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ASYMPTOTIC ANALYSIS OF THE RS-IMEX SCHEME FOR THE SHALLOW
WATER EQUATIONS IN ONE SPACE DIMENSION

HAMED ZAKERZADEH"#

Abstract. We introduce and analyse the so-called Reference Solution IMplicit-EXplicit scheme as a
flux-splitting method for singularly-perturbed systems of balance laws. RS-IMEX scheme’s bottom-line
is to use the Taylor expansion of the flux function and the source term around a reference solution
(typically the asymptotic limit or an equilibrium solution) to decompose the flux and the source into stiff
and non-stiff parts so that the resulting IMEX scheme is Asymptotic Preserving (AP) w.r.t. the singular
parameter € tending to zero. We prove the asymptotic consistency, asymptotic stability, solvability and
well-balancing of the scheme for the case of the one-dimensional shallow water equations when the
singular parameter is the Froude number. We will also study several test cases to illustrate the quality
of the computed solutions and to confirm the analysis.
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1. INTRODUCTION

Singular limits of conservation laws (or more generally PDEs), characterised by the singular parameter
¢ approaching zero (usually scaled such that e € (0,1]), may present severe difficulties to be treated either in
analysis or numerics. The main issue is that the type of the equations changes in the limit [50]. For instance, when
the Mach number, denoted by Ma, approaches zero for the Euler equations, the sound speed (the characteristic
speed) goes to infinity and the PDE changes to be hyperbolic-elliptic, in the so-called incompressible limit. To
prove the convergence of the solution of the compressible Euler equations to the incompressible system is very
demanding; we refer the reader to consult [15,44,45,50,60] for the existing results.

Tackling such singular problems numerically is also complicated. For example, the weakly compressible Euler
system (with Ma ~ e < 1) is stiff due to very fast acoustic waves, so that the Courant—Friedrichs—Lewy (CFL)
condition restricts the timestep varies non-uniformly with ¢, i.e., At < e Az. This leads to very small timesteps,
thus a huge computational cost. Generally speaking, the usual numerical schemes also lose their accuracy in the
limit for under-resolved grids; see 18,19, 31,32, 56-58].

In the sequel, we mainly consider well-prepared initial data, which are consistent with the limit ¢ — 0, in
order to simplify the problem and to eliminate spurious initial layers (see Def. 3.1 and [50]). We also assume
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that the solution of the PDE with the singular parameter € converges to the solution of the limit PDE as ¢ — 0,
and aim to show that the counterpart of such a convergence exists in the discrete level. This is, in fact, the idea
of Asymptotic Preserving (AP) schemes, which have been introduced by Jin [41] for relaxation systems; see also
[42] for a general review and [40, 46, 49] for older works (without being named AP). Clarifying the definition,
assume that M stands for a continuous physical model with the (singular) perturbation parameter ¢, and M5
is a discrete-level model which provides a consistent discretisation of M*®. If M?} is a suitable and efficient
scheme for M*® uniformly in €, then the scheme is called to be AP. More precisely, we define an AP scheme as
below:

Definition 1.1. A scheme is called AP, provided that the following conditions are fulfilled:

(i) Asymptotic Consistency (AC): M gives a consistent discretisation of M* for all £ > 0, in particular, for
the limit problem M".
ii) Asymptotic Efficiency (AEf): M5 is efficient uniformly in €, e.g., the CFL condition is e-uniform and the
A
implicit step can be solved efficiently for all € > 0.
iii) Asymptotic Stability (AS): M5 is stable in some suitable sense, uniformly in €.
A

Remark 1.2. (i) It is also prevalent in the literature to define the asymptotic stability as the stability of the
limit scheme MQ, cf. [28,42]. Also, sometimes, the uniformity of the CFL condition is classified as the
asymptotic stability rather than asymptotic efficiency.

(ii) As mentioned in [42], the asymptotic consistency suggests that the solution belongs to a manifold approaching
the limit manifold as e — 0 (up to some discretisation error).

(iii) AEf implies the e-uniform well-posedness of the scheme and in particular the implicit step, which can be
translated as having a good condition number if the implicit step is linear, i.e., when it requires solving a
linear system of equations. Such an issue can be handled using the classical pre-conditioning techniques as in
[6]. Moreover and very recently, the authors in [22] have addressed this point more fundamentally for some
toy models related to Vlasov—Maxwell equations.

(iv) Mostly, we consider the well-prepared initial data; however, we will also show in Appendix C, that the scheme
projects the ill-prepared initial data on the limit manifold for ¢ <« 1. So, one would expect to observe good
results even with an ill-prepared initial datum. This is verified by a numerical example in Section 5.1.2.

The AP property has been studied extensively for the kinetic equations (see [39,42] for a review) while its
application for the conservation laws is more recent; just to name a few see [7,14, 16,20, 33,52]. There are also
several related works without using the terminology AP; see [47] as one of the first examples for the Euler
equations and [25,48]. Note that while the (formal) asymptotic consistency of schemes is often studied and
proved in the literature, there are only a few results regarding the uniform (asymptotic) stability, particularly
in the context of conservation laws, like [20,68] for the isentropic Euler equation and [8] for the Euler system
with gravity; see also [17,28] for the Euler—Poisson and Euler-Korteweg systems, respectively.

The bottom-line of these AP schemes is the implicit-explicit (IMEX) strategy, e.g., to split the flux (or its
Jacobian) into stiff and non-stiff parts, and to treat the latter explicitly in time and the former implicitly in
time; see [3,9,13, 53] for more details about the use of IMEX methods for constructing AP schemes. Some
kind of implicit treatment is definitely necessary to find schemes with an e-uniform CFL condition. But, such
a CFL stability is not sufficient for the asymptotic stability in a norm; see for example [1], where the scheme
is unconditionally unstable in Lo-norm, despite the fact that both split parts are stable in terms of the CFL
condition. On the other hand, IMEX schemes are Lo-stable as long as each step is so, as shown in [33]. One can
also think of fully-implicit schemes like finite volume schemes [27], mixed finite element-finite volume schemes
[24], and space-time dG schemes [35] (see also [72] for its modified variant without the streamline diffusion).
Fully-implicit schemes have the advantage of being unconditionally stable, though, they are diffusive and should
deal with a non-linear system of equations, which could be truly expensive in terms of the computational cost.

In [52], the authors applied a flux-splitting scheme to the full Euler equations, which uses a variant of Klein’s
auxiliary splitting [47]. The scheme required an e-dependent timestep for stability. Motivated by this, the authors
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in [62] began a stability analysis of the modified equation of linear systems in Fourier variables, and suggested
that the commutator of the stiff and non-stiff flux Jacobian matrices may be important for the stability; see
also [71] for a generalisation of the analysis. That study leads to the main idea of the RS-IMEX scheme whose
rigorous asymptotic analysis is the core topic of this paper.

The key idea is the linearisation around an (asymptotic) reference solution such that the resulting modified
equation is stable. In fact, using the asymptotic reference solution gives a small commutator, which provides a
heuristic argument for the stability of the modified equation (cf. [71]); see Remark 2.2 below for a discussion
on this. Note that, apart from the RS-IMEX scheme for the shallow water equations [67,69,70], the RS-IMEX
scheme is shown to be quantitatively well-behaved in practice; see [43,61] for the application of the scheme to
the Van der Pol equation and the 2d isentropic Euler system, respectively.

In the present article, we restrict our attention to the rigorous AP analysis for the case of 1d Shallow Water
Equations (SWE), i.e., asymptotic consistency, asymptotic stability and convergence to the limit for fixed grids
(see Rem. 3.10). These make a solid background for the future works which extend the scheme to the multi-
dimensional SWE with different source terms; see [67,69, 70] for instance. Note that, broadly speaking, the
splitting developed in [7] can be considered as a particular example of the RS-IMEX scheme, with the zero
reference solution; see Remark 3.4 for more details. We would also like to mention that a somewhat similar
idea to the RS-IMEX scheme has been used in [26] (as the so-called penalisation method [39]) for the kinetic
equations in the low-Knudsen regime, where the authors split the collision operator using a linearisation around
the Maxwellian distribution.

The remainder of this paper is organised as follows. In Section 2, we present a short introduction to the RS-
IMEX scheme for a general hyperbolic system of balance laws, followed by the rigorous AP analysis (consistency
and stability) of the RS-IMEX scheme for the 1d SWE with the lake at rest or LaR (constant water surface
and zero velocity) and the zero-Froude limit reference solutions, in Sections 3 and 4. We will also question the
asymptotic efficiency of the scheme by showing that the condition number of the linear system, which should
be solved in the implicit step, in not e-uniform and increases as ¢ — 0; see Remark 4.2. However, this issue
could be avoided using pre-conditioning, like [7]. Section 5 provides some numerical evidence to confirm the AP
analysis and to test the quality of the solutions. The results of this manuscript supply some necessary elements
for the more interesting case of the 2d SWE in [67,69, 70].

2. RS-IMEX SPLITTING FOR HYPERBOLIC SYSTEMS OF BALANCE LAWS

The goal of this section is to provide an introduction to the RS-IMEX scheme to be applied to the SWE in
Section 3. Consider the hyperbolic system of balance laws in the d-dimensional domain  C R?, depending on
the singular parameter € (e.g., the Froude or Mach number):

OU* + divy F° = S°, (2.1)

where U € R is the vector of unknowns, F' = F(U) € R?9*? is the flux (in d space dimensions), i.e., F =
[f1,.-., fa] with fr € R?, and S € R? is the source term, e.g., due to the gravitational force, Coriolis force,
or bottom friction. Note that we often suppress the dependence of U, F and S on €. § is chosen to be
periodic (a torus), i.e., 2 = T for the sake of simplicity. To have a hyperbolic system, we also assume that
F has a real diagonalisable Jacobian F’ := 9y F, i.e., for all directions n = (ny,...,nq)7 in R% the matrix
A, = Zle Ou fin; has g real eigenvalues Ay > --- > )\, with linearly-independent eigenvectors.

Let us assume that system (2.1) is stiff due to the singular parameter, namely as ¢ approaches zero, the
source term blows up and the characteristics of the flux Jacobian diverge. We aim to decompose this system
into stiff (fast) and non-stiff (slow) parts, for which there is no unique way due to non-linearity. Here, we find
such a fast-slow decomposition by considering the given e-independent function U as the reference solution®.

1Typically, U is a steady state solution of the balance law, or the solution of the asymptotic limit equation, derived from (2.1)
as € — 0, e.g., it can be the lake at rest state for the SWE or the incompressible limit for the Euler equations.
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We spﬁlit the solution U of the balance law (2.1) into the reference solution U and a perturbation Upert, iﬁ’
U = U + Upeyi- Then, we split the flux and source terms using the Taylor expansion (linearisation) around U,
to the reference, stiff and non-stiff parts respectively:

F(U> = F(ﬁ) + F/(ﬁ)Upert + (F(U) - F(ﬁ) - F/(ﬁ)Upert) = F‘i‘ ﬁ + F\, (2'23‘)
SU)=SU) + 8 (U)Uper, + (SU) — SU) — §'(U)Upers) =S+ 5+ 8S. (2.2b)

Since U is given, the real unknown is Upeyt in regard of which the stiff part of the splitting (f’, S ) is linear.
This would be truly advantageous for the numerical treatment of this split form as, unlike the splittings in
[16, 33], there is no need for solving non-linear systems by the Newton iteration method. The idea of such a
linearisation goes back to [59] (see also [34], Chap. IV.7) for ODEs (the so-called linearly-implicit methods) and
has been used later in [7] for the SWE, motivated by Restelli [54], which shares the same concept but using the
semi-Lagrangian method. So, in a sense, the RS-IMEX splitting is a linearly-implicit method with a generalised
linearisation state.

It is useful to scale the components of the perturbation by a suitable scaling in order to work with O(1) terms
in the analysis of the scheme (in the sense of a Poincaré or asymptotic expansion)?. So, we introduce the diagonal
matrix D := diag(e?, ..., e%) with some integer d;, and define the scaled (preconditioned) perturbation V' as
V :=D"! Upert. We also denote the corresponding scaled flux and source terms by G := D 'Fand Z:=D"'S
such that the splittings (2.2a) and (2.2b) can be re-written as

G=G+G+G, Z=Z+Z+7Z.

We refer the reader to Sections 3 and 4 for two explicit examples of such a scaling (and fast-slow decompo-
sition) for the shallow water system.

Remark 2.1. Note that the eigenvalues of F = Oou F and F' = ou. F are exactly the same as the

pert pert
eigenvalues of G’ := 9y G and G’ := Oy G, respectively. This should be clear because these matrices can
be transformed into each other by a similarity transformation with D. So, the scaling does not change the
eigenvalues of the flux Jacobians.

Then, one is left with the following system for the scaled perturbation V' = (vy,...,v,)%:

~ -~ ~

OV + divg (G(U, V) + G, V)) = Z(U,V)+Z(U,V)-T(O), (2.3)

with stiff and non-stiff scaled fluxes (é’, é’) and scaled source terms (Z Z ), and the contributions of the reference
solution collected in T(U), which is the (a priori-known) residual of the reference solution and reads

T(U) := D~'0,U + div,G(T) — Z(T). (2.4)

Note that T = 0 if and only if the reference solution U satisfies the original system (2.1).
For brevity of notations, we collect the slow and fast fluxes together and define R := —div,G + Z (with
analogous definitions for R, R and R) so that to rewrite (2.3) as

&V =-T+R+R. (2.5)

Remark 2.2. One can confirm that the non-stiff Jacobian is G’ = G'(U) — G/(U) while the stiff one reads

G' = G'(U). So, the commutator (of the fast and slow flux Jacobian matrices) can be obtained as
[G'.G'] =G'G' -GG =[G'U),GO).

2Later on, we will see that an appropriate choice of the scaling matrix, not only makes the analysis more illustrative (see
Rem. 3.9) but also may affect the numerical solution (see Rem. 4.2).
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By choosing the reference solution as the asymptotic limit, U — U is small for ¢ <« 1, which suggests that
the commutator is small and leads to the stability of modified equations [71]*. Moreover, we have shown in
[71] that if the eigenspaces have similar structures, the modified equation is likely to be stable. This is, in
fact, the case for the RS-IMEX splitting as the eigenvectors of G'(U) and G'(U) are close to each other in
the structure (regardless of U — U]|), which suggests that it is the linearly-implicit strategy which makes the
modified equation stable, not the asymptotic reference solution. We will see in Section 3 that even with a large
commutator, the modified equation can be stable. Although it seems that the reference solution does not affect
the stability of the scheme, we will show in analysis and practice that the choice of the reference solution does
matter for the quality of the computed solution (see Rem. 4.4 below).

2.1. Numerical scheme

The Jacobian F' in (2.2a) (and G’, due to Rem. 2.1) has stiff eigenvalues. So, to solve (2.5) numerically,
we treat the stiff part ﬁ implicitly in time to avoid restrictive timesteps, by using the implicit Euler time
integration. The term R is expected to be non-stiff*; so, the explicit Euler scheme is employed. Note that in
the sequel, we limit ourselves to first-order schemes. To compute the residual T', we need an independent solver
for the reference solution, e.g., an incompressible Euler solver when the reference solution is the solution of the
incompressible Euler system. In general, computing U is cheap and an appropriate method should be chosen
for each case separately. Now, we can define the RS-IMEX scheme as follows.

Definition 2.3. Given the reference solution U, the fully-discrete RS-IMEX scheme for (2.5) is given by

DV = T + R 4+ Ry, (2.6)

where Do (x,t) := %W, and the subscript A stands for a choice of spatial discretisation.

The numerical flux is a Rusanov-type numerical flux, which in 1d and for the scalar case can be written as

flui) + flu; (e THRYA
fi+1/2 — ( ) 2( +1>_ JQF/ (Ui+1_ui),

for the flux f(u) at the interface z;1/,. The extension of this numerical flux to systems or in multi-dimensions is
obvious. The numerical viscosity a is originally chosen such that a;y1/, > maxyey,,u,,,] f'(u). However, as the
stiff system is treated implicitly and implicit schemes are quite diffusive, we choose « for the stiff sub-system
rather arbitrary not to add too much diffusion; that is to say that &, @ = O(1). Note that the source term
should be discretised appropriately so that the scheme preserves the equilibrium (well-balancing, cf. [10]). We
will see in Section 3 that the central discretisation is appropriate for the SWE with topography.

In fact for the RS-IMEX scheme, two systems should be solved, one for the reference solution and the other
for the scaled perturbation. With a given reference state at step n, one finds the discretised scaled perturbation

%"H, while the reference state ﬁAn i may evolve over time and should be computed independently. At the end

of each step, the solution can be computed as ﬁAn i + DVA"H. The RS-IMEX procedure has been summarised
in Algorithm 1.

Remark 2.4. The RS-IMEX scheme introduced here is a bit different from [43,61] mainly in two aspects: firstly,
in those series of papers, the reference solution is computed implicitly as the limit of the singularly-perturbed
system while here we employ off-the-shelf methods for this purpose. Moreover, here we use the reformulation
(2.5) with the scaled perturbation, which makes the analysis easier and more illustrative as we will see later on.

3The modified equation is the “actual” equation solved by a numerical approximation when applied to a differential equation
[65]; see also [62,71].

4n general, we do not know if the system is non-stiff or not. But this can be shown for the systems we are dealing with in
practice like the shallow water or Euler equations.
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Algorithm 1. RS-IMEX scheme.

. Get Ux and V™.

: Reference step: Find the updated reference state ﬁAnH.

. Explicit step: Solve D, V" = R% to find ‘KLJFW.

Implicit step: Solve DJKLJFI/Q = fTAnH + EZ“ to find the updated perturbation VX‘H.
: Find the updated solution as Uat! = [/ DV

: Continue with step 2.

o R SL B~ U R

FIGURE 1. Variables used in the shallow water formulation (3.1). The water height is written
ash=z-—b.

3. SHALLOW WATER EQUATIONS WITH THE LAKE AT REST REFERENCE SOLUTION

In this section and as an example of the RS-IMEX scheme for the system (2.1), we follow the procedure
described in Section 2 to derive the scheme for the 1d SWE with topography and the LaR reference solution.
Then, in Section 4, we use the zero-Froude limit reference solution.

The non-dimensionalised SWE in one space dimension, using h = z — b (with b < 0) and m = hu, can be
written as in [7]:

U{Z}, F=| m? +z2—2zb , S =

0
_z@mb] . (3.1)

2

In this notation, z is the surface elevation from some chosen constant surface level H, e, m is the momentum
and b is the water depth measured from H,ef with a negative sign (see Fig. 1). The singular parameter ¢ is
called the Froude number, defined as the ratio of the characteristic bulk velocity over the characteristic velocity
of gravity waves, which is analogous to acoustic waves for the isentropic Euler system. Note that for this shallow
water model to be valid, the bottom slope or d,b is assumed to be small enough; see [11] for details.

We set the reference state as the LaR, U := (, W)T with Z constant in space and m = 0. Therefore, due to
(2.2a) and (2.2b), the splitting reads

F = i F = zZ—b F = Mpert Zpert
- o 2b ) ) p p i
922 Z(Z ) 5 “pert z 4+ Zpert — b 22
0 N 0
S = Zby |, S = ZpertOzb | | S=0
ez g2
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One can see that the Jacobian of F (w.r.t. Upert) has stiff eigenvalues X = O(1/¢), while the eigenvalues of
F’, denoted by )\, are non-stiff. More precisely

- 0 1 - = _
F’:[z—b , o Viob
= 0 €
; , (3.2)
~ 3
F' = l_ugert + Zze;t 2Upert] s A= 0, 2upert7

with wpert := Mpert/(Z + Zpert — b). Thus, the splitting is admissible in the sense of [62], i.e., both split systems
are hyperbolic and the eigenvalues of the slow Jacobian are O(1). Note that the case U = 0 gives the same
splitting as in [6,7].

To determine the scaling matrix D, we employ the formal asymptotic analysis in Appendix A (see also [44,45]
for the rigorous justification for the flat bottom case), which yields the formal zero-Froude limit in Definition 3.1
below, with the following asymptotic (Poincaré) expansion

z(t,x) = Z(0) T €2(1) + 522(2),

) (3.3)
m(t,x) = mey +emy + e m(a).

Definition 3.1. The formal zero-Froude limit of the shallow water system (3.1) gives the so-called “lake equa-
tions”, with p(9) as the “incompressible pressure” or the second-order contribution of the pressure function, and
writes

Z(0), #(1) = const.,

azm(()) = 0,

mioy
8tm(0) + agg (Z(O) ~b +p(2)> = —2(2)8znb.

This suggests the following definition for the well-prepared initial condition for the SWE.
Definition 3.2. For the 1d SWE (3.1), we call the initial data (2o, mo,) well-prepared if it holds that

2(0,) = 20,2 = 2(o) + %20 (3.4)
m(0,-) =moe = m?o) + sm?l)ys, .

where z(g) and mg) are constant.

The motivation for scaling the equations was to work with O(1) quantities. So, due to (3.4), we pick z = Z?O),

which implies D := diag(e?, 1). For simplicity, we stick to this particular choice of Z throughout this section.
Nonetheless, it is rather straightforward to confirm that the asymptotic analysis we are going to present holds
for every constant Z, while the choice may affect the numerical diffusion of the scheme, thus the solution.

3.1. RS-IMEX scheme

For the scaling matrix diag(g?,1), the scaled perturbation is V' := (v1,v2)7 := (zpert/52,mpert)T and the
scaled splitting writes

G va/e? G= v3 " g2 (3.5a)
(E _ b)’l)l 9 2 21| .

~ 0 ~
Z = {_Ul &cb] , Z=o. (3.5b)



900 H. ZAKERZADEH

Owing to (3.2) and Remark 2.1, this splitting is also admissible even with an ill-prepared initial datum (as
defined in Appendix C).
Since the LaR is a stationary solution of the system, Z is constant in time and the reference solution needs

not to be updated. Thus, T = 0, and one can reformulate the 1d SWE as

vg /2 0 0

_ 2 _ 2 2

8t V = 8m |:(Z - b)1)1:| am — 812}?) ; + €2U21 + |:—’U1833b:| . (36)
1—

The RS-IMEX scheme approximates this reformulated system as below, written as a two-step scheme:

n 2 n At ~n ~n ici
‘ri +1/ ‘/:L " (Gz s (;Z 1/2) (E XphClt Step), (3 / a‘)
n At jod ~n-+ + e 3.7b
‘/in+1 ‘/; +1/2 (G;L+11/2 (:z 11/2> 4+ At ZZL 1 (Il’l’lpllClt st p), ( . )

for each cell i € {1,2,..., N} in the computational domain Qy with N cells, where éi+1/2 and éi_l’_l/g denote
the Rusanov flux (as defined in Sect. 2) with G and G as defined in (3.5a), and ZZ" is the central discretisation
of the fast source term in (3.5b). Denoting Vj, and Ay, respectively as the central discretisation of the first and
second derivatives, one can re-write (3.7a) and (3.7b) as

0
" aA
VI v A, | &% na| + TSAALVY, (3.82)
Trey, —b 2 M
yrtl oy ey, [0 OAT N n vt A ) 3.8b
e (e A o el [T el A M (3:50)

Due to Remark 2.1, the eigenvalues of F’ and G’ (and their splittings) are the same; so, the eigenvalues of
the non-stiff system are O(1). Also, note that the reference solution is not close to the solution in the limit. So,
this splitting may not give a small commutator which was claimed to be needed for the stability of the modified
equation, cf. [71]. Indeed, the commutator is formally O(1/g?):

; v3 2uy /€2

1= 7= =

~ A AT A AL (Z+€2U1*b)2 Z+e2v; —b

[cRel s eleguele e o2 . (3.9)

—v1 +

Z4+¢e2v —b (Z +€%v1 — b)?

However, as shown in [71], the modified equation is asymptotically stable.

3.2. Numerical analysis of the scheme

We collect the properties of the RS-IMEX scheme in the following theorem.

Theorem 3.3. For the shallow water equations with topography and well-prepared initial data in the sense of
Definition 3.2, the RS-IMEX scheme (3.8a) and (3.8b), with (3.5a) and (3.5b), a constant &, and under an
e-uniform timestep restriction

(i) is solvable, i.e., it has a unique solution for all € > 0.
(ii) has an e-stable solution, i.e., it is bounded for e < 1. So, there is convergent sub-sequence of the discrete
solutions as € — 0.
(iil) s consistent with the asymptotic limit in the fully-discrete settings, i.e., it is asymptotically consistent.
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(iv) is asymptotically {o-stable for the fived grid Ax, in finite time T < oo and with a small enough initial data,
i.e., there exists a constant Cn r, such that ||V |, < Cn,1y || VA |6 -
(v) preserves the lake at rest equilibrium state, i.e., it is well-balanced.

We present the proof of Theorem 3.3 in the next sections.

Remark 3.4. As we have already mentioned, the scheme in [6,7] is a particular example of the RS-IMEX
scheme with the zero reference solution. So, one may expect that the analysis in [6] coincides with Theorem 3.3.
The difference is that the results of [6] are, basically, for the flat bottom case with a detailed analysis for various
high-order reconstructions. By contrast, throughout this paper, we focus on a first-order scheme in one space
dimension and prove asymptotic consistency for a non-flat topography. In Section 4, we show that a similar
analysis can be used for more general reference solutions.

8.2.1. Solvability of the scheme

Here, we aim to show that there exists a unique solution for the implicit step (so for the scheme) for all £ > 0.
At first and for simplicity, we assume the topography b to be constant, which makes the system similar to the
isentropic Euler system. Then, we generalise the arguments for the SWE with a varying bottom. To simplify

the notation, we define h:=% — b and 8 := QAA—;.

(i) Constant b. Owing to (3.8b), we write the implicit step as J.VIT' = £+1/2, i.e., the implicit solution
operator is J-1. The matrix J. € RZV*2N writes
p
=" 39, (3.10)
phQ

where P and @) are circulant matrices defined as
P :=Circ(1+2ag8,—-ag,0,...,0,—af), Q :=Circ(0,1,0,...,0,-1).

Matrix P is symmetric and strictly diagonally dominant (SDD); so, it has positive real eigenvalues. Matrix @,
as the companion matrix for the central discretisation, is skew-symmetric with eigenvalues on the imaginary
axis.

Since P and @ are circulant, they commute [30], and one knows from Theorem 1 of [63] (see also [5], Sect.
2.14) that since all blocks of J. commute with each other, the determinant of J. can be computed as

det(J.) = det <P2 - hf;y) .

Due to Gerschgorin’s circle theorem ([37], Chap. 6), the numerical range ([38], Chap. 1) of —hsi;Q2 is non-
negative while of P? is strictly positive, and both of these parts are symmetric with real eigenvalues. So,
using the sub-additivity of numerical range (or the Rayleigh quotient) (cf. [38], Chap. 1), the eigenvalues of
the sum cannot be zero. Thus, J. is non-singular, and there exists a unique solution for the scheme.

(i1) Non-constant b. For this case, one of the blocks of J. is not circulant and the matrix J. is written as

B
L= =29, (3.11)
B8Ry, P
where Ry, is an almost circular matrix such that its i-th row is (Rp); = (bi41 —bi—1,his1,0,...,0,—h;_1), up

to a circulation. Note that Ry is circulant only if its arguments are constant for all rows, ¢.e., if the bottom
is flat.
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Showing solvability of the scheme for the non-flat bottom case, we can use the fact that since circulant
matrices are commutable, they are simultaneously diagonalisable as well, i.e., any circulant matrix M €
RY*N can be diagonalised as Fi M Fy =: Ajs, where * denotes the conjugate transpose, Fy is a (unique)
unitary matrix, which consists of eigenvectors of circulant matrices of size N, and Aj; is the diagonal matrix
of eigenvalues. It is important to mention that Fy does not depend on the entries of M, but only on the size
N (see [30]). Using this fact, one can consider the transformed matrix =, instead of J. itself, for showing
solvability where

A EA
5. = diag (Ff, Fy) J. diag (Ff, F) = | 7 2hel
BhF5R,Fy Ap

From Fact 2.14.13 of [5] and since the blocks =17 and =)o are commutable, the determinant of =, can be
written as
h3?

det(Z.) = det (A% -

AQF ]’QRZ,FN> .

Matrix P is SDD and invertible ([37], Thm. 6.1.10); thus, Ap does not have a zero on the diagonal. So, as
the matrix AgF} Ry Fn does depend neither on € nor on 3, a suitable choice for 3 makes =, invertible and
concludes that J. in (3.11) is invertible as well.

3.2.2. e-stability of the solution

In this section, we aim to justify the validity of the formal Poincaré expansion, which will be used for the
formal asymptotic consistency analysis, i.e., we prove that the implicit operator is bounded in terms of €. We
call such a property e-stability hereinafter. A similar idea has been used in [6], in the context of the Finite
Volume Evolution Galerkin (FVEG) scheme [7], and in [68] for the Lagrange—projection scheme. Note that the
e-stability of the implicit operator does not provide e-stability of the solution per se. For that, one also needs
the e-stability of the explicit step at the intermediate time n + 1/2; see Section 3.2.3. Similar to the solvability
analysis, we present the proofs for flat and non-flat bottom topographies separately.

(i) Constant b. For this case the matrix =, can be obtained as

B
E, = ﬁP ZzAQ : (3.12)
BhAg Ap
Since @ is skew-symmetric, it has only eigenvalues on the imaginary axis, so A;; = —Aq. Also, note that

diag (Fv, Fiy) is a unitary matrix. Thus, one can bound the norm of J=! as
171 < |ldiag (Fiv, Fyv) [[[|diag (Fx, Fx) [ 22| < cond (diag (P, Fi)) |21,

for a suitable natural matrix norm. This bound depends on ¢ only through ||Z-!||; so, we have to show that
Z-! is uniformly bounded in e. Before this, let us mention the following lemma for the inverse of partitioned
matrices, since we are going to use it several times. This is a classical result; see, e.g., Proposition 2.8.7 of
[5].

Lemma 3.5 (Schur complement). Consider the portioned matric M = [%ﬂ %12]. Then, the inverse of M
21 Ma2

exists and writes

M=

_ -1 — — -1
(Mll — M12M221M21) _M111M12 (M22 - M21M111M12> ] (3 13)

— M3 My (M — M12M2}1M21)_1 (Mao — M21Mﬁ1M12>_1

if all the inverses exist.
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Now, we can prove the uniform boundedness of |Z-1|| in e:

Lemma 3.6. The inverse of matriz = in (3.12) has a bounded norm for ¢ — 0, for a suitable and non-
restrictive choice of At.
Proof. From Lemma 3.5, the inverse of =, reads

1 -1

BPhiyo 1) B -1 Bhyo )1
= = — -1 — -1
_ B2h _ B2h _

So, one can easily check that each block is bounded, thus is ||Z71]]. ]

Remark 3.7. Lemma 3.6 concludes that the implicit solution operator J- ! is bounded in terms of . The
immediate result of this e-stability is that the scaled perturbation VA should be O(1) as long as the explicit step
is e-stable. This result justifies the asymptotic consistency analysis we are going to present in Section 3.2.3.

(ii) Non-constant b. For this case, employing the diagonal form of circulant matrices cannot simplify all the
blocks of J- ! (unlike the matrix in (3.12)) and the procedure of Lemma 3.6 does not seem to be fruitful.
Using Lemma 3.5 for the inversion of partitioned matrices, one gets (with @ = 0 for simplicity)

2 -1 2 -1
(HN - i@m) e (HN - @R&)
Jot = P 1 5 _
—BRy (HN - E2QRb) <HN - 82RbQ)

As Ry, is close to @, it is plausible to guess that the block (I,, — f—jQRb)_l is a constant matrix with some
O(e?) fluctuations (see [68] for further details). However, the fact that the bottom topography is rather
general makes the proof difficult. So, we employ an indirect approach, motivated by [|J- ||, = J;iln (J) for
o denoting the singular values, and show that the smallest singular value of J. does not approach zero in
the limit. From Section 3.2.1, J. is not singular for all € > 0; so, the singular values are equal to the square
root of the eigenvalues of JJ.. In the following, we prove the non-existence of a vanishing lower-bound for

the eigenvalues of J*J., which concludes the boundedness of J 1.
Lemma 3.8. For J. as in (3.11), there exists a constant C independent of ¢, such that lim._ ||JZ1| < C.

Proof. Here, we consider a = 0 to simplify the analysis; however, the analysis for @ # 0 can be done similarly.
Using (3.11), one can write J¥J. as

Iy + B*R; Ry B <% + RZ)

JiJ. = 0 . NF P
g <52 + RZ) In+ &jQ*Q

Now, consider the vector w := (w1, w2)T € C2V living on the unit sphere, i.e., ||[w|s, = 1, where both w,
and ws are vectors of size N with complex entries. Then, by the definition of numerical range ([38], Chap. 1),
one can write the numerical range of JZJ, as

W) = |8Rswr + s, + || S Qws + w7 (3.14)
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From this, it is clear that if ws ¢ J\fé2 = {wz| |Qwz|| = O(£?)}, then ||§Qw2 + wi||e, goes far from

zero when € — 0. Otherwise, wy € Ng and we conclude the result by contradiction, as follows. Assume that
W (J*J.) approaches zero in the limit; so,

w, = —gng + 0(1), (3.15&)
wy = —GRyw; + o(1). (3.15b)

Multiplying (3.15a) by &2 yields fQws = 0(g2?) — e%w;. For € — 0, both terms in the right-hand side have a
limit (note that ws is a bounded function); so, the limit of ws should lie in the kernel of the central difference
operator, i.e., its leading order is constant (up to possible checker-board oscillations). That is to say that
wy = 'wéo) + €2w£2) where 'wéo) consists, in general, of two constants for odd and even indices.

Now, putting w; from (3.15a) into (3.15b) yields

62
wy = E—QRbQ'wQ +o(1),

which can be re-written as (Iy — f—ijQ)wg = 0o(1). So, sending to the limit and balancing the leading order

terms implies that wéo) = ﬂQRwagz), and it is shown in Appendix B that, due to the periodicity and the
structure of @) and Ry, the constant wéo) can only be zero. So, w» has a limit and wéo) =0.

The equation (3.15b) implies that Rpw; — 0. Since the kernel of R consists of vectors with a checker-
board like (or CB) structure (see Appendix B), w; should tend to a constant. But from (3.15a), w; has a
difference structure, thus a vanishing mean. As discussed in Appendix B, for a smooth bottom topography, the
summation on odd and even indices indicates that, in the leading order, there is no checker-board like structure
and w; — 0. Hence, (w;,ws) is tending to zero, which contradicts the assumption that w lives on the unit

sphere. This concludes the lemma. O

Assuming the e-stability of the explicit step, Lemma 3.8 verifies that the scaled perturbation VA is O(1),
which justifies the formal asymptotic consistency of the next section.

Remark 3.9. So far, one important advantage of the RS-IMEX scheme based on (2.5) with a suitable scaling
and reference solution has been to enrich Lemmas 3.6 and 3.8 to conclude the e-stability of the numerical
solution since we directly work with perturbations. Otherwise, one needs to study the structure of J=!, e.g, to
show that it extracts a constant part from the solution with some small fluctuations around it; this is more
difficult in general.

Remark 3.10. Note that the e-stability of the solution implies that there exists a sequence {VA";l}keN (ex — 0
as k — 00) converging strongly to a limit (after extracting a sub-sequence if necessary). To determine whether
this limit is the correct zero-Froude limit will be the topic of the next section, Section 3.2.3.

3.2.3. Asymptotic consistency

For the RS-IMEX scheme applied to the 1d SWE, the asymptotic consistency requires the leading order of
the surface perturbation and the momentum to be constant in space. As we have already proved solvability and
e-stability of the implicit solution operator, the (formal) asymptotic consistency analysis we aim to present in
this section is, in fact, rigorous because the coefficients of the asymptotic expansion are bounded in terms of €,
thanks to the e-stability.

Now, consider the discrete version of the asymptotic expansion (3.3), for all i € Qn and the temporal step n:

Z(tn, {EZ) = Z(O) + 52(1) + 622(2) (tn, xi), m(tm l’z) = m(o) (tn) + Em(l) (t) + E2m(2) (tn, xz)
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Since the reference state is the LaR with the scaling matrix diag(e?,1), the scaled variables write
01 (tn, T) = 2(2) (tn, @), Va(tn, ) = m(o)(tn) +m(tn) + 52m(2) (tn, ). (3.16)

Note that (3.16) and e-stability imply that the scheme provides a consistent discretisation for the leading
order of the surface perturbation, simply by construction. So, it remains to determine if the leading order of
the momentum is constant in space. Substituting (3.16) into the momentum update of the explicit step (3.8a)
yields (with k = 0,1)

n,2 n,2
ntlja At Ua(kyi At Vop)e

n

Yayi = V2090 T 3Rz o (bi1 — bi—1) = v3()e — e b (bit1 — bi1),

where vy, is a constant from (3.16). So, the explicit step for the momentum does not introduce an O(1/¢)

term into the scheme, i.e., ||‘£n+1/2|| = O(1). Remark 3.7 implies that the boundedness of VX”VZ leads to the
e-stability of the implicit solution. Thus, from the implicit v; update (3.8b), one can (rigorously) conclude that
for all i € Qn

n+1 n+1 n+1 n+1

Ya0)i+1 = Y2(0)i-1 Ya1)i+1 = Y2(1)i-1-

So, the updated momentum is almost constant, i.e., the discrete divergence operator vanishes in the limit
Vihvy Zl = O(g?). Although this is often interpreted as the asymptotic consistency in the literature, it does not
impb; necessarily that the limit would be obtained. For example, one can confirm that although the discretisation
is consistent with the continuous div-free condition of the momentum, its null space allows for non-constant
sequences, which may lead to the so-called checker-board oscillations. Here, we prove that the checker-board
phenomenon for the flat bottom case, if happens, is as small as O(g?). Thus, it does not ruin the numerical
solution in the limit. We will illustrate the smallness of checker-board oscillations for the non-flat bottom case
by a numerical example, in Section 5.2.

Lemma 3.11. For the RS-IMEX scheme (3.8a) and (3.8b) with a constant &, applied to the 1d SWE with flat
bottom, the deviations of the computed momentum is O(e2), as e — 0. In other words, the possible checker-board
oscillations for the computed momentum are at most O(g?).

Proof. The linearity of the implicit step implies that for the differences of the solution [vy ;] := vg; — vki—1

with & = 1,2, the following holds:
v i) = [WZ&@] - (317)
2.4 [Voa "]
We will show that the blocks of K. := J-! behave as
1K1, [ Kzl [ K22 = O(1), [Ka1]| = O(e?). (3.18)
Then, owing to (3.16), [|[V;"s"*]| = O(1) and [|[V5'X "]l = O(¢?). Combining it with (3.17) yields

[vad1| = [V 1 + Ko IVSL] ) = o),

|<o(|pzs™

|+ vz

which implies that the possible checker-board oscillations are O(g?).
It only remains to confirm the orders of magnitudes of the blocks in equation (3.18), and in particular, Ko
and Kos. Let us re-write the inverse K. as (using Lem. 3.5)

(o)’
3

52
27 27
~girQ (- lorq) (P~ Zrera)

-1 -1

P1Q <P - ﬂthPlQ>
€ 1 . (3.19)
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Then, it is clear from Lemma 3.6 and the structure of K., that Ko = E%Kgl and ||Ki2|| = O(1); so,
| Ka1|| = O(?) and || Ka2|| = O(1), which concludes the proof of Lemma 3.11. O

To conclude the asymptotic consistency, it is also required to confirm that the scheme provides a consistent
discretisation of 0;mgy. Showing that, we consider the limit of the momentum update for each step (with a
constant & and @):

Uators ~ Yoy 2(0) 2 aAz

- =+ V| = - + vl = A, =0 Explicit step), 3.20a
At " h; + 5201(0)’1. 2 (0)Li 9 ThY2(0) (Exp D) ( )
OB — Vo — alAx

w + Vo (hv%l) — 5 Brvx0)i = ~00y.:Vnbi (Implicit step). (3.20b)

It is clear that (3.20a) and (3.20b) provide consistent discretisations of d;mg) for both explicit and implicit
steps, (3.8a) and (3.8b). Thus, in the light of Lemmas 3.8 and 3.11 for the e-stability and smallness of checker-
board modes, the asymptotic consistency of the scheme is concluded.

8.2.4. Asymptotic stability

In this section, we discuss the rigorous stability analysis of the RS-IMEX scheme in /5-norm, for a fixed grid
and in finite time (T} < 00). Consider the scheme as the following iteration with a constant At

s—1
Yh=]]&- Y, k=0,1,....,n—1, n=Ts/At, (3.21)
=0

where &; for i = 1,...,s are some discrete evolution operators, like explicit and implicit operators for the
RS-IMEX scheme.

Motivated by Lemma 3.1 of [33] (see also [55,64]), one can show that the scheme (3.21) is stable for a finite
time and in £,-norm, provided that there exist constants ¢; independent of At such that

H(Z‘ng <1+ ¢;At, 1=1,...,s. (3_22)

That is to say that || Y|, < e“Tr|[Y?||,, and with the constant C independent of At.

Concerning the RS-IMEX scheme, s = 2 and & and & denote the explicit and implicit operators,
respectively. At first, we consider the implicit step and show that the condition (3.22) holds. Since the explicit
step is non-linear, obtaining (3.22) directly is not feasible. Instead, we find a weaker estimate using a discrete
Gronwall’s inequality. Combining these two results proves the stability.

Stability of the implicit step €. As we have mentioned earlier, the implicit operator is J=1. So, one should find
some bound of the form 1 + caAt for ||J1||. Let us assume the norm to be f5. So, one can write

1 1
Ealley, = 1T e, = =
H 2”@2 ” € Hég Omin (Ja) wl/z(J;Je)’

where w(J*J.) := min [W(J?J.)|. On the other hand, one can conclude from (3.14) that the lower bound of the
numerical range w(J*J.) can be written as 1 — 8¢} with some positive e-uniform constant ¢j. Defining another
constant ¢} such that w'/?(J*J.) > 1 — (B¢} gives

oo

= (Beh)" <1+ Boy,

k=0

& <
” 2”52 = 17665
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due to the Taylor expansion around 3 = 0 and with another positive e-uniform constant ce. Thus, redefining
2, [1€2]le, < 1+ caAt, and the implicit operator is asymptotically stable (in finite time and for a fixed grid).

Stability of the explicit step £1. To prove the stability of the explicit step is more delicate since it is not linear;
consequently ¢; can be obtained but it depends on the solution Y* = [VllfA, VQ’fA]T
Assuming @ = 0 for simplicity and from (3.8a), one can write ||£;Y* ||y, as
26
1Y ey < 1Y llee + 27— 1(Valas Vs les + B (VA Via) e
min
2
k k
<Y le, + 8 (hk +52> IY*I7,
min
2
< |18 (e <) IV Al 11 (3.23)
min
since for sequence spaces, Y, < [|Y]¢, for 1 < p < ¢. Here, h¥; is the lower-bound for the water height
at step k, i.e., hF. = min;cq, ‘E—i— Ezv’fvi — bi’. Owing to e-stability, it is justified to assume that for a small
enough &, h*. is bounded away from zero. For a non-small €, one should add the positivity assumption to
conclude the result.

For simplicity, one can re-write (3.23) as

2
Yer1 < yk+ Byps gk =Y e, Be=48 (hk + 52) : (3.24)

min
The stability of the explicit step means to find an upper-bound for y; for which we use the following discrete
Gronwall’s inequality from [66].

Theorem 3.12 ([66], Thm. 4). Consider the sequences {ik } k>0, {Vk tk>0 > 0 for k =0,1,... while pp =vg =
0. If for the non-negative sequence {yi}k=o,1,... it holds that

k k

Y1 SO+ Y vivi+ Yy myl,  (0>0,p>0,p#1),
=0 =0

then, by denoting q :=1 —p and ¥(k) := Hfzo(l +v;)7t for k=0,1,..., the sequence {yx}r>0 is bounded as

k 1/q
Yri1 < ﬁk) <aq + qzukuﬂ(i)> . k=0,1,.... (3.25)

i=0
Using Theorem 3.12, the following corollary can be obtained.
Corollary 3.13. Given a small enough initial datum, the sequence {y}tr=0,1,.. defined in (3.24) is bounded
uniformly in €.
Proof. One can re-write (3.24) as

k k
et < yo+ > Biwi = (vo + Bovd) + Y Bivi- (3.26)
i=0 i=1
Comparing (3.26) to Theorem 3.12, we set v; = 0, uo = 0, piso = Bi>0, p = 1 and o = yo + Boy2. So,
Y(7) =1, and

k
(14 Boyo) Yo
<(1/0-3"5;] = :
y“l‘(/a gﬁ> 1= (L+ foyo) vo S°_, 6
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For yi11 to be bounded, the denominator should be bounded away from zero, which imposes a bound for
the norm of the initial condition g, i.e.,

k
(1+ Boyo) wo ¥ Bi < 1. (3.27)
i=1
So, the norm of solution of the explicit step yi is bounded under an “smallness assumption”. O

Remark 3.14. Note that a simpler version of such bounds can be obtained by induction, like equation (3.11)
of [51].

Combining the bounds for explicit and implicit steps, one can bound the norm of the updated solution as
Yet1 < (1 + A1) (1 + er Atyr)y, (3.28)

where it is assumed that ¢; and co do not change with &, for simplicity. After some straightforward calculations,
one gets

k
Urr1 < (14 oAt Ty + er At(1 + o At)Fy2 + Z c1At(1 + coAt)F iy,
i=1

Thus, by picking o = (14 coAt) T lyg + c; At(1 + coAt)Fy2 and v; = c1 At(1 + caAt)*~%, Theorem 3.12 yields
the following stability result for the scheme.

Theorem 3.15. Given a small enough initial datum and for € < 1, the RS-IMEX scheme (3.8a) and (3.8b)
s £o-bounded uniformly in € and for a finite time.

Remark 3.16. One can read the smallness condition (3.27) as a timestep restriction. This condition is restric-
tive, not in €, but in terms on the number of grid points. One may circumvent this issue by obtaining some
non-linear energy estimates, e.g., as in [28]; this is in the course of investigation.

Remark 3.17. As we have seen so far, the scheme is AC and AS. Due to Definition 1.1, for the scheme to
be AP, asymptotic efficiency is also necessary: The CFL condition is e-uniform (with material velocity), but
the condition number of J. increases as ¢ — 0 (see Rem. 4.2). Although, literally speaking, the scheme is not
AP in the sense of Definition 1.1, we call it AP (at least in a weaker sense) since it is AC and AS under a
non-restrictive CFL condition, and since one can simply combine the method with a pre-conditioner (as in [7])
to regain the asymptotic efficiency.

3.2.5. Well-balancing

To have the LaR equilibrium state at step n implies that m] = 0 and z}* is constant for all ¢ € €2,,. The
reference solution is at equilibrium, so is its perturbation, i.e., v is constant and v4 is zero, which implies that
G is also constant; so, ‘KHJ/ = V. Note that the well-balancing of the explicit step is, in fact, the consistency
of the numerical flux (due to lack of non-stiff source term).

For the implicit step, the central discretisation suffices the compatibility of the equilibrium solution as there

is exactly such a term in the difference of Rusanov fluxes. To show this compatibility, we assume that vg;fl is

zero and vﬁrl is constant, which makes the contributions of numerical diffusion to vanish. This compatibility,
combined with the unique solvability, suggests that the solution remains stationary, i.e., %”H = V4"; thus, the

scheme is well-balanced. For a more rigorous proof, we write the implicit step as (assuming & = 0)

g

n+1
Via™ + o)

BRI+ VL =0y, (3.29b)

Vit =cly, (3.29a)



ASYMPTOTIC ANALYSIS OF THE RS-IMEX SCHEME 909

with some constant ¢ denoting the constant value for the surface perturbation at n + /2.
Putting (3.29a) into (3.29b) gives

52

cOBRy1 N + (]IN — 62RbQ> ‘/2”11 =0,

which implies that V;le = 0 since 1y € N, and (Iny — ’g—ijQ) is non-singular (from Sect. 3.2.1). Also, (3.29a)
concludes that Vf}g"l is constant, and completes the well-balancing proof.

Remark 3.18. It is important to note that, generally speaking, having the solution at equilibrium does not
necessarily imply that the reference solution or its perturbation is at equilibrium. This 1d case with the LaR
reference solution is exceptional since the reference solution is constant and stationary.

4. SHALLOW WATER EQUATIONS WITH THE ZERO-FROUDE LIMIT REFERENCE SOLUTION

Here, we consider the SWE as in (3.1) in a periodic domain and with a flat bottom topography while the
reference solution U = (z,/m)7 is chosen as the zero-Froude limit solution of (3.1). It can be obtained from
Definition 3.1 and equation (3.4) that Z = z{t, and M = m{,, both constant. We have assumed the bottom
topography to be flat in order to make the zero-Froude limit stationary (owing to periodic boundary conditions);
this makes T to vanish and avoids the difficulties stem from its discretisation in the asymptotic analysis (as
discussed in [70]). With this reference solution, the splitting can be obtained as

m Mpert
F = WQ 22 — 2zb , IA’; = _ m2Zpert L_bz + 2m7npert
EET R z_b? e Ty
0
ﬁ = (m+ mpert)Q dert . m2 + m23pert _ 2m’rnpert
| Z+ zpert — b 22 zZ-b (z-b) zZ—b

The splitting is admissible in the sense of [62]; the eigenvalues of F” are stiff and those of F” are non-stiff:

i

A= +
zZ—0b €

L A=0, 2uper. (4.1)

The asymptotic analysis presented in Appendix A and Definition 3.2 suggests the scaling matrix should be
D := diag(£?, ¢); so, the scaled RS-IMEX splitting reads

_ vy /e 0
G .= m2vie (Z—-b)uv1  2mwe

., G = (M + v2)? ev? m2 muie  2muy

(z-p* e E-b cEten-b) 2 eGE-0)  (z-b? z-b
(4.2)

Due to the well-prepared initial velocity (3.4), the zero-Froude limit reference state makes the wave speeds of
the slow system really small, i.e., O(g), as upery = O(€). Also, U is asymptotically close to the solution. Thus,
the commutator would be O(1), i.e.,

N 2’02
lim [G',G'] = l oz b] : (4.3)

e—0 721)2 —U1

Similar to the case of the LaR reference solution, the modified equation is stable for this splitting. For this
case, the RS-IMEX scheme is defined as in (3.7a) and (3.7b) when G and G change according to (4.2).
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4.1. Numerical analysis of the scheme

We collect the properties of the RS-IMEX scheme in the following theorem.

Theorem 4.1. For the shallow water equations with a flat bottom and well-prepared initial data in the sense
of Definition 3.2, the RS-IMEX scheme (3.7a) and (3.7b), with (4.2) a constant &, and under an e-uniform
timestep restriction

(i) is solvable, i.e., it has a unique solution for all € > 0.

(i) its solution is e-stable, i.e., it is bounded for e < 1. So, there is convergent sub-sequence of the discrete
solutions as € — 0.

(iii) is consistent with the asymptotic limit in the fully-discrete settings, i.e., it is asymptotically consistent.
(iv) is asymptotically £o-stable for the fized grid Ax, in finite time Ty < oo and with a small enough initial data,
i.e., there exists a constant Cn 1, such that |Vi" e, < O, [IVA? e, -

We present the proof of Theorem 4.1 in the next sections.

4.1.1. Solvability of the scheme

Like Section 3.2, it is not difficult to see that J. reads
P %0

Je 1= . (4.4)
(—”;j + ) BQP+ Qﬂ—m@

The blocks of J. commute and from Theorem 1 of [63] the determinant of J. can be computed as

—92 N
det(J.) = det | P? — g ( 5+};> Q%+ 2ﬂhmPQ

EQ
———
=2

=B

One can confirm that PQ, so B, is skew-symmetric and does not change the bounds for the real eigenvalues
of the symmetric part 2, owing to the Bendixon theorem [4,36]. Thus, it remains to show that 2l has only

non-zero eigenvalues. Note that the eigenvalues of P2 + B Q2 can be set positive, by a suitable and e-uniform

choice of 3. Using the sub-additivity of the numerical range (spectrum for symmetric matrices), adding fETQQ
with non-negative eigenvalues makes J. non-singular.

4.1.2. e-stability of the solution

Similar to Section 3.2, we can find =, as
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TABLE 1. Comparison of different scaling for matrix J..

Scaling by diag(e?,1) Scaling by diag(e?,¢)

. [1 2 62)] [Od/s) O(ll/g)}

One can then confirm that Z-! has a bounded norm in terms of € as, thanks to Lemma 3.5, the blocks of

Z-1 can be obtained as

o —1
o 2/ m2 h 26m .\
:111 = <Ap - <_h + 6) A?Q (AP + hAQ> )

20m ! mZe h
——1 A A A =—1
=21 _—_( Pt —= 7 Q) <_h2+5)ﬁ Q=11 »

o 268m 2/ m2e  h\ ,_
== (b e S (e 2) )

Z—b e

(1]

no

I

|

\
=
0
=

T
1
gL

which are all bounded. Assuming the e-stability of the explicit step (see Sect. 4.1.3), the solution of the implicit
step (thus the whole scheme) can be shown to be e-stable. The e-stability of the solution implies that the scaled
perturbation VA is O(1), which justifies the asymptotic consistency analysis we are going to present in the next
section.

Remark 4.2. The condition number of J. depends on the scaling matrix. For example, one can confirm that
using diag(e?,1) and diag(e?, ¢) makes the condition number to be O(1/¢?) and O(1/e), respectively. In this
sense, the scaling by the diagonal matrix D is the “equilibration of matrices” ([29], Sect. 3.5.2) in essence, and
may improve the condition number of J;; see Table 1.

4.1.3. Asymptotic consistency

We are going to show the asymptotic consistency of the scheme formally. But, as we mentioned before, the
analysis is, in fact, rigorous owing to the e-stability results.
For the explicit step and similar to the case with the LaR reference solution, no O(1/e) contribution is
associated with the explicit update since
(m + evl)? me

b cEreow - seop W (45)

So, it is asymptotically consistent (and e-stable). This implies that for the implicit step, as shown in the
previous section, V"' = O(1). Balancing O(1/¢) terms for the implicit v;-update implies that thg’zl = O(e).
These conclude the asymptotic consistency of the scheme.

Remark 4.3. The asymptotic stability analysis for the implicit step is very similar to Section 3.2.4. We just
wish to stress that for the explicit step, one should use (4.5) to find an e-uniform bound. Hence, one can conclude
that the scheme is again AP (in a weaker sense than Def. 1.1), i.e., it is AC and AS under a non-restrictive
CFL condition while the condition number of J. increases as € — 0.
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Remark 4.4. Comparing the results of this section to Section 3.2, both schemes are AC and AS. As we pointed
out in Remark 2.2, the modified equation analysis in [71] suggests that the reference solution does not affect
stability of the scheme. However, asymptotically smaller wave speeds for the zero-Froude case (compare (4.1)
with (3.2)) indicates that the choice of reference solution affects the numerical diffusion, so the accuracy. We
will illustrate this point in Section 5.1.1 for a numerical example.

5. NUMERICAL EXPERIMENTS

In this section, we show that the solutions computed by the RS-IMEX scheme have good quality, comparable
to existing schemes. Also, we confirm the AP property (asymptotic consistency and asymptotic stability) of
the scheme, numerically. At first, we consider the flat bottom case in two examples. Then, we continue with a
non-flat bottom example.

For all the examples discussed in this section, we put @ like in the Lax—Friedrichs scheme as the maximum
value of all wave speeds over the whole domain, and « is likewise but computed for ¢ = 1 avoiding excessive
diffusion. The timestep has been computed as At := min (Atcpr,, Ataux) Where the CFL timestep Atcpr, and
the auxiliary timestep Ataux are defined as

Atcpy, := CFL Az/ max @, Atayx = CFL Az/max &|c=1.
JEQN JEQN

5.1. Shallow water equations with flat bottom

In this section, we discuss numerical results for the case of SWE with a flat bottom topography. Firstly,
we consider a colliding pulses example of [16], which has been also discussed in [6]. Then, we discuss another
colliding pulses example from [2].

5.1.1. (i) Colliding pulses

As Example 6.1 of [16], we consider the following well-prepared initial data in the periodic domain [0, 1):

h(0,2) = Ljp<z<o.9) + (1 + %) 10.2cu<0.3] + Ljo.3<z<0.7 + (1 — €3) 10 7<2<0.8) + Ljo.s<z<1];

2 2 2

m(0,z) = (1 - €2> ljo<z<o0.2) T 1jo.2<a<0.3] + <1 + 62> 1j0.3<z<0.7] + Ljo.7<z<0.8] T (1 - 62) 1jp.8<a<)
where 1, is the characteristic function in the domain w, and H.ef = 1; so, Z = 0. We also set the final time
Ty = 0.05 and CFL = 0.45. In Example 6.1 of [16] the pressure function p(¢) = o* has been used; so, we compare
the results of the RS-IMEX scheme with Section 8.1 of [6], where the pressure function is the same as the SWE.

Figures 2 and 3 show the results of the RS-IMEX scheme with 7 = 0 (LaR) and 77 = 1 (zero-Froude limit)
for e = 0.8 and € = 0.1. Compared to Figure 8.2 of [6], it is clear that the quality of computed solutions is fine.
Note that for this example, the schemes in Figure 8.2 of [6] use the same splitting as the RS-IMEX; but, they
employ an elliptic approach for the surface perturbation update; see [6] for more details. As Figures 2 and 3
suggest, the computed surface perturbation z does not change considerably with the choice of the reference
momentum, particularly for € = 0.1. For the momentum, the 77 = 1 case gives a bit more accurate solution in
terms of capturing the extrema. This is due to O(g?) wave speeds of the non-stiff system (compare (4.1) with
(3.2)) which leads to the smaller numerical diffusion; this can be clearly seen in Figure 3 where the solution is
computed on a very fine mesh with N = 6400. Note that for € = 0.1, both schemes cannot capture the details
of the waves (micro-structures), which is also the case in [6,16].

Figure 4 illustrates the experimental order of convergence (EOC) for different ¢ and m € {0,1}, for the

“mean” error e(¢A'™) in the discrete Li-norm, defined as

num num Te 1 num Te
e(BR™) = O™ ~ K o) = o 2 16 =05

JEQN, o

: (5.1)
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(A) Surface perturbation z. (B) Momentum m.

FIGURE 2. The RS-IMEX solutions for Example (i), with ¢ = 0.8, CFL = 0.45, Ty = 0.05, and
with two reference states: the LaR and the zero-Froude limit. Comparing these figures with [6]
verifies the accuracy of the scheme.

where ¢ is the variable of interest (momentum, height, etc.), and ¢A*™ and ¢rAef are respectively the computed

solution and the “reference” solution computed on a finer mesh with N = 3200. Both for the surface perturbation
and the momentum, as suggested to us by Rupert Klein, the error is normalised by 1/e2 because the initial
data consist of O(¢?) fluctuations around zero for the surface perturbation and around a constant value for the
momentum. The figures show that the scheme, regardless of the reference momentum and in agreement with
the result of Table 2 from [16], has an almost uniform order of convergence for the selected values of ¢ for a
small enough Az, which is in this case Az ~ 0.01. Note that for this example and with a small £, namely
e = 0.001, the computed surface perturbation, so the error, are as small as the machine accuracy. So, to confirm
the uniform EOC for smaller values of €, we refer to another example in Section 5.2.

For this example, as well as all other examples in this paper, the scheme uses D = diag(¢?, ), which makes
the condition number of J. to be O(1/¢) (see Rem. 4.2). Note also that for the zero-Froude limit reference state,
due to O(e) eigenvalues for the non-stiff system as in (4.1), Atcrr, = O(1/¢); so, the timestep imposed by the
advective CFL condition gets larger as ¢ decreases. For this example, since there are only O(¢?) deviations of
the initial momentum from m, one expects Atcpr, = O(1/€2).

5.1.2. (i1) Colliding pulses

Consider the following ill-prepared initial data in the periodic domain [—1,1), as in Section 5.2 from [2]
(motivated by an example of [47]):

h(0, ) = 0.955 + % (1 — cos(2rz)) )
u(0,z) = —sign(z)V2 (1 — cos(2mz)) . ’

Figure 5 shows the evolution of the water height for the final time 7y = 0.1 and € = 0.1 with N = 200,
CFL = 0.45 and the LaR reference solution. We have also chosen Hyer = 1, i.e., Z = —0.045. The figure shows
that, comparing to Figure 1 from [2], the quality of the computed solution is fine. Note that in [2], the height is
computed by an elliptic approach. Moreover, Figure 6 confirms the e-uniformity of the timestep, and stability
of the scheme in f3-norm, with the growth factor G, defined as Gj := 6% |ley /|64 |, for some quantity ¢. As
Figure 6 suggests, the scheme is stable uniformly in e for variables like z, m and u. Also one can see that, as
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FIGURE 3. Panels A and B: The RS-IMEX solutions for Example (i), with e = 0.1, CFL = 0.45,
Ty = 0.05, and with two reference states: the LaR and the zero-Froude limit. Panel C'is like
panel B, but for a very fine mesh. The solutions are accurate in comparison to [6]. Also, the
zero-Froude reference solution seems to provide better results.

discussed in Appendix C, the scheme moves the solution toward the well-prepared (limit) manifold. Because the
mean value of the momentum is zero, the analysis of Appendix C shows that the scheme makes the momentum
O(£?), which is indicated by a very small G,, for a small . Note that after the second step, it is @ = O(1) which
dissipates small variations of the solution and gives an almost constant solution at ¢t = T'.

To compare the LaR and the zero-Froude limit reference solutions, we keep Z = —0.045 and change the
reference momentum to 7 = /2, which is not the zero-Froude limit. We call this setting case (ii,). As Figure 7
shows, such a choice gives rise to a non-symmetric solution. Since the solution of the PDE does not change
regardless of the choice of the reference solution, this issue should stem from the operator splitting, which does
not necessarily preserve the structure of the solution. In particular, for this example, this choice of the reference
momentum destroys the odd-symmetry of the momentum for each step which cannot be fully compensated due
to the splitting error. This non-symmetry is in fact a well-known issue for operator splitting schemes (see [21],
p. 526). Figure 7 confirms this conjecture, as it shows that the solution gets more symmetric as one refines the
grid, i.e., as the operator splitting error gets smaller.
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FIGURE 4. The EOC of the RS-IMEX scheme in Example (i), confirming the theoretical order
of convergence, with CFL = 0.45, Ty = 0.05: Panels A and B for the LaR (m = 0) reference
state, Panels C'and D for the zero-Froude limit (77 = 1) reference state. The black solid line is
the line with slope one.

5.2. Shallow water equations with non-flat bottom

In this section, we study the result of the RS-IMEX scheme for the non-flat bottom case, and confirm
the experimental order of convergence for a specific example. Also, we verify the smallness of checker-board
oscillations, numerically. We set the initial condition as in Example (i) but with a non-flat bottom function
n°(z) = 0.2sin(37x). We name this setting as Example (iii) hereinafter. In Figure 8, the convergence rate of
the scheme has been plotted, which shows the e-uniform EOC for the scheme. Moreover, Figure 9 shows the
smallness of the checker-board oscillations for the momentum, without any need for a special fix. It can be seen
that ||[V2,alllle.., which indicates the amplitude of possible checker-board oscillations, decreases like O(e) as
e — 0. It can also be seen that the condition number of J; is very large, i.e., conds(J:) = O(1/¢).
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FIGURE 5. Evolution of the surface perturbation for the RS-IMEX solution in Example (ii,),

with e = 0.1, CFL = 0.45, N = 200, and the LaR reference solution. The figure confirms the

accuracy of the computed solution compared to [2].
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FI1GURE 6. Growth factor and timestep for different ¢, to confirm the asymptotic stability of
the scheme, for Example (ii,) with the LaR reference solution.
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FIGURE 7. Vanishing effect of an unsuitable reference solution for Example (ii;) as Az — 0,
fore = 0.1, Ty = 0.1 and N = 200, 400, 800, 1600.
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FI1GURE 8. EOC of the RS-IMEX scheme for Example (iii), confirming the uniform order of
convergence in €, with Ty = 0.05, CFL = 0.45 and the LaR reference solution. The black solid
line is the line with slope one.

6. CONCLUDING REMARKS

In this paper, we have analysed the RS-IMEX scheme for the shallow water equations w.r.t. the Froude
number. The scheme has been presented in one space dimension and the asymptotic consistency and stability,
as well as the quality of the computed solution have been illustrated by numerical analysis and several numerical
tests. Although, strictly speaking, the implicit step is not uniformly-efficient due to the large condition number
of the linear system associated to that, we claim that the scheme is AP as, practically speaking, the scheme is
efficient, thanks to the simple structure of the linear system to be solved. Moreover, the analysis confirms the
preservation of the lake at rest equilibrium state. Indeed, the asymptotic consistency and stability analyses are
not only formal but also rigorous. These results are presented, so far, for two reference solutions, the lake at
rest and the zero-Froude limit, and limited to one space dimension and first-order schemes on periodic domains.
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FIGURE 9. Behaviour of the condition number of J. and the amplitude of checker-board like
oscillations regarding e, computed for Example (iii) with 7y = 0.05, CFL = 0.45 and the LaR
reference solution. The black solid line is the line with slope one.

Of course, it is of a great interest to conduct a similar study for the two-dimensional case, for which a significant
challenge would be the more complicated structure of the implicit operator (or equivalently matrix J.), which
makes the rigorous asymptotic consistency analysis much more involved; we refer the reader to [6,67,70] for
more details.

APPENDIX A. FORMAL ASYMPTOTIC ANALYSIS OF SHALLOW WATER EQUATIONS

This section is to provide the formal asymptotic analysis for the low-Froude limit of the 1d SWE in the
periodic domain 2 (see also [12] for a more general formal analysis). Consider the usual formulation of the
non-dimensionalised SWE with 7” = H,ef + b and h = z — b (compare it with system (3.1)):

ath + Bmm = O,
m2 h? hagmb (A.1)
Oym + 0 (h+232> =TTa

Then, we substitute the Poincaré expansion for h and m, in terms of the Froude number ¢, as
h(t,z) = h(()) (t,x) + Eh(l) (t,x) + Ezh(g) (t,x), m(t,x) = m(0) (t,x) + Em(l)(t, x)+ €2m(2) (t,x), (A.2)

in (A.1), and balance equal powers of . O(¢~2) terms yield (o) 9z(h(o) + b) = 0; so, the leading order of the
water surface (or total height) ° := h +n® is constant in space since Moy = h(o) + n’ = o) (t). Using this, one
can find for the higher order terms that hgy 0,h(1) = 0, thus k(1) = h)(t).

Moreover, the leading order of the continuity equation 9k gy + 0zm o) = 0 gives

d
&/Qh(o)dw = —/S;aﬂ’n(o)dw = 0,
owing to the divergence theorem and the assumption of periodic boundary conditions. Thus, d;hy = 0 and

Moy = const., which give h) = hioy(z) = Moy — n°(z) and m(gy = mo)(t). With similar arguments, one can
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easily find that 0;h(;) = 0, so h(;) = const. and my) = m()(t). For the evolution of m ) in time, one gets

1 1
dymgy = —@/ﬂh(g)&mbdm = —@/Qz(g)amnbdx.

Thus, the leading order momentum does not evolve in time when the bottom is flat, i.e., 9;m o) = 0. Summing
up, one can justify Definition 3.1 as the formal asymptotic limit of the SWE.

APPENDIX B. ON THE PROOF OF LEMMA 3.8

In this section, we complete the proof of Lemma 3.8, in particular, we show that the relation 62Rwa§2) =
wéo) implies that wéo) can only be zero. We also show that kernel of the matrix Ry includes only vectors with
a checker-board like structure (denoted by CB hereinafter), as defined in Lemma B.1 below.

For the non-flat bottom case, matrix Ry, is defined as in (3.11) and ﬁQRwaém = 'wéo) gives the following

linear system of equations:

hyn - EQ B EQ, B —hn Wy 5 — wQ,N w2,0dd
T e T | | g B
—ha ha —ha ha Wy 4 — Wy o Wy oaq | .

We want to characterise the null space of the coefficient matrix and show that the system has a solution only

if wg?c))dd7 wé?gven = 0. One can pose the following lemma.

Lemma B.1. Consider the linear system of equations My = ¢ of size N, in accordance with equation (B.1),
and with the positive sequence {my}y > 0, as:

my —m2 ma —mnN Y2 — YN c
—my  myp—mzg m3 Y3 — Y1 o
€
—Mg Mo — My My Ya — Y2 = e |- (B.2)
(e}
mq —MN—-1MN—1 — M1 Y1 —YnN-1

Then,

(i) every y € Ny is either constant or has a CB-like structure, i.e., Yy, — yx—1 has different signs for odd and
even k’s.
(ii) the system (B.1) is inconsistent, i.e., its solution set is empty, unless ¢;,co = 0.

Proof. For part (i), we aim to characterise all vectors y such that My = 0. We rewrite the system as MO =0
by denoting 0; := y;4+1 — y;, where

mo mn
—_ my1ms
M = o . (B.3)

my—-1 Mmi
One can check that for an odd N, det(M) = HkN:1 mi # 0. So, M is non-singular and has only a trivial null

space. That is to say that only the zero vector belongs to its kernel, which corresponds to a constant vector y
by definition. If NV is even, det(M) = 0 and one can find a non-zero minor of size N — 1. So, N/ is of rank one



920 H. ZAKERZADEH

with the basis 8* such that 6} = (—1)k7mnz+i 0;_, for k € Qn. The sequence {my}; is smooth as it corresponds

to the discretisation of a smooth bottom functlon, and it is also positive, i.e., {my}x > mingeq, hr > 0. So, the
quotient mg_1/my41 = 1 is also smooth for a small enough Az. This implies that, like for 8*, the components
Yk should have a CB-like structure.

Note that for such a 8* to belong to the kernel of M, it should fulfil the compatibility condition Zj 0; =0
due to its definition. It is not straightforward to check a priori if this relation holds; but fortunately, we only
need to confirm the CB-like structure of elements of Nj;. -

For part (i), note that the system (B.2) is equivalent to the auxiliary system M6 = c as soon as 6 can
be written as a difference form. So, it is enough to show the incompatibility of all possible solutions of the
auxiliary system.

N is odd. If N is odd, we should consider ¢, = ¢; = c. As we already showed, M is non-singular and the system
M@ = ¢ has the solution 8* such that for k € Qp

mabi + myOy =c

m107 +msb; =c m ¢
— O+ — 0 = : (B.4)

mN_19?V71 + mle}‘v =c

Then, making a spatial sum on Qy for (B.4) gives

5 ) e 3

keEQN Mi+2
Owing to the smoothness of the sequence {my}x, one gets m’ziz ~ 1, which implies that >0} ~ 3 57—
This contradicts the compatibility condition >~ 07 =0, unless ¢ = 0.
Denoting 9 := m"k‘L and ¢ 1= mk+2 a more precise argument can be performed by re-writing (B.4) as
05 = ¢, — V107
QQNQ + 9* é 9§ = —52 — ’19295 = 62 — 19251 + 79119201‘
1919f + 92 — E GZ = 53 — 1939§ = 63 — 1939; + 19219361 - 191192?939T
— .
IN05 4 0% = Eno . [T oo - S e TT
RGO | KV SIC VN |
j j=1 =j+1

So, one gets two different relations for 6%, which, indeed, should be the same:

_ — N—
o 4 t=j+1

It is not difficult to confirm that HN ! ;=95

* ~1\/' 19N
91 = ? — 7 : Cj H 19[. (B5)

In equation (B.5), since {¢;}r and {vy}r vary smoothly, there are some cancellations for the second term,
which suggests that it is of O(Ax). A similar procedure for every k € Qy shows that the leading order of 65 is
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Cr—1
2

, which implies that )" 6} # 0, i.e., the solution cannot be compatible, unless ¢ = 0.

N is even. For this case, the procedure is very similar to the previous one. Assuming the existence of a solution
0%, one gets

P S S (B.6)

m m m
keQy P2 (k=2/)€Qn  FT2 (h=2jyn)eqn | Ft2

which, in general, resembles the previous argument for an odd N. However, for ¢, = —c., the previous argument
seems not working as the rhs vanishes. Here, we show that in such a case, for the system to be consistent
ce = ¢, = 0 should hold which matches the statement of the lemma. Consider the same definition of 9, and &
as above, with ¢, = —¢, = ¢. So,

05 = & — 016}
191\/'07\7 + QT = —Cn 9;: = —Cy — 19295 = —Cy — U9C1 + 191’[929{
19191‘ + 9; — 51 QZ = 63 — 1939§ = 63 + 1930; + ’19219361 - ’191792’!930T
— .
' N-1 N-1 N-1
In 105 + 0% = én_ . } . )
N-1Uy_y + 0y =cn-1 0% = (—1)N 1[ H 9,07 — & 194
j=1 =1  r=j+1

One gets two different relations for 6%, which should be the same:

N—1 N— N—
On = —05'07 — Iy N, eyvz—HﬂjeiJrZa H
j=1 =1  t=j
Because H;V:_ll vy = Yn ' and the second term has a different sign, é& = 0 for all k, i.e., ¢ = 0. O

Lemma B.1 implies that the system (B.1) or (B.2) is consistent only if wéoc)) dd> wéogven = 0. Also, it confirms

that Ryw; — 0 if and only if w; tends to a vector with the CB-like structure. The relation (3.15a) shows that

(0)

the mean of w; "’ vanishes for a summation on odd and even indices while, owing to the smoothness of the

bottom function and because of this vanishing mean, odd and even entries of w§0) should have different signs.

This concludes that wgo) is the zero vector.

APPENDIX C. ASYMPTOTIC CONSISTENCY OF THE RS-IMEX SCHEME WITH THE
ILL-PREPARED INITIAL DATA

Regarding AP schemes for hyperbolic balance laws, the focus is often limited to the well-prepared initial data
(Def. 3.2). Here, we briefly show that the rigorous asymptotic consistency analysis can also be done for the
ill-prepared initial data (cf. [23], Sect. 4.6), i.e

0 0
20, = 20y T €2(1) &9
€ (0) (1),e (Cl)

Mo, = M) +Emy) .,

where Z?o) is constant, 2?1), .= 0O(1) and m?o) is not solenoidal (constant in 1d).
We consider the LaR reference solution and assume a flat bottom topography. One can check from (3.2) that
the splitting is still admissible in the sense of [62]. Also, without scaling the perturbation, we pick V' = Upert.
At first we show the e-stability of the updated solution to justify the use of asymptotic expansion. From the
definition of F' and F one can simply check that the intermediate step solution is e-stable as the pressure term
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n

vi/2e? is O(1), owing to (C.1); this implies that ||V} +1/2H = O(1). Since J ! is e-stable (with similar arguments
as in Sect. 3.2.2), [|[VZ"!|| = O(1) and the use of asymptotic expansion is justified. B
Balancing O(1/¢2?) and O(1/e) terms in the implicit momentum update shows that Vj (hvffl) = 0(?).

This, combined with ||V17711/2|| = O(e) and the implicit vi-update, implies that thgjl = O(e). In other

words, vyt (similarly v consists of an O(1) (similarly O(e)) constant plus some O(e) (similarly O(?))

perturbations, where the constant can be shown (by a spatial summation) to be the mean value of the leading
order of the initial momentum. Note that for the colliding pulses example 5.1.2, these constants are zero. So,
after only one step, the solution is moved to the mean value plus small perturbations. Performing a similar
procedure for the next step, one obtains ||V17X3/ Il = O(£?), thus thgf = O(g?), which concludes that the
solution is completely projected onto the limit manifold, and is moved beyond the initial layer. This gives the
correct uniform behaviour for the scheme; see [13] for some discussions on this topic for relaxation systems.
Hence, the scheme is AC even with an ill-prepared initial datum in the sense of (C.1).
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