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ALGEBRAIC FLUX CORRECTION SCHEMES PRESERVING THE EIGENVALUE
RANGE OF SYMMETRIC TENSOR FIELDS”*

CHRISTOPH LOHMANN*

Abstract. This work extends the algebraic flux correction (AFC) paradigm to finite element discretiza-
tions of conservation laws for symmetric tensor fields. The proposed algorithms are designed to enforce
discrete maximum principles and preserve the eigenvalue range of evolving tensors. To that end, a contin-
uous Galerkin approximation is modified by adding a linear artificial diffusion operator and a nonlinear
antidiffusive correction. The latter is decomposed into edge-based fluxes and constrained to prevent viola-
tions of local bounds for the minimal and maximal eigenvalues. In contrast to the flux-corrected transport
(FCT) algorithm developed previously by the author and existing slope limiting techniques for stress ten-
sors, the admissible eigenvalue range is defined implicitly and the limited antidiffusive terms are incorpo-
rated into the residual of the nonlinear system. In addition to scalar limiters that use a common correction
factor for all components of a tensor-valued antidiffusive flux, tensor limiters are designed using spectral
decompositions. The new limiter functions are analyzed using tensorial extensions of the existing AFC
theory for scalar convection-diffusion equations. The proposed methodology is backed by rigorous proofs
of eigenvalue range preservation and Lipschitz continuity. Convergence of pseudo time-stepping methods
to stationary solutions is demonstrated in numerical studies.
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1. INTRODUCTION

The need to impose physically motivated bounds on the eigenvalues or principal invariants of symmetric
tensor quantities arises in many applications of numerical solution methods to real life problems. A variety of
nonlinear high resolution schemes based on the use of flux or slope limiting techniques have been developed
for scalar conserved quantities and hyperbolic systems but the design and analysis of bounds preserving lim-
iters for symmetric tensor quantities poses additional challenges which we address in this work. The proposed
methodology extends the algebraic flux correction (AFC) paradigm and the underlying theory to tensor fields.

In the context of scalar conservation laws, algebraic flux correction (AFC) constrains the coefficients of a
finite element approximation so as to satisfy (local) maximum principles while preserving the total mass. The
AFC methodology traces its origins to the flux corrected transport (FCT) algorithm which applies antidiffusive
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fluxes to a low order solution (predictor) and limits them in a way which guarantees preservation of local bounds
for the final solution (corrector). In contrast to FCT algorithms of this kind, the AFC methodology proposed
by Kuzmin [15] inserts limited antidiffusive fluxes into the residual of the nonlinear system which blends a high
order target discretization and its monotone low order counterpart so that the resulting scheme becomes bound-
preserving. Algebraic limiting techniques of this kind were proposed and analyzed, e.g., in [3-6,17]. In recent
contributions to the field, the principle of linearity preservation was recognized to be an important prerequisite
for achieving the optimal order of convergence for sufficiently smooth data on general meshes [5,17]. Moreover,
differentiable versions of nodal limiters were developed to facilitate iterative solution of nonlinear systems [3].

The development of meaningful limiting techniques for tensor quantities is not straightforward and has become
an important issue in numerous research areas: image analysis (structure tensors), diffusion tensor magnetic
resonance imaging (DT-MRI; diffusion tensors), fluid and solid dynamics (Cauchy stress tensors), civil engineer-
ing and solid mechanics (inertia, diffusion and permittivity tensors), fiber suspensions (orientation tensors) —
to name just a few [1,2,9,13,24]. While for scalar fields it is almost clarified which properties are important for
calculating physics-compatible numerical solutions (e.g., local maximum principles and conservation of mass),
this issue is ambiguous for (symmetric) tensor quantities and the best choice of a limiting strategy may depend
on the underlying problem. In the context of bounds preserving reconstruction (remapping), tailor-made slope
limiters for stress tensors were proposed in the recent work of Shashkov et al. [13,26]. Their limiter prevents
oscillations of the second invariant which represents a conserved quantity proportional to the elastic energy
density. The general limiting framework proposed by Luttwak et al. [21-23] constrains tensors or vectors to lie
in the convex hull of tensors/vectors that are known to be physically admissible. Other general-purpose limiting
approaches proposed to date include the generalized Osher-Sethian scheme by Burgeth et al. [9] and a limiter
constraining the tensor components along flow-related directions [24].

The present paper is based on the idea introduced by the author in the context of an eigenvalue range preserv-
ing FCT algorithm [19] designed to satisfy (local) maximum principles and preserve definiteness when it comes to
antidiffusive corrections of the underlying low order approximation. This FCT limiter is frame invariant and pre-
serves a constant trace, which makes it a useful tool for numerical treatment of orientation tensors in fiber suspension
flow models. However, predictor—corrector methods of FCT type are not well suited for solving stationary transport
problems and theoretical analysis. Therefore, we develop and analyze alternative limiting approaches in this paper
building on recent advances in the field of AFC schemes for scalar convection-diffusion equations.

The article is structured as follows: In the next section, we introduce some basic notation, summarize impor-
tant properties of (symmetric) tensor quantities and explain the main idea behind the AFC methodology for
scalar fields. In Section 3, a first basic limiter for symmetric tensor quantities is developed to enforce sufficient
conditions of eigenvalue range preservation using a scalar correction factor which scales each component of the
antidiffusive flux in the same manner and exploits a special form of the system matrix. Theoretical proofs of its
Lipschitz continuity and local maximum principles justify the definition. This limiter is generalized to arbitrary
system matrices in Section 4. However, it turns out that the resulting AFC method can be quite diffusive due
to the use of a scalar-valued correction factor. This drawback is cured in Sections 5 and 6 by introducing tenso-
rial correction factors based on spectral decompositions. In the last theoretical section (Sect. 7) of this paper,
the concept of dual limiting is introduced for antidiffusive fluxes that may violate eigenvalue-based maximum
principles at both nodes. The segregated treatment of such fluxes improves the accuracy of the AFC method
at the expense of just a minor increase in computational costs. Finally, the proposed algorithms are compared
to each other and the implications of varying the fine-tuning parameters are explored in applications to newly
defined test problems (Sect. 8).

2. NOTATION AND PRELIMINARIES

2.1. Notation

In this work, we are interested in monotonicity preserving algorithms for symmetric tensors with the dimension
dxd, 1 <d < 3. This space is denoted by Sy € R4*¢ while Sa,+ C Sq4 stands for the subset of positive
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TABLE 1. Summary of symbols frequently used in this work.

Symbol Description

de{1,2,3} Dimension of the tensor quantity

k, £ Indices corresponding to the space dimension, i.e., 1 < k,¢ < d
Sa Space of symmetric tensors in R**¢

Sa,+ Space of symmetric positive semidefinite tensors in Sy

0 Zero tensor in Sy

I Identity tensor in Sq4

U,V,U,V General tensor quantities in Sq (or less frequently Rdx‘i)
o) Tensor entry of V with indices k£ and ¢

v1 <...< g Sorted eigenvalues of V € Sy

V= diag(v1,...,vq4) Diagonal tensor with eigenvalues of V € Sy on its diagonal
X Vector in R?

Vi kth column vector of V

V=QVvQ' Spectral decomposition of V € Sy

Aij : Sq — Sa Limiting operator

semidefinite tensors, where V € Sy | is equivalent to V = 0 and 0 < V. Here, the tensor inequality V = U
should be understood in the sense that all eigenvalues of V — U are nonnegative (cf. [20]), i.e., A(V —=U) > 0,
1 <k <d, while 0 € S; and I € S; denote the zero and identity tensor, respectively. Furthermore, we adopt
the notation that tensor quantities in the d x d-dimensional space are written in capital and boldface letters,
while vectors v € R? are labeled in lowercase and boldface letters. If we introduce a vector vy, corresponding to
a tensor quantity V, v corresponds to the kth column vector of V. The boldface notation should distinguish
tensors and vectors in the d x d- and d-dimensional space from matrices and vectors corresponding to the finite
element space with dimension V.

A tensor quantity furnished with a tilde like V denotes the diagonal tensor whose diagonal entries are the
sorted eigenvalues vy, = A\, (V) of V, i.e.,

v <...<vy; and V= diag(vy,...,vq).
Note that V is well-defined because all eigenvalues of a symmetric tensor V € Sy are real. Then we have
v=QvQ',

where Q € R4*? is the orthogonal tensor having the normalized eigenvector q, corresponding to the eigenvalue
v as its kth column vector, i.e., Vqr = vrqg. In addition to the notation with one subscript, lowercase letters
with two subscripts vg, denote the tensor entries of V, i.e., V = (ng)g,zzl. If not mentioned otherwise, k and
{ are reserved for exclusive use in sums over the space dimension, i.e., sums over k and /¢ are restricted to the
range 1 < k, £ < d (cf Tab. 1).

The system of equations to be considered in this work stems from a finite element discretization (cf. Sect. 8).
Due to the compact support of the basis functions, the system matrix is sparse and only its nonvanishing entries
are used in calculations of matrix-vector products. Nevertheless, we frequently use the global sum notation > ;
and ., for sums like Z;V:LW#O and Z;v:l,aij#o’j#. If the system matrix entry a;; or aj; is nonvanishing
for j # i, we say that ij is an edge with nodes ¢ and j of the sparsity graph associated with A = (aij)ﬁ\fj:l.
2.2. Basic results for tensor norms

To prove the existence of a solution and the Lipschitz continuity of the proposed flux limiters, we will make
use of the spectral and Frobenius norm || - ||2 and || - |, respectively. Therefore, we summarize some of the most
important properties.
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The spectral norm || - ||2 is the induced matrix norm of the Euclidean vector norm and equal to the largest

absolute eigenvalue for symmetric tensors V € Sy, i.e.,

[Vx|l2 < [[V]2|[x]l2, forall VeR™ and x € R?, [ V|z =max(|v1],|va]), forall V€S,

In contrast to that, the Frobenius norm || - ||r is not an induced norm. According to the invariance of the trace

tr(-) under cyclic permutations
tr(VW) = tr(WV) for all V,W € R?*4

and the definition of the Frobenius inner product (-, )g

d
(V.W)p =V : W= > vpwie = tr(VIW) = tr(W'V),
k0=1

the Frobenius norm || - | satisfies the identity

d

IVIE = (V,V)r = tr(V?) = tr(QV°Q") = tx(V?Q" Q) = tx(V?) = Y v} forall V € S,.

k=1

(2.1)

Both norms can be calculated just by considering the eigenvalues. Therefore, they are frame invariant, i.e.,

IQVQT2=[VIl2. 1QVQT[lr =[V[r forall V,QeR™ with QQT =
and equivalent to each other
d
VI3 =2a(VTV) < ZAk = [Vl <d|VI3
=1

= [|[V]]2 < ||[V]lr < Vd||V|2 forall VeR¥

Furthermore, the following inequalities hold

VWi = Z Vw3 < VI3 Z w3 = IVIZIWIE,
k=1 k=1

IWVIIE = [VIWTE <IVTIBIWTIE = [IVISIWIE

for all V, W ¢ R%*9,

where we used the notation that wy € R? is the kth column vector of W € R4x¢,

2.3. Lipschitz continuity of selected scalar and tensorial operations

(2.2)

In what follows, we prove the Lipschitz continuity of the absolute value, maximum, and minimum. For scalars

u,v,u,v € R, we have due to the reverse triangle inequality

|max(u, v) — max(u,v)| = |(u+v) + |u—v| = (u+0) — |a — 7|

<Lutv—a—o|+ L|ju—o| - a7 < u—al+ o7,

|min(u,v) — min(a,v)| = l| (u+v) = |u—v| = (a+2)+|u— 0

<ilutv—a—ol+ §|lu—v|—|u—20|| <|u—1al+ |v—1]

(2.3a)

(2.3b)

(2.3¢)
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In the case of tensor quantities, the operations are defined as follows for all U,V € Sy
VI =Q|VIQT, max(U,V):=1(U+V)+iU-V|, min(UV)=4U+V)-iU-V| (24

where |V| is defined as the tensor with the absolute values of the diagonal tensor V and Q € R**? is the
orthogonal tensor such that V = QVQT. In other words, |V| is the tensor with the absolute eigenvalues of
V corresponding to the same eigenvectors. As expected, the minimum of two tensors is bounded above in the
sense of Lowner ordering by one of its arguments

min(U, V) = %((U +V)-|U- V\) <HU+V)+U-V)) =U. (2.5)
=V-U

However, if both arguments are bounded below, the minimum can violate this bound in contrast to the scalar
definition of the minimum

U,V W =4 min(U,V) = W.

A counterexample in R?*? is given by

(12 (42 . 54\ (30 [12
0= (32)m0 v=(22) mo = mawv)=3(3) -3 (30) - (22) o

The operations defined in (2.4) are Lipschitz continuous for symmetric tensors: We will prove this for the
Frobenius norm | - || with Lipschitz constant L = 1. Without loss of generality, let us assume that V is
diagonal, 7.e., V = V. Then, we have

— 2 — — — — —
IIVI=1VIllg = IVIE + IVIE = 2(V]L V) < IVIE+IIVIE - 2(V, V)p = [V = V][, (2.6)

where the inequality holds due to

d
(V,V)p = kakvkk = kak ZWWW Z |vkk| Z 2|3 < (Iv1, \VD
k=1 =1

k=1 =1

because V is diagonal and V = Q\:/'QT This allows us to prove the Lipschitz continuity of max(-,-) and min(-, -)
in the same way as in the scalar case:

HmaX(U, V) — max(U, V)HF
=HU+V)+[U-V|[-(U+V)-[U-V||,

1 o . - (2.7a)
<3IU+V-U-V]p+i|[U-V|[-|U-V]|,
<3U+V-U-V][p+3[U-V-U+V|[p<|U-Ulp +[[V - V],

|min(U, V) — min(U, V) ||F

=3|(U+V)=[U-V|-(U+V)+[U-V||, (2.7b)
<HU+V-U-V[p+i[[U-V|-U-V]|, '
<3U+V-U-V][p+3[U-V-U+ V][ <[[U=-Ulp +[[V- V.

All three inequalities are sharp.
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2.4. Idea of algebraic flux correction in the scalar case

In this section we briefly describe the basic concept of algebraic flux correction methods. The limiting tech-
niques to be considered are based on the one developed in [15] to stabilize a numerical method corresponding
to a scalar boundary value problem. It is closely related to the flux-corrected transport (FCT) methodology
originally introduced in [8,32]. Both methods have the capability to continuously blend a high order approxi-
mation of the discretized problem, typically given by the Galerkin method, and its low order counterpart, which
is defined by adding artificial diffusion such that local maximum principles are satisfied algebraically. Because
the high order method is not able to preserve (local) maximum principles, the algorithm should fall back to the
low order method at local extrema, while being as close as possible to the high order solution everywhere else.
This guarantees the boundedness of the function values by the extrema of the neighboring degrees of freedom
and, hence, respects the so called local discrete maximum principle (DMP) property.

FCT algorithms utilize this idea in an predictor—corrector like manner: After calculating the low order solu-
tion, antidiffusive fluxes are added, which are limited to recover a (linearized) high order method in smooth
regions without producing overshoots and undershoots elsewhere [16]. In contrast to this, the AFC method
proposed by Kuzmin [15] leads to a nonlinear system, which blends both methods only depending on the
solution itself. Due to this monolithic limiting strategy, the method can be used for stationary problems and
time-dependent solutions are less sensitive to the choice of the time increment. Barrenechea et al. [4] were the
first ones to investigate theoretical aspects of the nonlinear method and prove the existence of a solution.

To present the basic aspects of the AFC methodology, let us start with an arbitrary linear system of equations,
which stems from the finite element discretization of a scalar boundary value problem and is given by

S ayu; =g foralll <i<N, (28)
J

where u = (u)N1,9 = (9:)X,, ui, g; € R for all 1 <i < N, denote the degrees of freedom of the solution and
right hand side, respectively, and A = (a”)f\f]:l is a posmve definite matrix, 7.e.,

Cy = v;a;;v; > 0. 2.9
M 1)ERN HUH2 1Z 77 ( )

The right hand side g; of (2.8) depends on known data (boundary conditions, initial data, solution values from
the previous time step). While the discrete problem (2.8) corresponds to the use of weakly imposed Dirichlet
boundary conditions, strongly enforced function values also lead to a system with positive definite system matrix
if the rows corresponding to boundary values are scaled in a reasonable manner. For the definition and detailed
analysis of a stationary scalar problem, where strongly enforced Dirichlet boundary conditions are treated
separately, we refer the reader to [4].

As presented by Barrenechea et al. [4], if a;; < 0 for all j # ¢, problem (2.8) satisfies the following discrete
maximum principles

D=0 and g; <0 = u < fmax uj, (2.10a)
Z a;j =0 and g, 20 = u; = j#%i%o uj, (2.10b)
Zaij >0 and ¢; <0 = u; < max(O j¢r2n3§(¢0 uj), (2.10c¢)
Zaij >0 and g¢; >0 = w; >min(0, min u;). (2.10d)

J#4,ai57#0
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For example, (2.10c) can be shown as follows [4]

AUy = G5 — Zaijuj < *Zazj’uj = Z (—aij)(uj — max Ug) + Z (*aij)( max j)

i#i iFi Jiai 20 Fha 70 J#1,a5,£0 FFhaa 70
< —a;; max u;) < a;max(0, max wu
\j#iga;;ﬁo( ”)(#w 0 j) < i max( " ji,ai; 0 i)
s

The proof for (2.10a) is the same, except that the last inequality is an identity

aiiu; = g; — Zaiju]' < —Zaijuj < Z (—a;;)( max w;) =a; max uj.

,a;; 70 0
i i J#4,a1;70 i#ba# Lt

These maximum principles are the discrete analogues of continuously defined maximum principles that, e.g.,
scalar convection equations satisfy [10,25]. However, a general discretization of such a boundary value problem
mostly does not satisfy the above sufficient conditions. For that reason, the basic idea is to introduce artificial
diffusion, which corrects troublesome matrix entries a;; in a consistent manner: If the artificial diffusion matrix
D = (di;)Y;—;, € RV*N is defined by (similarly to the definition in [16] for a;; = —ki;)

d;j = max{a;;,0,a;;} >0 forall j #4i, d;:=— Zdij <0, (2.11)
J#i
then B := A — D satisfies the requirements of the sign for the discrete maximum principles. Furthermore, D
has vanishing row and column sums, i.e.,

Zduzzd”:o - Zbijzzaij7 Zbij:Zaij.
J @ J J i i

It follows that the total (and local) mass does not change (sum over ¢) and the properties of the original
system corresponding to the discrete maximum principle are preserved (sum over j). Additionally, D is negative
semidefinite and, hence, B is positive definite, due to the positive definiteness of A.

In the AFC framework defined by Kuzmin [15], the amount of artificial diffusion introduced by the addition
of D is reduced by incorporating limited antidiffusive fluxes into the nonlinear system

wauj Za” i (u; — Zauuj—i-z —)dij(u; —u;) =g; foralll<i< N,

J#i J#i

where a;; = ay;(u1,...,un) are scalar correction factors that may depend nonlinearly on the solution. These
quantities blend the stabilized low order approximation (c;; = 0) and the high order target method, which is
recovered by a;; = 1. If a;; = 0 whenever u; is a local extremum, we can show that u; is bounded above /below
by the maximum /minimum of the neighboring function values and the local DMP property is satisfied [4].

To solve the nonlinear system, the Newton method can be used if a;; is differentiable. Otherwise, pseudo time
stepping approaches are commonly used to calculate the solution. In each cycle, the solution of the nonlinear
problem can be calculated using a fixed point iteration method with a slack stopping criteria. As few as one
iteration per (pseudo) time state can be performed provided that the solution converges to a steady state limit.
Barrenechea et al. have shown that the algorithm proposed in [15] yields a solution if the system matrix A is
positive definite [4]. This requirement is satisfied, e.g., for advection—diffusion-reaction equations with a positive
diffusion parameter, a nonnegative reactivity, and a solenoidal velocity field.

2.5. Extension of algebraic flux correction to the tensor case

In this paper, we extend the concept of algebraic flux correction proposed in [15] to tensor quantities and
prove the existence of a solution while following the proof techniques of Barrenechea et al. [4]. A general linear
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system of equations for a symmetric tensor field is given by

> a;jU;=G; forall 1<i<N, (2.12)
J

where U; € Sy and G; € Sy. In (2.12), each tensor entry (Uj,kz)évzl satisfies a linear system with the same
system matrix A = (aij)f\fj:l and different right-hand sides (g; x¢)Y;. Then, the AFC system reads

> aijU; + > dij(T - Ay)[Ui = U] = G; forall 1<i<N, (2.13)
J J#i

where the artificial diffusion coeflicient d;; is defined as in the scalar case and Z, A;; : Sg — Sq are the identity
and limiting operators. The definition of d;; as in the scalar case has already proved itself to be viable in the
FCT framework [19], where additionally to the LED property for each tensor entry, discrete maximum principles
for the range of eigenvalues and the trace are fulfilled. The limiting operator A;; should ideally return U; — U;
to recover the high order approximation and produce 0 in the worst case.

In what follows, we introduce two different concepts of defining .A;;, which are able to preserve the local DMP
property for the range of eigenvalues. This means that the maximal eigenvalue u; 4 of U; is bounded above by
the maximum of maximal eigenvalues in the neighborhood of node i and the minimal eigenvalue u; ; is bounded
below in a similar vein.

3. ONE-NODE SCALAR LIMITING

To start with the introduction of a simple tensor limiter, we assume that the system matrix A satisfies
min(a;;,aj;) <0 forall 1<4,j<N st i#j. (3.1)

This allows us to define the limiter in an upwind based manner (similarly to [15]), because for each edge there
exists at least one harmless node, where the satisfaction of maximum principles does not depend on the edge
contribution (see the proof of the DMP property below). In Section 4, we discuss a more general case, where
restriction (3.1) does not have to be satisfied.

The simplest approach to define the limiting operator 4;; is to use a scalar correction factor, which multiplies
each entry of U; — U, by the same value, i.e.,

Ozij(Ui — UJ) Py > O,(Zji <0,
.AZ](U) [Uz — UJ] = Ozj'l'(Ui - UJ) taij < O,a]‘i > 0, (32)
Uiij L Qg gO,ajig(),
where 0 < «;; < 1 is a scalar correction factor depending on the solution U = (U;)¥; (at the moment

arbitrary) and responsible for the validity of maximum principles at node . The restriction to symmetric
limiting operators A;; = Aj; is required for conservation reasons. In this context, the notation A;;(U)[U; — Uj]
means the application of A;; to U; — Uj, where the correction factors depend on U. Most often the dependency
on U is neglected and we just write A;;[-] instead of A;; (U)[-].

3.1. Existence of solution

In what follows, we prove the existence of a solution of (2.13) following the techniques used by Barrenechea
et al. [4]: First of all, using the definition (3.2) of A;;, for an arbitrary tensor V € Sy, we have
(V.(Z - Ai)[V])

F= (1 — aij)(V,V)F >0 if Qaij > O,iji < 0.
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In the cases a;; < 0,aj; > 0 and a;; < 0,a5; < 0, the correction factor a;; has to be replaced by «;; and 1,
respectively, and the same property is satisfied. This implies the nonnegativity of

(U’ (I - Az])[U - V])F + (V7 (I - A]z)[v - U])F = (U -V, (I - AU)[U - V])F >0
and, hence,

Zd” b (T=ADVi= V) p= > dij(Vi, (T—Aij)[Vi=V,]) p+di; (V;, (T—A;i)[V; = Vi]) . = 0. (3.3)

1,5,1<J

Furthermore, we define the scalar product (-,-)2 ¢ and corresponding norm || -
(VU)o =Y (Vi Uip,  VI3p = (V.V)ar =Y _[[Vilf forall VU eSY

so that, using the definition of Cy; > 0 (¢f. (2.9)), the inequality

Zaw Vi, Vj)e Z D iV > Z CMZUZ b =Cn D IVille = CullVIEr  (34)

k=1 1,3 k=1

holds. If we now define the operator 7; : SY¥ — S, depending on V = (V;)¥, by

V1= aiV;+ Y dij(ZT— Ay)[Vi—V;] = G; forall 1<i<N,

then using (3.3), (3.4), and the Cauchy-Schwarz and Young’s inequalities, we obtain (cf. [4])
(THEL V] Zam (Vi, Vj)r + Zd” (= A Vi = V) e — > (Gi, Vir

> OullVI3e — o — CullV Ihr > LV~ O,

where the constants Cy, Cy,Cy > 0 do not depend on the solution and we have

3Cs

((7;)2?21[‘7],{/)2F >0 forall VeSyst |[|[V[|3p= G

(3.5)
Thus, according to the following Lemma, there exists a solution V' € S% such that (2.13) is satisfied if A;;[V; — V]
is a continuous function of Vq,..., Vy foralll <¢ < N.

Lemma 3.1 ([29], p. 164, Lem. 1.4). Let X be a finite-dimensional Hilbert space with inner product (-,-)x and
norm || - ||x. Let T : X — X be a continuous mapping and K > 0 a real number such that

(Tz,z)x >0 forall x € X with ||z|x = K. (3.6)
Then there exists x € X such that ||z||x < K and Tx = 0.

3.2. Lipschitz continuity

Before focusing on a specific definition of the limiting operator and showing its continuity, let us consider a
more general form:

If the application of A;; can be expressed by (cf. [4])
IU; = Ujllp + Bj

Aij[U; - U] = 0;;(U; - Uj), 0<ayj = <1 forall UeS) ifa;;>0,a; <0, (3.7)
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where A;; and B;; are nonnegative and (Lipschitz) continuous functions depending on U (similarly in other
cases), then the application of the limiter is (Lipschitz) continuous, too.

To show the continuity of A;;[U; — U,] in U = (U;)Y; € S} chosen arbitrarily, we only have to take a look
at U with U; = I_Jj, otherwise the denominator is not vanishing and both parts of the fraction are continuous.
IfU, = ij, we obtain

A (D)[T; = Uj] = A (U)[U; = Ul = [|4i;(O)[U; = Uy |
<|[U;i = Ujllr = |(U; = U;) = (U; = Uy) ||, < V2|U = Ullop forall UeSY
because |ay;| < 1. B B
Let us now show the Lipschitz continuity of A;;(U)[U; — U;]. The cases in which U; = U, or U; = U, can

be treated in the same way as before. Therefore, without loss of generality we can assume that the denominators
are nonvanishing. For the sake of simplicity, we use the following abbreviations

Aij = flm(Uv)7 Bij = BlJ(U)’ Q5 = Oéij(U), W, = Ul -U

- N A A (3.8)
Aij = z‘l”(U')7 Bij = BZJ(U), aij = C!ij(U), Wij = U,L — Uj.
Then, we have
iy = Gy = e Y T T T B T TN 1R
IWiille +Bi; -~ [Wijlle +Bij - [Wille + Bij
Ay - Ay + (IWisllr + Bij) = (IWijllr + Bij) (3.9)
= i _ = .
[Wijllr + Bij 7 (IWijllr + Bij) (IIW5]lr + Bij)
_ (Aij — Ay) + a3 (IWijlle + Bij) — @i (Wi lle + Bij)
[Wijlle + Bij
and, hence, for A5 > 0, U; 7é Uj, and ﬁl 7é ﬁj
|45 (U)[U; = U] = Ay (U)[U; = Ujl|p = [|aiy Wi — @iy Wi |
< o — aggl [|Wiglle + @i [Wi; — Wil (3.10)
< 205 [|Wij = Wijlle + @ij| Bij — Bij| + [Ai; — Ajj
<2|U; = Uille +2U; = Ujlle + | By — Bij| + Ay — Ay
due to the nonnegativity of B;; and the reverse triangle inequality
[|Allr = [|Bllr| < |A = Bllr forall A,Be€S,. (3.11)
Therefore, A;;[U; — Uj] is (Lipschitz) continuous if A;; and B;; are (Lipschitz) continuous.
3.3. Example of a scalar eigenvalue range limiter
A scalar eigenvalue range limiter that admits representation (3.7) uses the correction factor
g : {1 : Haig <O, (3.12)
ij = . q(ui"™ —uia)  q(uin—ui™) C :
mln{l, HUi_UJHFiEa HUi_lUjHF-‘rE} . aq,] > O,

max

where u"" and u"®* are local bounds for the eigenvalues u; j, of the tensor U; such that

gy <ol S ug g < UM (3.13)

) (3 )

u
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€ > 0 is a small nonnegative parameter, and ¢ > 0 is a positive adjustable constant (see below). For example,
min and u"®* can be defined as the local extrema in terms of the eigenvalues of the neighboring degrees of

u;
freedom, i.e.,

w' = min wujq, w™™

;i = max ujg.

Jraij#0

max

Limiter (3.12) is designed such that «;; vanishes if node 7 is a local extremum, i.e., u; ¢ = u]"®* or u; 1 = =y,

In what follows, this allows us to prove local maximum principles for the limiter.
By increasing ¢, the solution becomes less diffusive, but the Lipschitz constant increases and the nonlinear
system becomes increasingly ill-conditioned. Due to (3.12), the functions A,;, B;; : Sﬁlv — R: are given by
Aij(U) = mln(HU - U]HF + S,A;r,;ax( ) Amm( )) B”(U) =€ 2 O,
AZU) = q(u™ = uig) 2 0, AFU) = qluin —u™) = 0.

The Lipschitz continuity of B;; can be shown trivially. Next, let us prove the Lipschitz continuity of Af;**. First,
for an arbitrary finite index set J, we have

max v; — max v; = max (v; — max 9;) < max(v; — v;) < max lvj — v5]
Jje

jedJ jeJ jedJ leJ JjeJ
for all Uj,?jj € R. (314)
‘maxvj - maxv]‘ < max |v; — vj]
jed
Then, due to the Wielandt-Hoffman theorem [31], page 104
d — —
lop — x| < Z lvg — 0> < |V —=V]3 forall V,VecS;and1<k<d, (3.15)
=1

the Lipschitz continuity of Aj}™ follows from

‘AE—“(U) - AEaX(U)‘ = (J’ (lﬂﬂt?;io g — uia) — ( glj;co Urg — U d)‘

E?;O(Ul,d — Ujq) — lgli?xo(ul,d - Ui,d)‘

< ql;ﬁz,aa;x#o‘(uhd - ui,d) - (ﬂl’d — ﬂi,d)’
S q(l?ﬁmax |ut,d — .| + |ui,a — i,a)
<a(_max, [[U - Ulle +[[U; = Uslle) < V2q|U = Ulla ¥
For the proof of the Lipschitz continuity of A?}“ﬂ consider U} := —U; and U} := —U;, 1 < i < N, and make

use of the Lipschitz continuity of Aj3**. Thus, the proposed limiter (3.12) is Lipschitz continuous, too, because
the minimum of two Lipschitz continuous functions is Lipschitz continuous due to (2.3c), and it follows that
the AFC system (2.13) possesses a solution.

3.4. Lack of linearity preservation

A desirable property of an AFC limiter is linearity preservation, which means that the method is consistent
with (locally) linear functions: If the solution of the high order method is a linear function, then the limiter
should produce a;; = 1, which is equivalent to

max

q(u™ —u;q) > ||U; — Ujlp + ¢, and q(u;n — u™) > |[|U; — Uj[p +&.
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A linearity preserving for ¢ = 2
linearity preserving for ¢ = 1 TTra= ;
....... q=
1 =T ---g¢=5
el —— =10
el —mi g — 00
0 ‘ : Uj,d
ur* for ¢ = 1 ;% for ¢ = 2
(A) Dependence on g > 0 for fixed p = 1.
Qi
4 linearity preserving -—-p=1
1 U S p=2
RN e p=5
el —p=10
—mp > 0
0 U, d

‘
smax
Uy

(B) Dependence on p € N for fixed g > 0.

FIGURE 1. Influence of parameters on correction factors for the maximal eigenvalue.

This will be the case if

3 K3

uf™ + (10 = Ujllr +€) = @™ Swin,  wia <= u™ = 2(|[U; = Ujllp +e).
As long as u™ < w;; and u; 4 < u™®, the limiter is linearity preserving for sufficiently large values of the
coefficient ¢ (see Fig. 1a). In the limit ¢ — oo the method preserves all linear functions that do not have constant
minimal or maximal eigenvalues. Constant functions are preserved, because

AU = Uj] = A [0 =0 = U, - U;.

In [6, Thm. 6.1], the authors establish a lower bound for ¢ only depending on the triangulation such that
their scalar AFC method is linearity preserving. However, this approach does not seem to be suitable for
enforcing linearity preservation in tensorial extensions intended to prove the local DMP property for the range
of eigenvalues. For example, consider the two-dimensional tensors

10 10 10
Ui—1:<0—1+5>’ Ui:(o(s)’ Ui+1:<01+5>’

where 0 < § < 1 is a small nonnegative perturbation. They correspond to a linear tensor function U : R — S,
if the corresponding consecutive nodes are arranged equidistantly. Then, we have

Q> — ) o
L : =qd(l+e¢ >1
[0, Ol 42 900+

!
Ayl = 1 —

and ¢ would have to depend nonlinearly on the perturbation §. Especially in the case § = 0, there exists no
g > 0 such that a;; = 1 due to u;"** = u; 4 even though U is not constant. In the numerical examples, this
issue will be discussed again.
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3.5. Smoothing of correction factors

In definition (3.12), the correction factors a;; depend piecewise linearly on the eigenvalues u; ; and u; 4. This
leads to an abrupt derivative change in the transition between the linearity preserving region, where o;; = 1,
and the region, where «;; < 1 (see Fig. 1b). To avoid this, a more general scalar limiter can be constructed,
which smooths this blending by introducing a new parameter p € N. In this version, the correction factor is
defined by

{1 LAy < 0, ( )
aij = . q(ufinax_ui,d) q(ui,1—u,§nin) p Lo 3.16
1-— (1 — mm{l, U =0, wte U0, s Fe ta; >0
and coincides with the definition in (3.12) if p = 1. This results in a less diffusive limiter (due to larger correction
factors; see Fig. 1b) and a greater Lipschitz constant. For the proof of Lipschitz continuity, we refer to Section 5,
where a more general approach is considered and the limiter (3.16) can be treated similarly.

3.6. Local discrete maximum principles

In what follows, we prove the local discrete maximum principle (DMP) property of the proposed limiters (3.12)
and (3.16). For this purpose, we assume that the system matrix A = (a;;)};_; satisfies conditions (3.1) and

> aij 20, a;>0 forall 1<i<N, (3.17)
J

while the artificial diffusion is defined as in (2.11). If A is positive definite, which is sufficient for the existence
of an AFC solution, the condition a;; > 0 is fulfilled automatically. The below proof of the maximum principle
remains valid under the weaker assumption that

a;; + Z di; > 0if u; 1 or u; 4 is a local extremum. (3.18)
j;ﬁi,aqjj>0

This condition is automatically satisfied if a; > 0 and there exists a j such that a;; > 0.

As already discussed, the condition min(a;;,a;;) < 0 allows the definition of the limiter in an upwind based
manner and can be used instead of the requirement a;; + a;; < 0 in [4]. If this is satisfied, either a;; <0 or
a;; < 0 for each edge ij and there is at most one troubled node (node j or i, respectively), where maximum
principles could be violated by the antidiffusive flux corresponding to the edge ij.

To prove this, first of all, let us transform the AFC system (2.13) by exploiting definition (3.2) and separat-
ing U;

(a“’ + Z dij(1 — aij) + Z dij(1— ajz’))Ui
J#4,ai5>0 j#i,a:;<0
+ > (e —di(1—ai))Uj+ Y (ai; —dij(1 - a;:))U; = Gi.

J#4,ai5>0 Jj#i,a:; <0

Here, we do not need to treat the special case a;j,a;; < 0 separately, because a;; = 1 if aj; < 0 by definition.
Now, if u; 4 is a local maximum of maximal eigenvalues, i.e.,

Ui SUPTOS maX wjg > = max g,
J,Qij JIF, Q45
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and G; < 0, then we have a;; = 0 for all 1 < j < N due to the definition of the correction factors and

>0
<aii + Z dij + Z diz(1 — aji)) U;
J#4,ai>0 J#4,ai;<0
<= Y (ay—dip)U;— Y (ay —di(1-a;0))U;
j;éi,aij>0 j;éi,aijéo
= Y (a—diy) (@FT-Up)+ Y (a;—di(1— ay)) (@>1-0;)
3742520 5 qhe Yo (2.11) =0 7#1,0i5<0 <0 ) (3.19)
= Y (ay —di)uP T Y (ai; — dig(1 — o)) @ T
G#i,a:5>0 J#1,0:5<0
= a4 Y a4 Y di(1— o) @™ T
i Jiiraiy >0 a5 <0
< (a” Z di; + Z d;j(1 aji)) max(0, u;"*)1,
J#4,a45>0 J#%,a45 20
where we used ) j@ij 2 0in the last inequality. Therefore,
G <0 = u;q< max(() max uj, d) forall 1<i¢< N (3.20a)

J#1,a4570

and the maximal eigenvalue u; q is bounded above by the neighboring maximal eigenvalues or zero. Here, the
upwind based design of the limiter is exploited, because a;; — d;;(1 — a;;) < 0 for any 0 < a;; < 1if a;; < 0.
Similarly to (3.19), the minimal eigenvalue u; 1 is bounded below as follows

G =0 = u;1 > min(() ;ﬁmmyé uj, 1) forall 1 <i<N. (3.20Db)
JF#4,aij

In the case > j@ij =0, the last inequality in (3.19) becomes an identity and we can prove that

2%4:0 and G; <0 — u; o< max u;q foralll<i<N, (3.20¢)

J , GARX Y,

j J

Za” =0 and G; >0 = ;1> min wu;; foralll <i<N. (3.204d)
J#i,a;57#0

j
4. TWO-NODE SCALAR LIMITING

For the proposed limiter to be eigenvalue range preserving, each edge must possess at least one harmless node,
such that the antidiffusive flux does not have to be scaled to satisfy maximum principles at this node. This
requirement restricts the set of admissible system matrices and excludes certain discretizations of a boundary
value problem (see below).

To avoid this disadvantage, we introduce a two-node version of the scalar limiter, in which the antidiffusive
flux is scaled so that both nodes are allowed to be troubled and maximum principles are still satisfied. If the
assumption (3.1) is waived, the limiting operator can be defined by

.Aij [Uz - UJ] = min(aij, Oéji)(Ui — ]Jj)7 (41)

where 0 < o5 < 1 guarantees the satisfaction of maximum principles at node ¢ while 0 < «;; < 1 is responsible
for preventing local overshoots and undershoots at node j.
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If a;; and aj; can be expressed as before in the form

A;j Aj;
J <1 and 0< e e <1, (4.2)

0 < Qg = NS = S
7T U = Ujlle + By |U; = Ujllr + By

where A;j, Aji, Bij, Bji - Sfiv — RZ are nonnegative and Lipschitz continuous functions, then the synchronized

version is also Lipschitz continuous due to (2.3c), (3.9), and (3.11)
| A (U)[U; = U] = Ay (0)[U; — U]
= Hmin(aij,aji)wij - min(dij,@ji)winF
< |min (e, ) — min(@, a50)| [ Wiy 7 + min(ag, a0 [Wiy = Wi le
< (loij — as| + loji — aga) [[Wi [l + min (@, a50) [ Wig — Wil
<3| Wi — Wylle + |Aij — Aij| + |Aji — Ajil + |Bij — Bij| + |Bji — Byl

I

and there exists a solution of the AFC system (2.13). The correction factors «;; defined as before, e.g., by (3.12)
or (3.16), are admissible and guarantee local maximum principles without distinguishing between good and bad
edge contributions (the proof is very similar to (3.19)). Therefore, each contribution can be potentially troubled
and (4.1) does not impose as many restrictions on the system matrix A as the one-node limiter (3.2).

If the system matrix possesses the property min(a;;, a;;) < 0 for all ¢ # j, then the new limiter (4.1) coincides
with (3.2), because the definition of the correction factor «;; already takes the sign of a;; into consideration.

5. ONE-NODE TENSORIAL LIMITING

In Sections 3 and 4, we focused on a simple scalar limiting approach, whereby each tensor entry of the
antidiffusive flux is scaled by the same correction factor. Thus, all eigenvalues of the tensor quantity are coupled
with each other and the resulting solution seems to be unnecessarily diffusive. In what follows, we replace the
scalar limiting coefficient by a tensorial correction factor, which is able to treat each eigenvalue at the troubled
node in a segregated manner. Limiting strategies of this kind produce less diffusive results, but give rise to
increasing computational costs and tend to degrade the convergence behavior of iterative solvers.

Assuming (3.1) is valid, we define the one-node tensor limiting operator A4;; as follows:

%( U U S’LJ + S’l] (U - U )) * Qg > Oaafji < 07
Aij [UZ - U]] = %( ]2 + sz(Uz Ug)) L Q4 < O,(lji > 0, (51)
U; - UJ tai; < 0,05 <0,

where S;; == Qigij Q, is the tensorial correction factor, Q; is the orthogonal tensor of the spectral decomposition
U, = QZ-fJZ-Q;r, and the diagonal tensor Sij contains the correction factors s;j 1 = a;jr with 0 < a5, < 1
defined below. As in the scalar case, node ¢ is the troubled node of the edge ij if a;; > 0 and o;;  are defined
so that maximum principles are preserved at node 7.

By definition (5.1), we have due to the Cauchy-Schwarz inequality and (2.2)

(VAT —Aij)[V])p = (V,V)r — 5(V,VS;; +8i;V)p = | V& — (V,Si; V)r

) ) ) . (5.2)
Z [IVIE = IVIElS; Ve = IVIE = ISsll20 VI =20 if aij > 0,05 <0,

because the trace is invariant under cyclic permutations and ||S;;||3 = maxy, sZ, , < 1 holds. Further on, we can

show that

i,k X

2 .
[ A5 IV][e < 185 VIE < IS3IBIVIE < IVIE i ai; > 0,a5 <0. (5:3)

In the case a;; < 0,a;; > 0, the estimates are the same except that S;; has to be replaced by Sj;.
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5.1. Lipschitz continuity

To show the Lipschitz continuity of the new limiting operator, we start with the general form

A..
0= 8= o <T
7 U = Ullr + By

where Ay; : SY — Sq+ and B : S) — R are Lipschitz continuous functions depending on the solution U. In
contrast to the scalar approach (3.7), the numerator is now a positive semidefinite tensor quantity. Let U € s¥
be arbitrary. In the special case U, = U}, continuity follows directly from (5.3)

[ A (D)[U; = Uy] = Ay (D) [U; = Ujl|, = || A (0)[U; = U],
< U = Ujllr = ||(U; = Uy) = (U; = Uy)||p < V2|U = Ullop forall Uesy.

Let us now consider the case U; # U;, U; # U;. Using the same notation as in the scalar case (see (3.8)), the
tensorial extension of (3.9) (replace «;; and A;; by S;; and A;;, respectively), and (2.2), we obtain

| Ai; (U)[U; — Uy] — A (0)[U; — Ul
= 3|[(Wi;Si; +Si;Wij) — (Wi;Si + Si; Wij) |
3l[Wii(Sij = Sij)llp + 31(Sis = Sin ) Wij[[p + 3| (Wi = Wi)Sij||p + 511805 (Wi; — Wij) |
1Si; = Sijllo[Wislle + 1Si;l2Wij — Wij e
|Aij — Adjlla + 1Sisll2| Bij = Bijl + 2(1Sij[l2| Wij — Wil
2|Wij — Wijllp + [Asj — Agjlla + | Bij — Bij

(5.4)

NN NN

and A;; [U; — Uj] is Lipschitz continuous if A;; and B;; are Lipschitz continuous.

5.2. Example of a tensorial eigenvalue range limiter

Similarly to the scalar one-node eigenvalue range limiter, the correction factors o;j, can be defined by

{1 tai; <0, (5.5)
al]JC = . q(u’rinax_ui,k) q(ui,k_u;nin) p ) 3 5.5
1= (1 min{1, i), gttt ) ay > 0

for all 1 < k < d, where ¢ > 0 and p € N are adjustable parameters of the limiter. As in the scalar case,
increasing g or p results in a less diffusive limiter with a larger Lipschitz constant. Additionally, the limiter
should be less restrictive than its scalar counterpart due to the estimates

ma. max min

it — i 2 Ul — g, Ui —up 2wy —upt forall 1<E<d

If a;; > 0, the correction factor 0 < ;% < 1 defined by (5.5) can be written conveniently as

Qi k= @ij,k —, Qi = (||Ui_Uj||F+5)p_c€j-,k
U -Gyl e (U —Ujflp +)" " (5.6)

Cijk = maX(O, IU; — Ujllp + € — gmin(uj™™ — w; &, uj 5 — u?lin)),
where 0 < ¢;;1 < |U; — Uj||p +&. Hence, the tensor 0 < S;; < I, which scales the antidiffusive flux, is given by

S Ajj A (HUi*UjHFJrBij)pI*ij
Y GGyl Byt (I0; = Ujle + Bi;)" ™

Cij = Q;C;;Q; = max(0, (|U; — Uy + By;)I — gmin(u*>I — U;, U; — uM"T)),

Bij =g,



AFC SCHEMES FOR SYMMETRIC TENSORS 849

where we used the definitions (2.4) for max(-,-) and min(,-) of tensors, e.g.,

q2  min(u"™T — Uy, U; — w1 q;
= 2q;, (W™T = U;) + (U; — w™™ 1) — [(u"*T = U;) — (U; — ™)) qik

K2

= B = i) + (s = ) = | = ) = (i = )

= min(uw;"™ — w; k, Uik — umm)

If a;; < 0, we have
A4k = ||U7 — UjHF +e€ for all 1 < k g d — CU = 0, Sij =1

Note that the definitions of o i, aij k, and ¢;; , in (5.6) do not follow the convention that eigenvalues are sorted,
because they define auxiliary quantities corresponding to an eigenvalue u; ;, which is responsible for the order

of the eigenvectors qy.
While the Lipschitz continuity of B;; = € is trivial, we need to show the Lipschitz continuity of A;;. First of
all, using the telescope sum, D;; = C;;(|U; — Uj||lr + Bi;) 7%, and D;; == C;;(||U; — Uj||r + Bi;) ™!, we obtain
Aij = Ay — (U = Ujllp + By — IU; = Ujl|r — By)T

:ng(HU U HF"’BU) _Dg)'(”U’_U‘HF‘*‘Bij)

p—1
= Di,DY (U, - Ujlr + Byj) ZDl DI7(|[U; - U, le + Byj)
=0

p—1 p—1
+> DLDY(|[U; = Ujllp + Bij) — > _ DI DIN(|[U; - Ujlle + Byj)
=1 =0
p—1
_ l | L _
=Y D},(Ci; — Ciy)DY '~ +ZDl D} (I[Ui = Ujllr + By — | U; = Uj|lr — Bij).

l

i
=]

According to (2.2), this yields the following estimate for the Frobenius norm
< !
_ _ _ _ _ o
A = Al < (10 = Ujle = 103 = Ujle] + B = Bl ) ITle + s = Cislle (- 1D 151D4515 )

p—1
+ (1105 = Ujlle = 10: = Uy le] + B3 = Byl ) ITle (3 D35 1151025105 ™")
=1

<pVd(|U; = Uillp +|[U; — Uy |lp + |Bij — Bijl) + pllCsj — Cislr,

because || Dy |2, |Dijll2 < 1 . Therefore, A;; is Lipschitz continuous if additionally C;; is Lipschitz continuous,
which is fulfilled due to (2.7), (3.11), (3.14), (3.15), and

ICij = Ciglle = [|max(0, (JU; = Ul + £)I — gmin(u™1 - Uy, U; — 1))
—max (0, (|U; = Uj|[¢ + €)1 — gmin(aI - U;, U, — mlnI))HF
< H ([[U; = Ujllp + &)I — gmin(u*>I — U;, U; — u™"I)
= (10; = Uyl + &)L+ gmin(@1 - U, 0; - 1)
< e (I10: = Uillr + [[U; = Ujr)
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+ [T = U, — a1+ Uillp + ¢ U; — w1 = U, + @ ||
< (e +a) (10; = Uille + U5 = Ujlle) + ql| e (Ju™ — @] + [u™ — @)
< (\/&+ q)(||Uz — .[jL”F + ||UJ — [_]J”F) -+ Q\/g _max |uj,d — ﬂj7d| -+ Q\/a _max |Uj71 — ﬂjJ
j,ai]‘#O ],ai]‘;éo

< (Vd+q)(|Ui = Uillr + |U; = Uy lr) + 2‘1\/‘1??‘;{0 U5 — Tl

In summary, the limiter defined by (5.5) is Lipschitz continuous, which proves the existence of a solution to the
AFC problem (2.13). In a similar vein, the Lipschitz continuity of the generalized scalar tensor limiter (3.16)
can be proved, where A;; and C;; are replaced by scalar quantities.

5.3. Eigenvalue range preservation

5.8.1. Local discrete maximum principles

Furthermore, we can prove maximum principles as in the case of the scalar eigenvalue range limiter (3.12).
Before doing this particularly for the proposed limiter (5.5), we define sufficient requirements for a linear limiting
operator A;; to satisfy local discrete maximum principles:

If wi g = w;"®, then for all j # ¢ s.t. a;; # 0 and u;j ¢ < v < max(0, u; q)

o™ < 1: qdeAij[ i — oI < a1 (uja —v), (5.7a)
Ta
Qij >0: q; d'AU[ vI]qZ 4= 0,
aij <0: a0 —ollaig > 64U dia — v = @50 —v
Ifuig = u™™ then for all j # i s.t. a;; # 0 and min(0,u;1) < v < uj1
Hggin <l q; 1"42][ —vllg;1 > s (Uz 1= ), (5.7b)
Qi > 0: q; 1./4”[ ’UI]qz 1 <0, .
a; <0:  q 1 AG[U; —ollgin < q,Ujqi1 — v =@, — 0.
If these assumptions and (3.17) hold, the solution of the AFC system (2.13) satisfies
Gia <0 = u;q < max(O '#max#o uj, d) forall 1<:< N, (5.8a)
JFi,a
Gi1 >0 = uiq > min(O ¢mm¢o uj’l) forall 1<:< N, (5.8b)
J#i,a4
D aij=0 and §ia <0 = ujq < A g forall 1<i< N, (5.8¢)
, J#i,a4
Z Q5 = 0 and gi,l > 0 = Ui 1 > #mlnﬂ) Uj 1 for all 1 <1< ]\77 (58(1)
- JFV,Qi4

where §;1 = qiTl G;q;1 and §; 4 == qdequi,d. To prove this, first of all, we note that for any v € R the AFC
system (2.13) can be written as

(Z aig oL+ (4T + Y di(T = Aig)) [Us =] + > (ai,T = dig(T — Aiy)) [U; = oT] = G (5.9)
J J#i J#
To prove (5.8a), let us assume that u; 4 is a local maximum of maximal eigenvalues, i.e.,

Ujg = Uy = MAX Ujq = U; o = mMax Uj4.
J,aij 70 J#1,a57#0
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Otherwise, (5.8a) holds trivially. Then, on the one hand, according to (5.7a), we have
q; 4(ai;T — dij(T — Aij)) [U; —vI]gsq 20 forall 1< <N andall ujq < v < max(0,u;q)
because, if a;; > 0

q/ 4(ai;T — dij (T — Aiy)) [Uj = vI]qia = (aij — dij) (@0 — v) +di; q; ¢Ai;[U; — vI]qsa > 0
<0 <0 >0

due to the min—max theorem, i.e., 4; 4 < ujq4 < v, and otherwise

q; (ai;T — dij (T — Aij))[Uj — vI]qia = (aij — dij) (05,0 — v) + dijq, 3 Ai;[U; — ollqig > aij (4 —v) > 0.
N N—

<0 <0

On the other hand, the first condition of (5.7a) leads to

q; (i + Z dij (T — Aij)) [Us — vI]qi,a = (@i + Z dij) (uia —v) — Z dija; ¢ Aij [Ui — vI] g

JFi i i
> (s + ) dij(1 = afF™)) (w0 = v).
J#i
Therefore, using v = max (0, @***), multiplication of (5.9) from left and right by ql-Td and q; ¢ yields
> (X ) 08 s+ 34— ) s~ 0,52
>0 >0

Thus, the maximal eigenvalue is bounded above by max(0, a}"**) if §; 4 < 0. The other maximum principles of
(5.8) can be proved similarly.

Obviously, the proofs are also valid in the case of the scalar limiting operators defined in Sections 3 and 4.
Thus, the requirements G; = 0 and G; < 0 of (3.20) are sufficient, but not necessary, and can be replaced by
ng = 0 and Qm < 0.

5.8.2. Global discrete mazximum principles

Using (5.7), it is also possible to derive the global discrete maximum principles

< jd - J; < ] < ) .
0id <0 = u;q < max(O,lrgr;a%XN{u],d Gj,d > 0}) forall 1<i< N (5.11a)
Gin 20 = u; > min(O, min, {1191 < 0}) forall 1<i<N,  (5.11b)
Za” =0and §iq <0 = u;q < 1H232XN{U] d:95d>0o0ry a; > 0} forall 1<i< N, (5.11c¢)
J
Zaij =0and §;1 20 = u;1 > 1g;i<nzv{uj’1 2gj1 <0or ) a; > O} forall 1<i<N. (5.11d)

J

If the set on the right-hand side is empty, there exists no meaningful maximum principle. However, corresponding
estimates regarding strongly enforced (Dirichlet) boundary conditions as considered in the scalar case in [7]
remain valid. The corresponding proof is very similar to the one presented below, which is inspired by [7,14].

To prove (5.11a), let us focus on a fixed but arbitrary node ¢, such that u; 4 is the global maximum of maximal
eigenvalues and §; ¢ < 0. If there is no such node, we are done. Otherwise, we define

J={1<I<N:4=mu;q4and g4 <0}
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In particular, we have u; 4 = 4;,q = u; 4 and u; 4 also coincides with the global maximum for all [ € J because
q'Vq < vy for all normalized vectors g € R? and V € S;. Hence, conditions (5.7a) are valid for all [ € J.
Similarly to the derivation of (5.10), we choose v = u; ¢ = u; ¢ (replace max(0, @***) by u; 4) and obtain

Zalj wat Y (ay—dy)(@ga—wa)+ Y @y (e — )
——

Jj#l,a1;>0 j#lval]‘<0:a

=iy,
= (Z ai; — Zalj + Z dij)ur,a + anjﬁj,d
j J#l J#la;;>0 J#l
= a”+ Z dl] uld+Zalju]dealju]dffld foralll € J,
J#la;;>0 J#l
=:411>0

where (i) a;; < min(0,a;;) if j #  and (ii) ).

J
Thm. 5.2) there exists ¢ € J such that > ._;a,; > 0 due to the positive definiteness of A, (i), (ii), and

a;; = Zj ajj > 0 for all [ € J. Then, similarly to ([14], proof of

JjeJ
0<Cum (Z 1) D= ay+ Y (g —ay) < Yy
e L€ Ljes  lenjgl T ljes

Finally, introducing w = max{;q : j ¢ J}, we find that
Uj,d Z a,j = Z Qyjlj.a = fia— Z Q0.0 < Gua — W Z 4,; < max(0,w) Z Gy
j€J jet jgJ igJ jet

Hence, u; ¢ < max(0,w) and (5.11a) holds. The other inequalities of (5.11) can be shown in a similar vein.
Let us now show that requirements (5.7) are valid for the tensorial limiter defined by (5.1) and (5.5): If
v > u;,q and u; g is a local maximum (implies o554 = 0 due to (5.5)), conditions (5.7a) hold due to

qdeSZ-j (Ul — UI)qZ-,d = aijyd(uiyd — U) = 0, (5.12&)
q; ¢S;i(U; — vD)ai,a = q; ¢S;idi,a(tia — v) = &ji.a(uia — v), (5.12b)
q;':dSij( —vl)q;.a = @ij,49;, d(U —vI)q; 4 =0, (5.12¢)
d
q,48;i(U; —vDaia = 4,4Q;8;iQ] Q;(U; —vD)Q) aia = Y (4 4qjk)” jik (e — v)
] ——— " ——
>0 €0,1] <0 (5.12d)

d
> (@ gq0) (i — 0)(a) 1 0.a) = 9, 4Q; (U5 = vD)Q] qig = ti.0 — v,
k=1

where &;; q = q;':deiqiyd < 1 due to Sj; < I. Similarly, conditions (5.7b) can be shown and therefore the
tensorial limiting operator satisfies the local and global DMP properties.

6. TWO-NODE TENSORIAL LIMITING

After considering the two-node extension of the scalar limiter, an obvious way of extending the one-node
tensor limiter is to set

A (U)[U; — U] = %((Ui — U;) min(S;;, S;;) + min(S;;, S;:)(U; — Uj))

if a;;,a;; > 0. While the Lipschitz continuity of this limiter can be shown by exploiting the basic ideas used
before, the preservation of local maximum principles is not provable.
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As an alternative, we consider a two-node limiting strategy which uses the product of tensorial correction
factors. Since U; and S;;, as well as U; and S;; are simultaneously diagonalizable, the matrix multiplications
U;S;; and U;S;; are commutative and we can define

= 384(Ui = U;)S;i + 58;:(U; — U;)Sy;.
Note that this definition coincides with (5.1) if a;; < 0 or aj; < 0 as in the scalar case. For the Lipschitz
continuity (especially if a;;,a;; > 0), similarly to (5.4), we have

[ A (U)[U; = Uj] = Ay (U)[U; = Ul |

= 31/(Si;Wi;Sji + 8;iWi;Sij) — (SiyWi;Sji + S;sWi;Sis) |

< 3[|(8i = Sij)WiiSji + 8 Wi (Si — Sij)[| + 5[1Si (Wi — Wij)Syi + 8i(Wi; — Wij)Sis | (6.2)
+ 5[[Siy Wi (Sji = Sji) + (Sji — S;0) Wi;Sij |
1Si5 = Sisll2lIS;ill2l Wiz lle + Ssll2[1S;ill2l[Wij — Wislle + 1S5 — Sjill2l| Sl Wl

<
<3| Wi — Wijlle + [[Ai; — Agjlla + |Aji — Ajille + | Bij — Bij| + |Bji — Bjil

if U; # Uj; and U, # I_Jj. The other case can be handled as before. Therefore, the two-node tensorial limiter
defined by (6.1) is Lipschitz continuous if A;; and B;; are Lipschitz continuous. Furthermore, the coercivity of
the AFC problem can be shown as in (5.2)

V,S;;VS;i)r

(V.(Z—-Aip)V])p = (V,V)r — 1(V,Si;VS;i)r + 5(V,S;iVSij)r = (V, V)p

P , ; ~( (6.3)
= VI = VIS5 VSyille = [ VIIE — [ISi;ll2l1Sill2[ VIE = 0

if ai;j, a;; > 0 and a solution of the nonlinear discrete problem exists. The solution satisfies the relevant maximum
principles for the range of eigenvalues, because the sufficient conditions (5.7) are fulfilled: For example, if u; 4
is a local maximum of maximal eigenvalues and a;;,a;; > 0, we have ;54 = 0 and

q; ¢Si;(U; — v1)S;iqi,a = aija(uia — v)a; ¢Sjidia =0,

T T for all v € R.
q;,45i;(U; — vD)S;idi a = @ij,aq;,(U; — vI)S;i05,4 = 0

Therefore, (6.1) defines a reasonable extension of the one-node tensor limiter, which is Lipschitz continuous and
satisfies maximum principles for the range of eigenvalues.

7. DUAL LIMITING

So far, we have added artificial diffusion to the system matrix A to enforce sufficient conditions for local
maximum principles and applied limited antidiffusive fluxes to reduce discretization errors while preserving the
eigenvalue range. As we have seen, the optimal choice of the limiting strategy depends on the sign of the matrix
entries a;; and aj;. For instance, the limiting operator presented in the previous section identifies node ¢ as
an untroubled node and applies a one-sided limiter if a;; < 0. In the case a;; > 0 and a;; > 0, a two-node
limiter is invoked regardless of the magnitudes of a;; and a;;. While two-node limiting is certainly appropriate
for symmetric operators (a;; = aj; > 0), it is hardly optimal in the case 0 < min(a;;, aj;) < max(ai;,a;;) in
which a large percentage of the antidiffusive flux could be handled using a one-node limiter without posing
any hazard to the other node. Moreover, a different limiting strategy is selected whenever the sign of a;; or aj;
changes. Hence, the outcome of composite limiting does not depend continuously on the coefficients of A (small
variations of a;; may lead to significant changes in the magnitude of the limited antidiffusive flux).

To avoid this drawback, we construct and limit the artificial diffusion operator using a decomposition
of the system matrix A into two parts. The first one is a symmetric matrix with off-diagonal entries
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a;; = max(0, min(a;;,a;;)) and calls for the use of a two-node limiting strategy. The second one contains
the remainder and satisfies condition (3.1) that is used in the proof of (local) maximum principles for one-node
limiters. This splitting is based on the idea of “‘prelimiting” in the context of upwind-biased AFC schemes for
scalar transport equations [16], Section 7.4.

The dual limiting approach that we propose in this section is a generalization of prelimiting. The diffusion

matrix D' = (dj;)N;_, that transforms A into a form suitable for one-node limiting is defined by

d;; = max (0, min(aij,a;,)) =0 forall i#j, dj:=-> di; <0. (7.1)

This definition corresponds to the algebraic splitting A = A" + A", where A’ = D’ and A” = A — D’ satisfies
condition (3.1). Next, we transform A” into an M-matrix or, equivalently, a Z-matrix whose real eigenvalues
are positive. This guarantees that all components of its inverse are nonnegative and is a helpful tool for proving
discrete maximum principles. To achieve the M-matrix property, we apply the artificial diffusion matrix D" =
(d;)Y;=, defined as in (2.11) in terms of the coefficients af; and af;. The off-diagonal entries of A — D" — D"
satlbfy

aij —di; —d; <0 and aj; —di; —di; <0 forall 1<i,j<N,i#j

while the diagonal entries are positive due to the positive definiteness of A and the definition of D’ and D”.
Then the M-matrix property follows from the fact that every real eigenvalue of A — D’ — D" is positive. Indeed,
let A be a real eigenvalue of A — D’ — D" corresponding to the normalized eigenvector x € RY. Then we have

A=z (A=D =D"w=a"Av+ Y xi(dj+d}y)(w:i—x;) > Y (d; +dj;)(wi —2;)> >0

.3, JF4 4,9, J<i

by virtue of (2.9). Furthermore, the artificial diffusion operator D = D’ 4+ D" is the same as the one that we
used before. However, we now have the option of constraining the antidiffusive fluxes corresponding to D" using
a one-node limiter, while using a two-node limiter for fluxes corresponding to D’. Clearly, the so-defined dual
limiting algorithm is less restrictive than the previously considered two-node and composite limiters. If A is
symmetric or skew symmetric (leading to D’ = 0 or D’ = 0) then the dual limiting approach will automatically
select the optimal limiting strategy (one-node or two-node) for antidiffusive fluxes associated with the nontrivial
part of D. In general, the prelimited AFC system reads

ZaUU F (T~ AU — U+ d(2— Af)U, — Uyl =G, forall 1<i<N, (7.2)

where the different branches of the limiting operators A and .A are selected depending on the entries of A and
A’ = A— D', respectively. The DMP properties can be shown by extendmg the above proofs in a straightforward
manner. The unsplit version of a given limiter for D = D" 4 D" corresponds to the case A}; = A7.

8. NUMERICAL EXAMPLES

In what follows, we analyze the proposed limiting techniques and illustrate their benefits and drawbacks using
numerical studies for two stationary benchmarks: The first one deals with pure advection, which is optionally
stabilized using the streamline upwind Petrov-Galerkin (SUPG); the second one represents an elliptic problem
dominated by anisotropic diffusion. In both cases, the spatial domains are two-dimensional, while the dimension
of the tensor quantity is 3 x 3.

The numerical solution to system (7.2) is marched to the steady state using the implicit Euler method with
the lumped mass matrix. The resulting nonlinear system of each pseudo time step is solved numerically using
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a fixed point iteration method in which the limited antidiffusive terms are calculated using the data from the
previous iteration, i.e., for every 1 < s < .S and for all 1 <17 < N we solve
m U 4 A Z(aij - dz’j)U?H’SH
J

= m U} + AtG; + At Y (dj; A (U™TH*) + d AL (U™H)) U0 — Uy

(8.1)

J

Here, S € N is the total number of fixed point iterations, At > 0 is the pseudo time increment and m; is
the ith diagonal entry of the lumped mass matrix. The default initial condition for the fixed point iteration
is U"Th1 == U" where U™ is the solution from the last time step. If this procedure converges, we have
U?H’SH = U?H’S U? for all 1 <4< N and the resulting solution satisfies problem (7.2) due to

Atz (aij — dij)UTTH = AtGy + At Y (diy Al (UMTH5) + dfy AL (U TH9)) [UpthS — gt hs),
J

Since we are just interested in the steady state solution, it is worthwhile to terminate the fixed point loop after
one cycle, i.e., we set S = 1, and update the solution just once per time step without checking the convergence
criteria. Thus, the number of pseudo time steps (or final time T') is an indicator for the degree of nonlinearity
and Lipschitz constant of the method under investigation.

In view of the above considerations, the solution to (7.2) can be computed using the following algorithm:

(0) Let U° = (U)X, be a suitable initial approximation (e.g. U? = 0) and At a pseudo time increment chosen
sufficiently small. For n = 0,1,..., perform the following steps:

(1) Depending on the choice of the limiting operator A;;, calculate the correction factors a;; or (ayj )%, for
Aj; and A7 using U = U™ by (3.16) or (5.5), respectively.

(2) Compute the stationary residual

P=Gy— > (ay — dy U"+Z (di; AL (U™) + dLAL(U™) [UF = U7 forall 1<i< N

using the limited differences Aj;[U}' — U%] and AJ;[U} — U]
(3) Solve the linear system of equations to determine the solution update

> (aij — dij) AU} = AtR} forall 1<i< N,
J
(4) Update the solution
Ut =U? + AU? forall 1<i<N.

In the description of numerical experiments, we use the following abbreviations for the proposed meth-
ods/limiters

low order Galerkin method with artificial diffusion (2.11)
Galerkin Galerkin method (without stabilization)
SUPG Galerkin method with SUPG stabilization

AFC method (7.2) using limiter (4.1)
AFC method (7.2) using limiter (6.1)

scalar limiter
tensor limiter

1D 1 1D 1D

where the correction factors are calculated using (3.16) and (5.5) for the scalar and tensor limiter, respectively.
If not mentioned otherwise, the parameters p and ¢ are chosen to be p = ¢ = 2 while ¢ = 10759 is used in
the denominator of the correction factors to avoid divisions by zero. In the case of an AFC method, the target
scheme can be either the standard Galerkin method or SUPG (specified each time).
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(A) Domain Q with velocity field v = (—z2,21)"  (B) Mesh on level 2 (32 cells and 25 nodes).
and inflow boundary I'iy.

FIGURE 2. Circular convection: Geometry of the domain with velocity field and illustration of
uniform triangulation.

8.1. Circular convection

Let the tensorial extension of the stationary circular convection problem (cf. [11]) be given by
div(vU) =0  in Q= (0,1),
v(vU) o (0, 1) where v = (—29,21) ", (8.2)

U=U;, onTly, =1[0,1 x {0}uU{1} x [0,1],

where Iy, = {s € 9Q : v(s) - n(s) < 0} is the inflow boundary of the domain Q depending on the direction
of v and that of the outward unit normal vector n. Then the inflow boundary condition Uy, : Ty, — Sy is
convected around the center of the vortex which is located at the lower left corner x* = (0,0)" of Q (see
Fig. 2a). Consequently, the exact solution U : Q — S; depends only on the distance r = ||x — x*||3 = ||x||2 from
the origin and is uniquely defined by the inflow boundary condition Uj,.

The Galerkin discretization including weakly enforced Dirichlet/flux boundary conditions leads to the fol-
lowing system of equations for the nodal values u; ¢ of tensor entries (c¢f. [19])

Zaijuj,ke = Gi ket for all 1 é ? g Na
J

a;j = —/ grad(y;) - v; dx +/ v-np;p;ds, gk = 7/ Uin ke@iV - 1ds, (8.3)
Q Tout r

in

where ¢; and ¢; are scalar trial and test functions of the continuous and piecewise linear finite element space
Vi, = span{e1,...,pn} with dimension N and Ty = '\ T, is the outflow part of the boundary I' := 9.
Thanks to the solenoidal velocity field, 4.e., div(v) = 0, the system matrix A € RN*¥ is positive semidefinite
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E Ui jUj = —/ grad(up) - vup, dx —|—/ u%v -nds
— Q
i,

l—‘out

= —%/ div(vu%)dx—l—/ uiv-nds
Q Tout

1/ 2 1 2 1 2
=—3 uv-nds—i—f/ uv~nds:f/u|v-n|ds>0
2 h ] 2 h\ L D) h =
DCin <0 Tout >0 r

= =

for all scalar finite element functions u; € Vj;, with degrees of freedom wu;. Equality holds for all functions
vanishing on the boundary.

The resulting discretization is unstable so that the solution can exhibit high-frequency oscillations inside the
domain. This can be avoided, e.g., by adding streamline upwind Petrov Galerkin (SUPG) stabilization to the
system matrix. The corresponding stabilization matrix S = (Sz‘j)gj:l is defined by [12,27,28]

i = / 7(v - grad ;) div(ve;) dx, (8.4)
Q

where the SUPG parameter 7 := h(2||v|2 +¢)~! > 0 depends on the diameter h = diam(K) of the element K
and a small number € > 0 to avoid divisions by zero. In the numerical studies below, we use € = 10750 as in the
denominator of the correction factors. If div(v) = 0, the stabilization matrix defined in this way is symmetric,
has vanishing row and column sums, and is positive semidefinite, because for any scalar finite element function
up, € Vi, we have

E UiSijuj = / 7(v - gradup,) div(vuy,) dx = / (v - gradup)?dx > 0.
— Q Q
0.

Since the system matrix A is not positive definite in the case of stationary divergence-free advection (with
and without SUPG stabilization), the above analysis is not directly applicable to our hyperbolic model problem
(see [30], Sect. 2.2 for the classification of first order systems of PDEs). However, due to the use of a pseudo
time stepping method, the contribution of the lumped mass matrix associated with the pseudo-transient makes
A positive definite and, hence, guarantees the existence of a solution in each pseudo time step.

In this benchmark, we choose At = 10~* and abort the simulation if the pseudo time reaches 100 or the
relative error between two consecutive approximations becomes smaller than 10~*. The initial condition for the
pseudo time stepping approach is given by a scaled identity tensor such that the trace corresponds to that of the
inflow boundary condition, 7.e., Uy = %I. Unless stated otherwise, the computational mesh is generated by 7
successive refinements of a uniform triangular mesh consisting of two elements. In each refinement cycle every
cell is split into 4 triangles with nodes given by the vertices and midpoints of the edges of the coarse element at
hand. The obtained triangulation is denoted by ‘level 7’ (consisting of 2-47 = 32768 cells and (28 +1)2 = 16 641
nodes; see Fig. 2b) and may be randomly perturbed after the last refinement.

8.1.1. Discontinuous solution

To begin with, the inflow boundary condition is chosen as a piecewise constant tensor quantity defined by

U, :O<T<%,
U, :%<r<%,
U=(U; :2<r<g,
Uy :%<r<%,
Us @ §<r<v2,
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where the constant parts and their eigenvalue decompositions are given by

100
Uy=3|010],

001

3224 0 430\/200 430
Uy=+(24180 | =1[3-40 000 )%(3-40],

0 025 005/\004% 005

1 —10 V2 V2 0\ /000 V2 V2 0
Ug=3i(-110])=v2-v20][020]|i(v2-v20],

0 01 0 0 2/\003 0 0 2

110 V2 V2 0\ [300) (V2 V20
Up=3{ 110 ) =3|v2-v20 || 000 )5{v2-v20 ],

001 0 0 2/\o0o01% 0 0 2

111 V2 V31 100 V2 V2 V2
Us=21l111]=%|v2-v31 ||000]|%(3-v3 0

111 V2 0 =2 000 1 1 -2

These data are defined in such a way that the trace is identically 1 on the inflow boundary Ty, and the eigenvalues
are bounded by 0 and 1. Due to the solenoidal velocity field, these properties are preserved inside the domain ).
The discontinuities are chosen so as to demonstrate the ability of numerical methods to handle different scenarios:
Uj is characterized by the fact that its minimal and maximal eigenvalues coincide. The discontinuous transition to
U, produces a tensor with distinct eigenvalues. At the discontinuity separating Uy and Uz the eigenvectors corre-
sponding to the minimal and maximal eigenvalue are interchanged and slightly distorted, whereas the eigenvectors
of the swapped eigenvalues of Uz and U, are exactly the same. In fact, the structure of the jumps between Uy and Uy
corresponds to a two-dimensional tensor problem because u1,;; = ug4; = us,; if ¢ = 3 or j = 3 and the eigenvalue
corresponding to the eigenvector (0,0,1) T is located between the other eigenvalues (this eigenvalue does not affect
the upper and lower bounds for correction factors). Finally, U and Usj possess the same eigenvector (1, —1,0)"
corresponding to the minimal eigenvalue 0 while the remainder differs.

Figure 3 shows the minimal and maximal eigenvalues produced by different methods on the uniform mesh
without using any limiter. As already mentioned, the Galerkin method is highly unstable and the convergence
to the exact solution cannot be guaranteed. In this case, the solution exhibits high-frequency oscillations, which
violate local maximum principles for the range of eigenvalues. These oscillations are damped and clustered
around the discontinuities if SUPG stabilization is applied (see Fig. 4a). The low order counterpart of the
Galerkin method (that is the scheme derived by adding an artificial diffusion operator D to the stiffness matrix
A of the Galerkin discretization) generates enormous amounts of artificial diffusion. Local maximum principles
for the range of eigenvalues are satisfied and no oscillations appear in the solution.

Along the streamline, the minimal and maximal eigenvalues move towards the intermediate eigenvalue while
the trace is preserved. For r < 0.8, there is no discontinuity in the intermediate eigenvalue and the corresponding
eigenvector. Thus, the artificial diffusion does not affect this part of the tensor field and the maximal eigenvalue
decreases in the same way as the minimal eigenvalue increases due to the constant trace (see Fig. 4a). In
Figure 4b, the behavior of the proposed limiting techniques is illustrated. If the Galerkin method is used as
the AFC target, the system matrix A is skew symmetric in the interior of the domain (due to divergence free
velocity field v), D’ = 0, and there is no need for using a two-node limiter. Both limiters produce nearly the
same results at the first three discontinuities (r < 0.7). At the last discontinuity, where the eigenvector of the
minimal eigenvalue does not change, scalar limiting is less accurate and the solution is comparable to the low
order approximation (see Fig. 4a). This loss of accuracy occurs, because there is no discontinuity in the minimal
eigenvalue (and the corresponding eigenvector) and artificial diffusion only affects the other two eigenvalues.
Thus, the minimal eigenvalue stays constant, the corresponding correction factor is zero, and the synchronization
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(A) Minimal eigenvalue of low order solution.  (B) Maximal eigenvalue of low order solution.
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(E) Minimal eigenvalue of SUPG solution. (F) Maximal eigenvalue of SUPG solution.

FIGURE 3. Circular convection (discontinuous test): Eigenvalue range of the low order and
Galerkin solutions on the uniform level 7 mesh. Overshoots and undershoots are plotted in
magenta.
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(B) Limited Galerkin and SUPG solutions.

FI1GURE 4. Circular convection (discontinuous test): Cutline z; = 0 profiles (¢f. Fig. 2a) and
zooms of eigenvalues corresponding to different numerical solutions on the uniform level 7 mesh.

of the correction factors corresponding to the minimal and maximal eigenvalue (¢f. (3.12) and (3.16)) results in
a vanishing antidiffusive flux.

On the other hand, scalar limiting has the benefit that the intermediate eigenvalue is controlled implicitly,
too, due to the preservation of the constant trace and maximum principles for the other eigenvalues (three
conditions for three eigenvalues). Therefore, the intermediate eigenvalue does not oscillate and stays stable.
In contrast to this, the tensor limiter ignores the trace so that high-frequency oscillations can occur in the
intermediate eigenvalue without violating maximum principles for the range of eigenvalues.

If the target method is stabilized using SUPG, a symmetric, positive semidefinite operator is added to the
system matrix and a two-node limiter is mandatory for a bound-preserving method. As a result, spurious
oscillations of the intermediate eigenvalue vanish if tensorial limiting is applied. Additionally, variations of the
trace are reduced, but not removed completely (see Tab. 2) and the method is still incapable for enforcing the
trace preservation.

Table 2 summarizes the most important data of this example on the uniform and distorted meshes (disturbed
on final level 7). Here, e.g., L' —||-||r denotes the L! norm of the Frobenius error defined as a function depending
on x. As expected, the tensorial limiting technique (6.1) is not able to keep the trace constant. However, due
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TABLE 2. Circular convection (discontinuous test): Errors of different numerical solutions on
the uniform and distorted level 7 mesh.

Method L' —-lle L2=Q-le L' =1ll-llz L=l tr—| -]l
Galerkin  Low order 9.81e-2 1.56e-1 6.99¢e-2 1.11e-1 0.00
uniform High order 3.60e-2 6.66e-2 2.62e-2 4.79e-2 0.00
Scalar 5.65e-2 1.09e-1 4.00e-2 7.74e-2 0.00
Tensor 2.45e-2 7.48e-2 1.78e-2 5.36e-2 5.46e-2
Galerkin  Low order  9.88e-2 1.56e-1 7.04e-2 1.11e-1 0.00
distorted High order 4.25e-2 7.09e-2 3.16e-2 5.16e-2 0.00
Scalar 5.77e-2 1.11e-1 4.08e-2 7.83e-2 0.00
Tensor 2.62e-2 7.65e-2 1.92e-2 5.50e-2 7.43e-2
SUPG Low order  1.12e-1 1.69e-1 7.98e-2 1.20e-1 0.00
uniform High order 2.67e-2 7.50e-2 1.89e-2 5.31e-2 0.00
Scalar 6.79e-2 1.21e-1 4.82e-2 8.58e-2 0.00
Tensor 3.38e-2 8.73e-2 2.46e-2 6.25e-2 3.10e-2
SUPG Low order  1.16e-1 1.73e-1 8.30e-2 1.23e-1 0.00
distorted High order 2.76e-2 7.66e-2 1.95e-2 5.42e-2 0.00
Scalar 7.22e-2 1.25e-1 5.12e-2 8.87e-2 0.00
Tensor 3.81e-2 9.28e-2 2.80e-2 6.70e-2 4.96e-2

to fewer constraints, it produces the most accurate results. The behavior of the methods under investigation
remains unchanged if the mesh is distorted.

8.1.2. Smooth solution

To analyze the accuracy and convergence behavior of the proposed AFC methods with respect to variations
of parameters and mesh refinement, we replace the discontinuous inflow boundary condition by the smooth
function

sint  cos7 0 sin 7 0 0 sin¥ cos7 0
U= |cos# —sin7 0 0 1—sin70 cos? —sin7 0 T = 27,
0 0 1 0 0 0 0 0 1

As the mesh is refined, the SUPG approximation exhibits second-order convergence to the exact solution on
uniform and distorted meshes alike (see Tab. 3). While the unstabilized Galerkin method achieves the same
behavior on the uniform mesh, the order of convergence decreases to approximately 1.3 on the distorted mesh
for the considered L' integral of the Frobenius error norm. Note that this is not obvious, because there is no
guarantee that the Galerkin approximation converges at all. To discuss the convergence behavior of the proposed
AFC methods, the tensor limiter (6.1) using different parameters p and ¢ is considered as an example. This
limiting technique is not able to achieve the same convergence behavior as the high order methods and falls
back to first order of accuracy if the parameters are too small with respect to the mesh size. As we increase p
and ¢, the order of convergence of the AFC solution approaches that of the Galerkin/SUPG solution. However,
mesh refinement requires simultaneous adjustment of the parameters. In contrast to [6], relatively large values
must be used to achieve the optimal convergence behavior, because there exists no lower bound for ¢ which
guarantees that the method is linearity preserving.

An increase in ¢ produces larger correction factors and has a stronger positive impact on the accuracy of
numerical solutions than an increase in p (see Fig. 5), but requires a larger number of pseudo time steps to obtain
a converged solution. Even in the scalar case, there is a direct relationship between the amount of numerical
diffusion and numbers of outer iterations/pseudo time steps.
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(B) final pseudo time T

FIGURE 5. Circular convection (smooth test): Influence of the parameters p and ¢ on (A)
L' — || - ||g error and (B) final pseudo time for the SUPG method limited by the tensor limiter
on the distorted level 7 mesh.
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(A) Domain Q with Dirichlet boundary I'. (B) Mesh on level 0 (160 cells and 100 nodes).

FIGURE 6. Anisotropic diffusion: Geometry of the domain and illustration of uniform triangulation.
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TaBLE 3. Circular convection (smooth test): Convergence of the L' integral of the Frobenius
error norm (L' — || - ||g) for different numerical solutions with Galerkin and SUPG as AFC
target on the uniform and distorted mesh.

Mesh Uniform mesh Distorted mesh
level Galerkin SUPG Galerkin SUPG
Error EOC Error EOC Error EOC Error EOC
High order 3 3.18e-2 8.64e-2 4.66e-2 8.90e-2
4 7.19e-3 2.14 1.35e-2 2.68 1.25e-2 1.90 1.61e-2 2.47
5 1.76e-3 2.03 1.91e-3 2.82 5.02¢-3 1.32 2.91e-3 2.47
6 4.41e-4 2.00 3.28e-4 2.54 1.58e-3 1.67 6.04e-4 2.27
7 1.11e-4 1.99 7.07e-5 2.21 7.70e-4 1.04 1.42e-4 2.09
Low order 3 2.66e-1 2.92e-1 2.68e-1 2.93e-1
4 1.88e-1 0.50 2.23e-1 0.39 1.91e-1 0.49 2.29e-1 0.35
5 1.19e-1 0.66 1.51e-1 0.56 1.20e-1 0.66 1.59e-1 0.53
6 6.92e-2 0.78 9.18e-2 0.72 7.03e-2 0.78 9.81e-2 0.69
7 3.80e-2 0.87 5.17e-2 0.83 3.86e-2 0.87 5.57e-2 0.82
Tensor p = q = 2 3 1.28e-1 2.05e-1 1.35e-1 2.10e-1
4 6.33e-2 1.02 1.10e-1 0.90 6.72e-2 1.01 1.19e-1 0.82
5 3.10e-2 1.03 5.81e-2 0.92 3.30e-2 1.03 6.44e-2 0.88
6 1.51e-2 1.04 3.01e-2 0.95 1.61e-2 1.04 3.33e-2 0.95
7 7.44e-3 1.02 1.52e-2 0.99 7.89e-3 1.03 1.70e-2 0.97
Tensor p=q¢=2>5 3 8.08e-2 1.41e-1 9.09e-2 1.51e-1
4 3.38e-2 1.26 5.44e-2 1.37 3.92e-2 1.21 6.12e-2 1.30
5 1.64e-2 1.04 2.73e-2 1.00 1.86e-2 1.08 3.07e-2 1.00
6 8.44e-3 0.96 1.50e-2 0.87 9.51e-3 0.96 1.64e-2 0.90
7 4.37e-3 0.95 8.08e-3 0.89 5.00e-3 0.93 8.91e-3 0.88
Tensor p =q =10 3 6.73e-2 1.17e-1 7.92e-2 1.24e-1
4 2.26e-2 1.57 3.33e-2 1.81 2.88e-2 1.46 3.91e-2 1.66
5 1.04e-2 1.11 1.49¢-2 1.16 1.26e-2 1.19 1.72e-2 1.18
6 5.49e-3 0.93 8.39%¢-3 0.83 6.48e-3 0.96 9.15e-3 0.91
7 2.94e-3 0.90 4.71e-3 0.83 3.61e-3 0.84 5.22e-3 0.81
Tensor p = q¢ = 50 3 6.12e-2 1.08e-1 7.61e-2 1.13e-1
4 1.64e-2 1.90 2.17e-2 2.32 2.55e-2 1.58 2.55e-2 2.16
5 5.30e-3 1.63 5.71e-3 1.93 8.89%¢-3 1.52 6.91e-3 1.88
6 2.18e-3 1.28 2.43e-3 1.23 3.52e-3 1.33 2.99e-3 1.21
7 1.09e-3 1.00 1.21e-3 1.01 1.87¢-3 0.91 1.42e-3 1.08

8.2. Anisotropic diffusion

The second benchmark is a tensorial extension of the anisotropic diffusion problem considered by Lipnikov
et al. [18]. In this example, a two-node limiting technique must be used to preserve maximum principles. The
computational domain is the unit square with a rectangular hole in the middle (¢f. Fig. 6a). Two different
constant boundary conditions are imposed on the outer and inner boundary I'g and I'y, respectively. The
exact solution varies between both values in a smooth and monotone way. The proposed tensor version of this
benchmark reads

—div(Dgrad U) =0 in Q= (0,1)*\[%,2],
U=Us; onTy=1{0,1} x [0,1]U[0,1] x {0,1}, (8.5)

U=0Us  onTi={5}x[5.5 Vs 5l {55}
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0.11 1.0
0.08 0.8
0.06 0.6
0.04 0.4
0.02 0.2
0.00 0.0
(A) Minimal eigenvalue of reference solution (B) Maximal eigenvalue of reference solution
(Galerkin on level 6). (Galerkin on level 6).
0.11 l 0.11
0.08 = 0.08
0.06 = 0.06
0.04 I 0.04
0.02 I 0.02
0.00 0.00

(¢) Minimal eigenvalue of low order level 2 so- (D) Minimal eigenvalue of Galerkin level 2 solu-
lution. tion; minimum value is —4.38e—5.

FIGURE 7. Anisotropic diffusion: Eigenvalues of a reference solution and minimal eigenvalue of
the low order and Galerkin solution on the uniform level 2 mesh. Overshoots and undershoots
are plotted in magenta.

where the anisotropic diffusion operator D is given by

_ (0050 sin 9> (100 0) <c050 sin 9) g— "

~ \sinf —cosf 0 1)\sinf —cosh )’ 6
and Us and Us are defined as before (see Fig. 7a and b). The domain is discretized using a uniform mesh of
2-(9-2%)2 —2.(22)? = 2560 triangles and (9-22 +1)% — (22 —1)2? = 1360 nodes (level 2; see Fig. 6b). Using linear
finite elements and a continuous Galerkin method with strongly enforced boundary conditions, the eigenvalues
of the unconstrained Galerkin solution violate the analytic bounds (see Fig. 7d). Optical irregularities are due
to visualization effects on the coarse mesh with mesh size h = 3—12 While the corresponding low order method
reproduces the solution very accurately along the diagonal where x1 = x5, the solution is smoothed along the
orthogonal direction.

In this case, the scalar and tensorial limiting techniques produce comparable results with respect to their

accuracy (see Fig. 8). While the AFC solution using the tensor limiter with parameters p = ¢ = 2 exhibits some
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. 0.11
= 40.08

- - 0.06

0.00 0.00

(A) Scalar limiter using p = ¢ = 2. (B) Tensor limiter using p = ¢ = 2.

0.00 0.00

(C) Scalar limiter using p = ¢ = 5. (D) Tensor limiter using p = ¢ = 5.

FIGURE 8. Anisotropic diffusion: Minimal eigenvalues corresponding to different AFC solutions
on the uniform level 2 mesh.

artifacts on the diagonal z; = x5, the minimal eigenvalue of the scalar limiting approximation has a pronounced
local extremum. As we increase the values of the limiting parameters p and ¢, both approximations approach
the Galerkin solution without generating undershoots on any mesh. While the peak in the minimal eigenvalue
of the scalar limiting solution for p = ¢ = 5 stays more pronounced than the one of the Galerkin approximation,
the opposite is the case when the tensor limiter is applied.

The AFC approach using the scalar limiting technique produces very accurate results for problem (8.5), but
it falls back to the low order method if the inner boundary condition is replaced by Uy. In this case, the inner
and outer boundary condition possess the same minimal eigenvalue and the same corresponding eigenvector.
Hence, the scalar correction factors are set to zero (c¢f. Sect. 8.1.1).

9. CONCLUSION

In this paper, we proposed nonlinear algebraic flux correction schemes for constraining finite element approx-
imations to symmetric tensor quantities in a manner which guarantees that the range of eigenvalues satisfies
customized maximum principles. Starting with a simple scalar approach, a more robust extension based on
tensorial correction factors was derived.
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The proposed algorithms are applicable to general positive definite system matrices and theoretically sup-
ported by proofs of local and global maximum principles and their Lipschitz continuity.

Numerical experiments show that scalar correction factors can be too restrictive due to risky synchronizations
of the correction factors corresponding to the minimal and maximal eigenvalue. Tensorial limiters overcome this
drawback by introducing individually chosen correction factors for each eigenvalue and, thus, tend to produce
better results. However, currently the scalar limiting procedure is the only approach, which also preserves a
constant trace by definition.

Unfortunately, there seems to be no way to define the involved parameters of the limiters a priori so that
the AFC method is linearity preserving and a high order of convergence can be guaranteed on general meshes.
Further work is required to resolve this issue. Additionally, appropriate solvers should be designed to reduce
the number of costly fixed point iterations in each pseudo time step.

Acknowledgements. The author would like to thank Dmitri Kuzmin (TU Dortmund University) for fruitful discussions
on the definition of promising limiting techniques.

REFERENCES

[1] S.G. Advani and C.L. Tucker, III, The use of tensors to describe and predict fiber orientation in short fiber composites.
J. Rheol. 31 (1987) 751-784.

[2] M.C. Altan and L. Tang, Orientation tensors in simple flows of dilute suspensions of non-Brownian rigid ellipsoids, comparison

of analytical and approximate solutions. Rheologica Acta 32 (1993) 227-244.

S. Badia and J. Bonilla. Monotonicity-preserving finite element schemes based on differentiable nonlinear stabilization. Comput.

Methods Appl. Mech. Eng. 313 (2017) 133-158.

[4] G.R. Barrenechea, E. Burman and F. Karakatsani, Edge-based nonlinear diffusion for finite element approximations of con-
vection.diffusion equations and its relation to algebraic flux-correction schemes. Numer. Math. 135 (2017) 521-545.

[5] G.R. Barrenechea, V. John and P. Knobloch, Analysis of algebraic flux correction schemes. SIAM J. Numer. Anal. 54 (2016)
2427-2451.

[6] G.R. Barrenechea, V. John and P. Knobloch, An algebraic flux correction scheme satisfying the discrete maximum principle
and linearity preservation on general meshes. Math. Models Methods Appl. Sci. 27 (2017) 525-548.

[7] G.R. Barrenechea, V. John, P. Knobloch and R. Rankin, A unified analysis of algebraic flux correction schemes for convection-
diffusion equations. WIAS Preprint No. 2475 (2018).

[8] J. Boris and D. Book, I. SHASTA, a fluid transport algorithm that works. J. Comput. Phys. 11 (1973) 38—69.

[9] B. Burgeth, A. Bruhn, S. Didas, J. Weickert and M. Welk. Morphology for matrix data: Ordering versus pde-based approach.
Image Vis. Comput. 25 (2007) 496-511.

[10] D. Gilbarg and N.S. Trudinger, Elliptic Partial Differential Equations of Second Order. Springer, New York (2015).

[11] M. Hubbard, Non-oscillatory third order fluctuation splitting schemes for steady scalar conservation laws. J. Comput. Phys.
222 (2007) 740-768.

[12] V. John and P. Knobloch, On spurious oscillations at layers diminishing (SOLD) methods for convection—diffusion equations:
Part LA review. Comput. Methods Appl. Mech. Eng. 196 (2007) 2197-2215.

[13] M. Klima, M. Kuchatik, M. Shashkov and J. Velechovsky, Bound-Preserving Reconstruction of Tensor Quantities for Remap
in ALE Fluid Dynamics. Technical report, Los Alamos National Laboratory (LANL), LA-UR-17-20068. In: Proceedings of X VI
International Conference on Hyperbolic Problems Theory, Numerics and Applications, Aachen (Germany), Aug. 1-5, 2016
(2017).

[14] P. Knobloch, Numerical solution of convection—diffusion equations using a nonlinear method of upwind type. J. Sci. Comput.
43 (2010) 454-470.

[15] D. Kuzmin, Algebraic flux correction for finite element discretizations of coupled systems. In: Computational Methods for
Coupled Problems in Science and Engineering 1I, CIMNE, Barcelona (2007) 653-656.

[16] D. Kuzmin. Algebraic flux correction I. Scalar conservation laws, edited by D. Kuzmin, R. Lohner and S. Turek. In: Flux-
Corrected Transport, Scientific Computation. Springer, The Netherlands (2012) 145-192.

[17] D. Kuzmin, S. Basting and J.N. Shadid, Linearity-preserving monotone local projection stabilization schemes for continuous
finite elements. Comput. Methods Appl. Mech. Eng. 322 (2017) 23-41.

[18] K. Lipnikov, M. Shashkov, D. Svyatskiy and Y. Vassilevski, Monotone finite volume schemes for diffusion equations on unstruc-
tured triangular and shape-regular polygonal meshes. J. Comput. Phys. 227 (2007) 492-512.

[19] C. Lohmann, Flux-corrected transport algorithms preserving the eigenvalue range of symmetric tensor quantities. J. Comput.
Phys. 350 (2017) 907-926.

[20] K. Léwner, Uber monotone Matrixfunktionen. Math. Z. 38 (1934) 177-216.

[21] G. Luttwak. On the Extension of Monotonicity to Multi-Dimensional Flows (2016).

3



[22]
[23]
[24]
[25]
[26]
[27]
28]
[29]
[30]

31]
(32]

AFC SCHEMES FOR SYMMETRIC TENSORS 867

G. Luttwak and J. Falcovitz, Vector image polygon (VIP) limiters in ALE hydrodynamics. In Vol. 10 of EPJ Web of Confer-
ences. EDP Sciences (2010) 00020.

G. Luttwak and J. Falcovitz, Slope limiting for vectors: A novel vector limiting algorithm. Int. J. Numer. Methods Fluids 65
(2011) 1365-1375.

P.-H. Maire, R. Abgrall, J. Breil, R. Loubére and B. Rebourcet. A nominally second-order cell-centered Lagrangian scheme for
simulating elastic-plastic flows on two-dimensional unstructured grids. J. Comput. Phys. 235 (2013) 626-665.

M.H. Protter and H.F. Weinberger, Maximum Principles in Differential Equations. Springer Science & Business Media,
New York (2012).

S.K. Sambasivan, M.J. Shashkov and D.E. Burton, Exploration of new limiter schemes for stress tensors in lagrangian and
ALE hydrocodes. Comput. Fluids 83 (2013) 98-114.

Y.-T. Shih and H.C. Elman, Modified streamline diffusion schemes for convection-diffusion problems. Comput. Methods Appl.
Mech. Eng. 174 (1999) 137-151.

M. Stynes and L. Tobiska, Necessary L2-uniform convergence conditions for difference schemes for two-dimensional convection-
diffusion problems. Comput. Math. Appl. 29 (1995) 45-53.

R. Temam, Navier-Stokes Equations. Vol. 2. North-Holland Amsterdam (1984).

P. Wesseling, Partial Differential Equations: Analytic Aspects. Springer Berlin Heidelberg, Berlin, Heidelberg (2001) 53-80.
J.H. Wilkinson, The Algebraic Eigenvalue Problem. Oxford University Press Inc., New York, NY, USA (1988).

S.T. Zalesak, Fully multidimensional flux-corrected transport algorithms for fluids. J. Comput. Phys. 31 (1979) 335-362.



	Introduction
	Notation and preliminaries
	Notation
	Basic results for tensor norms
	Lipschitz continuity of selected scalar and tensorial operations
	Idea of algebraic flux correction in the scalar case
	Extension of algebraic flux correction to the tensor case

	One-node scalar limiting
	Existence of solution
	Lipschitz continuity
	Example of a scalar eigenvalue range limiter
	Lack of linearity preservation
	Smoothing of correction factors
	Local discrete maximum principles

	Two-node scalar limiting
	One-node tensorial limiting
	Lipschitz continuity
	Example of a tensorial eigenvalue range limiter
	Eigenvalue range preservation
	Local discrete maximum principles
	Global discrete maximum principles


	Two-node tensorial limiting
	Dual limiting
	Numerical examples
	Circular convection
	Discontinuous solution
	Smooth solution

	Anisotropic diffusion

	Conclusion
	References

