derive the saturation property in the triangle.
Overwhelming computational evidence reported in [10] indicates that such property is true, but a rigorous proof
remains open.

The paper is organized as follows. In Section 2 we introduce the multilevel decomposition (1.10) and discuss
a few properties including Proposition 2.2. In Section 3 we analyze the decay of high-order components of ug,
whereas in Section 5 we prove Theorem 1.1. We conclude in Section 6 with the proof of the rather technical
Proposition 2.2.

2. MULTI-LEVEL DECOMPOSITIONS OF POLYNOMIAL SPACES

Hereafter, we recall the definition of classical polynomial bases in L?(Q) and in H{ (£2), obtained by tensoriza-
tion from corresponding bases in L?(I) and in Hg(I), where I = (—1,1) is the reference interval. The elements
of these bases enjoy certain orthogonality properties, by which a multi-level, quasi-orthogonal decomposition of
H}(Q) is obtained. This will be useful in deriving the main result of this paper.

On the interval I, we consider the orthonormal Legendre basis in L?(I)

Op(2) = \/k + 3 Li(), k>0, (2.1)

(where Ly, stands for the kth Legendre orthogonal polynomial in I, which satisfies deg Ly, = k and L(1) = 1),
as well as the orthonormal Babuska-Shen (BS) basis in H}(I):

pr(z) = \/ﬁ/: Ly_1(s)ds
1

(2.2)
= ——(Li—a(z) — Lg(x)), k> 2.
s (L)~ Lu@). k>
The BS basis enjoys the following orthogonality properties in L?(I) for m > k:
2 e
(2k—3)(2k+1) if m =k,
N 1 e
(Pr> m)L2(1) = (2k+1)/(2k—1)(2k+3) it m=k+2, (2.3)
0 otherwise.

On the square Q2 = I x I, the previous bases induce, resp., the tensorized orthonormal Legendre basis in
L2(Q):

@k(x) = Uy, ($1>19k2 (1'2), kelk, (2.4)
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where k = (ki, k), = (21, 22) and K = N2, and the tensorized Babuska-Shen basis in H}(Q):

(I)k(x) = Pk (xl)ka ($2), k ek, (25)
where K = {k € N? : k; > 2 fori=1,2}.
The tensorized BS basis is not orthogonal in Hg (). Indeed, from the expression
(Prs Prm) 1 (@) = (Phys Pma ) H3 (1) (Pheas P ) L2(D)
+ (@lm > Qoml)LQ(I) (<Pk2 > @mz)H&(I)v

and (2.3) we immediately obtain

. k1 =my and kg — mgy € {—2,0,2}, or
Dy, @ 0 iff 2.6
(®k, Pm) () 7 0§ {1@ =my and k; —m; € {~2,0,2}. (26)
As a consequence, denoting by |k| = |k1| + |k2| the f!-norm in Z?, we have

(Ph, ) y) =0 if [k[ —[m]| & {-2,0,2}. (2.7)

At last, concerning the interaction between the Legendre basis and the BS one, we have
(@kaq)m)L2(Q) 7é 0 iff k1 € {m1 — 2,m1} and ko € {m2 — 2,m2}, (28)

which implies

Ok, Prm)2(0) =0 if |k—m|>4. (2.9)

Remark 2.1 (Orthogonality by parity). Any function v € L%(£2) can be split uniquely into four components
v = Z v, (2.10)
a€e{0,1}2

where v* for o = (o, a2) is even (odd, resp.) with respect to the variable z; (i = 1,2) iff oy = 0 (a; = 1,
resp.). For instance, v(%1) satisfies v(OV) (—z1,25) = 0@V (21, 25) and vOV (21, —x5) = —v OV (21, z5) for all
(371,1}2) e Q.

Components with different parity indices are always L?(Q)-orthogonal, and H}(Q)-orthogonal whenever
v € H}(). In particular, as a consequence of (2.6) and (2.8), we observe that (Pr, Pr) i) = 0 and
(Ok, Pm) r2(0) = 0 whenever k£ and m have at least one entry of different parity.

2.1. Detail spaces and their projectors
For j > 4, let us define the finite dimensional subspace of Hg(£2)
W; :=span{®;, : |k| = j}. (2.11)

Note that, thanks to (2.6), the functions ®j, that generate W, are mutually orthogonal in H{(£2). We imme-
diately have the multi-level decompositions

q o)
Vo=EPW, forallg>4 and  Hj(Q) =PW;. (2.12)
j=4 j=4
Such decompositions are “quasi-orthogonal”, in the sense that by (2.7) we have
Wj Ly We forall ¢#j—2,45,5+2. (2.13)

Furthermore, the “angle” between two non-orthogonal subspaces is uniformly bounded away from 0, as
implied by the following technical result, that will be crucial in the sequel. We postpone its proof to Section 6.
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Proposition 2.2 (Angle between W;_o and W;). Let P; : Wj_o — W, (j > 6) be the orthogonal projection
with respect to the Hg(2)-inner product. Then,

1
||Pj\\£(wj_2,wj) < 5

Actually, there exists a constant ¢ > 0 independent of j such that

1 c
P51l cow; —amy) < 3 (1 - ]2) .

Note that the orthogonal projection P : W; — W;_», given by the adjoint of P, satisfies the same estimate.

3. DECAY OF THE HIGHER-ORDER COMPONENTS OF THE (GALERKIN SOLUTION

Given f € Py(Q), let uy € V, be the Galerkin solution defined in (1.7), and let u, = »79_, U;, with
U; = U,(q) € W, be its multilevel decomposition according to (2.12). The purpose of this section is to prove
that for any ¢ sufficiently larger than p, the H}(Q)-norm of U, and U,_; decay at least proportionally to the
quantity (¢ — p)~!. The precise result is as follows.

Proposition 3.1 (Decay of U;). For anyp >0 and ¢ > p:=p+4, one has
6 :
HUJ‘HHg(m < H ||uq||H(}(Q)a J=¢q—1 (3.1)

Proof. We first observe that the parity splitting (2.10) of the forcing f induces by linearity a corresponding
splitting of the Galerkin solution u, as well as of each of its multi-level details Uj;, which is nothing but the
parity splitting of u, as well as of U;. Therefore, thanks to the orthogonality of the components with different
parity — ¢f. Remark 2.1, it is enough to establish (3.1) for each component separately, and then sum-up the
squares of both sides invoking Parseval’s identity.

For the sake of definiteness, we will focus on the components of (even, even) type, the other types being

amenable to a similar treatment. Thus, referring to (2.10) for the notation, we consider the component u((}o,o)
of u, (which solves (1.7) for the forcing f(®0), as well as its details U](O’O) € W](»O’O) = span{®; : |k| =

j and kq, ko are even}. We aim at proving that for ¢ > p+1and j € {g—1,¢}

0,0
U ey < 14| 2 -

q—p

0,0)

However, it is easily seen that U 57’1 = 0 if g is even, and similarly Uéo,o)

= 0 if g is odd. Hence, we will prove

HUéo’O) lmg@) < ||U<(;0’O) lm2 (@) (3.2)

q—p
under the assumption that ¢ is even, the other situation being similar.

To avoid cumbersome notation, for the rest of the proof we will drop the superscript (%9 from all entities.
So, we will write

/
Ug = Z U; with U; € W,

where here and in the sequel the symbol " indicates that the summation runs over even indices only.
From the Galerkin equations, we have for any even j € [4, q]

(uq, Wj)H(}(Q) = (f, Wj)LZ(Q) for all Wj € Wj. (33)
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Since ¢ > p + 1, exploiting (2.7) and (2.8), (3.3) yields
(Uvq7 Wq)Hé(Q) + (Uq,Q, Wq)H&(Q) =0 for all Wq S Wq, (34)

which can be rewritten equivalently as
Uy =T, ' PUy> (3.5)

where T, = I and P, is defined in Proposition 2.2.
For any even j satisfying p+ 2 < j < ¢ — 2, (3.3) yields

(Ujs2: Wi mp ) + U Wi ) + (Uj—2, W) ) =0 (3.6)

for all W; € Wj; this is equivalent to Pf ,Ujte + Uj + PjUj_2 = 0. Assuming by induction that Ujio =
—TJ;lszJrng with ||TJ;12H < 2 (which is trivially true for j = ¢ — 2 according to (3.5)), gives

(I - P;<+2Tji‘,-12Pj+2)Uj = _PjUj72~

Using Proposition 2.2, the operator

Tj:=1— P} oT; 5 Pjio (3.7)
is invertible and satisfies 1
1T € —- (3.8)
! 1— 3755
We conclude that
Uj = —T;'PiU;j_5 (3.9)

with ||Tj_1 || <2, which proves the induction argument for all even j satisfying p+2 < j < ¢ — 2.
Next, we have to bound the norm of U;_» for j = p + 4 when p, hence p, is even, or for j = p + 3 when p is
odd. It is therefore convenient to define the even integer

— p=p+4 if p is even,
" )lp—1=p+3 ifpisodd,

so that in both cases, we have to bound ||U,t2||g1(q)- To this end, let us introduce

" ! " !/
VOO = P w, =) U e VO,
j=4 j=4

note that @, # u, because U; = U;(g). Then, in view of (3.3), we deduce

q
/
(@ + > Ujor)mi) = (fror)ra  for all v, € VOO, (3.10)
j=r+4+2
q
: ! % 0,0) ..
which, thanks to ( Z Uj,vr) i) = (BrUry2,00) g for all v, € Vi, implies that

Jj=r+4+2
Uy + P:Ur_i_g = Up.
We observe that (3.6) is also valid for j = r + 2. Since (Uy, Wy+2) m1(q) = (@r, Wit2) g1 (o) we obtain

(Urgas We2) iz () + (Ursz, Weg2) i o) + (U, Weg2) i) = 0 (3.11)
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and
TT+2UT+2 = — 42Uy
as it happened with (3.9). This implies
(TT+2 - PT+2P:)UT+2 = —PT+2UT (312)
which in view of (3.7) yields
(I—-Pr T Prvs — ProPY)Urys = —Priou,. (3.13)

Since ||P} ,Tny Pria + PrpaPY|| < 21 4+ 1 = 3 thanks to Proposition 2.2 and || 7,24 || < 2, we conclude that

1 1
1Ur+2l 1) < 1_7§§||UT”H3(Q) = 2|Jurll g3 ) < 2llugllap )
4

where last inequality follows from the inclusion Vo 0 Véo,o) and the minimization property of the Galerkin

solution.
Collecting the above results we arrive at

Uj=-T 'PUj_s, r+4<j<q (jeven), (3.14)
1Urs2llmy0) < 2llugllmy 0)-

For ¢ > p + 4, this implies
7, 7
Uallmsey < TT 1757 PillUrsallirg o) < 2lugllae T 175 Pl
j=r+4 j=r+4

In order to bound the product on the right-hand side, let us write 7 = ¢ — 2m with m = 0,1,...,s and

5= 1(¢—r) — 2. Then, by Proposition 2.2, we have HTj_leH < %HTj_lﬂ =: (i, Recalling (3.8), it holds

- 1
1- %amfl 2 - Am—1

[SIE

ay, < with ag < %

)

m+1

e whence

By recurrence, it is immediate to check that o, <

q

/ i S m+1 1 2
TP < < = = .
j:1:£4H ! J||_n£[0am_n£[0m+2 s+2 q-v

Since ¢ > p+ 6 if p is even and ¢ > p+ 5 if p is odd, it is easily checked that

5 if p is even,

2 — (117127)*4 -

IN A

This gives the desired estimate (3.2). O
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4. A SUBSPACE DECOMPOSITION IN H{J(2)
Consider the complementary space of V, in Hj () given by
Vy = closgi(q)span{®y, : [m| > q}. (4.1)
Therefore, Hg(2) =V, ® VS and any v € Hj(Q) can be split as
v = Vg + 2g, vg €Vy, 2z €V

The purpose of this section is to apply once more Proposition 2.2 and derive a bound on the norm of v, and
Zq in terms of the norm of v.
We start with the following auxiliary result for any w = Z?: 4 Wi €V

Lemma 4.1 (Bound of [|Wy|lgi(q))- For any ¢ >4 and any w = 375_, W; € V,, one has

IWall (@) < V20wl g0

Proof. As in the previous section, splitting w and W, in their orthogonal components according to the parity
of the basis functions, it is enough to establish the result for each component separately. Hereafter, we detail
the analysis for the “(even, even)” case, in which case we may assume ¢ even, since otherwise Wq(o,o) =0 and
the result is trivial.

Dropping as above the superscript (%9 in functions and subspaces, we write w = W + W, with

q—2
/
W=> WeV,

=4

Keeping W, fixed, let us first minimize the norm of w, i.e., let us look for the minimizer W e V,—2 of the

quantity ¥(W) := |W + Wq”f'ié(ﬂ)' Such a function satisfies
(W7 Y)Hé(ﬂ) = _(Wq»Y)H&(Q) forall Y € Vq,Q (42)
and _ _
VOT) = W2 iy + (War Wiz (13)

Using the orthogonality conditions (2.7), we obtain the sequence of equations
(Wa, Ya) mp ) + (We, Ya)paoy =0 for all Yy € Wy,
and B B B
Wi-2,Yi) sy + Wi, Yi)mie) + Wite, V)i =0 forall Y; € W
for any even j such that 4 < j < ¢ — 2, and finally

(Wo—a, Yo2) iy + Wo—2,Yg2)mio) = —(Wy, Ya—2) i (e
for all Yy_» € W,—». Setting recursively Ty = I and T; = (I — PiT; 4, P), we derive W; = =T ' P, ;W5 for
j=4,6,...,q—4,and W,_» = —Tq__lqu*Wq. Note that, thanks to Proposition 2.2, one can prove as in Sect. 3
that HT{IH < 2 for all j. Since

(Wq:W)Hg(Q) = (Wq7Wq—2)H3(Q)
= (P;an Wq—2)H(}(Q) = _(P;qu T;—IQP;Wq)Hg(Q)a
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using once more Proposition 2.2, we deduce

(PyWa, T 5Py W) o) < Tl IS IPIWa 3 o

1\? 1
<2(3) Wil = 517l o
In view of (4.3) and the preceding estimate, we conclude that
- 1 1
lwliZ ) = TW) = (W) 2 [[Wyll 7 ) — §|\Wq||12r{3(sz) = §||Wq||§13(9)

for any w € V,go’o), whence the asserted estimate follows. O

We now establish the main result of this section.

Proposition 4.2 (Control of ||z4[|g1(q)). There ezists a constant Co > 0 such that for any q¢ > 4 and any
V=10, +zq €V, @V, one has
12¢ll 1) < C2 vl m2(0)- (4.4)

Proof. Using |[|zqllg2(0) < lvllm) + 1vgllmz (), it is enough to prove the existence of a constant C3 > 0
independent of g such that for all v € H}(Q)

[vgll 2 @) < Caallvllme - (4.5)

”

To this end, let us focus as above on the “(even, even)” components of v and v,, in which case it is not
restrictive to assume ¢ even, and drop the superscript (%9 in functions and subspaces. Let us fix any even
integer r > ¢ and assume first that v € V, is written as v = v, + V, with

v=Y"ve @ w.

J=q+2 J=q+2
By applying the same technique as above, i.e., minimizing the (squared) norm ¥ (V) := |v, + VH?J%(Q)’ we
find that ) )
HU”?{&(Q) =V(V) =2 ¥(V) = ||”q||§15(9) + (Vg V) i () (4.6)

_ " ! _ _ ~
where the minimizer V = Z Vj is such that V4o = —T(;_:2Pq+2vq, for T2 defined recursively by (3.7) with
J=q+2
T, =1, and P,yo: H}(Q) — W, 2 defined as the orthogonal projection in the H}(Q) inner product. Now,

(Vg Vi) = (Vg Var2) mp ) = (Par2vq, Var2) mi (o)

= *(pq-&-?i’qa Tq_+12pq+2”q)Hg(Q)

with
|(pq+2”qvTq_+12pq+2Uq)Hg(Q)| < ||Tq_+12H ||Pq+2UqH12qg(Q) < 2H15q+2v!1||i[é(§2)'
Writing vg = zq:/ V;, one has ]5q+211q = ~q+2V:] = P,12Vy, whence by Proposition 2.2 with ¢; = cj~2 and
Lemma 4.1 we gejt:4
1Py+2vqll 12 0) = |1 Pa2Vall g o) < %(1 —q+2) [Vallmg o)

IN

1
% (1 —eg+2) llvgll 2 0)
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which gives
5 -1 5 2
|(Pq+2quTq+12Pq+2”q)Hg(Q)| < (1—eg42) ||Uq||§13(9)'
Then, from (4.6) we obtain
1% 0y = €a+2(2 = eq2) Vel T2 )

which immediately yields (4.5) for all v € V,, = VO and all r > q.

The same result holds for all other combinations of parity indices; hence, it holds for any v € V,. Since
polynomials vanishing on 92 form a dense subset of H} (), we conclude that (4.5) holds for all v € Hg (€2). O

5. PROOF OF THEOREM 1.1

We actually prove the equivalent condition
[|w — Uq||H3(Q) N ||UqHH3(Q)7
and for that we write
(u — ug, U)Hg(sz)

v —ugllgiy = sup — ——m——
41Ho () veri (@), vzo [Vl

As in the previous section, let us split any v € Hj(Q) as v = vy + 24 € V; ® VS, where V¢ is given by (4.1).
By the Galerkin orthogonality and the definition of u, we have

(u—ug, v) 1) = (U —uq, 2g) mi () = (f+2¢)12(2) — (Ugs 2¢) 1 ()
Recalling (2.8) and the condition ¢ > p, we have (f, z4)r2(q) = 0, hence
(u— uqvv)Hé(Q) = —(ug, Zq)Hg(Q)-
Now, recalling (2.12), we expand the Galerkin solution u, as uy = 23:4 U;. Invoking (2.7), we get
(ug: 2¢) a0y = (Ug—1 + Ugs 2¢) 11 (0)-

Applying Propositions 3.1 and 4.2, we get the following bound

q
qa—p

(u— g, v)Hi() < C102 llugll 2 ) 10l 2 -

Since ¢ > Ap, the relation ﬁ < ﬁ holds, and the proof is complete. O

6. PROOF OF PROPOSITION 2.2

We establish the bound || Pj12|[ 20w, w,,.) < 13- j%) for any j > 4. This will be achieved through various
steps: we bound || Pj12||zow;,,w,,,) in Section 6.1 by the £*°-norm of a suitable matrix; in Sections 6.2 and 6.3
we characterize such an ¢*°-norm and show that the desired bound reduces to certain properties of a suitable

function; we finally analyze such function in Section 6.4. This analysis is computer assisted.
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6.1. Bounding the operator norm by a matrix norm

Recalling the definition (2.11) of the subspaces W; as well as Remark 2.1, we can split each W; into its two
nontrivial orthogonal components according to parity; precisely, if j is even we have W; = W;O’O) D W;l’l),
whereas if j is odd we have W; = WJ(-LO) @ W](O’l). Furthermore, again by orthogonality it holds P, €

£(Wj°‘, ﬁw) for any o € {0, 1}?; hence, our target result can be achieved by considering each parity component
separately. Hereafter, we will analyze the case j even and « = (0,0), i.e., we will bound ||Pj+2HL:(W_;“"’),W](.‘J’;S));
the other three cases can be treated similarly.

Let us set d; := dim WJ(O’O), note that d; = % — 1 because j = |h| = hy + hg with hy, he > 2 even, and let
us introduce the normalized basis functions ® := @5, /||®p || g1 (). For the sake of definiteness, let us order the

basis functions in each WJ(O’O) by increasing the first index h;. Any v € WJ(O’O) is represented as

/ A
v=Y 0P, with v:=(i)€RY;
|hl=j

the summation symbol means that only indices h = (hy, ho) with even components are considered. Similarly,
any w € W](.S_’g) is represented as

/ ~
w= Y pd, with w:= (i) € RV,
|k|=35+2

Therefore, if w = Pjiov, then w = A?V, where A; € R%*4i+2 is the matrix whose entries are

apk = ((i)ha(i)k)Hg(Q) for || =3, |k|=7+2,

and hi, ha, k1, ka even (recall that the ®,’s that span WJ(»O’O) form an orthogonal basis for this space). Note

that A; is a sub-block of the (even,even) block A%C of the stiffness matrix A for the normalized Babuska-

Shen basis in H}(£2). More precisely, denoting by I; € R%*% the identity matrix of order d;, we have A%9 =

tridiag (A]T_Q, I;, Aj) (with j > 4).
Now, one immediately has

AT — 1ALl —
1Pi+2ll sy ooy = 145112 = 145112 = 1Pl Lgpen weo,

(where || - ||, denotes the p-norm of a matrix), which together with the inequality [|A;|l2 = p(AjAjT)l/2 <
|A;AT||3?, yields the bound

155 < | A;ATI2. (6.1)

+2llopeo wioo)

6.2. A first expression for the matrix entries

In order to compute the norm on the right-hand side of (6.1), we observe that A; is a bi-diagonal matrix by
condition (2.6). In fact, for any index h with |h| = j the only indexes A/, " with |h'| = |h”| = j + 2 that give
rise to entries ap s and ap, p different from 0 are A’ = h+(0,2) and A” = h+ (2,0). The explicit value of these
entries is computable via the following formulas (in which all inner-products and norms are those of H}((2)):

5 5 ¢ @ ! a fal (b ¢ "
ap. p = (q)h’(I)h,) — M Appr = (q)h’q)h”) _ ( hs *h )
7 [@nl[@nl ’

1 @nll 2|
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with
1
Py Ppr) = — ’
O ) = = o + 1)y — D@k 1 3)
1
(I)h? (I)h// = — ’
( ) (2h1 + 1)\/(2}1,1 —1)(2h1 + 3)
and ) 2
y)* =
[l (2hy — 3)(2h1 + 1) + (2hg — 3)(2hy + 1)’
whence
9 2
D,, 2 — )
@ (2hy — 3)(2h1 + 1) + (2ha + 1)(2h2 + 5)
9 2
1@n 1 =

@h + D)2k +5)  (2hs —3)ha + 1)

Since 2 < h; < j —2 (h; even), it is convenient to set n := % and h; := 2i, with 1 <7 < n — 1; consequently,

he :=j — hy = 2(n — i). Substituting these expressions in the previous formulas, we obtain

1

R TP N Y17 By e ey e
1
(Ph, Pprr) = — (4 + 1)+/(4i — 1)(4i + 3) =
and
. 2 2 .
12" = G s@ D T am ) —sam -y ¢
. 2 2 —
H‘I)h'” - (42 _ 3)(4Z + 1) + (4(n — Z) -+ 1)(4(TL — Z) + 5) B w"’
. 2 2 o
Ion "= G D@+ T an—g-sam-—g+n ™
Note that b; = a,,_; and ¢; = ¢,_;, 1; = ¥Yn_;. Hence, for 1 <i <n—1,
Aj)i = 4 i, Aj)iiv1 = b = o = On—iy
(Aj) NG (Aj)ii+s Voini  \/bn—itbn—i

i.e., Aj = bidiag (6;, 0,—;). Consequently, the nonzero entries of the matrix A;AT € R%*% are
(AjAjT)z‘,i—l = 0i0n—it1, (AjAJT)iz' =67 +62_,, (AjA]T)i,z'-H = 0;4+10n—i,

i.€e., AjAf = tridiag (0;0p—i+1, (5? + 52 0;+10n—;). Let us denote by s) the sum of the entries in the ith row

n—i’ %
of the matrix AjAf, which are all non-negative. Setting for convenience §,, = 0, we thus have

s = §i0pi1 + 02+ 02+ 6is10ny,  1<i<n-—1. (6.2)
It is easily seen that sgj) = s(j)i for 1 <14 < 3. Since

n—

|A;AT | = max s, (6.3)

1<i<n—1 °*
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in view of (6.1) we are left with the problem of proving the existence of a constant C' > 0 such that

for all j > 4; (6.4)

indeed, thanks to ,/i —z < % —x for x < %, we obtain Proposition 2.2 with ¢ = C.
A direct computation shows that sgj ) and sgll satisfy the bound in (6.4) for a suitable C, because sgj ) =

sﬁ{ll < 1 forall j >4 and sgj) — 2% as j — oo. Thus, in the sequel we focus on the rows indexed from 2 to

n—2, for j > 8 (i.e., n > 4).

6.3. A second expression for the matrix entries

We now apply a change of variables. Observing that all quantities a;, ¢;, ¥;, n;, d; defined above depend
upon 4i or 4(n — i) for 2 < i < n — 2, we first set [ := 4i and N := 4n > 16. To introduce the new variables
(t,r), we first go back to the original range 1 <i <n —1, i.e., 4 < I < N — 4, and parametrized I as follows

I=41—-t)+(N—4)t=4+Rt, 0<t<1,
with R := N — 8 > 8. Similarly, we write
N—1=4+Rm, T=7(t):=1—1t.

< %. With these notation at hand, we easily obtain the

At last, we introduce the second parameter r := %

following expressions for a;, ¢; and ;:

1 1 1

ai = R (7 +3r) (1 + 5r)2(7 + 7r) = ﬁA(t’r)’
1 2 2

%= g ((t+r)(t+5r) * (T+T)(T+5T)) = g B,
1

2 2 1
Vi= R ((t+r)(t+5r) * (T+57“)(T+97’)) P ).

=

Hence, we arrive at
52 _ (122 _ A(tﬂA)
L djid)i B B(t,’/‘)C(t,T)

=: D(t,r).
Straightforward computations show that
51'2+1 = D(t+4r,r), op_; = D(r,7), 6721—i+1 = D(1 +4r,7).

n—u

We conclude that the sum of the entries in the ith row of A; A?, given by (6.2), can be expressed as follows:

s¥) = \/D(t,r)D(7 + 4r,7) + D(t, )

(6.5)
+ \/D(t +4r,7)D(7,r) + D(1,7) =: S(t, 1)

for 2 < i <mn — 2, which is equivalent to 4r <t <1 —4r.
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FI1GURE 2. Two views of the graph of the function % — S(t,r) on the triangle 0 < t < %,
0 <r < 1t. Note that S(t,r) is multi-valued at t = r = 0.
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FIGURE 3. A view of the graph of the function § — o(t,a) in the rectangle 0 <t < 1,0 < a <

=

6.4. Bounding the matrix norm

Since the function S(t,r) is symmetric with respect to t = % for any r, we may restrict it to the triangle
0<t<3,0<r< it Figure 2 displays two plots of the function  —S(¢,7), and suggests clearly that S(¢,7) < &
whenever r > 0, with a quadratic behavior in r at the origin. However, establishing such results rigorously is
somehow complicated by the fact that S(¢,r) is singular at (¢,7) = (0,0), where it becomes multi-valued.

To remove this singularity, we apply the Dufly transform (¢,a) — (¢,7) = (¢, at), which maps the rectangle
0<t< %, 0<ac< %L onto the triangle 0 < ¢ < %, 0<r< it. Correspondingly, we are led to consider the
function o(t,a) := S(t,at), which turns out to be smooth everywhere in this rectangle; a plot of the function
}L — o(t,a) is depicted in Figure 3.

With the help of a symbolic manipulator, we obtain, for all ¢ € [0, 1],

1 0o foales G(t)

U(t,O)ZZa %(t,O):O, ﬁ(to):_ 720

where
G(t) := 3" + 9t37% — 8773 + 16¢57* + 24¢57° + 16t*7° — 8377 + 9?78 4 3710,



1002 C. CANUTO ET AL.

1 = L — = i i I
0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

Ficure 4. Contour plot of ngg(ua): the function is negative on [0, 3] x [0,a*] with a* > 5.
The thicker curve represents the zero level set

We note that the polynomial G(t) is strictly decreasing in [0, 1] between G(0) = 3 and G(3) = 1. We thus

easily see that 8 5(t,0) < —1for0<t < 1: hence, by continulty we get the existence of two constants C, > 0

and a, € (0, 1] such that 2 Faz (t,a) < C for 0 <t < 1 and 0 < a < a.. With these constants at hand, by
Taylor’s expansion with Lagrange s reminder, we are entltled to write

02 1
o(t,a) = = +—U( ’)ag Z—Ca for O§t§%,0<a§a*,

with some a = a(t, a) € (0,a).

By computing the symbolic expression of the function 2 Doz (t a) and by examining its level sets (via a numerical

procedure), one finds that a, safely satisfies a, > 75 (see Fig. 4). Therefore, going back to our function S(t,r) =
o(t, %), we deduce that

C,
Iz

S(t,r) < - — < 40,0 for 0<r< st t<i

| =
| =

1 1 1 . . .
351> 35 We immediately obtain

Recalling (6.5) and using the expressions ¢t = 4r(: — 1) and r = -

§) < G
— 2

7 for 4 <i< % (6.6)

»M»—‘

Note that we require the restriction i > 4 to satisfy the constraint

<1t—2(’ 1) =
7‘_10 —5’/'2

S
Y
|~

Therefore, we are left with the task of establishing a similar bound for s(‘ and s / by different means. It is
easily checked that for j — oo it holds s(]) — ﬁ <7 L and s(j) — % < =, while both s(j) and s(]) are < 1 for
all j > 8. This implies the desired bound for a su1table constant Ciy, > 0

The proof of (6.4) is thus complete, whence Proposition 2.2 is established.
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