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STABILITY ANALYSIS AND BEST APPROXIMATION ERROR
ESTIMATES OF DISCONTINUOUS TIME-STEPPING SCHEMES
FOR THE ALLEN-CAHN EQUATION

KONSTANTINOS CHRYSAFINOS*

Abstract. Fully-discrete approximations of the Allen—Cahn equation are considered. In particular, we
consider schemes of arbitrary order based on a discontinuous Galerkin (in time) approach combined with
standard conforming finite elements (in space). We prove that these schemes are unconditionally stable
under minimal regularity assumptions on the given data. We also prove best approximation a-priori
error estimates, with constants depending polynomially upon (1/€) by circumventing Gronwall Lemma
arguments. The key feature of our approach is a carefully constructed duality argument, combined with
a boot-strap technique.
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1. INTRODUCTION

The Allen—Cahn equation is a parameter dependent parabolic semi-linear PDE of the form

1
ut—Au—l—e—Q(uS—u):f in (0,T) x Q,
Ou
on

0 on (0,7) x T, (1.1)

w(0,2) =ug  in

here, Q denotes a bounded domain in R%, d = 2,3 with Lipschitz boundary T, uy and f denote the initial
data and the forcing term, respectively. The principal difficulty involved, concerns the parameter 0 < ¢ < 1
which is very small and, typically comparable to the size of the time and space discretization parameters, 7, h
respectively. The Allen-Cahn equation was introduced in [2] as the simplest phase field model.

The numerical analysis of any potential scheme is also significantly complicated due to the structrural prop-
erties involved. For instance, we note that the natural norms |.|ze[o,7;r2()], ||-|l2[0,7;81 Q) associated to
the weak solution of our problem and imposed by its structure, scale differently in terms of the param-
eter €, compared to the |.|p4[o,7;04(0)) norm that naturally arises from the nonlinear term. In addition,
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the presence of L2[0,7T;L?(Q2)] norm with the “wrong sign” poses a substantial difficulty in the analysis as
well as in the numerical analysis of fully-discrete schemes for such problem. Classical techniques based on
Gronwall’s type inequalities typically fail, since they introduce constants depending on quantities of exp(1/e).
This problem was first circumvented in the works [3,10,17] through the development of uniform bounds of the
principal eigenvalue of the linearized Allen—Cahn operator (spectral estimate), i.e., bounds for the quantity
. Voll72 g +e 2 ((Bu®~1)v,0) . . . .

info,e () e which are available when the Allen—-Cahn equation describes a smooth
evolution of a developing interface.

Based on the above idea, for the numerical analysis of the implicit Euler scheme, in [25], the first a-priori
bounds were established in various norms with constants that depend upon (1/€) in a polynomial fashion. For
instance, for a discrete analog of the energy norm, an estimate of order 7 + h with constant depending upon
1/€®, when the data ||Vuo|lr2(q), [|Auoll2(0), lims_o+ [[Vu(s)||r2(0) < C and the spacial and the temporal
discretization parameters satisfy 7 + h? < Ce” and h|In h|1/2 < € when d =2 and 7+ h% < €', and h < €5,
when d = 3, respectively. One key idea involved, among others, in the numerical analysis of [25], was the
construction of a discrete approximation of the spectral estimate.

Ideas based on the spectral estimate and its approximation, were further used in order to obtain a-posteriori
error bounds in [26,32], while various a-priori and a-posteriori estimates also based on discretized versions of
the principal eigenvalue operator where obtained in the works of [8,9,27]. In [24] a fully-implicit scheme using
the symmetric interior penalty discontinuous Galerkin (in space) method was considered and error estimates
were established with sharp polynomial dependence upon 1/e. The key idea involved in [24] was the construction
of a suitable discrete approximation of the spectral estimate in presence of discontinuous (in space) spaces.

In [37], semi-implicit schemes of first order were studied, and conditional stability estimates were presented
for semi-discrete (in time) approximations. In addition [37], a second order semi-implicit, semi-discrete in time
scheme which is conditionally stable was also considered. In [4] a second order convergent in time scheme for
the Cahn—Hilliard equation with a source term, was studied. We refer the reader to [6,7,16] for earlier works
regarding numerical analysis of the Cahn-Hilliard equation and of the coupled Allen—Cahn, Cahn-Hilliard
system respectively. Finally in the earlier work of [11] convergence of numerical solutions of a discretized Allen—
Cahn equation was established. An overwiew of available a-priori and a-posteriori error bounds related to
the Allen-Cahn equation can be found in [5]. Extensive numerical studies of various numerical schemes for
the Allen—Cahn equation are presented in [31,44]. For various results regarding discountinuous time-stepping
schemes for nonlinear parabolic PDEs, we refer the reader to [20-22,40,41].

1.1. Main results

Our goal is to provide rigorous stability analysis and convergence for a general class of fully-discrete schemes
under minimal regularity assumptions for any choice of 7, h, € as well as to prove best approximation a-priori
error estimates, in a suitable neigborhood of convergence, when 7, h, e are chosen appopriately. The schemes
considered here are discontinuous (in time) and conforming in space. In particular, for quasi-uniform in time
partition, {¢'};,—o . n of [0,7], and for conforming finite element subspace U, C H'(§2), we seek fully-discrete
solution (here denoted by uy) such that

up, € Up = {wy, € LQ[O,T;Hl(Q)] : wh|(tn—17tn] S Pk[tn_l,tn; U]}

Here Py [t"~1,t"; Up] denotes the space of polynomials of degree k or less having values in Uj,. Our analysis
includes high order schemes in both space and time. The motivation for using the discontinuous (in time)
Galerkin approach relies in its robust performance in a vast area of problems. The key feature of discontinuous
time stepping Galerkin schemes is their ability to mimic the stability properties of the corresponding continuous
system without requiring additional regularity on the given data. Indeed, we prove that the fully-discrete
solution, computed by using discontinuous Galerkin (in time) and conforming finite elements in space of arbitrary
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order (in time and space), denoted by wy, satisfies the following unconditional stability estimates:

C
lunllzeomizz@y < €, and - Jlunllp<jo,ripz) + llunllz2pomsm @) <

where C' denotes a constant depending on the domain €2, the norms of ||uol[z2(q) and || f||z2j0,7:(H1(02))+) and
the polynomial degree in time, but it is independent of 7, h, e. The above stability estimates and a compactness
argument tailored for discontinuous Galerkin time-stepping schemes by Walkington [41], allows us to deduce
the strong convergence in LP[0,7T; L?(2)] norms, for 1 < p < oo, which implies convergence of such schemes
without using discrete variations/approximations of the spectral estimate.

In addition, using the stability estimates, and within a neighborhood of the established convergence, we prove
the following best approximation error estimate,

C o
|lerror||x < g(\\u”%oo[o,T;Hl(Q)] + Hu||2L2[0,T;H2(Q)])||best approximation error|| x,

where X = L>[0,T; L?(Q)] N L?[0,T; H(Q)], and C denotes an algebraic constant depending only upon data,
and it is independent of 7, h, e. For the above best approximation error estimate we require that

o if ue LY0,T; H*(Q)], uy € L0, T; L*(Q2)] then 7, h satisfy
Cet

T 2 _
(1) ()7 + %) < i rme e el ey Wien d =3,
T 2 Cce’/? o
(2) In(5)(7 + A7) < MMl 2t g0, 2582 ) e N L0, 722 (2 when d = 2,
r 2 cel o _
(3) In(5)(7+h?) < (I TPy T e & whend=2,k=0,1,
or
o 1l Uy € , 1 , U € , 1 , then 7, h satisty,
if L2[0,T; H?( L2[0,T; L?(9Q)], th h satisf
1/2 3/2 Ce* _
(1) (T + h) S (‘Iul‘LZ[o,T;HZ(n)]+‘|ut|‘L2[0,T;L2(Q)])’ when d 3,
1/2 3/2 < Ce™/? _
(2) (Y2 +h)?= < (TS T Tk when d = 2,
3
(3) (/24 h)3/2 < Ce ,whend=2,k=0,1.

(lullz2i0,7;m2 @) Hllwell L2 (0, 7,02 (2)))

In both cases C' depends only upon the domain (independent of €, h, 7). The above estimate states that
within the neighborhood of convergence the error is as good as the approximation properties of the underlying
subspaces, and the regularity of the solution will allow it to be.

1.2. Our approach

For the stability analysis, instead of focusing on the uniform bounds of the principle eigenvalue of the linearized
elliptic part of the Allen-Cahn operator, we define the following auxiliary (almost dual) linearized pde, with
appropriate scaling (and positive sign) in the L2[0,T; L?(Q)]-norm. In particular, with right-hand side u €
L2[0,T; L*(Q2)], and zero terminal data ¢(T) = 0, we seek ¢ € L?[0,T; H*(Q)] N L>[0,T; L?(£2)] satisfying

—¢t—A¢+€%u2¢+€%¢:u, in (0,7) x Q, %:0 on (0,7) x T,

The key ingredient in our stability analysis is the construction of the fully-discrete space-time approximation of
the above linearized equation with an appropriately scaled L2[0,T'; L?(£2)] part, based on the discontinuous time-
stepping Galerkin formulation. This auxiliary space-time projection effectively allows the application of a duality
argument, to recover first the unconditional stability with respect to L2[0, T; L?(Q2)] norm, and then a boot-strap
argument to recover the unconditional stability in L2[0, T’; H(2)], L*[0,T; L*(2)], and L*°[0, T’; L*(£2)] norms.
For the later we employ the techniques developed in [12,13,41], in a way to avoid the use of Gronwall’s type
arguments. The discrete compactness argument of Walkington [41], then allows to rigorously pass to the limit to
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prove convergence. We note that the case of zero Dirichlet boundary data can be also considered in an identical
way. The use of parabolic duality was initiated in [35], for the derivation of semi-discrete in space estimates for
general linear parabolic PDEs, using the smoothing property (see also [40], Chap. 12 and references within for
related results in the context of discontinuous time-stepping methods).

For the best approximation error estimate, within a neighborhood of the established convergence, we employ
a similar strategy and the stability estimates in crucial way. To separate the difficulties due to the nonlinear
structure from the ones involving the different scaling (in terms of €) of various norms, we derive estimates in
three steps:

(1) We define an auxiliary space-time linear parabolic projection that exhibits best approximation error es-
timates. The auxiliarly space-time parabolic projection u, is defined as the discnotinuous time stepping
solution of a linear parabolic pde with right hand side u; — Au, and appropriate initial data, and using the
result of Section 2 from [12] and a proper duality argument we obtain best approximation estimates for the
difference between u—u,. In addition, we employ a crucial optimal estimate in L*[0, T; L?(£2)] by Leykekham
and Vexler [34], Corollary 4, which is applicable when u € L*[0,T; H?(Q)] and u; € L*[0,T; L*(Q)].

(2) We use a duality argument, combined with the previously developed stability estimates to obtain the key
preliminary estimate for the L2[0,T; L?(£2)] norm without using Gronwall type arguments, with constants
depending polynomially upon 1/e. To achieve this, first we employ the discrete compactness argument
of Walkington [41] to recover strong convergence in L*[0,7T; L?(Q2)] to guarantee that the error uj, — u is
small enough, for small enough discretization parameters 7, h. Then, we define the space-time discontinuous
Galerkin approximation vy, of the weak solution of the problem,

S A (30 =y, GT) =0, D=0
and we prove various key stability estimates for 1, with the help of the spectral estimate. We note that
unlike previous works, we do not contruct an explicit discrete approximation of the spectral estimate.

(3) Then, we recover the full rate in the L2[0,T; H*(2)] norm via a boot-strap argument and the estimate at
arbitrary time-points via the techniques developed by Chrysafinos and Walkington [12,13,41] to obtain the
symmetric structure of the best-approximation error estimate. The boot-stap argument is performed in a
way to avoid the use of Gronwall type arguments.

The remaining of the paper is organized as follows: in Section 2, we present the necessary notation, and
some preliminary estimates for weak solutions of the Allen—Cahn equation. In Section 3, after defining the fully-
discrete discontinuous Galerkin scheme, we present the basic stability estimates, which allow us to establish
unconditional estimates in L>°[0,T; L?(£2)] and to prove strong convergence in Section 4. Finally in Section 5,
we prove best-approximation estimates with constants depending polynomially upon 1/e and apply these results
to obtain convergence rates.

2. PRELIMINARIES

2.1. Notation

Let U denote a Banach space. Typically, U = H*(2),0 < s € R, where H*(2) denotes the standard Sobolev
(Hilbert) spaces (see for instance [23,43]). We denote by H°(Q) = L?(€). Finally, we use the notation (.,.) for
the duality pairing of (H*(Q2))*, H*(2) and (.,.) for the standard L? inner product, where (H'())* is the dual
space of H'(Q). We denote the time-space spaces by LP[0,T;U], L>°[0,T; U], endowed with norms:

T 1
lwllorar = ([ lwlfde)”, wlioro = esssupeon lulo.
0

The set of all continuous functions v : [0,7] — U, is denoted by C[0,T;U] with norm |[w|cjor,v] =
maxyco,7] ||w(t)|lv. For the definition of spaces H*[0,T;U], we refer the reader to [23,43]. Throughout this
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work we will use the following space for the solution w of (1.1),
X = L®[0,T; L2(Q)] N L*[0,T; H' ()]

with associated norm ||w||% = |lwl|2 soj0,;02(()) T w32 0,711 (- The bilinear form related to our problem is
defined by

a(wy,ws) = / Vw, Vwodz Ywy,we € H (),
Q
which implies the corresponding coercivity condition
a(w,w) = ||Vw||2LQ(Q) Ywe HY(Q).
We close this preliminary section, by recalling Young’s inequality and Landyzeskaya—Gagliardo—Nirenberg
interpolation inequalities.
Young’s Inequality: For any a,b > 0 any § > 0, and s1,89 > 1

ab < 6a® + C(s1,89)0 #1b°2,  where (1/s1) + (1/s5) =

Landyzeshkayka-Gagliardo-Nirenberg Interpolation Inequalities: There exist constant C' > 0 depending only
upon the domain such that, for all u € H*(2),

1/2 1/2
lull sy < Cllull oty lull iy when d =2,
1/2 1/2
sy < Cllull oy lullyiy  when d =3,
1/4 3/4

H“”L“(Q) < CHU’”LQ(Q)HU’”Hl(Q)’ when d = 3.

2.2. Weak formulation and regularity of the Allen—Cahn equation

The following weak formulation of (1.1) will be used subsequently. Let f € L2[0,T; (H'(Q))*] and uy € L?(Q).
Then, for all w € H*(Q) and for a.e. t € (0,T], we seek u € L*[0,T; H' ()] N H1[07T (H'(2))*] such that

(ue, w) + a(u,w) + (1/€*)(u® = u,w) = (f,w), and  (u(0),w) = (uo, w).

Since, our schemes are based on the discontinuous time-stepping framework, a suitable space-time weak
formulation can be written as follows: we seek u € L>[0,T; L2(Q)] N L2[0, T; H'(2)], satisfying,

1
—2(u3 — u, w)) dt

€

T
D) (@) + [ (= ww) +afu,w) +
0
T
— (o) + [ (fupde (21)
0
for all w € L2(0,T; HY(Q)) N HY(0,T; (HY(Q))*). 1t is clear that, using straightforward techniques, (see for

instance [39,43]), one can easily prove the existence of a weak solution u € L*[0,T; L?(2)] N L2[0,T; H*()]
which satisfies the following estimate

lullx < Ce (IS lz2torien @y + Nuollzze )

where C, depends on 2, and the parameters ¢ and 7.
The following Lemma quantifies the dependence upon ¢ of various norms.
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Lemma 2.1. Suppose that f € L2[0,T; (H'(2))*] and ug € L*(Q). Then, there exists a constant C, independent
of €, such that:

lull 20, 7;L2(0)) + ||U||2L4[0,T;L4(Q)] < (Tl/Q + €(([uollz2(@) + Hf||L2[O,T;(H1(Q))*])) ;

[ull oo to,ms2(0)) + lullL2po,r;m1 (@) <

a|Q Q

Suppose that for any o > 0,

1 C
1172000200y and [ Vuol|72 (o) + @H(Ug —1)?L1q) < 2 (2.2)
Then, there exists a constant C' (indpendent of €) such that:
C C
lull 20,7120 < s lull o< to,rs e ) + el z2po,mp2 o < 2 (2.3)

Proof. For the first estimate, we use the following auxiliary backward in time linear parabolic pde. Let u be the
solution of (2.1). Given, right hand side u € L?[0, T'; L*(9)], boundary data g—i = 0, and terminal data ¢(T") = 0,
we seek ¢ € L2[0,T; H(Q)] N H[0,T; (H'(2))*] such that, for all w € L?[0,T; H(Q)] N H[0,T; (H(2))*],

T 1 1 T
[ (@0 + atorw) + 30000+ Zonw)) ar (600, w(0) = [ (w,wiar. (24)
It is clear that setting w = ¢ in (2.4) we obtain the following bound:

1 1 1
§||¢(0)HL2(Q)] + IVl 20,122 (0)) + ;H¢U||L2[0,T;L2(Q)] + ?6||¢||L2[0,T;L2(Q)]
€
< §||u||L2[o,T;L2(Q)]~ (2.5)

Note that the above estimate easily implies ||¢|| 210, 7; 51 ()] < Cellul|L20,7;2(0)], with C an algebraic constant
independent of €. Now, we employ a “duality” argument. Integrating by parts in time (2.1), and setting w = ¢
into the resulting equation, we obtain:

T 1 T
| (o) +atwo) + 5~ wa))de= [ (.00 (26)
0 € 0
Setting w = w into (2.4) and subtracting the resulting equality from (2.6) we derive:
T 9 [T T
| i = % [ @aat+ [+ 60).u00) (27)

Note that using Holder’s inequality, and the stability estimates, equation (2.7) implies that

) T
[l F2p0,7:22(y) < :2/0 Q2| gu| 2o dt

Ol 2o, ()] + [[9(0) || 20 |4(0) || 2 ()

+ 1 fll 210,750 ()]
2
< :2|Q|1/2T1/2\|¢U||L2[0,T;L2(Q)]
+ CIf 20,750 @)+ + 1w(O) | 220y €llull 20,7522 ()
2
€

2
< ;2IQIMT”Q;IIUHH[O,T;L?(Q)]

+ CIf 20,7500 )1 + 1w(O)l 220y ellull L2 10,7522
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which implies the desired estimate on ||ul|z2(0,7;r2(0)- Returning back to (2.1), setting w = u, and using the
bound on [|ul|2(0,7;22()], We obtain the first estimate. For the second estimate, we set w = u;, and we observe,

/T <|| ||2 *d (1 | H2 *1 ¢ 2 - 1)2“ )) dt /T(f )dt
Ut||7 2 + —|Vul52 + U 1Q = , U .
0 tllL2(Q) dat \ 2 L2(Q) 4e2 L1(2) o t

The estimate now follows by standard algebra. The estimate on |[|Aul|z2(0,7;12(q) follows using standard
techniques. O

Remark 2.2.

(1) If more regularity is available, then we can quantify the dependence upon 1/¢ in other norms (see for instance
[25], Prop. 1). In addition to (2.2), if the initial data satisfy, for some ¢ > 0, || Aug— % (u§ —uo) | r2(0) < Ce™?
with constant C' independent of €, then,

lull <o,z + luell o riegy < Cemmzr=hmh,
IVl 20,22 () < Ce™mimo—h=ok,

(2) We point out that the regularity bound on g [|(ud — 1)?||z1(q) < 5, for o > 0, is essential in order to

obtain (2.3). For example, if only ||ug||f1(q) < C is assumed then the dependence upon 1 deteriorates to:

C
lull Lo 0,71 ()] + 1wt 20,7522 () + lull 2 (0,75 m2 (0 < =

For the stability analysis of the fully-discrete schemes, enhanced regularity assumptions, such as u €
L0, T; H2(2)] N H[0,T; H(Q)] are not necessary. For the error estimates, the constants will depend upon
the norms of |[u| g (0,751 Q)]s |tellL20,7;2(0) and |Julz2(0,7; 52 ()]

3. THE FULLY-DISCRETE SCHEME

3.1. Discontinuous Galerkin time-stepping

For the discretization of the Allen—Cahn model we employ a discontinuous Galerkin time-stepping approach,
combined with standard conforming finite elements in space. Approximations will be constructed on a partition
0=t"<t! <... <tV =T of [0,T]. On each interval of the form (¢t"~!,¢"] of length 7,, = t" — "1, a subspace
Uy, of HY(Q) is specified for all n = 1,..., N and it is assumed that each U}, satisfies the classical approximation
theory results (see e.g., [14]), on regular meshes. In particular, we assume that there exists an integer £ > 1 and
a constant ¢ > 0 (independent of the mesh-size parameter h) such that if w € H'*1(Q),

inf ||lw— ’LUhHHs(Q) < Chl+1_s||w||H1+1(Q), 0<i<y, s=—1,0,1.
h

wp €U,

We also assume that the partition is quasi-uniform in time, i.e., there exists a constant 0 < 6 < 1 such that
01 < minp—1 . N Ty, Where 7 = max,—1,. N T,. We seek approximate solutions which belong to the space

U, = {wh S Lz[O,T,Hl(Q)} : wh|(tn—17tn] S ,Pk[tnil,tn; Uh]}

Here Py [t"~1,t"; Uy] denotes the space of polynomials of degree k or less, having values in Uj,. By convention,
the functions of U}, are left continuous with right limits and hence we will subsequently write w}j_ for wy (") =
wp ("), and wy, for wy (7). Note that, we have also used the following notational abbreviation, wy, = wp, -,
Un = Uy, ; ete., since for the stability analysis we will not impose any restriction involving 7, and h. The jump
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at t" will be denoted as [w’hl] = wp, — wy_. The fully discrete system is defined as follows: We seek uy € Uy,
such that for every wy, € Uy, and forn=1,..., N,

n

(i) + |

tn—1

(= Cans wone) + auwnywn) + (1/63) w5 = wn,wn) )t

n—1

=)+ [ (3.1

Recall that f,ug are given data, and u® denotes approximations of ug. In our case, we will define u° = P,u°,
where P}, denotes the standard L? projection, i.e., Py, : L2(2) — Uy, defined by (P,v —v,wp,) =0, Ywy, € Uy.

Remark 3.1. For any € > 0, existence and uniqueness of discontinuous Galerkin approximations of (3.1)
can be proved easily (even for more complicated nonlinearities) due to finite dimensionality of the problem.
For several results regarding discontinuous time-stepping schemes, with linear and semi-linear terms, we refer
[1,15,18-20,30,36,40,41] and the references within.

3.2. The basic estimate using duality

We begin by developing a stability estimate via duality for the L2[0,T; L?(Q2)] norm. For this purpose, we
define a backward in time parabolic problem with right hand side wj, € L?[0,T;L?*()] with an enhanced
L?[0,T; L?(Q] term and zero terminal data. In particular, for right hand side u;, € L?[0, T’; L?(€)], and terminal
data gbﬁq_ =0, we seek ¢y, € Uy, such that for all wy, € Py[t"~1,t"; U], and forn = N, ..., 1,

tn

() + / (B whe) + (b, wn) + (1/E2) (b w)

tn—1

t" g
+ / (1/€2) (b wn)dlt + (571wt = / (wp, w ). (3.2)
t

n—1 tn—1

Note that is easy to prove existence at partition points as well as in L2[0,T; H(£2)], due to the signs of the
inner products (1/€%)(u}dp, wy,) and (1/€2)(¢n,wy). Given, uj, € Uy, it is obvious that ¢y, € U, is unique. In
Section 4.2, we will also prove that u;, € L>=[0,T; L*()].

Lemma 3.2. Let f € L2[0,T; (H*(Q))*], uo € L*(Q), and uy, € Uy, are the solutions of (3.1), (3.2) respectively.
Then, there exists a constant C' > 0, depending only upon the domain Q, T, but is independent of €, such that:

lunllzzgorssa < € (T2 + ellluolla) + 11|20, (@)1

In addition, the following estimates hold: for alln=1,..., N

N

HUZ—”QL?(Q) + HuhH%Z[O,T;Hl(Q)] + (1/62)||uh||i4[0,T;L4(Q)] + Z ||[UZ]||2L2(Q)
i=1

< (/e (Iluoll3e(ey + 11320250011 sy ) -
where C' is a constant depending only upon Q,T.

Proof. Setting wy, = ¢, into (3.2), using Young’s inequality to bound

tn t’fL tn
[ Gwondt < 0728) [ onlat+ @2) [ unlaeet

tm— tmn n—1
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and adding the resulting terms, we derive the following estimate: for all n =N, ... 1

on T 172y + IVl Z200. 7,02y + (/€ dnunlZ2p0,7:12(q);
+ (1726 19nl1 220,722 < (€/2)[unllZ2p0,7.22 (52 (3.3)
The above estimate also implies that ||¢p||L2(0,7;m1(0)) < %HuhHLz[O’T;Lz(Q)], when e < 1/2. Now, setting
wp, = uy, into (3.2), we have
-

7((252-{-; UZ_) + / ((¢h7uht) + a(uha ¢h) + (1/62)<Ui¢h7Uh> + (1/62)(¢h7uh)) dt

tn—1

o
Hpiupy ):/t%l [un |72 dt-

Integrating by parts in time, we deduce,

tn

Rt R )+ [ (o) + alon ) e
+LH ((1/€*)(updn,un) + (1/€)(dn, up)) dt = L’H [unll3 20y dt. (3.4)

Setting wy, = ¢y, into (3.1), we obtain,

(up_,Pn_) + /t (—(un, dne) + alun, dn) + (1/€*)(up — up, ¢p)) dt

n—1

= (Wl e0TY) + / (f. dn)dt. (3.5)

n—1

Subtracting (3.5) from (3.4), and noting that the terms (1/€2) f::,l Jo ui dndadt cancel, we arrive at

t'fb
(@) = @R + [ unlaaydt
t"l*
tn tn tn
— ) [ onudt— [ (rondrs (/) [ (o (36)
tn—1 tn—1 tn—1
First, we treat the terms involving (1/€2) constants. Using Young’s inequality with appropriate 6; > 0 (to be
determined later), we deduce,

t"

(2/¢%) / (o un)|dt < (2/€%) / 12 dpun | 2yl

n—1 tn—1

< (2/)rl|0)V? ( /
tn—l

t'ﬂ,
< (201 /€*)7,|Q| + (1/25162)/ [pnunl?2q)dt.
tn—1

1/2
| pnun %Z(Q)dt>

Similarly, using Young’s inequality with appropriate do > 0, we obtain

e

t" t"
[ i < @2/ [ ol + (/462 [ 1oyt
tn—1 n—1

n— tn—
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Substituting the last two inequalities into (3.6), summing the resulting inequalities, using that ¢f = 0 by
definition, and rearranging terms, we obtain

20,720 < lubllz2@ 160 4 l2c@) + B2/ 1601210 700 )
N
+ (€ /482) 1 F 20,7 o) + (200/€) D 7l + (1/2616%) [ dnunl|F2(0,7:22 (e

n=1

< 33/ Dhy 172 () + (€2 /403) [upll T2 () + 62/ )bl T210 1001 )

N
+ (/4821 112 200,71 (02))) + (201/€%) Z Q| + (1/26:€) | dnunll72 0 7,12 -

n=1

Using the previous bounds on |69, z2(q), Nonllcziorm@y,  (1/)lonllizprizy, and  (1/€)
HQS}LU}L”LQ[O’T;I}(Q)], in terms of HuhHLz[&T;L?(Q)] via (33) and ChOOSiIlg 51 = 262, 52 = 53 = 1/4, to hide
the resulting terms on the left, we obtain

lunllz2(0,r;2200)) < C <T1/2 +e(lupllz2o) + ||f||L2[0,T;(H1(Q))*])) )

with C' an algebraic constant, depending only upon |{2|. Setting w;, = up, in (3.1) respectively and using Young’s
inequalities we obtain:

(/21172 () = /2 lup =M Z @) + /2~ Tz )

t’VL
[ (170l + 1/l ) e
t

n—

tn t’ﬂ,
<) [ Tt + [ QO ot (37)

tn—1
The second estimate follows by summation and the previously developed estimate on L2[0,T’; L?(£2)]. O

Remark 3.3. It is evident that the key estimate with respect the dependence upon (1/¢€) concerns the term
(1/€2) fg_l Jo unwrdzdt which has the wrong sign and not the term (1/¢?) j;;?—l Jo upwpdxdt which is positive
when setting wy, = uyp,. For this reason the estimate of (3.1) does not lead to an estimate, with bounds indepen-
dent of exp(1/€) when using Gronwall type arguments even for the lowest order scheme. To the contrary, the
duality argument of Lemma 3.2, leads to polynomial dependence upon (1/¢), without imposing any condition
between 7, h, and under minimal regularity assumptions. The key question regarding the stability at arbitrary
time-points, i.e. in L>=[0, T’; L?(€)], will be considered next.

4. ESTIMATES AT ARBITRARY TIME-POINTS AND CONVERGENCE UNDER MINIMAL
REGULARITY

We will employ the theory of the approximation of discrete characteristic functions (see e.g., [12,13,41]), which
was used to develop estimates at arbitrary time points for linear and nonlinear parabolic PDEs, including the
Navier—Stokes equations. The main advantage of this approach is that the proof does not require any additional
regularity, apart from the one needed to guarantee the existence of a weak solution. In addition, we will be
able to obtain stability estimates without assuming any explicit dependence upon 7 and h. A key feature of our
analysis is that we are able to include high order time-stepping schemes.
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4.1. Preliminaries: Approximation of discrete characteristic functions

Ideally, to obtain a stability estimate at arbitrary ¢t € (#*~1,"], we would like to substitute u; = X[tn—1,t)Uh
into the discrete equations (3.1). However, this choice is not available in the discrete setting, since x[n-1 ¢)un
is not a member of Uy, unless ¢ coincides with a partition point. Therefore, approximations of such functions
need to be constructed; this is done in Section 2.3 of [12]. For completeness, we state the main results. The
approximations are constructed on the interval (0,7), and they are invariant under translations. For fixed
(but arbitrary) t € (0,7) let p € Pr(0,7), and denote the discrete approximation of (o ,p by the polynomial
D € Pr(0,7) with, p(0) = p(0) which satisfies

T t
/ ﬁq:/ pq Vqe€ Pr_1(0,7).
0 0

To motivate the above construction we simply observe that for ¢ = p’ we obtain fOT p'p= fot pp = %(p2 (t) —
p*(0)).

It is clear that this construction can be extended to approximations of x[o .u for u € Py[0,7; U] where U is
a linear space. Note that if u € P[0, 7; U] then it can be written as v = Zf:o pi(t)u; where p; € Py[0, 7] and
u; € U. The discrete approximation of xjg 4w in P[0, 7; U] is then defined by @ = Z?:o Pi(t)u;, and if U is a
semi-inner product space, we deduce,

T t
4(0) = u(0), and/ (@, w)u :/ (u,w)y Yw € Pr_1[0,7;U].
0 0
It remains to quote the main results from [12,13,41].

Proposition 4.1. Suppose that U is a (semi) inner product space. Then, the mapping Efzopi(t)ui —
Zf:o pi(t)u; on Prl0,7;U] is continuous in ||.||z2(0,rv]- In particular,

[@llc2po, 701 < Ckllullzzo vy, 8= xnullzzioro) < CrllullLzo7u)
where Cy, is a constant depending on k.

A standard calculation gives an explicit formula of @ = p(s)z, when we choose u(s) = z € U to be constant
(see e.g., [13]).

Lemma 4.2. Fixt € [0,7] and let p € Py[0, 7| characterized by
T t
p(0) =1, / pq = / ¢  q€Pe-a0,7]
0 0
Then,

k—1 1
p(s) =1+ (s/7) Z cipi(s/T), ¢ = / pi(n)dn,
i=0 t

T

where {p; Yo=3 is an orthonormal basis of Py_1(0,1] in the (weighted) space L2[0,1] having inner product

(5,d) = /O np(m)d(n)dn.

In particular, ||p||zo(0,r) < Ck, where Cy is independent of t € [0, T].
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4.2. The main stability estimate at arbitrary time points

Now, we are ready to state the main stability result at arbitrary time points which plays a key role to the
derivation of the best approximation estimates below. We emphasize that the time-discretization parameter 7
is chosen independent of h and the dependence of the stability constant upon 1/¢ is polynomial.

Proposition 4.3. Suppose that f € L?[0,T; (H(Q))*], uo € L*(2), and let uy, be the approzimate solution by
the discontinuous time-stepping scheme. Then, there exists constant C > 0 depending on ), Cy and T, but not
€, such that

lunll Looto, 52 0) < (Cfe).
Proof. Recall that setting wj, = up, in (3.1), adding the term ftf_l ||uh||%2(9)dt on both sides, using Young’s

inequality to bound ftt:,l [{f, up)|dt < (1/2) f;,:l (||f||?H1(Q))* + ||uh||§11(m)dt, and the fact that e < 1, we easily
obtain

W/2)lup 1122 () = (/DM = 220 + /2y 20y

t’”
[ (el + /) ey

tn—1
. .
< /) [ ol + (172 [ 11 oyt (11)

In order to avoid the use of a Gronwall type argument, we will need to estimate the term (1/€?) fttn,l |lun ||2L2(Q)
using the approximation of the discrete characteristic. We employ properties of the discrete characteristic and its
approximation by following the technique of [13] and the stability estimates of Lemma 3.2. For fixed t € [t" 1, ")
and z, € Uj, we substitute wy(s) = zxp(s) into (3.1), where p(s) € Pi[t"~1,t"] is constructed similarly to
Lemma 4.2, i.e.,

" t
=1 [ = [0 aemeapie,
tn—l tn—l

Now, it is easy to see that with this particular choice of wy,

tn
[<mmm+mfwﬁwﬁ>

n—1

t
= /tn_l(uht’ zp)ds + (uZ_T_l - uz:l,p(tn_l)zh) = (un(t) — uZ:l,zh).
Hence, integration by parts in time of (3.1), and the above computation imply

(un(t) — UZ:l,zh) = _/t

n—1

g

(aluns np) + (1)~ wn,znp)) ds [ (f,znp)ds

tn—1

e

tn tﬂ
< Ck [/ ) ||Vuh||L2(Q)HVzhHLz(Q)ds —‘r/ ) ”fH(Hl(Q))* ZhHHl(Q)dS
t"7 —_

tn

)
/) [ (lodlpvsca vl + oz onl2c) s

n—1

where we have used Lemma 4.2 to bound ||p[| fec(¢n—14n) < Cp with Cj, denoting a constant depending only on
k, . Note also that z; € Uy, and is independent of s, hence the above inequality leads to

(un(t) —up=t, zp) < Cy

t7l
/t 1 (lwnll o) + ||f||(H1(Q))*)d5] 2nl 1. (02)

i
/t_1 IIUhIILz(Q)dS] IIZh||L2<Q)>~

n

+ Ck(l/ez)( M » ||Uh|?£4(md5] l2nllLa (@) +
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Here we have used the fact |[u}llpas50) = H“hHi‘l(Q)' Setting zp, = wup(t) (for the previously fixed ¢ €
[t"1 ")), using Holder’s inequality, and integrating in time the resulting inequality, we obtain,

t’IL
/ lun (1220 dt < lup="llz2@) 70/ lun (D)l L2pm 1 m: 22 ()
t

n—1
+m

+ CkTé/Q(||Uh||L2[tn—1,tn:,H1(Q)] + Hf||L2[t’"*l,t";(Hl(Q))*]) / ) llun ()] 1 (@) dt
t7l7
t’L

+ CkT;/‘l(l/gQ) (H’uh||3i4[tn—1,tn;L4(Q)]) /tnil Huh(t)||L4(Q)dt

n

o [|un ()|l 2 (@ dt. (4.2)

n

+ Cord2(1/€) un | 21 i) /
t

Using appropriately Holder’s inequalities, we obtain that ftt:_l |lun|| Laydt < TS/4HU}LHL4[tn—1’tn;L4(Q)], and

ftt:_l lun|| 51 (@)dt < Tf,%‘/Q||Uh||L2[tn—1)tn;Hl(Q)]. Thus, using Young’s inequalities we deduce (with different Cy),

tn
(12) [ Tun®)rdt < (/DN o
+ CTn (Huh||2L2[t"*1,t";H1(Q)] + Hf||2L2[tH,tn;(Hl(Q))*])

+ Cyra(1/€) (Huhuiﬂt"—l,t";L‘l(Q)} + ||Uh||2L2[tn—1,tn;L2(Q)]) : (4.3)

tn

Now, using an inverse estimate, Huh\|%x[tn,17tn;LQ(Q)] <(Ck/mn) fin ||uh||2L2(Q)7 we obtain,

t"L
”uh”zLoo[t"*l,t";LZ(Q)] < C [IIuZ:llliz@ + ”uh”QL?[t"*l,t";Hl(Q)] + Hf||%2[t"*1,t";(H1(Q))*]
+ (1/) (lunlagon-s om gy + lnll3agns om oy ) |

The proof now follows by simply substituting the bounds of (3.2). O

Remark 4.4. The above theorem states that the discontinuous Galerkin discretization inherits the stability
estimates of the weak formulation under minimal regularity assumptions on the given data. This is an important
asset related to the discontinuous (in time) Galerkin formulation. We emphasize that we do not assume that

HuO”Loc(Q) § 1.
4.3. Convergence under minimal regularity assumptions

We quote a discrete compactness argument of Walkington (see [41], Thm. 3.1) which allows to recover strong
convergence in an appropriate norm, and pass the limit through the nonlinear term. The compactness argument
combined with the stability estimates of Lemma 3.2 and Proposition 4.3, imply the convergence of the space-time
approximations under minimal regularity assumptions.

The compactness argument concerns numerical approximations of solutions « : [0,7] — U of general evolution
equations of the form

ur+ A(u) = f(u),  u(0) = uo, (4.4)
where U is a Banach space and each term of the equation takes values in U*. Both A(u) = A(¢t,u) and f(u) =
f(t,u) may depend upon ¢ and are allowed to be nonlinear, however, in our setting only f(u) = —(1/€?)(u? —u)

contains nonlinear terms. Suppose that U C H C U* (with continuous embeddings) form the standard evolution
triple, i.e., the pivot space H is a Hilbert space. The numerical schemes approximate the weak form of (4.4), i.e.,

(ug, w) + a(u,w) = (f(u),w), YweU (4.5)
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where @ : U x U — R is defined by a(u, w) = (A(u), w). Set F(u) = f(u) — A(u). Then the following theorem
([41], Thm. 3.1) establishes the compactness property of the discrete approximation.

Theorem 4.5. Let H be a Hilbert space, U be a Banach space and U C H C U* be dense and compact
embeddings. Fix an integer k > 0 and let 1 < p,q < co. Let h > 0 be the mesh parameter, and let {t’:}fio denote
a quasi-uniform partition of [0,T]. Let Uy, C U denote standard finite element spaces. Assume that

(1) For each h,7 >0, up € {up € LP[0,T5;U] | un|@n—14n) € Prlt™ L, t% U]} and on each interval, satisfies

t'n/ t’n/
/ e wn)de+ (g =) = / (P, wn)d
tn— tn—

for every wy, € Prlt" 1t Uy).
(2) {un}n>o is bounded in LP[0,T;U] and {||F(un)||ejo,r;0+)}n>0 45 also bounded.

Then,

(1) If p> 1 then {up}tn>o is compact in L"[0,T; H] for 1 < r < 2p.
(2) If1<(1/p)+(1/q) <2, and ZZJ\LI |[ui]||3; < C is bounded independent of h, then {up}n=o is compact in
L0, T; H] for 1 <r <2/((1/p) + (1/q) = 1).

Proof. See [41], Theorem 3.1. O

We will use the above result to obtain strong convergence of the discrete Allen—Cahn equation to the con-
tinuous one. The lack of any meaningful regularity for the discrete time derivative due to the presence of dis-
continuities, requires special attention since the Aubin—Lions compactness argument is not directly applicable.

Theorem 4.6. Let f € L2[0,T; (H*(Q))*], uo € L?(2), and € < 1 be a given parameter. Let {t'} , denote a
quasi-uniform partition of [0,T]. Suppose that the assumptions of Proposition 4.3 hold, and let T,h — 0. Then,
the following convergence results hold:

up, — u weakly in L*[0,T; H'(Q)],  up — u weakly-* in L°°[0,T; L* ()],

and
up —u  strongly in L7[0,T; L2(Q)], for every 1 <r < oo.

In addition u is a weak solution of the Allen—Cahn equation.

Proof. We follow a similar line of argument with Section 6 of [41]. The stability estimates of Lemma 3.2 and
Proposition 4.3, imply (passing to a subsequence if necessary) there exists u such that u, — u weakly in
L2[0,T; H'(Q)] and weakly-* in L*°[0,T7; L*(Q)]. We note that {us}n, is bounded independent of 7,h, e in
L2[0,T; L*(Q)] and L*[0,T; L*(Q)]. It remains to obtain strong convergence. For this purpose, fix U = H!(Q),
H = L?(Q), and F(u) = Au—(1/€?) (u® — u) — f. It is easy to show that F(uy) € L/3[0, T; (H'(€2))*]. Indeed,
up, € L2[0,T; HY(Q)]NL40, T; L*(Q)], and uy, € L=[0,T; L?(Q)] clearly imply that u} € L4/3[0,T; (H'(Q))*] by
standard interpolation theorems. The remaining terms can be handled easily. Note also that Zi\; [l [ui] ||%2(Q) <
C'/e where C is independent of 7, h. Therefore, using the Theorem 4.5, we obtain the desired strong convergence.
Choose wy, € C[0,T; Up]NUp, with wy(T) = 0. Then, summing equations (3.1) from n =1 to n = N, we deduce
that

T
(up(T),wr(T)) + /0 (—(un, wne) + alup, wy) + (1/€*){ui — up, wy)) dt

- /o (f, wa)dt + (u®, wy(0)).
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Note that we may pass the limit through the linear terms due to the stability estimates on u, and the
fact that wy, € C[0,T;Uy) NUp. The semi-linear term can be treated by the strong convergence. Indeed, using
Holder’s inequality, Landyzeskaya-Gagliardo-Nirenberg interpolation inequality,

T . . T
/ |<Ui*u3”u)h>{dt§ / |<(Uh7U)(ui+u2+uhu)’wh>’dt
0 0

T
< C/O [ = wl ) (lunll7 ey + el Fa) lwnll Lo (@ydt

T
1/2 1/2
< Cllwnllcpo.rim o) / lun — ull 70y lun — ullFy (lunlFa gy + lulFao))dt
0

1/2 1/2
< Cllwallero,r; @y llun — “||L/2[0,T;L2(Q)]||“h - “HL/2[0,T;H1(Q)]

X ([lunll Lo, 700 + ||UHL4[O,T;L4(Q)])2'
A standard density argument, now completes the proof. O

The unconditional stability estimates and the above convergence result, validate the use of discontinuous
Galerkin time-stepping schemes of order k£ > 1. In particular, for any o > 0 there exist h, 7 such that, for every
7 <7 and h < h, we obtain, ||up, —ul paj0,r;12()) < a. For the error estimates, we will choose to work with 7, 2

(chosen independently) such that, for (7, k) satisfying 7 < 7, h < h

lun — ul|Lago, 702 () < 0¢*,  when d =3,
l[un — ul| pago,rr2(0) < 672, when d = 2, (4.6)
||uh - U’HL‘}[O,T;Lz(Q)] < 6637 when d = 2, k= 0,1,

where 6 > 0 (to be chosen later) is independent of e. Note that due to the unconditional stability in
L0, T; L*(©2)] with bounds independent of €, 7, h can be chosen independent of €. We conclude this Section by
a short remark regarding the computation of such discrete solution.

Remark 4.7. It is expected, that at least for moderate values of the papemeter ¢, even when 7 ~ h, the
computation of the fully-discrete solution follows by standard techniques. However, when using high order
schemes, due to the large and non-symmetric structure of the associated system, special attention is necessary.
For specialized preconditioners for high-order discontinuous Galerkin schemes, we refer the reader to the recent
work [38].

5. ERROR ESTIMATES

5.1. Preliminary estimates

The following projections related to discontinuous Galerkin time-stepping schemes will be used.
Definition 5.1.
(1) The projection PX¢: C[t"~1, % L2(Q)] — Pp[t" ', t"; Uy] satisfies (P°°w)"™ = Pyw(t"), and

o
/ (w—Prw,wp) =0, Ywy € Pr_1[t" 1, t" Uy
tn—1

In the above definition, we have used the convention (P°w)™ = (Plcw)(t"), and P, : L?(Q) — Uy, is the
orthogonal L? projection operator onto U, C H*().
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(2) The projection Piec : C[0, T; L2(2)] — Uy, satisfies
Pi°w € Uy, and (P}Locw)ktnfl’tn] = P,}Loc(w‘[tn—l’tn]).
In the following Lemma, we collect several results regarding optimal rates of convergence for the above
projection (see e.g., [13]).
Lemma 5.2. Let U, C HY(), and P}°° defined in Section 3.1 and Definition 5.1 respectively. Then, for all
w € L2[0,T; HH1(Q)] N H¥L[0, T; L?(2)] there exists constant C' > 0 independent of h,T such that
lw = Piwl| 20,7522 < C (BT wll 20,z e + 7 w2072 @)
w — Piwl| 20,721 ()] < C (R ||w]| p2p0, 7 mri ) + (TFT/R) [0 || 20,7120,
[|[w — P}Locw||L“[O,T;L2(Q)] < C(hl+1||wHL°°[O,T;Hl+1(Q)] + 7kl ||w(k+1) ||L°°[0,T;L2(Q)]).
Let k = 0,1l =1, and w € L?[0,T; H*(Q)] N H[0,T; L*(Q)]. Then, there exists constant C > 0 independent
of h, T such that,
lw = Pewl| oo, 72 ()] + lw = Prwl 2o 1)) < C(hllwl 2o a2 (<)
+72(lwell p2p0,7 020y + 1wl 207,52 0))-
Remark 5.3. If more regularity (in time) is available then the above estimates can be improved. In particular,
if we L2[0,T; H*Y(Q)] n H*10,T; HY(Q)], then we obtain,

k+1 ”w(kJrl

lw — Piew| 210,750 () < C(RH|wll p2go,7,m+1 ) + 7 Nrzor:m@))-

The fully-discrete Galerkin orthogonality can be written as follows: Subtracting (3.1) from (2.1), we obtain
for every wp € Uy and for n =1,..., N,

n

(", up_) + / (—{eswne) + ale, wy)) dt (5.1)

n—1

n—1

+ (1/62)/t ((ui —u®,wp) — (up, — u, wh)) dt = (e’j_l,wZ;l)

where e = uj, — u denotes the error. We will split the error as e = (up — up) + (up — u) = ep, + €5, where u,
is the discontinuous Galerkin solution of a linear parabolic pde with right hand side u; — Au, and initial data
Uupo = Prug, t.e., for every wy, € Uy and forn =1,..., N, u, € Uy is the solution of,

(uzf,w}ff) + /tt" <— (Up, Whe) + a(up,wh))dt (5.2)

n—1

m
= (uZ;l,wifl) + / (up — Au,wp)dt.
t

n—1

Integrating by parts the last term on the right-hand side, using the fact that g—z = 0, we obtain the orthogality
condition: for n =1,..., N, and w, € Uy

tn
(eg—’w}?—) +/ ( - <ep7wht> + a(ep)wh))dt = (egil’wi_l)- (53)
pn—1

The following best approximation estimate under minimal regularity assumptions that bound the error e, =
up, — U in terms of the local projections of Definition 5.1 is straightforward application of Theorems 2.2 and 2.3
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from [12]:

llepll oo, 7522(0)) + llepllLzo, s (o)) < C(HPW(O) = u(0)||z2(0) (5.4)
+ lu = Piull oo fo,mr2qy) + llu — P}LOCU||L2[O,T;H1(Q)])>
where C' is a constant depending upon {2 and the constant C} of Proposition 4.1. In addition,

lup |l Lo 0,71 () < Cllluoll ) + llue — Aullz2i0, 7522 (0)))- (5.5)

by Theorem 4.10 of [13]. Another key ingredient will be an optimal estimate in L*[0,T; L?(Q2)] by Leykekham
and Vexler (see [34], Cor. 4), which states that if the solution u satisfies u € L*[0,T; H*(Q)], us € L*[0,T; L*(Q)],
then there exists a constant C' independent of 7, h such that,

T
lealisorizaen < O (£ ) (74 12) (o + el o) (5.6

Returning back to the orthogonality condition (5.1) and using (5.3) we obtain, the following relation for
en = up — up: For all w, €Uy, and forn=1,..., N,
tn
(e wp ) +/ (—{en, wne) + alen, wn)) dt (5.7)

tn—1

+ (1/62)/t ((ui — u37wh) — (up, — u, wh)) dt = (eZ:l,wZJ:l).

n—1
Adding and subtracting the term uf, in the nonlinear term, we equivalently obtain,

)
<4Hwﬂ»+/ (—(en, wne) + alen, wn)) dt — (€271 wi=h)

tn—1

+(1/e) /t_ (U3 = w3, wn) — (e, wn)) dt

o,
+ (1/62)/ (ug —u®,wp) — (ep,wy)) dt = 0. (5.8)
tn—l

Our focus is to bound e, in terms of e, without introducing constants that depend exponentially upon 1/e.

To simplify the presentation, we will denote by Coo = ||ul|zo[0,7;1(0)], and we note that if in addition to
(2.2), up € L*°(Q), with norm bounded independent of € then C is also bounded independent of e.

We first recall the spectral estimate of [17], which states that if u is solution of (1.1) then there exists a
positive constant C independent of € such that,

g IVll72q) + (1/€%) ((3u® = 1)¢, ¢)
SEH (Q),6£0 161172

> —C,. (5.9)

We follow the approach presented in Section 3. In particular, given right hand side e;, € L>[0, T; L*(Q)], and
terminal data w,ﬂ\ﬁr = 0, we seek v, € Uy, such that for all wy, € Pp[t" 1, ¢"; U], and for allm = N, ..., 1,

g

— (R, wi_) +/ ((ns wae) + a(tp, wp))dt + (Ppt wps )

tn—1
n

(¢h,wh)dt=/ (en, wp)dt. (5.10)

tn—1

1 ny , 1 no
+672 (3U zbh,wh) dt — ?

tn—1 tn—1
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Note that despite the fact that the above pde is a linearized analog of the Allen—Cahn equation, the spectral
estimate can be applied directly to obtain a preliminary bound on the ||.||z2(0,7;#1(0)) norm and at arbitrary
time-points, when k = 0, 1.

Lemma 5.4. Let e, € L?[0,T; L*(Q)], and u € L*[0,T; L*(2)] with bounds independent of €. Then, for 7, <
: , Yy, € Uy, satisfies for allm = N,... 1,

C €
LA [ —

[oni 2@y + [¥nll 20,7020 + 1utbnllL2p0,7;02(0)) + €ellvnll 2o mi @) < CllenllLzo ;2 )
C
lYnllLoojo, 2 () < ?Heh“L?[O,T;LZ(Q)]'

where the constants C' depend only upon Cs, the domain, the constant Cy of Lemma 4.2 and the data f,ug
(through the norms of Hu||L4[O’T;L4(£Z)]), and are independent of T, h,e. In addition, there exists a costant C
depending upon Cs, the domain, the constant Cy of Lemma 4.2, and the norm ||ul|ejo, 11 () such that,

Cwo
lnll Lo jo,r;mr (@) + 1ARYR L210,7;02 () < ETHBhHL?[O,T;L?(Q)]-

Here Appy, € Uy, denotes a discrete approximation of A, defined by,
(Antn (), wr) = a(n (), wn) + (WYn(.),wp), for all wy, € Uy, and for every t € (t"~1,¢"].

Proof.
Step 1. Stability estimates in L>°[0,T; L*(Q)] N L?[0,T; H(Q)]: We rewrite (5.10) as follows:

tn

)+ [ () + Palnwn)dt+ (5wl
Hi- ) ( [t 5 [ (302 - 1nw) dt)

tn

+/ ((3u? — 1)wh,wh)dt:/ (en,wp)dt. (5.11)

n—1 tn—1
Setting wy, = vy, into (5.11) and using the spectral estimate (5.9) we deduce,
LI By — IR Bacoy + SRy + € [ [Vl Eaapde
o 1¥Why IL22) = 5I1¥htlLz(@) T 5lIlWnllL2(0) - rllL2(0)

o o
~1=C [ Wttt +3 [ bl
tn— tn—
< 3 i 2 d 1 a 2 d
=3/ [¥nll72(0dt + 2/ lenll72(q)dt.
Hence, using standard algebra we obtain,

1, 1. 1. ¢
§||¢Z+1”2L2(Q) - §||¢h+||2L2(Q) + 5”[1/’11]”%2(9) + 52/ . V|72 0yt
tn—
t'nr tn 1 t'n/
+ 3/ ) [utpn 1720 dt < C(Cs)/ ) [¥nl172(0dt + 5/ ) llenl|7z () dt. (5.12)
tn— tn— tn—

where the constant C(Cy) depends on Cs but it is independent of €. For low order schemes k = 0, 1, a standard
Gronwall Lemma provides the estimates at arbitrary time points, as well as the estimate for ||V¢h||%2[0 T.12(0)]-
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For higher order schemes, we proceed using the technique of Section 4, based on the approximation of the
discrete characteristic. Hence, following exactly the same approach as in Proposition 4.3, for fixed t € (71, "),
we obtain with z; € U, independent of ¢, and p defined as in Lemma 4.2 (suitably modified to handle the
backwards in time problem)

m

(6n(t) — 0y 2n) = — / (a(thn, 2np) + (1/€)((3u2 — 1)in, 2np)) ds + / (ens znp)ds

n—1 tn—1
+n

i
< Ck{/ ||V¢h\|L2(Q)||VZh||L2(Q)dS+/ lenllzzllznllL2(o)ds
tn—l tn—l

o~
+ (1/62)/ ) (luton || L2 lull oo ) 120l L2(0) + 1]zl 2nll L2 (@) ds},
t'n/f

where C}, is the constant of Lemma 4.2. Since, z;, € Uy, is independent of ¢, we deduce,
" "

(Vn(t) —Ypy,2n) < Ck[HVZhHLz(Q)/ [VonllL2()ds + ||Zh||L2(Q)/ lenllLz(a)ds

tn—1 tn—1

g

1 1 "
Hlulstorason g lonlioe | Tusnloads + Sl [ Iolds)].
t t’Vl*

n—

Therefore, setting z, = ¥, () (for the previously fixed t), integrating with respect to time, and using Holder’s
and Young’s inequalities, we deduce (with different Cy),

L Oyt < ol ey + Cul IV s 2o

n—

+ Can||6h||L2[tn—17tn;L2(Q)] Hwh||L2[tn71’tn;L2(Q)]

Can
+ [Jull Lo 0,752 ()] = lwbnl| L2en—1,em; L2 @) 19R | L21em =1 4722 ()]

Cr
+ 67%||¢h|\L2[tn—1,tn;L2(Q)]||¢h\|L2[tn—1,tn;L2(Q)]-

< CrmallUny 2@ + Comall VRl a1 m o2 + 1¥AlIT2fn 1 22 (2))

Ck Tn Ck Tn

+ 5 lunl| T o2y + Il T o o )~ 1R T2 g1 mi20)

+ Ck Tn

¥Rl 22pm-1 m.22(0) + ChTnllenllZzpm-1 .2 ()
The proof is now completed using standard techniques. We choose 7, small enough to hide the

L2["=1, 7 L?(Q)]-norm on the left, ie, 7, < (€2 /4Ck||ull (o 7.1 ())s @0d Tn < (¢2/4CY) to obtain,

o
(1/4)/t a2t < Cemallviis I 720) + Comal ViRl Lagn-1,0m:12 0

+ Ck Tn
6

HU@/JhHIﬂ tn=1,n;L2(Q)] +Ck7n||@h”L2 tn—1,¢n;:2(Q))- (5.13)

Then we substitute the resulting bound into (5.12), and hide the terms involving ||uts||p2(in—1 ¢n;12(q) and
IVon |l £2[0,7;02(0)) on the left. We note that the worst dependence on ¢, is 7, < ’

. Summin
CelellE oo o 1.0 e 8

the resulting inequalities using a standard Gronwall Lemma, we obtain the first estlmate Returning back to

(5.13), diving by 7,, and using an inverse in time estimate, \|1/J||Lac[tﬂ Lpnre)] S T ftn L [wn(t ||L2(Q)dt we
obtain the second estimate.
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Step 2. Stability estimates in L°°[0,T; H'(Q)]: The proof is essentially contained in Theorem 4.10 of [13]. For
completeness we describe the main arguments. By definition of Ay, and since 1y, € Pi[t" "1, t"; U], we also
have that Ay, € Py[t" 1, t"; Uy]. Setting wy, = ¥nt, and wy, = Apty, we deduce,

1d
§a(||vwh”2L2(Q) + [ ¥nll72 () = (Antn, ¥ne), and

a/(wha Ah¢h) + (,(/qu Ah’(/)h) = ||Ahwh||%2(ﬂ)

Hence, setting Ap1y, into (5.10), substituting the last two equalities and using standard algebra we obtain,
/2N N @) + /DN @)

t" "
+/ ||Ah¢h|\%2(g)dt—/ (Y, Apthy)dt
t

n—1 tn—1
n n

1 1
ta3 (3w, Aptpp)dt — = (Yn, Appp)dt

tn—1 tn—1
£

= (/IR Py + / (e, Antin)dt. (5.14)

tn—1

Note that [/, (¥n, Anton)dt < 5[50 [ AnvnllZaqydt + [fuor [¥nll22(q)dt, and

n

1 t
63/ (3u?tn, Apton) — (U, Ahﬂ)h)dt’
tn—l

t" 2 t" t"
o2 1
<) [ 1winliadt+ 2 [ el 5 [ Il

Substituting the above inequality into (5.14) and summing the resulting inequalities, and using the bounds
HuwhHLz[O,T;LZ(Q) < CHeh”LZ[O,T;L?(Q)] and Hwh||L2[O7T;L2(Q)] < C||ehHL2[07T;L2(Q)]7 we deduce that,

n—1(2 2 Cgo + 1 2
lons ) + 1ARYRIIT20,752(0) < GTHehHLQ[O,T;L?(Q)P

which is the desired estimate. The stability bound in L*°[0, T; H(€2)] follows directly from the above technique
when k = 0, 1. For higher order schemes we refer the reader to Theorem 4.10 of [13]. O

Now, we are ready to prove the following bound, which will allow us to apply a bootstrap argument. Using an
appropriate duality argument, we avoid the use of Gronwall type inequalities. We note that the temporal /spacial
restriction in terms of € is stated in terms of the available regularity. Applying the results of Lemma 2.1 and
Remark 2.2 we can quantify this dependence only upon data.

Proposition 5.5. Let 7, h,e, satisfy 7 < 7, h < h (where 7, h defined in (4.6)) and let the assumptions of
Lemma 5.4 hold. In addition, suppose that

o ifuc L0, T; H?(Q)], us € L*[0,T; L*(Q)] then T, h satisfy

T 2 5Ce* _
(1) 111( T )(T +h (Nl pago, 7120y HlwellLago, ri2(0))) when d =3,
v when d =2,

(
) <
T 2 §Ce
(2) IH(?)<T+ h ) < (Hu”L4[0,T;H2(Q)]+Huf”L4[O,T;L2(Q)])}
(3) In(L)(r+n%) < c

when d=2,k=0,1,

lull Lajo, 72 @y Hluell Lago 702 2)) 7

or

e ifuc L?[0,T; H*(Q)], us € L?[0,T; L?(Q)], then 7, h satisfy,
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1/2 3/2 5Ce* _
() (P4 P S ey om0 4=3
1/2 3/2 5Ce/? _
(2) (T +h) < (HUHL2[0,T;H2(Q)]+H“1”L2[0,T;L2(Q)])7 when d 2,
3
(3) (712 +h)3/2 < o , when d =2, k=0,1,

(Hu”Lz[O,T;Hz(SZ)]+Hut ”L2[0,T;L2(SZ)])

where § > 0 an algebraic constant (to be chosen later) with constant C depending only upon the domain
(independent of €,h,7). Then, there exists a constant C' > 0 independent of T,h,¢e, such that the following
estimate holds:

1
lenll 210,752 (0)) < C(E(H%H%w[ommm)] + HUH%OO[O,T;LG(Q)])||e;DHL2[O,T;H1(Q)]
1
+ €7||ep||L2[O,T;L2(Sl)] + [Jull Lo 0,750 ()] |€p L2 [0, 7522 ()]

+ Co(llenunll 210,152 () + ||ehupHL2[O,T;L2(Q)])>-

Proof. Setting wy, = ep, into (5.10), and using integration by parts in time, we obtain: for all n = N,... 1,
" "
)+ W)+ [ ~mendes [ atunen)i
1t ' " t
+t5 - ((3u* = 1)y, ep) dt = /tH lenll72 qydt- (5.15)

Setting wy, = vy, into (5.8), we deduce for alln=1,..., N,

"
(i) + [ (lentn) +alenvn)) dt = (2107
gn—1
.
+ }2 ((en(up, +up +upup), ¥n) — (en, ¥n)) dt
gn—1
.
+ ;2 ((eplup +u® + upu), ¥n) = (ep, ) dt = 0. (5.16)

tn—

Subtracting (5.16) from (5.15), and rearranging terms, we obtain, for each n =1,..., N,

tn
[ et = =)+ (e v )

Lot
—a |, (ol + o tupu), ) — (e, ¥n) dt
1 tn

- 672 . ((u]%« + u]20 + UpUp — 3U2)6h, 'l/}h) dta
n—1

or, equivalently,

.
o lenli oyt = ~(ies ) + (e 07 )

-
—a |, (el ), ) = (e n)) di

tn
- elz (((up — u®) + (up — u?) + upuy — u?)en, by dt. (5.17)

tn—1
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First, note adding and subtracting ug in the term u% — 42, using the relation,

upy — u? = (up — up + up)uy — u? = (up — up)u, + uf, —u?

and substituting the resulting relation into (5.17) we arrive at:

t’!‘L
[ el = =)+ (e v )

tn—

1 v
-2/ ((ep(uz + u® + upu),ibn) — (ep, tp)) dt
- = / —u2) + 3(uy — u?) + (up — up)up) ep, ) dt. (5.18)
Summing the equalities (5.18), noting that ) =0 = ¢V ., and using Holder’s and Young’s inequalities, and

the identity a® — b = (a — b)(a + b), we obtain,

T T
/0 Heh”%z(ﬂ)dt < g/o ||ep||L6(Q)(||u;2>HL3(Q) + HU2||L3(Q))||¢h\|L2(Q)dt

1 T

+ :2/0 llepll Lz ()ll¥nll Lz )dt
9 T

+ :2/0 (lenunllzz() + llenupllLz))llen L2 1¥n | e @ dt
3 T

+ :2/0 lepllL2(oyllentpll L2 |¥nll Lo @)dt
3 T

+€3/0 [ull L @) llepll 20y llenll L2 @) [¥nll o () dt- (5.19)

For d = 3, we employ the inequality [|[¢4][z~q) < C||V1/1h||1/29)HAh1/)h||L2 @) (which can be proved in an
identical way as in [29], p. 298) to get

T T
/0 lenlza@dt < g/o llepllze o) (lupll sy + l[u?ll s @) 1vnl L2 @) dt

1 T

3 [ el lon o
2 1/2 T s

+ 7||¢h||Lw[o,T;H1(Q)] / (lenunllz2() + llenupllz2@)llenll L2 1 Anwnll ) At

OT

2”wh||L°°[0TH1(Q> / lepll oy llentipll ooy | Antnl g, dt

T
1/2 1/2
+:2||1/)h||L/oo[o,T;H1(Q)]/O el e el 2oy llen 2oy | Antn | gy dt.
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Therefore, using the stability bounds of ¢, of Lemma 5.4, i.e., [|[¥n|| 1210, 7;02()) < llenllz2[0,7;L2(0)]
[nlzomizee) < &llenllzoo.rizz (@), and [|Anwnllc2.iz2 o)) < &llenllzo.riz2 () to deduce,

T C
/ H6h||L2(Q)dt < (HUpHLoo 0,7:L5(Q)] T HUHLOC[O rirsllenllzzorrs @ llenll L2702 @)
+ :2||€pHL2[o,T;L2(Q)] lenllz2j0,7:L2 ()]
+ 694(||6huh||L2[0,T;L2(Q)] + llenup |l 20,72 )llenll Lajo, L2y lenll L2 jo,7:02 )
+ Sllepllzsioraecay lensplepozaonllenl oz
+ 694||U||L°C[O,T;L°°(Q)] llepllz2j0,7:22 ) llenll Lajo, msz2 @ llenl L2jo,7: 22 () -

Note due to the Theorem 4.6 there exists 7, h such that lell o, 2 () < St for every 7 < 7 and h < h.
Hence, using (5.4), and the improved estimate in L*[0, T’; L?(Q)], (see e.g., [34]), we obtain that

lenllago,rr2@)) < 66t + llepll Lajo,rL2@))-

T
< e +Cln (7) (7 4+ 1) (Ilull Lo, 75020 + luell Lajo,rse2(0))) < 26€*,

provided that In (%) (T +h ) LIefx . Substituting the above bound, we deduce,

(lullpato, m.m2 ) Hlwell L4, 7.2 0)))

T C
; llenllZz )dt< (HUpHLmOTLG(Q + lullFoo o720y lepll 20,7 Lo @ lenl 2o, 7522 )

T3 ||€pHL2[o,T;L2(Q)] lerllz2(0,7;22(0)]

+ 6(llenunll 20,72 ) + llenupllL2o,:e2 @) llenll 2,72 (@)
+ ||U||L°°[0,T;L°°(Q)] ||ep||L2[O,T;L2(Q)]||eh||L2[O,T;L2(Q)]-
The estimate for the three dimensional case now follows by standard algebra. For d = 2, we note that

|¥nllLee () < C||1/)h||1/29)HAhwhHlL/zzQ) (see [29]), hence using the stability bounds of Lemma 5.4, and in par-

ticular the fact that |1 || o, 7:22(0) < € lenllr2o,r;12(0)), We deduce from (5.19),

T
/o ||€h||L2(Q)dt < < (HUPHLOO 0,1;L8()] T ||u||L°°[O T; L6(Q)])||€pHL2 o,rss@llenll 20,2 0))
+ :2H6p||L2[o,T;L2(Q)] lenllz2o,7;22 ()]
+ 67%(”eh“h||L2[07T;L2(Q)] + llenupll 2o, ;22 ) lenll Lao,me2 @ llen | 2o, 229
+ 67%”611”L4[0,T;L2(Q)] llenup 210,722 llenll L2j0, 7522 ()
+ €7%||“HL°°[(LT;L°°(Q)] lepll 20,72 llenllLafo,msr2 @ lenll 20,72 (0)-

The proof now follows using similar arguments. Indeed, choosing 7, h to guarantee, llell Lao,msr2 () < 5e7/2,

forT <7, h< 71, and noting that

T
||€p||L4[O7T;L2(Q)] < (Cln (7_) (7‘ + h2) (”'LLHL4[07T;H2(Q)] + ||ut||L4[07T;L2(Q)]) < C5e7/2
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provided that In (Z) (T+h2) < s’/ , we derive the desired estimate. Finally, we
T lullLajo, 752 @ Hlluell Lao,r; 02 )
turn our attention to the case where £ = 0,1 and d = 2. Then, we note that Lemma 5.4, implies that

¥ llLeejo,1;22(0) < C, where C' is independent of ¢, 7, h. As a consequense, we deduce from (5.19),

T C
Heh”LQ(Q)dt < (HUpHLoo or:co@)] + Nulli o1z ) lepll 20,15z @y lenll 2o, 722 o))

1

+ S lepllzzo iz @yllenllzzo )
C

+ §(||€huh||L2[o,T;L2(Q)] + ||€hupHL2[O,T;L2(Q)])||€hHL4[O,T;L2(Q)] Heh”L?[O,T;L?(Q)]
C

+ Sllepllizao,ricz@yllenupllz2o,r 2 llenllzzio,rirz @)

+ Sllulleeorir=c@yillesll 2o, msr2cllenll o iz llenll 2o, L2 -

Therefore, we derive the desired estimate, provided that 7, h are chosen to guarantee, lell Lago, ;22 () < ded,
for 7 < 7, h < h, and similarly In (L) (r+n%) < Cac?

= lullpago,rm2 @y HlucllLapo, vz @)

Finally if less regularity is available, i.e., u € L?[0,T; H*(Q)], us € L*[0,T; L*(Q)] then using the bound
lepllzago,m:n2 () < C’||ep||Loo 0.7:L2(0)] Hep||L2[0 7.12(ay) We casily deduce the restrictions,

1/2 3/2 5Ce* _
(1) (7- + h) S (HuHL2[O,T;HZ(Q)]+H/utHL2[o,T;L2(Q)])’ when d 37

1/2 3/2 5Ce/? _
(2) (T + h) < (HU’HL2[O,T;HQ(Q)]+:L|ut”L2[(),T;L2(Q)])’ when d = 2.
(3) (rY/2+h)3/2 < e when d =2, k=0, 1,

(lullp2g0,7; 2y Flluell 210, ;02 (0)))

which completes the proof. O

Remark 5.6. There are many ways to further quantify the restriction between the temporal and the spatial
discretiation parameters. If we apply the results of Lemma 2.1 and Remark 2.2, with ¢ = 0, and 6 = 1, we
deduce that

Therefore, the temporal and spatial parameter discretization restriction can be expressed as,

(1) In(T/7)(7 + h?) < 5C€°, when d = 3,
(2) n(T/7)(T + h?) < 6069/2 when d = 2,
(3) In(T/7)(1 + h?) < §Ce*, when d = 2, k =0, 1.

In a similar way, when u € L2[0,T; H*(Q)], u; € L?[0,T; L*()] then using the results of Lemma 2.1, with
o =0, we deduce,

(1) (71/2 + h)3/2 < 85C€®, when d = 3,
(2) (72 4 h)3/2 < 5C/?, when d = 2.
(3) (712 + h)3/2 < 6Ce*, when d =2, k =0, 1.

where § > 0 is a positive algebraic constant independent of 7, h, € (to be chosen later).

We note also that the assumptions of Proposition 5.5 can be replaced by the more general assumption
lepll oo, rin2() < Cdet. Since e, = u, — u refers to the standard error related to discontinuous Galerkin
approximation of a linear parabolic pde, with right hand side u; — Au. Therefore, from (5.4) and Lemma 5.2,
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for instance, we may derive the following restriction when d = 3

Lkt 1/2
lealiso ey < © (T 1Vl sy + Ml o

1/2
X (Tk+1|‘U(k+1)||L2[O,T;L2(Q)] + hl“||u||L2[0,T;Hl+1(Q)]) < Coet.

5.2. Best approximation error estimates

Now, we are ready to proceed with the main estimate, using a boot-strap argument.

Theorem 5.7. Let 7,h,¢, satisfy 7 < 7, h < h (where 7, h defined in (4.6)) and let the assumptions of
Lemma 5.4 hold. In addition, suppose that

e ifuc L*0,T; H?

Q)], u, € L0, T; LS(Q)] then T, h satisfy
(1) In(L)(r + n? <

when d = 3,

IN

(Nl pao, 7 m2 @y HllwellLago, rr2a)))

—_— ~— ~— —

T 2 Ce7/? .
(2) In(Z) (7 +h%) < (Tl g0, m2 oy Flel a0, 722 00y)) 7 when d =2,
T 2 Cced _ _
(3) In(5)(7+h?) < (TP T ok when d=2,k=0,1,

or

o ifue L?[0,T; H?(Q)], uy € L2[0,T; L?(2)], then T, h satisfy,

1/2 3/2 Ce* _
(1) (T + h) < (Hu”Lz[O,T;HZ(Q)]‘HIutHL?[O,T;LZ(SZ)])7 when d 3’
1/2 3/2 < Ce™? _
(2) (T + h) = (HU‘HL2[D,T;H2(Q)]+Huf/HL2[0,T;L2(Q)])’ when d 27
3
(3) (/24 h)3/2 < Ce when d=2,k=0,1,

(lull 20,7, m2 0y Hluell L2107, 22(0))
where C depending only upon the domain (independent of €, h, 7). Then, there exists a constant (still) denoted
by C depending only upon Q, and Cy but independent of T, h, €, such that, for alln=1,...,N,

Heh||2L2[O,T;H1(Q)] + (1/62)(”ehuh||%2[0,T;L2(Q)] + Hehup||2L2[O,T;L2(Q)]) + ||€Z—H%2(Q)
N-1

+ (1/62)||eh||i4[0,T;L4(Q)] + Z ||[€2H|%2(Q)

i=1

< 0(1/66)((H%H%w[o,T;L@(Q)} + ”u”%m[O,T;LG(Q)})2||GPH%2[O,T;H1(Q)] + ||€p||2L2[o,T;L2(Q)])~

Suppose also that (2.2) holds, with 0 = 0 when k > 1. Then, there exists a constant C depending only upon
Q, and Cy such that

H€h||2Loo[o,T;L2(Q)] < 0(1/66) ((Hup||2Loo[o,T;L6(Q)] + ||uH%°°[O,T;L6(Q)])2H6P||%2[O,T;H1(Q)]

+ HePH%Z[O,T;LZ(Q)])'

Proof. Step 1: Estimate at partition points and in L*[0,T; H*(£2)]. Since, we have already obtained a bound on
lenllz2j0,7;2(0)) with constant depending polynomially upon 1/¢, we may return to the orthogonality condition
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(5.8) and set wy, = ep,. Then, for every n =1,..., N, we have:

tn

1, 1o
Sk e + [ IVenliadt+ 511 s

I .
T 52 ) 71(||@h“h||%2(9) + [lentpl| 7))t + [I[en 1720
tn

_ 1
< Sl e + 7 [ lenlaoyet

DN =

i
+ :Q/t (|(ep(u}2, +u?+ uptt), en)| + |(eps eh)|) dt. (5.20)

n—1

It remains to bound the last two terms: First, we note that Holder’s and Young’s inequalities imply

1 v
= 1 |(ep(u12,—|—u2—|—upu),eh)\dt
pn—
C t”L
<3 - llepll o) (lupl o0y + lullFs@))llenl 2@t

o - oot
< :2(||Up||%oo[o,T;L6(Q)] + ”uH%m[O,T;LG(Q)])Q/t . llep |1 (o At + ?/t . len|72qdt.
Substituting the last inequality into (5.20) and summing the resulting inequalities we obtain
1 T 1
el e+ [ 19enlBandt + 5 D Ik Mo
=1
T
2
+1/2) [ Clenunliae + w1t
c [ c ("
<G | a5 [ el
C

T
+ gl ez + Il s | lleplin oyt

It remains to replace the term (1/€?) fOT ||eh||%2(mdt using Proposition 5.5. First, note that the bound of
Proposition 5.5 implies that:

1 T AR
et e+ [ I19enlandt + 5 3 Il Mo
i=1

T
T (1/2¢) / (lentnllZaqoy + lentpll2a o)t
C 2 2 2 r 2
< gl moraocan + bt ascon)? [ lenllp et

+

sc [t 2 2
= (lenunllzz) + lenupllzzay)dt

1 1 !
+C <66 + 62||u||%w[07T;Lm(Q)]> /0 ||€p||%2(g)dt.
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Now, noting that we may choose ¢ aiming to hide the |epun| r2(0,7;22(0)), and |lenupl|/r2(0,7;12(0) on the
left hand-side to get the first estimate. Note that the worst dependence upon 1/€ in front of ||e,||3- (0,75L2()]
is C/e®, since C (E% + €i2||u||2Lm[O T,LOO(Q)O < C/€®. Tt is clear that the bounds on [leyun||2(0,7;12(0) and on

lentpllL2(0,7:22 () imply a similar estimate for |lex||z4[0,7;24(0)), since

T T
(1/¢2) / lenlldoodt < (2/¢%) / /Q en 2 (Jun [ + up|2)dzal

T
< (2/¢) / lentinllZa(oy + lentipllZaoy)dt.

The estimate at partition points follows in standard way, summing the equations (5.20) from i = 1 to ¢ = n,
and using the previous bounds.

Step 2: Estimates at arbitrary time points. We use similar ideas as in the proof of Proposition 4.3. For fixed
t e [t" 1, t") and z;, € Uy, we set wy(s) = z,p(s) into (5.8), with p(s) € Pg[t"1,t"] such that

¢ ¢

p(tn_l) =1, / pq = / ) q, qEc ’Pkfl[tn_l,tn].
tn—1 tn—

From Lemma 4.2 we deduce that ||p||p~ < Cf, with C) independent of ¢, and

m
/t <€ht, wh>ds + (ez:_l _ @Z’:l’ wﬁ;l)

n—1

t
:/ (ens zn)ds + (€071 — el =L p(t" 1) 2) = (en(t) — €271, 2.
t

n—1

Therefore, integrating by parts (in time), (5.8), setting wp,(s) = zpp(s), using the above equality, and standard
algebra, we obtain:

tn
(en(t) —ep=",zp) < Ck [/ / |Ven||Vzy|dads
t Q

n—1

1 t’VL
2 [ enl(unl® + fup Y + el s
tn—

I
3 [ Gepllunl + )] + eyl dods]. (5.21)

Adding and subtracting u,, u, and using standard algebra, we may bound

/ / lenl (Jun? + up|?) 24 ]dzds < C / / (lenl® + lenllup — ul® + lenllul?) |z dzds.
tn=1.JQ tn=1.JQ

Hence, using Holder’s inequality into (5.21) we derive
1 t’ll 1 t’fb
ent) ==z < Gl [ Vel IVl + 5 [ lenllzayllonlizords
tn— tn—
1 t’Vl

€2 Jin-

+ 5 (lenlsyllznloae + lenla@lledllee ) dt

I
35 [ lenllzoo e scollanlzoqoyds
tn—
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I 2 2
t3 - lepllLe @ lluy, +u” + upullps)llznll L2 @)ds

s
+ 3 [ ol llnllads]. (5.22)
tn—

Noting that z; is independent of ¢, and standard algebra implies that

1 ¢
[VenllL2ods + :QHZhHLZ(Q)/ lenllz2(@)ds

tn—1

ey

{en(t) —ep =t zp) < Cy [HVZ;LHLz(Q) /

tn—1

1 t" 1
+ ?”Zh“Lél(Q)/ ||6h||?i4(9)ds+ 6—2th||L4(Q)/
tn—1 ¢

n n

o
o ||ehHL4(Q)||eP||2L4(Q)dS

tn

1
+ Zlnllae [ lenllooluleds
t

n—1
g

1
+ :2||Zh||L2(Q)/ ) llepll o) lupll7s 0y + 1l 2o o)) ds
tn—

1 t’"/
+ :2||Zh||L2(Q)/

tn—1

||€p||L2(Q)d8} : (5.23)

Using once more Hélder’s inequality and the fact that w,u, € L*[0,T; H'(2)], we deduce with different
constant C}, (independent of €):

(en(t) — 62:1, 2y < Cg [”vzh”L%Q)TylL/QHveh”L?{t"*l,t”;L?(Q)]
7_1/2 7’1

n n
+ T2 thHL?(Q)”ehHLZ[t"*l;t";L?(Q)] + 2 ||Zh||L4(Q)”ehH?[),‘l[t"*l,tn;L‘l(Q)]

/4

1/4
Tn/

+ Iznllzs@llenllLapn—1 ena@yllepl Zapo rpe o)

Tn 2
+ 2 ||ZhHL2(Q)”ehHLZ[t"*l,t”;LG(Q)]Hu||L°°[O,T;L6(Q)]

1/2
Tn/

62
1/2
Tn

+7€2 ||ZhHL2(Q)”epHL?[t"*l,t“;L?(Q)] .

+

||Zh\|L2(Q)||€p||L2[tn—1;tn;H1(Q)](Hup||2Loo[o,T;L6(Q)] + HUH%OO[O,T;LG(Q)])

Setting z, = ep(t) and integrating with respect to time, using Holder’s inequallity to bound
fttn_l llen(®)|lLaydt < ’7—3/4Heh||L4[tn—l,tn;L4(Q)]7 and standard calculations, we derive,

t"L
/ Men(®)llzeo)dt < len=" 12 7a 2 llen(®)l 2gen—1,6m; 20 (5.24)
t

n—

-
+ Ck Tn||veh”%%tn*l,tn;L?(Q)] + 6%”eh"%‘l[t"*l,t“;L‘l(Q)]
-
+ ?ZHeh||%4[twl;tn;L4(sz)} Hep||i4[t"*1,t";L4(Q)]
Tn 2
+ g\\eh||L2[tn—1;tn;L2(Q)] lenllL2en—1 n @ 1l T oo 0,7 15 ()
T)
+ E%HehHLQ[t"*l,t";LQ(Q)]”ep”L?[t"*l,t";Hl(Q)](HUPH%W[O,T;LG(Q)] + HUHQLOO[O,T;LG(Q)])

Tn
+ ? Heh||L2[tnfl7tn;L2(Q)] ||ep||L2[tn71,tn;L2(Q)]:| .
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For the first term of the left hand side, using Young’s inequality, we obtain:
len=" 2@ ma 2 len(®) | Lapn—1 m:L2 ()
< Zlen @ agpnms imgzzcay + Cralleh oy

For the fourth term, we note that using Young’s inequality, we obtain

Tn 2 2
2 len HL‘*[t"*l,t";L‘*(Q)] lep ||L4[t“*1,t";L4(Q)]

T, 4 T,
< E%HehHL‘*[t“*l,t";L‘*(Q)] + ?; |ep||i4[t"*1,t”;L4(Q)]'

For the fifth term, we note that ||u||zejo,7;m1(0)) < C, where C' is a constant independent of €, due to
assumption (2.2) with o = 0. Therefore,

Tn 9
llenllzem—s,imsr2@pllenll2pm-s im; el zo 0,720 (0))
T
< ﬁ||eh||%2[tn—1,tn;L2(Q)] + Tallenl a1 i m o))
Tn 2 2 2
< €7||eh||L2[tn—1,tn;L2(Q)] +Tn(HvehHL2[t"—1,t";L2(Q)] + ||eh||L2[tn—1,tn;L2(Q)])~
For the last two terms, using similar algebra, we deduce,

-
6%Heh”L?[t”*l,tn;L?(Q)]||ep||L2[t"*1,t";H1(Q)](HU;DH%OC[O,T;LC"(Q)] + llll7 e 0,752 (02)))

Tn
< ﬁ||6h||%2[tn—1,tn;L2(Q)}

+TnHB;DH%?[t"—l,t";Hl(Q)] X (HU;DH%OC[O,T;LG(Q)] + HUHQL‘X’[O,T;LG(Q)])Qa
-
eiZHehHLQ[tnfl’tn;LQ(Q)]||ep||L2[tn71,tn;L2(Q)]

.
< :Z ||€h||%2[t"*1,t";L2(Q)] + Tn||€pH%2[th,tn;L2(Q)]-

Note that choosing % < %, we may hide all ||eh||%2[tn,17tn;L2(Q)} of (5.24) on the left. Hence, dividing by
Ty, the resulting inequality and using an inverse estimate in time, we arrive at,

_ 1
||€h||i°<>[t"*1,t";L2(Q)] < Ck(||€Z+1||2L2(Q) + ||vehH%?[t"*l,t";Lz(Q)] + 67Heh||%4[t"*1,t";L4(Q)]
+ ”ePHQL?[t"*l,t";Hl(Q)](HuPH%W[O,T;LG(Q)] + HU||2Lc>o[o,T;LG(Q)])2 + ||eP||%2[t"*1,t";L2(Q)]
1 4
+ :2Hep||L4[tn—1,tn;L4(Q)])~
Now, note that
Hep||411,4[t"*1,t";L4(Q)] < (HU’P||i°°[t"*1,t";L4(Q)] + ||u||2L°°[t"*l,t";Hl(Q)])||e:D||2L2[t"*1,t";H1(Q)]'

Hence, the desired estimate follows by replacing the bounds of HeZ;lH%Q(Q), E%Heh“‘}fl[o TLAQ))

IVenll7 20,7220 .

Remark 5.8. The estimate at arbitrary time points results in a best-approximation result by using triangle
inequality. In addition, the dependence of the constant upon % doesn’t deteriorate further, despite the fact that
we treat schemes of arbitrary order, provided that the natural assumption % ||(ug —1)2||1(q) < C holds (which
corresponds to o = 0 in (2.2)).
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The best approximation estimate now follows by triangle inequality. In the remaining we present our results
by selecting 0 = 0 in (2.2) and & =1 (see Lem. 2.1 and Rem. 2.2).

Theorem 5.9. Suppose that the assumptions of Theorem 5.7 hold. Then, there exists a constant C depending
only upon Q, Cy and ||upH2Loo[0 rins(e) T ||u||2Lm[0 7.18(q) but independent of €, and the such that,

llell L2 po.zemr ) + llellzero.rirz < C/e®) (llepll 2o @ + llepllLoepo.r:n2@)) -

If in addition u € L?[0,T; H*+1(Q)], u**+1) € L>2[0,T; L?(Q)] there exists a positive constant C that depends
only upon Q, Cy, and it is independent of h, T, €, such that

k+1||u(k+1)||Loo[

llell 20,01 )] + lell Loz < C(1/€2) (hH|ull L2po,rmie () + T 0.1:L2()])-

Proof. Under the assumptions of Theorem 5.7 the rates of convergence follow by the estimates on e, in
L0, T; H'(Q)], and L*°[0,T; L*(2)] norms using Lemma 5.2 in equation (5.4), since ||uy || poofo, ;a1 () +
[ull oo o, 711 (2)) < €€ by (5.5). O

Proposition 5.10. Letk =0, = 1. Ifu € L?[0,T; H*(Q)]NH' [0, T; L*(Q)] suppose that T, h satisfy 7'/%+h <
Ce¥/3 ford =2, (see Rem. 5.6) and 7'/ 4+h < Ce'/3 for d = 3 (see also Rem. 5.6). Then there exists a positive
c}(;nstant C depending only upon Q, Cy, and ||upH%m[07T;L6(Q)} + ||u||2LOQ[07T;L6(Q)] but independent of h, T, € such
that,

llell 2o,z 11y + el e o,rr2) < C(L/) (T2 + h).

If u € L*0,T; H*(Q)], u, € L*0,T; L?(Q)] suppose that T,h satisfy In(L)(r + h?) < Ce* when d = 2 (see
Rem. 5.6) and In(L)(r + h?) < C€® when d = 3 (see Rem. 5.6). Then, there exists a positive constant C
depending only upon Q, Cy and ||“pH2Loo[0,T;L6(Q)] + Hu||%m[0’T;LG(Q)] but independent of h, T, e such that,

lell 210,71 ()] + llell oo, 202 < 0(1/63)(7'1/2 + h).
If in addition u; € L?[0,T; H*(Q)], then we obtain, under the above assumption,

llell 210,751 ()] + llell oo, 202 < C(1/€*)( + h).

Proof. The estimates concerning the lowest order scheme follow directly from Theorem 5.7, and the approxima-
tion properties of e, in L2[0,T; H'(Q)] and L?[0,T; L?(2)] norms, when u € L2[0,T; H*(Q)] N H' [0, T; H'(2)].
When u € L?[0,T; H*(Q2)] N H'[0,T; L?>(Q)] then the time step and spacial discretization size restrictions are
replaced by the ones of Remark 5.6. O

A remark regarding a discrete analog of the energy conservation property follows.

Remark 5.11. Given initial data ug € H(£2), and zero forcing term f = 0, it is well known that the solution
of (1.1) satisfies, for any ¢ > 0,

d

2O+ lur(B) |72y = O (5.25)

where E(t) denotes the associated energy i.e., for a.e. t € (0,7,

E(t) = /Q (;w? + 4—12(u2 - 1)2) dz.

It is clear that the discrete solution of (3.1) does not possess any meangingful regularity for up:, due to the
discontinuities in time and hence (5.25) is not valid by simply replacing u by uy,. However, for any ¢t € (#"~1,¢"],
we may formally rewrite (5.25) as,

d

(=" ) BO) + (¢ = " ue(®)l[20) = 0
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and hence integrating with respect to time and using integration parts in time,

g tn

T E(t") — E@mvﬁ/ (t =" Hur(®)|72(q) = 0. (5.26)

tn—1 tn—1

It is clear now that the above equality (5.26) is well defined, for discontinuous (in time) schemes, and (at
least formally) we may replace u by any uj, € Px[t" 1, t"; Uy].

We observe that integrating by parts (in time), (3.1) and setting v, = (t — " Yup, € Pi[t" 1, t"; Up], with
k > 1, we obtain

t’ﬂ
/t (= £71) e |2 g It

n—1

o 1
[ (=5 (I + g5l - Do ) ) =0,
p dt de

n—1

which implies (after integration by parts in time for the second integral)

tm o n 1 n
/ (t—t 1)||Uht||%2(§2)dt + T <||V“h—||%2(9) + @||((u2)h— - 1)2L1(Q))
t 1

n—

" 1
[ (19000 + g = D2l ) =0,

n—1

Hence, we have shown that the discrete solution constructed by (3.1) actually satisfies a discrete local analog
of the energy equality. It remains to prove that ||Vuj_| 12y and |[u}_|/z1q) are also bounded, independent
of 7, h, which is easily obtained by using the results of Theorem 5.7 and an inverse estimate. Indeed, recall
that under the assumptions of Theorem 5.7, we deduce, for any u € L2[0,T; H%(Q)] N H[0,T; H*(Q)] for any
7 < Ch,

1 T
lunllzoeto,rsm iy < O llun = upllno=po,rizz@) + Cllupllizoorimn @) < C(1/€%) (E + 1) .
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