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PENALTY METHOD WITH CROUZEIX-RAVIART APPROXIMATION FOR
THE STOKES EQUATIONS UNDER SLIP BOUNDARY CONDITION *

TAKAHITO KASHIWABARAM™* | ISSEI OIKAWA? AND GUANYU ZHOU®

Abstract. The Stokes equations subject to non-homogeneous slip boundary conditions are consid-
ered in a smooth domain 2 ¢ RY (N = 2,3). We propose a finite element scheme based on the
nonconforming P1/P0 approximation (Crouzeix—Raviart approximation) combined with a penalty for-
mulation and with reduced-order numerical integration in order to address the essential boundary
condition u-ngn = g on A2. Because the original domain {2 must be approximated by a polygonal (or
polyhedral) domain §2;, before applying the finite element method, we need to take into account the
errors owing to the discrepancy (2 # (25, that is, the issues of domain perturbation. In particular, the
approximation of nsn by non, makes it non-trivial whether we have a discrete counterpart of a lifting
theorem, i.e., continuous right inverse of the normal trace operator H*(2)" — H1/2(8.Q); U U-NHQ.
In this paper we indeed prove such a discrete lifting theorem, taking advantage of the nonconforming
approximation, and consequently we establish the error estimates O(h* + ¢) and O(h** + ¢) for the
velocity in the H'- and L?-norms respectively, where @ = 1 if N = 2 and a = 1/2 if N = 3. This
improves the previous result [T. Kashiwabara et al., Numer. Math. 134 (2016) 705-740] obtained for
the conforming approximation in the sense that there appears no reciprocal of the penalty parameter
€ in the estimates.

Mathematics Subject Classification. 65N30, 35Q30.

Received September 25, 2018. Accepted January 26, 2018.

1. INTRODUCTION

This work is continuation of [16] and we consider the same PDEs as there, that is, the slip boundary value
problem of the Stokes equations in a bounded smooth domain 2 C RY as follows:
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u—vAu+Vp=f in £,
divu=0 in {2,
(1.1)
u-n=g on I :=08,
I-n®n)o(u,p)n=7 on I.
Asin [16], v > 0 is a viscosity constant, n means the outer unit normal to I', and o (u, p) := —pl+v(Vu+(Vu) ")

denotes the stress tensor. We impose the compatibility condition between (1.1)2 and (1.1)3 by

/ngs =0. (1.2)

Remark 1.1. The first term of (1.1); is added in order to ensure coercivity of the problem, (c¢f. [16], Rem.
1.1). Therefore, strictly speaking, we deal with the Brinkman equations (see e.g. [14]) rather than the Stokes
equations. However, the methods and results of this paper can be extended to the Stokes case if a Dirichlet
boundary condition is imposed on a part of 9f2, as discussed in our related papers [21,22].

Before explaining the goals of the present paper, let us review the results of [16]. Since the original domain {2
has a curved boundary, we need to approximate it by a polygonal or polyhedral domain (2, to invoke the finite
element method, where we construct meshes, build finite element spaces, and define variational formulations.
In case of the slip boundary problem, however, one has to be careful in setting a test function space. In fact,
imposing the constraint vy, - n, = 0 at each degree of freedom on I}, (np being the outer unit normal to I7y),
which seems natural at first glance, would result in a variational crime. Several strategies to overcome it are
proposed e.g. in [1,12,17,20].

In [16], we proposed to apply a penalty method, in the P1/P1 finite element approximation, to the essential
boundary condition (1.1)s. At the continuous level, this strategy means replacing (1.1)3 by

1
-(u-n—g)+o(u,p)n-n=0 on I,
€

where € > 0 is a very small constant (note that this formally recovers (1.1)3 as ¢ — 0). Employing reduced-order
numerical integration for the penalty term, we derived the error bound O(h + €/2 + h2* /e'/?) for the H'- and
L2?-norms of velocity and pressure, respectively. Here h denotes the discretization parameter, and the number
a is given by a = 1 if N =2 and a = 1/2 if N = 3. In particular, the optimal rate of convergence O(h) was
achieved by choosing € = O(h?) in the two-dimensional case. This strategy was then extended to the stationary
Navier—Stokes equations in [21] and to the non-stationary Stokes equations in [22].

The first goal of the present paper is to improve the error bound mentioned above. In fact, the rate O(thel/ 2y
h2x/ et/ 2) is not optimal because it is known that the penalty method admits the optimal rate of convergence
O(h + €) for polygonal or polyhedral domains, i.e., when 2 = §2;, (see [9]). We show that the nonconforming
P1/P0 approximation (also known as the Crouzeix—Raviart approximation, see [8,11]) for smooth domains,
combined with the penalty method and with reduced-order numerical integration, leads to the rate O(h* + ¢),
where the meaning of « is the same as above. Therefore, for the two-dimensional case we establish the optimal
rate O(h + €) even when 2 # (2;,. Moreover, we also provide the L2-error estimate for velocity, giving the rate
of convergence O(h?® + ¢€), which was not available in [16].

The key point of our approach is that, in the Crouzeix—Raviart approximation, the degrees of freedom for
velocity (namely, the midpoints of edges or the barycenters of faces) agree with those of np on the boundary
I},. This fact enables us to prove a discrete counterpart to the inf-sup condition

Jr(v-n)pds
Cllpllgg-1r2ry < sup  Hmer—

Yu e H-Y2(I),
vEHL($2) ||UHH1(Q)

which was not available for the P1/P1 approximation in [16]. This follows from a discrete counterpart of a lifting
theorem, more precisely, a stability estimate concerning a continuous right inverse of the trace operator in the
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normal direction:
HY ()N — HYX(I'); ve—vlp-n.

We emphasize, however, that such a discrete lifting theorem in (2}, is completely non-trivial since np, which is
only piecewise constant on I}, has jump discontinuities and thus fails to belong to H/2(I7},)Y. Similarly, the
trace of a nonconforming P1 function v;, to the boundary does not necessarily admit H'/2-regularity (cf. [3],
Appendix). To overcome those difficulties, we introduce a discrete version of the H'/?(I},)-norm and combine
it with the so called enriching operator (cf. [7], Appendix B) to reduce the nonconforming approximation to
the conforming one, which is a basic strategy to prove the discrete lifting theorem.

The second goal of the present paper is to provide, in case of nonconforming approximations, a frame-
work to address the errors owing to the discrepancy (2 # 2, which we refer to as domain perturbation.
To the best of our knowledge, there are very few studies in the literature dealing with the issues of domain
perturbation when nonconforming approximations, including discontinuous Galerkin methods, are involved.
However, nonconforming approximations in the situation of domain perturbation is important when consid-
ering interfacial transmission problems (an example is the Stokes—Darcy problem, see e.g. [3,18]). In fact,
for such problems it is natural to encounter physical jump discontinuities in normal or tangential directions
along curved interfaces, which could be treated by the use of nonconforming approximations. In future work,
we would like to extend the techniques developed in this paper to interface problems in dealing with domain
perturbation.

The rest of this paper is organized as follows. In Section 2 we introduce variational formulation, triangulation,
and finite element spaces. We also propose our finite element scheme and state the main results. In Section 3,
auxiliary lemmas relating to the discrete H'/2-norm and to domain perturbation estimates are stated. Some
of their proofs will be given in Appendices. After establishing discrete well-posedness in Section 4, we derive
the H'- and L?-error estimates (for velocity) in Sections 5 and 6, respectively. We give a numerical example in
Section 7 to confirm the theoretical result. Throughout this paper, C' will denote a generic constant which may
depend only on 2, N, and v unless otherwise stated.

2. PRELIMINARIES AND MAIN THEOREM

2.1. Function spaces and variational forms

Throughout this paper, we adopt the standard notion of Lebesgue and Sobolev spaces. To state a variational
formulation for (1.1), we set

V:Hl(‘Q)Na Q:L2(Q)v ‘O/:H(}(“Q)Nv QZLg(Q)a

and
Vo={veV:v-n=0onTl}.

Next, for a domain G C RY we define bilinear forms as follows:

ag(u,v) = (u,0)6 + 3 (E(), E@))c,
ba(p,v) = —(p,divo)g,
coc(\ 1) = (A, 1o,

where E(u) := Vu + (Vu) " and (-,-)¢ denotes the inner product of L*(G).
The weak form for (1.1) now reads as follows: find (u,p) € V' x @ satisfying u-n = g on I" and

{a(u,v) +b(p,v) = (f,v)0 + (1,0)r Yo € V,, 2.1)

b(q,u) =0 Vg € Q,
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where we have employed the abbreviations a := ap and b := bg. Defining the Lagrange multiplier A :=
—o(u,p)n-n € H-Y/2(I") =: A, one sees that (u,p, \) satisfies
a(u,v) +b(p,v) +c(A\v-n) = (f,v)o+ (1,v)r Yv eV,
b(g,u) =0 Vg € Q, (2.2)
c(pu-n—g)=0 Y € A,

where ¢ means cpp. The well-posedness of (1.1) (or (2.1), (2.2)) is well known e.g. in [2]; in particular, if
f e L), gec H¥*I), and 7 € H'/?(I')N, then there exists a unique solution such that v € H?(2)N and
p€ HY(2)N L3(N).

2.2. Triangulations

Let {75, }nj0 be a regular family of triangulations of a polyhedral domain (2, which is assigned the mesh size
h > 0. Namely, we assume that:

(H1) each T € T is a closed N-simplex such that hy := diam T < h;

(H2) 2, = Uper, T

(H3) the intersection of any two distinct elements is empty or consists of their common face of dimension
<N -—1;

(H4) there exists a constant C' > 0, independent of h, such that pr > Chyp for all T € 7}, where pr denotes the
diameter of the inscribed ball of T'.

Moreover, we denote by &, the set of the edges or faces, that is,
&y ={eC 2}, : eis an (N — 1)-dimensional face of some T € 7}, }.
The sets of the interior and boundary edges are denoted by fj’h and 8}‘? respectively, namely,
E={ec& :echy}), En=E\E&.
We assume that (2, approximates (2 in the following sense:

(H5) the vertices of every e € £ lie on I' = 912

Throughout this paper, we confine ourselves to the case where 0 < h < 1 is sufficiently small, which will not
be emphasized below.
The set of vertices and that of midpoints of edges are defined as

Vi ={p € N2, : pis a vertex of some T € Ty}, My, ={m. € 2 : e € &},

where m, means the midpoint (barycenter) of e € £,. We introduce a broken Sobolev space by
HYTp) = {v e L3(2,) : vlr € HY(T) VT € Tp,}.
To describe jump discontinuities across interior edges, for v € H'(7},) we define

[v](z) := 1i1(1)1+(v(x +sne) —v(z —sn.)), xE€ecé,
S—
where n, is a unit normal vector to e. For e € &, (resp. e € £7), there exists a unique element 75 € 7, (resp.
T € T;,) such that m, + sn, € T;F with sufficiently small s > 0 (resp. m. € T,).

Remark 2.1. There are two choices for the direction of n.. In this paper, we suppose that each e € &y is given
an arbitrary orientation, which determines the direction of n.. Note that, given a vector function v, the jump
term [v - nel(x) is well defined regardless of the orientation.
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2.3. Crouzeix—Raviart element

For each T' € 7}, we denote by P (T) the space of the polynomial functions of degree up to k defined in 7'. In
the Crouzeix—Raviart element, velocity and pressure are approximated by nonconforming P1 and PO functions,
respectively. Thereby we introduce

Vi, = {vh S Hl(’Th)N : 'Uth c Pl(T)N VT € 77—” [vh](me) = ﬁ fe[vh] ds =0Ve e (cjh},
Qn = {an € L*(21) : vplr € Po(T) VT € Tp.},

where |e| stands for the (N — 1)-dimensional measure of e. We will also utilize the conforming P1 finite element
space, that is, - -
Vi={w € C(Qh)N D uplr € Pl(T)N VT € T}

The nodal basis functions of V}, and V1, are denoted by {¢.}ece, and {¢,}pey, respectively, where ¢ € V,
and ¢, € V', are defined by the conditions

1 if x =m,, < _J1 ifz=p,
¢e(m)_{0 if x #£ me, e € &, ¢p(£)_{0 if x #£ p,x € V.

It follows from ([10], Thm. 3.1.2) and regularity of meshes that

| @el grm () < CRY/2™, e €& T €T enT #0,
||¢6||Hm(€') < Cthil)/2imv ¢, e € £h7 ene # Q],
where h. := diame, and the quantities dependent only on a fixed reference element (e.g. unit simplex) are

combined into generic constants C. Similar estimates also hold for nodal basis functions ¢, of V1, provided that
the vertex p belongs to T € Tj, or ¢’ € &y,.
Approximate spaces for V and @) are given as

f/h:{vhth :vh(me):0Ve68;‘?}, C}hZQhﬁC}.
We note, however, that vy, € f/h does not imply v, |, = 0. We equip Vj, and @ with the norms
) ) 1/2
lonllvi = (lonlain + 22 IVorlZaery) s llanllan = lanllzean)-
TeT,
To describe Lagrange multipliers defined on I7,, we set
Ap = {un € LA(I}) : pnle € Po(e) Ve € 8}‘?},
Zh = {,Uh S C(Fh) : ,uh\e S Pl(e) Ve € g;?}
An interpolation operator ITj, : H*(£2,)N — Vj, is defined by IT,v(m,.) = ﬁ J,vds for e € &,. It is known
(see [11]) that
v — vl L2y + hr || V(v = 30) | p2ry < ORIV 2y, T € Th, v € HX(T),
H’U — H;?’UHHfl/z(e) < CheHv'UHLQ(TE)z e c g}?, v e Hl(Te).
For convenience, we also define an analogue of IIj, restricted to the boundary, namely, we define IT ]‘? L2 (1) —

Ay, by IPv(m,) = ﬁ [ vdsforall e € &
The continuity at the midpoints ensures that

D b MeallZee < C D IVunllzagry  Yon € Va. (2.3)
e€ép TeT,
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In fact, since [vy](me) = 0 for e € 5h and Vuy, is piecewise constant, we have

7/|1;h |2ds<(/|th+vh Me | ds+/|vh\T77vh Me | ds)

|€|h
(V012w gy + 19000 ) SC 3 (900
TeTy(e)
which after the summation for e € &, proves (2.3). Hence || - ||y, is equivalent to || - [y, given by

3 1/2
llonlly;, = (Ionlaca,) + D 190l + 3 b Monllag) s vn € Va,
TeT, e€é,

which often appears in discontinuous Galerkin methods.

Adding up the trace inequality [[v]|z2(e) < Cllvll oty 0I5z,

for e € 5,? yields
1/2 1/2
ollza(ry < Cllollto, IR, v e HY(Th),

where the constant C' depends only on a reference element.
An interpolation operator for pressure is defined as the projector Ry : Q — Qp, that is, (Rxp — p,qn)n, =0
for all p € Q and ¢, € Q},. Then we have (see [6], Lem. 12.4.3)

[Rnp = pllon < ChlIVDlL2(a,, — p € H ().
We also note that Ry (Q) C Q.

2.4. FE scheme with penalty and main theorem

We propose a finite element approximate problem to (1.1) as follows: choose € > 0 and find (up,pr) € Vi X Qp,
such that

1 N . ~ -
an(up,vn) + by (pn,vn) + gch(uh “np — §,0n - np) + Jn(unson) = (f,on), + (Toon)n,  Yon € Vi,
br(gn,un) =0 Yan € Qn.

Here, we are making use of an extension operator P : W™P(£2) — W™P(RY) satisfying the stability condition
[ Pv|lwm.»@yy < Cllv|[wm.re (o), where the constant C' depends only on N, 2, m, and p. If this is combined with

(2.4)

a stable lifting operator (continuous right inverse of the trace operator) L : W™ =1/PP(I") — W™P(82) (m > 1),
one can also consider extensions from I' to R™. In the following, all of such extensions are simply denoted by
f , g, T, etc.

Remark 2.2. The way of extensions may be arbitrary as far as they satisfy the stability conditions mentioned
above. In particular, P or L has no effect on the rate of convergence in Theorems 2.6 and 2.7, whereas the
constants C' appearing there will depend on the choice of them.

The bilinear forms in (2.4) are defined by

anfu,0) = > ((wo)r+ %(E@),E@))T), u,v € HY(T),
TeTy
bn(p,v) = — Z (p, divo)r, peQ,ve H(T,),
TeT),
cn(A ) = (A I ), A€ L2(I),
gnluv) = 37 3=l e w.v € H'(T;),
eef'h ¢

where v is a stabilization parameter, which one can choose to be any positive constant.
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Remark 2.3. For up, v, € V, we see that cp,(up, - np, vp - np) agrees with the midpoint (barycenter) formula
applied to (up, - mp, v - 1p) - In this sense, reduced-order numerical integration is applied to the penalty term.
The main results of this paper are the well-posedness and error estimates to (2.4) stated as follows.
Theorem 2.4. There exists a unique solution (up,pr) € Vi X Qn of (2.4). Moreover, it satisfies
lunllvi, + 1nlln < CUIf 2@y + 1Ty + (1 + ke gl mare ) (2.5)
knl < C(I1f 2@ + 17l zrzcry + (L + B2 Yllgllmsre ),

where kj, 1= (ph; 1)~Qh/|9h| and ﬁh =pp — ky, € Qh'

Remark 2.5. (i) If g = 0, the terms involving e~ do not appear.
(ii) Even if g # 0, ||up|lv;, becomes independent of € < 1 in the end as a consequence of Theorem 2.6.

Theorem 2.6. Let (u,p) € H?(2)N x H(§2) be the solution of (1.1) and (upn,pn) € Vi, X Qp, be that of (2.4).
Then we obtain

lle —=unlly, + 117 = PullQn < C(h* + )1 fllL22) + lgllmer2(ry + 7l mr2r)),
where « =1 if N =2 and « = 1/2 if N = 3.

Theorem 2.7. Under the same assumption as in the previous theorem, we obtain

@ = unllz2(o,) < CR** + €)1 fllL2coy + gl msr2ry + 1Tl err2cry)-

The proofs of Theorems 2.4-2.7 will be given in Sections 4-6, respectively.

3. AUXILIARY LEMMAS

3.1. Discrete H/2-norm

It is well known that there exists a continuous right inverse of the trace operator H'(£2)Y — HY?(I'); v
(v-n)|r, which we call a lifting operator with respect to the normal component. We need its analogue in the
Crouzeix-Raviart element case. However, since functions having jump discontinuities do not belong to H'/2,
we devise a discrete H1/2 (Iy)-norm for py, € Ay, as follows:

B 1/2
kenlliye,a, = (||E;?Mh||§p/2(ph) + Z Z hY 72 un(me) — pn(mer) +hHMh||%2(Fh)) :

ecE? e’eEl(e)

Here, EY : A, — Ay, is a kind of enriching operators (cf. [7], Appendix B) defined by
1 _
Ea = e )
h MR E <#5,‘?(p) E pn(m ))¢p

PEVL(Ih) ec&f (p)

where Vi,(I,) = Vi N1, E2(p) = {e € €2 : p € e} means the boundary elements sharing the vertex p,
and ¢, € Vj, is a nodal basis of the conforming P1 functions given in Section 2. Note that, as a result of
the regularity of meshes, the number of elements #S,‘? (p) is bounded independently of p and h. Moreover,
EP(e)={e' € & : ene’ # 0} denotes the neighboring boundary edges around e.

The discrete H'/2-norm is compatible with the usual H'/2-norm as follows.

Lemma 3.1. If u € H'Y/?(I7},), then

117 1l j2, 0, < Cllpll g2y
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We also state discrete H'/2-stability when ny, is involved.

Lemma 3.2. Let u € HY*(I},), v € HY/?(I,)N, and A € HY2(I,)N® be scalar, vector, and matriz functions
respectively. Then we have

12 )l 2,4, < Cllill iz,
I(UT70) -l 2.4, < Cllvllae,,
(117 Ayn, - |1 2,0, < CNAN g2 (8-

The proofs of Lemmas 3.1 and 3.2 will be given in Appendices A.1 and A.2, respectively.
3.2. Discrete lifting theorems with respect to the normal component
Let us state a first version of discrete lifting theorems.

Lemma 3.3. For all up € Ay, we obtain

1/2 cn(pon,vn - 1)
O( L relhnlin) < sop SR .y
GGE}? Vh h h

Proof. Define v, € V}, by vj, = 26652 hepin (me)ny (me)de. Then we see that cp (up, vy -np) = Zeesfj he”,“h”QL?(e)
and that

ol = D helun(me)nn(me) Plloelin r,) < D helunliee x ChY ™2 < C Y7 hellunllEae)s

ecgp ec€? ec€?

where we have used a local inverse inequality |||z (e) < cnit—N/ 2Nl £2(e)- Combining the two relations,

we obtain the desired inf-sup condition. O

We need a more refined discrete lifting theorem than the one above.

Lemma 3.4. For u, € Ay, there exists vy, € Vi, satisfying (vy - np)(me) = pr(me) for all e € 5,?, together with
the stability estimate

lonllvi < Cllinll1/z.a- (3.2)

The proof of this lemma will be given in Appendix A.3.

Corollary 3.5. For all up, € Ap, we obtain

ch(pn, vn - np)

Cllpnll-1/2,4, < sup —————=- (3.3)
v E€Vh ”Uh”Vh
Proof. By the definition of the dual norm, there exists Ay € Ay such that ||uall—1/2,4, = W We apply
v Ap

Lemma 3.4 to Aj, to obtain some v;, € V}, such that vy -nj, = Ap, at all me’s lying on I, and ||va[|v;, < C||Anll1/2,4,, -
It is now immediate to deduce (3.3).
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3.3. Estimates on the boundary-skin layer

Let us introduce a tubular neighborhood of I' with width § > 0 by I'(§) = {z € RV : dist(z,I") < §}.
For sufficiently small 4y > 0, we know that (see [13], Sect. 14.6) there holds a unique decomposition I'(dp) >
x =Z+tn(x) with Z € I'. The maps 7 : I'(§p) — ['; x — T and d : I'(§p) — R; x — t imply the orthogonal
projection to I" and the signed-distance function, respectively. We fix a bounded smooth domain (2 that contains
22U I'(dp).

If the mesh size h is sufficiently small, we proved in ([16], Sect. 8) that «|p, : [}, — I is a homeomorphism
and that |d(z)| < Ch? =: §, for z € e € £7. Then the following boundary-skin estimates are obtained:

‘ ()fds—/fowds‘ < O8I (o), feLle), (3.4)
If = fomllioe < OOV FllLo(n(e.s.))s feWhP(x(e,ée)), (3.5)
1 f I Le(n(e.s.)) < COYPIFllLoinie)) + COllV Fll Lo (ne.s.))s feWhP(x(e,de)), (3.6)

where p € [1,00] and 7(e,d.) := {Z + tn(Z) € R? : & € 7(e), |t| < .} denotes a tubular neighborhood of
m(e) C I'. As a version of (3.6), we also have (see [15], Lem. A.1)
1F 2o (2 yrmesny < COPNfllLoce) + CONVF Lo 2yrme.s))-

Adding up the estimates above for e € 5,‘? , we obtain corresponding global estimates on boundary-skin layers.
In particular one has
vl 22n2) < Chllvlla o,y Yo e H' (24). (3.7)

Here we present its version in case of a nonconforming approximation. For the proof, see Section A.4.

Lemma 3.6. For all v € Vj, + H (2;,)N we obtain

vl L2 (2n\2) < Chlv|ly, -
3.4. Interpolation estimates for u-n =g

Although the approximability of nj; to n is only O(h) on I}, at the midpoints of edges it is improved to
O(h?) for N = 2 as result of super-convergence. This was a key observations in [16] to deal with errors caused by
discretization of u - n = g; this idea, however, demanded the assumption of the W2 >-regularity for velocity u.
Here we present a different approach which only requires u € H?(§2)", taking advantage of the divergence-free
condition.

Lemma 3.7. Let u € H2(2)N satisfy divu = 0. Then for e € 5,? we have

/u~nhd57/ u-nds
e m(e)

Proof. We set D := w(e,de) N 2, Dy, := 7w(e,d) N 2, and introduce “reminder boundaries” of D and Dy, by
R=0D\n(e) and R, = 0D}, \ e. Then it follows from the divergence theorem that

/ﬂ'nhdsf/ u~nd5:/ divﬂdx—(/ ﬂ~yhd5—/ﬂ~yds)::11+12,
e m(e) Dp\D Ry R

where v and vy, denote the outer unit normals to R and Ry, respectively.
When N =2, I, = 0 since R, = R. By (3.6), we have (note that divu =0 on I")

< ChZ/QHvZ’a’HL?(ﬂ'(eﬁe))
Ch Nl g2

|Il| < H diV’ELHLl(ﬂ-(e?éc)) < CéeHV diVa”Ll(w(e,éc)) < C5e|71'(€,5e)|1/2||vdiVﬁHLz(,,r(eygc)),
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which combined with |7 (e, d.)|'/? < ChY~16, implies the desired estimate.
When N = 3, denoting by L. = {Z + tn(Z) : T € 9n(e), |t| < d.} the lateral boundary of 7 (e, d.), we obtain

[Lo| < [Lell[@]l oo () < Cheelltl] g2 ()

where we have used Sobolev’s embedding theorem. Since the estimate of Is dominates that of I7, the desired
result follows. 0

Remark 3.8. If the extension satisfies diva = 0 in f), then the error becomes zero for N = 2.

We apply the above lemma to estimate the error w - n, — g on I},.

Lemma 3.9. Let u € H*(2)N and g € H3*(I") satisfy divu =0 and u-n = g. Then for e € £7 we have

13 (@ gy — §) 320 < Che(l9l 72y + 11Vl 72(0) + V2972 (e ,50)) + CPENIVZ ULz (e 5y (Y =2),
N - 2 e) = ~ ~ ~ ~
" PO = Ch(131 720y + IV 7200y + IV?00 72 (e 5.9)) + Chellalf (N =3).

H2(02)
/ﬂ-nhds—/gds
2 2
§ChiN<‘/ﬂonhds/ u~nds‘ +’/ gds—/gds‘ >
e w(e) 7 (e) e

It follows from (3.4) and (3.5) that

[ sds— [aas|<|[ gas— [gomas|+ [lgom—glds < CBlgllir + Vst rieny
m(e) e m(e) e e

< Coe(|gllre) + IVTllLre) + IV?Fl L1 (r(er5.)))
< CRN 211Gl 2oy + 1Vl L2(e) + V28] 22 (n(e.6.)))-

Proof. Observe that

2
T3 (@ - i — §)|1 720y = lel ™"

Combining these with Lemma 3.7, we conclude the desired estimates. (I
Remark 3.10. If (u,p) is a solution of (1.1), then adding up the result of Lemma 3.9 for e € £7 yields
1217 (@ - iy = §) 22y < P [[ull 2 02), (3.8)

1/2
(D n MG = )3a)) < CR* 2 ull gz o, (3.9)

ec&f
where « is the same as in Theorem 2.6 and we have used Zeesf h? < Cin case N = 3.
4. WELL-POSEDNESS OF THE APPROXIMATE PROBLEM
We adopt the following discrete version of Korn’s inequality proved in [5] (see also [8, p. 993]):
Cllonlly, < an(vn,vn) + jn(vn,vn) Vo € Vi, (4.1)

In addition, it is known that an inf-sup condition is valid for by, (see [4, Sect. 8.4.4]):

b Y o
Cllanll, < sup 22 vy e @ (42)

onevn [onllv
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Remark 4.1. The positive constants C appearing above depend on the C%!-regularity of the domain 2,
which is independent of A if it is sufficiently small.

Proof of Theorem 2.4. Because the problem is linear and finite-dimensional, it suffices to show the a priori
estimate (2.5) assuming the existence of a solution (up,pp) of (2.4). Since vj, vanishes at m.’s on I}, and
bn(1,vp) = 0 for vy, € Vj, it follows from the inf-sup condition (4.2) that

b (Ph; vn) (f,vn) e, + (F.on)r, — an(un, va) — jn(un, vi)

Cliprllg, £ sup ———= = sup
" nen ol e, [[onlva

< Ol + IFll2cr) + lunllv,)-

Next, by Lemmas 3.4 and 3.2 there exists wy, € Vj, such that wy, - np, = —1 at m.’s on I, and ||wy |y, < C.
Taking v, = wp, in (2.4); and noting that by (1, wp) = —(1,wp, - np)r, = |Tk|, we obtain

= - . 1 _ .
knlIn| = (f,wn)q, + (Tywn)r, — an(un, wn) — bp(Pr, wn) — gch(uh “np— G, 1) = jn(un, wp).
This, together with ¢ (up, - np, 1) = —bp(1,up) = 0, gives an estimate for kp:
= - . 1 ~
knl < C(If 22y + 17l 22y + llunllvi + Bnll@y + len(g, DJ),

where, by the definition of IT?, by the compatibility condition (1.2) and by (3.4)—(3.5), we have

/ gds — / gds
Iy r
In conclusion, the pressure can be estimated as
Ipnllen < CUIfllze(an + 117Nz + € R211Gl g2y + lunllvi,)- (4.3)

Finally, making use of the discrete Korn’s inequality (4.1) and taking vy, = uy, in (2.4); give

. 1 _
Cllunll¥, < an(un, un) + jn(un, un) + ~llun - i~ 74172 r,,)

_ i 1 o
= (fvuh)_oh + (Ta uh)Fh - Ech(uh *Np — g7g) (44)
To address the third term on the last line, we find from Lemmas 3.4 and 3.2 some z;, € V}, such that z;,-n, = IT ,? g
at me’s on Iy, and ||z lv;, < Cl|g|lgr/2(p,)- Letting now v, = 2zp, in (2.4); one gets
1 - - 5 -
‘zch(uh cnp = I3, 1079)| = |(f, 2n) 2 + (F,20) 1, — an(un, zn) — b (pn, 20)|

< CUlfllezcen) + 172 + lunllvi, + llpall@u) g /2 (r,)- (4.5)
Combining the estimates (4.3)—(4.5), performing an absorbing argument, and using the stability of extensions,
we conclude (2.5). O

5. H'-ERROR ESTIMATE

Let us introduce a discrete Lagrange multiplier by Ay := %H,‘?(uh ‘np — §g) € Ap. An easy but important fact
is that if (up,pn) solves (2.4), then (up, pn, An) satisfies the following three-field formulation:
an(wn, va) + b (P, vn) + ch(An, vi - nn) + Ju(un, vn) = (foon) 0, + (Foon)r, Yon € Vi,
bn(qn, un) =0 Van € Qn, (5.1)
cn(ptns un - np — g) = €cp(fn, An) Vi € Ap,

which will be compared with (2.2) in the subsequent arguments.



880 T. KASHIWABARA ET AL.

5.1. Consistency error estimate

Since {2 # (2, and a nonconforming element is employed, the consistency (i.e. the Galerkin orthogonality
relation) does not hold exactly. However, it is still valid in an asymptotic sense with respect to h — 0. To see
this, we introduce a functional Res(v) by

Res(v) := (& —vAu — vV divi + Vp — f, V)02 T Z (o (T, P)ne, [V])e
eEéh

+ (o (@, p)nn,v) 1, — (F = Anp, ), + (A, (TP —v) -np) 1, » (5.2)

which is well-defined for v € H'(7;,)". The next lemma shows that Res(v) describes the residual of the consis-
tency and that it is of O(h).

Lemma 5.1. Let (u,p,\) € H*(2)N x HY(2) x HY/2(I") be the solution of (2.2) and (un,pn, An) € Vi x Qn x Ay,
be that of (2.4).

(i) For vy, € V}, we have

an (@ — wpn,vn) 4 bn(B — P, vn) + (X = A, vn - nn) — Jn(un, vn) = Res(vp,). (5.3)
(ii) For v € Vi + HY(£2,)N we obtain
[Res(v)| < Ch(||ullgz(a) + [Pl a1 @)1Vl -
Remark 5.2. (i) As an easy consequence of (5.3) we have
an (@ — up, v) + bn (P — ph, vn) — jn(un,vn) = Res(vp) Yo, € V.
(ii) Noting that by (kn,vn) + cn(kn,vp - np) = 0, where kj, is given in Theorem 2.4, one has
an (i — wp, vn) + bn (P + kn — Py vn) + cn(A+kn = Ap, o - 1) = jin(un, vn) = Res(vy).

Since Rpp — p and H,?S\ — ) are orthogonal to the functions in @ and to those in Aj, respectively, this in
particular implies

an (@ — up, vn) + b (R (B + kn) — provn) + en (7 (N + kn) — Ay v - 1) — ju(un, vp) = Res(vy).

Proof of Lemma 5.1. (i) Integration by parts together with (5.1); shows that the left-hand side of (5.3) equals

> ((ﬂ —vAt—vVdiva+ Vp,vp)r + (0(ﬂ7ﬁ)naT,vh)aT> +en(N o) = (F, o), — (F,00) 1,
TeT,

= (’ITL —vAG — vV diva + Vﬁ - f7 Uh)Qh,\Q + Z (0(17/75)”67 [Uh])e + (O(Q,ﬁ)nhavh)Fh
eEéh

- (7:7Uh)1—‘h + (S\,H}?’Uh : nh)Fh'

Since —(—=Ann, vp)r, + (A, —vp - na)p, = 0, this implies (5.3).
(ii) For simplicity we abbreviate C(||ullg2(2) + [|pll#1 (0)) as C(u, p). The first term of Res(v) is bounded by

(@ — vAG— vV divi + V5 — f,v) o0l < Clu,p)llvllzaie,\0) < Clup)hllvlly,,
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where we have used (3.6). For the second term, since fs [v]ds =0 for e € Eo'h, we have

> (o(@p)ne, v]), | = | Y (0@ p) — Do (i, p))ne, [v]),

eGéh GGéh
1/2 1/2
< (X mellotah) - mo@ilia ) (X h 0 )
eefh GEéh
1/2 1/2
<o S rlo@ i e) (0 )

eGéh eEéh

< C(u, p)hllvlly,,

where IT¢ denotes the orthogonal projector from L2(e) onto Py(e). To address the third and forth terms we
observe that

o (i, p)np — 7 + Mg, = (o(it, ) (I — g, @ np)ny — 7) + (0(@, p)nn - np + Nny, =: Fr + F,.
Recalling that o(u,p)(I—n ® n)n =7 on I', one has
F. =0(a,p)(I - np @np)np — (o(u,p)(I—n@n)n)or +rom — 7,
which, combined with the estimates
(@) — o(u,p) 0 7llza(ryy < Cluwsph, |17 — o mlaryy < Clup)hs I —nolpe(r,) < Ch
yields || Fr g2,y < C(u,p)h. Similarly we have ||Fy|[z2(r,) < C(u, p)h. Therefore,
((Fr + Fu )1, | < Cus p)hllola(ryy < Clus p)hlolv,

Finally, the last term of Res(v) is estimated by

|(5\,(H,‘?v—v)~nh)Fh‘ z‘ Z (S\—Hﬁ;\,(ﬂgv—v)-nh)‘

eESﬁ
~ . 1/2 , 1/2
< (X IR ) (X MRy = vla)
eegﬁ eeff
. 1/2 1/2
<O( X helrny) (3 helole)

ec&? eegf
< C(u, p)hlvllv,-

Collecting the estimates above concludes [Res(v)| < C(u, p)hl[v]]y, - O

5.2. Proof of Theorem 2.6

In view of the regularity property, stability of extension operators and interpolation estimates, it suffices to
prove that

14— wnlly, + 1B — nllan < COh+ Nl sy + Wllms s3)- (5.4)
In what follows, we abbreviate the quantity C([|@|z2(5) + [|Dll 1)) Just as C(u, p), and we set vy, = I,
qn := Rpp+ kp, = Rp(D+ kn), and pyp, := HSS\ +kp = H,‘?(S\ + k), where kj, is given in Theorem 2.4.
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We start from Korn’s inequality (4.1) and (5.3) to find that
Cllon — Uh|||%/, < an(vn — up, vp — un) + jn(vn — up, vy — up)
= ap( — up,vn — up) = jn(un, vp — un) + an(vn = @, vp — un) + jn(vn — @, vn — up)
= Res(vn, —un) — bu(qn — P, vn — un) — cp(pn — Any (0n — up) - 1)
+ ap(vp — U, vp — up) + ju(vn — @, v — up)
::I]i +—]é +—]s +-]4 +-15.
By Lemma 5.1 and by the boundedness of aj, and jj, one has [I1 + Iy + Is| < C(u,p)hl|vn — ual|ly, - For Ia,
since divu = 0 in (2, it follows that
I = bp(gn — pr,vn — @) + br(gn — pr, @)

< > lan = pullz2r) Chr | Vil 2y + |(gn — pr, div @) g, o
TeTy,

< C(w, p)hllgn — prllL2(a,)-
For I, it follows from (3.9) that

I3 = —cn(pn = Mny @ -y — §) + €cn(pn = Ans i) = €llpn = AnllZ2 ()

< lln = Mllea@ IR (- nn = §)22ey + €llin = Mnll—1/2,0, 1n 11172,
CESS
1/2
< Clup)h? 2 (32 hellin = Mllfge))  + Clup) e+ h)ln = Al 12,1, (5.5)

ect?
where we have estimated pj, using Lemma 3.1 and (2.6), by
linllr /2,0, < IR X1 j2,4, + Clkn| < Clu,p)(1 + k™).
The errors for pup — Ay, in (5.5) are bounded by the use of (3.1) and (3.3) as

1/2
C( X helln=alai)  +Cllin =Ml g a,

6655
< s ch(ptn — Any v - m) . Res(vn) — an (@ — un,vn) — bn(qn — ph,vn) + jn(wn, vn)
on €V vnlvi, = vnlvi,
< C(u, p)h + Clllvn — unlly, + Cllan — pullQ,- (5.6)

To estimate ||gy, — pnll@,, we notice that
- s 1
qn — pn = Rnp — pn = Rnp — pn + m(}% Dy
where the relation (p, 1), = 0 combined with (3.6) gives

(B, Dl = 1B, Do — (0 Dera,| < 1Bl ey < CR 1Bl -
On the other hand, by the inf-sup condition (4.2),

.. by (Rnp — Pn, vn bn(P — ph,vn
CllBuf — prllq, < sup B Brav) _ o bulB pnvn)
on eV [vnllv, onev lonllv
_ Res(vh) — ah(ﬂ — Up, Uh) + jh(uh, vh)
vhEVR ”UhHV%

< C(u,p)h + Cllvn, — unlly, - (5.7)
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Therefore, we obtain |lgn — prllq, < C(u,p)h + C||vn — up|ly, , which concludes

| La| + 13| < C(u,p) (h+h** Y2 4 €) (Clu, )+ [lon — unlly,)
< Cu,p)(h* + €) (Clu. p)h+ lvn — unlly,),

where we note that max{h, h>*~1/2} < h® by definition of a.
Combining the estimates above, we deduce that

lon = wnlly, < Cu,p)*(h* +€)* + C(u,p) (A + )[[vn — unlly, ,

from which (5.4) follows. This completes the proof of Theorem 2.6.
Remark 5.3. As for error estimation of the Lagrange multiplier, from (5.6) we have

Y 2 1/2 1O «a

(D2 AT+ k= Mnllace)  + IR+ ki = Anll 1,0, < Clusp)(h* + ). (5.8)
ec&f
This combined with (2.6) especially implies the stability
2 1/2 12
(2 helwlle) ™ + w2, < Clup)(1+ € MA2). (5.9)
ecgf

From Remark 2.5(i), the dependency of ¢! may be omitted if g = 0.

6. L>-ERROR ESTIMATE
For the L2-error analysis we need another consistency error estimate as follows:

Lemma 6.1. In addition to the hypotheses of Lemma 5.1, let w € H?(2)N satisfy divw = 0 in 2 and w-n =0
on I'. Then we obtain

[Res(w)| < CR**(||ull 22y + Pl (2) |0 r2(2)-
Proof. We introduce a signed integration over the boundary-skin layer by
(f,90.n0 = (£,9)ane — (f, 90,

Then it follows from integration by parts that for all v € H 1(fZ)N
~ o~ v ~ ~ ~ 9. ~ o~ ~
(o(@, p)nn,v)r, — (o(u, p)n,v)r = §(E(u)vE(U))/Q,LAQ — (p,divo)g, ag + (VAU + vV diva — VP, v)5, Ao

Substituting this formula into (5.2), recalling o(u,p)n = 7 — An on I', and noting that [v] = 0 on each e € &En,
we obtain

L= v
Res(v) = (@ — f,v)q, n0 + 3

+ (1) — (F0)n, — (A v-n)p + (N v-np). (6.1)

(E(a), ]E(U))/th? — (p, div U)’QhArz

We now take v = @ and apply (3.4)—(3.6) to see that all the terms but the last one on the right-hand side of
(6.1) can be bounded by Ch*(||ul| g2y + [Pl #2(2))|wl| g2(02)- The last term is then estimated by (3.8), which
completes the proof. O
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Proof of Theorem 2.7. In what follows, we abbreviate the quantity C([|@l| g2(g) + [|Bll 1)) just as C(u, p). Let

@ € C5°(2,)N be such that ||¢||12(,) = 1 and estimate (@ — up, @), . Let (w,r) € H*(2)N x H'(£2) be the
solution of the following dual problem (¢ is extended by 0 outside {2,):

w—vAw+Vr=¢ in {2,
divw =0 in {2,

w-n=0 on I,
I-n®@n)o(w,r)n=0 on I.

Then we see that ||w||g2(0) + |7z (2) < C. Setting wy, := II;,w, we find from integration by parts and from
(5.3) that

(@ —up, ), = (U —un, p)2,ne + (T —un, ©) o\
= (0 — up, W — vAD — vV divid + V7)o, — (& — up, W — vAD —vVdivid + Vi — @) o.\ 0
= ap(t — up, W) — Z ([t — up), o(0,7)ne)e — (@ — up, o (W, 7)np) o,
EEéh

— (@ = up, W — vAD — vV divd 4+ Vi — 0)g,\ 0
= ap(t — up, W —wp) + Z ([un], o(w, F)ne)e — (G — wp, o (W, 7)np) 1,

eEéh
+ Res(wn) — b (Rup + ki — prown) — cn(X + ki — A, wp, - ) + i (wn, wy)
— (@ — up, W — vAD — vV divd 4+ Vi — 0) g\ 0
= ap (U — up, W — wp) + Z ([un], o(w, F)ne)e — (@ — wp, o (W, 7)np) 1,

eefh
— (@ = up, W — vAD — vV divd 4+ Vi — 0) g\ @ — Ju(un, w — wp)
+ Res(wh) — bh(Rhﬁ + kn — ph, ’UNJ) — (H;?S\ + kn — Ap, H;?ﬁ) . nh)ph

8
:::ZE:«Q7
i=1

where we made use of the fact that by, (gn, [Ipw) = by (qn, W) for qn € Qp in the fifth equality.
Let us bound each term of I, ..., Iy. By interpolation estimates and Lemma 3.6, one has |I; + Io + I, + I5| <
C(u, p)h|a — up|ly, - It follows from Lemma 6.1 and Lemma 5.1(ii) that

16| < [Res(@)| + [Res(@ — wp)| < C(u, p)h**||w]| a2y + C(u, p)hll[@ — wlly, < Clu,p)h*.
For I7, the pressure error estimate obtained in Theorem 2.6 gives
7| = |(Rup + kn — pr, divd) o\l < [|Rip + kn — pull@uChll@] g2(2,) < C(u, p)h? + Chllla — up]|.

For Ig, as a result of (5.8) and (3.9) we have

- 1/2 3 _
161 < (D2 hellT2A+ k= Mllfagy) % CR* 2] 2 g

6655

< O(u,p)(h+ @ — uplly, ) =2.



CROUZEIX-RAVIART APPROXIMATION FOR THE STOKES EQUATIONS 885
It remains to estimate I3. Setting fi := o (W, 7)ny, - ny, and py, = II2 i, we obtain

—I3 = (@ — up, (T = np @ np)o (@, F)nn)r, + (@ —un) - nu, A, =: I3 + (@ — un) - na, B,
= I3y + (@ — up) - s fi — pn) 1y, + ((TIR6 = up) - m, i) 1,
= Isy + (@ —un) - nn, o = pn) 1y, + (I3 (@ — §), pn) 1, — €cn(Ans i)
=: I31 + I32 + I33 + I34.

Since (I —n ® n)o(w,r)n = 0 on I', |no7w — nullpen,) < Ch, and |lo(@,7) — o(w,r) o 7l|r2r,) <

C6'2||Vo (@, )| 2(r(s)), we have
U ” 1/2 ~ 1/2
[I31] < Ch||t — up||p2(r,y < Chlla — “h||L/2(Qh)Hu — “h”v{L )
For I35 we get
Ina| < Ol 0,7) — Mo (@, 7 < ChM2|li 2 - 1/2
2| < Clfe = wnllzzriollo (@, 7) = Mo (@, )| 2 < 1% = unll 2, 18 = wnlly;”-

By (3.8), |Is3] < C(u,p)h*||ul|2(r,y < C(u, p)h**. From (5.9) and Lemma 3.2 it follows that

[ Ia] < el Mnll=1/2,, 1]l /2,0, < C(u,p)(e+ B0 (@, 7) || 12,y < Clu,p)(e+ ).

Consequently,
~ 1/2 ~ 1/2 oY
I3 < Chl/Q”“ - uhHL/Z(Qh) @ — Uh”\/{b + C(u,p)(h** + ¢).

Recalling ¢ is arbitrary, collecting the estimates above, and substituting the result of the H'-error estimate,
we deduce that

p2a—1/2

@ = unllL2(2,) < Chlla — ]

v, + (Clu,p)h+ Clli — unly,)
~ 1/2 ~ 1/2 «
+ ChY2[a = up || 155 o, 18 — un |7 + Cu, p) (B + €)

1, a a— « a
< Slla = unll 2o, + ClupA(h® + ) + Clup)h>* ™ (h* + €) + Clu, p) (h** + ),
which concludes [|@ — up || 12(0,) < C(u, p)(h** + €). O

7. NUMERICAL RESULTS

In this section, we present numerical results using the proposed scheme (2.4) in two- and three- dimensional
cases to validate our theoretical results. The same test problems as in [16] are considered. In the following, we
set v = 1 and use unstructured meshes. All computations here were done with FEniCS [19].

7.1. Two-dimensional case

We consider the problem (1.1) where the domain (2 is the unit disk, i.e., 2 = {(z,y) € R? : 22 + y? < 1}.
The data f, g, and 7 are chosen so that the exact solution is

u($7y) = (_y(an + y2)7$($2 + y2))T7
p(z,y) = 8zy.

We set the parameters as € = 0.1h? and « = 2. Table 1 shows the history of convergence for the velocity and
pressure. We observe that our method achieves optimal orders in all cases, which is in full agreement with
Theorem 2.6 with oo = 1.
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TABLE 1. Convergence history in the two-dimensional case.

llu — unllL2 (0, llu — wnllg o, lp — prllL2co,)
h Error Order Error Order Error Order
0.1734 3.85E—-02 - 2.49E-01 - 2.48E—-01 -

0.0857 9.59E-03 1.97 1.17TE-01 1.07 1.21E-01 1.02
0.0459 2.53E-03 2.13 5.94E-02 1.09 6.21E—-02 1.06
0.0232 6.46E—04 2.00 2.98E-02 1.01 3.13E-02 1.00

TABLE 2. Convergence history in the three-dimensional case.

Hu_uh”LQ(Qh) Hu_uhHHl(Qh) HP—thL?(nh)
h Error Order Error Order Error Order

0.1853 8.62E-02 - 7.88E—-01 - 5.39E-01 -

0.0959 4.72E-02 0.87 4.08E-01 0.95 3.02E-01 0.84
0.0679 3.42E-02 0.79 2.86E—-01 0.87 2.19E-01 0.79
0.0500 2.56E—02 1.01 2.12E-01 1.04 1.65E—-01 1.00

7.2. Three-dimensional case

In this example, the problem with 2 = {(z,y,2) € R3: 22 + y? + 22 < 1} is considered. The data f, g and 7
are chosen so that the exact solution becomes

U(ZL', Y, Z) = (].0!172y2(y - Z)7 101’2/22(2 - LC), 101’y22($ - y))—ra
p(z,y,z) = 10zyz(z + y + 2).
We set € = 0.1h and v = 5. The history of convergence is displayed in Table 2. From the result, we see that all
the orders seem to be one. The order of the L? error of velocity coincides with Theorem 2.7 where o = 1/2. On
the other hand, the H' and L? errors of velocity and pressure, respectively, converge with the optimal order,
which is faster than expected in Theorem 2.7.
It is noted that Krylov linear solvers, such as GMRES and BiCGSTAB methods, fail to solve the resulting

system of linear equations when e is very small. We do not here present the numerical result because it is similar
to that shown in ([16], Tab. 3).

APPENDIX A. PROOFS OF LEMMAS IN SECTION 3

A.1. Proof of Lemma 3.1

In view of the definition of || - |12 4, , the lemma is reduced to:
VEZ I ull gz ryy < Cllill e, (A1)
S0 YT p(me) — I p(me)? < Cllll gz, (A2)

ecEP e’eE? (e)

which will be established in the following Steps 1 and 2 respectively.
Step 1. It is sufficient to show that the operator EIT{ is stable in L2(I},) and H'(I},). Then (A.1) follows by
interpolation. To this end, for x € e € 5,‘3 we calculate

Baue = ¥ (oo ¥ [ed)am= X a0

PEV(e) h pEVL(e)
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The Hélder and Cauchy—Schwarz inequalities give

Al <C > T2l ey < Chy VU2l 2 a,),
e'e&l (p)

where A, := |J &P (e) stands for a macro element of e. Hence we obtain

BRI = [| 3 A s SO mas 14, mas 16placo < Olaliaa
¢ PEVh(e)

which, after the summation for e € 8,‘? , implies the L2-stability.
For the H!-stability, noting that Zpevh(e) ¢p(z) =1 for x € e € Y, we have

V. E2IT? = <1 6)d )v VO € Py(A,).
e = 3 (e, o L= 0as) V.o (D)

where the V. means the surface gradient along e. By a calculation similar to the one above, we get

IVe BT pll72 o) < Ch %l =072, VO € Po(Ae). (A.3)

(~.) (see the remark below for
more details). Therefore, the H!-stability is obtained, and, as we noticed earlier, this proves (A.1).
Step 2. We notice that

1 2

H@ . I » 2 -
| hu(m) hu(m )| ‘6”6‘

(u(x) = p(y)) ds(z)ds(y)

exe’

I A

p(y)[? ds(z)ds(y)

€H€’|
2

< Che_Q(N_l) X Ch]ev/ ) = M|§\g;¥)| ds(x)ds(y)
exe’ r—=y

< CRZ N2 anys

where we have used |z — y| < Ch, for z € e € P and y € ¢’ € E2(e). Then (A.2) follows by taking summation
for e.

Remark A.1l. The Bramble-Hilbert theorem used after (A.3) may be justified as follows. Adopting the notation
of local coordinates introduced in [16], Section 8, we may assume that A, is contained in some local coordinate
neighborhood U such that I, N\U admits a graph representation (y/, ¢5(y')). Let B : RN — RN~ (y/ yn) — v/
denote the projection to the base set and A[, := B(A.). We find that the norms || f||z2(a,) and ||thf||L2(Ae)
are equivalent to ||f'|z2(a;) and [[Vy f'||p2(ar) respectively, where f' = f'(y’) refers to the local coordinate
representation of a function f given on I}, and V, is the surface gradient along I},. Then the desired inequality
is reduced to show

gl = O lliacan) < ChellVy il ay),

which indeed follows from Lemma 4.3.8 of [6] together with the regularity of the meshes (note that diam A, <
Ch, and that A’ is star-shaped with respect to the inscribed ball of e/, whose radius is greater than pr, ).
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A.2. Proof of Lemma 3.2

Below we only prove the scalar case, since the other two cases may be treated similarly. We first notice,
from Lemma 3.1, that || 117 (unom)|1/2,4, < Cllunon|gizr,y < Clullmz(r,). Hence it remains to deal with

1112 ((ng, — no 7))||1 /2,4, , and, in view of the definition of || - [|1 /2,4, it suffices to show the following:
”EhHh( np —n 07))”}11/2 (I'y) < Ch'/? HH”L?(Fh), (A.4)
2
Z Z /eu(nh—now )ds — | /l/ —nom)ds| < C’h||u||2L2(ph). (A.5)

6683 e 683( )
Estimate (A.4) follows by interpolation if we establish
1B (i(nn — oo m) |2,y < Chllpll L2
1ER T3 (i (i, = oo )y < Cllsllcar)-

In fact, forx € e € 5,‘? we have

1
E21I2[u(ny, — nom)(x Z 25000 el / —nomw ds)gf)p(az).
EVi(e) #E () 'esa( )
Noting that ||n, —n o 7||pe(e) < Che, we obtain
BRI (u(n —nom)|Zae <C D el HlulZaehl x sup dpliac
e'cEP(e) PEVA(e

<C Y RNl x BT < CRlplEa ),
6/68,‘3(6)

which, after the summation for e € 53 , implies the L?-estimate. One can obtain the H'-estimate in a similar
way, and thus (A.4) is proved.
Finally, a direct computation shows that the left-hand side of (A.5) is bounded by

Oy > B (lel M pliah? + €1 e hi) < ChllulZar,)-
ecEP e'eEP(e)
This completes the proof of Lemma 3.2.
A.3. Proof of Lemma 3.4
By the standard lifting theorem, there exists a linear operator L; : HY?(I',)Y — H'(£2,)N such that

(Lh’l/))‘ph = ’l/) and HLh¢||H1(Qh) < C”w”Hl/?(Fh)' We then define UV € Vh by

v (m ) _ [H}LLhE}?(,Ufhnh)] (me) for e € é‘h,
hiTTe (ppmp)(me) for e € 7.

It is clear that vy, - np = pp, at all me’s lying on I},. We prove (3.2) in the following three steps.
Step 1. Let us show
lon — LBy ()|

vi < Cllpnlliyz,a,- (A.6)
Observe that

vn = W LB (unnn) = > [pnnn — ThLnEf (punn)] (me)de.
ee&f



CROUZEIX-RAVIART APPROXIMATION FOR THE STOKES EQUATIONS 889

By the definitions of II,, Ly, and Eg, for e € S}? we obtain
1% 1 1) 1 0
[T L Ey (pnnn) | (me) = = Ly By (panp) ds = el By (pnnn) ds

|e\/ Z Z (unnn)(me)dp ds.

PEVh(e) ) e’€€2(p)

Therefore, noting that 3 .y, ) ¢p = 1, we deduce

o= LB Gum) = 3 | o o) gy > (mmmo — um)me)) [ 6,05

e€€? PEVK( e’€€?(p)
= § Aed)ev
ec&?

where the coefficient A, can be estimated, using |np(me) — np(me )| < Che, by

Al <C Y7 Junlme) = pn(me)| +Che Y |un(me)-

e'eEP(e) e’€&P (e)

Then we conclude that

H( Z HA6¢3||H1(T <C Z |A | hN 2

lon = TR LiER (uani) I3, = H > Ao,

TeTn e ec&p
<CY > b me) —pn(me)P+C Y Y b |pn(me) .
ec&? e’eg,?(e) ec&f e’EE,‘?(e)

The last term on the right-hand side can be bounded by hH“hHQL?(Fh) and this proves (A.6).
Step 2. The stability properties of I}, and Lj imply

Tn Li ER (i) lvi, < CILnER (pnnn) | a1y < CIER (unnn) |l e, )-

Furthermore, by nom € W°(I},) and by the definition of || - ||1/2,4, , one has

I(ER pr)n o wllmacn,y < CINERpnll ez, < Cllanllije,an-
Therefore, to establish (3.2) it remains to prove
IE] (unnn) = (Ef pn)n o 7l gz < ChY2(|pnl Lacr,)-

This estimate follows from interpolation between L?(I},) and H'(I},) if we prove

IER (nrn) — (ER pn)n o 7l r2r,) < Chllunlc2cr,), (A7)

IER (unnn) = (B un)n o wll iy < Cllunllzzcr,)- (A.8)
Step 3. Let us prove (A.7) and (A.8). By the definition of E?, for z € e € £’ we calculate

1 -
[ER () = (BRpn)now)(@) = Y 0 Y mnme) (nu(me) = now(@))dp().

pévnie) TERP) LS
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Therefore,

IER (nnnn) = (Efu)nonllfaey <C Y pn(me)| suplnh(me)—nO?T(’Jr)I2 sup (|72 o)

e 65‘9(6) PEVR(e)
<C Y A ua(me)P <CRP Y (il e,
e/Gfg(e) 6’65,‘?(6)

where we have used the fact |n,(m.) —n o m(z)| < Che. Adding the above estimates for e € £7 yields (A.7).
Estimate (A.8) can be proved similarly, and this completes the proof of Lemma 3.4.

A.4. Proof of Lemma 3.6

It suffices to prove [|v + vpllr2(0,\0) < Chllv+ vy, for all v € HY(02,)N and vy, € Vj,. We define an
enriching operator Ej : Vj, — V), by

1 -
Eyon, = Z (W Z Uh|T(p))¢pa
PEVH h TeTn(p)
where Ty, (p) :== {T € 7), : p € T} means the elements that share the vertex p. In view of (3.7) we have
lv 4+ vnllL22n\02) < v+ Ervnl 2o\ 0) + [1vn — Ervsllz2 (2,0

< Chllv + Envn|lar(a,) + lvn — EnvellL2(o,0\0)
< Chllv + vnllv,, + Chllvn — Epvallv, + lvn — Epvn|p2(2,\0)- (A.9)

Below we estimate the second and third terms in the right-hand side.
Since vy, and Ejvy are linear for x € T € 7, we obtain the expression

@)~ Bon@) = Y (g AP (vnlr = vnlr)(0)) Bp(@),
pEVL(T) T €Th(p)

where V3, (T) := V, N'T means the vertices of T. Here, discontinuoity at p can boe estimated by that across edges
near p, that is, | (vp|r —val7)(p)| < > ccén(p) Nvnlll=(e) where &4(p) = {e € & : p € e} stands for the interior
edges sharing the vertex p (¢f. [5], p. 1073). Therefore,

IV (v = Enon)|[72(r) < C Z [R)l1 2o (o) 5;}11()T) IV pll7 27y

€ (T) PV
<C Y AN Y[[unllFeey x ChYT?
e€én(T)
< C Z Uh HLZ(e)v
eegh(T)

where &,(T) = {e € £, : e C T} means the faces of T that are inside 2. vy — Envn||2¢ry can be estimated
in a similar manner, and adding these estimates for T' € 7}, yields

3 1/2
len = Bnvnllv, < C( 3 At lioalla ) - (A.10)
eEéh

For the third term one has

lon — EnvonllZ2o0) < D 1Te \ Qllon — Envnllf ez,
eegf
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where |T, \ 2| denotes the N-dimensional measure of T, \ 2 and is bounded by ChY~1§,. It follows that

[on = Enonllf = r,) < C Z IorllZocery  sup NpllTo(r,y < C Z ho N Tonl 12 0 -
e’ €€ (Te) PEV(Ter) e’ €€ (Te)

We thus obtain

_ 1/2 B 1/2
lon = Envnllzzoney < C(h8 D2 h onllBac) < CR¥2(30 h lonllee) - (A11)

eééh eEéh
Combining (A.9)-(A.11) and noting that [v] = 0 on each e € &, we conclude the desired estimate.

Remark A.2. Lemma 3.6 holds for general discontinuous P1 functions as well, because we did not use the
continuity at midpoints in the proof.
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